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PREFACE

The author attempts in this book to introduce the reader to the princi-
pal ideas and results of the contemporary theory of approximate integra-
tion and to provide a useful reference for practical computations.

In this book we consider only the problem of approximate integration of
functions of a single variable. We almost completely ignore the more
difficult problem of approximate integration of functions of more than one
variable, a problem about which much less is known. Only in one place
do we mention double and triple integrals in connection with their reduc-
tion to single integrals.

But even for single integrals the author has omitted many interesting
considerations. Problems not touched upon are, for example, methods of
integration of rapidly oscillating functions, the calculation of contour
integrals of analytic functions, the application of random methods, and
others. The book is devoted for the most part to methods of mechanical
quadrature where the integral is approximated by a linear combination of
a finite number of values of the integrand.

The contents of the book are divided into three parts. The first part
presents concepts and theorems that are met with in the theory of quadra-
ture, but are at least partially outside of the programs of higher academic
institutions.

The second part is devoted to the problem of calculation of definite
integrals. Here we consider, in essence, three basic topics: the theory
of the construction of mechanical quadrature formulas for sufficiently
smooth integrand functions, the problem of increasing the precision of
quadratures, and the convergence of the quadrature process.

In the third part of the book we study methods for the calculation of
indefinite integrals. Here we confine ourselves for the most part to a
study of methods for constructing computational formulas. In addition
we indicate stability criterions and the convergence of the computational
process.

My colleagues in this work, M. K. Gavurin and I. P. Mysovskich, ex-
amined a large part of the manuscript and I am very thankful for their
remarks and advice.

Academy of Sciences of the
Byelorussian Socialist Soviet Republic V. I. KRYLOV
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TRANSLATOR'S PREFACE

This book provides a systematic introduction to the subject of approxi-
mate integration, an important branch of numerical analysis. Such an
introduction was not available previously. The manner in which the book
is written makes it ideally suited as a text for a graduate seminar course
on this subject.

A more exact title for this book would be Approximate Integration of
Functions of One Variable. As in many aspects of the theory of func-
tions the theory developed here for functions of one variable is very
difficult to extend to functions of more than one variable, and the cor-
responding results are mostly unknown. Several years from now, after
methods for integration of functions of more than one variable have been
investigated more thoroughly, a book entirely devoted to this subject will
be needed.

As a source of reference for other topics concerning approximate inte-
gration see "A Bibliography on Approximate Integration," Mathematics
of Computation (vol. 15, 1961, pp. 52-80), which was compiled by the
translator. This is a reasonably complete bibliography, particularly for
papers published during the past several decades.

The only significant change in this translation from the original is the
inclusion in the appendices of slightly more extensive tables of Gaus-
sian quadrature formulas. The formulas in Appendix A for constant
weight function are taken from a memorandum by H. J. Gawlik and are
published with the permission of the Controller of Her Britannic Maj-
esty's Stationery Office, and the British Crown copyright is reserved.

I wish to thank Dr. V. I. Krylov for the assistance he provided in

furnishing a list of corrections to the original edition. I am also in-
debted to Professor G. E. Forsythe for the interest he expressed on be-

half of the Association for Computing Machinery in having this book pub-
lished in the present monograph series. Finally I am indebted to James

T. Day for his interest in this book and for his assistance in reading

parts of the manuscript.

University of Wisconsin

Madison, Wisconsin A. H. STROUD
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Part One
PRELIMINARY

INFORMATION

Part One of this book presents certain selected results from the following
special mathematical topics: Bernoulli numbers and Bernoulli polyno-
mials, orthogonal polynomials, interpolation, linear operators and con-
vergence of sequences of such operators. These topics are needed to
construct the theory of approximate integration and are presented only to
the extent required to understand the other chapters. The results de-
veloped here can be found in special literature, but we think it is useful
to present them in this book to free the reader from the inconvenience of
looking up literature references.





CHAPTER 1
Bernoulli Numbers and

Bernoulli Polynomials

1.1. BERNOULLI NUMBERS

Bernoulli polynomials and Bernoulli numbers are needed in later chap-
ters (Sections 6.3 and 11.3) to construct Euler-Maclaurin formulas and
other similar formulas which serve to increase the accuracy of approxi-
mate quadrature.

The Bernoulli numbers can be defined by means of the following gen-
erating function. Let t be a complex parameter. Consider the function

g(t) =
e

t . (1.1.1)
e - 1

For k, an integer, the points t = 2k7ri are zeros of the denominator. All
of these are simple zeros because the derivative of the denominator is et
and is different from zero for all finite t. The point t = 0 is not a singu-

lar point of g(t) because lim t = 1.
t-3-o et - 1

The function g(t) is holomorphic in the circle Iti < 27T and thus can
be expanded there in a power series in t. We write the expansion in the
form

t °° Bn
= tn, Its < 27r (1.1.2)

e - 1 n=o n.

The numbers B. defined by this equation are called Bernoulli numbers.

00
tvIf both sides of (1.1.2) are multiplied by e° - 1 = E then we

V=1

3
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obtain the equation

Preliminary Information

t 12 is °O B.1l+2l+3l+.., L-+ n! to=t'
n=0

valid for all t in the circle It I < 27z After multiplying out the power
series on the left side of this equation there must remain only the first
power of t with coefficient of unity. Thus the powers of t higher than the
first must all become zero: B0 = 1 and for n = 2, 3, ... we must have

B
n! +

(n -1)11! + (n -2)!21 + +
1!(n

B,_1
1)! =

O.

This last equation permits us to sequentially calculate all of the
Bernoulli numbers. We can obtain other forms which are more convenient
for some purposes. Multiplying the last equation by nl and adding B. to
both sides we obtain

rn
n!

L k1(n-k)! BA; B".

Comparing this equation with the binomial expansion we see that it can
be written in the form

(B + 1)0 = Bn (1.1.3)

if we interpret this equation to mean that after raising the binomial B + 1
to the nth power the kth power of B is the Bernoulli number Bt (k = 0, 1,
.., n).
We can easily verify that all Bernoulli numbers with odd indices,

greater than unity, are equal to zero:

Bet+1 = 0, k > 0. (1.1.4)

In order to show this replace t by -t in (1.1.2):

-t 00
(-1)nBn

to.
e`t - 1 n= n!

On the other hand

-t tet t °O B.
t + = t + E -tn,

e t- 1 et-1 et - 1 o=0 al

and therefore we must have



M. Bernoulli Numbers

1

Comparing the coefficients of tn, for n > 1, gives

B. = (-1)"B..
When n is an odd integer 2k + 1 (k > 0) we have

B2k+1 = -B2k+1v

which is equivalent to (1.1.4).
The values of the nonzero Bernoulli numbers for a < 30 are:

Bo=1

B20 = -

1

B

691
B

236364091B1 -
- 2 12 = - 2730

24 = -
2730

B2 =

00
B r0O (-1)5B,

t + ` n to = ` tn.E
n! n!

n=0 n=0

Blo = -

B,4 = 6
6

_ _ 1
8

_ 361784
30

16 =
510

1
B

43867
B6

= 42
le =

798

__ 1
B a

30

8545135 _

5

66 138

7 8553103

174611

330

B22

B26

B28

Bao

6

= - 23749461029

870

= 8615841276005

14322

The Bernoulli numbers with even indices are related to sums of even
negative powers of the natural numbers by the following remarkable
identity:

(-1)k-1(2k)!
B2k = 2k (1 + 2-2k + 3-2k + 4-2k +

22k-1

...1. (1.1.5)

From this it is seen that for increasing k the Bernoulli numbers B2k will
increase in size and for large k will asymptotically approach

B2k - 2(-1 )k-1(2k)! (27r)-2k.

Equation (1.1.5) follows at once from the expansion (1.3.1) which we
will obtain for Bernoulli polynomials in a trigonometric series on the
segment [0, 11.



6 Preliminary Information

1.2. BERNOULLI POLYNOMIALS

Bernoulli polynomials can be defined by various methods, but for our
purpose it is convenient to define them by means of a generating func-
tion. We introduce the function

g(x, t) = ext t . (1.2.1)
et - 1

This differs from (1.1.1) by the factor ext which does not vanish, so
g(x, t) has the same singular points as g(t). In particular it is holo-
morphic in the circle ItI < 27r and can be expanded there in a power
series in t:

t 00 B"(x)g(x, t) = ext = r t". (1.2.2)
et - 1 "L-0 n!

In the next paragraph we will see that the functions B"(x) are polyno-
mials of degree n. They are called the Bernoulli polynomials.

If in g (x, t) the factor eXt is replaced by the series

t

et-1

00
x yt

U'
!

and

v=0

is replaced by the expansion (1.1.2), then we obtain the identity

00 xvty 00 Bk 00
Bn(x)

E k ! tk = n!
t" < 277-.

v=0 k=o n=0

Comparing the coefficients of t" leads to the equation

B.(x) x"B0 x"-1B1 B.
n! (n - 1)!1! n

After multiplying by n! we obtain the following expression for B"(x)

B,(x) = F. n! Bn-kxk, (1.2.3)
k=o k!(n - k)!

which shows that B"(x) is indeed a polynomial of degree n. The ex-

pression (1.2.3) can be written in a simpler form

B"(x) = (x + B)" (1.2.4)

if we agree to consider that after raising the binomial x + B to the nth
power that the kth power of B is taken to be the kth Bernoulli number Bk.



1.2. Bernoulli Polynomials 7

We will need to be familiar with certain properties of the Bernoulli
polynomials; these will now be developed.

1. The value of a Bernoulli polynomial.

For x = 0 the value of a Bernoulli polynomial is the corresponding
Bernoulli number:

B.(0) = B. (1.2.5)

which we see from (1.2.3).

2. Differentiation and integration of Bn(x).

Differentiating (1.2.2) with respect to x gives

text t
oo B,,(x)

tn.
et - 1

=

n=o n!

The lefthand side of this equation is different from g (z, t) only by the
factor t and therefore must be

text t =
oo Bn(x) to+1

et - 1 n-0 n!

The power expansions of the two previous equations must be identically
equal and thus

BR(x) Bn-1(x)
n! (n - 1)!

or

Bn(x) = nBn-1(x). (1.2.6)

From this and from (1.2.5) we immediately have the following relation-
ship for the integration of Bernoulli polynomials

Bn(x) = B. + n fx Bn_1(t) dt. (1.2.7)

3. Multiplication of the argument by a constant.

Let m by any positive integer

emit
ou

T
Bn(mx) tn.

et-1- n-0 n!
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By a very simple transformation we can obtain another expansion

emxt t = 1 emxs mt(l + et + + e(m-1) t)

et - 1 m C emt - 1

m-1 e(x+m)m mt 1 m-1 mf Bn(x

L..a mt L.r 1m 8=0 a - 1 m s=0 n=0 n

From these two expansions we deduce the relationship for multiplication
of the argument by a constant factor:

m -1
SBn(mx) =

m"-1 B. x +-E m
8=0

(1.2.8)

4. Representations for the polynomials B. (x).

In order to study the behavior of B5(x) it is convenient to replace the
variable x by a new variable z = x(1 - x). We will show the validity of
the following assertions concerning representations for Bernoulli poly-
nomials in the variable z.

Each polynomial B5(x) of even order n = 2k can be expanded in powers
of z :

k -2
(-1)k[B2k(x) - B20 = E Fk,vzk-v (1.2.9)

v=0

where Fk, 0 = 1 and Fk, v > 0 (v = 1, 2, ... , k - 2). Each Bernoulli
polynomial of odd order n = 2k - 1 can be represented in the form:

k-2
(-1)1B2k-1(x) _ (1 - 2x)

L.+
Hk, v zk-v-1 (1.2.10)

v=o

where all the coefficients Hk, v (v = 0, 1, ..., k - 2) are positive.
Let us verify the first of these assertions concerning the polynomials

B2k(x) of even order. To simplify the discussion we introduce the auxil-
iary variable e, setting x = 1/2 + . The variables and z are related by

1 2

In order to see that B2k(x) is a polynomial in the variable z it is suf-
ficient to establish that the expansion of B2k(x) in powers of ewill con-
tain only even powers of !f .
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Differentiating the function (1.2.1) with respect to the variable 6 gives
the following expression

it
2(z+ )t tg(x, t) = e =

to
=

et et-1
= egt t =eft t/2

e2 e 2 t sinh t/2

B2k(x) is the coefficient of t2k in the expansion of g(x, t) in powers of
(2k)!

t. The factor
sinh t/2

is an even function of t and its power series in

t will contain only even powers of t. After multiplication of this series
by

00 eve57
V!eat = v=0

in order to obtain the term in t2k we must take from the series for eet
only terms with even powers of t. But all of these also contain only
even powers of e, and thus B2k(x) will contain only even powers of .

For x = 0 we also have z = 0, and hence the difference B2k(x) -
B2k will be a polynomial in z without a constant term and must have
the form

k-1
(-1)k[B2k(x) - B20 = E Fk, vzk-v

v=0

There remains only to verify the assertion about Fk, v. The coefficient
in B2k(x) of the highest degree (that is the coefficient of x2k) is equal
to unity, and therefore we must have Fk,0 = 1. In addition the coeffi-
cient of x in B2k(x) is 2kB2k_1 = 0 and because the first power of x on
the righthand side can be only contained in the term corresponding to
v = k - 1, then Fk, k _1 = 0. We may construct a recursion relation to
find the remaining Fk, v. Let us calculate the second derivative with
respect to x of both sides of (1.2.9). Because

B2k(x) = 2k(2k - 1)B2k-2(x)

and because the operators of differentiation with respect to x and z are
related by
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dx dx dz
(1 - 2x) d ,

d2
=(1-2x)2

d2
-2 d =(1-4z) d2 -2 d

dx2 dz2 dx dz2 dz

then we obtain:

k-1
(-1)k2k(2k - 1)B2k_2(x) =

L.+
Fk,v-1(k - v+ 1)(k - v)zk-v-1 -

V=1

h-2
- E Fk, 11(2k - 20 (2k - 2v - 1)zk-v-1.

v=o

Comparing this with (1.2.9) for B2k_2(x), namely with

k-2
(-1)k-1(B2k-2(x) - B2k-21 = E Fk-1, vzk v-1,

v=0

we obtain the desired recursion relation for Fk, v

(2k - 2v)(2k - 2v - 1)Fk,v =

= 2k(2k - 1)Fk_1,v + (k - v+ 1) (k - 0 Fk,v-1.

Hence knowing Fk, 0 = 1 and Fk, k-1 = 0 (k = 1, 2, ...) we can sequen-
tially find Fk,v (k=3, 4, ... ; v = 1,2,...,k-2), and all of them
turn out to be positive.

To establish the representation for B2k_1(x) it suffices to differ-
entiate both sides of (1.2.9) with respect to x:

k-2
(-1)k 2kB2k_1(x) = E Fk, v(1 -- 2x) (k - v)zk-v-1,

v=o

Hence we see that (1.2.10) is valid with

(k - y)Fk, v
Hk, v = > 0.

2k

5. Symmetry of B. (z).

Consider the point x = 1/2 on the x axis. The points x and 1 - x are
symmetrically situated with respect to this point. The parameter z =
x(1- x) does not change in value if we replace x by 1 - x. Thus from
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(1.2.9) we obtain

B2k(1 - x) = B2k(x); (1.2.11)

the graph of B2k (x) is symmetric with respect to the line x = 1/2.
k-2

The factor E Hk, zk-v-1 in (1.2.10) has the same value at the
v=0

points x and 1 - x. The factor (1 - 2x) has the same absolute value but
opposite sign at these points. Therefore

B2k-1(1 - x) = -B2k_1(x). (1.2.12)

Thus the graph of B2k_1(x) is centrally symmetric with respect to the
point x = 1/2.

From (1.2.5) and (1.2.11) we obtain

B2k(1) = B2k,

and from (1.2.12) for k >- 2 we obtain

B2k-1(1) =-B2k_1.

Thus each Bernoulli polynomial, except B 1(x), has equal values at the
ends of the segment [0, 11.

B,,(1) = B"(0) = B. (1.2.13)

6. The behavior of the Bernoulli polynomials on the segment [0, 11.

We will need to know the value B,,(1/2) which can be easily calcu-
lated from (1.2.8). If in (1.2.8) we substitute m = 2 and x = 1/2 we obtain

Bn(1)=2"-1 [B() B(1J.

But since

B"(1)=B,n(n> 1),

then for every n

B"( 2) = - (1- 2-n+1) B ". (1.2.14)

We will also need some properties of the polynomials

y" (x) = B. (x) - BA

which are essentially the same as B" (x), but which are more convenient
for some purposes. Consider, at first, the polynomial of even order
n = 2k, which by (1.2.9) is
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k-2
(-1)ky2k(x) _ Fk,vzk'' (1.2.15)

V=0

The points x = 0 and x = 1 are zeros of y2k (x):

Y2k(0)=BUM -B2k=B2k-B2k=0

Y2k(l) = B2k(1) - B2k = B2k - B2k = 0.

It is easily seen that for k >- 2 both of these points are zeros of multi-
plicity two; for example for x = 0

Y2k(0) = 2kB2k-1(0) = 0

72k (0) = 2k (2k - 1) B 2k-2 (0) = 2k (2k - 1) B 2k-2 # 0.

By (1.2.11) the same holds true for x = 1. For 0 < x < 1 the parameter z
will lie within the limits 0 < z 5 1/4, and since Fk,v > 0

(-1)ky2k(x)>0 for0<x<1.
In the open segment 0 < x < 1 the polynomial y2k (x) has no zeros and
has the same sign as (-1)k.

When x varies from zero up to 1/2, the function z = x(1 - x) will in-
crease from zero up to 1/4, and as x varies from 1/2 up to 1, the function
z will decrease from 1/4 to zero.

As can be seen from (1.2.15) as x varies from zero up to 1/2 the poly-
nomial (-1)ky2k(x) will increase from zero up to (-1)ky2k(1/2) =
IB2k(1/2) - B2,I = (2- 2-2k+1)IB2kl When x varies from 1/2 up to 1,
the polynomial (_1)ky2k(x) will decrease again to zero. Each value a
in the range 0 <a <(2- 2-2k+1)I B 2,I will be taken on twice by y2k (x),
on the segment (0, 1), at two points which are symmetrically located
with respect to x = 1/2.

Let us consider now a polynomial y (x) of odd order n = 2k - 1. If we
take k > 2 then

Y2k-1(x) = B 2k_1 (x)

and
k-2

(-1)kY2k_1(x) = (1 - 2x) L Hk,v zk-v-1. (1.2.16)
V-0

The points x = 0 and x = 1 will be zeros of y2k_1(x), and we can see that
they both will be zeros of multiplicity one. In fact

"2k-1(0) = 2k-1(1) = (2k - 1) B2k_2 (0) # 0.

In addition, from (1.2.16) and from Kk,v > 0, we see that x = 1/2 is a
simple zero of y2k-1(x) and these are the only zeros of this polynomial
on the closed segment 0 5 x5 1. The sign of y2k_1 (x) is given by
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(-1)ky2k-1(x) > 0 for 0 < x < 2,

(-1) kY2k-1(x) < 0 for

2

< x < 1.

Here we give a table of the first ten Bernoulli polynomials.

Bo (x) = 1
B1(x)=x- 1/2
B2(x)=x2-x+ 1/6
B3(x)=x8-3/2x2+1/2x
B4(x)=x4-2x8+x2-1/30
B5(x)=x5-5/2x4+5/3x2-1/6x
B6(x)=x6-3x5+5/2x4-1/2x2+1/42
B7 (x) = x7 - 7/2 x6 + 7/2 x5 - 7/6 x8 + 1/6 x
B8(x)=x8-4x7+14/3x6-7/3x4+2/3x2-1/30
B9(x)=x9-9/2x8+6 x7-21/5x5+2x8-3/10 x

B10(x)=x10-5x9+15/2x8-7x6+5x4-3/2x2+5/66.
Figure 1 illustrates the behavior of the Bernoulli polynomials B. (x) on
the segment [0, 1].

Figure 1. Bernoulli polynomials on the segment (0,1).

1.3. PERIODIC FUNCTIONS RELATED TO BERNOULLI
POLYNOMIALS

To study certain questions connected with Bernoulli polynomials we
introduce the functions Be,, (x), of period one, defined by the conditions
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Bn(x)=B.(x), O5x<1
Bn(x+ 1) = B* (z).

Bp (x) is a constant equal to 1; Bi (x) is a discontinuous function with
a jump of -1 at each integer; for n > 1, Bn (x) is a continuous function.

Let us construct the trigonometric Fourier series for Bn (x). For this
purpose we construct the Fourier series for the generating function

g(x, t) = ext t
et - 1

for 0:5 x < 1. To do this we expand g (x, t) in an exponential series

+00

C.ei21rmx

r1 1

Cm=J g(x, t),-i2nmxdx=
et

t 1 1 exte

t rex(t-i2nm)1 1 _ t
et-1 Lt-i2Jrm a t-i2rrm

By singling out the summand CO = 1 and combining the terms in the series
corresponding to the indices m and -m we obtain[g (X, 0 =I+ L 6

mel

It can be shown that for any value of x on the segment 0 S x 5 1 the
series on the right hand side of this equation will converge for all t dis-
tinct from i2kn (k = 0, ±1, ±2,. .. ). To prove this we take any bounded
part a of the plane t and exclude from the series the terms at the be-
ginning which have poles in this part of the plane; the terms which re-
main will converge uniformly relative to t in a. From these remarks it is
easy to justify the change of order of the summation which we will make
below in the construction of a power series for g(x, t).

If we consider III < 2rr and expand the right side of the last equation in
powers of t then the coefficient of In will be a trigonometric series for
B. (x)/n!. It will also give a representation for B*, (x)/n! for all x.

t ei2lrmx+ t ei2'rrmx

-i2rrm t+i2nm

t t 1 _ t °
t - i2rrm

_i2nm
1 - t - (i2rrm)

i2am 00
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00t = r-t (-1)n_1 t
t + i21rm L (i2vm

n=1

°O °D n-1
g(x, t) = 1 + r (-1) tne-12rrmx - 1 tnei2lnmx =t (i2wm)n (i2nm)n

m=1 n=1

0

thus, for n > 1,

to oo
-i21rmx 1

(i2ir)n 1 °
e - m nm

m=1

I

Bn(x) _ (2.i)n

e

°O n-1's-I -M) a-i2" ' -
mn

m=1

For even and odd orders the calculations give the following results

B2k(x) _ (
-1n2k)!

L cos n2kmx
22k

m=1

B2k+1 (x) _ (-122k92k+1
1)! sim2 +1 (1.3.2)

M.1

From this we obtain, for x = 0, the series (1.1.5) for the Bernoulli numbers.

1.4 EXPANSION OF AN ARBITRARY FUNCTION IN BERNOULLI
POLYNOMIALS

Theorem L If f has a continuous derivative of order v on [0, 1] then
for any x E [0, 11 we have the relation

v-1 Bk(x)
f(x) = J f (t) dt + r k I [f (k-1)(1) - f(k-1)(0)] -

0
kk=.1r

f (v)(t) [By (x - t) - Bv(x)] dt. (1.4.1)- 1
fov!

Proof. Consider the integral

pv(x)=Pv=-
J 1

f(v)(t)Bv(x-t)dt.
0

Considering that v > 1, we integrate by parts. Because
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dt
B*v (x - t) v Bv_1(x - t)

then
B v (x - 1) = B v (x) = B (x)

Pv

1 f f B*,-1(x-t)dt(v
- 1)!

- Bv(x) [f(V-1) (1) - f("-1) (0)] + pv-1.
V1

We carry out this operation v - 1 times:

PV=
Bk(x) (f(k_1)(1)- f(k-1)(0)j +pl.

k!
k=2

The function B1 (x) has a jump of -1 at the integers; at all other points
it has a derivative equal to + 1,

B1(+0)-B1(-0)=-1,
dt

B1(x-t)=-1.

In order to calculate pi we suppose at first 0 < x < 1

P1 (X) =
fox

f'(t) B*1 (x - t) dt + f 1 f'(t) B*1 (x - t) dt =
o Jx

= B*1 (+0) f (x) - B*1 (x) f (O) + ox f (1) dt +
0

+ B1(x- 1) f(1) - B1(-0) f(x) + J 1 f(t) dt
x

=[B1(+0)-B1(-0)l f(x)+B1(x)(f(1)-f(0)]+ r1 f(t)dt
0

For pv (v = 1, 2.... ) we finally obtain

Pv
(v) ) B(x )=-1 if(t*_tt
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Pv = L
rv

Bk(x) [ f(k-1)(1)- f(k-1) (0)] - f(x) + f f(t)dt.
k!

k.1

This result differs only in form from (1.4.1). The proof was carried out
for the open segment 0 < x < 1, but by continuity equation (1.4.1) is
valid also for the closed segment 0 S x:5 1. This proves Theorem 1.

If f is defined on an arbitrary finite segment [a, b] and has v con-
tinuous derivatives there, then its expansion on [a, b] in Bernoulli poly-
nomials is obtained from (1.4.1) by means of a linear transformation of
the variable

1 b

f(x) _ f(t)dt (k-1)([ (k-1)(b) W]
f

+

kal

f - f a -

by-1 br f L! ! 1 2( ) ' B *
V a

---)] A (v (t .4.[B
v
(- ))

-
where h = b - a.
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CHAPTER 2

Orthogonal Polynomials

2.1. GENERAL THEOREMS ABOUT ORTHOGONAL POLYNOMIALS

Much of this book is devoted to a study of integrals of the form

jb

a
p(x) f(x) dx (2.1.1)

where p(x) is a given fixed function and f(x) is an arbitrary function of
some wide class. The theory of approximate evaluation of this type of
integral is closely related to the theory of orthogonal polynomials.

The function p(x) is called a weight function. We will usually restrict
ourselves to nonnegative weight functions except in a few cases which
will be specifically mentioned.

The theory of orthogonal polynomials for nonnegative weight functions
has been developed to a high degree. We will discuss only the small
portion of this theory which is necessary to construct certain special ap-
proximate integration formulas.

Let [a, b] be any finite or infinite segment. For the present it suf-
fices to assume that the weight function p(x) satisfies the two conditions"

1. p(x) is nonnegative, measurable, and not identically zero on the
segment [a, b],

2. the products p (x)x', for any nonnegative integer m, are summable
on [a, b ].

The functions f(x) and g(x) are said to be orthogonal on the segment

'The reader who is not familiar with the Lebesgue integral can consider (x)
to be a nonnegative function which has only a finite number of zeros on [a, bp] for

b
which f p (x) I x I 'dx is finite form = 0, 1, 2, ....

18
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[a, b] with respect to the weight function p(x) if the product p(x)f(x) x
g(x) is summable and

f bp(x)f(x)g(x)dx = 0. (2.1.2)
a

The function f(x) is said to be normalized on [a, b] with respect to p(x)
if p (X) f 2 (x) is summable and

p(x)f2(x)dx = 1. (2.1.3)
a

Hereafter, if it is clear which function is taken as the weight function,
the phrase "with respect to the weight function p(x)" will be omitted.

We introduce the notation

C, =
f6
a

p(x)x'dx (m = 0, 1, 2, ...),

and let us consider the determinant

An =

Co C1 ... Cn

C1 c2 ... cn+1

Cn Cn+1 C28

It is not difficult to see that An is different from zero. For this pur-
pose we construct the homogeneous system of n + 1 equations in the
n + 1 unknowns ao, a 1, ... , an

aoco + alc1 + + ancn = 0

aocl + a1C2 + + acn+l = 0

aocn + alcn+l + ... + anC2n = 0

(2.1.4)

If it were true that An = 0, then this system would have nontrivial solu-
tions, which we can show is impossible. Indeed, if we substitute in
(2.1.4), the integrals which the c,n represent then the system becomes

fb

p(x)[ao + alx + + axn]dx = 0
a

/'b
J p(x)x[ao + a1x + + axn]dx = 0
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fb

a

.....................................

p (x)xn[ao + a1z + + anxn]dx = 0

Multiplying these equations respectively by ao, al, ..., an and adding
we obtain

Lb p(x)[ao + alx + + anxa]2dx = 0

which is possible only if the polynomial ao + aix +- - + anxn is identi-
cally zero and consequently only if all of its coefficients ao, al, ... , an
are zero. Therefore the system (2.1.4) can have only the trivial solution,
and A.#0.

Let n be any positive integer. In order to solve one of the problems in
the theory of approximate integration it will be necessary to construct a
polynomial of degree n:

P a (x) = ao + aix +... + anxn. an # 0, (2.1.5)

which will be orthogonal on [a, b] to all polynomials of degree < n. This
is the same as requiring P,(x) to satisfy the conditions

a

p(x)P.(x)xmdx=0 (m = 0, 1,..., n - 1). (2.1.6)

The coefficients ak are determined by the linear system of n equations
in n + 1 unknowns:

aoco + alcl an_lcn_1 + anon =0

aocl + alc2 +...+ an_lcn + aon+l = 0

a0Cn_l + arc,, +- - + an_1e2n-2 + anC2n-1 = 0

(2.1.7)

This is a homogeneous system, and since the number of equations is
less than the number of unknowns it will have a nontrivial solution. This
is true even if p (x) changes sign on the interval of integration. However,
without some additional assumption about p (x) it is impossible to make
any definite statement about the number of linearly independent solutions
of the system or about the degree of the polynomial (2.1.5).

The determinant of the coefficients of ao, al,..., a.-I is An-1. If
p (x) is nonnegative then An_l 0. If an is fixed then the system will
have a unique solution ao, al,... , an_l. The orthogonality conditions
(2.1.6) determine P,(x) to within a constant factor; we will choose
this factor so that
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a, > 0 and Jbp(x)P2 (x)dx=1.
Ja

We can prove the following theorem about the roots of P. W.

Theorem L If the polynomial P. (x) is orthogonal on the segment [a, b]
to all polynomials of degree less than n, with respect to the nonnegative
weight function p (x), then all the roots of P" (x) are real and distinct and
lie inside [a, b].

Proo£ Let us consider the roots of P" (x) which lie inside [a, b] and
which have odd multiplicities to be

tt
61, e.-

To establish the theorem it suffices to prove that the number of such
roots m is not less than n.

Let us assume the contrary: m < n. We can show that this is incon-
sistent with the orthogonality assumption. We construct the polynomial
of degree m

Qm(x) _ (x- S1) (x- e2)...(x- &)-
Q. (x) changes sign at the same points inside [a, b] as does P. (x). The
product P (x) Q. (x) does not change sign inside [a, b] and therefore the

b
integral p (x) P. (x) Q. (x) dx is different from zero. Because Q. (x)

a
has degree <n this contradicts the assumption that P. (x) is orthogonal
to each polynomial of degree less than n. This proves the theorem.

The system of polynomials

Po(x), P1(x),..., P"(x),... (2.1.8)

is called an orthogonal and normalized system, or, for short, an orthonor-
mal system, if it satisfies the requirements:

1. P. (x) is a polynomial of degree n.

0 form # n
2. J p (x) P. (x) P, (x) dx =

a 1 form = n.

We will write the nth degree polynomial of an orthonormal system in the
form

P. (x) = a"x" + b"xn-1 +.. (2.1.9)

We now prove that three consecutive polynomials of an orthonormal sys-
tem satisfy a recursion relation
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xPn (x) =
an

Pn+1 (z) + 1
bn - bn+,. Pn (x) + an 1 P.- W. (2.1.10)

an+1 \an an+1/I an

In fact, xPn (x) is a polynomial of degree n + 1 and can be represented
in the form

a+1

xP5(x) =
L.+

C5,kPk(z).
k-0

The coefficients cn,k are the Fourier coefficients:

Cn,k p (x) xPn (x) Pk (x) day
a

If k < n - 1 then zPk (x) is a polynomial of degree k + 1 < n and cn,k = 0
because P. (x) is orthogonal to each polynomial of degree less than n,

xPn (x) = Cn,n+1 Pn+1 (x) + cn,n Pn (x) + cn, n-1Pn_1(x).

Let us substitute for P. (x) (s = n - 1, n, n + 1) its representation (2.1.9).

Comparing the coefficients of the highest degree gives cn,n+1 =
an

an+1

Since for any n and k we have the relation cn,k = ck,n then we also have
an_L

c, ,n-1 = . To obtain cn,n we can compare the coefficients of xn;
an

this gives

bn bn+1Cn,n=-- .
an an+1

This establishes (2.1.10) for n = 1, 2, ... , but that equation is also valid
for n = 0 if we assume a_1 = 0 and P_1(x) = 0.

To calculate the coefficients in certain approximate integration for-
mulas the Christoffel-Darboux relationship will be useful. To establish
this relationship let as, at first, multiply the recursion relation (2.1.10)
by P. (t).

P ) P( ( )
an

) P (t)(Px x tn =n
an+1

x n +n+ l

+ Cbn bn+ll P
(x)

P.
(t) + an-1 Pn-1(x)

P.
(t)

an an+1/I an

Let us form an equation similar to this by interchanging x and t in the
above and then subtracting the resulting equation from the above. The
middle terms will cancel and we will have
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(x- t) Pn (x) Pn (t) =
an

[Pn+1 (x) Pn (t) - Pn (x) Pn+1 (t)] -
an+1

an-1
[Pn (x) Pn_1(t) - P,,_1(x)P. (t)].

an

Let us write equations similar to the previous by replacing n in turn by
n - 1, n - 2, ... , 0. If we add all of the resulting equations we obtain
the Christoffel-Darboux identity

t) P ( )( ) P( an P) P ( ) P (t)]( ( )[Ptx - x =k k
L..r
keo an+1

n n xt .x -n+1 n+1

2.2. JACOBI AND LEGENDRE POLYNOMIALS

Jacobi polynomials are polynomials which form an orthogonal system
on the segment [-1, +1] with respect to the weight function p(x) _
(1- x)a (1 + x)/ They depend on two parameters a and /3, and for any
values of these parameters we can determine the function

Pn(L,/;)(x) _

(-1)" (1 - x)-a(1 + x)---[(1 - x)a+n(1 + x)/j+n]. (2.2.1)
2"n! dx"

This equation is called the Rodriguez formula for the Jacobi polynomial.
Usually we take those branches of this many-valued function for which

arg(1-x)=arg(1+x)=0 for -1<x<+1.
Then (2.2.1) is a polynomial of degree not greater than n:

Ax" + B"x"-1 + ....

This can be seen by differentiating [(1 - x)a+"(1 + x),8+"] by theL
dx"

rule of Leibnitz and substituting the result in (2.2.1),

(-1)"
n"' n! x

k!(n --k)!2"n! k=0

x(a+n)...(a+n-k+1)(-1)k(1-x)"-kx
x (/3+ n) ... (/3+ k + 1)(1 + x) k.

The coefficient A", of the highest order term x", can be found if we take
the highest order terms from the factors (1 - x)"-k and (1 + x)k; these
terms are respectively (-1)"-kx"-k and xk:
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A"xn = 1
n

n! x

2nn! k=O k!(n - k)1

x(a+n)...(a+n-k+1)x"-k(/3+n)...(/3+k+1)xk.
The same result is obtained if we apply the rule of Leibnitz to calculate
the derivative of order n in the function1 _ _ p d o (xa+nx/3+n) = 1 x a-A do (xa+0+2n).

2nn1 dxn 2"n! dxn

Therefore

A"= 1 (a+/3+2n)(a+/3+2n-1)...(a+/3+n+1)
2"n!

r'(a+/3+2n+1)_ (2.2.2)
2"nll'(a+/3+n+1)

We will consider the parameters a, /3 to be real and a, A> -1' and
show that the Jacobi polynomials P(,a' S) (x) (n = 0, 1, 2, ...) form an
orthogonal system on the segment [-1, +1] with respect to the weight
function p (x) = (1- x) all + xV:

1

J1

In,,n = (1 - x)a(1 + x),8P( a'T)(x)P(a'fl)(x)dx = 0 (2.2.3)

For convenience we write

(-1)"
(1 - x)a+n(1 + x)Q+n

Then

2"nl

P(.a.T)(x) x)-a(1 + x)-/jyn")

Let us assume m < n and substitute in In,,, the expression for P(a'A)(x)
in terms of yn:

In,. - I`+ly(Sn)P(a./8)(x)dx.
1

Integrating by parts gives

'To construct cluadrature formulas for the integration of analytic functions of a
complex variable it is necessary to take Re a, Re A > -1.
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In,m = ,(n-I)D(a,8)(x)
+1 - +1y(n-1)[P(a./3)(x)]'dx

=
-1 1

_ -
1

The term which does not involve the integral vanishes because a, /3 > -1.
Integrating by parts n times gives

+1
In,m = (-1)n J Yn[Pma"B)(x)](n)dx. (2.2.4)

For m < n we have [P ma" ) (x)]f°) = 0, and consequently In,. = 0, which
proves orthogonality for two Jacobi polynomials of different degrees.

For m =a equation (2.2.3) gives

('+1
In,n = J (1 - x)a(1 + x),6LPna.8)(x)]2dx =

1

+1 n! +1
_ (-1)" ynn!Andx = An (1 - x)-+'(l + x)R+ndx.

J 1 2nn! _1

The last integral reduces to the Euler integral of the first kind. Let us
substitute x = 2t - 1:

J +1 (1 - x)°'+'(1 + x),8+ndx = 2a+A+2n+1 fIt/3+n(1 - t)a+ndt =
1 0

= 2a+,8+2n+1 B (a + n + 1, 6 + n + 1).

Since

B(p, q) = r(p)r(q)
r'(p + q)

then

2a+B+1r(a + n + 1)r(/3 + n + 1)
(2.2.5)ln'n (a+/3+2n+1)n!r(a+/3+n+ 1)

If n=O and a+/3+l =O, then
lo,o = r(a + 1)F(/3 + 1).

From (2.2.4) and (2.2.5) we see that an orthonormal system of poly-
nomials on [-1, +1] with respect to the weight function (1- x)"(1 + x) 16
is given by
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P(a.Ii)(x) = 1 Pna.A)(x) (2.2.6)

The leading coefficients of these are

TI.,.

a A (2 2 7)n . . .

n,n

Legendre polynomials are a special case of the Jacobi polynomials.
They are the Jacobi polynomials for a = 0, /3 = 0. The Rodriguez for-
mula for Legendre polynomials is

Pn(x) = 1
d" (x2 - 1)". (2.2.8)

2"n! dx"

From this equation it is easy to find the expansion for Pn(x) in powers
of x

P"(x) _ (2n)! xn - On - 2)! xn-2 +
2"(n!)2 2"(n - 1)!(n - 2)!

The Legendre polynomials are orthogonal on [-1, +1] with respect to
the constant weight function p(x) a 1. Equations (2.2.4) and (2.2.5)
have the form:

p+1 0 for m # n
Pn(x)Pm(x)dx = (2.2.9)

2
for m = n.

2n -+1

An orthonormal system on [-1, +1] with constant weight function is given
by the polynomials

Pn(x)
2n 2 1 P. (X).

The leading coefficient in pn(x) is

12n + 1 (2n)!
an

2 2"(n!)2

(2.2.10)

(2.2.11)

2.3. CHEBYSHEV POLYNOMIALS

The Chebyshev polynomials of the first kind can be defined by

Tn(x) = cos(n arc cos x) (n = 0, 1, 2, ...). (2.3.1)

These polynomials are an orthogonal system on the segment [-1, +11 with
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respect to the weight function p(x) = 1 . First of all, let as
V'1 _x2

show that Tn(x) is indeed a polynomial of degree n in x and that the co-
efficient of the highest degree term is 2n-1:

T5(x) = 2`1 xn + .... (2.3.2)

We use the elementary trigonometric identity

cos(n + 1)0 + cos(n - 1)0 = 2cos 0 cos n6.

If we put 0= arc cos x, we obtain the following recursion relation for
T. W:

Tn+1(x) = 2xTn(x) - Tn-1(x)

It is evident that equation (2.3.2) is valid for To(x) = 1 and T1 (x) = x.
By the recursion relation we can see that it is true for all n.

We will now establish the orthogonality property for the polynomials
T. (x):

I", 1 T.(x)T.(x) dx = 0 for m# n
= (2.3.3)

1 1 - x 1T/2 for m = n.

This is equivalent to the statement that the polynomials T. (z) (n = 0,
1, 2, ...) form an orthogonal system on the segment [-1, +1] with respect

to the weight function p(x) 1-x
Let as change the variable of integration in In,m by substituting

x = cos 0, 0 = arc cos x. As x varies from -1 to +1 we can take 0 to
vary from 7r to 0. Since T. (x) = cos a0, Tm(x) = cos m6 and dx =
-sin 0 dB, then

In, m =
J

cos nO cos mO dO =I
which establishes (2.3.3).

for m#n

for m = n,

The weight function p(x) = (1 - x2) 2 (-1 < x < +1) is a special
case of the Jacobi weight function (1 - x)a (1 + x)Afor a = B = --1/2.
For a given weight function the polynomials of the corresponding orthog-
onal system are defined to within a constant factor. Therefore the Jacobi

1 1

polynomials P' 2 ' (x) can differ from Tn(x) by only a constant
factor

P 2' 2)(x) = c 7' (x). (2.3.4)
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In order to find cn it is sufficient to compare the leading coefficients

I'(2n) n-1
2nn!I'(n)

F(2n)
cn =

22n-111(n)r(n + 1)

The polynomials T,(x) were introduced by P. L. Chebyshev in con-
nection with the solution of the following problem:

Among all the polynomials of degree n which have leading coefficient
equal to unity

P(x) = xn + cn-1xn-1 + ...
determine those which deviate least from zero in absolute value on the
segment[-1, +11. That is, determine the polynomials for which

max IP(x)
-1<z<1

has the least possible value.
We will show that the polynomials

Tn(x) = 2-8+1 Tn(x) = 2-n+1 cos(n arc cos x)

have this property. Indeed, maxi] I 2-n+1 and we also have[-

Tn (cos mil = 2-n+1(-1)'n (m = 0, 1, ..., n).

If If there would be a polynomial P(x) which would satisfy the condition
IP(x) I < 2-0+1 (-1 < x < +1), then the difference R(x) = Tn(x) -
P(x) would be a polynomial of degree less than n, for which

(-1)'" R (cos m!l > 0 (m = 0, 1, ... , n). The polynomial R (x) would/
then have at least a roots in the interval [-1, +11 which is impossible,
because its degree is less than n.

A similar argument establishes the uniqueness of the polynomials of
least deviation. Let P(x) be an arbitrary polynomial of the indicated
form for which max IP(x) I = max 171(z) 1 = 2-8+1. The differ-

[-1. +1] [-1, +11
ence S(x) = P(x) - Tn(x) will have degree less than n. At the points

mTTXm=cos -
n

S(xm) = (-1)m2-m+l - P(xm)
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and since IP(xm) I :S. 2-4+1,

(-1)mS(xm) > 0 (m = 0, 1, ... , n).

29

Hence it follows that S(x) has no fewer than n zeros, either distinct or
coincident. But because the degree of S(x) is less than n then S(x) is
identically zero and P(x) = T,*, (x).

The Chebyshev polynomials of the second kind are defined as the
polynomials

U(x) = in [(n + 1) arc cos x]
n

__X 2
(n=0,1,2,...). (2.3.5)

It is possible to show that the functions Un(x) are indeed polynomials
of degree n, having leading coefficient 2". To do this we use the trigo-
nometric identity

sin(n + 2)8 + sin n6 = 2cos 0 sin(n + 1)0.

If we put cos 0 = x, 0 = arc cos x and divide both sides by N/1,
then we obtain the recursion formula for Un (x)

Un+1(x) = 2xUn(x) - Un-1(x). (2.3.6)

We note that Uo(x) = 1 and U, (x) = 2x have the indicated form. By
means of induction it is easy to show from (2.3.6) that Un(x) is indeed
a polynomial of the form U. (x) = 2" x" + .

The polynomials U. (x) satisfy the relationship

1

In,m =
J

Un(x)Um(x)'ll - x2 dx = 107T/2
1 for m = n.

(2.3.7)

In other words, the Un(x) (n = 0, 1, 2, ...) form an orthogonal system
on the segment [-1, +11 with respect to the weight function p(x) =
1 --12 , To prove this we change the variable of integration in the

integral

f+1 sin[(n + 1) arc cos x] sin[(m + 1) arc cos x]
dxIn,m =

-1

by substituting x = cos 0; then it changes to the form

0

sin(n + 1)Osin(m + 1)0d0

and equation (2.3.7) is verified without difficulty.
The weight function p(x) = 1 - x2 is also a Jacobi weight func-

tion for a = /3 = 1/2. Therefore the polynomials Un(x) can only differ
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by a constant factor from the Jacobi polynomials P(2' (x)

p(s (x) =

Comparison of the leading coefficients gives

(2n + 1)!

22nn!(n + 1)!

The polynomials U. (x) possess the following minimal property:
Among all polynomials P (z) of degree n with leading coefficient equal

to unity, 2-°U (x) minimizes the value of the integral

f 1 IP (x)i dx. (2.3.8)

In order to prove this it will be necessary to establish certain auxiliary
results.

1. We will need a trignometric series for the function' sin x sign sin
px, where p is an integer. In the theory of Fourier series the following
expansion is known

4
0

sin (2k + 1) x
sign sin x =

V 2k + 1
km0

Hence we see that

4
r-

sin (2k + 1) px
sign sin px = ` 2k + 1

km0

(2.3.9)

If this equation is multiplied by sin x, then using the relation

2 sin x sin (2k + 1) px = cos [(2k + 1) p - 11 x - cos [(2k + 1) p + 11 x

we immediately obtain the desired trigonometric series

sin x sign sin px =

= 2 ' (2k + 1)-1(cos[(2k + 1)p - 11 x - cos[(2k + 1) p + 11 x}.
n

ke0

'The function sign x is defined by
-1

sign z 0
+1

for x < 0
for x = 0
for x> 0
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2. If n is a positive integer then for r = 0, 1, ... , n - 1 the following
equation is satisfied:

f+1
x' sign U. (x) dx = 0. (2.3.10)

If we substitute x = cos 0 in (2.3.10) we obtain

IT

cos'0 sin 0 sign sin (n + 1) 0 dO = 0.

The powers cos'O (r = 0, 1, ... , n - 1) can be linearly expressed in terms
of cos me (m = 0, 1, ... , n - 1) and conversely. Therefore the last equa-
tion is equivalent to

I.
v

cos m 0 sin 0 sign sin (n+ 1) 0 dO = 0 (m=O, 1, ... , n-1).

Because the function under the integral sign is even, this is equivalent to

cos m 0 sin 0 sign sin (n + 1)0 dO = 0. (2.3.11)

The trigonometric series for sin 0 sign sin (n + 1) 0 is given by (2.3.9)
forp=n+1.

The smallest frequency in the terms of the series (2.3.9) is in the term
corresponding to k = 0; this frequency is (n + 1) -1 = n. Therefore, for
m = 0, 1, ... , n -1, equation (2.3.11) is known to be satisfied.

Using (2.3.10) it is easy to prove the above stated minimal property for
U. (x). For simplicity we denote 2-^Un (x) = P (x) and let us take any
polynomial P* (x) of degree n which has leading coefficient equal to
unity:

f
+ 1 IP (x)1 dx = f+1 P (x) sign U. (x) dx =

= +i
J P* (x) sign U. (x) dx +

i

+ f+i
[P (x) - P* (x)l sign U. (x) dx.

i

The last of these integrals is equal to zero by (2.3.10) and by the fact
that the difference P (x) - P* (x) is a polynomial of degree less than n.
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Also

f
+i

P* (x) sign U. (x) dx Si P* (x) sign P* (x) dx = +i I P* (x)) dx.
1 f fl

Consequently

r+l IP(x)1
dx <fi

+1 IP*(x)I
dx. (2.3.12)

i
This proves the assertion. We make two more remarks. From the above
argument we see that equality is possible in (2.3.12) only when

sign P* (x) = sign Un (x) for -1 < x < 1.

The polynomials

Un (x) = sin [(n + 1) are cos x] - sin (n + 1) 9
X/1 - x2 sin 9

haven roots xk k =cos
n + 1

(k = 1, 2, ... , n) in the interval -1 < x < 1.

If sign P* (x) = sign Un (x), -1 < x < + 1, then the points xk must also be
roots of P* W. The polynomial P* (x) has degree n and therefore the xk
are roots of multiplicity one and P* (x) has no other roots. Since P* (x)
and P (x) = 2-nUn (x) have identical leading coefficients we must have

P*(x)=P(x).

Equality in (2.3.12) is possible only when P* (x) = P (x) = 2-nUn W.
Let us now calculate the minimal value of the integral (2.3.8):

+l2-n

f
I

U,,
(x)

I dx = 2-" J I sin (n + 1) 01 dO =
i 0

IT

n+1=2(n+1) sin (n+1)9dO=
0

r.

4cos(n+1)8
a+l

n = 2-n+l.

L n + 1 o

Thus we have proven the theorem:

Theorem 2. For any polynomial of degree n which has leading coeffi-
cient equal to unity
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the following inequality is valid:

r+l
IP (x)j dx? 2-n+l,

1

Equality is possible only when

P (x) = 2-"U. W.

2.4. CHEBYSHEV-HERMITE POLYNOMIALS

33

The Chebyshev-Hermite polynomials are orthogonal on she entire line
-- < x < oo with respect to the weight function p (x) = e-x . These poly-
nomials can be defined by the formula"

n
H.(x) _

(-1)nex2

dxn
ex 2. (2.4.1)

Let us write 95 = e-x2. Then c(n) _ (-1)ne-x2Hn W. Differentiating gives

(-1)n[- W. (x) + Hn (x)] a-x2,

and since 1)n+1 e-x2Hn+1 (x), then

Hn+1 (x) = 2Hn (x) - H;, (x). (2.4.2)

Hence, from Ho (x) = 1, it is easy to obtain, by induction, that H. (x) is a
polynomial of degree n of the form

H. (x) = 2nxn +. .

The polynomials H. (x) satisfy the following relationship:

J00 0 for m#n
e-x2Hn (x) Hm (x) dx =

2n\/-,, n! for m = n.

In other words the Hn (x) (n = 0, 1, 2,...) form an orthogonal system on
the entire line (-w, +o) with respect to the weight function e_ , 2. To

prove this let us suppose in S n:

"Sometimes other Chebyshev-Hermite polynomials are used:
i 2 A2

H.*(x)=( 1)ne2x d e 2x
_t

These are related to the polynomials (2.4.1) by Hn (x) = 2 2
n
H,, l `1.
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I = J e "2Hn (x)Nm (x) dx = (-1)n -0(n)Hm (x) dx =

_ (-1)n 95 (n-1)Hn(x) + (_1)n-1 (n-1)Hm(x)dx=

00

00 0Hm(n)(x)dx.1)n-1 f q& (n-1)Hm(x)dx=...=
f-W

_ (-
-oo

Form < n, Hr(n) (x) = 0 and thus I = 0. If m = n then

00 0o

I= 2nn! 95 dx = 21-n! f e-"
m

dx = 24n1 c.
..oo -oo

An system is formed by the polynomials

H. (x)
hn(x)= In 1 1

22 (n!)2n4

The leading coefficients of these are

(2.4.3)

In -1 -1
an = 22 (n 1) 2or 4. (2.4.4)

2.5. CHEBYSHEV-LAGUERRE POLYNOMIALS

The Chebyshev-Laguerre polynomials are orthogonal on the half-line
0 S x < o with respect to the weight function p (x) = xae-". Let a be
any number. We choose the branch of the many-valued function xa de-
fined by the condition arg x = 0, for x > 0. We can define the Chebyshev-
Laguerre polynomials by the formula

L0(a)(x) _ (-1)nx'aexn (x°'}nex). (2.5.1)

Differentiating by the rule of Leibnitz we find the expansion of L.(&) in
powers of x to be

Ln(R)(x)=xn-i (n + a)xn_1+

1) (n + a) (n + a - 1) xn-2 _.... (2.5.2)+
n(21

We will consider a to be a real number a > - 1. We can show that
Ln(Q')(x) possesses the following property:
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0 form#n
1=

J
xae-xLn(a)(x)Lm(a)(x)dx= (2.5.3)

o fn!r(n+a+1) form=n.
Let us denote, for simplicity, xa+ne-x = 9Sn Then

L,(a) (x) = (-1)nx-aex0n(n)

Consider m 5 n and substitute, in 1, for the polynomial L.(-) (x) its ex-
pression in terms of 40n:

(-1)n J 0-(a)Lm(a)(x)dx00

0

(-1)n0n(n-1)Lm(a)(x) I

oo

+ (-1)n-1 J 0n(n-1)[Lm(a)(x)]' dx =
0 0

= (-1)n-1 oM S6n(n-1)[Lm(a)(x)], dx.
0

The term which does not involve the integral vanishes because a> -1.
Carrying out the integration by parts n times we obtain

1 =
J

0. [Lm(a)(x)](n)dx.
0

Form < n, we have [L m(a) (x)] (n) = 0 and therefore 1= 0. When m = n,

1 = a! f cdx = n! f xa+nedx = n! I' (a + n + 1).
0

The orthonormal Chebyshev-Laguerre polynomials are

ln(a)(x)=
Ln(a)(x)

1. (2.5.4)

[n!I'(a+n+ 1)]2
The coefficients of xn in these are

-1
an = [n!]P (a + n + 1)] 2.
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CHAPTER 3
Interpolation of Functions

3.1. FINITE DIFFERENCES AND DIVIDED DIFFERENCES

The theory of approximate integration uses in many ways results from
the theory of interpolation which in turn makes wide use of finite differ-
ences. Here we develop only the simplest results from the theory of dif-
ferences.

Suppose that we know the values of f (x) at the following equally
spaced points of interval h:

xk=xo+kh (k=0,1,2,...)
fo=f(xo), fi=f(xo+h),..., fk=f(xo+kh),....

We call the quantities

Afo=fl - fo, Af1= f2-fl, ..., Afn=fn+1-fn,....
finite differences of the first order, and the quantities

A2f0 = Af, - Afo, A2f, = Aft - Af1,..., A2fn = Afn}1 - Afn,...

are called differences of the second order, and so forth.
Differences of order n are defined from differences of the preceding

order by

Anfo = An-1f1 - An-1 f0, Anfl = An-1f2 - An-1fl, ...
This provides a recursive definition of finite differences of all orders.

We can find an expression for differences of any order in terms of the
values fk of the function

Anf = fn if
f._1

+ n(n2' 1) fn-2 -
(3.1.1)

n(n - Mn - 2) fn-3 + ... + (-1)nfo.
3!

37
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This equation is obviously true for n = 1, and it can easily be proved for
any n by induction. If we introduce the operator which increases the
argument by step h

Ef(x) = f(x + h) or Efk = fk+l

then (3.1.1) can be written in the symbolic form

Anfo - (E -1)nfo. (3.1.2)

It is also useful to note that any value of the function f can be ex-
pressed in terms of fo and the differences Afo, A%.... by the relation-
ship

fn=fo+ n Afo+n(2!
1)A%+...+A"fo.

This equation is true for n =1 since fj - fo = Afo, and it can
lished for any n by induction. In symbolic form (3.1.3) is

fs = (1 + A)nfo.

In interpolation problems it is not always possible to use equally
spaced values of the function. For example, one can not always obtain
astronomical observations at equally spaced intervals of time.

For unequally spaced values of the argument finite differences are re-
placed by quantities which are usually called divided differences or dif-
ference ratios.

Let xo, xl, X29- .. ,x,, ... be arbitrary values of the argument. Divided
differences of the first order are defined

f (xo, x1) =
f (xl f f(xl, X2) = NO - NO

X1 - xo x2 - x1

The quantities

f(xo, x1, x2) _
f(x1, x2) - f (xo, x1)

X2 -xo

f(xl, x2, x3) =
A X21 x3) - A X1, x2)

xn - xl

are divided differences of the second order; and

f(xo, x1, x2, x3)
f(x1, x2, x3) - NO I X1, x2)

X3 - xo

is a divided difference of third order, and so forth.
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The function f (xo, x1i ... , xn) is a linear function of f (xo), ... , f (xn)
and it can be shown that

f(xo,...,x,) =
n f (xv)

= F. (xv - xo) ... (xv - xul) (xv - X'+ I) ... (xv - xn)'

This equation is true for n = 1 since

f (x0, x1) =
f (x1) - f (xo) f (xo) + f (x1)

X1 - xo
=

xo - x1 x1 - xo.

(3.1.5)

Assuming that (3.1.5) is true for divided differences of order n we can
verify it for order n + 1:

f(xo, x1, ... , xn+1) =

= (xn+1 - xo)-1[f(x1, x2, .. ., xn+1) - f(xo, x1, ..., xn)l =

1 f (xv)
_ (xn+1 - xo)- (xv x1) (I

f 6v)
- (xv - xo) (.VV - xn)V=O

n+1 f(xv)
(xv - x0) (xv - xn+1)V=O

]Equation (3.1.5) can be written in a shorter form by introducing the
polynomial

w(x)=(x-x0)
Then

rn f (xv)
f(x0, x1,...xn) = Lr m'(s,.

ve0

(3.1.6)

A permutation of xo, x1, ... , x,, in the right side of (3.1.5) only changes
the order of the summands, and therefore f (xo, x1, ... , xn) is a symmetric
function of its arguments x0, X1.... , xn.

By means of induction we can also verify the following formula which
expresses any value of the function f (xn) in terms of f(xo) and the di-
vided differences f(xo, x1, ... , xk) (k =1, 2, ... , n):
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f (xn) - f (xo) + (xn - xo) f (xo, x1) +

+ (x, - x0) (x, - xl) A X09 x1 x2) + ... (3.1.7)

...+ (xn - xo) (xn -XI) ... (xn - X.-I) f (xo, x1 r ... , xn).

When the values of the argument are equally spaced the divided differ-
ences can be simply expressed in terms of finite differences:

A X0, x0 +
h) = f (xo + h) - f (xo) if o

h 11h

f(xo + h, x0 + 2h) - f(xo, xo + h) _ 02 fo
f (xo, xo + h, x0 + 2h) =

2h 21 ht
(3.1.8)

of(xo,x0+h,...,xo+nit) _nih1h

It is often useful in applications to be able to relate finite differences
and divided differences to derivatives. We assume that the points xo, xl,
... , xn lie in the segment [a, b].

Theorem L If f (x) has a continuous derivative of order n on [a, b] then
the following equation is valid-

A00, ... , xn) = f 1 f c1...
ftn-1

f (a) 0 + tv(xv xv-1) x
Jo o vv1

X dtn .. dt2dtl

Proof: This equation is easily verified for n =1:

f f' (xo + t1 (xl - xo)) dt1 =
f(x1) - f(xo)

= A X0, x1).
0

x1 _xo

Assuming that (3.1.9) is true for divided difference's of order n - 1 we
can show that it is true for differences of order n. Denoting the integral
on the right side of (3.1.9) by I (x0, x1, ... , xn), and carrying out the in-
tegration with respect to to gives:

I(xof xl,...I xn) _

=
f1f ... fln-2

1 (n_1)(xn -xn_1) {f (x0 + t1(xl x0) +

+ ...+ tn_1 (xn - xn_2)) - f(n-1) (x0 + tl (x1- x0) +

+ ...+ tn-1 (xn-1 - xn_2))l dtn_1 ... dt2dtl -
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- (xn - xn-1)-1 [f (xo, ... , xn_2, xn) - A X09 ... , xn_2, xn-1)] _

- f (xn-1, x0, xl, ... , xn-2, xn) _

= f (x0, x1, ... , xn-2, xn-1, xn).

This proves the theorem.
As a corollary to (3.1.9) we can obtain a simpler relationship between

f (xo, xl, ... , xn) and f (") W. The region of integration in (3.1.9) is a
simplex in the n-dimensional space (t1, t2, ... , tn). This is the simplex
defined by the inequalities

0< tn<tn_1 <1. (3.1.10)

The volume of this simplex is
1'l ftl

... fn-1 dtn...dt2dtl -

n

S = xo + E tv (xv - xy_1)

V-1

_ (1 - tl) xo + (tl - t2) xl + ... + (tn_1 - tn) xn_1 + tnxn.

From (3.1.10) we see that the multipliers of all the xk are nonnegative.
Since the sum of these multipliers is unity, e is a weighted average of
the abscissas xk (k = 0, 1,. . . , n) and therefore . will certainly lie in the
segment [a, b]. A point in the interior of the simplex (3.1.10) thus corre-
sponds to an interior point e of [a, b].

Applying the mean value theorem to the integral (3.1.9) gives:

Theorem 2. If f (x) has a continuous derivative of order n on [a, b] then
there exists an interior point e of [a, b] for which

f (xo, x1, ... , xn) = f(") ()(3.1.11)
n!

The relationship between finite differences and derivatives then fol-
lows from (3.1.8), (3.1.9), and (3.1.11):

1 tl n

Anfo - O hn f ... ftn-1
f (n) (x + h E tv) x

.lo v=1 (3.1.12)

x dtn dt2dtl = h"f (") (6) xo < e < xo + nh.

Thus if we divide the interval size h by h, then the finite difference
L"fo will be divided by about A".
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8.2. THE INTERPOLATING POLYNOMIAL AND ITS REMAINDER

Suppose that for n + 1 arbitrary points x0, xl, ... , X., which we will
call the nodes (or points) of interpolation, we are given the values of the
function f (xk). We wish to construct a polynomial of degree < n

a
P. (x)=aoxn+alx"_l+...+a, =T avxn_" (3.2.1)

V-1

which has the same value as f (x) at the nodes xk:

Pn (xk) = f (xk) (k-0,1,---,n)- (3.2.2)

To find the coefficients av of this polynomial we must solve the sys-
tem of n + 1 linear equations

av xk v = f (xk) (k = 0, 1, ... , n).
va0

The determinant of this system is the Vandermonde determinant

W(x0,...,1n0 _

X0, X'0-1 ...1

xi xk1 ... 1

xn xn-1 ... 1
n n

which is different from zero since no two of the nodes xk coincide.
Therefore for any values f(xk) we can construct one and only one poly-
nomial PP(x) which satisfies (3.2.2).

The polynomial Pn (x) can be represented in different forms; the most
convenient form depends on how it is to be used. Below we derive two
of the most useful representations for P,(x).

From the nodes xk we construct the auxiliary polynomial o)k(x) defined
by

(0 fori4k
k(x,)

= 1 for=k.
It is easy to see that this polynomial can be written in the form

(x - xo) ... (x - xk_l) (x - xk}1) ... (x -
wk(x) =

(xk - xo) . (xk - xk-1) (xk - xk+l) ... (xk - xn)

or in terms of the polynomial m (x) = (x - x0) (x - xl) (x - xn)

(3.2.3)
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w k (x) =
CO (x)

(x - xk)ai (xk)'
(3.2.4)

The polynomial wk (z) is called the Lagrangian coefficient corresponding
to the node xk.

The interpolating polynomial P (x) can now be written in the form

Pa (x) _ -x )
'm (x)(xk) f(xk) (3.2.5)

k=0

which is due to Lagrange.
Since the Wk (x) are polynomials of degree n, then (3.2.5) is a poly-

nomial of degree not greater than n. From (3.2.3) it is easy to see that
(3.2.5) satisfies conditions (3.2.2).

In some cases the Lagrangian representation for P. (x) is inconvenient.
It is often impossible to say beforehand how many nodes xk will be
necessary to achieve the desired precision in the interpolation. Suppose
that for the number of nodes first chosen the required precision is not
achieved. Then we must use one or more additional nodes. Introducing
one more node completely changes all the terms in (3.2.5). It is de-
sirable then to have a representation for P (x) for which the previous
calculations do not have to be repeated with the addition of one more
node but for which it is only necessary to add one new term.

Newton's representation of the interpolating polynomial has this
property:

f(xo) +(x-xo)f(xo, xl) +(x-xo)(x-xl)f(xo, xl, x2) +...
... + (x - xo) (x - xl) ... (x - xn-1) f(xo, xl, ..., x,,). (3.2.6)

The right side of (3.2.6) is a polynomial of degree not greater than n.
From (3.1.7) we can see that it indeed satisfies conditions (3.2.2) since
for x = xo the right side of (3.2.6) reduces to f (xo) and for x = xi it re-
duces to f (xo) + (xl - xo) f (xo, xl) = f (xl), and so forth.

We call the difference between f (x) and the interpolating polynomial
P. (x) the remainder of the interpolation:

"
CO (x) f (xk)

Rn (x) = f (x) -P4(x) = f (x) - k
(x - xk) W' (xk)

(3.2.7)
k

The remainder R. (x) depends on the properties of the function f (x) and
on the location of x and the nodes xk. It can be expected that R. (x) will
be smaller for functions f (x) which are smoother, that is for functions
with higher order derivatives. When f(x) is analytic it can be expected
that the further the singular points of f (x) lie from x and the xk the
smaller R (x) will be.
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From the representation (3.2.7) for Rn (x) it is difficult to see how the
properties of f(x) influence the remainder and it will be useful to have
other representations from which we can more easily estimate Rn (x) for
different classes of functions. Many representations for R. (x) have been
constructed'. Here we derive only two of the simplest.

1. Let the point x and the nodes xk (k - 0,1,... , n) belong to the seg-
ment [a, b].

Theorem 3. If f (x) has a continuous derivative of order n + 1 on [a, b]
then the remainder R. (x) of the interpolation can be written:

R(x)mi(x) J
/'tn

X f(n+1) (X +
L..t tv+1 (x, - xv_1)' dt.+1 ... dt2dtl
vm0

(3.2.8)

where x_1 = x.

Proof. This theorem can be obtained as a corollary to Theorem 1.
Consider the values f(xo), f (xl), ... , f (xn), f(x) of the function. From
(3.1.7) we see that

f(x)=f(xo)+(x-xo)f(xo,x1)+...+
+(x-x0) (x-x1)... (x-xn-1) f(xo, xl,...,xn)+
+ (x - xo) (x - xl) ... (x - xn) NO, x1, ... , xn, x).

The terms on the right side of this equation with the last term omitted
is Newton's form for Pn (x). Therefore the last term must be the remainder
of the interpolation:

Rn(x) = W (x) f (xo, xl, ... , Xn, x) = G1(x) f (x, x0, xl, ... , xn). (3.2.9)

This result combined with Theorem 1 gives (3.2.8).
If we apply the mean value theorem to the integral in (3.2.8) we obtain

a simpler representation for R. (x).

Theorem 4. If f (x) has a continuous derivative of order n + 1 on [a, b]
then there exists an interior point e of [a, b] for which

Rn(x) _ 6v(x) f(n+1) (e). (3.2.10)(n+1)!

This is often called the Lagrange form for R. W.

"See the references at the end of this chapter.
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2. Suppose that f(z) is an analytic function of the complex variable z
and is holomorphic in a domain B which has in its interior the points x
and xk (k = 0,1, ... , n). For simplicity we assume that B is simply con-
nected.

Theorem 5. The remainder of the interpolation for f(z) at the point x
can be represented as the contour integral

fRn(x) = 27ri (a (z(a, x)
dz (3.2.11)

where I is any simple closed curve inside B which encloses x and xk
(k = 0, 1, ... , n).

This theorem is easily proved by verifying (3.2.7). The function
f(z)

w (Z) (z x)
has simple poles at the points z = x, z = xk (k = 0,1,...,n).

Thus calculating the integral in (3.2.11) by residues we at once obtain

(3.2.7).

3.3. INTERPOLATION WITH MULTIPLE NODES

We assume that we are given m distinct nodes x1, x29 ..., xm and that
at the first node xl we are given the value of the function f (z) and its
derivatives up to order al -t1

f (xl), 1 '(xl), ... , f (ai-1) (xl).

At the second node x2 we assume that we are given the value of f (x) and
its derivatives up to order a2 - 1

f (X2), M X2), ... , f(.2-1) (x2),

and so forth. The numbers al, a2,..., am are called the multiplicities
of the nodes x1, x2, ... , Xm.

Let n + 1 denote the number of conditions given about f (x):

al

We wish to construct a polynomial P (f; x) of degree not greater than n
which will satisfy the conditions 2-

P(i) (f; xk) = f(i)(xk), i = 0, 1, ..., ak - 1; k = 1, 2, ..., m. (3.3.1)

That P,, (f; x) will be unique can be proved from well-known theorems of
algebra. Suppose that there exists two polynomials P (f; x) which satisfy

2We use the convention f (0) (x) __ f (x).
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conditions (3.3.1) and let Q (x) be their difference. Then Q (x) is a poly-
nomial of degree not greater than n which satisfies the conditions

Q(i) (xk) =0, i =0,1,..., ak -1; k =1,2,...,m.

Thus each node xk is a zero of Q (z) of multiplicity not less than ak. The
sum of the multiplicities of these zeros will be not less than al + a2 +

+ am = n + 1. But it is known that the sum of the multiplicities of the
zeros can exceed the degree of the polynomial only when Q (z) is identi-
cally zero. This proves that P. (f; x) will be unique.

It is clear that the interpolating polynomial P. (f; x) can be written in
the form

rm akr-1

P . ( f, x) = Lk, i(x)f !`l (xk) (3.3.2)
k=1 i=0

where the Lk,i(x) are polynomials of degree <n. To construct these
polynomials we assume at first that f (x) is an analytic function.

Assume that f (z) is a function of the complex variable z which is
holomorphic in a certain domain B which contains in its interior the
points x and xk (k =1, . . . , Q. As above, we again assume that B is
simply connected. We take any simple closed curve 1 contained in B
which encloses x and the xk. Everywhere inside I the function f(z) can
be represented as a Cauchy integral

AX) =
1 f(z)

dz. (3.3.3)
2iri

/
i z-x

This equation permits us to investigate f (z) by a study of the elementary

function
z

1
x

which is often called the Cauchy kernel.

Instead of studying the interpolating polynomial for 1 it will bez - x
more convenient to study the remainder of the interpolation:

R.(z1x;x/ = zlx-Pn\zlx'x/

m ak-1 i!
(3.3.4)

Lk, i(x)
Z - x

=1 {=0 (z -
xk)41.

We consider (3.3.4) to be a function of the parameter z. This is a
proper rational fraction for which (3.3.4) is the expansion in sums of
simple fractions. We note that the point z = x is a simple pole of

R. (__L_; x) with residue equal to unity.
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We now reduce the fraction on the right of (3.3.4) to a common de-
nominator.

Setting

M

A (z) =II(z - xk)ak
k=1

we obtain a fractional representation for R. of the form

R n ( 1 ; x = B (z, x) (3.3.5)z-x A z z-xY
Since the fraction (3.3.5) is proper the numerator B (z, x) is a polynomial
in z of degree not greater than n + 1. We can show that B (z, x) is inde-
pendent of z and equals A W. To do this we will find an expansion of
(3.3.5) for values of z with large modulus. If I z I is large then

00
I _ 21 x

z - x zv+1'
v=0

Because the remainder operator R. is linear we can see that

R (Z-x1 )
'
E 1

zv+1
=0V

Here Rn (xv; x) is the remainder of the interpolation for xv. But for a
polynomial of degree not greater than n the interpolation is exact and
therefore

Rn(xv;x)=0, v=0,1,...,n

R. ( 1 ; x) = 1 x).\,_x
zv+l

v=n+1

The highest degree of 1/z in the expansion (3.3.5) for large z must

be
z
}2. This means that the degree of the numerator B (z, x) with re-

spect to z must be n + 2 lower than the degree of the denominator and
therefore must not depend on z: B (z, x) = B W. At the pole z = x the
residue of (3.3.5) is unity and therefore B (x) = A (x) and

A

Rn (z - x'
)

=
A () (z)- x) (3.3.6)

Now we multiply (3.3.4) by
f -(-z)

and integrate around I. Using (3.3.3)
2iri
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and (3.3.6) we obtain an expression for the remainder of the interpolation
for f (z) at the point x of the form

ak_1m

R. (f; x) = f (x) - L k. {(x) f ") (xk)E
i-1

A(x) f(z)

2ni fA(z) (z-x)dz. (3.3.7)

Evaluating the integral in (3.3.7) by residues we can find the interpo-
lating polynomial (3.3.4)-

P, (f; x) = f (x) - R. (f; x).

At the pole z - x the residue of
A (x) A z)

A (z) (z - x)
is f (x). Let us now find

the residue of this function at the pole z = xk. For z close to xk we
have the following expansions in powers of z - Xk-

00f(z)
_
E f(s) (xk)

(z - xks!
s=0

1 1
00 (z - x)s

z - x (z - xk) - (x - xk) (x _ xk)s +ls-0

(z -
xk)a& o0

A (z) = E c8 k) (z - xk)s.
8=0

The residue of the function

f(z) 1 (z -xk)ak 1

A (z) (z - x) _ (z - xk)ak A (z) z - x
f (z)

is obtained by multiplying the above three series together and determining
the coefficient of (x - xk)ak-1. A simple calculation shows that this co-
efficient is

ak-I ak_i_{

f({) (xk) 1 E c8 k) (x - xk)-
ak+{+s.

{-0 S-0

The residue of
A (x)f(z)

is this expression multiplied by A W.
A (z) (z - x)

Thus we have obtained the following expression for P. (f; x) which is
due to Hermite:
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m ak-1 ) (Xk) E A xXPn (f; X) T f (i

k-1

ak-1-i

X E cs(k)(x - xk)i+8. (3.3.8)

S.0

If f (z) is defined on the real line and is not an analytic function then
the representation (3.3.8) for its interpolating polynomial remains valid,
but the representation of the remainder for P. (f; x) as a contour integral
is no longer valid.

For a nonanalytic function f(x) we give another representation for R.
for functions with sufficiently high order derivatives.

Let the points x and xk (k = 1,2,. .. , m) belong to a certain segment
to, b].

Theorem 6. If f (x) has a continuous derivative of order n + 1 on [a, b]
then there exists an interior point e of [a, b] for which

Rn (f.
x) = A (x) f(n+1) (e). (3.3.9)

(n+1)!
The proof of this theorem follows from an application of the following

variation of Rolle's theorem to the function

F W = f (z) - Pn (f; z) _ A
(z) [f(x)

- Pn (f; x)].
A (x)

Let a1 < a2 < . . . < am and let f (x) satisfy the conditions

f(i)(ak)=0 (i=0 1 a -1 k=1 2 m).s e k ;

Then if f (x) has a continuous derivative of order r = a1 + + am then
between a1 and am there exists a point e for which &) (e) = 0.
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CHAPTER 4
Linear Normed Spaces.

Linear Operators

4.1. LINEAR NORMED SPACES

Functional analysis provides a useful method for studying certain
questions related to quadrature formulas. Using concepts from this
branch of mathematics we can study many different questions related to
quadrature formulas from a single point of view. In this chapter we de-
velop only a few of the simple concepts and results from functional
analysis which will be needed in the remainder of this book.

Let X = (x } be a set of certain "elements" x. The nature of these
elements is arbitrary: they may be points, lines, functions or any other
quantities.

The set X is called linear if the following two operations are defined
on the elements of X: addition x + y, and multiplication Ax by a (real or
complex) number A, in such a way that the result of these operations pro-
duces a new element of the set. To be more specific these operations
are required to satisfy:

1. associativity of addition (x + y) + z = x + (y + z);
2. commutivity of addition x + y = y + x;
3. the existence of a zero element 0, which for every x e X satisfies

x+0=x;
4. for each x of X there exists an inverse element -x, for which

x+(x) = 0;
5. associativity of multiplication

A(µx) = (Aµ)x;

50
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6. the distributive laws

(A+Oz =Ax+µx, k(x+y)=Ax+Ay;
7.
8. =8;
9. ifAx=0 and x# B, then A=0.

51

A linear set X is called a linear normed or vector space, if for each
element x e X there is defined a norm 11z 11, that is a real number pos-
sessing the properties of the length of a vector.

1. llxHH > 0, and flxfl = 0 if and only if x = 6,
2. 11x + ylI £ lixII + Ilyll,
3. IiAxlt =

By means of the norm we can define convergence of a sequence of ele-
ments: we say that xn - x, or lim xn = x, if lixn - x 11--+ 0 as n - oo.

Closely related to the concept of convergence is the concept of com-
pleteness of the space. If the sequence xn (n = 1, 2, ...) converges
to a certain element x, then such a sequence satisfies the Bolzano-
Cauchy criterion: for each e > 0 there exists an integer N(e) such that
for n > N(e) and any m > 0

Iixn+m - xn 11 < E.

The converse may be false: if a sequence x (n = 1, 2, ...) satisfies
the Bolzano-Cauchy criterion then it is still possible that there does not
exist an element x in X to which the sequence xn converges as n --s oo.

The space X is called complete if for every sequence x,,, which satis-
fies the Bolzano-Cauchy criterion, there exists an element x' in X to
which the sequence xn converges as n---100. A complete, normed, linear
space is called a Banach space.

Let us give some examples of Banach spaces.

1. The space C.

Let [a, 6] be any finite segment. The elements of C are all contin-
uous functions on [a, 6]. Addition of the elements and multiplication of
them by a number is the usual addition of functions and multiplication of
functions by a number. For the norm of the function x = x(t) we take

ilxll = max ix(t)i. (4.1.1)
te[a, b]

Convergence of elements of C corresponds to uniform convergence of
sequences of functions.
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The space C is complete. From

IIxn+m -" xnll = ee[axb]
Ixn+m(t) .- xn(t)I < E

there follows the convergence of the sequence of functions xn(t) (n = 1,
2, ...) for every t: Jim xa(t) = x(t) and because the limit of a uni-

a-+oo

formly convergent sequence of continuous functions is also a continuous
function then x (t) E C.

2. The space Lp (p 4 1).

This is the space of measurable functions on [a, b] which are pte

power summable. Addition and multiplication by a number is also the
usual addition of functions and multiplication of them by a number. The
norm is defined by

11Z 11 =

(jb'y.
a

4.1.2)(

Functions which differ only on a set of points of measure zero are con-
sidered equivalent.

The conditions which must be satisfied by the norm (4.1.2) are easily
verified. Conditions 1 and 3 are obviously fulfilled. Condition 2 is the
well known Minkowski inequality for integrals':

(fb 1 1 1

plx(t) + y(t)Ipdt <
(1o)+

(Ja
b p

The space LP is complete.'

3. The space L 2.

These are the functions that are square summable and the special case
of L. for p = 2. The norm in L2 is

1

Ilxll =
(fb\y

(4.1.3)

See, for example, L. A. Lyusternik and V. I. Sobolev, Elements of Functional'
Analysis, Gostekhizdat, Moscow, 1951 (Russian; or the German translation of
this book, Elemente der Funktionalanalysis, Berlin, 1955, pp. 244-6).

'See, for example, L. A. Lyusternik and V. I. Sobolev, ibid., pp. 35-7 (or in
the German translation, pp. 18-19).
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Convergence of elements here means convergence of functions in the
sense of mean square deviation.

4. The space L of summable functions on [a, b].

It is also a particular case of Lp for p = 1. The norm in L is de-
fined as:

Ilxll =
J

b Ix(t)ldt (4.1.4)
a

and has the geometric meaning of the area between the t axis and the
graph of the function x(t) over the interval a to b.

5. The space V.

For functions of bounded variation on [a, b], for which x(a) = 0, to ob-
tain the norm in V we take the total variation of x(t) on [a, b]

IIxII = Var x(t).
[a, b]

(4.1.5)

It is clear that conditions 1 and 3 for the norm are fulfilled.
fillment of the second condition follows from the inequality

The ful-

Var [x(t) + y(t)] < Var x(t) + Var y(t).
[a, b] [a, b] [a, b]

The space V is complete. Indeed, let the Bolzano-Cauchy criterion be
satisfied for the sequence of elements xn (n = 1, 2, ...):

Ixn+m(t) - xn(t)I =

V
j[xn+m(t) - xn(t)] = llxn+m - xnll <

[a, b

for n > N(O. Hence we see that the sequence of functions
verges for every t e [a, b]

J `d[xn+m(t) - xn(t)] I <
a

E

xn(t) con-

lim x (t) = x W.
n -s eo

From the Bolzano-Cauchy criterion it must follow that the norms
Ilxn II (n = 1, 2, ...) are bounded from above by a certain number'

'Take e > 0 and choose N so that for n, m > N we will have ilxm - xa II < C.
Fix any value of m > N. Thus Ilxn II !01-1 I+ + Ilxm - xn II < IIxmiI + e. Let M
be the greatest of the numbers IIx1II, , I xNI , IIxm1I + e. Then for every n
we will have Ilxn 11 S. M.
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Ilxn <M (n=1,2,...).
Divide [a, b] into parts by the points a = t0 < 11 < ... < tk = b.

The following inequality holds for xn(t):

k-1
E Ixn(ti+1) - xa(ti)I < Var xn(t) = IIxnII < M.
i=0 [a, b]

If we now pass to the limit as n -* cc we obtain

k-1
E Ix(ti+1) - x(ti)I < M
i=0

which is equivalent to Var x(t) < M, and consequently x(t) is an ele-
[a, b]

ment of the space V.
Let E > 0 and choose the number N so that for n, m > N we will have

Ilxm - xa II < E. If in the inequality

k-1
1:I[xm(ti+i) - xn(ti+1)] - [xm(ti) - xn(ti)]I <

i=0

< Var [xm(t) - xn(t)] = Ilxm - xnll < E
[a, b]

we pass to the limit as m-s°, then we easily obtain

k-1
F I[x(ti+1) - xn(ti+1)] - [x(ti) - xn(ti)]I < E.
i=0

Because this is valid for any choice of points ti (i = 0, 1, ... , k) then
there follows

Var [x(t) - xn(t)] = px - xnf
[a. b]

and consequently the functions xn(t) converge to x(t) with respect to
the norm (4.1.5).

4.2. LINEAR OPERATORS

Let X = Ix 1 and Y = l y } be two arbitrary sets of elements x and y.
If for each element x there corresponds by some rule a certain element
y: y = H(x), then we will say that we are given an operator H. The
set X is the domain on which H is defined and the domain of values of H
is the set Y.



4.2. Linear Operators 55

In the particular case when Y is the set of real or complex numbers so
that to each element x there corresponds a certain number, the operator H
is called a functional.

The concept of an operator is a direct and far-reaching generalization
of the concept of a function.

If in the sets X and Y there is a rule for passing to the limit then we
can define a continuous operator. The operator H is called continuous if
from xn -+ x (in the set X) it follows that H (xn) - H (x) (in the set Y).

Below we will always assume that X and Y are linear normed spaces.
The operator H is called additive if for any two elements xl and x2 of X
we have:"

H(xl + X2) = Hxl + Hx2.

The operator is called linear if it is additive and continuous.
If there exists a number M so that for every x there is satisfied the

inequality

IIHxII <_MUxfl

then H is called a bounded operator. Let us prove the assertion:
In order that an additive operator be continuous it is necessary and

sufficient that it be bounded.

Proof of necessity. Let us suppose that the linear operator H is un-
bounded and show that this leads to a contradiction. Thus we could find
a sequence of elements xn for which

IIHxnII >_ nIlxnII

Consider the elements

x' _
xn

n nIlxnII

It is evident that x5-' B as n-a
On the other hand

Hxn = 1 Hxn
nIlxnII

and

IIHxnII =
n Ill II

IIHxnII >_ 1;

"We will often omit the parentheses around the argument of an operator.



56 Preliminary Information

II Hx' . II f 0 as n --i- ca and the operator H is not continuous at the zero
element B.

Proof of sufficiency. We will assume the operator H to be additive and
bounded and take any element x. If x,a-s x, that is IIx,, - x11 0,
then

IIHxn - Hx 11 = II H(xn - x)II <. Mll x,a - xII ---' 0,

as n -- oo. Hx,a --+ Hx and the operator H is continuous.
If H is a linear operator then the smallest of the constants M which

satisfy the inequality

IIHxII <MIx1I,

is called the norm of the operator H and is designated by IIH II:

IIHII = min M.

In certain cases the following easily proved relation can be useful to
find the norm

IIHII
= nsupIIIHxii.

(4.2.1)

Indeed, for 11z 11 < 1, IIHxII <_ 11H 11 lix II <- 11H 11. Therefore

IIxII111Hx11 IIHII. (4.2.2)

By the definition of the norm, for each e > 0 there exists an element
x' for which

IIHxII > (IIHII - E)IIxlI
Let us put

4
x= X

IIxII '

IIHxII=IIxII IIHxII>Ilxll(IIHII-E)Ilxil=IIHII-E

Because IIxII = 1, then

sup II Hz II > 11H II -

By the arbitrariness of a and by (4.2.2) we obtain (4.2.1).
Let us find the norms of certain linear functionals which we will en-

counter later.
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L X is the space C[a, b].

Consider the functional

57

b
Fx = f f (t) x (t) dt, (4.2.3)

Ja

where f(t) is a measurable and summable function on [a, b]. We have

IIFII = sup
IIx115i I f

b

f(t)x(t)dtI =

I

If (41 Ix(t)I dtSsup
X (tI 1 a

I
a

if (41 dt

Consider the function sign f (t). It is measurable and I sign f(t)I 5 1.
For it

f6

f(t) sign f(t)dt= f If(t)I dt.f
b

a a

Because sign f (t) is a measurable function there certainly exists a con-
tinuous function x* (t) for which J x* (t)I 5 1 and which differs from sign
f(t) only on a set of arbitrarily small measure. Such a function can

b
balways be found so that f fx* dt differs from f sign f dt by as little

a a
as we please. Therefore

and consequently

2. X is L [a, b].

sup 1 b f(t)x(t)dt>_ b If(t)I dG
Ix (t)I 51 a Ja

IIFII fbif(01dt.
a

t)x(t)dt.Fx= fa' f(

(4.2.4)

(4.2.5)

Here f is a continuous function on [a, b]. The norm in L is defined by
equation (4.1.4). We have
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IFxI
i

f 6fxdtI Smax l f(t)I I Ix (01 dt = max lf(t)I IIxll
Ja a

Hence we see that II F II S max If (01
t

We can convince ourselves that in this estimate for II F II the righthand
side can not be decreased. Let E be any small positive number.

Let us put M = max I f (t)I and let us suppose that this maximum is
t

achieved at the point f. In order to be definite let us consider that
f (O is a positive number: f (O = M > 0. By the continuity of f (t), close
to a there exists a segment a < t < fi in which

f(t)>M- &

We define the function x(t) by the relationships

1

x(t)= 16-a

Clearly

for t e (a, P)

0 fortE(a,s).

Ix(tIdt=1,Ilxll= fa

IFxI = Iff(ottH
= 1 J f(t)dt> 1P - a

a.
-.a (M - E) (p - a) = M - E.

16

Therefore

IIFII= sup IFxI>M-E,11

.11 <1

and because E is an arbitrary number, from this and from the previously
obtained upper bound for II F II we have

IIFII = M = max If(t)I. (4.2.6)

I Let X be the space V.

Consider the functional

t

6

Fx = f f (t) dx (t) (4.2.7)
Ja
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where f(t) is a continuous function on [a, b]; we show that

IIFII = max If(t)I, (4.2.8)

t

I Fx I = I f b fdx l < max I f WI Var x (t) = max I f (t)I 11 x 11.

t [a. b] t

Let us suppose that max I f (t)I is achieved at the point to and suppose
that to lies inside [a, b]. Taking

0 fort < to

x(t) =
2

for t = to

1 fort > to

we can see that the upper estimate which we have obtained for I Fx I is
achieved. This proves (4.2.8).

4.8. CONVERGENCE OF A SEQUENCE OF LINEAR OPERATORS

Let X and Y be Banach spaces. Consider the sequence of linear op-
erators H. (n = 1, 2, ...) defined on X and taking values in Y. The se-
quence H. will be called convergent if for each x E X there is a con-
vergent sequence of elements yn = Hnx (in the space Y). Let us denote
lim H'nx = y = Hx. The operator H is additive. In fact if in the equation
Hn(xl + x2) = Haxl + Hax2weipass to the limit as n-1 co then we obtain

H (xl + x2) = Hxl + Hx2.

We can also show that the operator H is linear. We prove a preliminary
lemma.

Lemma. If the sequence of operators H. (n = 1, 2, ...) converges then
their norms IIHnII (n = 1, 2, ...) have a common bound:

IIHnII 5 M. (4.3.1)

Proof. Let us suppose the contrary. The set of elements x which
satisfy the condition IIx - xo II S E will be called a closed sphere of
radius E with center xo and denoted by S(xo, E). We show that IIHnxII
can not have a common bound in that closed sphere. In fact let

IIHnxII s K (4.3.2)

for n = 1, 2, ... , and for every x in the sphere S (xo, E). For any x in X
the element

E'e, =
11 z1I

x+xo
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belongs to S(xo, e). Therefore

and

IIHnzII =II
Iizll

Hnx+Hnx0II5K

II x 1I
IIHnzII - IlHnzo 11 <K

Hence

11HnzIl <
K + IlHnzo II

IIz .

The sequence of elements Hnxo converges and their norms IlHnzoll have
a common bound. There must, then, exist a number K1 independent of n
and x for which

llHnzII5K1IIxfl
Therefore

11H.11= sup IIHnzII < K1
11x1151

and this contradicts the assumption and inequality (4.3.2) can not be
valid.

Let us take an arbitrary closed sphere So (zo, E). In this sphere the
sequence IIHnzII is unbounded. We can find, then, an operator Hn1 and
an element x 1 E So for which

IIHn1xill > 1.

By the continuity of the operator Hn1 this inequality will be satisfied
in a certain closed sphere S1(xi, E 1) contained in So. By an analogous
argument we can find an operator Hn3 and an element x2 E Si for which

IIHn2x2II > 2

and so forth. We can assume that 0 as The constructed
sequence of elements x1, x2, ... will satisfy the Bolzano-Cauchy cri-
terion. The space X is complete and the sequence will converge to a
certain element x* E X

xn--+ x*, as n --tea;

x* belongs to all the spheres Sk
Thus for the element x*

(k = 1, 2,... ).

IlHnkx* 11 > k.
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This then contradicts the assumption that the sequence Hnx converges
for arbitrary x E X.

The linearity of the limit operator H is now easily proved by using the
lemma. Passing to the limit as n--+oo in the inequality

IIHnxII 5MIIxII

we obtain

I1Hx11 :5 MIIx1I.

The operator H is bounded and, in view of its addivity, is continuous
and linear.

The conditions which must be satisfied by the sequence of operators
H. (n = 1, 2,. . . ) in order that they be convergent is expressed in the
following theorem of Banach.

Theorem 1. In order that the sequence of linear operators H. (n = 1,
2,...) be convergent it is necessary and sufficient that they satisfy the
two conditions:

1. The norms of the operators IIHn II have a common bound.
2. H,x is convergent for each x in a set E which is everywhere dense

in X5.

Proof. The necessity of the second condition is obvious. The neces-
sity of the first follows from the lemma.

The sufficiency of the conditions can be verified in the following way.
Let IIHn II 5 M. Let us take an arbitrary x E X and select an element

x 6 E for which IIx - x'II < 3M. The sequence Hnx' converges by con-

dition 2 and for large n we will have

IIHn+m x' -HnxII < 3

Then

IIHn+mx - HnxII s IIHn+mx-H.+mxll + IIHn+mx -HnxII +

+IIHn x'-H.xIIS2MIx-x'II+3 <23 + 3= E.

Therefore the sequence Hnx satisfies the Bolzano-Cauchy condition and
in view of the completeness of Y there exists for each x 6 X a limit ele-
ment y = Hx = lim Hnx.

n

As shown above the limit operator H is linear.

sA set E is called everywhere dense in X if every element x e X is arbitrarily
close, with respect to the norm, to an element of E.



62 Preliminary Information

REFERENCES

L. V. Kantorovich, "Functional analysis and applied mathematics,"
Uspehi Matem. Nauk. (N.S.), Vol. 3, no. 6, 1948, pp. 89-185 (Russian).

L. A. Lyusternik, "Basic concepts of functional analysis," Uspehi
Matem. Nauk., Vol. 1, 1936, pp. 77-148 (Russian).

L. A. Lyusternik and V. I. Sobolev, Elements of Functional Analysis,
Gostekhizdat, Moscow, 1951 (Russian). Mere is a German transla-
tion of this book, Elemente der Funktionalanalysis, Berlin, 1955.)



Part Two
APPROXIMATE

CALCULATION

OF DEFINITE

INTEGRALS





CHAPTER 5
Quadrature Sums and

Problems Related to Them.

The Remainder in

Approximate Quadrature

5.1. QUADRATURE SUMS

The problem of finding the numerical value of the integral of a function
of one variable, because of its geometrical meaning, is often for simplic-
ity called quadrature. In this book we study methods of quadrature which
are used to approximately evaluate the integral by means of a finite num-
ber of values of the integrand and derivatives of the integrand. These
methods are universal and they can be applied where other methods for
calculating integrals fail. In many cases these methods also require
less work than other methods.

Let us consider an integral of the form

b p (x) f (x) dx

where [a, b] is any finite or infinite segment of the real line, and f (x) is
an arbitrary function of a certain class. To simplify the discussion we
assume in the beginning of this chapter that all functions f (x) are con-
tinuous. We assume that p(x) is a certain fixed function, which is meas-
urable on [a, b] and is not the identically zero function, and that the
product p (x) f (x) is summable on [a, b]. At first we will not make any
additional assumptions about p (x).

65
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The most widely applied quadrature formulas are those which approxi-
mate the integral by a linear combination of values of the function

f
6 n

f p(x)f(x)dxffiT Akf(xk). (5.1.1)
a k-1

n

The sum F Akf(xk) we will call a quadrature sum. Equations of the
ka1

form (5.1.1) have received the name of mechanical quadrature formulas`.
They contain the following 2n + 1 parameters which can be selected in
the construction: n abscissa or "nodes" Xk, n coefficients A k and the
number n. It is necessary to choose all of these parameters so that
formula (5.1.1) will give a "sufficiently small error" for all functions f
of a certain wide class. For the following discussion of ideas related to
the construction of quadrature sums we will not precisely define the
words "small error" and how wide the class of functions must be. The
precise meaning of these words will be made clear later.

It is immediately clear, by counting the choices of the xk and Ak, that
the larger the value of n the more precise can (5.1.1) be made. Therefore
for the construction of approximate quadrature formulas n is considered
an arbitrary but fixed natural number.

In applying (5.1.1) the greatest amount of difficulty is usually in find-
ing the values f(xk) (k =1, 2,. . ., n). After the f (xk) have been found

n

the construction of the quadrature sum E Ak f (xk), if n is not very
k=1

large, is carried out comparatively easily. Therefore it is natural to try
to achieve the necessary precision in the calculation with as small a
number of nodes xk as possible. For the construction of quadrature sums

'It is easy to attach a mechanical meaning to (5.1.1). Let us introduce the
b b n

quantity P = f pdx and write (5.1.1) in the form P-1 f pfdx r Bk f(xk)
a a kal

Here the coefficients Bk will be abstract numbers. Let us agree to interpret
them as "weights" belonging to the corresponding values f (xk). If we require
that the equation be exact whenever f is a constant function then the Bk must

n n

satisfy E Bk = 1. The sum
L..+

Bk f(xk) then will have the meaning of an
k=1 k=1

average of the values f (xk). The problem of construction of the equation reduces
to finding weights Bk so that the average weighted value of f(xk) will

b
approxi-

mately equal the mean integral value of f on the segment [a, b]: P' pfdx.
a
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this is equivalent then to choosing the xk and A h to increase the pre-
cision of formula (5.1.1) for a given n. We now discuss the principle
ways that have been investigated to achieve this.

1. Let us suppose we have been given a certain class F of functions f.
In relation to this class we consider the system of functions

fdm (x) (m = 1, 2, ...) (5.1.2)

for which the products p (x) 0m (x) are summable on [a, b]. Let us form a
linear combination

S. (x) = ak(vk W.
kal

b

For the evaluation of the integral a p (x) f (w) dx we take as the "dis-

tance" between f and s n the value

P(frsa)= I p(f - sa)I dx. (5.1.3)6

a

We will consider the system (5.1.2) to be complete in the class F, that
is for each function f e F and any e > 0 there exists a linear combination
sn for which p(f, sn) <C.

In view of the inequality

blp(f-sn)Idx=p(f,sn)I rbpfdx_ fbpsndxl <
faa a

b
it follows that the integral a pfdx can be calculated to as high a degree

Ja
of accuracy as desired, if the integrand f is replaced by an appropriate
linear combination s,,.

Thus it is evident that we can achieve a high degree of precision in
the calculation by taking a large number of functions wk in the formation
of sa.

We can expect that if we choose the nodes xk and coefficients Ak in
the formula (5.1.1) to give good precision in integrating the functions
0m, then the formula must also give good precision in the calculation of
the integral for each function f e F. These simple considerations serve,
of course, only for motivation and the error of the constructed formulas
must be subjected to precise analysis and estimation. But it is useful
to indicate a simple principle for the selection of the xk and Ak: we will



68 Approximate Calculation of Definite Integrals

attempt to choose the xk and Ak so that formula (5.1.1) gives an exact
result for as many of the functions w,n (x) as possible.

We say that equation (5.1.1) has degree of precision m with respect to
the functions (5.1.2) if it is exact for w , tv2, ... , 4)n:

fpo.dEA(x) (i=1, 2,..., m)
k-1

and it is not exact for rv,n+1. This way for choosing the xk and Ak is a
way to increase the degree of precision of equation (5.1.1). Of special
interest are formulas of approximate quadrature which possess the high-
est possible degree of precision. Some formulas of this type will be dis-
cussed in Chapter 7.

If the class F is given, then for the construction of equation (5.1.1) for
the integration of the function f, the choice of the system of functions
(n (n =1,2.... ) is still arbitrary. The requirement of completeness,
which must be satisfied by the system, does not fully define it and there
are still many ways to select the 0,,.

Approximate quadrature formulas which we will now consider take into
account the properties of the functions (,,. If we want the formulas to
give good precision then the co. must necessarily be chosen so that the
properties of co. will agree with the properties of f and we can expect
that the error in (5.1.1) will be smaller the more closely the linear com-
bination sn approximates the function f for a fixed n.

We mention now some examples of the choice of co,,. Let [a, b] be any
finite segment. It is known that for any continuous function f on [a, b]
and for any e > 0 there exists a polynomial P (x) which differs from f (x),
for any x c [a, b], by less than e:

I f(x)-P(x)I <E.

This is the property of completeness of algebraic polynomials in the
space of continuous functions C. From this then there follows, at once,
the completeness of the system of polynomials in the sense of the metric
(5.1.3).

We take the system of powers of x: 1, x, x2, ... as the functions co,,
and we will say that equation (5.1.1) has algebraic degree of precision m,
if it is exact for all possible polynomials of degree m and not exact for
all polynomials of degree m + 1. This is equivalent to the equation

ptttdz = Ak k
J b

n

a k=1

being fulfilled for i - 0, 1, ... , m and not fulfilled for i = in + 1.
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We can expect that (5.1.1) will have a smaller error for more continuous
functions on [a, b] for the higher the algebraic degree of precision.

The system of powers x" (n = 0,1.... ) are a sufficiently convenient
basis for the construction of quadrature formulas of the highest degree of
precision for any finite segment [a, b].

Let us suppose now that the segment of integration is infinite, for ex-
ample, let it be the segment 0 < x < cc. We will take some subset F of
continuous functions f on [0, -). On each finite segment 0 < x < b < co
we can construct a polynomial P (x) which approximates f uniformly with
any preassigned degree of precision. But P (x) can not give a uniform
approximation to f on the entire half-line and the difference f - P, for
large x, can have a large value. In spite of this, providing the weight
function p (x) decreases sufficiently fast as x -moo, it can happen that

for any f e F the integral
Jco0

I p (f - P) I dx can be made as small as we

desire and the system of powers x" will then be complete in the class F
with respect to the metric (5.1.3). In this case the quadrature formulas
of the highest algebraic degree of precision also can be applied for the

approximate calculation of integrals of the form TO pfdx. These formu-

las will be discussed in Chapter 7.
In this connection we wish to give an example to clarify how to choose

the functions w" so that their properties closely agree with the class F
of functions to be integrated. Let us suppose f is continuous and has an
asymptotic representation, on the segment 0 < x < co, of the form

f(x)^,c0+ Cl C2-+ T2 +...,
x

Each polynomial P (x) of degree greater than zero grows without bound
as x --eo, and the order of growth is higher for the polynomials of higher
degree. The behavior of the polynomials on the half-line [0, cc) naturally
differs from the behavior of bounded functions and polynomials can not
be successful for the approximation of bounded functions on (0, -0). For
certain weight functions p (x) it can happen that approximate quadratures
of the highest degree of accuracy, with basis functions the system of
powers x", will give slow convergence, as n---goo, to the value of the
integral and to obtain the necessary precision a large number of nodes
will be required.

For the approximation of functions of the type mentioned above it is
more suitable to use rational functions of some special form, for example,
the functions (x + 1)-k (k = 0, 1,0,1,2,. ..). If we take these for the basis
functions and construct the corresponding quadrature formulas of the
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highest degree of precision' then they might be expected to give better
precision for the same number of nodes than formulas based on 'k (x) = xk.

We mention now another example for the choice of ma (x). Let f be a
periodic function of period 2n and suppose that we want to evaluate the
integral

f2lTf(x) dx.

For the functions tv it is then natural to choose the trigonometric func-
tions cos kx, sin kx (k = 0, 1, 2,. . .). As it turns out in this case the
formulas of the highest degree of accuracy are elementary and their con-
struction is quite simple. Because of their simplicity we will not post-
pone their construction to a later chapter. However, in order that we do
not interrupt the discussion related to the choice of the nodes and co-
efficients we delay the study of these formulas to the following section.

2. Let us suppose that we are given a class F of functions f. We en-
deavor to construct a quadrature formula (5.1.1) which will be in some
sense, which we will clarify below, "best" for a given class. For each
function f the error in the formula (5.1.1) has the value

b

R (f) = f p (x) f (x) dx - J A k f (xk).
1 a k-1

!Trans. note. A quadrature formula for the segment 0 < x < oo which is exact

for (1 + x)-kf°°(1+x)_kdx=Ai(1+xi)_k(k = 2,3,.... m+ 2):

(k=2,3,...,m+2)

may be obtained by a transformation of a formula for the segment 0 < y< I which
is exact for yk (k = 0,1, ... , m):

101

n

ykdy Biy (k=o, 1,...,m).
im1

Using the transformation y = 1 , dy - _dx we see that
l+x (1+x)'

ykdy= OOO (l+x)-i°"2dx (k=0,1,2,...)
fo1

0

and it is then not difficult to see that the nodes xi and coefficients Ai given by

B
xi-Yi Ai= 2 (i=1,2,...,n)
Yi Yi

give the desired formula for [0, 00).
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As a quantity which characterizes the precision of the quadrature
formula for all functions f, we can take the upper bound of I R (f) 1.

R =sup I R (f) I.
I

Here R depends on the xk and Ak. Desiring to achieve possibly better
accuracy for all functions f e F we can choose the xk and A k so that R
will have the least possible value. Such formulas we will call formulas
with least estimate of the remainder in the class F.

3. We have now indicated two possibilities with regard to the choice
of the nodes and coefficients. There are still other methods for con-
structing quadrature formulas by subjecting the nodes and coefficients
to meet other demands. We indicate one problem of this type. First of all
we note that to make formula (5.1.1) exact for functions having constant
value on [a, b] we have only the choice of the coefficients Ak at our dis-
posal. If it is required that (5.1.1) be exact for f =1, then we obtain the
following condition:

n

E Ak
b

p(x)dx. (5.1.4)

k-1 ,Ja

Let us assume that the values NO, of the function f, entering into the
quadrature sum are to be found from measurements and contain accidental
errors. Let us suppose in addition that all of the f(xk) have been ob-
tained as the result of measurements of equivalent precision.

The values of the quadrature sums will also contain accidental errors.
We can state the problem thus: in what manner shall we choose the co-
efficients Ak, which fulfill condition (5.1.4), so that the quadrature sum

n

A k f (xk) will have the least square error. It is known that if the
k-1

arguments z1, ..., zn of a linear function y = alzi + + anzn are
random quantities subjected to the law of normal distribution with one
and the same standard deviation and if the coefficients of the linear func-

n

tion are subjected to the condition ak = 1, then the average squared
k-1

error of the sum will be the least when all the coefficients are equal3.

31f the random variables z 1, ... , zn are normally distributed with standard
deviations a

al ;o
, an and if y is a linear function of them: y = z2 + + anzn,

then I is also normally distributed with standard deviation S = (a' ai + +

an osn)3 (see, for example, S. N. Bernstein, Theory of Probability (in Russian).
Gostekhizdat, Moscow, 1946, pp. 269-72; or H. D. Brunk, An Introduction to
Mathematical Statistics, Ginn, 1960, pp. 88-9). For a, = az = = an = a we
will have S =a (a1 +... + a4)z and for the condition a, + + an = 1, S will have
a minimum in the case when all of the ak are equal.
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Therefore a quadrature formula with equal coefficients

rb

J
p(x) f(x) dx - C [f(xl) + + f(xn)] (5.1.5)

a

will have the least square error. At the same time such formulas are es-
pecially convenient for graphical calculation because the sum of the
ordinates can be removed from the drawing with the help of the simplest
graphical equipment.

We mention now one more property of quadrature sums which will have
great value in the remainder of the book. For calculations, almost al-
ways, it is necessary to know the approximate values f(xk) exact to a
certain number of decimal places.

Let all values f(xk) be known with error not exceeding in absolute
value the number e. Calculating, from the approximate values f(xk), the

quadrature sum Akf(xk) we obtain its value with error which must be
k=1

estimated by the quantity

EE IAki
k-1

Such an estimate is exact and can not be decreased. If the sum
n

E I A k I is very large, then even a small error in the values f(xk) can
k-1
lead to a large error in the approximate value of the integral. For the
construction of quadrature formulas therefore we should always strive so
that the sum of the absolute values of the coefficients will have the
smallest possible value.

In one important special case it is easy to indicate the condition for
n

which E I A k I will have the smallest possible value. We will con-
k=1

sider the weight function p (x) to be nonnegative

p (x) > 0 for x E [a, b].

In addition we suppose that the quadrature formula is exact for f(x) a 1,
which is equivalent to equation (5.1.4) for the coefficients Ak. Then,

evidently, E I A k I will have the least value when all the coefficients
km1

Ak are positive: Ak > 0. This fact is one of the reasons why quadrature
formulas with positive coefficients are especially important for applica-
tions.
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5.2. REMARKS ON THE APPROXIMATE INTEGRATION OF PERIODIC
FUNCTIONS

Let the segment of integration [a, b] be finite. It is always possible
by a linear transformation to transform this segment to the segment
[0, 2v]. Let us consider integrals of the form

f 27r

f(x)dx (5.2.1)
0

where f (x) is a function with period 21r. As above we will study approxi-
mate quadrature formulas of the form

ff(x)dx=7 A kf(xk). (5.2.2)
o km1

Here xk belongs to the segment 0 < x < 2 n.
For the obvious reason, for the approximation of a periodic function

we take not algebraic, but trigonometric polynomials. We recall that
trigonometric polynomials of degree m are functions of the form

m

Tm(x) = a0 + E (ak cos kx + bk sin kx) (5.2.3)

ka1

where a0i ak, bk (k = 1,..., m) are certain constants.

We will say that formula (5.2.2) has trigonometric degree of precision
m if it is exact for all possible trigonometric polynomials up to degree m
inclusive and there exists a polynomial of degree in + 1 for which it is
not exact.

It is easy to verify that no matter how we choose the nodes xk and co-
efficients Ak formula (5.2.2) can not be exact for all trigonometric poly-
nomials of degree n.

Let us construct the function
n

X xk
T (x) _IJ sin2

k..1
2

Because sin2
x xk

=
T2

11 - cos (x - xk)] it is clear that T(x) is a poly-

nomial of degree n. Then the quadrature formula (5.2.2) can not be exact
27r n

for it because f T (x) dx > 0, but
L-.r

Ak T (xk) = 0 because all of the
o km1

nodes xk are roots of the polynomial T (x).
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The trigonometric degree of precision of (5.2.2) is therefore always
less than is and the Ak and xk can be taken to make the degree, at the

most, equal to n -1.
It turns out that the highest degree of precision is - 1 is achieved by

the simplest quadrature formula with equal coefficients:

Ak=2. (k=1,2,...,n)

and equally spaced nodes.
Let us consider any set of equally-spaced points on the real axis with

interval h = L. Let a be the point of the set nearest to the origin from
n

the right or coinciding with the origin. The points a + kh (k = 0,1,...

is -1) lie in the segment 0 < x < 2 ar. Let us take these as the nodes xk
and construct a quadratureuadrature formula

f (x) dx 2n r f (a + (k -1) 2n ).
km1 \

(5.2.4)

We can show that it is exact for all trigonometric polynomials up to de-
gree n -1 inclusive. To do this it is sufficient to show that equation
(5.2.4) will be exact for the functions a imx (m = 0, 1, ... , n - 1). For
m = 0 the assertion is evidently true. For 1 < m < is -1

21Y

J0

and

eimxdx _ 'I (eim2'n -1) = 0

n ._ 1
n eima +(k-l)h] = eima

n
ei(k-1)mh =

eimaeimnh
=

(.r eimh - 1
k=1 k=1

eim2n - 1
= eima = 0eimh -1

which then proves the assertion.

5.3. THE REMAINDER IN APPROXIMATE QUADRATURE AND ITS
REPRESENTATION

The value of the remainder

R(f) = J 6 p(x)f(x)dx- At, f(xk) (5.3.1)
k=1

of the quadrature depends on the choice of the quadrature formula, that
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is on the choice of the xk and Ak, and also on the properties of the inte-
grand function f. Formula (5.3.1) is one of the possible representations
of the remainder, but to determine from it the influence of the structural
properties' of f (x) on R (f) is very difficult. The expression (5.3.1) is
defined for a very wide class of functions. It is valid for any function f

for which the integral
fb

a

pfdx exists and which has finite value at each

node xk. Because of its generality it does not take into account other
properties of f.

In order to simplify the study of R (f) we will construct another repre-
sentation for it by which we can easily study the influence on R (f) of
such properties of the function f as its order of differentiability, the
value of max I f (x) I and so forth. The representation which we will de-

x

rive will be especially useful to determine how the structure of the class
influences R (f ).

We will consider that we are given a set F of integrand functions f.
The remainder R (f) is a functional defined on the set F. In functional
analysis there are theorems concerning the general forms of linear func-
tionals defined on certain concrete linear spaces. These theorems can
be used, in many cases, to construct a representation of the remainder
term R (f) for the set F.°

For this problem of finding the desired representation of the remainder
we will make use of some simple methods of classical analysis.

If we consider a class F of functions which possess some structural
property then it is often possible to give a formula which will represent
each function of the class F and only functions of this class. Such a
formula is called the characteristic representation of the class F or its
structural formula.

If the structural formula of the class F is known then from it we can
in principle obtain all of the necessary information about the class F and
in particular we can construct the representation of the remainder in the
quadrature for functions of the class F. Such a representation will be
constructed each time that it is required in the presentation.

We will now give one example to illustrate the above remarks.
We say that the function f belongs to the class C,[a, b] if it has r con-

tinuous derivatives on [a, b]. The characteristic representation of a
function of this class is furnished by its Taylor series. If f e C,[a, b]
and if a is any point of the segment (a, b] then

4By "structural properties" of the function we mean such properties as
bounded variation, absolute continuity, satisfaction of a Lipsbitz condition, be-
longing to a certain class of differentiability and so forth.

See the references at the end of this chapter.
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r-1 f(d)
!

dt. (5.3.2)f (x) _ i
(a)

(x - a)d +fz
f (r) (t) ((r

_

-1) !1
d=0 ,J a

It will be convenient to replace the integral having a variable limit by
a definite integral over the segment [a, b]. This can be done by intro-
ducing the "jump" function which annihilates the superfluous section of
integration. We define E (x) by

1 for x > 0

E(x)
2

for x=0
0 for x < 0.

It is easy to verify that equation (5.3.2) can be written in the form
rif(d)(a) bf(x)(x-a)d+ f f(r)(t)[E(x-t)-

t=O
a

(5.3.3)

- E (a - t)] (x -
t)r l

dt.
(r-1)!

On the righthand side of (5.3.3) there are r numerical parameters f (d) (a)
(i = 0,1, ... , r - 1) and the functional parameter f (r) (t) which is a con-
tinuous function on [a, b].

Each function f of Cr[a, b] has a representation of the form (5.3.3).
Conversely, for any numerical parameters f (d) (a) (i = 0,1, ... , r - 1) and
any function f(r) (t) continuous on [a, b], the function f (x) defined by
equation (5.3.3) belongs to C,[a, b].

If the interval of integration is not the entire real axis then, in order
not to introduce an additional parameter, a is often taken as one of the
end points of [a, b]. For example, if we take a as the left end point a,
then formula (5.3.3) has the simplified form:

r-1 f(d) (a)
d b (r) (x - t)r -1

AX i! (x-a) +J f (t)E(x-t) (r-1)! dt (5.3.4)
d=o a

where r > 1.
Where there is no ambiguity in the designation of the class of functions

C,[a, b] the symbol [a, b] will be omitted.
Let the integrand f belong to the class Cr. We will attempt to determine

how the r-fold differentiability of f affects the remainder and the con-
vergence of the quadrature process. To do this we obtain a representa-
tion for R(f) which is characteristic of the class Cr This can be found
if we replace in (5.3.1) the expression (5.3.3) for f:
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r-1 f(i) (a)
R(f)= R[(x-a)t]+

i=o

i1
+ R f b f (') (t) [E (x - t) - E (a - t)]

(x - t)
dt

r -1) !
a

In the double integral

b

p (x)
J

b f (r) (t) [E (x - t) - E (a - t)]
(x - t)r 1

(
dtdx

fa a
r-1)!

77

(5.3.5)

which occurs in the last term on the righthand side of (5.3.5), we as-
sume that we can change the order of integration. By the assumptions
that we have made about the weight function p (x) this is certainly possi-
ble if [a, b] is a finite segment. Then (5.3.5) can be written as

r 1 (d) (a) b

R (f) f i R [(x - a) t ] + f f (r) (t) K (t) dt (5.3.6)
i=o a

where the kernel K (t) has the form

b (x - t)r_1
K (t) = f p (x) [E (x - t) - E (a - t)] dx -

a (r-1)!

(xk -t)r
Ak [E (zk - t) - E (a - t)l (5.3.7)

k-1

If t 4 a and t yi xk (k =1, ... , n) then we easily obtain the following
equations for K (t):

t < a, K (t) _ - .t p (x)
(x - t)r_1 dx + E A (xk t)r 1

a (r-1)!
xk<s

A. (r-1)!

b (x - W-1 (xk - t)r-1t>a K(t)= ft p(z)
(r-1)!

dx-Ak
(r-x 1)!k>a

(5.3.8)

Analogously, we can construct representations for the remainder for other
classes of functions when we know a characteristic representation for
them, for example, for analytic functions.

In Chapters 8 and 12 we will see that the specialized representation of
the remainder which we discussed above permits a sufficiently simple
solution of the problems of finding a precise estimate for R (f) and of
convergence of the quadrature process for certain classes of functions.
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CHAPTER 6
Interpolatory Quadratures

6.1. INTERPOLATORY QUADRATURE FORMULAS AND THEIR
REMAINDER TERMS

Quadrature formulas are often constructed from interpolating poly-
nomials. In this way we can, in many cases, obtain quadrature formulas
which are convenient to use and which will give sufficiently accurate
results.

Let us choose n arbitrary points x1, x2, ... , xa in the segment [a, b]
and, using these points,' construct the interpolating polynomial for f(x):

f(x) = P(x) + r(x) (6.1.1)

P(x) = a(x) f(xk),
k=1 (x - xk)Oo'(xk)

w(x) _ (x - x1) ... (x - xk). (6.1.2)

Here r(x) is the remainder of the interpolation.
b

The exact value of the integral f p(x) f(x)dx is
a

fbp(x)f(x)dx
= f bp(x)P(x)dx +

fb
p(x)r(x)dx.

'If we assume that f(x) is defined only on the segment [a, b] then we must
choose the xk to belong to [a, b]. If f (x) is also defined outside the segment of
Integration then it is not necessary that all the xk belong to [a, b]. Quadrature
formulas which contain nodes lying outside [a, b] can be used for the integration
of analytic functions. It is usually desirable, however, to have the points belong
to the segment of integration.

79
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If the interpolation (6.1.1) is sufficiently precise so that the remainder
r(x) is small throughout the segment [a, b] then the second term in this
last equation can be neglected. Thus we obtain the approximate equation

f 6 n

f p(x)f(x)dx - E Akf(xk) (6.1.3)
a k=1

where

(6 w(x)Ak = J P(z)
(x - xk)w'(xk)

dx. (6.1.4)
a

Quadrature formulas of the form (6.1.3), in which the coefficients have
the form (6.1.4), are called interpolatory quadrature formulas. Interpola-
tory quadrature formulas can be characterized by the following theorem:

Theorem 1. In order that the quadrature formula (6.1.3) be interpola-
tory it is necessary and sufficient that it be exact for all possible poly-
norpials of degree less than or equal to n - 1.

Proof. Each polynomial P (x) of degree < n - 1 can be represented in

the form P(x) = E (0 (x) P(xk). If we take the coefficients
k-1 (x - xk)ov'(xk)

A k to have the values (6.1.4) then the quadrature formula (6.1.3) will be
exact for P(x).

In the previous paragraph the values P(xk), in the representation for
P(x), may be any real, finite numbers. The requirement that (6.1.3) be
exact for all polynomials of degree <n - 1 is equivalent to requiring that
the equation

1rb n (J (x) n

J P(x) E (x - xk)ov'(xk) P(xk)dx = E AkP(xk)
k=1 k=1

be valid for every set of P(xk). But then the coefficients Ak must have
the values (6.1.4) and formula (6.1.3) will be interpolatory. This com-
pletes the proof.

This theorem shows that specifying the n nodes xk will completely de-
fine the quadrature formula-that is, the coefficients Ak will also be
completely determined-if we require that the formula be exact for each
polynomial of degree <n - 1. The nodes, however, may still be chosen
in any manner we desire in order to make the quadrature formula meet
some special demand.

Everything that was said in Section 5.3 holds true for the remainder of
an interpolatory quadrature formula (6.].3). In addition we can obtain, for
this type of quadrature formula, a few deeper results.
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The remainder of the quadrature (6.1.3) is the integral of the remainder
r(x) of the interpolation,

b bR(f) = fj p(x)r(x)dx = f p(x)ol(x)f(x, x1, ..., xn)dx. (6.1.5)
a a

To study R (f) we can now use theorems concerning the remainder r(x).
For example, if f(x) has n continuous derivatives on [a, b] then r(x) can
be represented in the form (3.2.8). Using the notation of Chapter 3 we
obtain the following expression for the remainder R (f ):

R(f) = f /'f,,
1 n-,p(x)w(x) x

o o

x f(n)
C x

+ T tv(xv - xv-1)Jdtn ... dt2dtldx (6.1.6)
V=1

where x = x0. It is often preferable to use the simpler expression for
R(f) which is obtained from the Lagrangian form of r(x):

T(x) _ W (x) f (n)(),
n.

R(f) = n
j.b

p(x)to(x)f (n)( dx.
a

a<e<b

(6.1.7)

It is difficult to find an exact estimate for R (f) from (6.1.7) because we
cannot determine how . depends on x.

If the nth derivative of f(x) is bounded in absolute value on [a, b] by
the number Mn:

then from (6.1.7) we obtain the estimate

(6.1.8)

Ma b

!

J IP(x)tv(x)Idx. (6.1.9)
I f

n
a

If p(x)o (x) does not change sign on [a, b] then the estimate (6.1.9)
cannot be improved. For an arbitrary p(x) and an arbitrary set of n nodes
xg we can obtain a precise estimate for R (f) for any function satisfying
(6.1.8). To do this we use (5.3.6). If in that equation we put r = n and
use the fact that the remainder in the quadrature formula is zero for every
polynomial of degree <a, then we obtain
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R(f) = ff(5)(t)K(t)dt (6.1.10)
a

where K(t) has the form (5.3.7). For a function which satisfies (6.1.8)
we obtain from (6.1.10) the precise estimates

IR(f)I <Ma f 6IK(t)Idt.
a

6.2. NEWTON-COTES FORMULAS

(6.1.11)

The earliest known quadrature formulas are those which are now known
as the Newton-Cotes formulas. Some of these are still widely used be-
cause of their simplicity. They are formulas for a constant weight func-
tion and a finite interval of integration.

Let us consider the integral

fb

a

f(x)dx. (6.2.1)

Let us divide the segment [a, b] into n equal subsegments, of length

h = b
h

a , with endpoints a, a + it, a + 2h, ... , a + nh = b. We will

construct an interpolatory quadrature formula using these points as the
nodes. To find the values of the coefficients Ak in a form which is in-
dependent of the segment [a, b] let as write (6.1.3) in the form

b n

f f(x)dx = (b - a) j' Bh f(a+kh). (6.2.2)
a k =O

The coefficients Bh = (b - a)-1Ak are given by:

k = 1 b (a (x)
B (b - a)

a
(x - a - kh)w'(a + kh)

dx,

where w(x) = (x - a) (x - a - h) ... (x - a - nh). If we introduce
a new variable t, by substituting x = a + th, then we will have

x-a-kh=h(t-k),
co(x) = ha+1t(t - 1)(t - 2) ... (t - a).

2Trans. note: For a better discussion of this result, and some examples, see
the book by S. M. Nikol'skii listed in the references at the end of this chapter.
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cj'(a + kh) = (-1)'-kh'k!(n - k)!.
This gives

Bk-
(_1)n-k nt(t- 1) x

nk!(n - k)! fo

x(t-k-1)...(t-n)dt. (6.2.3)

Here we give' the values of the coefficients Bk for n = 1 to 10. Since
Bk = Bn-k we have tabulated only those coefficients for k < Tn.

n Bo Bi BZ Bg B4 B5

1 1
2

2 1 4

6 6

3 1 3

8 8

4 7 32 12

90 90 90

19 75 50
5

288 288 288

41 216 27 272
6

840 840 840 840

751 3577 1323 2989
7

17280 17280 17280 17280

989 5888 -928 10496 -4540
8

28350 28350 28350 283 00 28350

2857 15741 1080 19344 5778
9

- - -89000 89 000 9600 89600 89600

16067 106300 -48525 272400 -260550 427368
10

598752 598 552 598752 598752 598752 598752

'Trans. note: The values of Bk for n = 1 to 20 are given in the paper by W. W.
Johnson and in the book by Z. Kopal.
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Even this short table of the Bk shows the irregularity of these coef-
ficients. In order to appraise the Newton-Cotes formulas for a large
number of nodes we will derive` asymptotic representations for the Bk
for large n. To do this let us transform the integral

I= /'ax(x-1)...(x-n)
dx

0 x - k

occurring in (6.2.3). Using the relationships

Ax- 1)...(x- n) I'(x+ 1)
I'(x - n)

1 r(1 _ z) sin 7rz
Tr

we obtain

P(x+1)I'(n+1-x)sinTrx
TT

1=(-1)a n P(x+1)P(n+1-x)sinTrxdx.
J0 7r(x - k)

Let us divide this integral into 3 parts:

3+
fn-3 + fn

= a + is +y.
J

a= 1 g

We will first obtain an estimate for the integral f. From the theory of

the function r(z) it is known' that

r
O is a monotonically increasing

I''(x+1) T''(n+1-x)function for z > 0. Thus - for -1 < x < -I'(x+l) F(n+1-x)' 2

will be negative and, for
2

< x < n + 1, will be positive. From this it

4See the paper by R. 0. Kuz min.
'This can be seen from the expansion

r,(z) 1 1 1

r(z) z -C+'1(k k+z .

See, for example, V. I. Smirnov, Course of Higher Mathematics, Gostekhizdat,
Moscow, 1949, Vol. 3, sec. 73 (Russian); or E. D. Rainville, Special Functions,
Macmillan, New York, 1960, p. 10.
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follows that in P(x+1)P(n+1-x) and also P(x+ 1)r(n+1 -x)
will, for 3 <-x<. n - 3, have its largest value on the end of this segment:

0 < P(x + 1)P(n + 1 - x) < r(4)P(n - 2) = 6P(n - 2).

For every x we have sin x land thus7r(x-k)I-

I(3I < 6nF(n - 2) = 6P(n + 1) 0 (r(n + 1)
(n - 2) (n - 1) n2

We will, at first, study the integrals a and y for 1 < k < n - 1. It
will be sufficient to consider the integral a. Using Taylor's formula and

the fact that the derivative of the function Ell-) is, for large z, of the
P(z)

order 1 we obtain:
Z

InP(n+1-x)=inP(n+1)- rr(nn)+On+1)

(1).

Thus using the fact that for large z the approximation

In z + 0(
z
- is valid," we obtain
\

P(n+1-x) =P(n+1)e-xIna11+0(1n
LL

For 0 < x < 3 it is then evident that we have

a =

Because

sin 71 x x2
P(x + 1)

7r(x - k)
k 0

(7k-
,

r'(z)
r(z)

I
3 r(n+1)exlnnii+0(1)1 X+0(k)]dx.

JJz0

-x Innxdx= 1 - 1 3 3 +

ln2 n ns In n

"See, for example, E. Jahnke and F. Emde, Tables of Functions, 4th ed., New
York, 1945, p. 19; or N. Nielsen, Handbuch der Theorie der Gammafunktion,
Leipzig, 1906, p. 15.
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and

then
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I e ztaax2dx= 2 1 9+ 6 + 2

J8 -
o ln8 n na Inn ln2 n lna n

a=-F(n+1)r1+0\1T_
In2 n

r
In n/J

for 1 < k <_ n - 1. In a similar way we can obtain the following esti-
mate for the integral y:

Y = (-1)°-1
1'(n + 1)

1 +0/ 1
(n - k) ln2 n In n)

fort<k<n-1.
If we use the estimate which we obtained above for the integral S,

then we obtain the following estimate for the integral I:

I = (-1)°-l I'(n + 1) r l
+ (1)nl [1+ O1 1 .

ln2n Lk n - k In n

This leads to the asymptotic representation of the Newton-Cotes coeffi-
cients for 1 < k S n - 1:

_ (-1) n. 1 (-1)
Bk

k! (n - k)! n ln2n k + (n - k)]
(6.2.4)

A similar calculation for Bo and Bn gives

Bn__ B. +0 (6.2.5)Bo n nlnn [111nn)
From these expressions forBk we see that for large n the Newton-Cotes

formulas will have both positive and negative coefficients which ex-
ceed in absolute value any arbitrary large number. Thus, for large n, a
small discrepancy in the values of the function f (a + kh) can lead to a
large error in the quadrature sum. 'Therefore the Newton-Cotes formulas
with large numbers of nodes are of little use for practical calculations.

The expression (6.1.5) for the remainder R(f) of the Newton-Cotes
formulas is:

b
R(f)=

f
J

w(x)f(x, a, a+h,..., a+nh)dx. (6.2.6)
a

This equation can be reduced to a very simple form which is much more
convenient for application.
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Let us consider, at first, the case when n is an even number; in this
case the Newton-Cotes formulas have an odd number of nodes. The
polynomial o (x) _ (x - a) (x - a - h) ... (x -a - nh) possesses the prop-
erty w (a + z) = - co (a + nh - z) and the graph of it will be symmetric

with respect to the midpoint a 2 b of the segment [a, b]. An example of

the form of the graph is illustrated by Figure 2.

Figure 2.

X

Let us consider the function It (x) =
fa

o(t) dt. We note, first of all,

hat St (a) = 0 and 1(a + nh) = Sl (b) = 0. This last equation follows fromt
the syn4metry properties of the function rv W. We show now that (I (x) is
not zero anywhere inside [a, b]. To do this consider the integrals Iv =

a+(v+l)h

f.+Vh

0(x) dx. The assertion will be proved if we establish that

the sequence of numbers lo, I,,. . . , 1 a
1

decrease in absolute value.

a+(V+1)h
2

If in the integral IV= f (x - a) (x - a - h) , . (x - a - nh) dx
a}vh

we set x = y + A, then the integral is transformed to the form

a+vh
1v= f (y-a+h)...(y-a)...(y-a-(n-1)h)dy=

a+(v-1)h

aa+vh y
-a

a
nh o, (y) dy

n_

a -
a+ h

nh
IV-19

v-1)h y - 11 -

where a + (v - 1)h < q < a + A. In order that I1vl < IIv-1I the inequality
71 - a + h < nh - rI + a or rl - a < 2(n - 1) h must be satisfied. But this
last inequality is indeed true because

rI<a+vh, rI-a<vh<(2-1)h.

Let us integrate (6.2.6) by parts and apply

\the

mean value theorem:
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b b
R(f)=Cl(x)f(x, a,..., a + nh) la - f fz(x, a,a+nh)Sl(x)dxa

b

fx(ri,a,..., a+nh) 0(x)dx, a<,1<b.
a

From

f(x, a,..., a+nh)=

= 1 ... f -n f (n+l) , + tj (a -x) h
0 0

1

it follows that

1 to

fx(x, a,..., a+nh)= fo ... r (1-tl)x
Jo

n+1

ty dtn+1 ...dtl
vmz

n+1

x!(a+2) x+t1(a-x)+.+hEt y dta+l...dtl
1

vet

and applying the mean value theorem to this last integral gives

f(n+2) (G1
fz(rl, a,..., a+nh)= , a<e<b.

(n + 2) !

Finally

f b SZ (x) dx = Al (x) I:_i'xn'(x)dx=_i'x0(x)da

This proves that the remainder term of the Newton-Cotes quadrature for-
mula, for an odd number of nodes, can be expressed as

R(f)=f(n+2)0 Jbxco (x)dx. (6.2.7)
a

We will now find the sign of the coefficient of f (n+2) (f). The function

11(x) = f
x

co (t) dt does not change sign on the segment [a, b] and there-

forefore it is sufficient to calculate its sign at one point; let us use the point
x=a+h:

SZ +h(a + h) = f ° cc (t) dt.
Ja
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For a < t < a + A the first factor in the product w (t) = (t - a) (t - a - h) . .
(t - a - nh) is positive and all the remaining factors are negative. Thus
the sign of Sa (t) is (-1)" fort a (a, b). Because

fb
xoi(x)dx=- f ba

b
it follows that the sign of f xw (x) dx is(_ I)n+l=-1 since n is even.

a
Thus we have established the theorem:

Theorem 2. If the number of nodes, which is n + 1, in the Newton-
Cotes formula (6.2.2) is odd and if the function f (x) has a continuous de-
rivative of order n + 2 on [a, b], then the expression for R (f) is given by
(6.2.7) where e is a point inside [a, b]. The coefficient of f(n+2) (6) is
negative.

We indicate two consequences of this theorem.
1. If the number of nodes in formula (6.2.2) is odd then the algebraic

degree of precision of this formula is n + 1.
From the representation (6.2.7) for the error, formula (6.2.2) will be

exact whenever f (x) is a polynomial of degree S n + 1. If f (x) is a poly-
nomial of degree n + 2 then f (n+2) (x) will be different from zero and
R(f)&0.

2. Let us assume that f (n+2) (x) exists and is continuous on [a, b]. We
will construct the representation (5.3.6) for the error. We have r = n + 2
and for simplicity we take a = a. Because the degree of precision of
(6.2.2) is n + 1, the terms under the summation sign in (5.3.6) will be
zero and we will have the following expression for the error:

R (f) = f f(n+2) (t)K(t)dt. (6.2.8)
a

Using the fact that p (x) = 1, the kernel K (t) is calculated to be

= (b -
t)n+2 n

AkE (a + kh - t) (a + kh - )n+1
K (t)

(n 2)! (nkl+1)!
We can show that the function

..K

(t) is nonpositive on [a, b].
From (6.2.7) we see that if f (n+2)(x) does not become zero at any point

of [a, b] then R (f) # 0. If the function K (t) would change sign on [a, b]
then there would exist a function f (n+2) (x), which is different from zero

throughout [a, b], for which f f (n+2) (t) K (t) dt = 0. From the derivative
a

b
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f(n+2) (x) we could reconstruct the function f (x) in the usual way. For
such a function R (f) = 0 which contradicts our assumption. Because the
coefficient of f(n+2) (.) in (6.2.7) is negative the kernel K (t) must be a
nonpositive function on [a, b]:

K(t)-<0.

Let us now consider the case when n is an odd number; in this case
there are an even number of nodes in formula (6.2.2). The polynomial
w (x) takes on equal values at the points a + t and b - t, t < b - a. This
means that the graph of w (x) is symmetric with respect to the line x =
a + b

2

In order to simplify the expression (6.2.6) for the remainder let us split
the segment [a, b] into two parts [a, a + (n - 1) h] and [a + (n - 1) h, b].
The polynomial w (x) does not change sign on the second part of the seg-
ment and we can apply the mean value theorem to the integral over this
segment:

f)=
fa+(n-l)h

(a (x) f(x, a,.a+nh)dx +R(

f(n+1)( 1) 6
+ f w(x)dx=I+11.

(n + 1)1 +(n-1)h

Let us now look at the integral over the first part of the segment. From
w (x) we separate the factor x - a - nh and write rv (x) = (x - a - nh) rv W.
By the definition of the divided difference

f(a+nh,..., a, x)=f[a+(n-1)h,..., a, x]- f[a+nh,..., a]
x - a - nh

and thus

a+(n-1)h
I = f roI(x) f(x, a,...., a+ (n- 1)h)dx-

a

a+(n-1)h
- f(a,..., a+nh) f (a1 (x)dx.

a

a+(n-1)h
Because n is an even number f a), W dx = 0, and the second

a

term in the above expression for I vanishes. The first term is an integral
of the form (6.2.6) for an odd number of nodes and it can be expressed as:



6.2. Newton-Cotes Formulas 91

f(n+1)(e2) a+(n-1)h
I = f x 1(x) dx,

(n + 1)! a

where we recall that the coefficient of f (n+1) (e2) is a negative number.

Since
fa+(n-l)h

w 1(x) dx = 0, we can replace xw 1(x) by (x - a - nh) x

x 01(x) = &)(x) in the integral I. Thus we obtain the expression
f(n+l)(e2) f(n+l)(e1) b

R(f)
(n+1)!

fa+(n-I)h
w(x)dx+ (n+1)! Ja+(n-1)hco(x)dx.

For a + (n - 1) h < x < b the last factor in

is negative and the other factors are positive. This means that

b

a+(n-1)h

0(x)dx <0.

Since the coefficients of both f(n+1)(62) and f(n+1)(el), in the last ex-
pression for R (f), are different from zero and of the same sign and since
f(n+1)(x) is a continuous function, then between el and e2 there exists
a point e for which

f(n+1)(0 b

R (f) = f co (x) dx. (6.2.9)
(n + 1)1 a

This proves:

Theorem 3. If the number of nodes in the Newton-Cotes formula (6.2.2)
is even and if f (x) has a continuous derivative of order n + 1 on [a, b]
then the remainder R (f) is given by (6.2.9) where e is a point inside the
segment. The coefficient of f(n+l)(6 in this expression is negative.

As in the case for an odd number of nodes there are two immediate
consequences of this theorem.

1. If formula (6.2.2) has an even number of nodes n + 1, then its alge-
braic degree of precision is n + 1.

2. If (6.2.2) has an even number of nodes and if f (x) has a continuous
derivative of order n + 1 on [a, b] then the remainder in this formula can
be represented in the form

b
(n+1)(t)K(t)dt (6.2.10)R(f)=

fa
f
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where the kernel K (t) is nonpositive on [a, b] and is given by

(b-t)n+1 _ " (a+kh-6)n
K (a) = AkE (a + kh - t) (6.2.11)

(n+ 1)I k=1 nl

6.3. CERTAIN OF THE SIMPLEST NEWTON-COTES FORMULAS

Newton-Cotes formulas with a large number of nodes are seldom ap-
plied in practical calculations for the reasons pointed out in the previous
section. It is preferable to use a formula with a small number of nodes
and to increase its accuracy split up the segment [a, b] into many subin-
tervals and apply the formula to each of these smaller intervals.

Let us consider, at first, the case n = 1. Here we interpolate f(x)
using its values at the endpoints a, b of the segment of integration.

Equation (6.2.2) then becomes the well known formula:

(6.3.1)
b

f f (x) dx = (b - a)ijf(a)+.f(b)1
a

which is called the trapezoidal formula. In this case we have co (x)
(x - a) (x - b) and (6.2.9) gives

R(f)=-(b 12)3 a<<b. (6.3.2)

To study the error in the formula (6.3.1) when the interval of integra-
tion is split up into subsegments we will obtain a representation for the
remainder which is different from (6.2.10).

Let us assume that f (x) has a continuous second derivative. We will
expand it in Bernoulli polynomials using equation (1.4.2) with v = 2:

(x) _ (b - a)-1 f (t) dt + B l
_

(b - a [f (b) - f (a)] -ff

_(b 2a)

.

f.. (t)L b_aJ-Bz\b-a1Jdt.
a

Because (6.3.1) is exact for linear functions, R (f) reduces to the re-
mainder of the quadrature for the last term on the right hand side of this
equation. The remainder of this term is the same if we replace B2 (z) by
Y2* (z)=B2* (z)-B2:

fbf"(t) r /
R (b 2a) Rx[y2lb_a-y2(b_a)jdt.
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The symbol R. denotes the remainder of the quadrature with respect to
the variable x.

In the following calculations we use the rule for integration of Bernoulli
polynomials; the fact that y2 and B2 have period one; and the relations
Y2(1)=y2(0)= 0

Rxry2(IE)-y2 (i)] =

fb
[Y2(Xe)

*l b_

(b2a) I[Y* _al-y2(o] +[y2(b-al-72(i)Jj=2

R(f)=(b 2a)2 a f"(t)y2Vb-aI dt. (6.3.3)
Ja /

Now we split up the segment [a, b] into n equal subsegments of length

A = b - a . Consider the segment [a + kh, a + (k + 1) h] and let us apply
n

formula (6.3.1)

a+(k+1)h
f(x) dx = 2 [f (a + kh) + f(a + (k + 1)h] +

a+kh

+ 2 /`a+(k+l)h y2 (a +

A
- t dt.

a+kh

Since r2 (x) has period one we have y2 (a + hh ) =
Y2

(a
h

tl. We

carry out this calculation for each subsegment and sum the results to ob-
tain the repeated trapezoidal formula with remainder in the form of a
definite integral

f(x)dx=hf
+ Zi

fa
Y2

Ca

h

t
dt (6.3.4)

\ )
where we have written fk = f (a + kh). The kernel y2 (_i) of the re-
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mainder does not change sign and the mean value theorem can be ap-
plied to the integral in (6.3.4) to give

8

12n 2

We go now to the case n = 2. Here we interpolate f (x) using its values

at the three points a, a 2 b, b.

Quadrature formula (6.2.2) then becomes

b
f f(x)dx=(b-(b.f(a)+6 4 f(alb)+6

f(b) (6.3.5)
Ja L \

which is known as Simpson's formula. The remainder is found by (6.2.7)
to be

R (f) - f 4I ,f x (x a) z a 2 b (x - b) dz =
a

(._E)5f4().
90

(6.3.6)

Assuming that f (x) has four continuous derivatives on [a, b] we expand it
in Bernoulli polynomials as follows:

b

f (X) = (b - a)-1 f f (t) dt +
a

+
a

E (b
k

Bk (b _ a) [f (k-1) (b) - f (k-1) (a)] -
k.1

(b
4!

)5 b f(a)
(t) LY4 (b - t) ya (b a)] dt, (6.3.7)

a a

Equation (6.3.5) is exact for all polynomials of third degree. Therefore
R (f) will be the remainder when the quadrature is applied to the last
term on the right hand side of this equation:

(b - a)R(f)=-
41

s fbf(4)(t)Rxry4(--)b-a-y4(-)]b-adt. (6.3.8)
a L
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ll
1 61 Y* Y

+-
IY4

y, +*
/-,l (a+ b) - t _

I (I)]

((1 * a-t 2
l(a+b)-t 1

3 y4(b-a)+3 y4 b-a ) 24

95

In these calculations we have made use of the values B5(2/ given

in (1.2.14):

Y4(2)=B4(.)-B4=-(2-2-3)64= 16,

R(f) _ (b 4,a)4 . b f(4)(t)
j 3 Y44 (!b!---a) +

2(a + b) - t 1

+ 3y b - a) - 24}dt.
(6.3.9)

Let us divide [a, b] into n equal subsegments of length h = b - a
n

where n is an even integer. Let us apply formula (6.3.5) with remainder
(6.3.9) to the segment [a + (k - 1) h, a + (k + 1) h] which consists
of an adjacent pair of subsegments:

fa+(k+l)h 4 1f(z)2hfk-1 + 6 fk +fk++
+(k-1)h

1+

9

h4 fa+(k+1)h(4)4( à + (k t

+/I+(k-1)h

+2y4 a+kh - t) _ dt.
2h 1 8
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Carrying out this last calculation for the segments

[a, a+2h], [a+2h,a+4h],..., [a + (n - 2)h, a+nh]
and summing the results we obtain the repeated Simpson's rule:

b

f f(x)dx=3[fo+ fa+2(f2+
a

+ 4(fl + f3 + ... + fn-i)] + 20 b

ff(4)(t) x

* a-t * a+h - t 1

x 1 y4( 2h) + 2y4 ( 2h - g dt (6.3.10)___)
The remainder term in (6.3.10) differs only in notation from (6.2.10) and
the kernel of the remainder is therefore a function which does not change
sign on the interval [a, b]. Applying the mean value theorem to this
integral permits us to write the remainder term of (6.3.10) in the form

R(f) (b - a)5 f(4>(e). (6.3.11)
180n4

For n = 3 we obtain a formula which is sometimes called the "three-
eighths rule,"

F f(x)dx=HL8f(a)+8f(a+3H)+

+3f(a+3H)+If(a+H)1, (6.3.12)
8 8

R(f) = f b o (x)dx = - (bfi a)5
41

a

(6.3.13)

H=b - a.
In order to obtain the integral representation for the remainder R (f) in

the repeated three-eighths rule we expand f(x) in Bernoulli polynomials
in the form (6.3.7). Equation (6.3.12) is exact for all polynomials of de-
gree < 3 and R (f) has the form (6.3.8), but with other values of the inte-
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grand. In the present case'

= Ly4\t/
ya)Jdx-

R.[y**a\xHt x H/ y4 \xHa/J J b \xFla

-HL141aHt)-y4(0] +8fy**a(aHt+3)-y**a(311 +

+ 8 [y4(a H t + 3) - ya(3jj + 8 rya(a H t + 11 - ya(1) _

8
j2y4(aH t) +3y*a(aH -' + 3) +3y4(aH t+3) - 27

Thus we obtain

R(f)
= 4 8 f t) + 37*(a t + +

I ` I

+ 3y*4 Ca H
t

+ 3) - 27 dt. (6.3.14)

Let n be a multiple of three. We divide [a, b] into n equal parts of

length h = b - a. Let us take the segment [a + kh, a + (k + 3)h] and
n

apply to it the three-eighths rule with remainder in the form (6.3.14)

fa+(k+3)h
f(x)dx= 8 (f[a+kh]+3f[a+(k+1)h]+

+kh

+3f[a+(k+2)h]+ f[a+(k+3)h]}+

+
27h4 a + kh - t
64

fa+(k+3)h f(4)274
3h

+
+kh (( /

'Here we make use of the following relationships:
a. y4 has period one, that is y4 (z + 1) = y4(z)
b. If we put n = 4, x//=\1/3, m= 3 in (1.2.8) we find

1B4 = 33[Ba13) +

B4//3)

+ B4(11 = :14 + B4J

13B4() 84(3)=-2784=810

y4(3)
=

Y413 1= B4() - B4 = 405.
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+3ya a+kh - t + 1 +

3h 3)

+3y*4
a+kh - t + 2 _ 8 dt.

3h 3) 27

Writing equations like this for the segments

[a, a+3h], [a + 3h, a + 6h], . . . , [a+(n-3)h, a + nk]
and summing the results we obtain the repeated three-eighths rule:

fbf(x)dx= 8 (fo+ fn+2(fs+ f6+...+fn-a)+
n

+3(f1+f2+f4+f`5+...+fn-2+fn-1)l+

+ 644

fb f(4)(t) 2y*4(L3h t) + 3y*4(a_h t + +
c

+3y4(a3ht+
3) 27 f dt. (6.3.15)

We can also apply the mean value theorem to the integral represents.
tion for the remainder in the last expression. The remainder of the three-
eighths rule can thus be written

R(f) (b )5 f (4) (6),
a < 6 < b. (6.3.16)

80n4

When the number of segments n is a multiple of both 2 and 3 we can ap-
proximate the integral by both Simpson's rule and the three-eighths rule.
Both of these formulas have the same algebraic degree of precision and
are almost equally simple to use. The choice between these formulas
must be based on the error of the final results. Comparison of the re-
mainder terms (6.3.11) and (6.3.16) shows that use of the three-eighths
rule may lead to an error which is more than twice as great as the error
obtained by use of Simpson's rule. Thus we are forced to prefer Simp-
son's rule over the three-eighths rule.
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CHAPTER 7
Quadratures of the
Highest Algebraic
Degree of Precision

7.1. GENERAL THEOREMS

In the beginning of this section we make the same assumptions about
the weight function p(x) as we made in Chapter 5.

The quadrature formula

jb
p(x)f(x)dx Ak f(), (7.1.1)

k=1

for a fixed n, contains the 2n parameters Ak and xk (k = 1, 2, ... , n).
The problem is to select these parameters so that formula (7.1.1) will be
exact for all polynomials of the highest possible degree (that is, for all
polynomials of degree <k, where k is as large as possible).

In Section 6.1 we showed, by counting the choices of the coefficients
Ak, that for any arrangement of xk we can find an equation (7.1.1) which
is exact for all polynomials of degree <n - 1. This requirement com-
pletely defines the coefficients A k: formula (7.1.1) must be interpolatory
and its coefficients must be given by (6.1.4).

In order to increase the precision of (7.1.1) the choice of the nodes xk
is still at our disposal. We might hope that for some choice of these
nodes the degree of precision can be increased by n and that the formula
can be made exact for all polynomials of degree <2n - 1. Under what
circumstances this can be achieved will be seen below.

We will now establish the conditions which must be satisfied by the

100
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Ak and xk in order that the degree of precision of formula (7.1.1) will be
not less than 2n - 1.

We prefer to consider the polynomial w(x) = (x - xl)(x - X2) ...
(x - xa) instead of the nodes xk themselves. If we know the xk, then we
can easily construct the polynomial w(x). Conversely, if we know the
polynomial w(x) = x° + alxa-1 + ..., then determining the roots of
w(x) will give us the xk.

We must remember that if we determine a) (x) instead of the xk directly
then we must be careful that the roots of w(x) will be real, distinct and
located in the segment [a, b].

Theorem 1. If formula (7.1.1) is to be exact for all polynomials of de-
gree <2n - 1, then it is necessary and sufficient that (7.1.1) be interpo-
latory and that the polynomial o(x) be orthogonal with respect to p(x)
to all polynomials Q (x) of degree < n :

fb
p(x)w(x)Q(x)dx = 0.

Proof. First we establish the necessity. If (7.1.1) is to be exact for
all polynomials of degree <2n - 1, then it is also exact for all poly-
nomials of degree <n - 1 and therefore, by Theorem 1 of Chapter 6, it
must be interpolatory.

Let Q(x) be any polynomial of degree In - 1. The product f(x)
w(x)Q(x) is a polynomial of degree <2n - 1 and equation (7.1.1) must
be exact for it. But f (xk) = 0 (k = 1, 2, ... , n) and hence

fb
p(x)w(x)Q(x)dx = 0.

This shows the necessity of the orthogonality condition.
We now prove the sufficiency of the conditions. Let f(x) be an arbi-

trary polynomial of degree <2n - 1. We can divide f(x) by w(x) and
represent f(x) in the form

f(x) = Q(x)4)(x) + p(x)

where Q(x) and p(x) are polynomials of degree <n - 1. Since w(xk) -0
we have

f(xk) = p(xk), (k = 1, 2, ..., n)
b

p(x)f(x)dx = f 6 p(x)co (x)Q(x)dx + f b p(x)p(x)dx.
J a
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The first of the integrals on the right hand side is zero by the assumed
orthogonality. Because the degree of p(x) is not greater than n - 1, and
because formula (7.1.1) is assumed to be interpolatory, then the equation

f
b a

p(x)p(x)dx = E AkP(xk)
k=1

must be exact. Since f(xk) = p (xk) we must also have

fb

a k=1

p(x)f(x)dx = Akf(xk)

and formula (7.1.1) will indeed be exact for an arbitrary polynomial of de-
gree <2n - 1. This completes the proof.

The possibility of constructing formulas with degree of precision
2n - 1 is related to the existence of polynomials a) (z) of degree n which
possess the above stated orthogonality property. If the weight function
p(x) changes sign on [a, b] then such a polynomial w(x) may not exist.
If such a polynomial does exist its roots might not satisfy the above re-
quirements.

In the remainder of this section we will assume that the weight func-
tion p (x) is nonnegative on [a, b]:

p(x) > 0, for x e[a, b].

In this case, as was shown in Section 2.1, the polynomial w(x) of nth
degree, which is orthogonal on [a, b] with respect to p(x) to all poly-
nomials of lower degree, does exist for all n. The roots of CO (x) are real,
distinct and lie inside the segment [a, b].

These remarks are summarized by the following statement:
If p (x) > 0 for x 6 [a, b], then a quadrature formula (7.1.1), which is

exact for all polynomials of degree <2n - 1, exists for all n.
Up until now it has not been established that 2n - 1 is the highest de-

gree for which formula (7.1.1) is exact. If p(x) changes sign on [a, b]
then this may not be true. But, if p(x) does not change sign then it is
easy to prove the following:

Theorem 2. If p(x) > 0 then no matter how we choose the xk and Ak
equation (7.1.1) can not be exact for all polynomials of degree 2n.

Proof: For the polynomial P(x) = w2(x), which has degree 2n, the
b

integral r p(x)co2(x)dx > 0 because the function p(x) is nonnegative
a
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and not identically zero. The quadrature sum L Ak P (xk) is zero be-

cause P(xk) = 0. Hence equation (7.1.1) can not be exact for P(x) _
0)'(x).

Now we will discuss the construction of quadrature formulas which
have the highest degree of precision. Let us consider the system of
polynomials Pn(x) (n = 1, 2, ...) which are orthogonal on [a, b] with
respect to the weight function p(x). In order to be definite let us assume
that this system is normalized. The Oh degree polynomial of this system
P,(x) can differ from a)(x) by only a constant multiple. The roots of
Pn(x) will thus be the nodes Xk (k = 1, 2, ..., n) which are to be used
in the quadrature formula.

The coefficients Ak are determined by equation (6.1.4) or equivalently
by

b

P.(x)
Ak = p(x)

(x - xk)Pn'(xk)
dx. (7.1.2)

J

In order to calculate Ak by (7.1.2) we make use of the Christoffel-
Darboux identity (2.1.11) by substituting in that equation t = xk. After
dividing by x - Xk we obtain

n-1
P 8 (x) P8 (xk)

an Pf(x)Pn+1(xk)

a=0 a,1+l x - xk

where an is the coefficient of xn in P,(x).
Let us multiply this last equation by p (x) and integrate over [a, b].

b

The integral P8(xk) f p(x)P8(x)dx is zero for s > 1, by the ortho-

gonalitygonality of P, W, and is 1 for s = 0, by the normality of Po(x). After
carrying out the integration we have

1 = -
an

Pn+l(xk) J b p(x) P, (x) dx.
an+1 a x - xk

Hence we obtain

Ak = - an+1 1 (7.1.3)
an P,'(xk) Pn+1(xk)

This expression for Ak can be changed slightly by making use of the
recursion relation (2.1.10) for orthonormal polynomials. Let us substitute
the root xk of P. (x) in place of x in (2.1.10). This gives
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an
Pn+1(xk) +

an-1
Pn-1(xk) = 0.

an+1 an

From this relationship we can write (7.1.3) in the form

an 1
Ak = (7.1.4)

an-1 P,'(xk)Pf-1(xk)

An important fact is that a quadrature formula of the highest degree of
precision has all positive coefficients:

Theorem S. If the quadrature formula (7.1.1) is exact for all possible
polynomials of degree <2n - 2 then all of the coefficients Ak are
positive.

2

Proof. Consider the function f(x) =
Cw(x)

. This is a polynomial
Lx -xi

of degree 2n - 2 and hence equation (7.1.1) must be exact for it. But

f(xk) =
f or k#i

for k=i
which means that

f )12dx= Aico'2(xi)
a i

or

W (x)
2

Ai = J p(x) d > 0,(x - xi)w'(xi) x
a

which then proves the theorem.
We will now study the remainder of the quadrature. The segment of

integration [a, b] can be any finite or infinite segment. Let as assume
that the product p(x)f(x) is summable on [a, b].

Theorem 4. If f (x) has a continuous derivative of order 2n on [a, b]
then there exists a point q in [a, b] for which the remainder of the quadra-
ture formula of the highest degree of precision is

R(f) _ (2n)(11)

I p(x)w2(x)dx. (7.1.5)
(2n)!

Proof. Let us construct the interpolating polynomial H(x) of degree
<2a - 1 which satisfies the conditions
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H(xk) = f(xk). H'(xk) = f'(xk).

By Theorem 6 of Chapter 3, the remainder r(x) = f(x) - H(x) of the
interpolation can be expressed as

2r(x) = (x)
(2n)!

r

where belongs to the segment which contains x and the nodes
Thus

xk.

f bp(x)f(x)dx = f bp(x)H(x)dx +
b

(21n)

! f p(x)f62n)(e)o) 2(x)dx.

a a a

Because the quadrature formula is exact for all polynomials of degree
<.2n - 1 it is exact for H W:

fa

b rn n

p(x)H(x)dx = L AkH(xk) L Ak f(xk)
k=1 k=1

and hence we obtain as the remainder of the quadrature

1R(f) =
(2n)!

fb
a

f(2n)(e) p (x) a 2 (x)dx.

By the usual reasoning' it can be shown that there exists a point
E [a, b] for which (7.1.5) is valid. This completes the proof.
We mention one other integral representation for the remainder. Every-

thing we discussed in Section 5.3 holds true for the remainder of an arbi-
trary quadrature formula. Let us assume that f(x) has a continuous
derivative of order 2n on [a, 6]. Then, with r = 2n, equation (5.3.6)
gives an integral representation for R (f):

J.b
R (f) = f (2n) (t) K (t) dt. (7.1.6)

'If n = fnf f (2n) and M = sup f (2n) then
[a, b] [a, b]

m p(x)w2(x)dx < fb
p(x) f(2n)(g)w2(x)dx < M f p(x)cv2(x)dxa

J

b

a a a

Therefore

fb f(2n)(e)p(x)to2(x)dx= T f p(x)oi2(x)dx
a a

where m < T < M. Thus it is easy to establish the existence of the point r1.
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If the segment [a, b] is finite then such a representation is certainly
possible.

From (7.1.5) we see that if j(an)(x) is different from zero throughout
[a, b] then R(f) is not zero and has the same sign as f (24) W. Because
this is true for an arbitrary function f(24)(x), which possesses the prop-
erties we have assumed, then the kernel K(t) of (7.1.6) must be non-
negative throughout [a, b].

We will now establish a theorem on the convergence of the quadrature
formula. This result could also be obtained as a corollary to a more gen-
eral result of Chapter 12. We prove this theorem now, however, because
we are able to use a much simpler argument than that in Chapter 12.

Let p(x) be a weight function which is nonnegative on [a, b] and let
on(x) (n = 0, 1,...) be the corresponding orthogonal system of poly-
nomials. Also, let xk(n) (k = 1, 2, ..., n) be the roots of the poly-
nomial 0n(x) and let Ak(n) (k = 1, 2, ..., n) be the coefficients of the
quadrature formula of the highest degree of precision.

Theorem 5. If the segment [a, b] as finite and if f(x) is continuous on
[a, b] then

f"P(x)f(x)dx.lm Aknf(xk) (7.1.7)
n-00

k=1

Proof. Since f(x) is continuous on [a, b] for any e > 0 we can find a
polynomial P (x) with the property that for any x e [a, b] we have

I f(x) - P(x)I < C. (7.1.8)

Then

rb a
J p(x)f(x) dx - Ak(n) f(xk(a))

Ia k=1

<

fbp(x)f(x)dx-
1b1

I a a

b n

+

+ I p(x)P(x)dx - Ak(n)p(xk(n)) +
k=1

+ I
Ak(n)p(xk(n)) - r Ak(n) f(xk(n))I

k=1 k-1
But, by (7.1.8),
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fb
p (x)f(x) dx -

Ibp
(x)P(x)dxI < E

fb
p (x) dx

I
L..

Ak(n)P(xk(n)) - A k(n)f(xk(n))I

k==1

n

T Ak(n)
fo

p(x) dx.
k=1

Now if in is the degree of the polynomial P(x), then for 2n - 1 > m we
will have

b a

J
p(x) P (x) dx = E' Ak(n) p (xk(n)),

a k=1

and for such an n

I b n b

p(x)f(x) dx - E Ak(a) f(xk(n)) < 2 E f p(x) dx,
a k=1

which proves (7.1.7).

7.2. CONSTANT WEIGHT FUNCTION

The formulas of Gauss are historically the first formulas of the highest
algebraic degree of precision. These formulas are used to approximate
the integral

f/.b

a

f(x)dx (7.2.1)

where [a, b] is a finite segment; here p (x) = 1.
By a linear transformation we can transform an arbitrary segment [a, b]

into any standard segment we choose. In order to make use of the sym-
metry of the nodes xk and coefficients Ak we will take the standard seg-
ment to be (-1, +11. Thus, we will assume that (7.2.1) has been trans-
formed into the form

f+1
f(x)dx. (7.2.2)

The system of polynomials which are orthogonal on [-1, +13 with re-
spect to the constant weight function are the Legendre polynomials
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Pn (x) =
1

!

d-
(dx-1)n2n

The quadrature formula of the highest degree of precision 2n - 1

f +1 f (x) dx Ak(n) f (xk(a)) (7.2.3)
1 kal

has for its n nodes the roots of the Legendre polynomial of degree a:

P. (xk(n)) = 0.

The coefficients Ak(-) of this formula can be found from either equation
(7.1.3) or (7.1.4); we must remember, however, that in those equations we
used orthonormal polynomials. The orthonormal Legendre polynomials

2
1

n 2are the polynomials p-(x) = V P.W. The leading coefficients

V2n + 1 (2n)!
of these are a- _ (see equations (2.2.10) and

2 2-(n!)2
(2.2.11)). A simple calculation then gives

(n) _ _ 2 _ 2Ak
(n + 1) Pa (xk(n)) Pn+1 (xk(-)) nPn (xk(n)) pn_1(xk(n))

(7.2.4)

This can be simplified by use of the following relationship which is known
from the theory of Legendre polynomial':

(1- x2)Pn (x) = (n + 1)[xPn (x) - Pn+1 (x)] = n[Pn_1(x) - xPn (x)].

If we substitute xk(n) for x in this equation we obtain

[1- (xk(n))2] pn (xk(a)) (n + 1)Pn+1(xk(-)) = nPn-1(xk(n)).

This permits us to eliminate either Pn, P-+1, or Pn-1 from (7.2.4). We
can obtain, for example,

Ak (n) = 2

11 - (xk(n))2] [PA. (xk(n"1] 2'
(7.2.5)

In Appendix A we give values of the nodes and coefficients for (7.2.3)
for' n = 2(1)16(4)40(8)48.

'See, for example: E. W. Hobson, The Theory of Spherical and Ellipsoidal Har-
monics, Cambridge, 1931.

3Writing n = 2 (1) 16... means that n takes values from 2 to 16 in steps of 1
and so forth. The original Russign edition of this book gave only the 15 decimal
place values of the xk(n) and Ak n) for n = 1(1)16 tabulated by: A. N. Lowan,
N. Davids and A. Levenson, "Table of the zeros of the Legendre polynomials of
order 1 to 16 and the weight coefficients for the Gauss' mechanical quadrature
formula," Bull. Amer. Math. Soc., Vol. 48, 1942, pp. 739-43.
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If the integrand f (x) has a continuous derivative of order 2n on [-1,
+1] then we can use equation (7.1.5) to find the remainder of the Gauss
quadrature formula. In (7.1.5) we must now use p (x) = 1 and take as co (x)
the polynomial of degree n, with leading coefficient unity, which is or-
thogonal with respect to p (x) _- 1 on [-1, + 1], to all polynomials of de-
gree S n - 1. The polynomial o (x) differs from the Legendre polynomial
P. (x) by a constant multiple:

w (x) - 2n (n!)2
(2n)! pn (x)

Now, since

f+1P2(x)dx= 2

J 1 2n+1'

we have the following representation for the remainder of the Gauss for-
mula (7.2.3)

22n+1 (n!)2 2
(2n)R (f)

_ (2n + 1) (2n)! [(2n)!
(7.2.6)

where rl is a point in the segment [-1, + 1].
Example 1. Suppose we wish to calculate the integral

1 ,/ 1 ldt = In 2 - 0.69314718.
0

Let us use the 5-point Gauss formula. In order to use the nodes and co-
efficients which are tabulated in Appendix A we must transform the seg-
ment of integration [0, 11 to the segment [-1, +1]. This is accomplished
by the transformation

t=

2

(1+x).

We then obtain

J+1 dx
1 3+x

The approximate value of 1, using the 5-point Gauss formula, is then

1- A 1(5) (3 + x1(5))-1 + A2(5) (3 + x2(5))-1 +... + A 5(5) (3 + x5(5))-1.

After substituting the values from the table we obtain, to eight significant
figures,

I - 0.69314717.
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We could approximately evaluate I in its original form as an integral
over the segment [0, 1] by transforming the Gauss formula for the segment
[-1, +11 into the corresponding formula for the segment [0, 1]. This
would be done as follows:

nk(5) =

2

[1 + xk(5)],

u 1(5) = 0.04691.. .
u2(s) = 0.23076.. .

us(s) = 0.50000. .

u4(5)=0.76923...
u5(5) = 0.95308.

Bk(5) = 1 Ak(5)
2

B 1(5) = 0.11846.. .
B2(5) = 0.23931 . .
B 3(5) = 0.28444 .

B 4(s) = 0.23931 . .
B 5(5) = 0.11846.. .

(k = 1, 2, ... , 5)

Now we can use these nodes and coefficients to calculate I in the original
form

I m, B 1(5) (1 + u1(5))-1+ B2(5) (1 + u2(5)]-1 +.+ B5(5) (1 + u5(5))-1.

Example 2 The integral equation

y(x)= f(x)+J K(x, s)y(s)ds
0

is often solved approximately by replacing it with a linear system°. Such
a system can be constructed, for example, if we replace the integral by a
quadrature sum:

a
y(x)= f(x)+ AIK(x, xf)y(xl)+R(x).

=1

If we substitute, in turn, x = x j, x2, ... , X. into this equation we obtain
the linear system of equations

n

y(xi) = f (xi) + A f K (xi, x1) y (x f) + R (xi), (i = 1, 2, ... , n).
I=1

If we ignore the remainder terms R (xi) then this is a system of n equa-
tions which have as unknowns the it approximate values y (xi) of the un-
known function y (x):

n

y (xi) = f (xi) + EA) K (xi, xi) y (x1),
I=1

(i = 1, 2,... , n). (7.2.7)

4For a more complete discussion of the use of quadrature formulas in the ap-
proximate solution of integral equations, than is given in this example, see: L. V.
Kantorovich and V. I. Krylov Approximate Methods of Higher Analysis, Inter-
science and Noordhoff, 1958. (Translated from the Russian, Priblizhennye metody
vysshego analiza, Moscow, 1952).
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The magnitude of the remainders R (xi) depend on the precision of the
quadrature formula and we can expect that the more precise the formula
the more accurate will be the solution of the integral equation.

The solution of the linear system (7.2.7) becomes increasingly difficult
as the number of equations increases. Therefore, if we wish to find the
approximate solution of an integral equation by replacing it by a linear
system it is desirable to use a quadrature formula of the highest degree of
precision.

Let us consider the integral equation

1

y(x)-2 f exty(t)dt=2x (ex-1)
0

and let us use the Gauss 2-point formula to find its approximate solution.
The nodes and coefficients of this formula for the segment [0, 1] are:

A 1(2) = A2(2) = 2, x1(2) = 0.2113, z2(2) = 0.7887.

The system (7.2.7) has the form

(1-2K1,1)Y1-2K1,2y2= f1

ti- 2K2,1Y1+(1-
21K2,2)tiy2=

f2

where

Yi = y (xj(2)), Kj,1= K (x,(2), x.(2)) K (t, x) = 2 ext, ft = f (xi2))

After computing the coefficients this system becomes

0.7386 31 - 0.2954 Z2 = 0.4434
- 0.2954 3 1 + 0.5343 Y2 = 0.2384.

Solving these equations we find

Y1 = y (0.2113) = 0.9997, Y2 = y (0.7887) = 0.9990.

The exact solution of the equation, as can be easily verified by substitu-
tion, is y (x) = 1.

7.3. INTEGRALS OF THE FORM rb (b - x)°'(x - a)ft f(x) dx
a

AND THEIR APPLICATION TO THE CALCULATION OF
MULTIPLE INTEGRALS

Let [a, b] be an arbitrary finite segment and let us be given the cor-
responding weight function p(x) = (b - x)a(x - a)0, a, 8 > -1. In
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6

order to study the integral f (b - x) *(x - a)flf(x)dx and for the

construction of quadrature formulas for its approximation, one usually
transforms the segment [a, b] into the segment 1-1, +1] by the linear
transformation

x= 2[a+b+t(b-a)], -1<_ t<+1.

We will assume that such a transformation has been carried out and will
restrict our attention to the integral

f
+l

(1 - x)a(1 + x)Af(x)dz. (7.3.1)
1

The orthogonal system of polynomials which correspond to the segment
[-1,+1] and the weight function (1 - x)a(1 + is the system of
Jacobi polynomials (n = 0, 1, 2, ...). A quadrature for-
mula with n nodes

+1(1
- x) all + x) -8f(x) dx Ak f(xk),

1 k=1

(7.3.2)

which has the highest degree of precision 2n - 1, must have for its
nodes xk the roots of the Jacobi polynomial of degree a

Pf(a.fl)(xk) = 0.

The coefficients' Ak can be found from either equation (7.1.3) or (7.1.4).
The normalized Jacobi polynomials are (by (2.2.2), (2.2.5) and (2.2.7)]:

1
Pn(°.l()(x) =

Sn-TPn(a.I))(x)

where

2a+A+l1'(a+n+1)r(,(3+n+ 1)
sn (a+8+2a+ 1)n!T'(a+ 8 +n+1)The

leading coefficients of the normalized Jacobi polynomials are

2 P(a+/3+2n+1)
an = sn 2nn!F(a+8 +n+1)

'Trans. note: We omit the superscript (n) from the symbols x(kn) and A(n)
whenever it is clear to which values of n they correspond.
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a

We then find

Ak
(a + /3 + 2n) 2a'+,8 P(a + n) r'(/3 + n) 7,3.3)

n!r'(a + /3 + n +

This expression for the coefficients can be simplified somewhat if we
make use of the relationship'

(a + /3 + 2n) (1 - x2) Pn(1_8) (z) _

_ -n[(a + /3 + 2n)x + /3 - a]Pna'A)(x)+2(a + n)(/3 + n)P(a, W.

Substituting x = Xk we obtain

(a + /3 + 2n)(1 - xk)Pna'1)'(xk) = 2(a + n)(/3 + n)P(na'f)(xk)

which permits us to write A k in the form

A
2a+p+tr(a+n+1)r'(I3+n+1)

(7,3.4)k
= n!r'(a + /3 + n + 1)(1 - xk)[Pa '8)'(xk)]2

The leading coefficient of the polynomial P(a',8)(x) has the value (2.2.2).
Therefore the polynomial

Ca (x) = 2"n!r'(a+/3+n+ 1)P(a.R)(x)
r'(a+/3+2n+1)

has unity for its leading coefficient. If f(x) has a continuous derivative
of order 2n on the segment [-1, +11 then the remainder term of formula
(7.3.2) is

R(f) = f(2a)(,l) r2nn!l'(a + /3 + n + 1)) 2 x
(2n)! L P(a + /3 + 2n + 1)

x fa - x)a(1
+ x)A[P(a.A)(x)]2dx = f (2n)!)

x

2a+A+2n+1n!F(a+n+1)P(/3+n+1)r'(a+/3+n+1) (73.5)
(a+/3+2n+1)[r'(a+/3+2n+1)]2

where -1 < ,f < + 1.
Let as now consider some special cases of quadrature formulas for use

with Jacobi weight functions.

'See. for example: G. Szego, Orthogonal Polynomials, Amer. Math. Soc. Col-
loquim 'ubl.,Vol. 23, 1959.



114 Approximate Calculation of Definite Integrals

1. Quadrature formulas on [-1, +1].
1

A. For a = 6 = -1/2 the weight function is (1 - X2) -y and the
corresponding Jacobi polynomials are a multiple of the Chebyshev poly-
nomials of the first kind (see (2.3.4)):

(-1 -1)PR 2, 2 (x) = C. T. (x) = C. cos (n arc cos x).

The roots of T. are the nodes to be used in the quadrature formula; these
are

xk=cos 2k - 1
2n

n (k=1,2,..., n).

The coefficients Ak are easily computed. Since

n
Tn(xk)

sin (n arc cos xk) (-1)k-1 n

1x2k V1-xk
then

(1 - x22)LP 2, 2)(xk)]2
= C.2(1 - x)LT;,(xk)]2 = Cnn2

and
rr \

2°II'(n+
2)]

2

k

n1I'(n) Cnn2

The righthand side of this expression is independent of k and hence,
for a fixed n, Al = ... = A. Let A denote the common value of the
A k. The easiest way to find the value of A is to use the fact that the
quadrature formula is exact for f(x) __ 1 and hence

n

Ak = nA +1 dx

k=1 1
\/

1 -_Z 2

Hence

A = n
n

The quadrature formulas of the highest degree of precision for the weight
1

function (1 -
x2)_T

have the form'

'This formula was found by F. G. Mehler in 1864. See the reference at the
end of this chapter.
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1+1
AX) / \

dx f (cos 2k - 1 al + R (f ). (7.3.6)
1 1 - x2 n k=1 \ 2n

Using (7.3.5) we obtain the following expression for the remainder

R(f) = a f(2n)(17) ,
-1 < tl < +

22n-1 (2n)!

B. Let a = /3 = 2 and p (x) = 1 - x2 . The Jacobi polynomials

P 2) (x) are a multiple of the Chebyshev polynomials of the second
kind [see (2.3.7)]:

p(E, )(x) _ (2n + 1)1 Un(x)
22nn1(n + 1)1

U. (z) =
sin [(n + 1) arc cos x]

1-x2

aThe roots of A, -f' (x) are Xk - cos
1

v (k = 1, 2, ..., n).
n +

The coefficients Ak can be computed from (7.3.4):

A
n sia2

kv

n+1 +

The quadrature formulas have the form

+

J
f ( Z )

1

rra

n + 1 L sia2 nk+ 1 f (cos nk+ 1+ R(f). (7.3.7)
k-1

The remainder R (f) can be found from (7.3.5)

R(f) _ n f(2a)(9)
-1 < q < +

22n (2n)1

1

C. Let a =
2

, /3 = -2 so that p (x) = 1 + x . As in the two
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previous cases the Jacobi polynomials P(2' 1)(x) can be simply ex-
pressed in terms of trigonometric functions. If Q (x) is an arbitrary poly-
nomial of degree less than n then the following orthogonality condition
must be satisfied:

+1 a
ix_

1 + x
P(2, 2)(x)Q(x)dx =

+i
2) (x)Q(z) dx =0.

1 -z2-1

1 _1
Let us consider the polynomial S(x) _ (1 - x) P'2' 2'(x). This is

a polynomial of degree n + 1 and it is orthogonal on the segment [-1, + 1]
_1

with respect to the weight function (1 - x2) 2 to each polynomial Q(x)
of degree less than n. If S(x) is expanded in terms of Chebyshev poly-
nomials of the first kind Tk (x) (k = 0, 1, ... , n + 1) then all the co-
efficients of the polynomials Tk(X), for k < n - 1, in this expansion
must be zero by the orthogonality properties of SW. Hence this expan-
sion must have the form S(x) = C.Tn(x) +
is divisible by 1 - x we must have

Since S(x)

S(1) = C. T,(1) + C. +1 Tn+1(1) = Ca + Ca +1 = 0

Therefore C.+1 = -Cn and
1 -.1) T (x) - Ta+1(x)nPal, 2(x) = C.

1-x

If we equate the leading coefficients from (2.2.2) and (2.3.2) we find

(2n)!Cn =
22n(n!)2

Setting x = cos 0 and using the fact that Tk(x) = cos (k arc cos x) _
cos k 0 we obtain

22a (n!)

The roots of this polynomial are

2kxk = cos rt2n+1

sin (2n + 1)0/2
sin 0/2

(k=1,2,...,n).
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a

The coefficients of the quadrature formula can be computed from (7.3.4):

4n sin 2 k nAk= 2n+1 2n+1

Thus the quadrature formulas for use with the weight function

have the form

+1 _

,r 1
f(x)dx=

1-x
1+x

2k
71

2n4+ 1
S' sin 2

2nk+ 1 f (cog
2n +

1) + R(f ). (7.3.8)
k=1

The remainder term in this formula is

R(f) = n f(2a)(n)
' -1 < 11 < +1.

22a (2n)!

2. Quadrature formulas on [0, 1].

A. The first case we consider is a = 0, /3 = 1

2'
this corresponds to

1

the integral f T f (x)dz. The polynomials Qn(x) which are orthogonal
Jo

on the segment [0, 1] with respect to the weight function VT are closely
related to the Legendre polynomials P.W. Let us put m = 2n + 1 and
consider the Legendre polynomials of odd order P2.+1(Y) (n = 0, 1,
2, ... ). These are odd functions of y and the ratio Pen+1(Y)/Y de-
pends only on y2. Let us replace y2 by x. We will show that Q. (z) can
be taken as the polynomial

Using the substitution x

P2n+1(Vx
Qn(x) =

V/ T

= Y2 we obtain

f1V xQ.(x)Q.(x)dx = J

1 p11
2 f Pen+1(y)P2m+i(y)dy = J

P2n+1(Y)P2m+1(Y)dy = 0.
0 i
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This proves the orthogonality of Q, W.
In the quadrature formula of the highest degree of precision

k=1
vf(x)dx Akf(xk) + RV) (7.3.9)

the nodes xk are the squares of the positive roots Yk of the Legendre
polynomial P2n+1(Y):

xk =
Y2
k'

We can also show that the coefficients A k

rl-1- Qn(x)
Ak = o V (x - xk)Ql(xk)

are simply related to the coefficients of the Gauss formula (7.2.3) with
2n + 1 nodes. Using the relationships

P2n+1(Yk)
Xk = 7k' Qn(xk) _

we obtain

2Y2
k

g 1 P2n+1(Y) 2y
Y2Ak = 2Yk fo P2n+1(yk) Y2 - Yk

d .

This integral can be written as the sum of two integrals since

2y 1 1

2 2Y -Yk Y - Yk Y +Yk

If, in the second of these two integrals, we replace y by -y we obtain

Ak = 2y2

J
+1 P2n+1(Y)

dy. (7.3.10)
1 (Y - Yk)P2n+1(yk)

Let no write the coefficients of the Gauss formula (7.2.3) with 2n + 1
nodes as Ak2n+1) (k = -n, -n + 1, ..., -1, 0, 1, ..., n). Then the
integral in (7.3.10) is equal to Ak2n+1). Therefore

Ak = 2y2Ak2n+1) (k = 1, 2, ... , n ).

The remainder R (f) of formula (7.3.9) can be found from the general
expression (7.1.5) if we use the fact that the leading coefficient of Q2(x)
is the same as the leading coefficient of P2n+1(y):
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co (x) =

22n+1[(2n + 1)!]2 22n+1[(2n + 1)!]2 P2n+1(V T
(4n + 2)!

Qn(x)
_ (4n + 2)1 V

Thus we obtain

R(f) _ f (2 n) 2 22n+1[(2n + 1)]2
(2n)! 4n + 3 (4n + 2)!

0<rl<1.

Here we give values of the xk and Ak in formula (7.3.9) for n = 1(1)8:
1

f (x )dx.Quadrature Formulas for the Integral fo V

X(n) A(n)
k k

0.60000 00000

0.28994 91979

0.82116 19181

0.16471 02869
0.54986 84991
0.90080 58292

0.10514 02826
0.37622 45144
0.69894 80124
0.93783 42493

0.07265 35129
0.26946 07913
0.53312 19512
0.78688 00558
0.95693 18076

0.05311 10354
0.20114 57477
0.41261 26738
0.64252 74355
0.84198 68221
0.96861 62852

0.04047 90685

0.15535 52844
0.32600 92219
0.52478 10495
0.71945 44081
0.87848 14120
0.97612 92156

0.03185 66030
0.12336 37516

0.66666 66667

0.27755 59982
0.38911 06684

0.12578 26748
0.30760 23676
0.28328 16246

0.06568 05199
0.19609 62654
0.25252 73457
0.15236 25356

0.08818 73467
0.12567 31527
0.19868 08015
0.19763 33763
0.10654 19894

0.02403 62680
0.08360 26285
0.14701 05789

0.17846 00808

0.15513 01778
0.07842 69326

0.01606 46414
0.05784 21902
0.10841 05888
0.14648 80987
0.15419 23470
0.12363 05295
0.06003 82760

0.01124 98760
0.04145 12327
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(n)
xk

(a)

n = 8(contd.) Ak

0.26285 15868 0.08098 23455

0.43253 13536 0.11690 14328

0.61076 41382 0.13666 92830
0.77482 09677 0.15177 55814

0.90378 39476 0.10024 68648
0.98123 97722 0.04739 05504

B. In a manner similar to the last case we can construct formulas of
the highest degree of precision for the segment [0, 11 and the weight func-

_1
tion x 2

J 1

_1 n

x A ( f ) . (7.3.11)
0 k=1

The polynomials S. (x) which are orthogonal on [0, 11 with respect to

x 2 are related to the Legendre polynomials Pk (x) by

S. (x) = P 2. (,Vx ).

Thus the abscissas xk in (7.3.11) are the squares of the positive roots Yk
of the Legendre polynomial P 2,, (y):

Yk = Yk ( k=1 ,2 , . .

Let us write the coefficients of the Gauss formula (7.2.3) with 2n nodes
as Ak(2n) (k +1,... , n). The coefficients AA; in (7.3.11)
are then

Ak= 2Ak(20 (k= 1, 2,..., n).

The remainder has the form

f(2a)(77) 2 22n[(2n)j2
2

R (f)
_ (2n)! 4n T -l 1 (4n)!

, 0<71<1.

Values of the xk and Ak in formula (7.3.11) are tabulated here for n =
1(1) 8:

Quadrature Formulas for the Integral (
1

1 f (x) dx.
0 V

xk(n) Ai(n)

n=1
0.33333 33333 2.00000 00000

n=2
0.11558 71100 1.30429 03097
0.74155 57471 0.69570 96903



7.3. Integrals f b (b -
a

a)-8 f(x) dx 121

xkn) A(n)

n=3
0.05693 91160 0.93582 78691

0.43719 78527 0.72152 31461

0.86949 93948 0.34264 89847
n=4

0.03364 82681 0.72536 75667

0.27618 43139 0.62741 32917

0.63467 74762 0.44476 20689

0.92215 66084 0.20245 70726

n=5
0.02216 35688 0.59104 84494
0.18783 15676 0.53853 34386
0.46159 73614 0.43817 27250

0.74833 46283 0.29890 26983
0.94849 39262 0.13334 26886

n=6
0.01568 34066 0.49829 40916
0.13530 00116 0.46698 50731

0.34494 23794 0.40633 48534
0.59275 01277 0.32015 66571
0.81742 80132 0.21387 86520
0.96346 12786 0.09435 06728

n=7
0.01167 58719 0.43052 77069
0.10183 27040 0.41039 69274

0.26548 11572 0.37107 67950

0.47237 15370 0.31440 63343

0.68426 20156 0.24303 71414

0.86199 13331 0.16031 61743
0.97275 57512 0.07023 89207

n=8
0.00902 73770 0.37890 12209

0.07930 05598 0.36520 68301
0.20977 93686 0.33831 30388
0.38177 10533 0.29919 19776

0.57063 58201 0.24925 79425
0.74931 73785 0.19031 70234
0.89222 19741 0.12450 70479
0.97891 42101 0.05430 49188

3. Application to multiple integrals.

One method often used in practice is to separate the variables, if pos-
sible, of the multiple integral and to apply quadrature formulas for func-
tions of a single variable in turn to each of the variables separately. As
an example consider the integral

I fff(x,y)do
a.
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where the region v is a rectangle a:5 x:5 b, c:5 y;5 d. The integral I can
be written as two single integrals

I=J6LJdf( Y)dyl dx.
a c

Here we can replace the integral with respect to y by a quadrature sum
with at nodes y j and coefficients Bi (i = 1,.. . , m) and the integral with
respect to x by a quadrature sum with n nodes xj and coefficients Al
(j = 1,... , n). This leads to the following integration formula for 1:

nn m
I=L E Aj Bt f (xj, Yt)

1=1 t=1

This formula requires us to evaluate the integrand f (x, y) at mn points
which is a relatively large number compared to the individual numbers m
and a.

This method can also be applied to regions other than rectangles. In
every case it leads to a relatively large number of points in the integra-
tion formula. The problem becomes even more acute when the above
method is applied to triple and higher dimensional integrals. This method,
however, does give useful formulas especially for two and three dimensions
and they are especially valuable for relatively smooth functions so that
formulas with extremely high accuracy do not have to be used.

We now consider certain special cases of this method.'

4. Double integrals in polar coordinates.

Let us consider

I = ffF (r, rdrdc,

and assume that the region of integration or is defined by the inequalities

a515f4, OSrSR=R(0).

'Trans. note: The author's discussion of methods for combining gaadrature for-
mulas for single integrals is, up to this point and in the remainder of this section,
mostly descriptive in nature; he does not show for what class of functions the re-
salting formulas will be exact. Recent papers cited in the references at the end
of this chapter by the following authors give some exact results of this nature:
Hammer and Wymore; Hammer, Marlowe and Stroud; Peirce; Hetherington; and
Secrest and Stroud.

Other formulas for multiple integrals, not of the type discussed in this section,
which use fewer points for the same algebraic degree of precision are also known
in a few cases. For references to such formulas see: A. H. Stroud, "A bibliog-
raphy on approximate integration," Math. Comp., Vol. 15, 1961, pp. 52-80.
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If we introduce the parameter p by setting r = p R, 0 S p S 1, then the in-
tegral I can be written in the form

,)8 1

I= fa VO F(pR, 96) pdp]R2d4.

Hence we see that calculation of a double integral in polar coordinates
reduces to a consideration of the integral

f (x) xdx.f 1

If we wish to construct a quadrature formula

f 1 f(x)xdx= Ak f(xk)+ R(f)
0 k=1

(7.3.12)

of the highest degree of precision we must take its nodes as the roots of
the polynomial IIn (x) which is orthogonal on the segment [0, 11 with re-
spect to p (x) = x to all polynomials of degree 5 n - 1. The coefficients
Ak can be calculated by the usual equations (7.1.3) or (7.1.4).

To find the xk and Ak we can use the previously obtained results for
the weight function (1 - z)' (1 + z),8. By making the change of variable

x =

2

(1- z), -1 < z < 1, (7.3.12) becomes

I 1

(7.3.13)

f(x)xdx = 4 F(z)(1 - z)dz
f-1

F(z) = f(1-2 z)

\
Under this transformation IIn (x) is transformed into a polynomial of degree
n in z which is orthogonal on the segment [-1, 11 with respect to the
weight 1 - z to all polynomials of degree 5 n - 1 and will differ from the
Jacobi polynomial PR1.0)(z) by only a constant factor

Iln (x) = cPn(1,0) (z).

Hence we see that the nodes xk of formula (7.3.7) are related to the
roots zk of Pn(1,o)(z) by the relationship

1 - Zk
Xk = 2 (k n).

From (7.3.8), (7.3.2) and (7.3.4), for a = 1, fg = 0, we have the following
general expression for the coefficients Ak:
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Ak =
1

(1 - zk) [Pn(1.0)'(Zk)]2

Values of the xk and Ak are given below for n =1(1)6':
1

f (x) dx.Quadrature Formulas for the Integral fo x

(n) A (n)x
k n= 1 k

0.66666 66666 67 0.50000 00000 00
a=1

0.35505 10257 22 0.18195 86182 56
0.84494 89742 78 0.31804 13817 44

n=3
0.21234 05382 39 0.06982 69799 01
0.59053 31355 59 0.22924 11063 60
0.91141 20404 87 0.20093 19137 39

n=4
0.13975 98643 44 0.03118 09709 50
0.41640 95676 31 0.12984 75476 08
0.72315 69863 62 0.20346 45680 10

0.94289 58038 85 0.13550 69134 31
a=5

0.09853 50857 99 0.01574 79145 22
0.30453 57266 46 0.07390 88700 73
0.56202 51897 53 0.14638 69870 85
0.80198 65821 26 0.16717 46380 94
0.96019 01429 49 0.09678 15902 27

a=6
0.07305 43286 80 0.00873 83018 14

0.23076 61379 70 0.04395 51655 51
0.44132 84812 28 0.09866 11508 91
0.66301 53097 19 0.14079 25537 88
0.85192 14003 32 0.13554 24972 32

0.97068 35728 40 0.07231 03307 26

5. Triple integrals in spherical coordinates.

To calculate

fffi (r, 0, (A) r2 sin 0drdOd4)
0'

we can reduce it to single integrals in each of the variables r, 0, qk For
the integration with respect to r we will have an integral of the form

f/'1

0

f (x) x2 dx. (7.3.14)

'Trans. note: These values are from: H. Fishman, "Numerical integration con-
stants," Math. Tables Aids Comput., Vol. 11, 1957, pp. 1-9.
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a

As in the last case for polar coordinates we can show that in the quadra-
ture formula for (7.3.14) of the highest degree of precision

fo f(x) x2 dx = L Ak f (xk) + R (f) (7.3.15)
k-1

the nodes xk must be related to the roots z1i 22, ... , zn of the Jacobi
polynomial Pa(2,0)(z) by the relation

Xk =
1 - Zk

2

and the coefficients Ak must have the values

1
Ak

(1- zk) [Pn(2,o)'(zk)]2.

6. Double Integrals in Cartesian coordinates.

Consider

1= fJf(x, y)dxdy. (7.3.16)

We will assume that f (x, y) is continuous and relatively smooth in a.
Under certain assumptions about the region a the integral I can be re-

duced to two single integrals

b

1= f F (x) dx (7.3.17)
Ja

F (x)
pY2(X)

f (x, y) dy (7.3.18)
J1(X)

where y 1(x), y2 (x), a and b are known quantities. We will assume that
the integral (7.3.18) can be calculated for all values of x for which we are
interested and will concern ourselves with the problem of evaluating
(7.3.17). The function F (x) depends both on the integrand f (x, y) and on
the region a.

It can be expected that among the quadrature formulas of highest degree
of precision the Gauss formulas will not always give the best result since
they are intended for use with a specific weight function and do not take
into account the influence of a on the function F W.

We now make some remarks about an appropriate weight function for
(7.3.17). Construct a line through the region a which passes through the
point x and which is parallel to the y axis. The part of this line which
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lies in a has length Y2 (x) - Y1 (X)- The longer this line the greater will
be the influence of a narrow strip of a along this line on the formation of
the double integral.
weight function

Therefore to calculate the integral I we use the

and write I in the form

p(x)=y2(x)-y1(x) (7.3.19)

1- J

e

[y 2 (x) - Y1 (A fi (x) dx
a

(7.3.20)

(D (x)= F(x)
Y2(x)-yl(x)

In many cases the weight function (7.3.19) will account sufficiently
well for the influence of the region on I and for sufficiently smooth func-
tions f (x, y) will give good results. But this has the disadvantage that
each region would have its own special class of quadrature formulas.
However, the selection of the weight function for the integral I can be
simplified by the following considerations. Consider the integral

I1=J 6p(x)f(x)dx
a

and suppose that to evaluate it we wish to apply the quadrature formula
of the highest degree of precision with n nodes

I1=
J

b p (x) f (x) dx = E Ak f (xk). (7.3.21)
k=1

The nodes of this formula are the zeros of the ntb degree polynomial of
the system of orthogonal polynomials for the weight function p (x). The
accuracy of the quadrature formula (7.3.21) will, in general, depend on
how closely the function f (x) can be approximated by a polynomial of de-
gree 2n - 1.

Suppose now that p (x) can be represented as a product

P (x) = p (x) q (x)

where q(x) is positive throughout the interval [a, b]. Let us combine the
function q (x) with the integrand f (x): q (x) f (x) = F (z) and consider the
integral 11 with weight function p (x)

11=
J

6

p (x) F (x) dx.
a
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Using the roots xk of the polynomial of degree n which belongs to the
system of orthogonal polynomials with weight function p (x) we can con-
struct the quadrature formula of the highest degree of precision

b11 p(x)F(x)dx= 7 BkF(xk) (7.3.22)
ke1

If q (x) is a slowly varying function which has derivatives of high order
or if it is an analytic function with singular points far from the segment
[a, b] then we can expect that the function f (x) and F (x) = q (x) f (x) can
both be closely approximated by polynomials of degree 2n - 1. We can
hope, therefore, that formulas (7.3.21) and (7.3.22), which both serve for
calculating the integral 11, will have about the same error and that only
a small error is introduced in passing from (7.3.21) with weight function
p (x) to (7.3.22) with weight function p W.

In order to calculate the integral (7.3.17) this permits us to pass from
the "natural" weight function p (x) = Y2 (x) - y1 (x) to a simpler weight
function. In many cases this can be done without a significant loss of
accuracy. The simpler weight function can be chosen so that it can be
used for many regions.

Suppose the interval of integration [a, b] is finite and assume it is pos-
sible to select exponents a and J3 so that the ratio

_ Y2(x)-y1(x)
q(x)

(x-a)'8(b-x)a
aSxSb

is bounded from above and from below by positive numbers

0<mSq(x)SM<00.
Then we can use the weight function (x - a)18(b - x)a to calculate (7.3.17):

1 f b

(x- a)$(b-x)all1(x)dx

where

'p (x) = (x - a)-Q (b - x)-a F W.

For example, if the region of integration has the form shown in Figure 3
where the boundary A of the region has at the point A with coordinate x = a

a tangent of the first order1O we can take a = 0, f3 = 2 and use as the

10Mme. H. Berthod-Zaborowski and H. Mineur, "Sur le calcul numerique des
integrales doubles," C. R. Acad. Sci. Paris, Vol. 229, 1949, pp. 919-21. Taking
y as the independent variable then at the point A the boundary curve A can be
written in the form z= a+ c2 (y - yo)2 + c, (y - yo)1+... ; where c2 # 0.
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weight function

The integral

ya

o b

Figure 3.

x

p(x)= x-a.

I = rb x --a P (x) dx, IV (x) _ (x - a) 2 F (x)
a

can be calculated by formula (7.3.9).

If the region a has the form shown in Fig. 4 where the boundary A has
tangents of the first order at x = a and x = b then we can use the weight
function

-x.
To calculate the integral

we can use (7.3.11).

I =
f6V(x

- a) (b - x) IF (x) dx
a

-1
Yi (x) _ [(x - a) (b - x)) 2 F (x)

Figure 4.
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7.4. THE INTEGRAL
,_M

f (x) dx.

129

The system of polynomials which are orthogonal on the entire real axis
-oo <x <+oo with respect to the weight function e x is the system of
Chebyshev-He.cmite polynomials

n

H. 1)"e e xx2dx"2

A quadrature formula of the highest degree of precision

n
2ffOO

e: f(x)dx= E Ak f(xk)+ R(f) (7.4.1)

°° k=1

must have as its nodes the roots of the polynomial H" (x):

Hn (xk) = 0, (k = 1, 2, ... , n).

The coefficients Ak can be found from (7.1.3) by using the leading co-
efficients (2.4.4) of the normalized Chebyshev-Hermite polynomials (2.4.3):

Ak=-
1

2"n! n2
II;, (xk) Hn+l (xk)

If we substitute x = xk in (2.4.2) we obtain Hn+l (xk) H;, (xk) and thus
this expression for the Ak can be written as

A k
[H;, (xk)] 2

(7.4.2)

To find the remainder in (7.4.1) we use the polynomial rv (x) = 2-"Hn W;
then

1

LOO p (x) w2 (x) dx = 2-2" r e'"2 Hn (x) dx = 2-" n 1 n2,
J-oo J-oo

and by (7.1.5) 1

n ! "2 f i2_
R (f) - 2n

(2n) I
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In Appendix B we give values of the xk and At in formula (7.4.1) for"
n= 1(1)20.

As an example12, let us evaluate numerically the integral

r4"
a '2Jo(x)dx =.ln e'1"810(1/8) = 1.5703011006678

where 10 (x) is the Bessel function of order zero and 10 (x) is the modified
Bessel function of order zero"'. Applying the quadrature formula (7.4.1)
with 10 nodes we obtain

10

T A k 10 (xk) = 1.5703011006676
k=1

which differs by only two in the last place from the true value which was
found from the series expansion for I0 W.

7.5. INTEGRALS OF THE FORM f
00

xae x f (x) dx.
0

The system of polynomials which are orthogonal on the semi-infinite
axis O :S x < oo with respect to the weight function xa e'x is the system
of Chebyshev-Laguerre polynomials

aLn(a)(x) _
1)nx-aexd4 xa+ne x.

A quadrature formula of the highest degree of precision

f 00xae-"`f(x)dxAkf(xk)+R(f) (7.5.1)
o k=1

must have as its nodes the roots of the Laguerre polynomial L,(a) (x).
The normalized Laguerre polynomials are given by (2.5.4) and their

"Trans. note: In the original Russian edition of this book the author gave the
values of the xk and At for n = 1(1)10 given by: R. E. Greenwood and J. J.
Miller, "Zeros of the Hermits polynomials and weights for Gauss' mechanical
quadrature formula," Bull. Amer. Math. Soc., Vol. 54, 1948, p. 765-769.

"This example Is from the paper by H. E. Salzer, R. Zucker, and R. Capusno
cited in Appendix B.

"See: G. N. Watson, A Treatise on the Theory of Bessel Functions, 2nd ed.,
Cambridge Univ. Press, 1944, p. 394.
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leading coefficients by (2.5.5). Therefore the coefficients Ak can be
found from (7.1.3) to be

n!F(a+n+1)
Ak

Lnia!' (xk)

(x L n(a) (x) - xL nia!' (x),

from the theory of Laguerre )polynomials, we obtain

L,(+l (xk) = - xk L n(c')' (xk)

and therefore

n!1'(a+n+1)
Ak xk(Lna.(k)]2'

Values of the xk and A k for a = 0 for n = 1 (1) 16 (4) 32 are given in Ap-
pendix C14.

1. Consider the integral

e-x x dx = "-2 - 1.2337.1 - e-2x 8I = fooo

Let us calculate the integral by using formula (7.5.1) for a = 0 with 5
nodes. Using the xk and Ak tabulated in Appendix C for a = 5 we obtain

I - 1.2338.

2. We now calculate the integral

°°
I = xe-" I1 + e-Zx-e'x]-1 dx = 1.17

fo
°° xdx

- foex+e_

x-1

by using the formula with two nodes for the weight function

p (x) =
xe-x

which corresponds to (7.5.1) with a = 1. The second degree polynomial
orthogonal with respect to xe x is found from (2.5.2) to be

"Trans. note: In the original edition of this book the author gave the values
tabulated by: H. E. Salzer and R. Zucker, "Table of the zeros and weight fac-
tors of the first fifteen Laguerre polynomials," Bull. Amer. Math. Soc., Vol. 55,
1949, pp. 1004-12.
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The roots of this polynomial are xl = 3 - and x2 = 3 + and the co-
efficients can be calculated from (7.5.2):

3+
A2

3-A1=
6

=
6

We then obtain

I=A1 f(xl)+A2f(x2)= 1.20.
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CHAPTER 8
Quadrature Formulas with

Least Estimate
of the Remainder

8.1. MINIMIZATION OF THE REMAINDER OF QUADRATURE
FORMULAS

In Chapter 7 we studied quadrature formulas of the highest algebraic
degree of precision. It is reasonable to suppose that such formulas will
give a small error provided that the integrand f (x) can be closely approxi-
mated by a polynomial of moderate degree, in particular if f (x) is an
analytic function in a sufficiently wide region about the segment of inte-
gration [a, b]. Many years of experimentation has shown that these
formulas give excellent precision in comparison with other types of
quadrature formulas.

However these formulas are not universal, and in some practical cases
they are known to give worse results than some of the elementary formu-
las: the midpoint formula, the trapezoidal formula, Simpson's formula,
and others. This usually happens when the function f (x) has a low order
of differentiability or is an analytic function with singular points close
to the segment of integration.

In the theory of quadrature there arose the need for the construction of
formulas for the integration of functions which belong to a predetermined
class, in particular to a class of functions of low order of differentiability.

Let us briefly recall the comments we made on this problem in Section
5.1. Let us be given a class of functions F. For each function f e F the
remainder R (f) of the quadrature is defined as

R (f) = f p (x) f (x) dx - AA: f (xk). (8.1.1)
k31
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A number which can be used to characterize the precision of the quadra-
ture formula for all functions of F is

6 n

R = sup I R (f) I =sup r p (x) f (x) dx - E' Ak f (xk)
I ! if, k=1

(8.1.2)

The value of R depends on the xk and the Ak, and we wish to select the
nodes and coefficients so that R has the smallest possible value. The
Xk and Ak are usually subjected to certain restraints which are related to
the class F and to the way in which the functions of F are given. Two
examples of such restraints are:

1. If the functions f are given in tabular form for a certain set of
values of x, then it would be desirable to restrict the choice of the xk to
values for which the function is tabulated.

2. In order to construct quadrature formulas with the least estimate of
the remainder for the class of functions with continuous rth derivative for
which I f (') I < M, we must require that the quadrature formula be exact
for all polynomials of degree < r - 1. This is the same as requiring

n

L.r Akxk p (x) x'n dx, (m = 0,1, ... , r - 1). (8.1.3)
k=1

In this chapter we assume that the segment of integration is finite.
This assumption will be necessary for the particular cases which we will
consider. With this assumption we can always consider that the segment
[a, b] has been transformed into the segment [0, 1].

8.2. MINIMIZATION OF THE REMAINDER IN THE CLASS Lq(')

We will say that f (x) belongs to the class L y') (q > 1) if f (x) has an
absolutely continuous derivative of order r - 1 on [0, 11 and f (') (x) is
qth power summable on [0, 11.

Each function f e Lq(') can be represented in the form
r-1 f(i)(0)

1 (x - t)i1
f (x) _ x` + f f (') (t) E (x - t) dt (8.2.1)i! J (r-1)

i=0 0

where the f (t) (0) are numbers and f (') (t) is a measurable and qth power
summable function on (0, 1]. The converse is also true: for any numbers
f 0) and any f () (t) a LQ the function -defined by (8.2.1) belongs to
L

r

p (x) f (x) dx, where f (x) a Lqr)At first it willConsider the integral f

be sufficient to assume that the weight function p (x) is measurable and
summable on [0, 11.
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Suppose we use the quadrature formula
1 n

J
p (x) f (x) dx Ak f (xk) (8.2.2)

0 k-1

to calculate this integral approximately. We wish to construct a formula
which will be the "best" for all functions f(x) e Lq r) (q ! 1) assuming
that (8.2.2) is exact for all polynomials of degree < r. If we use the repre-
sentation (8.2.1) for the functions of U"), then the remainder R (f) of the
quadrature has the form:

R (f) = fo p (x) f (x) dx - I' Ak f (x k) = f f (r) (t) K (t) dt (8.2.3)
k=1 0

(x - t)r 1 (xk - t)-1
K ( t ) = f p ( x ) d x - Ak E (xk - t) . (8.2.4)

t (r-1)!
k=1

(r-1)!

Consider now the class F of functions f (x) which satisfy the condition

(fhIfToId)Mr.

By Holder's inequality we have

IR(f)I < I f If(r)Igdt1 Q(f 1IK(t)IPdt)' < Mr (J
1 ,JJo 0

for 1 + 1 = 1. The function
p q

p1 1 P

f (r)(t) = Mr (J IK(t)IPdt) ° IK(t)IQ sign K(t)
o /

belongs to the class F and, as is easily seen, for this function the above
inequality becomes an equality. Therefore the right side will be an
upper bound for I R (f) I on the class F:

R = sup IR(f )I = Mr IK(t)IPdt1P. (8.2.5)
Uo

1 1

F //

T hus we see that the dependence of R on xk and Ak occurs only in the

term f I K(t)IPdt. Our aim will be to select the xk and Ak so that the
0

1

(t)I Pdt will be a minimum. If such xk and Ak exist then
integral fo I K
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they will furnish a least value for R for each Mr and the corresponding
quadrature formula can be considered "the best" for the entire class
L2(r).t

1

The problem of minimizing o I K(t) I Pdt can be interpreted as the
Jo

problem of best approximating the function f1 p (x) (x - `) -1 dx in the
c T7 -M

metric LP (see Section 4.1) by means of functions of the form

E AkE (xk - t) (zk - W-1

k-1 (r - 1)!

For arbitrary p(x), r and n this problem can not be solved in closed
form. We will restrict ourselves to certain special cases when the solu-
tion can be found by simple methods.

First of all we need to become familiar with certain facts from the
theory of approximation of functions. Let us be given on the segment
[0, 11 a certain function f e LP. In addition, let us suppose that the func-
tions ¢k a LP (k =1, 2,..., n) are linearly independent on [0, 11. This
means that the equation

ak Ok l dx 0
1

n

0 k=1

is possible only when all the ak are zero. This is equivalent to the
n--

statement that the equation
c

L.. akck(x) = 0 can be fulfilled on a set of
k-1

points of measure greater than zero if and only if ak = 0 (k =1, 2, ... , n).
The error e in the approximation of f by a linear combination

n

s = E ak9Sk is defined by

k-1

r1EP=J If-s1Pdx=1.
0

We now discuss the conditions under which EP will be a minimum. From

'R(f) is a linear functional defined for functions f (r) a L.. The integral

o

1 1

C JKJPdt1P is the norm of R(f) in the space LQ. In the terminology of func-

tionaltional analysis our problem is to construct a quadrature formula (8.2.2) with the

least norm for the remainder.
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a theorem of calculus we can assert that the values of ak which give a
minimum for I must satisfy the equations

at
=

_ f,lf-.lP-1 sign(f-s)95idx=0 i2,..n. (8.2.6)

We now show that the linear combination s which satisfies (8.2.6) indeed
gives the best approximation to f. Let us take any other linear com-

p 1

bination s* 7 ak''k. We must show that 1 < 1* =f I f - s* I P dx. We
k=1 0

have

1=J 1If-sIPdx= f 1If-sIP-' (f-s)sign(f-s)dx=
0 o

=
f1I

f -sIP-1 (f - (s - s*) - s*) sign (f - s)dx.
0

By (8.2.6)

1=
f1

if -SIP-' (f-s*) sign (f-s)dx. (8.2.7)
,Jo

This integral can not be made smaller if sign (f - s) is replaced by sign
(f - s*). Therefore

I< f1I f-sIP-1I f-s*Idx. (8.2.8)
0

Applying Hoolder's inequality'

2See, for example, I. P. Natanson, Theory of Functions of a Real Variable,

Ungar, New York, 1955, Chap. 7, Sec. 6. If F E LP and G e Lq, 1+ 1 = 1, then
P q

the product FG is summable and

P qf F I ., (a)

For the following presentation it is essential to note that equality can occur
only when the following two conditions are satisfied:

IFIP =
IGI°

f IFIPdx f IGIgx
0

2. The signs of F and G coincide almost everywhere on [0, 11. To apply (a) to
(8.2.9) we take F= If-.-I and G= If-.1 P-1.
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1$ 1 p_
1 <

(L'1_
s*IPdx) (f

1If-
slPdx)

p_P1

=1*PI P . (8.2.9)

1

This gives IF < I V and thus I < 1*.
Finally we show that the linear combination s, which minimizes 1, is

unique. It is necessary to verify that if I =1 * then ak = at (k =1, 2, ... ,
n). This is clear if 1= 0 because if f = s for almost all x then

1*= fIf-s*IPdx= Is-s*lPdx=O.
0

Therefore, for almost all x, s = s* and since the Ok are linearly inde-
pendent ak = ak. Thus we can suppose that I f- s I is positive on a set
of points of measure greater than zero.

From the argument leading to (8.2.9) we see that I= I* only if two
conditions are satisfied:

1. For almost all x we must have

If-sIP-1 (f-s*) sign (f-s)= If -slP-llf-s*I. (8.2.10)

This is necessary if (8.2.8) is to be an equality.
2. In (8.2.9) equality can only occur when almost everywhere

If - SIP If - s*IP

J
If - sIdx

foIif
- s*IPdx

Since 1 = f 1I f - s I P dx =1 * = f 1 I f - s* I P dx then almost everywhere
o Jo

we must have

If-sI=If-s*I. (8.2.11)

But I f - s I > 0 on a set of positive measure and from (8.2.10) and
(8.2.11) it follows that on a set of positive measure

f - s=f - s* or 8=8*.

Since the OA, are linearly independent this is only possible when ak =
ak (k = 1, 2,...,n).

We now assume p(x) a 1 and let us consider the quadrature formula

f f(x)dx=T Akf(xk)+R(f).
o k=1

(8.2.12)

Now let Ax) be absolutely continuous and f'(x) be qtb power summable
on [0, 11. This corresponds to the case r = 1. We require that (8.2.12)
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be exact for f (x) a 1 which imposes the condition E Ak = 1 on the co-
k=e

efficients. In the class Lq 1) the remainder R (f) has the precise estimate

R=supR(f)=Mi(f lIK(t)IPdt)P

My 2

fo

n

K(t) =1 -t-E AkE(xk-t).
k-1

The kernel K (t) of the remainder is a piece-wise linear function with
leading coefficient equal to -1, for which the nodes xk are points of dis-
continuity. At the node xk the function K (t) has a jump of Ak. If the xk
lie inside the segment [0, 1] then at t = 0 and t = 1 the kernel is zero. A
typical graph of K (t) is illustrated in Fig. 5.

i

Figure S.

The problem of minimizing the integral f I K (t) I P dt has the following
,Jo

geometric meaning: it is necessary to determine for what arrangement of
points of discontinuity xk (k =1, 2, ... , n) and for what values of the
jumps Ak (k =1, 2,..., n), subject to the restraint £.Ak = 1, will the
cross-hatched area in Fig. 5 have the least mean pth power. The answer
is easy to foresee: the minimum will be achieved when the area consists
of 2n equal triangles.

The nodes Xk must be located at the points xk =
2k - 1

(k
2n

=1, 2, ... ,

n). The coefficients Ak must all be equal and since their sum is unity

4=1
n

U-1,2 , ... , n). This result can be easily verified by a calcula-

tion which we will not carry out.



140 Approximate Calculation of Definite Integrals

The corresponding quadrature formula is

fo

1

(8.2.13)f(x)dx=1
;,;

(2/c;1) +R(f)

which is well known as the repeated midpoint formula. Its remainder in
the class L,(') is

1 1
IR(f)I- , M1=(f 1I f'I g

dt1

g P+4=1.
2n

+1
0

Let us now take r = 2 and consider the class Lq(2) of functions with
absolutely continuous first derivative for which f(2) (x) is qth power
summable.

We require that the quadrature formula (8.2.12) be exact whenever f (x)
is a polynomial of degree zero or one. This is equivalent to the follow-
ing two restraints on the xk and Ak:

n

=1E A, = 1 dx
k=1 U

(8.2.14)

rn

L:Akxk=f xdx 2
k=1

Under these conditions the remainder R (f) has the following precise
estimate in the class L. (2)

1

IR(f)I <l (fo IK(t)Ipd)p,
M2>_(fIf(2)(x)Igdx)9

0

K (t) = (1 - t)2 - L Ak E (xk - t) (xk - t). (8.2.15)
k=1

For later use we tabulate the value of K (t) on each of the segments
[0, x11, [x1, x21, ... , [xn, 11:

t2

2
for0<t<x1

- t)2K (t) = (1 2 E Ak (xk - t) for xj < t < xj+i
k=i+1

(1 - t)2
2

forxn<t<1;
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K(t) is a continuous function of t on [0, 11. The first derivative K'(t)
has discontinuities of the first kind at the points xk and the size of the
jumps of K'(t) are

K'(xk+0)-K'(xk-0)=-Ak. (8.2.16)

On each of the indicated segments K(t) is a quadratic polynomial with
leading coefficient Zt2. A typical graph of K(t) is given in Fig. 6.

Figure 6.

Let us now turn to the problem of minimizing the integral

IK(t)IdtU = f

with the restraints (8.2.14). We will assume that the minimum value
exists and will use the method of Lagrangian multipliers to find it. The
result obtained by this method will later be justified. Let us consider
the function

G=U+h1 Ak-1 +h2 EAkxk - 2
k=1 k=1

and let us set equal to zero the partial derivatives of this function with
respect to the xi and A j:

ac _ -Aip f IK(t)IP-1S(t)E(xi - t)dt + a2Ai = 0 (8.2.17)
axt o

S(t) = sign K(t);

aG f1-p f IK(t)I v-1S(t)E(xi - t) (xi - t)dt +
8A o

+h1+A2xi=0. (8.2.18)
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Here the A j are assumed to be different from zero because otherwise the
quadrature sum would contain less than n nodes. The term At can then
be cancelled from (8.2.17) to give:

I zt
IK(t)IP-1S(t) dt = 'X 2

.
p

Since i takes the values 1, 2, ... , n we have

f IK(t)IP-1S(t)dt= 112

Jo p

/.zt+l IK(t)IP-1S(t) dt = 0, i = 1, 2, ..., n - 1. (8.2.19)
zt

By using (8.2.17) equation (8.2.18) can be reduced to the form

xi
p f IK(t)IP-1S(t) t dt + Al = 0.

0

Hence we see that

Jo.

X1
IK(t)IP-1S(t) t dt = -X1

f x41

IK(t)IP-1S(t) t dt = 0, i = 1, 2, ..., n - 1. (8.2.20)

i

From (8.2.19) and (8.2.20) it follows that on each of the segments
[xi, xt+t} (i = 1, 2, ..., n - 1) the function K(t) is a polynomial of
second degree with leading coefficient

2
t2 which deviates least from

zero in the metric LP. In order to find these polynomials let us first find
the polynomial of the form T2(x) = x2 + mx + r which deviates least
from zero on the segment [-1, +1]:

f
1

IT2(x)IPdx = minimum.
1

We can see at once that for this polynomial m = 0. Indeed, if we re-
place x by -x in the above integral we find that T2(-x) also deviates
least from zero. But then

T2(x) = T2(-x)
and consequently m = 0.

Let us now find the constant term r.
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The following conditions must be satisfied by T2

1J IT2Ip-1 sign T2dx=0
i

i
T2 Ip-1 x sign T2 dx = 0.

1

(8.2.21)

The second of these equations is identically satisfied. From the first it
follows that sign T2 must change sign inside [-1,+1]. We suppose,
therefore, that r = -12, 0 < l < 1 and T2(x) = x2 - 12, and write the
first condition in the form

- J. t (12 - x2)p-idx + f i (x2 - 12)p-1dx = 0.
t

If we set x = 1V-t then we can reduce this equation to the form

t t 2(t - 1)p-1dt = n r(p)
r(p

(8.2.22)
Jl + 1 l

\ 2/
From this equation we can find 1. As I increases from 0 up to 1 the

left side of (8.2.22) decreases from oo to 0 and hence this equation has
one and only one solution.

In order to transform this result to the segment [xt, x1+1] we write
all; 4(xt + xt+i) and hi = a(xt+i - xj). Then the second degree
ponomial with leading coefficient It 2 which deviates least from zero
in the metric LP on [xi, xt+1] is

2- atK(t) = 2 T. t

\ h 2L\ he
At the point t =

X t < zi+i.

xt = at - hi this polynomial has the value
2

K(xt) =
h2

(1 - 12).

Similarly if we write K(t) for the segment [xt_i, xt] we see that its
value at the point t = xi is

K(xt) = h i - 1 (1 - 12).

Because K (t) is continuous these values must be equal; thus

ht-1 = ht (i = 2, 3, ... , n).

h2 t h t - at



144 Approximate Calculation of Definite Integrals

The common value of the ht we will denote by h. Then for each of the
xt we have

h2K(x¢) = (1 - 12).
2

Now consider the segment 0 < t < x1. Here K(t) =
2

t2 and at
t = x1 we must have

x2 h2
K(x1) = 2 =

2
(1 - 12) or x1 = hv/1 - 12 .

Finally, a consideration of K(t) on the segment [x,,, 1] gives for its
length

1-x,,=hv11-12.
Since the sum of the lengths of the segments [0, x1], [x1; x2], ... ,
[xe, 1] is equal to 1 we must have

2hv11-12 +(n-1)2h=1
and

h= a[n-1+V1-l2,-1

xk=x1+2h(k-1)=h[2(k-1)+ 1-l ].
To calculate the coefficients Ak we use equation (8.2.16).

segment xt < t < xt+1
_ 2

K(t) = ah2[(t hat) - 12],

K'(t) = t - at

K'(xi+0) =K'(at-h+0) =-h
K'(xt+1 - 0) = K'(at + A - 0) _ +A.

Therefore

(8.2.23)

On the

A t = 2h, (i = 2, 3, ..., n - 1). (8.2.24)

A similar calculation for the nodes x1 and x, gives

Al=An=(1+1/1-l2 ) h. (8.2.25)

1 (t)Ipdt. We haveLet us find the value of
fo

IK
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J
IK(t)Vpdt = = x1(2 1 dt + f

t+'I

2 T2\t ay/pdt +\ / 1+

f [2 (1 - t)2]p dt.
xn

It is easily verified that
1

fo

mi t2p
dt

1 t)2p dt - h2p+1(1 -
l2)p+T

2p ./xn 2P (2p + 1) 2p

xi+i h2 (t - ail p h2p+1 I

,!x 12 T2 h /I dt 2p f 1
I T2(X) I p dx

I = J 1 IT2(x)Ipdx =
IT21"xl+1 -

1 1

1

/p- P J IT2(x)Ip-lx T2 sign(T2)dx =
1

/'1= 2(1 - 12)p - 2p f IT21P-1 x2sign (T2)dx.
1

If, in this last integral, we replace x2 by x2 - 12 + 12 = T2 + 12 we
obtain

1

I = 2(1 - 12)p - 2pI - 2p12 r I T2Ip-1 sign(T2)dx.
J 1

But, by (8.2.21), the integral on the right side of this equation is zero
and consequently

2(1 - 12) p

2p+1

fo
1 IK(t)lpdt = 1,2p+1 [(1 - 12)p+2 + (n - 1)(1 - 12) PI _

(2p + 1) 2p-1

h2p+1(1 - 12)p

-1(2p + 1) 2p

h2p(1 - 12)p
(8.2.26)

(2p + 1) 2p
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The remainder R (f) in formula (8.2.12) with nodes (8.2.23) and coeffi-
cients (8.2.24) and (8.2.25) will have the following estimate for a func-
tion f eLp2):

h2(1-12) 1
1(f

/R(f)I : M2
2P2p+1 M2 = (f f"(x)Igdxl (8.2.27)

We will now show that the nodes xk and coefficients Ak indeed give
the least value of the integral (8.2.26).

Let x*k and A*k be any other nodes and coefficients and K*(t) the cor-
responding kernel. We must show that

p1 K*(t)IPdt > h2p(1 - l2)p
Jp (2p + 1) 2P

We have

A.
jK* VP dt =

1 z 2lP n-1 x*t
1 (2 / dt + f, i+1 I K* l P dt +

r

i=1 xi

JL r(1 2t)2 Pdt =

n

fo

x*2p+1 + (1 - xn)2p+1 n-1
1 K* I p dt.

(2p + 1) 2P + T.

On each of the segments [xi, x*t{.1] the kernel K* (t) is a certain quad-
ratic polynomial with leading coefficient Let us replace K*(t) by
the second degree polynomial with the same leading coefficient which
deviates least from zero on [xi, xi+1] in the metric LP. If we denote
ai = z (xi + xi+1) and hi = a (x1}1 - x) then such a polynomial

*2 -
will be h2 T2 Ct h* i l . The last equation then becomes an in-

equality:

1 x*2P+1 + (1 - xn)2p+1
IK*IPdt > 1 +

(2p + 1)2P

n-1-1( 2 P *

+ ia1\) fXi+i(t...a)rd
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Equality is possible only when K*(t) is the polynomial which deviates
least from zero on each segment [xi, 4+1]. But in that case we will
have xk=xkandA*=Ak.

Using our previous notation the integrals in the summation were shown

to have the common value
2(1 _

p , Therefore
2p +

1 x* 2P+1 + (1 - x*) 2p+1nIK*Ipdt>
(2p + 1) 2p

+ (1 - 12)p n-1
xi)2p+1 (8.2.28)

(2p + 1)23p=1

n-1
If in the sum un = 1: (xti-1 - xi)Zp+1, we fix xi and xn then, as a

i=1
function of x*2, ... , xn_1, un is a minimum when all the segments
[XI, x*+1] have the same length. This can be shown by means of in-
duction. Suppose n = 3 and consider

u3 = (x*2 - x2)2p+1 + (x2 - x*)2p+1

Then

due

shows that
* * * *x2-x1 =x3-x2 (8.2.29)

and because
2

x*2 = (2p + 1)2p[(4 - x1)21' 1 + (x3 - x2)21-1] > 0

a

then (8.2.29) indeed gives a minimum.
Assuming that the assertion is true for un-1 we can verify it for un:

n-2
un = E (x*i+1 - tx*)2p+1 + (x*n - x*n-1)2P+1 >

s

2axe 2 i

)2p] = 0- x)2p - (x*_ (2p + 1)[(x - x

i=1

2p+1

>_ (n - 2) Cnl 2x1 1 + (x - xn_1)2p+1 = v.
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Let us find the minimum of v as a function of x*_1. From

r/ * *
19V

2P
(2p+1)r(xn-1-x11 -(x* - xn -)2P1=0

ax*n_1 L\\ n - 2 1

it follows that the segment [x*_ x*] -must have the same length as all
the other segments [xt, xt+1 ]:

Since

a2v

ax* 2n-1
_ (2p + 1) 2p

n-1 - x1xn-xn-1 n_2 (8.2.30)

2P

(x* x* )2P-1 I > 0ll n n-
C\xnn 1

2x1`

_I

+ 1
JJ

equation (8.2.30) indeed gives a minimum and therefore

* * 2p+1

un > (n - 1) xn
xl

Cn-1
Substituting in (8.2.28) the minimum value for un we obtain

IK I

x1 2P+1 + (1 - x,)2p+1 +
* P dt >

o (2p + 1) 2P

(1 - l2)P(x** - xi)2p+1
+ = w.

(2p + 1)23P(n - 1)2p

By an argument similar to the preceding we can show that the minimum
value of w is achieved for

V1 12- Vl l21 =h -= -xn=
1 2(n-1+d1-12)

and that

(1 - l2)Ph2P
min w =

2P(2p + 1)

We finally obtain

jKjPdt.I IK* I pdt > (1 - 12)Ph2p =
1

Jo 2P(2p + 1) fo
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From the above argument we see that equality can only be achieved
when the xk and A* coincide with the values given by (8.2.23), (8.2.24),
and (8.2.25).

As a supplementary remark we show that

n

lim A k f (xk) = f'fxdx
n-00k=1

whenever f (z) is Riemann integrable on [0, 1]. To do this it is sufficient
to show that the quadrature sum is a Riemann sum which is equivalent to

+...+Ak (k=1,2,...,n).
This inequality is very easily verified. If we substitute for the xk and
A k the values which we have found for them we obtain the following
valid inequality:

(1+v/1-12h+(2(k-2)+%/1-1 h<(2(k-1)+%11-12)h<

<(1+ /1-12)h+(2(k-1)+ ./1-12)h.

8.3. MINIMIZATION OF THE REMAINDER IN THE CLASS Cr

In Section 5.3 we defined Cr as the class of functions f(x) which have
a continuous derivative of order r on [0, 1]. The characteristic represen-
tation for a function AX) E Cr is given by

f(x) = f(r)(0) xi + f 1 f(r)(t)E(x - t) (x - t)r-1 dt, (8.3.1)E i l ,J0 (r - 1)!
J=O

where the f(i)(0) are arbitrary real numbers and f(r)(t) is an arbitrary
continuous function on [0, 1].

A quadrature formula

1 rn

f(x) dx Ak f(xk) (8.3.2)
0 k=1

which has the least estimate of the remainder in Cr must be exact when-
ever f(x) is a polynomial of degree <r. Then the remainder in (8.3.2) can
be represented in the form

R(f) = o1 f(r)(t)K(t)dt (8.3.3)
0
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where

K(t) = (1 - t) r - r AkE(xk - t) (xk - t) ?-I
r! k-1 (r - 1)!

Consider the class F, of functions f(x) E Cr, which satisfy the condition
If (r)(x)I < Mr. For functions of F we have

IR(f )I <. Mr IK(t)Idt.
foI

We can easily see that the right side of this inequality is an upper bound
for I R (f) I on F. This follows if we take a function f (t) for which

f(r)(t) = Mr sign K(t).

For such a function

R(f) = M, I IK(t)Idt.
Jo

Such a function does not belong to F because f (r) (t) is not continuous,
but this function, together with its first and second derivatives, can be
approximated to any degree of precision in the metric L by means of a
function of F. Therefore in the above inequality for IR(f)I the right side
can not be decreased:

R = sup IR(f)I = Mr 1 IK(t)Idt.
F

I1

We must minimize

0

fo

1

E Akxk
k=1

(8.3.4)

IK(t)Idt subject to the restraining conditions

1

i + 1 (i = 0, 1, ..., r - 1). (8.3.5)

As in the preceding section we will solve this problem for only the two
simplest cases.

Let r = 1 and consider the class of functions with a continuous de-
rivative on [0, 1]. In this case we must require that the quadrature for-
mula will be exact whenever f(x) is a constant function. This is equiva-
lent to requiring
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The kernel K(t) is
n

K(t) = 1 - t - E AkE(xk - t).
k=1

A typical graph of such a kernel is given in Fig. 5. The integral

fo

1

IK(t)Idt is numerically equal to the area which is shaded in the fig-

ure. This area will be the smallest when all of the 2n triangles have the
same size. Therefore the formula which gives the least estimate of the
remainder in the class F is, for each M1, the repeated midpoint formula
(8.2.13).

The smallest value of the shaded area in Fig. 5 isn and hence the
4

remainder R (f) of formula (8.2.13) in the class Cl has the estimate

JR(f )l < M1 4n
,

I f'(x)I < M.

Let us now consider the class of functions C2 which have two con-
tinuous derivatives on [0, 11. The nodes and coefficients must satisfy
the two conditions (8.2.14) and hence the quadrature formula must be
exact for any linear function.

The kernel of the remainder K(t) is given by (8.2.15). We will obtain
a representation for this kernel on the segment [xk, xk+11. Let us as-

some that the minimum of u =

auxiliary function
fo

1

IK(t)jdt exists. We construct the

G=u+XI EAk -ll + x2(EAkxk
k=1 1k=1

and set the partial derivatives of G with respect to the xj and Aj equal
to zero:

aG = -At f 1
S(t)E(xi - t)dt + X2A; = 0 (8.3.6)

axt o

S(t) = sign K(t)

aG 1

aA; _ -J S(t)E(xi - t)(xt - t)dt + h1 + h2xt = 0 (8.3.7)
0

(i = 1, 2, ... , n).
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From these equations we see that on each of the segments [xi, xi+1]

f S(t)dt = 0,
zi+if tS(t) dt = 0 (i = 1, 2, ..., n - 1).

Thus on each of these segments the kernel K(t) is a second degree poly-
nomial with leading coefficient

2
t2 which deviates least from zero on

[xi, xi+1] in the metric L.
In Section 2.3 we showed that among all polynomials of degree n with

leading coefficient equal to unity the polynomial which deviates least
from zero on [-1, 1] in the metric L is

1 sin [fin + 1) arc cos x]
2" 2" 1 - x2

For n = 2 this is the polynomial

P2(x) = x2 - .
4

Transforming the segment [-1, 11 into the segment [xi, xi+11 by the lin-
ear transformation

t = ai + hix, ai =
$

(xi + xi+1), hi =
z

(xi+i - xi)
and making the leading coefficient equal to

2
we obtain

K(t) = 2 h2P, x
(t hai) i < - t < xi+1

i

If we start from this representation for K(t) and use an argument similar
to that of the preceding section we can prove that this kernel indeed
gives a minimum value for u.

For the quadrature formula which provides the least estimate for the
remainder in C2 we have proven:

1. The nodes and coefficients are

xk= +42(k-1)
h

h

1

Ak minimize the integral f IK(t)Idt and they are
0

unique.
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3. The remainder R (f) has the estimate

JR(f)j < M2 ha8
, If"(x)l < M2 for xe[0, 11.

a
4. The quadrature sum E A k f (xk) is a Riemann sum and hence for

k==1

any Riemann integrable function

n f (x) dx.lira r Akf(xk) = fon..00
k=1

8.4. THE PROBLEM OF MINIMIZING THE ESTIMATE OF THE
REMAINDER FOR QUADRATURE WITH FIXED NODES

We consider the problem of constructing quadrature formulas with given
nodes and with minimal estimate of the remainder. We consider the case
which occurs most often in applications: equally spaced nodes and a
constant weight function. Let us assume that the segment of integration
[0, 1] is divided into n equal parts of length h = 1/n.

The quadrature formula

ff(x)dx= Akf
k=0

(8.4.1)

has n + 1 coefficients Ak which are to be determined. If we require that
(8.4.1) be exact for all polynomials of degree <n then, as we saw in
Chapter 6, the coefficients Ak are completely defined and the formulas
are the Newton-Cotes formulas. Let us assume then that (8.4.1) is exact
for polynomials of degree r - 1 < n. This imposes the following re-
straints on the A k :

Akki

kLL=1

Ak=1 (8.4.2)
k=0

, (i = 1, 2, . .. , r - 1).ni
i+1

If f('-')(x) is absolutely continuous on [0, 1] then the remainder of the
quadrature can be represented in the form:
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R(f) = ff(r)(t)K(t)dt

K(t) t)r - AkE k - t (n -
r!

En

(n ) (r - 1)!

(8.4.3)

Among the n + 1 coefficients A k there are n + 1 - r independent re-
lations, which are available for decreasing the estimate of the remainder
of the formula (8.4.1).

In two cases we will find quadrature formulas which minimize the esti-
mate of R (f ).

Let us take first of all the functions of the class L for which

1

(fo
1 f'(t)I9dt)

9
< M1

I

If we assume that the formula is exact when f(x) is a constant function
then the coefficients Ak must satisfy the first of the conditions (8.4.2)
and we have the following estimate for the remainder

\Vo
IR(f)I (fo If'I°dt)1 IKjpdtJ

\
_M1 (i' IKIPdtf $ = sR(f).

/ f<

Cl
The integral IK(t)lpdt depends only on the Ak and these coeffi-

Jo
cients must be chosen to minimize this integral. The kernel K(t) is
given by

K(t)=1-t- E AkE(kn

On each of the segments Ii - 1 , i J K(t) is a linear function of t:
n n

K(t) = 1 - t - ZAk.
k=1
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At the points t = i/n (i = 1, 2, ..., n - 1) K (t) is discontinuous
with a jump of A i and at the ends of the segment [0, 11 the kernel has the
values A0 and -An respectively.

A typical graph of K(t) is illustrated in Fig. 7.

KO)

t

Figure 7.

We must determine the Ak, subject to the restriction Ak = 1, so
k=0

that the pch power of the shaded area in the figure will have the least
average value. A simple calculation shows that this will occur when the
shaded area consists of 2n equal right triangles.

Thus it immediately follows that

Ao=An= 2n, Al=A2=
...=A 1n-1 =

n

This is the well-known repeated trapezoidal rule:

J,
f(x)dx = n[2 f(0) + fG,l + ... + fln

n
1 1 + 2 f(1) +R(f)

and its remainder R(f) has the estimate

IR(f)I <_
M1

1 ,

2n(p + 1)P
M1 = I f'(t)I Q d4.1

Uo

1

/
Now we consider quadrature formulas with least estimate of the re-

mainder in classes of functions of higher degrees of differentiability.
We restrict ourselves exclusively to the class L2r)(r > 2). In this case
the problem of determining the coefficients Ak has a simple solution.

We assume that the quadrature formula is exact for polynomials of de-
gree <r which is equivalent to equations (8.4.2) being satisfied. The
remainder has the representation (8.4.3). In the class of functions f(x)
which satisfy
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1

[f(r)(t)]2dt) $(dci

the remainder has the estimate
1

R 5M, r1[K(t)]2dt 2 = sup JR(f)I
o f

1

The integral I = o [K(t)]2dt is only a function of the Ak and, as
Jo

before, the problem is to minimize I. This problem is one of minimizing a
second degree polynomial in the Ak with the linear restraints (8.4.2).
The integral I does not depend on A0 since A0 only enters in the first of
the equations (8.4.2). This equation is not needed to find the minimum
of I because it does not impose any restraint on the Ak (k = 1, 2,
... , n) and we will use this equation to calculate AO when we have
calculated the other A k (k > 1). The other restraints

Akk'_
k=1

n:
i+1 (i=1,2,...,r-1)

are independent and can be written as functions of any r- 1 of the Ak,
for example as functions of A1,..., A,-,.

In the integral I the terms of second degree in the Ak are obtainedfrom
the integral

- t) \n -
)r-1]2dt.

1
1 n

o(A1, ..., An) _
(r 11)1 fo AkE(n

((k

k=1

The quadratic form a(A 1i ... , A,) is positive definite since, clearly,
a(A 1, ... , A.) > 0 and a(A1, . , An) = 0 can only occur when for
each t e [0, 1]

AkE\n -)\n 0

k=1

and this is possible only when Ak = 0 (k = 1, 2, ..., n).
From this it follows, by the usual algebraic argument, that the problem

of minimizing

I = f1 [K(t)]2dt
0
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subject to the restraints (8.4.2) has a unique solution. If we write the
usual conditions for an extremum of I then we obtain a system of linear
equations which determine the Ak. Values of the Ak and I have been
calculated by Sard and Meyers for r= 2, in = 1(1) 20; r= 3, in = 2(1) 12;
and r= 4, m = 2(1)9. We give these values in the following tables.

r=2
m 1 2 3 4 5 6 7 8 9

8 2 16 30 112 190 624 994 3 104 4 770

A08 = Am8 1 3 4 11 15 41 56 153 209

A18 = Am-18 10 11 32 43 118 161 440 601
A28 = Am-28 26 37 100 137 374 511
438 = Am_38 106 143 392 535
A4S - Am-48 386 529

5
1 1 1 1 5 77 39 22 7

m 1
120 660 120 105 456 6 240 2 840 T Z5 424

m 10 11 12 13 14 15

8 14 480 21 758 64 848 95 966 282 352 413 250

A 0 S = AmS 571 780 2 131 2 911 7 953 10 864
A 18 = Am-18 1 642 2 243 6 128 8 371 22 870 31 241
A28 = An-28 1 396 1 907 5 210 7 117 19 444 26 561
A38 = Am_38 1 462 1 997 5 456 7 453 20 362 27 815
A4S = Am-48 1 444 1 973 5 390 7 363 20 116 27 479
A58 = A,,-58 1 450 1 979 5 408 7 387 20 182 27 569
A66 = 4m_68 5 402 7 381 20 164 27 545
A78 = 4m_78 20 170 27 551

5j 311 763 419 9 773 28 381 8 213m
17 376 39 560 20 265 442 920 1 210 080 330 600

m 16 17 18 19 20

S 1 204 288 1 747 906 5 056 272 7 290 718 20 966 960

A0 8 = AmS 29 681 40 545 110 771 151 316 413 403

A 1 8 = A,-18 85 352 116 593 318 538 435 131 1 188 800
A2 8 = A.-28 72 566 99 127 270 820 369 947 1 010 714
A 3 8 = A,-38 75 992 103 807 283 606 387 413 1 058 432
A 4 8 = A,-48 75 074 102 553 280 180 382 733 1 045 646
A5 S = A,-58 75 320 102 889 281 098 383 987 1 049 072
A6 8 = A,-68 75 254 102 799 280 852 383 651 1 048 154
A7 S = 4m_78 75 272 102 823 280 918 383 741 1 048 400
AS 8 = AM-88 75 266 102 817 280 900 383 717 1 048 334
A 9 8 = A,-98 280 906 383 723 1 048 352
A108 = Am_106 1 048 346

51
2 468 170 393 162 977 699 869 8 331

m
94 085 6 169 080 5 618 080 23 023 320 262 087
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t=3
m 2 3 4 5 6 7 8

8 6 24 240 1 560 980 607 152 643 104

4o8 = A, S 1 3 21 112 55 30 927 28 603
A18 = A,-18 4 9 76 379 192 106 573 99 124
A28 = Am_28 46 289 132 76 573 69 874
A38 = A,-38 172 89 503 85 684
A48 = Am_48 76 534

71 1 11 11 73 11 134 081 3 961m
IT 890 8 960 1 2000 69 888, 108501 1248998 4 0 8 617 460

m 9 10 11 12

8 4 700 880 34 572 870 2 789 581 080 143 254 082

A 0 S =AmS 186 016 1 230 777 90 294 905 4 250 217
4i8 = A.-18 643 081 4 259 404 312 347 051 14 705 148
A28 = Am_28 457 051 3 016 564 221 544 971 10 423 398
A38 = A,-38 549 131 3 656 464 267 523 241 12 607 228
A48 = Am-48 515 161 3 358 804 247 986 521 11 640 978
A58 = A,-58 8 528 844 255 093 851 12 084 348
A68 = Am_68 11 831 398

71
662 807 507 029 3 062 211 497 1 028 343

m
584 998 400 435 618 162 2 556 270 662 400 835 648 520

r=4
m 2 3 4 5 6

S 6 24 28 992 482 840 19 740 084

A08 = AmS 1 3 2 349 29 392 1 082 811
A18 = A,-IS 4 9 9 932 110 209 4 409 946
A28 = A,-28 4 430 76 819 2 225 043
ASS = A,-SS 4 804 484

gt
1 13 6 557 61 688 210 047

m
9 072 17 920 36 529 920 193 912 320 921 208 920

m 7 8 9

8 167 985 552 12 298 258 184 291 277 352 304

A 0 S = AmS 8 018 897 509 110 987 10 764 281 184
A18 = An-IS 31 412 443 2 040 010 996 42 647 140 119
A28 = Al-28 18 665 448 1 105 566 730 24 253 840 709
A38 = Al-38 25 900 993 1 867 200 148 37 040 022 813
A48 = A--48 1 254 475 462 30 983 891 327

gt
56 097 271 2 876 254 589 18 892 720 088

m
207 342 167 040 11 621 849 258 880 72 495 696 573 440
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CHAPTER 9
Quadrature Formulas

Containing Preassigned

Nodes

9.1. GENERAL THEOREMS

In applied problems it is sometimes necessary to construct quadrature
formulas in which some of the nodes are given beforehand and the other

nodes are free and may be chosen by any criterion we may desire.

Consider, for example, the boundary value problem on the segment
[a, b] for the second order differential equation

L(y)+Ap(x)y=dxLp(x)dx ]+(Ap(x) -q(x))y=-f(x) (9.1.1)

with the boundary conditions

y(a) = 0, y(b) = 0. (9.1.2)

If we know Green's function for the operator L (y) under the conditions
(9.1.2) then the solution of the boundary value problem can be reduced to
the solution of the integral equation"

y(x)=F(x)+A fbG(x, e) p(e) y(e) d e
a

F (x) =f G (x, 6) f (e) de.
a

"See, for example, V. I. Smimov, Course of Higher Mathematics, Vol. 4
Gostekhizdat, Moscow, 1954, pp. 519-21 (Russian).

160
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Suppose we wish to approximate the solution of this equation by apply-
ing a quadrature formula to the integrals in (9.1.3). It is natural to use
the fact that the value of y (z) is known on the ends of the segment [a,
b] and to use a quadrature formula of the form

ff b f(x) dx-Af(a)+Bf(b)+F Ak f(xk)
a km1

which contains the two fixed nodes a and b. The other nodes xk (k =1,
2,... , n) are determined by some other method.

The above is a "two-point" boundary value problem. In other problems
we may wish to use a quadrature formula which contains more than two
fixed nodes.

Consider the quadrature formula

f p (x) f (x) dx Ak f (xk) + Bf (a,) (9.1.4)
ka1 1=1

in which the m nodes a1, ...,a. are fixed. It contains the 2n + m pa-
rameters xk, Ak (k =1, ... , n) and B B (j =1, ... , m). We will show how to
choose these parameters so that (9.1.4) is exact for polynomials of as
high degree as possible.

Let us introduce the two polynomials

Q(x)_(x-a1)...(z-am)
CO(z) = (x - x j) ... (z - xn).

By counting the choices of the coefficients Ak and B1 we see that formula
(9.1.4) can be made exact for polynomials of degree < n + m - 1. This
can be accomplished by requiring that the formula be interpolatory. In
order to make the formula exact for polynomials of higher degree we have
at our disposal only the choice of the nodes xk.

Theorem 1. In order that formula (9.1.4) be exact for all polynomials
of degree < 2n + m - 1 it is necessary and sufficient that (1) it be inter-
polatory, and (2) the polynomial co (x) be orthogonal on the segment [a, b]
with respect to the weight function p (x) 11 (x) to every polynomial Q (x) of
degree < n.

Proof. The necessity of the first condition is obvious since if formula
(9.1.4) is exact for all polynomials of degree < n + m -1 then it must be
interpolatory. The necessity of the second condition can be verified if
we put f (x) = dZ (x) w (x) Q W. Then f (x) is a polynomial of degree <2 n +
m - 1 and for it (9.1.4) must be exact. Since f (z) is zero at the points of
and xk the quadrature sum for this function is also zero and therefore
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p (x) 0 (x) m (x) Q (z) dx = o.ff
b

a

(9.1.5)

Now let f(x) be an arbitrary polynomial of degree -52n + m - 1. It can
be written in the form f (z) = dZ (x) co (x) Q (x) + r (x) where Q (x) and r (x)
are polynomials of degrees n - 1 and :S n + m -1 respectively. Here it
is clear that f (ai) = r (a j) (j 1,... , m) and f (xk) = r(xk) (k =1, ... , n).

If the orthogonality condition (9.1.5) is satisfied and if formula (9.1.4)
is interpolatory then the following relationship will be satisfied

ff
b

p (x) f (x) dx = f b

p (x) 0 (x) rv (x) Q (x) dx + f
b

p (x) r (x) dx =
a a a

= f b p (x) r (x) dx = E' Ak r (xk) + E B1 r (a1) _
a k=1 j=1

n m

_ Ak f(xk) + Bif(al)
k=1 1.1

This proves the theorem.
The construction of the quadrature formula (9.1.4) which is exact for

all algebraic polynomials of degree < 2n + m - 1 thus reduces to finding
the polynomial of degree n which is orthogonal on [a, b], with respect to
the weight function p (x) l (x), to all polynomials of degree < n. The
roots of ca(z) must be real, distinct and lie inside the segment [a, b].
They must also be distinct from the fixed nodes al (j =1, ... , m).

Let us assume that the polynomial m(x) which satisfies the conditions
of Theorem 1 exists. Then we can construct formula (9.1.4) so that it is
exact for all polynomials of degree < 2n + m - 1. We will make one more
remark about the degree of precision of this formula. To do this we first
need to construct a representation for the remainder. Let us construct
the interpolating polynomial H (x) of degree < 2n + m -1 for f (z) on [a, b]
which satisfies the conditions

H(aj) = f(aj) (j =1,...,m)
H(xk) =f(xk), H'(xk) =f'(xk) (k =1,...,n).

If f (x) has a derivative of order 2n + m throughout the segment [a, b]
then the remainder of the interpolation r (x) = f (z) - H (x) can be repre-
sented as

r (x) = l (x) w2 (x) f (2n+m) (e
a < e < b.

(2n + m) 1
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The remainder of the quadrature R (f) satisfies R (f) = R (H) + R (r). Since
(9.1.4) is exact for all polynomials of degree 2n + m - 1 then R (1f) = 0.
Also, at all the nodes aj and xk the remainder r(x) is zero and thus the
quadrature sum for r(x) vanishes

n

E Akr(xk) + Bjr(aj) = 0.
k-1 j=1

Consequently

R (f) = R (r) = f b p (x) r (x) dx = f b

p (x) SZ (x) rv2 (x) f(2 n+m) (e)
dx.

a a (2n + m) !

Thus we see that if

1=
fb

p (x) (I (x) rv2 (x) dx 4 0
a

then the degree of precision of (9.1.4) is 2n + m - 1. This is true since
if f (x) is a polynomial of degree 2n + m then f(2,+,) (x) is a constant
different from zero and for such a function

R(f)=
f(2n+m) fb

p(x)[I(x)02(x) dx40.
(2n+m) !

If 1= 0 then the algebraic degree of precision of (9.1.4) will be greater
than 2n + m - 1. We could derive a criterion to determine the exact de-
gree of precision in these exceptional cases but we do not choose to
do so.

Since formula (9.1.4) is interpolatory the coefficients Ak and Bj have
the following values:

b
A =

oi (x) a (x)
(x) d 1(9 6)k a p x

(x - xk) oJ'(xk) 0 (xk)
..

B b
(x)

w (x)1(x)
= f d (9 1 7)

,
p x.

(x - a1) ca (a j) Q'(a j)
. .

We can give for the coefficients Ak a representation which is easier to
use for computations than (9.1.6). Let us assume that there exists a
unique system of polynomials ns (x) (s =1, 2.... ) which form an ortho-
normal system with respect to the weight function p (x) = p (x)11(x) on
[a, b] where na (x) has degree s. The polynomial nn (x) differs from co(x)
by only a constant factor so that



164 Approximate Calculation of Definite Integrals

1 an x
Ak

rr (xk) fl (xk) f. P (x) x - xk
dx.

The integral in this expression was calculated in Section 7.1 in terms of
a different notation. We obtained the following two expressions for this
integral:

1.

an+l an
b ( )

nn (x) _
p x ,

x - xk annn+l (xk) an-Inn-1 (xk)

where an is the leading coefficient of the polynomial rrn (x):

7rn(x)=ax"+...
Therefore

Ak

'(x)nan+l =
an

(9.1.8)
anrrn k n+1 (xk) fl (xk) an-1n (xk) arn_1 (xk) Z (xk)

If we compare (9.1.8) with the expressions (7.1.3) and (7.1.4) for the
coefficients of the formula of the highest algebraic degree of precision

then it is clear that the Ak in (9.1.4) differ only by the factor 1
from

the corresponding coefficients in the quadrature formula with weight
function p (z) = p (x) 1Z (x)

f
b n

f p(x)f(x)dx-E
a k-1

which is exact for polynomials of degree < 2n - 1.
To construct formula (9.1.4) for each n we must construct the system

of polynomials which are orthogonal on [a, b] with respect to the weight
function p (x) fl (x). In certain cases we can make use of a result on the
representation of such a system of polynomials which are orthogonal
with respect to a nonnegative function times a polynomial. We will
formulate this result with the degree of generality which is required in
the remainder of this chapter.

For simplicity of notation we assume that the orthogonal polynomials
have leading coefficient of unity. We denote such a system by Ps (x) or
v* 1(x) to distinguish it from the corresponding system of orthonormal
polynomials.

Together with the weight function p (x) we also consider the weight
function p (x) = p (x) 0 (x) where Cl (x) _ (x - al) ... (x - a.) is any poly-
nomial with distinct roots al, a2, ... , a..

We will assume that there exists a system of polynomials Ps (x) _
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X6+... (s = 0,1, ...) which are orthogonal on [a, b] with respect to the
weight function p (x) and that

p(x) [PS(x)]2dx 0.ff
b

a

This is equivalent to assuming that there exists a unique system of
polynomials 4(x) = x8 + (s=0,1,...) which are orthogonal on
[a, b] with respect to the weight function p W. We will show that v* (x)
can be expressed in terms of the Ps (x) as follows:

P +m (x) Pn+m(al) Pn+m (a

n*, (x)
P+.-1 (x) P+m-1 (al) ... P +m-l (am) Dn+m (x)

eal(x) ................................... = 60 (X)

P.* (Z) Pa (al) ... Pn (am)

Pn+m-1(al) ... P+m-1 (am)

........................

(9.1.9)

I Pn (al) ... Pn (am) I

The product SZ (x) 4 (x) is a polynomial of degree n + m with leading
coefficient of unity. This polynomial can be expanded in terms of the
polynomials PS (x):

fl (x) nn (x) = Pn+m (x) + c1P+m-1 (x) + c2P, +m_2 (x) + .. .

The orthogonality of rrn(x) with respect to the weight function p(x)O(x)
to all polynomials of degree less than n means that in this expression
the terms involving P8 (x) for s < n - 1 must be absent and therefore the
expansion has the form

fl (x) rr,*, (x) = P +m (x) + ciPn+m-1(x) + + c,,,Pn (x). (9.1.10)

When x is replaced b y one of the numbers al, a2, ... , am the left side of
this equation is zero and therefore the coefficients cl, ... , cm must
satisfy the system of equations

P+m (al) + c1P+m_1 (al) + ... + cmP,* (al) = 0.

........................................... (9.1.11)

P+m (am) + c1P+m-l (am) + ... + cmP,* (am) = 0.

Thus the right side of (9.1.10) is divisible by SZ (x) and hence we can
write n n (x) in the form

rrn (x) = &l-l (x) [P+m (x) + c1P,*,+m_1 (x) + ... + cmP,*, (x)].
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Since we assumed that there exists a unique sequence of polynomials
n(x) the system (9.1.11) must have, for each n, a unique solution for
the unknown coefficients cl, ... , cm. The determinant of the system
coincides with A and therefore A A 0. The expression (9.1.9) for rrn (x)
can be obtained in the following way. If we adjoin equation (9.1.10) to
the system (9.1.11) then we obtain the system:

-Q (x) rrn (x) + P +m (x) + (x) + ... + cmP,* (x) =0

P+m (al) + c1P+m-1 (al) + ... + c,PP (al) = 0

...........................................

P+m (am) + c1Pn+m-1 (am) + ... + cmPP (am) = 0.

This can be considered as a homogeneous system of n + 1 equations in
the m + 1 quantities 1, cl,... , cm. By a well-known theorem of algebra
we can assert that the determinant of this system must be zero:

II (x) nn (x) + Pn+m (x) Pn*+m-1 (x) ... P,* (x)

Pn+m (al) P,+.-1 (al) ... Pn (al)

P+m (am)

This proves (9.1.9).

P+.-1 (am) . Pn (am)

9.2. FORMULAS OF SPECIAL FORM

=0.

In the quadrature formulas considered in Chapter 7 all of the nodes and
coefficients were chosen so that the formulas were exact for polynomials
of the highest possible degree.

In attempting to generalize this idea A. A. Markov considered formulas
in which all of the coefficients Ak but only part of the nodes xk are
chosen so that the formula has the greatest possible precision. The
other nodes are fixed in some way. Markov studied this question for
weight functions which do not change sign. Let us assume that the
weight function p (x) in (9.1.4) is nonnegative: p (x) > 0. In order that
p (x) = p (x) O (x) does not change sign on [a, b] we must also assume
that Si (x) does not change sign in this interval and thus none of the
fixed nodes can lie inside [a, b].

If we do not allow quadrature formulas with nodes outside [a, b] we
must then limit ourselves to the cases studied by Markovr:

(1) m = 1 with a single fixed node al = a;

Trans. note: These formulas are more often attributed to Radau; case (3) is
also attributed to Lobatto. See the references at the end of this chapter.
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(2) m =1 with a single fixed node al = b (this case reduces to (1) by
the linear transformation x = a + b - t; we will not consider this case
separately);

(3) m = 2 with the two fixed nodes al = a, a2 = b.
The assumption that p W has constant sign on [a, b] means that the

polynomial w(x) of degree n which is orthogonal on [a, b] with respect to
p (x) to all polynomials of degree <n exists for each n. The roots xk of
this polynomial are real and distinct and all lie inside [a, 6]. In each of
the above cases the xk are distinct from the fixed nodes which are situ-
ated at the ends of [a, b].

Thus, for the cases considered by Markov, the quadrature formulas
(9.1.4) which are exact for all polynomials of degree <2n + m -1 can be
constructed for all n. Since p (x) Q (x) w2(x) does not change sign inside

6
(x) f (x) w2 (x) dx 4 0 and the algebraic degree of pre-[a, b] then fa p

cision of such formulas is 2n + m - 1.
Let us consider the first case: m = 1, al = a

f b p(x) f(x)dx=Af(a)+ Akf(xk)+R(f). (9.2.1)
k=1

The highest degree of precision which can be achieved in such a formula
is 2n.

Here SZ (x) = x - a. Let xk be the roots of the nth degree polynomial
rra(x) which is orthogonal on [a, b] with respect to p (x) _ (x - a) p (x) to
all polynomials of degree <n. If PS (x) (s = 0,1,. ..) is the orthogonal
system of polynomials with respect to p (x) then by (9.1.9) (x) can be
written in the form

Ka P.+1 (x) P,,+1 (a)
nn (x) = x - a Pn(x) P. (a)

K
= x

na
[Pn+1(x) P. (a) - P. (x) Pi+1 (a)].

where K. is a nonzero constant. Equation (9.1.8) gives a convenient

method to compute the coefficients Ak:

as+l

=

an
Ak =

-an (xk - a) rrp (xk) An+1 (xk) an-1 (xk - a) it (xk) rrn-i (xk)*
(9.2.2)

Using (9.1.7) we find for A
b

A = rrnl (a) f p (x) rrn (x) dx. (9.2.3)
a
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We can show that all the coefficients in formula (9.2.1) are positive. As
an integrand let us take the polynomial of degree 2n - 1:

[o(x)]2
f(x) (x - a) x-

0 fork,hi
f (a) - 0, f(xk) = j (xi - a) [w(xt)]2 for k = i.

Formula (9.2.1) must be exact((for this function and thus

1.

Therefore

0 2

p (X) (x -a)
w (x)

dx = Aj (xi - a) [w'(xt)]2.

x-xi

fAi
(xt - a) [w'(xt)]2

p (x) (x -a) Cx
(xz

dx > 0.

Similarly, if we take f (x) = w2 (x) we obtain
b

(x) w2 (x) dx > 0.A = w-2 (a) fa p

If f(x) has a continuous derivative of order 2n + 1 then the remainder
R (f) in (9.2.1) can be represented in the form

R (f) = fb p ( x ) (x - a) w2 ( x )
f(2n+l)

(2n + 1)e) dx,a

or, since p (x) (x - a) w2 (x) does not change sign on [a, b],

f(2n+1)(q) rb
R (f)

= (2n + 1) 1 J p (x) (x - a) w2 (x) dx, a < rl < b. (9.2.4)
a

We will now discuss in more detail the above theory for the weight
function p (x) a 1.

We assume that the segment [a, b] has been transformed into the seg-
ment [-1, 1] and we consider the formula

1

f f(x) dx = Af(- 1) + E A,tf(x,)+R(f) (9.2.5)
1 km1

which has degree of precision equal to 2n. We have OW = 1 + x and the
polynomial w (x) = (x - xl) ... (x - xn) must be orthogonal on 11 with
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respect to (1 + x) to all polynomials of lower degree. Therefore CO(x) can
differ from the Jacobi polynomial P(°"l)(x) by only a constant factor:

4) (X) =
2"n! I'(n + 2) Pno,l)(x).

I (2n+ 2)

Thus the nodes xk must be the roots of Pno,1)(x). The coefficients Ak
can easily be found if we use the remark following (9.1.8). Quadrature
formula (7.3.2) for the Jacobi weight function (1 - x)a(1 + x)-8 is exact
for all polynomials of degree <2n - 1. The coefficients of this formula
are given by (7.3.4). To find Ak in (9.2.5) we must multiply the corre-

ponding coefficient (7.3.4), for a = 0, S = 1, by 1 1

(xk) 1 +
xk.

This gives
4

Ak =
(1 + xk) (1 - xk) [Pn0,1)

(xk)]2. (9.2.6)

We can use (9.1.7) to calculate A by substituting p (x) =1, fl (x) + x
and a1 = -1:

A - 1 o) (x) dx _ [P(0,1) (-1)1-1 /' 1 p(O,1) (x)dx.
J 1

This last integral and the factor in front of it are easily found from known
n

properties of Jacobi polynomials; these are
2 (- 1)"

and (-1)n (n + 1) re-n+l
spectively. Thus

_ 2
A

(n +
1)2.

The remainder R (f) can be computed from (9.2.4):

f(2 n+1) (,7)
R(f)_ f (1+x)(02(x)dx, -1<q<1.

(2n+1)! 1

The integral in this expression can be found without difficulty

(9.2.7)

f 1 (1+x)w2(x)dx= (+n (1 +x)[Pno,1)(x)]2 dx

= 2 [2nn! (n + 1) 12.
n+1 L (2n+1)! J

Therefore

R (f)
2 2 nnl (n + 1) ! I2 f(2n+1) (?7)

-1<r1<1. (9.2.8)
n + 1 (2n+1)! (2n+1)!C
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The nodes and coefficients in formula (9.2.5) are given below for n =
1(1)6.'

Xk Ak
n=1

-1.00000000 0.50000000

0.33333333 1.50000000

n=2
-1.00000000 0.22222222

-0.28989794 1.02497166

0.68989794 0.75280612
n=2

-1.0000000 0.1250000
-0.5753189 0.6576886

0.1810663 0.7763870

0.8228241 0.4409244

n=4
-1.0000000 0.0800000
-0.7204803 0.4462078

0.1671809 0.6236530

0.4463140 0.5627120

0.8857916 0.2874271

n=5
-1.0000000 0.0555556

-0.8029298 0.3196408
-0.3909286 0.4853872

0.1240504 0.5209268

0.6039732 0.4169013

0.9203803 0.2015884
n=6

-1.0000000 0.0408163

-0.8538913 0.2392274
-0.5384678 0.3809498

-0.1173430 0.4471098

0.3260306 0.4247038

0.7038428 0.3182042

0.9413672 0.1489885

Now we consider case 3 where we are given two fixed nodes at the
ends of the segment of integration: a1 = a, a2 = b.

f b p (x) f (x) dx = A f (a) + B f (b) + E' Ak f (xk) + R (f). (9.2.9)
a k-11

The highest degree of precision which can be achieved by such a formula

is 2n + 1. Here H (x) = (x - a) (x - b) and the xk are the roots of the nth

s This table was calculated at the Leningrad section of the Mathematical In-
stitute of the Academy of Sciences of the U.S.S.R. by research assistants R. B.
Akkerman and K. E. Chernin.
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degree polynomial nn (x) which is orthogonal on [a, b] with respect to
p (x) = (x - a) (x - b) p (x) to all polynomials of degree <n.

The polynomials rrn (x) are related to the polynomials P,, (x) which are
orthogonal with respect to p(x) by the following equation:

nn (x) _
K.

Pn+2 (x)

Pn+1 (x)

(a)

Pn+1 (a)

Pn}2 (b)

Pre+1 (b)
(x - a) (x - b)

P,, (x) P. (a) Pn (b)

The coefficients A, B, and Ak can be computed from (9.1.8) and (9.1.7):

A =--M

annn (xk) lrn+l (xk) (xk - a) (xk - b)

an+l

n

an-1nn (xk) nn-1 (xk) (xk - a) (xk - b)

b

A = [w (a) (a - b)]-1 f p (x) (x - b) a (x) dx
Ja

B = [a) (b) (b - a)]-1 f b p (x) (x - a) w (x) dx
a

(9.2.10)

(9.2.11)

ro(x) =(x-x1)...(x-xn)

If we consider the quadrature formula with respect to the weight func-
tion p (x) = p (x) (x - a) (x - b):

b n

fa
p (x) (x - a) (x - b) f (x) dx ' Ak* f (xk)

k-1

which is exact for all polynomials of degree <2n - 1, then the coefficients

Ak in (9.2.8) differ from the coefficients Ak by the factor 1
(xk - a) (xk - W

It is easy to show that the A, B, and Ak are positive. To do this it suf-
fices to apply formula (9.2.9) to the polynomials

(b - x) w2(x), (x - a) cw2(x), and (x - a) (x - b) Wx) l2
xi

The remainder R (f) of (9.2.9) can be represented in the form

!(2n+2) (n) b
2R(f)=1(2n+2)! f p(x)(x-a)(x-b)c, (x) dx.
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Let us apply these results to the particular case of p (x) =-1 for the
segment [-1, 11:

f 1
f(x)dx=Af(-1)+Bf(1)+ Akf(xk)+R(f) (9.2.12)

k-1

Sa(x)=1-x2.

The polynomial rv (x), which is orthogonal on [-1, 11 with respect to
1 - x2 to all polynomials of degree <n, differs by only a constant factor
from the Jacobi polynomial Pn(1.1) (x):

rv (x) =
2"n! I' (n + 3) P(1.1)

W.T(2n+3)

As in case 1 we can compute the coefficients and remainder:

8(n+1)
Ak

(n + 2) (1 - x2)2 [P(1,1)'(xk)]2

2A=B=
(n+1) (n + 2)

R (f) - 8(n + 1) r2sn! (a + 2) 12 f(2n+2) (17)
< 17 < 1.

(2n + 3) (n + 2) L (2n + 2) ! J (2n + 2) !'

The nodes and coefficients in (9.1.12) are symmetric with respect to
x = 0 and we tabulate below these values which correspond to 0 < xk < 1
forn=1(1)15.

Xk Ak
n=1

1.00000000 0.88333333

0.00000000 1.33333333

n=2
1.00000000 0.16666667

0.44721360 0.83333333
n=3

1.00000000 0.10000000

0.65465367 0.54444444

0.00000000 0.71111111

n=4
1.00000000 0.066666667

0.76505532 0.37847496

0.28523152 0.55485837

4 This table was calculated at the Leningrad section of the Mathematical In-
stitute of the Academy of Sciences of the U.S.S.R. by research assistant R. B.
Akkerman.
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Xk Ak

n=5
1.00000000 0.047619048

0.83022390 0.27682605

0.46884879 0.43174538

0.00000000 0.48761905
n=6

1.00000000 0.035714286

0.87174015 0.21070423

0.59170018 0.34112268
0.20929922 0.41245881

n-7
1.00000000 0.027777778
0.89975800 0.16549536

0.67718628 0.27453872

0.36311746 0.34642851

0.00000000 0.37151927

n=8
1.00000000 0.022222222

0.91953391 0.13330599

0.73877386 0.22488934

0.47792495 0.29204268

0.16527896 0.32753976

n=9
1.00000000 0.018181818
0.93400143 0.10961227

0.78448347 0.18716989

0.56523533 0.24804811

0.29575814 0.28687913

0.00000000 0.30021759
n=10

1.00000000 0.015151515

0.94489927 0.091684521

0.81927932 0.15797471
0.63287615 0.21250842
0.39953094 0.25127560

0.13655293 0.27140524
n=11

1.00000000 0.012820513

0.95330985 0.077801687

0.84634757 0.13498193

0.68618847 0.18364686
0.48290982 0.22076779

0.24928693 0.24401579

0.00000000 0.25193085

n=12
1.00000000 0.010989011

0.95993505 0.066837283
0.86780105 0.11658665

0.72886860 0.16002185

0.55063940 0.19482615

0.34272401 0.21912625

0.11633187 0.23161279

173
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X k
Ak

n=13
1.00000000 0.0095238095

0.96524592 0.058029922

0.88508205 0.10166004

0.76351967 0.14051171

0.60625322 0.17278965

0.42063805 0.19698723

0.21535396 0.21197360

0.00000000 0.21704810

n-14
1.00000000 0.0083333333

0.96956804 0.050850369

0.89920054 0.089393689

0.79200828 0.12425539

0.65238872 0.15402699

0.48605941 0.17749190

0.29983047 0.19369005

0.10132627 0.20195830

n=15
1.00000000 0.0073529412

0.97313217 0.044921950

0.91088001 0.079198263

0.81569624 0.11059290

0.69102899 0.13798776

0.54138540 0.16039465

0.37217443 0.17700426

0.18951198 0.18721635

0.00000000 0.19066186

9.3. REMARKS ON INTEGRALS WITH WEIGHT FUNCTIONS THAT
CHANGE SIGN

The problem of constructing quadrature formulas with preassigned

nodes is related to the problem of transforming weight functions which
change sign into weight functions with constant sign.

Let us consider the integral

rb p (x) f (x) dx (9.3.1)

and assume that p (x) changes sign inside the segment [a, b] at a finite
number of pointss al, a2, ... , am.

We construct for f (x) the interpolating polynomial P (x) of degree <m
based on the points al:

5On each of the segments [a, a1], [a1 [am, b] the function p(x) has
constant sign and on adjacent segments it has opposite sign.
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P(aj) = f(aj) (j = 1,2,...,m)

f(x) = P (x) + r(x)

r'" 0 (x)
P (x) =

(x - aj) SZ'(aj)
f(aj).E

175

(9.3.2)

The remainder r(x) of the interpolation can be represented in the form

(see (3.2.9)):

r(x) =(x-a,)...(x-am)f(al,...,am, x) =f2(x)f(al,...,a., x)

where f (al, ... , am, x) is the divided difference corresponding to the
nodes al,...,am, x.

The integral (9.3.1) can be divided into two parts in the following way:

fabp(x)f(x)dx= f bp(x)P(x)dx+ f bp(x)fl(x)f(al,...,am,x)dx=
a a a

m b

= E ai f (ai) + f p (x) f (al, ... , a,,, x) dx (9.3.3)
j=1 Ja

b (x)
)

0 dxf ( 3 4)(9.a j = p z (x - a j) Sl'(a j)
..

We will now be interested in the last integral in (9.3.3). The function
p (x) = p (x) ( (x) in this integral does not change sign on [a, b] because
each of the factors changes sign at these points. We take p(x) as a
new weight function. To calculate the integral

I.
0

p(x) f(a1, . . . , am, x) dx

we can use any of the methods which we employed for weight functions of
constant sign. In particular we can construct for this integral a quadra-
ture formula of the highest algebraic degree of precision. As in the pre-
ceding section let us denote by an(x) the nth degree polynomial of the
orthogonal system belonging to the weight function p (x)'= p (x) dZ W. Let
us consider the quadrature formula with n nodes which is exact for poly-
nomials of degree <2n - 1:

p(x) f(al,. ., am, x)dx j6hf(al,. .,am, xh) (9.3.5)f b

k=1
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na(xk)=0 (k-1,2,...,n)
pb 7tn (x)

=J dx=
i6k

a
p (x)

(x - xk) n, (xk)

f p (x) Sl (x) Cv (x)
dx

(x - xk) (xk)

o (x) _(x-x1)...(x-xn).
We then obtain the following formula for the integral (9.3.1):

f
b n

f p (x) f (x) dx = al f (al) + E Pk f (al, .... am, xk). (9.3.6)
a fml kel

It is easy to see that the algebraic degree of precision of this formula is
2n +m-1.

To prove this let f (x) be any polynomial of degree 5 2n + m - 1. In
this case (9.3.3) is an identity whenever the terms on the right side of
this equation are defined. The divided difference f (al, ... , a,,,, x) is a
polynomial of degree m less than the degree of f (x) and it does not ex-
ceed 2n - 1. Because (9.3.5) has degree of precision 2n - 1 then it will
be exact for f (al, ... , a,,,, x) and therefore (9.3.6) will also be exact.

On the other hand if f (z) is taken to be the polynomial
f (x) = Il (x) 02(x)

of degree 2n + m then (9.3.6) can not be exact. Indeed, for this function
the interpolating polynomial P (x) is identically zero and from (9.3.2) we
see that f (al, ... , a,,,, x) = a)2(x). All the terms on the right side of
(9.3.6) vanish and the integral on the left side is nonzero since p (x) 0(x)
does not change sign on [a, b]:

J
b

p(x) f(x)dx=f.
b

p(x)0(x)w2(x)dx A0.
a

We will now investigate the relationship between f (all ... , am, xk) and
f (x). If the roots xk (k = 1,... , n) of the polynomial na (x), which are the
nodes in (9.3.6), are different from the ai (j =1, . . . , m) then the divided
difference f (al, ... , am, xk) is

f(xk)-P(xk)
f (al, ... ramp xk) _ (xk) (9.3.7)

11

In this case f(al,...,a,,, x) depends only on the following values of

f(x): f(xk), f(af) (j =1,...,m).
If in (9.3.6) we substitute for f (all... , am, xk) the values (9.3.7) then,

by collecting the terms in f(xk) and f (a f), we see that (9.3.6) can be
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written in the form (9.1.4). In this case formula (9.3.6) is a particular
case of (9.1.4) for which the a1 are the points at which the weight func-
tion p (x) changes sign.

If the node xk coincides with one of the nodes a1 then 2 (xk) = 0 and
(9.3.7) is meaningless. In this case (9.3.7) must be replaced by

f'(xk) - P'(xk)
f (al, ... , am, Xk) =

(1'(xk)

which can be obtained by applying l'Hospital's rule. The divided differ-
ence f (all ... , am, xk) then depends on f'(xk) as well as on the f (a,)
(j =1, ... , m). In this case the quadrature formula (9.3.6) will contain,
in addition to values of the integrand f (x), the value f'(xk) where xk is a
point at which p (x) changes sign.

As an example, let us take m = 1 and assume that p (x) changes sign
inside [a, b] at only the point al. The interpolating polynomial P (x) will
then be the constant function P (x) = f (al) and (9.3.3) becomes

1 bp(x)f(x)dx=f(al) 1 bp(x)dx+16p(x)(x-al)f(al,x)dx (9.3.8)
a Ja a

f(al,
x) - f (x) - f

(al).x-al
If all the xk are different from al then formula (9.3.6) becomes

1 b p (x) f (x) dx - f (al)
fbp(x)dX+

7 8k
f (xk) - f (al)a

k..1 xk al

If one of the xk, for example xi, coincides with al then (9.3.6) will have
the form

fa
b p (x) f (x) dx = f (al) 1 b p (z) dx + 131 f,(al) + Pk f

(xk) - f (al)Ja

k=2 xk - al

Let us obtain a formula of this form to calculate the integral

xexdx = 2e-1 = 0.73576.

Here we take p(x) = x and hence p(x) changes sign at x = 0. For this
integral equation (9.3.8) is

f 1 xe x dx = e 0 f 1 x dx +f 1 x2f (0, x) dx = f 1 x2 f (0, x) dx,
1 1 1 1

x

f(0, x) = e -
1.
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To calculate this last integral we will use the quadrature formula of
the highest algebraic degree of precision with two nodes. The second
degree polynomial v2 (x) which is orthogonal on [-1, 11 with respect to
p (X) = x2 is 92 (x) = k (5x2 - 3) which has roots

x = fE = f 0.7745967.
5

The formula will then be

I 1

x2f(0,x)dx=P1f(0,x1)+I32f(0,x2).

Since the weight function p (x) = x2 is symmetric with respect to x = 0 it
follows that P and P2 must be equal and thus

A+92x2dx=3
1

1 " - za

I x2 f (O, x) dx
=1 e l + e 1

-0.73536.
1

3 xl x2

This result is exact to within 0.06% of the true value.

REFERENCES

J. Bouzitat, "Sur l'integration numerique approchee par la methode de
Gauss generalisee et sur une extension de cette methode," C. R. A cad.
Sci. Paris, Vol. 229, 1949, pp. 1201-1203.

A. Markoff, "Sur la methode de Gauss pour le calcul approche des inte-
grales," Math. Ann., Vol. 25, 1885, pp. 427-432.

H. Mineur, Techniques de Calcul Numerique, Beranger, Paris, 1952 (Note
by J. Bouzitat, pp. 557-605).

R. Radau, "ltude sur les formules d'approximation qui servent a calculer
la valeur numerique dune integrate definie," I. Math. Pures Appl., (3)
Vol. 6, 1880, pp. 283-336.

P. Rabinowitz, "Abscisses and weights for Lobatto quadrature of high
order," Math. Comp., Vol. 14, 1960, pp. 47-52.

G. W. Struble, "Orthogonal polynomials: variable-signed weight func-
tions," Thesis, University of Wisconsin, 1961.



CHAPTER 1O
Quadrature Formulas

with Equal Coefficients

10.1. DETERMINING THE NODES

Quadrature formulas with equal coefficients

fb
p(x)f(x)dx=c, f(xk) (10.1.1)

kol

are very convenient for computations and in particular for graphical cal-
culations. These formulas have been the subject of many investigations
and in this chapter we will develop their theory.

Formula (10.1.1) contains the n + 1 parameters c,a, x1, ... , x,a and we
can choose these parameters so that the formula will be exact for all
possible polynomials of degree < n.

The requirement that (10.1.1) be exact for f (x) e 1 means that we must
have

fb

which determines the coefficient cn:

/'6
cn

J
p (x) dx.

n
n

p(x)dz=ncn

(10.1.2)

If we also require that (10.1.1) be exact for the monomials f (z) = x,
x2, ... , xn then we obtain the following system of equations for the
nodes xk:

179
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X1 +X2+' -+Xn= Ca

x2+x2+...+xn= c-1

fa

b

p(x)x dz

p (x) x2 dx

(10.1.3)

xi+x2+ =c-1 yb

p (x) xa dx

Let a j (x) be the polynomial of degree n which has the nodes x1, ... ,
xn for its roots

w(x)=(x-x1) (10.1.4)

Using equations (10.1.3) we can easily construct this polynomial. If
we write o) (x) in the form

tv(x)= xn+A1x" +A2x"-2+ +A, (10.1.5)

then the coefficients A 1, ... , A. are the well-known elementary sym-
metric functions of the roots. On the other hand the left sides of equa-
tions (10.1.3) are the sums of powers of the roots:

sk=xi+x2+...+xn (k = 1, 2,..., n).

The right sides of (10.1.3) are the values of these functions for the poly-
nomial (10.1.4).

In the theory of equations the relationship between the elementary
symmetric functions Ai (i = 1, ... , n) and the functions sk (k = 1, ... , a)
is well known. This is given by the following equations which are often
called Newton's equations'

'The logarithmeric derivative of (10.1.4) leads to the following equation

Gi (x) _
a

1

4!(x) - x- xt-

If Ixl > Ixil then the fraction 1 can be expanded in a power series in nega-
x _ xi

tive powers of x:

00 y
x

(x - xd)-1 =
xy+l

V=0

Therefore if lxl > Ixtl (i = 1,..., n) then the following expansion is valid:
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s1+A1=0
S2 +A1 s1+2A2=0

sn+Alsn_1+A2sn_2+...+nA, = 0.

(10.1.6)

From these equations we can sequentially calculate the coefficients
A i (i = 1, ... , n) from the values of s k given by (10.1.3). From the A i
we can construct the polynomial w (x) and calculating the roots of this
polynomial gives the quadrature formula (10.1.1). If (10.1.1) is to be
useful the xk should all be real, distinct and should belong to the seg-
ment of integration. The possibility of constructing formula (10.1.1)
which is exact for all polynomials of degree < n is, therefore, determined
by whether or not the roots of w (x) satisfy the above requirements where
the coefficients Ak in w (x) are found from Newton's formulas.

We can construct another expression for the polynomial (10.1.4) by

making use of a few results from the theory of analytic functiona. Let

us apply formula (10.1.1) to the fraction f(x) =
I.

which is the kernel
z-x

of the Cauchy integral and consider the remainder:

(1 b y (x) n 1 b
p

(x) e(z)R\z-x/=J z-xdx-cn1 z-xk=j0 z_xdx cn
w(z). k-1

We will find the expansion of the remainder in powers of z-1 for jzj
large. Let p be a number so large that the segment of integration [a, b]
and all of the nodes xk lie in the circle Izi < p. Then for lzl > p

)

n 0 y 00

co (x) L L. xv{' E xKF l
i=1 v=0 v=0

sy=E x
i=1

Multiplying both sides of this equation by w (x) and replacing co (x) by its rep-
resentation (10.1.5) gives

nxn-l + (n - 1) A lxa-2 + (n - 2) A2xn_s + + An-1 =
00

(xn + A 1xn-1 +...) L S v
xv+l

V.0

Equating the coefficients of xn-2, xn-g,..., we then obtain Newton's equations.
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and

J
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1 _ ^ xv
z - x L zv}i

v=0

6

z
(xz dx =

L.00

+
zv+1 1 b y (x) xvdx =

V00

' zv+l .

va0 Ja va0

Here liv denotes the moment of order v of the weight function p (x).
Similarly

1
00

xgv}1}1-xk z
Z

and

(Z) _
n

1
00

ES y
r

4) (Z) k--'1 z-xk vs0 zv}1

(10.1.7)
R( 1 ) µv-cnsv

zv}1z x s0V-0

Assuming that (10.1.1) is exact for the powers x,
(10.1.2) and (10.1.3) we have

x2, ... , xn then by

µv-cnsv=0, v=0, 1,..., n
and the smallest exponent of 1/z in the last expansion will be n + 2:

I
6 p (x) dx -

CO
e (Z) µv - cns v

z-x 0) (Z) zv}1 .

v.n}1

Integrating with respect to z and applying a simple transformation we

obtain :

°D 1 6

m(z)exp sv-cyiv Aexp cnI f p(x)ln(z-x)dx (10.1.8)
v.n}1 v z a

where A is a certain constant.
I

Since the expansion of exp
sv

-c-;y7-µE')l in powers of 11z differs
vz

van}1
from unity by only powers of 11z greater than n it is clear that the integer
part of the expansion of the right side of (10.1.8) in powers of 1/z must
coincide with of (z) for large I zj:
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b

w (z) = integer part of A exp (C- 1 f p (x) In (z - x) dx) . (10.1.9)

The constant A could be found by using the fact that the leading term
of co (z) is z'. We will not need to calculate this factor since it does not
affect the roots of the right side of (10.1.9).

As mentioned above the formula (10.1.1) which is exact for all poly-
nomials of degree < n is of interest only when the roots of w (x) are real,
distinct and lie inside the segment [a, b]'. The polynomial w(x) is com-
pletely defined by the weight function p (x) and we would like to know
for what weight functions this polynomial has the properties we desire.
The solution to this problem is not known in general. Below we discuss
two weight functions for which the answer is known.

10.2. UNIQUENESS OF THE QUADRATURE FORMULAS OF THE
HIGHEST ALGEBRAIC DEGREE OF PRECISION WITH EQUAL
COEFFICIENTS

In Chapter 7 we discussed the quadrature formulas of the highest alge-

braic degree of precision for the weight function p (x) _ (1 - x2) 2 on
[-1, 11. We obtained formula (7.3.2)

f1 -
(cos(1-x2) Zf(x)dx_n fl

2n

which is exact for all polynomials of degree < 2n - 1. In this formula the
number of nodes n is arbitrary. It is remarkable that the coefficients in
any one of these formulas are all equal.

We may ask whether these formulas are unique: does there exist on the
segment [-1, 1] another weight function p (x) which is different from

(1 - x2) 2 for which quadrature formulas of the highest algebraic degree
of precision exist and which also have equal coefficients?

A negative answer to this question was first given by K. A. Posse and
also later by N. Ia. Sonin.

Here we prove a more general theorem due to Ia. L. Geronimus from
which the theorem of Posse easily follows.

Let us be given a weight function p (x) which is almost everywhere
positive on the segment [-1, 11 . Let us take the system of orthogonal
polynomials wa (x) = x" + y"x"-2 + - (n = 0, 1, 2, ...) which
correspond to this weight function. Let xk(") (k = 1, ... , n) denote the

'We assume that the integrand is only defined on [a, b] and therefore do not
consider formulas with nodes outside [a, b].
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roots of (, (x) and consider the quadrature formula with equal coeffi-
cients for which the nodes coincide with xk(n):

f 1 p (x) f (x) dx = cn E f (xk(n)). (10.2.1)
1 k=1

Theorem 1. If for arbitrary values of n = 1, 2,.. . , there exists con-
stants cn such that formula (10.2.1) is exact for' f (x) = 1, f (x) = x,
f (x) = x2, then p (x) coincides with the Chebyshev weight function

1

(1 - x2) 2

Proof. Without loss of generality we can assume

fto=J p(x)dx=1.

The requirement that the quadrature formula be exact for f (x) = 1 then de-
termines the constant cn:

/' 1J p (x) dx = ncn, cn = .

1 n

Assuming in turn that f (x) = x and f (x) = x2 we obtain the following
equations

r1 n

Pi =J p(x)x dx xk(n)=- I lens n = 1, 2,...
1

n nk=1

1 2

P2 f p(x)x2dx=n n [.,k(.)]2 =I rxk(n1 -2 rxj(a)xk(n)
1 k=1 f[<kk

= n ()9n - 2y.), n = 2, 3, .. .

Thus we can find the first two coefficients of wn (x):

A. = - ni`lr

Y1=0

2 n - nµ2] = 2 InA12 - Ft21,Y. = [N

n = 1, 2,...

n = 2, 3,....

'The requirement that (10.2.1) be exact for f(x) = x2 is only necessary for
n> 1.
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In Section 2.1 we showed that there is a recursion relation between
three consecutive polynomials of an orthogonal sequence. If we denote
by P. (z) the orthonormal polynomials for the weight function p (x) then
the recursion relation is given by (2.1.10). The polynomial on (x) differs
by only a constant multiple from the corresponding orthonormal poly-
nomial P. (x) of the same degree. Using the fact that the leading coef-
ficient of on (x) is unity then the recursion relation for on (x) can be
written in the form

xCOO (x)=o1(x)+ao

xrvn(x)=on+1(x)+anon(x)+Anoin_1(x) n=1, 2,...

Knowing 6. and yn we can find the coefficients an and An. Indeed,
equating the coefficients of xn on opposite sides of the last equation we
find

An

f3 =Nn+1+an

an= -N9n+l=-nµ1+(n+1)t1=µ1.
All the an (n = 0, 1, ...) have the same value which for simplicity we
denote by a:

an=a (n=0,1,...).
Equating the coefficients of xn-1 in the same way we obtain:

Yn = Yn+1 + anNn + An

kn = Yn - Yn+1 anNn

Introducing the quantity a we can write An as:

2
Al = 1,L2 - I<1 =

2

A 1 °22[µ2-Ittl = 4
, n=2,3,....

Thus the recursion relation for the polynomials on (x) is

oo(x)=1, o1(x)=x-a
2 (10.2.2)

xon (x) = on+l (x) + aon (x) + 4 On-1 (x), n = 1, 2, .. .

We recall now (see Section 2.3) that the Chebyshev polynomial of the
first kind T. (x) = cos (n arc cos x) = 2n-1 xn +- has the recursion re-
lation
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To(x)=1, T1(x)=x

xT.(x)=2Tn+1(x)+2Tn_1W.

If we reduce the leading coefficient of T. (x) to unity we obtain the
polynomial T* (x) = 2'-n+1 T. (x), T** (x) = To W. The recursion relation
for T,*, (x) is

T0(x)=1, T1(x)=x

xT4. (x)=Tn+1 (x)+1T,*,_1(x).

Finally if the variable x is replaced by x
a

and we introduce the poly-

nomials Tn (x) = an T* (x - a 1 then for these polynomials we obtain the\ a J
recursion relation

To (x) = 1, T i (x) = x - a

(x - a) T.+ (x) = T.++1 (Z) +
42

T+_1 W.

These coincide with (10.2.2) and because these equations completely de-
termine wn (x) (n = 0, 1, ...) then

(x)=T+(x)=anT*Cx-aJ= Cr" T \x
a\ n=1 2n n

o 2n_1 n .....

The roots of the polynomial Tn (x) are cos
2 k2

n
1 r ( k = 1, 2, ...

They lie inside the segment and as n increases they become
dense in this segment. Hence it follows that the roots of wn (x) lie in
the segment [a - a, a + o] and these also become dense in this segment.

On the other hand we showed in Chapter 2 that the roots of polynomials
of an arbitrary orthogonal system corresponding to a positive weight
function lie inside the segment of orthogonality. From the theory of
orthogonal polynomials it is also known that the roots of a sequence of
orthogonal polynomials become dense in the segment of orthogonality."
Therefore the roots of the polynomials w n (x) belong to [-1, 11 and form a
dense set.

'The more general theorem is known: If the segment of orthogonality Is [-1,
1] and if the function p (x) is summable and almost everywhere positive there,
then the limiting distribution function of the zeros of the orthogonal polynomials

z
coincides with the Chebyshev distribution function µ (x) =

1 /' dt
9

1
1_ta
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We must therefore have a = 0 and a = 1 and

fo(x)=To(x)=1
On (x)=2-"+1Tn(x) (n=1, 2,...)

The polynomials T" (x) form an orthogonal system on [-1, 1] with respect
_1

to the weight function (1 - x2) 2 and to complete the proof of the theorem
there only remains to show that for a finite segment of integration and a
given weight function the corresponding orthogonal polynomials are unique
up to a constant multiple and up to their values on a set of points of
measure zero.

Suppose that the On (x) are orthogonal on [-1, 11 with respect to both
p 1(x) and P2 (x). If necessary we can multiply these weight functions by
constants so that

1 1

p1(x)dx= f p2(x)dx=1.
1

By the orthogonality of a (x) we must have

f
1 1f P 1(x) w" (x) d x = f p 2 (x) o" (x) d x = 0, (a = 1, 2, ... ).
1 1

Thus the difference 95 (x) = p1(x) - p2 (x) must satisfy

fcS(x)an(x)dx=O, (n=0,1,2,...)

which is equivalent to

11
0 (x) x" d x = 0 (n = 0, 1, 2, ... ).

It is known' that the system of powers x" (n = 0, 1, 2, ...) is complete
in L and thus from the last equation it follows that 95 (x) is equivalent to
zero.

10.3. INTEGRALS WITH A CONSTANT WEIGHT FUNCTION

In this section we turn our attention to the much investigated case of a
constant weight function. Let us assume that the segment of integration
has been transformed into [-1, 1] and consider the quadrature formula

'See, for example, I. P. Natanson, Constructive Theory of Functions, Gos-
tekhizdat, Moscow, Chap. 3, Sec. 1 (Russian).
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1 a

f (x) dx = c,E f (xk). (10.3.1)
k=1

The coefficient c and nodes xk are to be chosen so that the formula is
exact for all polynomials of degree <-n. The coefficient cn is determined
from the requirement that (10.3.1) be exact for f (x) __ 1 and has the value

2Cn = -

Since

J
1 xk dz = 1 - (-1)k+i
1

k+1

the system of equations (10.3.1) which the nodes xl, ..., xn must satisfy
is :

S1=x1+x2+ ...+xn= 0

3S2=xi+x2+...+xn n

3

sg = x1 + x2 + + xn = 0

S4 x4 + x2 + ... + xn
n

5

- (_1)n+1]n FLSn = xI + x2 + + X. = 2L n(+ 1

(10.3.2)

The coefficients of the polynomial w(x) = (x - x1) ... (x - xn) must
be found from the system of equations (10.1.6) which is in this case:

Al=0

3
+ 2A2 0

Ag=0

5 + 3A2+4A4 =0

As = 0

7

+ 5A2+ 3A4+6A6 =0

A7 = 0

(10.3.3)
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Here all the Ak with odd subscripts are zero and the polynomial w(x) has
the form

a) W = x" + A2xn-2 + A4xa-4 + . .
The roots of co(x) are the nodes of the formula (10.3.1) and they are

symmetrically located on [-1, 1] with respect to the point x = 0. If n is
odd then one of the nodes coincides with x = 0.

It should be noted that if n is an even number n = 2m then the Xk
satisfy the equations

x1 + X2 + + X. = 0

xi +n + + xn = n
n + 1

Since n + 1 = 2m + 1 is an odd number and since the Xk are symmetri-
cally located with respect to x = 0 then the nodes will also satisfy

xi+1 + xn2+1 + . 9 + xn+1 = 0.

In this case formula (10.3.1) will be exact for one higher degree, that is

it will be exact for all polynomials of degree <n + 1.
We will now construct formula (10.3.1) for low values of n.
For n = 1 we have co(x) = x and cl = 2

f 1 f (x)dx - 2f (0).

For n = 2 the coefficient is c2 = 1 and the system of equations for
A 1, A2 is

Al=0

3 +2A2=0.

Thus

44) = x 2 1

3

1/3 V3X1 = - -3, x2 = 3

fif(x)dx=f (-c)
,/_1 \3/
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For n = 3 we have ca =

S

and

w(x)=xa- 2x

and the formula is then

11f r ( ( l
f(x)dx# 3Lf 2 +f(0)+f

For n = 4 we have c4 =

2

and the following system of equations for

the Ak:

Thus we obtain

Al=0

3+2A2 = 0

Aa=0

4

5
+

34
0

2

3'
A 4

45

w(x)=x4-
3x2+ 145

which has the roots

x4 =

-x2 = xa =
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In a similar way we obtain the following polynomials:

n = 5, MW = xs - 5 xa + 72 x
6

1
4 26 ln=6. xo,(x)= x -x + -

b lub

n=7, mi(x)= x7 - 7x5 + 119x8 - 149x
6 360 6480

27 59 3 57 8 53
n = 9,

x -(a(x)= x x7+- x +
x

2 40 560 22400

For a = 8 two of the roots of w(x) are complex and it is impossible to
construct a Chebyshev formula (10.3.1) in this case with real roots. Here
we tabulate the decimal values of the nodes in (10.3.1) for" n = 1(1)7, 9.

n=1 n = 6

0.00000 00000 0.26663 54015

n = 2
0.42251
0.86624

86538
68181

0.57735 02691
n = 7

n = 3 0.00000 00000

0.00000

0.70710

00000

67812

0.32391

0.52965

18105

67753

n = 4
0.88386 17008

n = 9
0.18759 24741

0.79465 44723 0.00000 00000

n = 5
0.16790

0.52876
61842

17831
0.00000 00000 0.60101 86554

0.37454 14096 0.91158 93077

0.83249 74870

We could also calculate the nodes for the Chebyshev formulas for
n > 9 but in every case it turns out that some of the roots of cu(x) will be
complex and it will be impossible to construct formula (10.3.1) with real
nodes. The general question as to the existence of Chebyshev formulas
for n > 9 with all real nodes remained unanswered until S. N. Bernstein
proved that such formulas do not exist. The remainder of this chapter is
devoted to a somewhat simplified presentation of his results.

We prove four preliminary lemmas.

"These values are from the paper by Salzer, J. Math. Phys., Vol. 26, 1947, pp.
191-194.
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Lemma 1. Let the formula

1 n

f(x)dx = 2 E f(xk) (10.3.4)

1 k=1

be exact for all polynomials of degree <2m - 1 where m < n. Let ifm
denote the largest root of the mm' degree Legendre polynomial P.W.
Then, assuming that the xk are enumerated in order of size :

xn > ifm

Proof. Consider

Pz (x)
f(x) -

m
x

Sm

The function Pm(x)/(x - Sm) is a polynomial of degree m - 1 and since
Pm(x) is orthogonal on [-1, 11 to all polynomials of lower degree then

f
'I

f (x)dx = 0.

On the other hand f (x) is a polynomial of degree 2m - 1 and equation
(10.3.4) must be exact for this function. Therefore

n

E f(xk) = 0-

k=1

The polynomial f (x) = P,2(x)/(x - Cm) has m distinct roots and there-
fore not all terms in the last sum can be zero. Thus this sum must con-
tain positive and negative terms. But f (x) takes on positive values only
for x > Cm Thus we can find a node xk for which xk > C and hence
the largest node must also be greater than Sm.

The following arguments are based on comparisons of (10.3.4) with
Gauss quadrature formulas with m nodes

1 m

f(x)dx Aif(fi)
1 i=1

Pm(Ci) = 0 (i = 1, ..., m) Ai =
2

(10.3.5)

Lemma 2. If formula (10.3.4) is exact for all polynomials of degree
<2m - 1 where m < n then
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A m > 2 . (10.3.6)
n

Proof. Let

r Pm (x)
2

AX) = Ux - rSm)Pm(fm)]

Then f (em) = 1 and at the other Ifi, i < in, f(fi) = 0. Therefore for
f (x) the quadrature sum (10.3.5) becomes:

Amf(Sm) = Am.

The function f (x) is a polynomial of degree 2m - 2 and both (10.3.4)
and (10.3.5) must be exact for this function. Therefore

2
E f (xk) = Am.
k=1

Because f (x) > 0 for all x it follows that

2 f (xn) < Am.
n

Writing

(10.3.7)

j(x) _ 2(x -i)2 (x - Sm -1)2

we see that, for x > &, f (x) is an increasing function of x and since
Xn > Sm we have f (xn) > f(am) = 1. Combining this with (10.3.7) proves
the lemma.

In order to estimate the coefficient

Am =
2

(1 - Sm)[P, (Sm)]2

in formula (10.3.5) we will obtain estimates for & and P',(&).

Lemma 3. For any value of m the largest root Sm of Pm(x) satisfies
the inequality

1-m< 3

m(m + 1)
(10.3.8)

Proof. We begin with the differential equation satisfied by Pm(x):

ax [(1 - x2)P;n(x)] + m(m + 1)Pm(x) = 0.
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Integrating both terms in this equation between the limits & and 1 we
obtain

1

(1 - m)P;,,(Ifm) = m(m + 1) fem m

Let us replace the polynomial Pm(x) in this integral by its expansion

in terms of powers of x - Sm

in
(XPm(x) _ 7

i=1

Carrying out the integration gives

(1 - m(m + 1)
(1 - .)i+1 P `)

(Sm)(i + 1)1i=1

Between each pair of adjacent roots !fj, 1fj+1 of the polynomial P5(x)
there lies a root of Pm(x). There are in - 1 such roots of P;s(x) and no
others. The in - 2 roots of the second derivative of P5(x) lie between
adjacent roots of P;,,(x) and so forth. Thus for any i all the roots of
Pmi) (x) lie in the interval [61, Sm) and none of these roots are greater
than Sm Therefore P(i) (em) > 0 and all terms on the right side of the
last equation are positive. For a sufficiently precise estimate for ifm we
can replace this sum by only its first two terms. Then dividing both
sides by 1 - Ifm we obtain the inequality

(1 + m(in + 1) x

x C2
(1 - Sm)Pm (Sm) +

6
(1 - em)2Pm(em)J .

The value of Pm(em) is easily found from the equation

(1 - x2)P(x) - 2xP' (x) + m(m

by substituting x = &:

+ 1)Pm(x) = 0

2m
Pin(fm). (10.3.9)

1"Sm
Substituting this value in the inequality and cancelling the factor

Pm(6m) gives:

l+Sm>m(m+1)1 1 mi1+ iM.
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This inequality is made stronger if in the second term inside the brackets
we replace 1 + Sm by the larger value 2:

l
1+Sm>m(m+1)(1- Cm)+ 6Cm(1-Cm)].

Setting A = m(m + 1) we can write this equation as

Ajfm+2(3+A)C,+6-3A>0. (10.3.10)

Let us form the equations

Az2+2(3+A)z+6-3A=0.

±\/4A+-3-A
Z =

A

If Sm satisfies the inequality (10.3.10) then 6m must be larger than the
positive value of z:

m>
4A2+9 -3-A > 4A2 -3-A

A A

This gives

ifm> 3 _1- 3

A m(m + 1)

1-Sm < 3

m(m + 1)

This proves lemma 3.

Lemma 4. The value of the derivative Pm(Cm) of the Legendre poly-
nomial Pm (x) at the largest root x = Sm satisfies the inequality

Pm(6m) >
3(1

2

!f.) [1 2 8F (m
4)2) (1 _ 6m)a] (10.3.11)

Proof. Making use of Taylor's series with two terms and the integral
form of the remainder:

Pm(x) = Pm(Cm) (x - Sm) +

+

2

p,,(6.) (x - 6m)2 + f x pms) (t) (x - t)2dt.
m

For x = 1, using Pm(1) = 1, this becomes:
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1 = P' (Sm) (1 - Sm) +

2

P'm'(Cm) (1 - em)2 +

+ 2 f (t) (1 - t)2dt. (10.3.12)
m

Consider P($) W. In the proof of Lemma 3 we showed that all the roots
of are less than ifm. Therefore PMa) (x) is a monotonically in-
creasing function on [ifm, 1] and its greatest value is achieved for x = 1.
The value of P,(n3)(1) can be easily found using the differential equation

(1 - x2)P',,(x) - 2xP'a(x) + m(m + 1)Pm(x) = 0.

Setting here x = 1 we find

P;,,(1) = m(m + 1)
2

Differentiating gives

(1 - x2)P,(na) (x) - 4xP, (x) + (m + 2) (m - 1)Pm(x) = 0

and again setting x = 1 gives

(m+2)(m+1)m(m-1)
Pm(1)=

(m+2)(m-1)p;'(1)= 8

Differentiating once more

(1 - x2)P(4)(x) - 6xP,(3)(x) + (m + 3) (m - 2)P'-(x) = 0

and substituting x = 1:

P(m8) (1) =
(m + 3)6(m - 2)

P(m+4)
48 48 P (m - 2)

Substituting in (10.3.12) for P;,,(!f,,) its expression (10.3.9) and for
P,(na) (t) its upper bound on [em, 1] leads to the inequality:

Pm(fm)(1 - m)1 +
Sm

J+

P(m + 4) (1 - Sm)3
> 1.

1 1 + CmJ 48P(m - 2) 31

1
This, together with

Sm
1 +

if
<

2
, establishes (10.3.11).

m

2We can now easily find an estimate for A. =
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Substituting for P'm(Ifm) its smaller value from (10.3.11)

C 19(1-Sm) P(m+4) -2

Am
< 2(1 + 6m) [1 288r(m - 2) (1 - Sm)3

It will suffice to use a cruder inequality for A. for in > 6. As in in-
creases the value of ifm also increases and since 66 = 0.93246.. we
are justified in assuming 1 + Sm > 1.93. We also replace 1 - 6m by

the larger value 3 We now estimate the value inside the
m(m+1)

brackets

(m + 3) (m - 2) = m(m + 1) - 6 < m(m + 1)

(m + 2) (m - 1) = m(m + 1) - 2 < m(m + 1)

P (m + 4)
_ (m + 3) (m + 2) (m + 1) m (m - 1) (m - 2) < m3(m + 1) 3

P (m - 2)

1 _ P(m + 4) (1 - m)3 > 1 - m3(m + 1)3 33 29

288 r(m - 2) 288 m3(m + 1)3 32

A. < 27 (32)2 1 8.517
(10.3.13)

2 (1.93) (29)2 M (M + 1) m(m + 1)

Theorem 2. For n > 10 there is no formula (10.3.4) with all real roots
which is exact for all polynomials of degree in.

Proof. Let us consider those values of n for which formula (10.3.4)
exists. Let us suppose that n is an odd integer: n = 2m - 1. Then

m =

2

(n + 1) and m(m + 1) =

4

(n + 1) (n + 3) and A. must satisfy

the inequality A. < 4(8.517)
(n 1) (n 3)

By Lemma 2 we must have
+ +

4(8.517)
>

2

(n + 1) (n + 3) n

or

n2-(13.034)n+3<0

n < 13.

Thus formula (10.3.4) does not exist for n > 13. But for n = 11 it also
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does not exist because then m = 6, A6 = 0.173..., li = 0.1818..

and the inequality li < A6 is not satisfied.

Suppose now that n is even. Then (10.3.4) must be exact for poly-

nomials of degree < a + 1. Set n + 1 = 2m - 1, m =

2

(n + 2). By

(10.3.13) and (10.3.6) we must have

4(8.517) 2

(n + 2) (n + 4) n

and hence

n < 11.

This means that for n > 10 formula (10.3.4) does not exist. For n = 10
it also does not exist because the inequality

A6 = 0.173.. > 10 = 0.2

is clearly not valid.
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CHAPTER 11

Increasing the Precision of

Quadrature Formulas

11.1. TWO APPROACHES TO THE PROBLEM

Let us consider a certain completely defined quadrature formulafbE Akf(xk) (11.1.1)
k=1

where the weight function p (x), the coefficients Ak and the nodes xk are
fixed; f (x) is any function for which both sides of (11.1.1) are defined.

We will be interested in the remainder of formula (11.1.1)

R (f) p (x) f (x) dx - ' Akf (xk). (11.1.2)
k=1

By increasing the precision of the approximate quadrature we mean the

addition of some quantity to the quadrature sum E Akf (xk) which will
k

decrease the size of the remainder.
The value of R (f) depends both on the quadrature formula, that is on

p (x) and the Xk and Ak, and also on the properties of the integrand f W.
A method for increasing the precision of the formula must also depend on
these same factors. It is possible to construct such methods for a given
class of quadrature formulas with similar properties or for a class of
functions which possess certain common structural properties.

In the remainder of this section we discuss two methods for increasing
the precision of quadrature formulas.

200
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1. In most practical applications mechanical quadrature formulas are

intended for use with integrands which possess some degree of smooth-
ness. One might expect, for example, that Simpson's formula

b

f (x) dx -

s

[fo + fa + 2(f2 + A +... + A-2) + 4(f, + fs +..,+
a

h=b - a

n

will give reasonably good results if f (z) is continuous on the entire seg-
ment [a, b] and on each of the segments [a, a + 2h], [a + 2h, a + 4h]....
it can be approximated reasonably well by a second or third degree poly-
nomial.

Similarly it is to be expected that a quadrature formula of the highest

algebraic degree of precision with n nodes will give an approximation
which is close to the true value if f(x) can be closely approximated on

the entire segment [a, b] by an algebraic polynomial of degree 2n - 1.
It is not always possible to apply formula (11.1.1) to calculate an im-

proper integral of an unbounded function since one or more values f(xk)
in the quadrature sum may be infinite. But even if it is possible to ap-
ply the formula the error might be very large. A large error can also be
obtained in integrating a continuous function which has an unbounded
derivative or in integrating an analytic function which has singular
points close to the interval of integration.

In cases such as these the accuracy of the approximate integration
can be appreciably improved if a preliminary transformation can be ap-
plied to the integrand which removes or weakens the singularities of f W.
This can be done if the integrand can be split into two parts

f(x)=fi(x)+ f2 (Z)

where fl (x) is a function which contains "most" of the singularity of
b

f (x) for which the integral f p (x) f 1(x) dx can be evaluated exactly.
a

The function f2(x) should be relatively smooth so that the integral
jb

p(x) f2 (x) dx can be closely approximated by a quadrature formula.

In Section 11.2 we discuss several methods for removing or weakening
the singularities of f (z).

2. In most cases quadrature formulas can estimate an integral to any
degree of precision provided that a sufficiently large number of nodes
are used. The number of nodes which must be used to obtain a desired
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accuracy can be determined in principle by employing the methods we
have discussed for estimating the remainder R (f). Such estimates, how-
ever, are usually intended for a wide class of functions and do not take
into account the individual properties of a particular integrand. There-
fore, as a rule, these estimates are too large and only serve as a rough
estimate for the number of nodes which are necessary.

To decide on the number of nodes to be used in a calculation one
usually takes into account not only the estimate for the remainder but
also other information such as experience derived from previous calcula-
tions, comparisons with similar integrals or a comparison of the results
of integrations carried out by different methods. The value of n obtained
in this way will often give the desired accuracy but we can not be abso-
lutely certain that it will. We then have the problem of checking the
result and if it is not sufficiently accurate of increasing the accuracy.

We will assume that f (x) is sufficiently smooth so that a large value
for R (f) can only result from using an insufficiently exact quadrature
formula.

To increase the precision of the formula we must find additional terms
to add to the right side of (11.1.1) so that the new formula will be more
precise than (11.1.1).

It is clear that these new terms must account for the principle part of
the remainder R (f). There are many different ways in which the "prin-
ciple part" of the remainder can be defined and we must determine a
simple method to calculate the part which is appropriate to this problem.
We discuss two such methods in the last two sections of this chapter.

Suppose that by some method a new term has been found for (11.1.1).
If the correction provided by this term improves the accuracy to the de-
sired degree then the computation is completed. If the desired accuracy
is not achieved with the first term then the process is repeated and
another term is found. It is usually impossible to determine beforehand
how many steps will be necessary and therefore we must construct a
sequence of principle parts for the remainder (11.1.2) for our initial
formula.

11.2. WEAKENING THE SINGULARITY OF THE INTEGRAND

As we pointed out in the previous section we can improve the accuracy
of an approximate integration by weakening the singularity of the in-
tegrand by splitting it into two parts f (x) = fl (x) + f2 (x) where fj (x)
contains "most" of the singularity of f (x) such that the integral

p (x) f 1(x) dx can be calculated exactly and where the integral of thef
6
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b

second part f p(x)f2(x)dx can be closely approximated by a quadra-

a

ture formula.
The particular method used will depend on the character of the singu-

larities of f (x) and on the weight function p W. Let us consider some
simple examples of such methods.

1. Suppose we are given the integral

fb
(x - x1)a-0 (x) dx (11.2.1)

where x1 is a point in or close to the segment [a, b]. To be definite let
us assume that x1 belongs to [a, b]. We also assume that a is greater
than -1 and is not an integer, that qS(x) is continuous on [a, b], that
fi(x) has derivatives up to a certain order m at x1 and that q! (x1) 0.

For a < 0 the above integral will be improper. If a > 0 then the inte-
grand will not have derivatives of all orders at x1. Thus quadrature for-
mulas might give a large error for this integrand.

Let us split off from the Taylor series expansion of O(x) around the
point x1 the first k terms (k < m) and write f (x) as

f(x)= (x-x1)a40 (x)=f1(x)+ f2 (Z)
where

1)
(x-x1)k-1

f2(x)= (x-x1)a'x

(x_x1)k-1x [(x)_
0 1!

i ,!

Thus the original integral will also be split into two parts

b

(x - x1)a 0 (x) dx = f
b

f1 (x) dx + f
b

f2 (x) dx.
Ja Ja a

The first of these integrals can be calculated exactly by elementary
methods. At x1 the function f2 (x) is differentiable k more times than the

b
original function. Therefore the integral r f2 (x) dx can be calculated

a
with greater accuracy than (11.2.1) by a quadrature formula.
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As an example consider the integral

fo

1

v/1-x2 dx=4 -0.785398163....

At the upper limit x = 1 the function _V/1 _ x2 has an algebraic singularity.
Let us remove the factor 1 --z and expand 1 -+x in powers of x - 1
taking two terms in the expansion:

[vr-v(1--)]./1=x/11-1+The

integral then splits into /two integrals the first of which can be
integrated exactly:

11
1

1-x (1-1-x)dx=17/2 -0.801388....- \ 4 / 30

The second integral

12= fl 1-x x)]dx

can be calculated by Simpson's formula (6.3.55) with three nodes:

f2 (0) = 1 - 3V/2
0.060660

4f2121=2,/3-2=- 0.035898

f2(1)0

12 6 [f2(O)+ 4f2()+ f2(1)]=-0.016035

1-x2dx=11+12-0.785353.
fI

This result is exact to four significant figures. Applying Simpson's
formula with three and five nodes directly to the original integrand gives
0.637 and 0.744 respectively.

2. A similar transformation can be carried out when the integrand has
singularities at several points. Suppose the integral has the form

ff b f(x)dx= f b (x-xl)az(x_x2)n2...(x-xa)an(i(x)dx. (11.2.2)
a Ja
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We combine all but the first factor

(x - x2) a 2 ... (x - xa) a. n 0 (x)

and expand this function in a Taylor series in powers of x - x1. Taking
the first k terms of this expansion we split the integral as before into
two parts

f(x)= fl (x)+[f(x)-fl(x)]
where fl (x) is a sum of powers and at the point xl f (x) - fl (x) has de-
rivatives of higher order than f W. In a similar way we can expand
around the other points 12, ... , X. and obtain

f(x)=fk(x)+[f(x)- fk(x)], k=2,..., n.
We can then split the original integral into two parts

f
b b

f(x)dx= f
Ja

+
J

1 f ( X )

a

where the first integral is easily calculated exactly. The function in the
second integral has higher order derivatives than f(x) and a quadrature
formula applied to this integral will give a more accurate result than
when applied to (11.2.2).

3. Taylor's formula can be used to weaken the singularity of the inte-
grand any time that the integral has the form

b A (x) 96 (x) dx
a

where i&(x) has a singularity at a point xl provided that the integrals
Lb

O(x)(x-xl)tdx can be calculated exactly and that the function O(x)

is differentiable several times at the point xl. An example is the integral

1.

b

(x-xj)a'lnhIx-xll 9S(x)dx

where a is a real number greater than -1 and p is an integer.
4. Consider the integral

f b Vr[q(x)]dx (11.2.3)
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where vp (t) has a singularity at t = 0 and OW is a continuously differ-
entiable function which is zero at x = x1 and such that 95'(x1) = A t 0.

To weaken the singularity of the integrand we can split it into two
parts

r/r195(x)]=&r[A(x-x1)]+1[95(x)] -0 [A (x-x1)]1

and if the first integral rlr[A (x - x1)] dx can be calculated exactly
a

then a quadrature formula applied to the second integral will give a more
exact result than when it is applied to (11.2.3).

As an example consider the integral

fo

77/2
In sin x dx=-2ln 2=- 1.089045.

This integrand has a logarithmic singularity at x = 0. We remove from
sin x the first term of its expansion in powers of x and write the integral
in the following way:

I
Ir/2 77/2

nInsinxdx= o lnxdx+
fo

I
0

aau x dx=11+12

1r/2
11= f lnxdx=2(1n2-1)=-0.861451.

o

The function y (x) = In
si x has no singular points in [0, 2] . To cal-

culate 12 we use Simpson's formula with 3 nodes:

1212 +4y(2)+y(2110.228189.

Thus

77/2

In sin x dx = 11 + 12 - - 1.089640.

11.3. EULER'S METHOD FOR EXPANDING THE REMAINDER

9r/2

We now consider the problem of increasing the precision of a quadra-
tnre formula by removing the principle part of the remainder. The most
appropriate way of doing this depends on the properties of the remainder
and there are many different methods which may be used.
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In this chapter we discuss two of these methods, the first of which is
closely related to the Euler-Maclaurin sum formula.

The simplest type of Euler's formula serves to increase the accuracy
of the simple one-point formula. It is another form of the method for ex-
panding an arbitrary function in Bernoulli polynomials.

Let f (z) have v continuous derivatives on the finite segment [a, b]. In
Chapter 1 we established the representation (1.4.2) which expresses
f (x) in terms of Bernoulli polynomials and the periodic functions B* (x).
This representation can be written in the form

I61 (t)dt=(b-a)f(x)-(b-a)B1(b_alIf(b)-f(a)]-

z(b _ ...[ ,(b) '( )]
)

B

- -af -f2(a)
2!

_ a)v1
B (V-2) (If (v-2) (b) )]- -(

- f a_1 ( E ) +

(11 .3.1)

[B*V
/(b v!)v

f b f(v)(t)(x_t) -Bv(b-a)l dt.

The first term on the right side of this equation (b - a) f(z) gives an
b

(t) dt and is a one-point formulaapproximate value for the integral
fa

f

which uses the point x. The approximate equation
fb

f(t)dt-(b-a)f(x)
a

will be exact when f (t) is a constant function.
If we adjoin to the term (b - a) f (x) the second term on the right side

we obtain

ff
6

f(t)dt-(b-a)f(x)-(b-a)B1(..-)Ef(bb_a)-f(a)]
a

which i s exact for any linear function. If we add a third term then the
resulting equation is exact for any quadratic polynomial and so forth.
Adding one term at a time from (11.3.1) increases the algebraic degree of
precision of the formula each time by one. We can expect, at least in
certain cases, that each new term will increase the accuracy of the ap-
proximate integration.

The integral on the right side of (11.3.1) is the remainder term in the
final quadrature formula. Below we will investigate this integral further.
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Equation (11.3.1) is more valuable than we have indicated for from it
we can construct, in principle, a method for increasing the precision of
any quadrature formula for use with a constant weight function. Let us
consider an arbitrary quadrature formula of the form

j.b
f (t) dt - (b - a) Ak f (xk). (11.3.2)

a k-1

Let us assume that this formula is exact if f (t) is a constant, that is
n

E Ak - 1. Then it is obvious that (11.3.2) is a linear combination of n
k=1

elementary one point formulas

b

f (t) dt - (b - a) f (xk)
4

(k = 1, 2, ... , n).

Therefore a linear combination with coefficients Ak of n equations (11.3.1)
with x = x1, x = Z 2,--- , x = X. gives a new equation which will increase
the accuracy of the formula (11.3.2) to an arbitrarily high degree.

One can see that similar equations can also be constructed for quadra-
b

ture formulas for the approximate evaluation of an integral f p (t) f (t) dt
a

with any summable weight function p(t). Such formulas are formally very
simple to derive by using the theorem on the expansion of a function in
Bernoulli polynomials together with special forms of integral representa-
tions for the remainder of the quadrature formulas. But it is not clear in
which cases the formulas obtained in this way will actually increase the
accuracy of the quadrature formulas and in which cases they will give a
worse result.

We will begin our discussion from an intuitive point of view and will
derive a method to increase the accuracy which will be very generally
applicable. Our discussion will also clarify the conditions under which
formulas of Euler's type are to be preferred over other methods.

We assume again that the segment [a, b] is finite and that f (x) has a
continuous derivative of order m + s on [a, b] where m and s are positive
integers which will enter into the following discussion.

We will consider the remainder R (f) of the quadrature formula

f
b n

f p(x)f(x)dx=E Akf(k)+R(f) (11.3.3)
k-1

which we assume is exact for all polynomials of degree < m - 1.
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The function f (x) can be represented by the Taylor series:

f
f(m)(t)(x-t)m-1

i! (m - 1)!
i=0

= Pm-1 (x) + Ib f m(d) E (x - t) ( i)

R()= bp(x)
b f(m)(t)E(x-t)(x-t)m-1

f f f (m - 1)!

dt =

dt.

dt dx -

209

a

-
Ak

fb
f(m) (t) E (xk t) (xk t)m-1

dt.
kk=1' (m - 1)

The assumptions of the continuity of f (m) (x), the summability of p (x),
and the finiteness of [a, b] allow us to change the order of this double
integral. This allows us to construct a representation for R (f) which
will be useful for analyzing the remainder and especially for selecting
its "principal part":

R(f)= fb f(m)(t)K(t)dt (11.3.4)
a

where the kernel K (t) is given by

K (t) = fb p (x)
(x - t)m-1 dx - a' Ak E (xk - t) (xk (11.3.5)

c
(m - 1)! u (m - 1)!

When K (d) is a "slowly varying" function the part of K (t) which most
influences the numerical value of R(f) is the average value of the kernel.
The principle part of R(f) can then be separated by writing

6

K (t) = CO + [K (t) - C0] where CO = (b - a)-1 f K (t) dt.
a

Then

R(f)=C0
fb

f(m)(t)dt+ fbf(m)[K(t)-CO]dt=
a

= CO[f(m-1) (b) - f (M-1)(a)] + f b f(m+l)(t)L
1 (t) dt

a
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where

L 1(t) = f [Co - K (x)] dx.
a

If the new kernel L 1 (t) is again a "slowly varying" function we can
again separate the principle part from the integral

b f(m+l)(t)L1(t)dt

and so forth.
After performing this operation s times the original quadrature formula

(11.3.3) will be transformed into an equation of Euler's form which can
be used to increase the accuracy of (11.3.3) provided that the functions
L o = K, L 1, L 2, ... do not have large variation:fbt Akf(xk)+Co[f(m_1)(b)-f(m_1)(a)]+...+

k=1

+ Cs_1 if (m+s-2) (b) - f(m+s_2) (a)] + R. (f)

b

Ci=(b-a)-1 f L1(t)dt,
a

Lo(t)=K(t)

L1}1(t)=
ft

b
R,(f) =

fa

f(m+s)(t)L. (t)dt.

( 11.3.6)

(11.3.6*)

Equations (11.3.6*) give a method for sequentially calculating the Cl
and Li(t). However, we can find a representation for Ci and L1(t) di-
rectly from the kernel K (t). To do this we return to the initial quadrature
formula (11.3.3) with the integral representation for the remainder

R (f) = fb
f(m)(t)K(t)dt.

"a

Replacing f (m) (t) by its expansion in terms of Bernoulli polynomials
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f(m)(t)=(b-a)-1 f b
f(m)(x)dx+

a

211

L+ [1 (b -a)i-1
Bi

/I a>[f(m+i_1) (b) - f (m+i-1) (a)] -
i=1=1 1\ /1

(b

s!s
1 rb f(m+s)(x)LBs(b-a/

\b-a)J
and integrating we obtain

p (x) f (x) dx = E' Ak f (xk) +
fa

b a

k=1

+ (b - a)-1
f

K (t) dt [f (m_1) (b) - f ("`-1) (a)] +
a

(b - a)i-1 b K (t) B
t - aldt x+ -1T

i=1
i! f ` kb -

which must coincide with (11.3.6) for any function f(x) which has a con-

tinuous derivative of order m + s on [a, b].
This can happen only when the coefficients of the terms [f (m+i-1) (b) -

f ('+-')(a)] are equal and when R8 (f) in (11.3.6) coincides with the last
term in the previous equation. Thus we have shown that

Ci = (b - a)i-1

f b
K (t) Bi (_-!) dt (11.3.7)

a

Ls (t) =-(b
sls_1

(11.3.8)
a L

There is a simple interpretation for the Ci and Li(t). Comparing (11.3.7)
with the integral representation for the remainder R (f) given by (11.3.4)
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we see that Ci is the remainder when the quadrature formula is applied
i-1

to a function which has for its m'h derivative (b - a) B` /t - a\
i! b - a

Recalling the rule (1.2.6) for differentiating a Bernoulli polynomial we
see that the polynomial

(b - a)m+i-1
B

It - a)
(m + i)! m+i

b a

has this property. Thus

C` (m+i)!
RIBm+i(b-a)J

(b - a)m+i-i
(m+i)! If '

p(t)Bm +j (b - a) dt -

- A k Bm +i (xk
a)

(11.3.9)6-a
k=1

This equation provides a simple method for calculating the Ci .

Similarly we obtain for L,(t) the expression
m+s-1 /

Ls(t) (b
(

_

ma+ s)! Rx [Bm+s (b - a) -

- Bm+s (b - a)] (11.3.10)

where Rx indicates the remainder when the quadrature formula is applied
with respect to the variable x.

Now we construct some special cases of Euler's formula. We begin by
obtaining the Euler-Maclaurin' formula for increasing the accuracy of the
trapezoidal rule.

Consider the simple trapezoidal formula

fb
f (x)dx = b 2 a [f (a) + f (b)] + R(f) (11.3.11)

which is exact for linear polynomials and for which we must take m = 2.
To construct (11.3.6) we must first compute the coefficients Ci. The
easiest method in this case is to use (11.3.9).

'For other Euler-Maclaurin formulas see J. F. Steffensen, Interpolation,
Chap. 13.
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The polynomials B.(x), n = 2, 3, ..., have the property that B.(0) _
Bn(1) so that

f _ \
B+(_ a) dt = [Bt+3(1) - B(0)] 0

/

C, (b - a)i+z [B;,+2(0) + Bi+z(1)] _2(i+2)!

(b - a)t+2 1 + (-1)'+2
(i + 2)! 2

B.+z..

All the odd order Bernoulli numbers, except B1, are zero so that C1 =
C3 = C5 = . = 0. The coefficients Cj with even subscript i = 2f are

(b - a)2i+2
C21 (2f + 2)! B2i+2 (11.3.12)

The first few C21 are:

(b - a) 2 _ (b - a)4 C4 (b - a) 6
CO

12
Cz

720 30240

__ (b-a)3 Ca
(b-a)10

C6
1209600' 47900160

To construct the remainder R,(f) in (11.3.6) we will calculate the
kernel L3(t) from (11.3.10):

Ls(a)=
-(b - a)

1

,fb [[Bs+z x - t' - B**+z x-a1]dx-
(s+2)! \b-a/ (b -a/

- b
2

a
1B: +2 (6 - a) - Bs+z(0) +

+ Bs+z(b a) - Bs+z(1)] } .

The period of Bs+z (b _ a) is b - a so that

f * x a\B+z
b )dx =

JB*+2(X_
b a)dx

and the integral in the expression for LS(t) is zero. Also
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BS+2 (b - t) = B*+21 b Bs+2(0) = Bs+2(1) = Bs+2

and defining y,*k(x) = B*k(x) `- Bk we obtain

Ls(t) _ (b - a) s+2 (b_t)
B

(s + 2)!
[B* - s+a]

=

_ (b-a)*+2 * b -t
(s+2)! Ys+2(b-a)

We can now write equation (11.3.6) for the trapezoidal rule. Since the
C;, are zero for all odd i we have

f f (x)dx = (b - a) [f (a) + f (b)] -
2

(11.3.13)
V-1

E (b - a) 2k B2k[f (2k-1) (b) - f(2k-1)(a)] + p2v(f k)
- - (2k)!

where the remainder P2v(f) is either

p2v(f) =
(b - a)2v-1 f b f(2v-1) (t) * (b - t)dt

(2v - 1)! a
Y2v-1 b - a)

or (11.3.14)

P2-1(f) _
(b(2v)12v rf(2v)(t)Y2v(b

- t)dt

depending on whether f(t) has a continuous derivative of order 2v - 1

or 2v.
In the following discussion we assume that f (t) has a continuous de-

rivative of order 2v so that p2v(f) satisfies the second equation of
(11.3.14) and will transform this equation into a somewhat simpler form.
We make the transformation t = a + (b - a)u, 0 < u < 1. Using the
relationships

lb \
Y2v(b - a) = 7221(1 - u) = B2v(1 - u) -B2v =

= B2v(u) - B2v = y2v(u)

we obtain

(b - a)2v+1 1
(221)P2v(f) _ (2v)! , f (a + (b - a)u)y2v(u)du (11.3.15)
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In order to obtain an equation for increasing the precision of the re-
peated trapezoidal formula (6.3.4) we divide the segment [a, b] into any

number n of equal parts of length h = b a and apply (11.3.13) to the
n

subsegment [a + ph, a + (p + 1)hl:

+(p+1)h
f (x)dx = h { f [a + ph] + f(a + (p + 1)h]} -a+aph

v-1 h2k Bald f(2k-1)[a + (p + 1)h] -- v (2k)!
(2k-1)[a + ph]) + p2v)(f )

P2 )(f) (2v)! I1 f (21)(a + ph + hu)yav(u)du.

By adding these equations for p = 0, 1, ... , n - 1 we obtain

6 v-1 h2k
f (x)dx = Ta -

(2k)!
B2k [f(2k-1)(b) _ f(2k-1)(a)] + p2v(f)

Tn
12

If '(b) - f'(a)] + 720 If (a) (b) _ f(3) (a)l -

30240
If (s) (b) - f (5) (a)] + (11.3.16)

h 8-
+ 1209600 If

(7) (b) - f(7)(a)] -

- h10 If(9)(b) - f(9)(a)] + . + p2v(f )
47900160

where

Tn=h[ 2f(b)]

and

n-1
P2111(f) °

(2v)! 1 1 L f(2V)(a + ph + hu)du =
P=O

h2v+1 1 n-1
IB2v(u) - B2vl E f(21) (a + ph + hu)du.

(2v) !
o P=O
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Equation (11.3.16) is the well known Euler-Maclaurin sum formula re-
6

lating the integral f f (x)dx to the sum of integrand values at equally
a

spaced points:

S. = f (a) + f (a + h) + + f (b) = h-1 T. +

2
[f (a) + f (b)].

From (11.3.16) we can calculate S. if we know the value of the integral
or the value of the integral in terms of S. We are only interested in this
second application.

If v increases without bound then the terms in the summation in
(11.3.16) become the infinite series

r h2k
B 2A

(2k-1)
(2k)l 2k [f (b) - f (a)l (11.3.17)

k=1

We recall that, for large integers k, the Bernoulli numbers B2k grow
very rapidly and are approximately equal to

B2k = 2 (-1)k-1(2k)! (2n)-2k

Therefore the series (11.3.17) converges for only a very small subclass
of the functions we have been considering. In spite of this shortcoming
the Euler-Maclaurin formulas are often used because for the first few
values of v the remainder decreases and the first few corrections ap-
plied to T. significantly increase the accuracy of the trapezoidal formula.

We now prove three simple theorems about the remainder p2v(f ).

Theorem 1. If f (2 v) (x) is continuous on [a, b] then there
point e e [a, b] for which

nh2v+1
P211(f) (2v)!

B2,f(2v) ().

Proof. In Section 1.2 we showed that the function Y2v(u)
change sign on the interval [0, 1]:

(-1)vy2v(u)>0 for 0<u<1.
Consider the integral

p1 n-1

Iv= J (1)vY2v(u) f(2v)(a+ph+hu)du.
0 P.0

Let m and M denote the smallest and greatest values of f (21)(x) on
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[a, b]. Then it is clear that

1 1

(-1)vnm f y2v(u)du < Iv< (-1)vnM fi2v(u)du
0

and since

I
1 rl

Y2v(u)du = J0

[B2v(u) - B2vl du =

1

2v + 1
[B2-+l (1) - B2v+1(0)1 - B2v = -B2v

then

Iv = (-1)v+1 nPB2v

where m < P < M. From the continuity of f (2 v) (x) there must be a point
E [a, b] for which f(21) P so that

Iv = (-1)v+1nB2vf (2v)()
h2v+1

Since p2v(f) =
(-1)v

Iv the theorem is proved.
(2v)!

Theorem 2. If f2(x) is continuous and does not change sign on
[a, b] then p2v(f) can be written in the form

2v

P2v(f) _ -0(2 - 2-21+1) h2B'v [f(2v-1)(b) - f(2v-1)(a)l

0 < 0 < 1. (11.3.19)

Proof. In Section 1.2 we showed that (-1)ky2k(x) does not change

sign on [0, 1] and that this function increases for 0 < x < 2 and de-

creases for 2 < x < 1 with its largest value at x = 2 where

1)kY2k 1 2 1 = -(-1)k (2 - 2-2k+1) B2k

Therefore p2v(f) has the same sign as

/1 2v+1 1 n-1
y2y(

)h(2y)!
r E f (21) (a + ph + hu)du\2
0 0P=

and, in absolute value, is less than this quantity. Therefore
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1l h2v+1 1 n-1
P2v(f) = eY2V() (2v). i J E f (2 v) (a + ph + hu)du,

2 0 p=0

But

11 2k+1
Y2k

2
= -(2 - 2- )B2k

and

1
n-1

j(2v)(a + ph + hu)du =
0 p=0

A-1

0 < 0 < 1.

= h-1 E if(2V-1)[a + h(p + 1)] - f(2v-1)[a + hp]} =
P=O

= h-1[f(2v-1)(b) - f(2v-1)(a)]

which then establishes (11.3.19).

1

From this second theorem we see, provided f (2 v) (x) satisfies the
necessary assumptions, that p2v(f) has the same sign as the first neg-
lected term in (11.3.16) and is smaller, in absolute value, than twice this
term.

It turns out that under certain assumptions on f (x) the remainder
p2v(f) in the Euler-Maclaurin formula (11.3.16) has an estimate similar
to the estimate for the partial sum of an alternating series.

Theorem S. If f (x) has a continuous derivative of order 2v + 2 on
[a, b] and for each x e [a, 6] either

f(2V)(x) > 0 and f(2v+2)(x) > 0

or

f(2v)(x) < 0 and f(2v+2)(x) < 0

then p2v(f) has the same sign as
h2vB2

_ (2 'v [f (2V-1) (b) - f (2v-1) (a)]

and is less, in absolute value, than this term.

Proof. The remainders p2v(f) and P2v+2 (f) satisfy the relationship
2v

P2v(f)
h B2

[f(2v-1)(b) - f(2v-1)(a)] + p2v+2(f )
(2v) !
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which can be written as

h2v+1 1 n-1

(2v!
y2 v (u) Ef(2v) (a + ph + hu)du +

o P=O

h2V+3
=1 [-y2v+2 (u)] E f (2 v+2) (a + ph + hu) dun2) ! Jo n=O
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h2vB- 2v [f(2v-1) (b) - f2v-1(a)]
(2v!

In Section 1.2 we showed that y2v(u) and -y2v+2 (u) have the same
sign on (0, 1]. H f (2v)(x) and f (2v+2)(x) also have the same sign then
both terms on the left side of the last equation must also have the same
sign. Therefore each of these terms must have the same sign as the
right side and can not be larger, in absolute value, than this term.

Let us apply the Euler-Maclaurin formula (11.3.16) to approximate the
integral

= In 2.

Here a = 0, b = 1 and we will divide [0, 1] into 10 equal parts so that
n = 10, h = 0.1. In the formula we will use two terms in addition to
T. and thus v = 3:

1
dxx T. - 12 [f'(1) - f'(0)] + h4 [f (a) (1) - f(a) (0)].

720

Tn = (O.1)E(
2> 11 + 111 + + 1 9 + ()] =

0.693771403.
2 \`

12 [f' (1) -
f' (0)]

1200 [1 - 4 -0.000625.

720 [f
(a)

(1) - f
(3)

(0)] = 6
7x

20
10-4 [1 24] = 0.000000781.

Therefore the approximate value of the integral is

0.693771403 - 0.000625 + 0.000000781 = 0.693147184.

We now estimate the error in this approximation. We note that the deriva-

tives f (6) (x) = 6 ! and f (e) (x) = 8 ! are both positive
(1+x)7 (1+x)9
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throughout (0, 1] and therefore we can apply Theorem 3. The first neg-
lected term in the formula is

3 240
[f (5)

(1) - f (s) (0)]
120 10-6

11 64 1 < -0.000000004.

Therefore

dx
< 0.693147184.0.693147180 < f 1

xo

We will now construct an Euler type formula for increasing the ac-
curacy of the repeated Simpson's rule (6.3.10). To do this we first con-
struct equation (11.3.6) for

fa+2h
f (x)dx =

3

[f (a) + 4f (a + h) + f (a + 2h)] + R (f ). (11.3.20)

This formula is exact for all cubic polynomials and thus we must take
m=4.

We again use (11.3.9) to calculate the coefficients Ci :

_ (2h)1+3 a+2h t - a
C` (i + 4)! Ja

Bi+4( 2h )dt -

-
3

[Bi+4 (0) + 4Bi+4 (2) + B+4(1)]

d+4

3(ih+ 4)! (1 - 2-i-2)Bi+4.

Since B2k+1 = 0 (k = 1, 2, ...) then only the Ci with even subscripts
will be nonzero.

To find RS (f) we calculate La (t):

Ls (t) _ - (s +s4)!
fa+2h[Ba+4(x2ht)

- Bs+4(x2ha/Jdx

3
[B*. +4 (a2ht) - Ba+4(0) +

[BS
(a+h-t1+

4 +4 2h
)_B+4(-)]+

+ Bs +4 (1 +
a

2 h t) - Bs+4(1)] .
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The integral in this expression is zero and replacing the function
B a +4 (x) by the function ya +4 (x) = B*S +4(x) - B $ +4 we obtain

)Ls (t) = (2h)8+4 (2h + a - t
+3(s+4)! Ys +a 2h /

h+a-t
(1S+4+ 2 [Y( Y8+42)]

Substituting t = a + 2hu (0 < u < 1) we can write the remainder R8 (f )
in the form

R3(f) _ (2h)8+s' r1 f(8+4)(a
+ 2hu) x

3 (s + 4) . J

x { ys+4(1 - u) + 2[y*+4(1
((

2 Y8+4(2)] du-
2

Thus Simpson's formula (11.3.20) can be written as

f
a+2h

f (x)dx =
3

[f (a) + 4f (a + h) + f (a + 2h)] +
a

+ v}_1 (2h) 2k (1 - 2-2k+2) B2k
XLr 3(2k)!

k=2

x [f(2k-1)(a + 2h) - f(2k-1)(a)] + p2v(f ). (11.3.20*)

where the remainder p2v(f) can be written as either

P2v(f) _
(2h)2v

f f(2v-1) (a + 2hu) x
3(2v- 1)!

x { y211-1(1 - u) + 2yav-1(2
- u)

du.

or

(2h)2v+1 1

f (2v) (a + 2hu) xP2v(f) = 3 (2v)! fo

x JY211(U) + 2[yav(2 y2v(2)] du.

depending on whether f (x) has a continuous derivative of order 2v - 1
or 2v. Below we will assume that f (2 v) (x) exists and is continuous and
will, therefore, use the second expression for the remainder.
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Let as now consider the repeated Simpson's rule (6.3.10). We divide
the segment of integration [a, b] into an even number n of equal sub-
segments and apply (11.3.20*) to the double segment [a + 2hp,

a + 2 h (p + 1)]. Writing these equations for p = 0, 1, ... , 2 - 1 and

adding we obtain

6 v-1 (2h)2k
zk+z

2k- 2- ) B xf (x)dx = Un +
3(2k)1(1

x [f(2k-1)(b) - f(2k-1) (a)] + P2v(f) _

= Un - h4 [f(3)(b) - f(3)(a)] +
h6 [f(5)(b) - f(5)(a)] -

180 1512

hs [f(7)(b) - f(7)(a)] + . +
14400

P21(f) (11.3.21)

where

3!f(a)+ f (a + (n - 2) h)] +

f(a+(n-1)h)]}

(2h)2v+1 p1 ( 2 /1 (-!
p2Y(f) 3 (2v)! J {( Y21(U) + 2 Y2vl\2 - u - ysv`2

0

x

a-1

x f(21) (a + 2ph + 2hu)du. (11.3.22)
P=O

In order to study the remainder p2v(f) it will be necessary to investi-
gate the kernel

\ 1l].F(u)=Y2v(u)+2 Y2v
1

2
-ul -Y2.(-[

To do this we need the following Lemma. //

Lemma. For each v > 1 the function

qS2v+1 (x) = Y2v+1 (x) - 2Y2v+1 \1 - xt

has no zeros inside the segment L0,
2J

and the sign of this function is
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given by

(-1)v02v+ 1 (x) > 0, 0 < z < 1 .
2

Proof. Assume v > 1. Since Y2v+1(0) = Y2v+1 (.!) = 0 then it is

clear that x = 0 and x = 2 are zeros of 95zv+1(x). Let us suppose

that the point a (0 < a <

2)

was also a zero of 021+1(X)- Then in-

side each of the segments [0, a] and La,
2J

the derivative 9'2v+1(x)

will have at least one zero. Therefore the second derivative 952v+1 (x)

will have at least one zero inside CO, 21. But

952v+1(x) = (2v + 1) (2v )Lyzv-1 (x) - 2Y2v-1(2 - x)J =

_ (2v + 1) (2v) 021-1(x).

Thus, from the assumption that 95zv+1 (x) has a zero inside 0,
2

it follows that ¢2v-1 (x) also has a zero inside this segment. From this

it follows that q5s (x) would have a zero inside CO, 2]. However, we

can easily verify that 95 8 (x) = 3 x2 (x - 2) and this function has no

zeros inside CO, 2]. To determine the sign of 021+1(X) it is suffi-

cient to determine the sign of q52v+1(4)-

141

952V+1 = -Yzv+1(14)

and in Section 1.2 we showed that

(-1)v+1y2v+1(x) > 0 for 0<x< 1.
2

Therefore

(-1)v02v+1(x) > 0, 0<x< I.
2
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This proves the lemma.
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Let us now consider the function F(u) for 0 < u <
2

. We have

(-1)v-1 F'(u) = 2v(-1)v-1[Y2v-1(u) - 2Y2v-1(2 - a)] =

=

By the Lemma we see that F'(u) > 0 which means that
(-1)v-1 F(u) is a monotonically increasing function for 0 < u < 2.

Since F(0) = 0 it follows that F(u) > 0 for 0 < u < 1.

In order to see how F(u) behaves on 2 < u < 1 it will be sufficient

to show that NO is symmetric with respect to u = 2 : F(1 - u) = F(u).

Indeed

F(1 - u) = Y211(1 - u) + 2LY2v (u
- 2) - Y2v(2)1

/
Yav l u -

12)
= Y*2v (u +

21°
Y242

Y2v(1 - u) - Y21(u)

- U)

from which we see that F(1 - u) = F(u).
Thus it follows that (-1)v-1 F(u) is a positive monotonically decreas-

ing function on 2 < u < 1 and that this function has a relative maxi-

1
mum at u =

2

1m0 j F(u) -(1)v-1

Y2 V(2)

_ (-1)v-12 (1 - 2-2v)B2v (11.3.23)

These properties of the kernel F(u) permit us to prove three theorems
about the remainder p2v(f) of (11.3.22) analogous to the theorems about
the remainder of (11.3.16).

We omit the proofs of these theorems because the proofs exactly fol-
low the proofs of the preceding theorems.
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Theorem 4. If f (x) has a continuous derivative of order 2v on [a, b]
then there exists a point e [a, b] for which the remainder of (11.3.21)
satisfies

P2v(f) =
nh(2h)2(1 - 2-2v+2)B21, f(2v)(e). (11.3.24)

3 (2v)!

Comparing this representation for the remainder of (11.3.21) with the
representation (11.3.18) for the remainder of the Euler-Maclaurin formula
(11.3.16) we see that if f(21) (x) does not change sign on [a, b] then the
remainders of these two quadrature formulas have opposite signs. Hence
we have the following useful rule:

If the derivative f t2v)(x) does not change sign on [a, b] then the exact
6

value of f f(x)dx lies between the approximate values obtained from
a

(11.3.16) and (11.3.21) by neglecting the remainder terms p2v(f) in these
equations.

Theorem 5. If the derivative f(2 v) (x) does not change sign on [a, b]
then the remainder P2v(f) of formula (11.3.21) can be written in the form

P2v(f) = 20 (2/ (1 - 2-2v)Bzv[f (2v-1)(b) - f(2u-1)(a)]
3 (20!

0<0<1. (11.3.25)

From (11.3.25) we see that the remainder p2v(f) has the same sign as
the first neglected term of (11.3.21).

Theorem 6. If the function f (x) has a continuous derivative of order
2v + 2 and for all x in [a, b] either

f(2v)(x) > 0 and f(2v+2)(x) > 0
or

f (2")(x) < 0 and f(2v+2)(x) < 0

then the remainder p2v(f) of (11.3.21) has the same sign as the first
neglected term

(2h)21 (1 - 2-2v+2)B2v[f(2v-1)(b) - f(2v-1)(a)]
3(2 v)!

and is not greater, in absolute value, than this term.
We now give the series in (11.3.6) for increasing the precision of cer-

tain other special quadrature formulas.

1. The Newton-Cotes formula with 4 nodes:
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f
a+8h

f(x)dx_ 38 [f (a) + 3f (a + h) + 3f (a + 2h) + f (a + 3h)] +
a

+ 2k'(1 _ 3_2k+2) B2k [f(2k_1)(a+ 3h) - f (2k-1) (a)] _

keg 8(2!

= 8 (f(a)+3f(a+h)+3f(a+2h)+f(a+3h)]-

80 [f(a)(a+3h)-f(a)(a)]+
336

h6
[f(s)(a+3h)-f(s)(a)]-

_ 13h8 [f(7)(a+3h)-f(')(a)]+.... (11.3.26)
19200

2. The quadrature formula of the highest degree of precision 2n - 1 for
the segment [-1, 11 and the weight function (1 - x)a(1 + x),8(a, 8 > -1);
the nodes are the zeros of the Jacobi polynomial Pn('10)(x):

n

(1 - x)a(1 + x)13 f (x) dx -E Ak f (xk) +fl km1

+ Cp [f (2n-1) (1) - f (2n-1) (_1)] + C1 [f (2n) (1) - f (an) (-1)] + .. .

Co=2'+'6+2nnlr(a+f3+n+1)r(a+n+1)ro +n+l)
(2n)!(a+S+2n+1)[F(a+f3+2n+1)]2

C 1=

(2n+1)!r(a+is +2n+1)F(a+f3+2n+2)

S -a a+
a+s+2n La+j6 + 2n + 2

For the special ultraspherical case, a = ,9, the Ci with odd subscripts
are zero:

_22a'n!F(2a+n+1) 2nP(a+n+1) 2
Co

(2n)1(2a+2n+1) Lr(2a+2n+1),

22a'n!r(2a+n+1) 2nI'(a+n+1) 2
C2

(2n+2)! r(2a+2n+1) X

2n2+2(2a+1)n+2a-1 n(n-1) _
L(2a+2n-1)(2a+2n+l)(2a+2n+3)

+

(2a + 2n - 1) (2a + 2n + 1)

(n + 1)(2n + 1)

-3(2a+2n+1)
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3. For the Gauss formulas a =,6 = 0 and the nodes are the zeros of the
nth degree Legendre polynomial:

1
n

1 2n (n !)2r f(x)dx = Akf(xk) + (2n + 1)! [ (2 n)!J k=1

x [f(2n-1)(1) - f(2n-1)(-1)] +

x

1 2n(n!)2
2 n(4n2+5n-2)

+ (2n + 2)!L (2n)! ] [3 (2n - 1)(2n + 3),

X [f(2n+1)(1) - f(2n+1)(-1)] + ,

To apply formulas of Euler's type it is necessary to find the values of
the derivative of the integrand at the ends of the segment [a, b] and in
many cases this may be difficult to do. We can construct other formulas
for increasing the precision of quadrature formulas in which the correc-
tive terms are expressed in terms of differences or values of the inte-
grand in place of its derivatives. There can be a wide variety of such
formulas since the derivatives can be replaced by finite differences in
many different ways. As an illustration we show one example of how this
may be done.

Suppose we wish to calculate derivatives of f (x) at the point a. To do
this we interpolate on f(x) using its values at certain points. The form
of the interpolating polynomial depends on the choice of the nodes and
we will assume that we can only use the values of f (x) at the equally
spaced points a + kh (k = 0, 1, . ..) which belong to the segment [a, b].

We will use Newton's representation of the interpolating polynomial
with the nodes xo = a, x1 = a + h, x2 = a + 2h, ....

f (x) = f (a) + (x - a) f (a, a + h) +

+ (x-a)(x-a-h)f(a, a + h, a+2h)+ +r (x)
where r (x) is the remainder of the interpolation. For equally spaced
nodes the divided differences are easily expressed in terms of differences:

f(a, a + h, ..., a + kh) = hkk!Akfo, fo = f(a).
Making the change of variable x = a + ht we obtain the well known

Newton-Gregory formula which is useful for interpolating near the be-
ginning of a table

f(a+ht)=fo+ j-11o+ t(t2!1)A2fo+

+ t(t-1)(t-2)A3fo+....
31
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Taking derivatives of both sides of this equation and setting t = 0 gives

hf'(a)=Afo- 1A2fo+ 1A8fo- 1A4fo+ 1ASfo-...
2 3 4 5

h2 f"(a) = A2fo - tsfo +
12

A4fo -
6

A5fo + ...

hs f(a) (a) =
A3 fo - I A4 fo + A5 fo

2 4
h4 f(4) (a)

= A4 fo - 205 fo + .. .
h5f(5)(a)=A5fo-...

In a similar way we can find the values of the derivatives f (k) (b)
(k = 1, 2, ...) by interpolating on f (x) close to b = a + nb. We use
the same representation for the interpolating polynomial and set
x o = a + nh, x 1 = a + (n - 1)h, x 2 = a + (n - 2)h, ... .

f(x)= f(a+nh)+(x-a-nh)f(a+nh, a+ (n- 1)h)+
+(x-a-nh)(x-a-(n-1)h)f(a+nh, a+(n-1)h, a+(n-2)h)+
+...+r(x)

or

f(a + th) = fn + 1 ! afn- + '('2 + 1) A2A-2 +

+ t (t + 1) (t + 2) .

3 !

3fn-5 + . .

Thus we obtain

hf'(b) = &fn-1 +
2

A2fn-2 +

3

A5fn-8 + 1 D4fn-4

h2 f"(b) = A2fn-2 + A5fn-5 +
12

D4fn-4 +

6

A fn-5

k3 f(3)(b) = Dafn-5 +
2

D4fn-4 +

4

A5fn-5 + ...

h4f(4)(b)=D4fn-4+2A5fn-5+ ...

h5 f(5)(b)=05fn-5+ ...

+ I Asfn-5 +
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Suppose we wish to replace the derivatives in the Euler-Maclaurin
formula (11.3.16) by finite differences. If we substitute the above ex-
pressions for the derivatives we obtain the Gregory formula:

+nh

f
a

f (x)dx T- 2 (Af-1 - Afp) (A2f2 + AZf) -

- 19h
(Alfa-a - Asfo) -

h
(A4fn-4 + A4fo) -

20 160

- 60480
(A5fn-5 - &5f0) - 242754

192
(A6fn-( + A6f0) -

- ... - Ckh[Akfn-k + (-1)kAkfo] + R1(f) (11.3.27)

where it can be shown that

Ck= (1)k fIx(x-1)...(x-k)dx.
(k+1)! Jo

11.4. INCREASING THE PRECISION WHEN THE INTEGRAL
REPRESENTATION OF THE REMAINDER CONTAINS A
SHORT PRINCIPLE SUBINTERVAL

As in the preceding section we will consider a mechanical quadrature
formula for an arbitrary weight function

b a

f p(x)f(x)dx=E Ilkf(xk)+R(f). (11.4.1)

If the algebraic degree of precision of (11.4.1) is m - 1 and if f (x) has
a continuous derivative of order in on [a, b] then, as shown in the pre-
ceding section, R (f) can in many cases be written in the form

R
(f) = fb

fimi(x)K(x)dx (11.4.2)
a

where the kernel K (x) is independent of f W.
Let us assume that in [a, b] there exists a subinterval [a, )91 outside

of which K W has a neglectably small value or that K (x) rapidly be-
comes small away from [a, f3]. Then the value of the integral (11.4.2)
will be mainly due to its value on [a, /31. In addition let f (m) (x) have
"small variation" on [a, (3] or, what is essentially the same, let [a, /31
have a relatively small length. In order to remove the principle part of
the remainder R (f) let us assume that it suffices to write f (m) (x) as the
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sum of two terms
f(m) (x) = f(m) (ao) + [f (m) (x) - f (m) (ao)]

where ao is a point in the subsegment [a, 6]:

R (f) = f (m)(ao) K(x)dx + f b [f(m)(x) - f (m)(ao)] K(x)dx.
a a

The choice of the point ao is still arbitrary. When the kernel does not
change sign it is natural to take ao as the point of the x-axis about
which K (x) is concentrated:

ao =

Let us suppose that f(x) has a continuous derivative of order in + 2s.
We transform the last expression for R (f) by expanding f (-)(x) - f (m) (ao)

in a Taylor series with two terms

f(m)(x)-f(m)(ao)=f(m+')(ao)(x-ao)+ fx f(m+2)(t)(x-t)dt=
a

= f(m+1) (ao) (x - ao) + J b f(m+2) (t) x
a

x[E(x-t)-E(ao-t)] (x-t)dt.
We substitute this expression for f ('a) (x) - f (')(a o) into the expression

b

for R (f) and integrate. By our choice of ao, I K (t) (t - ao)dt = 0 and

(f)=Co f(m)(ao)+
J

b
f(m+2)(t)K1(t)dtR

a

Co=
fbK

(x) dz, K1(t)= fbK(x)(E(x-t)-E(ao-t)](x-t)dx.
a a

If we perform this transformation s times we obtain the following for-
mula which is sometimes useful for sequentially increasing the precision
of a quadrature formula:
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a6r

J
p(x)f(x)dx=E Akf(xk)+Cof(m)(ao)+

a k=1

+ C1 f (m+2) (a,)+.--+

+ Cs_1 f(m+2s-2)(a ) +s-1

+ f
J

b f(m+2s)(x)K.(x)dx
a

(11.4.3)

b

KO (x) = K (x), Ki}1(x) = f Kt (t) [E (t - x) - E (at - x)] (t - x) dt
a

Ci = fb Ki(x)dx, a; = Ci-1 xKi(x)dx.
n a

The above expression for Ki+1 (x) can be written as

f xKi(t)(x-t)dt
a

Ki+1 (x) = jb
x

a<x<ai

Ki (t) (t - x) dt ai < x < b.

Thus we see that if Ki (x) does not change sign on a < x < b then Ki+1 (x)
also does not change sign on this interval and Ki}1 (x) has the same sign
as Ki W. In particular if the initial kernel K (z) of the remainder (11.4.2)
is positive throughout [a, b] then all the kernels Ki (x), i = 1, 2, ... , will
also be positive throughout [a, b].

Let us now consider the quadrature formula with n nodes with the
highest algebraic degree of precision 2n - 1 for the weight function
(1 - x)p (1 + x)q, p, q > - 1:

n
f (1- x)p (1 + x)Q f (x) dx = Ak f (xk) + R (f). (11.4.4)
J kal

The nodes of this formula are the zeros of the Jacobi polynomial Pnp.q) W.
We will assume that these nodes are innumerated in increasing order:
-1<x1<...<xn<1.

First we show that when p or q is large there is a principle subinterval
[a, f3] for the integral representation of R (f ). We will show this by con-
structing an electrostatic analogy for the roots of P(p,q)(x).
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It is known that Pnp.e) (x) satisfies the differential equation'

d2 (P.e) p _q + 1 (p )dxP() + (±_!
x - 1 + x + 1 dx

P (x) +

+nn(p+q+n+ 1) pnP.v)(x)=0
1-x2

Substituting x = xk makes the third term on the left side vanish and

since d PnP. q) (xk),l 0 we can divide by this term to obtain

2 p+l q+l
+ + =0 (k=1,2,...,n). (11.4.5)

ij&k xk - xi xk-1 xk+1

This equation has a simple physical interpretation.
Consider a planar electrostatic field in which particles with like

charges are repelled with a force proportional to their charge and in-
versely proportional to the distance between them. If two particles with
charges ml and m2 lie on the x-axis at the points xl and x2 then the
force which one particle exerts on the other is

Amlm2

x2-xl
Let particles with charges of p + 1 and q + 1 be fixed at the respec-

tive points x = +1 and x = -1. In addition we place n particles of charge
2 inside the segment [-1, 1] and assume that these are only free to move
along the x-axis. Let xk (k = 1, 2, ... , n) denote the coordinates of
the free particles. If the free particles are at equilibrium then the force
on each free particle is zero. Thus for the particle at xk

E 4) 2A(p + 1) 2a( + 1) )

i9ak xk - xi Ilk - 1 xk + l

Thus the equations of equilibrium differ from (11.4.5) by only the
multiple 2A and the position of these particles will coincide with the
zeros of the Jacobi polynomial P(P'Q)(x).

When the charges p + 1 and q + 1 of the fixed particles are large they
will strongly repel the free particles and will force then to concentrate
in a "small" subinterval so that [x1, xa] will have a relatively small
length. When p is significantly larger than q the interval [x1, xa] will
be close to -1; conversely if q is significantly larger than p the interval
[x1, will be close to +1.

'See G. Szego, Orthogonal Polynomials, Amer. Math. Soc. Colloq. Publ.,
1939, p. 59.
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The remainder R (f) of the quadrature formula (11.4.4) has a repre-
sentation of the form (11.4.2). In general the kernel is given by (11.3.5)
which in the present case is

K(x)(1-t)p(l+t)g(t-x)2n-1 dt- }n AkE(xk-x)(xk-x)2n-1f (2n - 1)! (2n - 1)!X
1

In particular for a point x outside [x1, xn]:

K(x)= fz(1-t)p(1+1)q
(x-t)2n-1

dt for -1<x<x1
J-1 (2n - 1)!

K(x)= r1(1-t)°(1+t)q
(t-x)2n-1dt

for xn<x< 1.
On - 1)!

Consider, for example, the case xn < x < 1. The factor 1 + t lies be-
tween the limits 1 + xn < 1 + t < 2. Therefore K (x) is greater than

(1+xn)q 1(1-t)p
(t-x)2n-1 dt_

X
On - 1)!

1
=(1+xn)q

(1-x)p+2n

fo
u)pu2n-1du(2n

- l)!

and less than

2q f 1(1-t)p
(t-x)2n-1 dt=2gC(1-x)p+2n.

z (2n - 1)!

As x increases from xn up to 1 the kernel K(x)approaches zero as
(1- x)p+2n If p is large K(x) will approach zero very rapidly. If p is
not large but if q is large then xn will be close to unity and (1- x)P+2n
will again be a small number.

From this discussion we can expect that the method outlined above can
be used to increase the accuracy of formula (11.4.4) when p or q is large.

Formula (11.4.3) for the quadrature formula (11.4.4) is:

f(i - x)p(1+ x)gf(x)dx= Akf(xk) + Cof(2n)(ao)+
1 k=1

+ C1f(2n+2)(a1) + ... + Cs-1/(2n+2s-z)(as-1) +

+ f 1 j(2n+2 s)WK. Wdx.
1

(11.4.6)
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1

The coefficient Co = f K(x)dx of the first corrective term is the
f 1

remainder when the quadrature formula is applied to a function for which
f(2n)(x) = 1. We can take this function to be

1

!a2
[P(nP.4)(x)]2Ax) =

(2n)

where an is the leading coefficient of P(P-q)(x). Since PnP+q)(xk) = 0
then

Co= R(f)= 1 (1-x'(1+x)q[pnP.q)(x)]2dx-
(2n)!an U-1

- Ak[PPP.9)(xk)]2} _
k=1

1 f 1 (1 - x)P(1 + x)Q[PnP+a)(x)]2dx.
(2n)!an ,J 1

The value of an is given by (2.2.2) and the value of the integral is
(2.2.5) and thus

Co =
'(p + q + 2n + 1)r (p + q + 2n + 2)(2n)!r

We now calculate ao. We note that the integral in the expression ao =
1

Co 1 f xK(x)dx is the remainder when formula (11.4.4) is applied to
J 1

a function f(x) which has a derivative of order 2n equal to x. Writing

pnP.q)(x) = anxn + bnxn-1 + ...
we see that we can take f (x) to be

f(x) =
1

Cx

(2n + 1)!a2

Since f (xk) = 0 we have

2P+q+2n+In!I'(p+n+1)r(q+n+1)r'(p+q+n+1)

2bnl[p(P.q)(x)]2.
n

an

f'xKxdx= R(f) _
1
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1 1 f(1 - x)p (I+ x)4x[P,(p+4)(x)]2dx
(2n + 1) ! a,? 1

2bn f 1---- (1-x)p(1+
an ./ 1

x)Q[pnp.q)(x)]2dx }. (11.4.7)

We have found that the second integral inside the brackets is
(2n) ! an Co. The coefficients an and bn of the Jacobi polynomial are
known to have the values'

+2n+1) n(p-q)I'(p+q+2n)_ (p +q
ban

2nn ! r(p+q+n+l)
R

2nn!T'(p+q+n+1)

bn n(p - q)
an p + q + 2n

We now calculate the first integral inside the brackets in (11.4.7).
The following recursion relation is known for Jacobi polynomials`

(p + q + 2n)(p + q + 2n + 1)(p+ q + 2n + 2)xPnp'Q)(x)=

= 2(n + 1) (p + q + n + 1) (p + q + 2n)Pn+i)(x) +

+ (q2 - p2)(p + q + 2n + 1)P,(,p.Q)(x) +

+ 2(p + n)(q + n)(p + q + 2n + 2)Pnp_i)(x).

We multiply both sides of this equation by (1 - x)' (1 + x)QP,Pr4)(x)
and integrate over [-1, 11 and thus obtain

(1 - x)P (1 + x)Qx[p(P'Q)(x)]2dx =

= q2 - P2 1

(p + q + 2n)(p + q + in + 2) f Q)(x)]2dx
1

(q2 - p2)(2n)!a. Co

(p + q + 2n) (p + q + 2n + 2)

3See D. Jackson, Fourier Series and Orthogonal Polynomials, Math. Assoc.
Amer., 1941, p. 171.

a See G. Szego, Orthogonal Polynomials, Amer. Math. Soc. Colloq. Publ., 1939,
p. 70.
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Thus we obtain
f l

x K (x) dx =

q - p p +q 2n

2n+1 (p+q+2n)(p+q+2n+2)+ p+q+2n Co

Rewriting this expression gives

n n+_ 4-P
ao 2n+1 p+q+2n+p+q+2n+2

In the special ultraspherical case p = q and the ak (k = 0, 1, ... )
will be zero and formula (11.4.6) will be

1 n

f (1 - x)"f(x)dx= Akf(xk) +
J 1 k=1

22r+2n+ln![l'(p + n + 1)]2I'(2p + n + 1)
(2n)11'(2p + 2n + 1)r (2p + 2n + 2)

X
+

1

{f(2n)(o) 2(2n + 1)(2n + 2) x

x

X
(n + 1) (n + 2) + n(n - 1) (2n+2)(0) +[2p+2n+3 2p+2n-1]f

Suppose we wish to approximate the integral

11(1 - x2)2e"dx = 8e - 56e-1 - 1.145006.

Here p = q = 2 and let us take n = 1 so that the formula has the form

1

f (1 - x2)2f(x)dx = A1f(xl) + 105
[f (2)(0) + 36 f(4)(0) + ...,

Since the weight function is symmetric about the origin xl = 0 and

=
fl(

1 - x2)2dx = 15 = 1.066667.
1

The formula with only the first term

A 1f (x1) = 15 (1) =
1.066667
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gives a very poor result. The first two terms give

237

A1f(x1)
= L6

+ f (2) (0)

8
=+

1.142857
105 15 105 7

and three terms give

(4) 2 1082
A )f(x

f (2)
(0) + f (0) +=

144974= 11 1
+ 105 945 9457 945

.

which differs from the exact value in only the sixth significant figure.
The method of removing from the integral representation of the re-

mainder several successive "principal parts" which we have discussed
in this section in connection with increasing the accuracy of mechanical
quadrature formulas is closely related to a problem in the constructive
theory of functions which is usually called the problem of interpolation
by derivatives of successive orders or the problem of Abel-Goncharov.'

Let f(x) be a function with n + 1 derivatives defined on [a, 81 and
consider the n + 1 points eo, elf ... , ifn. We wish to find a polynomial
P(x) of degree <n which satisfies the conditions

P(i)(ei) = f(i)(ei) (i = 0, 1, ..., n). (11.4.8)

It is easy to find an explicit expression for P(x). From the last condi-
tion (11.4.8) we can take

P(n)(x)= f(n)(en).

Integrating this equation between the limits en-1 and x and using the
second from the last condition (11.4.8):

p(n-1)(x) = f(n-1)(Sn-1) + f (n)(Sn)
J

dtn.nz-

Continuing in this way we obtain after n steps

P(x) = f (So) + f'(e1) J
dtl + f"(e2) f f dt2dtl + "' +x t l

o o 1

to-1 dtn dt2dtl.+ f(n)(en) J
X J

t1 ...
fto 1 n

Introducing the notation

(11.4.9)

'See V. L. Goncharov, The Theory of Interpolation and Approximation of Func-
tions, Moscow, 1954, pp. 84-87 (Russian) and M. A. Evgrafov, The Interpolation
Problem of Abel-Goncharov, Moscow, 1954 (Russian) which contains a bibliog-
raphy on this subject.
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Lo(x) = 1, Lt(x) =
fxj.1

.. dt2dtl
1 ft1i-1

we can write P(x) in the form

P (X) =
M

T f(t)(et)Lj(x).
J=O

(11.4.10)

Consider the remainder of the interpolation

r (x) = f (x) - P (x).

Under certain assumptions on the function f (x) we can construct another
representation for the remainder which is better suited for studying and
estimating r(x).

Let the point x and the nodes k (k = 0, 1, ... , n) belong to the
segment [a, 16]. If f (x) has a continuous derivative of order n + 1 on
[a, ,B] then the remainder of the interpolation r(x) can be represented in
the form:

x tl to

r(x) =
fe,

. . . dt2 dtl.
0 .ffn

The validity of this representation follows from the fact that at the
nodes et theremainder r(x)Cmust satisfy

S) = 0r(eo) - 0, r'(S1) = 0, ..., r(n)(tt

and in addition that

r(n+1)(x) = f(n+1)(x)

We now return to the expression for the remainder of formula (11.4.1):

R(f) = f b f(m)(x) K(x) dx. (11.4.12)
a

In order to remove the principle part of the remainder R(f) suppose we
have selected, by some means, a point 60 so that we can split f(m)(x)
into two parts

f(m)(x) = f(m)(eo) + [f(,n)(x) - f(m)(60)]

= f (m)(6o) + f z f (m+l)(t) dt =
1fo

b

= f(m)(f0) + J
f(m+l)(t)[E(x - t) - E(eo - t)]dt.

a
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Previously we denoted the selected point by ao and choose it so that the
remainder was concentrated around it. Now we will not say how eo is
selected and assume that it is arbitrary.

Substituting the above expression for f (m)(x) into (11.4.12) we obtain

a

fb m+1)(x)N1(x)dx
(f) = Dof(m)(o) + f(

R

Do= fK(x)dx, N1(x) = f b K(t)[E(t - x) - E(eo - x)] dt.
a

In order to remove the second principle part from R(f) let us select a
second point if 1 and expand f (nm+1)(x) into two parts

f(m+1)(x) = f(m+1)(S1) + [f(m+1)(x) - f(m+1)(e1)]

and so forth. After carrying out this transformation s times we obtain

R(f) = Do f(m)(&) + D1f(m+1)(61) + ... + Ds_if(m+s-1)(Ss-1) +

+ f b f(m+s)(x) Ns (x) dx (11.4.13)

b

NO(x) = K(x), Nt+1(x) = f Nt(t)[E(t - x) - E(et - x)]dt
a

b

Dt = f N i W dx.
a

This expansion for the remainder is clearly similar to the expansion
for R (f) in equation (11.4.3). The only difference between the two ex-
pansion is that the points ao, a1, ... were chosen in a definite way and
the points eo, e19 ... are arbitrary. But if we select the et so that
Co = ao, e2 = a1, ... , then it is clear that the expansion (11.4.13) for
R (f) will coincide with the expansion (11.4.3).

Equation (11.4.13) can be obtained in another way which is closely
connected with the above mentioned problem of Abel-Goncharov. Taking
the nodes eo, e l, . ., 6,1 we interpolate on f ()(x) by a sequence of
its derivatives

s-1f(m)(x) = r r(x).
1==o

(11.4.14)

If we substitute this expansion for f(-)(x) into (11.4.12) we obtain
the representation
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R(f) _1 fb K(x)Li(x)dx +
a

This representation must clearly coincide with (11.4.13) for any function
which has a continuous derivative of order in + s. Therefore

Di= fbK(x)Li(x)dx
a

K (x) r(x) dx. (11.4.16)J b f(m+s)(x) N8 (x) dx = fa b

a

This relationship between interpolation on f(m)(x) and the expansion
of the remainder of quadrature formulas in "principal parts" is useful in
the theory of quadrature formulas in the following way.

If f(x) has continuous derivatives of all orders then in (11.4.13) we
s-1

can increase s without limit. Then the sum E D if (m+i)(ei) can be
i=o

b

+ f K(x) r(x) dx. (11.4.15)
Ja

replaced by the infinite series

R(f) = D0 f(m)(!fo) + D1 f(m+1)(!f1) + .... (11.4.17)

This series will converge to R(f) if and only if

lim
8400

fb

a

f(m+8)(x)Ns(x)dx = 0.

From (11.4.16) this is equivalent to

lim
8400

f 6 K(x) r(x) dx = 0.

Thus the possibility of expanding the remainder R(f) in a series (11.4.16)
of "principal parts" is related to the convergence of the Abel-Goncharov
interpolation (11.4.14) for the function f (m) W.

In particular if [a, b] is finite and if r(x) converges to zero uniformly
with respect to x then the expansion

R(f)=Dof (m)(e0)+D1 f(m+1)(e1)+...

is certainly possible.

S
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For a discussion of the conditions under which the Abel-Goncharov
interpolation converges the reader is referred to the book by M. A.

Evgrafov.
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CHAPTER 12

12.1. INTRODUCTION

Convergence of the
Quadrature Process

In this chapter we consider a sequence of quadrature formulas with n
nodes (n=1,2,3.... ). Such a sequence is defined by two triangular
matrices: a matrix of nodes

(1)X

X(2) x(2)
2

X = ...............

X(a) x(n)...x(n)
1 2 n

...............
and a matrix of coefficients.

(12.1.1)

A(1)

A(2) A(2)
2

A = ................(12.1.2)
2 n

sider the quadrature formula which corresponds to the nth row ofCon
these matrices:

fbL Akn)f(xkn))+R.(f)=Q.(f)+R,, (f).
k=1

(12.1.3)

We will say that the sequence of quadrature formulas, defined by the

242
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matrices X and A, converges if
n b

lim Qn (f) = Jim E A kn) f (xkn )) = f p (x) f (x) dx. (12.1.4)
n 4W Jk=1 a

Whether or not the process converges depends on the properties of the

integrand f(x) and also on the properties of the quadrature formulas. A
study of the convergence of the process consists of studying what rela-

tionship between the integrand f (z) and the matrices X and A will lead
to a convergent process.

There are two basic problems:

1. Given the matrices X and A determine for what class of functions F
equation (12.1.4) will hold.

2. Given a class of functions F determine the properties that the ma-
trices X and A must have to assure convergence of the process for all

f(x) e F.

In the rest of this chapter we discuss the solutions to these problems
for certain particular cases of practical importance in the theory of
quadrature formulas.

We limit our discussion to finite segments of integration and will not
be concerned with the harder problem of convergence of quadrature
formulas for integrals with infinite limits.

12.2. CONVERGENCE OF INTERPOLATORY QUADRATURE
FORMULAS FOR ANALYTIC FUNCTIONS

In order to simplify the proofs in this section and to make them more
6

general we will write the integral f p (x) f (x) dx as a Stieltjes integral.
a

Suppose that we are given a certain function a(x) of bounded variation
b

on the segment [a, b] and consider the integral f f(x) da (x). Let us
a

take n points x Vin) (k = 1, . . . , n) on the segment [a, b] and construct the
interpolatory quadrature formula

J'6
f(x)do(x)Akn)f(xkn))+R (f) (12.2.1)

a k.1

n b (x)
con(x) _JJ(x-xkn)), A(kn) = f

(x -xkn)coR(xknj) do(x).
k=1 J

A sequence of such formulas is completely defined by the matrix of their
nodes (12.1.1).
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It is remarkable that we can give an effective and simple criterion to
decide whether or not the interpolatory quadrature process converges for
analytic functions. Such a criterion can be formulated by means of a
function which can be interpreted as the limiting distribution function of
the nodes x(kn) (k =1, ... , n) as n----loo.

The nodes xkn) are assumed to lie on the segment [a, b] and a distribu-
tion function for these nodes will be defined on this segment.

Consider a unit mass of arbitrary form distributed on the segment [a, b].
If x is any point of this segment then for the value of µ(x) at the point x
we take the mass which lies to the left of x. In particular, since there is
no mass to the left of a µ(a) = 0 and µ(b) = 1.

Thus it is clear that the function µ(x) must have the following proper-
ties:

1. µ(a) = 0;
2. µ(x) is a monotone nondecreasing function of x which is continuous

from the left at each point inside [a, b];
3.µ(b)=1.
These properties follow from the definition and each function possess-

ing these properties will be called a distribution function for the segment
[a, b].

Let as be given a sequence of distribution functions µn (x), n =1, 2, ... .
We will say that this sequence converges fundamentally to a function
µ(x) if Ftn (x) -i µ(x) at each point of continuity' of µ(x).

We now consider the nth row of the matrix X

x(n), x(n) ... , X(n)

and assume that the nodes xkn) are enumerated in increasing order. We

assign to each of these nodes a mass of To this row of the matrix Xn

there then corresponds a distribution function µ.(x).
If there exists a function µ(x), which possesses the above three prop-

erties, to which the sequence µn(x) converges fundamentally:

µn(x) f -t. ft(x) as a -+oo

then we call µ(x) the limiting distribution function for the matrix X.
We will only be concerned with cases for which µ(x) exists.'
Let rn (x) denote the remainder of the interpolation for f (z) using its

values at the nodes xkn) (k =1, ... , n):

t Note that at the end points we have IA, (a) = µ(a) =0 and µ (b) _ 10) = 1 and
thus the sequence will always converge at the ends of the segment.

2 From known theorems concerning distribution functions we could consider X
to be an arbitrary matrix.



12.2. Interpolatory Quadrature Formulas 245

rn (x) _ (x) -
4)n (x)f (x _ x(a))w (X (n))

f(xkn)) = f(x) -L(x).
k-1 k n k

The remainder Rn (f) of the quadrature (12.2.1) is the integral of rn (x):

R. (f) = f rn (x) do W.
a

The convergence of the quadrature process is closely related to the
convergence of the interpolation and in particular if rn (x) -4 0 uniformly
with respect to x e [a, b] as n --' oc then Rn (f) -> 0, that is the quadra-
ture process will also converge. To investigate the convergence of the
quadrature process (12.2.1) we will first study convergence of the inter-
polation.

We assume that f(z) is an analytic function of z and that it is holo-
morphic in a certain simply connected region B of the complex plane and
that the segment [a, b] of the real line is contained in the interior of B.
Let I denote a simple closed rectifiable curve which is contained in B
and which encloses [a, b].

By (3.2.11) the remainder of the interpolation can be represented as

the contour integral

rn (z)
- 2 n l

f̀
n()(zf (x) dz (12.2.2)

where x is any point inside 1. Let µ(x) be the limiting distribution func-
tion of the nodes of the matrix X. The logarithmic potential

b
u(z) =

fa
In I I dµ(t) (12.2.3)

z -t

is very useful for studying rn(x) as n---+-. The function u(z) is har-
monic and is holomorphic everywhere in the complex plane except at the
point at infinity and on the segment [a, b]. As z approaches the point at
infinity u (z) approaches

Consider the curve

U (Z) = C.

If C is a large negative number then this curve encloses the segment
[a, b] and will be "close" to a circle with a large radius. We call this
curve IC and denote by Bc the part of the plane which lies inside it. As
C increases in the positive direction BC will become smaller. We denote
by A the least upper bound of the values of C for which [a, b] lies inside
BC. For each C < A the curve IC will enclose [a, b].
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We will denote by X the open region of the z plane for which u(z) < A.
The complement of X will be denoted by S.

Theorem L If f.(z) is an analytic function holomorphic in a certain
domain D which contains j6 in its interior then

ra (x) -i 0 as n---),-

uniformly with respect to x e P.

Proof. Since f3 lies in the interior of D there exists a number C' < A
for which Be U Ic' also lies inside D.

Take an arbitrary number C" between C' and A : C' < C" <X. The
curve 1c" is enclosed by IC, and contains IS and thus [a, b] in its in-
terior.

We take IC - as the contour of integration in the integral representation
of r,a (x). We also assume that x lies on IC ".

Let M denote the largest value of I f (z) I on Ic ' and S the distance be-
tween lc ' and lc . The following estimate is valid:

ra(x)I
M

_
I

ds.2S 1ws(z)I

Consider I Co. (Z)1_1:

-1I u)a (z) I = exp L In
I z - xkn) I.k=1

As above, we assign to each node xk (k =1, ... , n) a mass of 1 and in-
n

troduce the corresponding distribution function pa (x). Clearly
a

In 1 dµ (t) In 1

a Iz - tl nk=1 Iz - xkll

and therefore

In-1ti dµn(t).
a Is-

As n -soo pa(t) converges fundamentally to the limiting distribution

function of the nodes p(t). The point z lies outside [a, b] and In 1
Iz-fl

is a continuous function of t e [a, b]. According to the theorem on pas-
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sage to the limit for Stieltjes integrals, which is often called Helly's
second theorem,' we have

f b
In 1 dµn (t) _ + f b In dµ(t) = C' as n - co.

Ja Iz-tI Ja jz-t
Here z plays the role of a parameter and the convergence will be uni-

form with respect to z e 1c'. This can be shown by the usual proof of
Helly's theorem. Thus there exists a number n' such that for n > n' and
for any z e l' we have

C' -1,3 (C" - C') <I In
I

1

I

dµn (t) < C' + 3 (C" C').
a z - t

Similarly for x e Ia" we haveb
In I 1 I dg. (t) -. f b In 1 dµ(t) = C" as n --, co

a x-t a Ix - tl

uniformly with respect to x.
Therefore there exists an n" such that for n > n" and for each x e Ic"

C"-1 (COP -C')<J In 1 dltn(t)<C"+1 (C"-C').
3 a I x - tI 3

Taking no = max (n', n") we can assert that for n > no and any z e 1c
x e 1c" we have

in 1 dR0(t) - b In dlzn(t) <
jb

1z - ti ix ti

< CC' + 1(C" _

C J
_

[C"
'_1 (C" - C=_1 (C" - CO).

Hence we obtain the estimate
J L JJ

filn (x) I
< exp

I I
n

(z)[_c'_cj.

3V. I. Glivenko, The Stieltjes Integral, Moscow, 1936, Sec. 14 (Russian).
Also see I. P. Natanson, Theory of Functions of a Real Variable, Ungar, New
York, 1955, Chap. 8, Sec. 7, where Belly's theorem is proved with slightly differ-
ent assumptions than pa - µ. But it is easy to see that with slight modifica-

fund.
tions this proof also holds for the case ltn lt.

fund.
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This gives

Jra (x) I <
2 nS exp C 3

(C" Cn > no, x e lc,,, (12.2.3*)

where s is the length of lc'.
From (12.2.3*) it follows that as n- oo, r (x) -*0 uniformly on

Since ra(x) is an analytic function which is holomorphic in IC,.-UBC"
then r- (x) will converge uniformly to zero in the entire region IC U BC
In particular this will be true on 6 which lies inside lc... This com-
pletes the proof of Theorem 1.

Theorem 1 immediately leads to the following theorem on convergence
of the interpolatory quadrature process.

Theorem 2. Let [a, b] be a finite segment. If f(x) is an analytic func-
tion which is holomorphic in a certain region containing the set A in its
interior then for any function a(x) the interpolatory quadrature process
defined by (12.2.1) converges:

b

R.
(f) = a

r. (x)da(x)- 0 as n-+a*.
a

We now discuss the case when the limit function 1L(x) corresponds to a
uniform distribution of a unit mass on [a, b]:

µ (x) _ (x a) a < x < b. (12.2.4)(b-a)
This case corresponds to a sequence of quadrature formulas with equally
spaced nodes, one instance of which are the Newton-Cotes formulas.

For simplicity of notation we assume that the segment [a, b] has been
transformed into [0,1]:

µ (x) = X.

In this case the logarithmic potential (12.2.3) is
1

u(z) = f In 1 dt.
Jo Iz-ti

Since

o1 In Iz-tl dt=Re I In(z-t)dt=Re1(1-z)ln(1-z)+zlnz-11
Jo Jo

then

u(z)=Re{1-zlnz-(1-z)ln(1-z)}=

= 1 - x In ,/x2 + y2 - (1 - x) In V(1 - x)2 + y2 + y Arctan x - x2 - },2'
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Curves for u(z) = C are depicted in Fig. 8. The set 6 consists of the
curve which passes through the ends of the segment [0, 11 and the region
inside this curve.

Figure 8.

The greatest horizontal dimension of 13 is unity and the greatest verti-
cal dimension is about 0.5 and is obtained by the section of (3 by the
line x = 0.5.

From this discussion we see that we can guarantee convergence of the
Newton-Cotes quadrature process with equally-spaced nodes only when
f(z) is an analytic function which is holomorphic in a sufficiently wide
region about the segment [0, 11 which contains the indicated region j3 in
its interior.

We consider two more questions on the theory of convergence of inter-
polatory quadrature formulas which, in a certain sense, are extreme cases
of Theorem 2.

It can be expected that if f (z) is a function which is holomorphic in a
very wide region about the segment [a, b] then the quadrature process
will certainly converge for any function a(x) and for any choice of nodes
xkn) (k =1, ... , n). We now determine the smallest region in which f (z)
must be holomorphic in order that the quadrature process will converge
for any a(x) and any choice of xkn).

First of all we study the related interpolation problem.
Construct a circle of radius b - a around each of the points a and b

and let X denote the closed region inside the union of these two circles.

Theorem 3. If f(z) is holomorphic in the region X then for any choice
of nodes on [a, b] the corresponding interpolation process converges

L n (x) - f (x) as n -' =
uniformly with respect to all x e [a, b].
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The domain of holomorphy X is the smallest which will guarantee con-
vergence of the interpolation for any matrix of nodes xkn).

Proof. Let x and t be two arbitrary points of the segment [a, b] and z
be an arbitrary point in the complex plane. If z is not in X then

I xz

-_

tt
< 1. If z belongs to X then we can find points x and tin [a, b]

for which I x-z -tt I,1-

We now prove the first part of the theorem. Since f (z) is assumed
holomorphic in the closed region X then it will also be holomorphic in
some larger region. Therefore there exists a closed curve I which en-
closes X so that f(z) is holomorphic on this curve and in its interior.
The remainder of the interpolation has the representation

r
1 f 6j. (x) f (z)

n(x) dz2irii` wn(z)z-x.

Since x and the xkn) lie

Then there exists

and z for which

x - xknl
n< q < 1.

z - xk

Thus for each x e [a, b] and each z e 1

'0n(x) n
On(Z)I <q

and then

on [a, b] and z lies on I we have

x - xkn)
< 1.n)

a number q < 1 which is independent of x and the

n

rn (x) I < 4 max f I f (z) I ds = Aogn.
2,r aei t Iz-xI

Hence it follows that rn (x)---'O uniformly with respect to X.
We now show that the region X can not be made smaller. To do this it

suffices to show that for any a c X we can always find a function f(z)
which is holomorphic everywhere in X except at a and also a system of
nodes x(m) for which the interpolation process for f(z) will diverge at a
certain point x c [a, b].



12.2. Interpolatory Quadrature Formulas 251

Suppose a is any point of X. We can assume that a does not lie on

[a, b]. Consider the function f(z) = z 1a This function is holomorphic
on the entire plane except at z = a. For the line 1 in the integral repre-
sentation for rn (x) we take the boundary r of X together with a small
circle y drawn around a and connected to I by a cut.

The integrals along the sides of the cut cancel so we obtain

y

The integral over r is zero since at infinity the integrand has a zero
of multiplicity greater than two. The integral over y in a clockwise di-
rection is the residue of the integrand at a multiplied by -27ri

(x)
rn (-l

Z - a' x c (a) (x - a)*

Since a e X there exists points x and t of [a, b] for which [_L> 1. Leta-t
us fix the value of x and take all the nodes of the interpolation to co-
incide with t. The interpolation must coincide with the value of f (z) _

1

z - a

r,i (x) = rn (2:. x) = con (x)

z-a' 2ni

and its derivatives up to order n -1 at the point t. The interpolat-

ing polynomial will be the truncated Taylor series for 1 close to t.
z - a

Then

con (z) = (z - )"

dz

(0n(z) (z-a) (z-x)'

rn(zla'x)-(a-t)nx-a
x

t > 1 the remainder will not approach zero as ns oo and theSince la-ti

interpolation for will not converge at x.
z - a

The above example is a divergent Hermite interpolation process which
uses a single node of multiplicity n. But it is clear that if the xk ) (k =
1, ... , n) are taken very close to t and if the xk°) approach t sufficiently
fast as n-moo then we can construct an example of a divergent interpola-
tion process with distinct nodes. This completes the proof of the second
part of the theorem.

From this result it is not difficult to prove the following theorem.
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Theorem 4. If f (z) is holomorphic in the region x then the interpola-
tory quadrature process defined by (12.2.1) is convergent

as n-ioo
for any nodes xk ) and any function a(x) of bounded variation on [a, b].

The region of holomorphy X is the smallest which will guarantee con-
vergence of the quadrature process (12.2.1) for arbitrary x(n) and o(x).

Proo£ If f (z) is holomorphic in X then for arbitrary nodes xk°l the re-
mainder of the interpolation approaches zero uniformly with respect to x
as n--moo. Therefore

b
R. (f) = f ra (x) do (x)

a

also approaches zero as n-->oo for any a(x) of bounded variation.
To prove the second part of the theorem it suffices to show that if we

remove a single point from X then we can find functions f (z) and a(x)
and nodes x $> for which R. (f) will not approach zero.

Let o(x) be a function which is piece-wise constant with a unit jump
at x. Then

b

R a (f) = f r (x) do (x) = ra W.
a

Convergence of the quadrature process for this o(x) is equivalent to con-
vergence of the interpolation at x. But from the last theorem we see that

for any point a e X we can find, for the functionf(z) = 1 , a point x
z - a

and nodes xka) of [a, b] for which r,, (x) diverges. This completes the
proof.

In the remainder of this section we will assume that the segment of
integration [a, b] has been transformed into [-1, 1]. We will call the
function

tz (12.2.5)
fl,

dt

the Chebyshev distribution function. Let us suppose that the matrix X
has a limiting distribution function for its nodes and that this function is
(12.2.5). This will happen, for example, when the x&a) (k =1, ... , n;
n =1,2.... ) are the roots of the sequence of orthogonal polynomials
P. (x) which are orthogonal on [-1, 1] with respect to an arbitrary sum-
mable almost everywhere positive weight function p (x). Such nodes
correspond to integration formulas of the highest algebraic degree of
precision.
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Consider the logarithmic potential

U (Z) = 1 i In 1 dt
Iff

11

Iz-tI dl-t2
This function is the real part of

1

F (z) = 1 f In 1 dt
n z-t _/1-t2
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(12.2.6)

(12.2.7)

In the complex plane z we draw a cut along the real axis from the point
1 to -- and choose that branch of the logarithm for which arg (z - t) = 0
for real z greater than t

fl
F'(z)f1 (z-t)V1-t2

This integral is easily seen to be

F'(z) _ - 1
\Z2 - l

where we choose that branch of the root which has a positive value for

z>1

F (z) = In
K

z+Vz2

The constant K is found from the condition that for large z (12.2.7) can
be represented as

F(z) = In
1 a1 a2-+- +-+ .
z z z2

This gives K = 2 and thus

F (z) = In

U (Z) = In 2
Iz+Vs2-iI.

2

z+ Jz2-1

The curve

(12.2.8)

U(Z) = C

for C < In 2 is a closed curve enclosing the segment [-1, 1]. For C = In 2
the curve coincides with the segment [-1, 11. The set j3 consists only
of the interval of integration [-1, 1]. Thus we have:
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Theorem 5. If the matrix X has for its limiting distribution function
the Chebyshev function (12.2.5) then

1. The corresponding interpolation process converges uniformly with
respect to x e [-1, 11 for each function which is analytic on [-1, 11;

2. The quadrature process defined by (12.2.1) on [-1, 11 converges for
any function f (x) which is analytic on [-1, 11 for an arbitrary function
a (x) which has bounded variation on [-1, 1].

It is interesting to note that the converse to this theorem is also true.
We will now prove the converse for the interpolation process.

Theorem-' 6. If the matrix X has the property that the interpolation
process converges for all points of the segment [-1, 11 for each analytic
function on [-1, 1] then X has a limiting distribution function which is
the Chebyshev function (12.2.5).

To prove this theorem it will be necessary to become acquainted with
certain properties of the logarithmic potential. Consider the sequence of
distribution functions which correspond to the rows of the matrix X: µ1(x),
/t2 (x),.... By Helly's theorem-' we can always select from this se-
quence a subsequence which converges fundamentally to a certain dis-
tribution function which we denote by µ W. In the following we assume
that the index n runs through the integers for which µ,a (x) --I- µ (x) funda-
mentally.

The theorem will be proved if we establish that
xL .µ(x)=1J t

n 1 V1_t2

For x in [-1, 11 the integral

u (x) = fln 1 dµ (t) (12.2.9)
1 Ix-tI

is improper and we will define it as follows. We define the function lnNx
by

fInx forlnx<N
N for In x > N.

Then lnN 1 is bounded and continuous for t e [-1, 11. The integral
ix-ti

°L. Kalmar, "Az interpolaciorol," Mathematikai es physikai lapok, Vol. 32,
1926, p. 120, where a more general theorem is proved.

'V. I. Glivenko, The Stieltjes Integral, Moscow, 1936, Sec. 13; or I. P. Natan-
son, Theory of Functions of a Real Variable, Ungar, New York, 1955, Chap. 8,
Sec. 4.
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lnN
1

dµ(t) is a nondecreasing function of N and we set
1 Ix-ti

U (X) = In 1 dµ (t) = lim f lnN
1

dit W.
-1 ix-ti N-ioo ./ -1 ix-ti

Lemma 1. If µ(t) has a derivative at the point x e [-1, 1] then the in-
tegral (12.2.9) is finite at this point.

Proof. Let x belong to the interior of [-1, 11. For large N we take the
interval x - S < t < x + S close to x where S = e-N. Then

u (x) = f In 1
dµ (t) _

J 1 Iz-ti

= lim j fx- 8In 1 dy + f 1 In 1 dt + N [p (x +8) - it (x -S)]
N. oo (((

1
x- t x+ s t- z

After integrating the term in brackets by parts and using In S = -N,
µ(1) =1, µ(-1) =0:

U (z) = lim { In 1 +
Jx8

µ (t) 1 (t) dtNoo ( 1- z 1 x -t ,Jx+s z- t

1
= In + princ. value

1 ft (t)

fl dt.
x x-t

Since µ (t) has a derivative at x then print. value f 1 p (t) dt exists and
,J 1 x - t

is finite.

In a similar way we can verify the assertion of the lemma when x is an
end point of [-1, 1].

Since the derivative µ'(t) exists almost everywhere the integral (12.2.9)
is finite almost everywhere. This completes the proof of Lemma 1.

Consider the to arithmic otential u(z) = In 1 d (t). Let xg p fl Iz - tI
µ

be a point of [-1, 1] and assume that the point z = x + iy approaches x
in the vertical direction.

Lemma 2. For any x e [-1, 11

y im
1

In
z t

dµ (t) _ fi In i dµ (t) (12.2.10)
-U

1 x-t
regardless of whether the integral on the right side is finite or infinite.
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Proof. Consider a small segment x - E < t < x + E close to x and let
Ee be the part of [-1, 11 which remains after we remove the segment
[x - E, x + E] from [-1, 11. For small values of y we have I z - t I < 1 for

each t E [x - E, x + E]. Then In 1 > 0 and since p (t) is nonde-
Iz-tI

creasing then we must have

In --I-* (t) In
Ee Iz - tI f1 Iz - tI

dµ (t).

Passing to the limit as y -. 0 in the integral over EE and using

In 1 < In 1 we obtain
Iz - tl Ix-tI

In 1 dµ (t) < lim inf fl In 1 dµ (t) <
EE I x- t I y- 0 I z- t I -

1< lim sup 1 In
1

dµ < In dµ (t).
Y40 f1 Iz-tI

(t)
1 Ix-tI

But as

f In 1- dµ (t) -s In 1 d(t)EIx-tI f1 Ix-tI
independent of whether this last integral is finite or infinite. Therefore

lim inf and lim sup must both coincide with In dµ (t).
y40 f1 y-so fl fl I x 1 ti

This proves lemma 2.

We now study un (x) = J In 1 dltn W. If x = xkn) we define
Ix-ti

U. (x) = co.

Lemma 3. Almost everywhere on -1 < x < 1

lim inf
n-,00

1f
1 1

In dµn (t) = In 1 dit(t). (12.2.11)
1 Ix-ti f1 Ix-tI

Proof. By the definition of InNx we have

f 1 In
I x 1 t

14n (t) <
J 1

lnN thin (t)-
1 Ix-ti
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Passing to the limit as n--*oo gives

lim inf fl In I 1 1I dµn (t) > fj
1 x-tn400

lnN 1 dµ (t)
Ix-ti
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and since this inequality is true for each N

lim inf In 1 d (t) > f1
1

In
n+°° -1 I x - tI

µn - J 1 tx-t i

dµ (t). (12.2.12)

We now find an upper bound for the left side of (12.2.12). The function

I In
1

dµn (t) is bounded from below by In 2 and for any a, /3 e
1 I x - tI

[-1, 1] we have by Fatou's theorem:

f13lirn inf fl In 1 dµn (t) dx < lira inf f13 f
I

In I 1 I dµn (t) dx =
n4°°

1 x-ti na°° Ja 1 x-t

I dxdµn (t).= lim inf f1
Ja
f In 1x1-t

In this last integral we can pass to the limit under the integral sign
li

because f In 1 dx is a continuous function of t:
Ja Ix-ti

p/3
lira inf l In

1 dµn (t) dx < r1 f In 1 dxdµ W.
Ja ''°° J 1 Ix-ti iJa I x - ti

Since In 1 > In! from Fubini's theorem we
I x-tI 2

of integration on the right side of this inequality

,,8 8
1lira inf f 1 In 1 dµn (t) dx < f f In

a n '°°
1 I x- t I Ja 1

can change the order

1

Ix - t
dL It) dx.

This inequality is valid for each a, S e [-1, 11 and thus we have al-
most everywhere on -1 < x < 1

lim inf f1 In 1
dµn(t) < In 1 dµ(t).

n-*w
1 t x - ti f1 ix- 4

(12.2.12*)

Combining (12.2.12) and (12.2.12*), completes the proof of Lemma 3.
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Let E denote the set of points of [-1, 11 for which (12.2.11) holds and

for which In 1 dp(t) is finite. The set E differs from [-1, 1]
1 ix-ti

by only a set of measure zero.

Lemma 4. If the matrix X has the property that for the above indicated
values of n the remainder of the interpolation r,, (x) strives to zero for any

x e [-1, 11 and for any function of the form f (x) - x 1 a where a lies out-

side (-1, 1] then the potential (12.2.9) is a constant on E.

Proof. Suppose the converse is true. Then we can show that there

exists a function f (x) = x 1 a for which the remainder will not tend to

zero.
Let xj and x2 be two points of E for which (12.2.9) has different values.

We can assume that

u(x1) < u(x2).

Let 8 = u(x2) - u(x1) and take e < S. Consider a straight line passing
through x2 parallel to the imaginary axis. As z approaches x2 along this
line u(z) will approach u(x2) by Lemma 2. As z approaches x2 we also

note that In 1 increases for each t. Since p(t) is a nondecreasing
Iz - tI

function then u(z) will also increase as z approaches x2.
Thus on this line there exists a point z2 # x2 for which

u(x2) - If < u(z2) < u(x2).

We fix z2 and construct the function

f(x) =
1

x-z2

The remainder of the interpolation for this function is

so that at x = xl

rn (xl) -

1

W.

(x)
rn (x) = rn (x - z2' x t)n (z2) (x - z2)

(a (xi)
4)n (z2) (xl - z2)
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rn(xl)I = 1
I4)n(xl)I

=
I X1 - Z2 I I W. (z2) I

= ex n f'ln 1 dµ(t) - 1 d (t) _p[
1 I Z2 - t I

n f'in1 i-11 - t i µn

1 exp n[un(z2) -.(xl)].
Ix1-z2I

By Lemma 3 there exists an infinite sequence of values of n for which

I un(xl)-u(xl)I <}E.
Therefore there exists such a sequence of numbers n for which

(z2) - u(xl) = u(z2) - u(xl) -[u(z2) -.(z2)] - [un(xl) - u(xl)] >
E-3E=S-E>0.

For these values of n

rn (x1) I>
i 1

exp n(8 - E)
x1 t2I

and the interpolation thus diverges at xl for f(x) = 1 . This provesx-z2
Lemma 4.

In the statement of Theorem 6 we assumed that the interpolation con-
verges on [-1, 1] for each function which is analytic on [-1, 11. Then

this will be true for a function of the form f (x) = x
1

a for a T [-1, 1] and

we have seen that u(x) is then a constant on E and therefore is a con-
stant almost everywhere on [-1, 11.

In order to complete the proof of Theorem 6 we still have to prove the
following lemma.

Lemma 5. If the logarithmic potential (12.2.9) is almost everywhere
constant on [-1, 11 then µ(t) is the Chebyshev distribution function

µ(t)=1
1

dx
IT

1-/1-x2

Proof. Consider the potential
1

Iu(z) = f In 1 I dµ (t) (12.2.13)
l z-t
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defined in the z plane. In order to use results from the theory of the
Poisson integral and the theory of trigonometric series we pass from the
z plane to a circle.

In the z plane we make a cut along the segment [-1, 1] and distinguish
the two sides of the cut. We transform (12.2.13) into an integral along

the contour A consisting of both sides of the cut. To do this it is suf-

ficient to represent (12.2.13) in the form

U (Z) =1 1 In
1

dµ (t) -1 1 In 1 dµ (t)2.1 Iz-tI 2J, Iz-tI
and introduce the function v(t) defined on X by

2u(t) on the top of the cut

1 - p (t) on the bottom of the cut.
(t)v

Then

(12.2.14)

u(z) = J In 1 dv(t). (12.2.15)
x (z-t

The integration is carried out along the top of the cut from -1 to 1 and in
the opposite direction along the bottom.

In the plane C = pe`O consider the circle I I < 1. This circle is trans-
formed onto the z plane with the cut along [-1, 1] by

z=4 C+c-1).

The point r= ei'I' of the circumference corresponds to the point t = ..(T+
'r-1) (e"I+ e7N) = cos tJi. As yG varies from -rr to n we pass around
the contour A in the above indicated direction. The function v(t), de-
fined on A, corresponds to the function

-n</i<u
of the polar angle qi.

The contour integral (12.2.15) corresponds to the following integral
over the circumference of the circle in the C plane:

n
U(Z) = fa

2C
dF(/4 _

1 -2Ccos C2

= In 21 C1 + In 1 dF (4') _
-ioe

=In2I Cl +1(C).
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The integral 1(C) splits into the sum of two logarithmic potentials which
are harmonic in the circle I Cl < 1:

1(0= f.InjC dF(A+ f InlC-e-ill dF11(C)+12(C)

Becauseof the similarity of 11(x') and 12 (C) it will suffice to only study
11(C). We can see that 11 (C) can be represented as a Poisson-Lebesgue
integral." Let E be any measurable set on [-rr, rr] with measure mE < 6:

f 11 (pe`o) ddi
=f fV In I ei l dF(t/i)d

-f [f
In

pe
ill a t I d-0] dF (4).

Here it was possible to change the order of integration by Fubini's

theorem since In 1 is bounded from below by In 1. The inside
IC - efl 2

integral has the upper bound

1 1 8/2 1
In i¢ - iO d < In dpi < f In dx.

E I pe e I - I sin (0 - 4) I S/2 I sin x I

671e function v(D can be represented as a Poisson-Lebesgue integral if it is
harmonic in the circle I C1 < 1 and if there exists on [-rr, rr] a summable function
f (0) for which

v(C)= 1 LF
F

f(I)I-p2 d4i.
2ir 1 -2p cos (0-0)+p2

The following theorem is known: A necessary and sufficient condition that a
function v Q) which is harmonic in the circle b1 < 1 can be represented as a

a
Poisson-Lebesgue integral is that the family of functions Fp(a) = f v(pe`l)) dc(

0
be uniformly absolutely continuous in a, that is for all p < 1 and each f > 0 there
exists a number S (E) > 0 such that for each set E of measure mE < 8 (E) we have

If v(pe'O)dcl <E.

It is also known that as the point approaches a point b = of the circumfer-
ence by any path not tangent to the circle then for almost all values of ,
vQ)--+f( ). See, for example, I. I. Privalov, Boundary Properties of Analytic
Functions, Gostekhizdat, Moscow, 1950, Chap. 1, Sec. 3 (Russian).
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Thus for each e > 0 we can find a S (e) for which

II 11 (peih)dg5l <e p<1.

Hence it follows that 11 (C) can be represented as a Poisson-Lebesgue
integral.

Therefore and also 1(C) can be represented as a Poisson-
Lebesgue integral.

As the point z = x + iy approaches the segment [-1, 11 along a line
parallel to the imaginary axis, u(z) tends to a constant for almost all x.
When we transform to the circle I CI < 1 the indicated line transforms into
a line which is orthogonal to the circumference I Cl = 1. As we approach
the boundary along this curve u(z) strives almost everywhere to a con-
stant value and since In 21 Cl tends to In 2 then on the circumference
I (C) will in the limit be almost everywhere constant. Since I (C) can be
represented as a Poisson-Lebesgue integral 1(C) is a constant every-
where in the circle. But since 1(0) = 0 then

1(C)=0

everywhere in the circle.

It is easy to see that the functions In 1 and In 1
IC-ei'/'I IC-e0

pei4', have the following expansions in powers of p for p <1:

In 1 = 3" 1 pk cos k (0 - t/i)

Therefore

1(C) = f k pk [cos k (q5 - i/i) + cos k (0 + qi)] dF (4i)
J Ir k 1

IC -e''I k=1 k

00

In 1 = pk cos k (q5 + 0).
- e `oI k=1

k

00

=

00=2E pkcoskg5 iITcosk)1IdF(t1J)=O

Hence

Irr

k/i
dF(/i)=F(J)coski/i171"r

+k rF( sinkt/id/=L,c05
,J rr

_(-1)k[F(n)-F(-rr)]+krrbk=0.
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Here bk is the coefficient of sin 4 in the Fourier expansion of F (t/)).
From F (rr) = 1 and F (-a) = 0 we have

k1kbk =- ()
From the definitions of v (t) and F (/i) we see that

-rr<'i<0
1-Yµ(cos1i) 0<'i<n.

The even part of F(qi) is

4[F (,P) + F z
and hence the coefficients ak of cos Win the Fourier expansion of F (0)
are

Thus we obtain

ao=.-, ak=0, k=1,2,....

°O kF(/,)=1-r
(-1)k in 1

2 k=1 ka 2 2ir

If we return to the z plane we have t = cos /i from which follows
e

µ(t)=1-lArccost=l dx
n A ,/ I Vl - x2

This proves Lemma 5 and completes the proof of Theorem 6.
From this result it is not difficult to establish the corresponding

theorem for quadrature formulas.

Theorem 7. If the interpolatory quadrature process defined by (12.2.1)
for the segment [-1, 11 converges for each function a(x) of bounded
variation and for any analytic function f(x) on [-1, 11 then the matrix of
nodes X has a limiting distribution function which is the Chebyshev
function (12.2.5).

Proo£ Consider the remainder of the quadrature

1

R.(f)= J rn(x)da(x)
1

where r (x) is the remainder of the interpolation. Take an arbitrary point
x on [-1, 11. As the function a(x) we take a piece-wise constant func-
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tion which has a unit jump at x. For such a a (x)

Rn (f) = rn (x)

and the convergence of the quadrature process is equivalent to con-
vergence of the interpolation. Then the proof is completed by using
Theorem 6.

12.3. CONVERGENCE OF THE GENERAL QUADRATURE PROCESS

In this section we study the general quadrature process (12.1.3) de-
fined by the matrix of nodes (12.1.1) and the matrix of coefficients
(12.1.2). The weight function p(x) can be any summable function. We
assume that we are given a certain class F of functions f. We wish to
determine what conditions X and A must satisfy in order that the quadra-
ture process will converge for each f e F. This problem has been studied
for many classes F. We consider here only the simplest and most im-
portant of these results.

In the remainder of this section we assume that the segment of inte-
gration is finite.

Theorem B. In order that the quadrature process (12.1.3) converge for
each continuous function f on [a, b] the following two conditions are
necessary and sufficient:

1. The process converge for each polynomial;

2. There exists a number K for which'
n

IAkn)I <K (12.3.1)

for n =1, 2, ... .
k-1

Proof. If in the class of continuous functions on [a, b] we define a
norm by II ill = m ax I f(x) I then this class can be considered as the

Banach space C. The quadrature sum

n

Q. (f) A(') f (x(')) and the
k-1

b

integral I (f) = f p (x) f (x) dx are two linear functionals defined on C.
a

The values Q. (f) and I (f) belong to the set of real numbers which is
also a Banach space.

The sufficiency of this condition was proved by V. A. Steklov, the necessity
by G. Polya.
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We can then apply Theorem 1 of Section 4.3 which gives conditions for
the convergence of a sequence of linear operators. A necessary and suf-
ficient condition that such a sequence converge is that 1) it converge on
a set of elements dense in the space where the operators are defined and
2) that the norms of the operators have a common bound.

From the theorem of Weierstrass it is known that we can uniformly ap-
proximate each continuous function on [a, b] by means of polynomials
and thus the class of polynomials is a set of functions which is dense in
C. This establishes the first condition of the theorem.

The norm of the functional Q, ,(f) is

IIQnII= sup 1I Akn)f(xkn))I =rIAkn)I.
16S k=1 kk=1

Thus (12.3.1) is the condition that the functionals have a common bound.
This completes the proof.

The following two theorems are simple corollaries to Theorem 8.

Theorem 9. If all the coefficients A (n) are nonnegative then in order
that the quadrature process converge for each continuous function it is
necessary and sufficient that it converge for each polynomial.

Proof. The necessity of the condition is obvious. If the process con-
verges for each polynomial then for f (x) __ 1

b

Q. (1) 0 a p (x) dx as n -+ oo.
a

Therefore the values of Qn (1), n =1, 2, ... , are bounded:

Q. (1) < K.

But
n n

E IA(n)I_rA(n)=Qn (1)KKk k

k=1 k=1

and thus by Theorem 8 the quadrature process converges for each con-

tinuous function.

Theorem 10. For an interpolatory quadrature process to converge for
any continuous function it is necessary and sufficient that

n
IA(n)I <K <oo.

k-1
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The second condition of Theorem 8 coincides with the condition of
Theorem 10. The first condition of Theorem 8 is fulfilled since if f (x) is

a polynomial of degree m then for any n > m, Qn (f) = I. p (x) f (x) dx.

This establishes the theorem.
We now discuss conditions for convergence of the quadrature process

in classes of differentiable functions.
As above we enumerate the nodes in increasing order and introduce the

piece-wise constant functions Fn,O (x) for the nodes and coefficients

Fn, 0 (x) _ A k(n) E (x - xk )).

k=1

We also consider the primitive functions of any order r of the functions
F,,0 (x) defined by the initial conditions F,(,j)r (a) = 0 (f = 0,1, ... , r -1):

F.,r(x) = J x F,,,O (t) (x - t)"'1 dt =

a (r-1)!

= r Akn)E(x-x(n))
k[=,,,rl

(x - xkn))r

r!

(12.3.2)

Theorem 11. In order that the quadrature process (12.1.3) converge as
n -s co for each function f e Cr [a, b] it is necessary and sufficient that
the following conditions be fulfilled:

1. The process converge for each polynomial;

2. The total variation of the primitive functions F,,r(x) of order r have
a common bound for n =1, 2.... :

Var Fn,r(t) < M.
[a, b]

Proof, If f e C, [a, b], r> 1, then expanding fin a Taylor series about
the point b we obtain the representation

r-1 0) z r 1
Ax)(x) ' f (b)

(x - b) i + f f (r) (t) (x - t) dt
=it

b (r-1)
i=o

-
r b (r) (t - x)-1

(rte (x - b) + (-1) f f (t) E (t - x) dt.

Conversely, for any numbers f (i) (b) and any continuous function f (r) (t)
on [a, b] the function f(x) defined by this equation belongs to Cr[a, b].

The remainder R. (f) is
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r+-1 f(i)(b)
Rn(f) =E

!
Rn[(x-b)'] +

i=0

+(-1)r rb f(r)(t) I J p(x)E(t-x) (t-x)r`1I a (r-1)!
a

(t -
x(n))r_l

Akn)E(t-xkn))

(r 1)! jdt

-E f(i)(b)

it R.[(x-b)il+
1-0

dx -

(12.3.3)

+ (-1)r f'i(r) (t) ftP (x) dx -(t)
Because the parameters f (')(b) (i = 0,1, ... , r -1) and f(r) (t) are in-

pendent, convergence of the quadrature process is equivalent to

R5[(x-b)tl s0 (i0,1,...,r-1) (12.3.4)

R* (f (r')) (12.3.5)

where

R*(f(r))= b f(r)(t)I rp(x)(x-t) 1dx-Fn,r-1(t)I dt.
a (r-1)

I!

Condition (12.3.4) means that the quadrature process must converge for
each polynomial of degree < r - 1.

Condition (12.3.5) must be satisfied for any continuous function f (r) (t).
Introducing the norm 11 f (r) 11 = max I f (r) (t) I for the class of functions
1(r) (t) this class becomes the Banach space C. By Theorem 1 of Section
4.3 condition (12.3.5) is eqquivalent to the two requirements:

1. The functional R* (f (r,) must tend to zero on a set of elements dense
in C. For this set we can take the set of polynomials. But the require-
ment that Rn (f (r))-- O as n -.oo when f r) (t) is a polynomial together
with (12.3.4) is the same as the condition that the quadrature process
converge for polynomials.

2. The norm of the functionals R* (n =1, 2.... ) must have a common
bound:

r (t - x)r-I I

J J p(x) dx-Fn,,-l(t) dt<L (n=1,2,...)(r-1)!
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Since ff p (x) (t - X)dx Idt is independent of n then the bounded-(r-1)
ness of II R* II is equivalent to

fb

fa

I Fn, r_i (t) I dt < M (n =1, 2,.. .).

Since dt Fn,r(t) = Fn,,,,.1(t) this last inequality is equivalent to

Var Fn,r(t) < M (n =1,2,...).
[a,b]

It can also be shown that the above discussion is also valid for r = 0.

This proves Theorem 11.
We mention a particular case of this theorem for the class of functions

with a continuous derivative on [a, b], that is the case r = 1. The func-
tion Fa,o (t) is the piece-wise constant function which has the values:

0

An)
n 1

Fn,o(t)=LJAkn)E(t-xkn))= A(n)+A2(n)
k@1 .............

for a < t < xln)

for x(n) < t < 2n)

for x2(n) < t <
((a)

forx(n)<t<b.
Hence

b

Var Fn.l (t) = J
I Fn,o (t) I dt = I Aln) I x2 n) - xln)) +

[a, b] a

+ I A(n) + A(n) I (x(n) - x(n)) +...+
1 2 8 2

+IA(n)+...+A(n)I(b-x(n)).

Therefore we have:

Theorem 12. In order that the quadrature process (12.1.9) converge for
any function with a continuous derivative the following conditions are
necessary and sufficient:

1. The process converge for each polynomial;

2. There exists a number M for which
A (n) I (x(n) - x(n)) + I A (n) + A (n) I (x(n) - x(n)) + (12.3.6)

1 2 1 1 2 8 2

+...+ I A(n) +...+ A(n) I (b - x(.n)) < M

for n =1,2,....
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We will say that f belongs to the class Ar(a, b] if f (r) is an absolutely
continuous function.

If f e Ar[a, b] then we can expand it in a Taylor series:

f (x - b) t + rx f (r+ 1) (t) (x r t) r dt =
tao b

(12.3.7)

=L (x-b)t+(-1)r+1 rb f(r+1)(t)E(t-x) (tx)rdt.
1-- 0

Here f () (b) (i = 0, 1, ... , r) are arbitrary numbers and f (r+1) (t) is an
arbitrary summable function on [a, b].

Theorem 13. The following conditions are necessary and sufficient for
the quadrature process to converge for each fe A,[a, b]:

1. The process converge for each polynomial;
2. The primitive functions Fn,r(t) of order r for Fn,O(t) have a common

bound

IFn,r(t)I <M, a<x<b, n=1,2,.... (12.3.8)

Proof. If f e Ar[a, b] then from (12.3.7) the remainder Rn (f) can be
expressed as

R.(f)=L.
ta0

+ (-1)r+l rb f(r+1) (t) I
J

p (x) (t T )x)r dx - Fn,r(t) I dt.
a

Thus the convergence of the quadrature process in Ar[a, b] is equivalent

to

and

Rn[(x-b)t]-0 asn -.a* (i=0,1,...,r) (12.3.9)

R*(f(n}1))---* 0 as n-oo (12.3.10)

Rn(f(n+1))= 1 f(nFl)(t) I J p(x) dt.r

The rest of the argument is very similar to the argument used in proving
Theorem 8. We introduce the norm



270 Approximate Calculation of Definite Integrals

II f(r+1) II = f I f(r+l) (t) I dt.
a

Thus the space of functions f (r+1) coincides with the Banach space L
and we can apply Theorem 1 of Section 4.3 to obtain a condition that
R*(f(r+ 1)) 0. The set of polynomials is dense in L. The requirement
that R* converge for each polynomial together with (12.3.9) is the same
as the requirement that the quadrature pprocess converge for each poly-
nomial. By (4.2.6) the norm of R* (f (r+1)) is

IIR*n II =(b-a) max if (tx)rdxF(t)I

The integral frp(x)(t x)rdx is independent of n and thus the con-
r1a

dition that II R* II be bounded for n =1, 2.... is equivalent to the condi-
tion that

I Fn,r(t)I <M, a<t<b, n=1,2,....
This completes the proof.

We now mention the particular case r=0 for which AO [a, b] is the
class of absolutely continuous functions on [a, b]. The function Fn,O (t)
is the piece-wise constant function which has the values

0 A(n) A(n) + A(n)
' 1' 1 2' ...,A(n)+---+A(n)

1 n

on the segments
(n)] (n) (n)] (n)[a, x1 [x1 , x2 , ... , [xn , b]

respectively. Thus we obtain as a corollary to the last theorem:

Theorem' 14. The following conditions are necessary and sufficient
for the quadrature process (12.1.3) to converge for each absolutely con-
tinuous function f on [a, b]:

1. The process converge for each polynomial;

2. The partial sums of the quadrature coefficients

A(n) A(a)+A(n) ..., A(n)+...+A(n), n=1,2,...1' 1 2' 1 n

have a common bound:

Ak )I <M<., i=1,2,...,n, n=1,2,.... (12.3.11)
k-1

'This theorem was first proved, in a slightly different form, by S. M. Lozinskii,
Izv. Akad. Nauk SSSR. Ser. Mat., Vol. 4, 1940, pp. 113-26.
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We now study convergence in one more class of functions. We will say
that f belongs to the class Vr[a, b] if f(r) is a function of bounded varia-
tion on [a, b]. The characteristic representation of a function in this
class can also be obtained from the Taylor series:

f(xT1t)rdf(r)(t)
i=0 b

_Ef(t)(b)(x-b)t+(-1)(r+t)JbE(t-x)(trlx)rdf(r)(t). (12.3.12)

The parameters f (`) (b) are any numbers and f (r) (t) is any function of
bounded variation on [a, b].

Theorem 15. In order that the quadrature process converge for each

f e Vr[a, b] for r > 1 it is necessary and sufficient that:
1. The process converge for all polynomials of degree < r;
2. The primitive functions Fn,r(x) of order r for Fn,o (x) have a common

bound

I Fn,r(x)I <M<oo, a<x<b,
3. For allte[a,b]

n=1,2,...; (12.3.13)

F,,r(t)_+Ip(x) (trIx)rdxas n-- o.
a

Proof. If f e V,.[a, b] then using (12.3.12) the remainder R. (f) can be
represented in the form:

r f(i)(b)
Rn(f)= it R,,[(x-b)`]+

i-o

+(-1)r+l
jb[f

p (x) (t .
)r dxr(t) df(t).

Since the parameters f (`) (b) (i = 0, 1, ... , r) and f (r) (t) are independent
then the condition that the quadrature process converge for all functions
of Vr[a, b] is equivalent to

lim R n [(x - b)'] = 0, i = 0,1,..., r (12.3.14)

and

n -ioo

lim R* (f (r)) = 0 (12.3.15)
n-oo
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Rn(f(r))= fLp(x)(t-x)rdx-Fn,r(t) df(r)(t).
r!

The first of these conditions means that the process must converge for
all polynomials of degree <r. The functional Rn is defined on the linear
space of functions of bounded variation. Without loss of eaerality we
may assume that f (r) (a) = 0. Then as a norm we take II f(r)9I = Var f (r).

[a, b]

The set of functions then becomes the Banach space V. If Rn (f (r))-0
as n- oo for each f (r) of V then by Theorem 1 of Section 4.3 the norms
of the functionals Rn must have a common bound

IIRnfi<N n=1,2,.... (12.3.16)

But

IIRnlI=max i
fp(x)(trlx)rdx-F.,r(t))
a

and since the integral in this expression is independent of n, condition

(12.3.16) is equivalent to the second condition of the theorem.
To show the necessity of the third condition let x be an arbitrary point

of [a, b] and take f () to be a piece-wise constant function with a jump of
unity at x. Then

Rn(f(r))= fxp(u)(x-u)rdu -Fn,r(x).
J r!
a

Such a function f(r) determines the function f up to a polynomial of de-

gree r - 1. If the quadrature process converges for this function then
Rn (f(r)) -- -0 as n--- ow.

This proves the necessity of the third condition.
We must still prove the sufficiency of all three conditions. The condi-

tion (12.3.14) is equivalent to the first condition of the theorem. There
remains to be shown that the second and third conditions imply (12.3.15).
But these conditions imply that

an(t) = f` p (x) (t r Ix), dx - Fn,r(t)
Ja

is bounded in absolute value by a certain number for all t e [a, b] and all
n =1, 2, ... and that for all t e [a, b], cbn (t) -> 0 as n----3--o. If we trans-
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form the Stieltjes integral in Rn into a Lebesgue integral we can see that
(12.3.15) will be satisfied.'
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CHAPTER 13
Introduction

13.1. PRELIMINARY REMARKS

The problem of calculating an integral with variable limits has been
studied considerably less than the problem of calculating a definite in-
tegral which we discussed in Part 2.

We mention here several examples of integrals with variable limits
which occur in applications. We consider cases in which only one of
the limits of integration is variable and the other is fixed.

The simplest integral of this kind occurs in the problem of finding a
primitive function. If we are given a function f (x) which is continuous
on the segment [xo, X] then any primitive of this function can be rep-
resented by the following formula:

y(x)=Yo+ f f(t)dt xe[xo,Xl
o

(13.1.1)

and thus calculating y (x) is equivalent to finding the value of the in-

tegral f f (t) dt.
xo"

A more complicated example is the following integral which occurs in
many applied problems:

y(x) = fK(x - t) f (t) dt. (13.1.2)

Here K(x - t) can be considered as a weight function whose value on

a < t < x depends only on the distance x - t from the upper limit x;
f(x) is an arbitrary function of a certain class.

277
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Another example is the Volterra integral equation

f(x) = 9S(x) + fK(xt) f (t)dt

and certain other problems which involve the integral

y(x) = f x K(x, t) f (t) dt (13.1.3)

Iwhere the weight function K(x, t) is an arbitrary function of x and t.
Methods for calculating the above integrals must take into account the

properties of the weight function. For example, a computational scheme
constructed for (13.1.3) can also be applied, in principle, to the calcula-
tion of the more special integral (13.1.1). Such a method, however, can-
not be expected to be the very best for (13.1.1) since, for example, we
might be able to use to advantage the fact that the weight function in
(13.1.1) does not change sign. Thus we should develop separate methods
for each of the above integrals.

In this book we will be exclusively concerned with the problem of
calculating the integral (13.1.1).

Suppose it is necessary to calculate the value of (13.1.1) for a given
set of values of the argument x: Xk (k = 0, 1, 2, ... ). We assume that
the calculations have been carried up to step n and that we have con-
structed' the following table of values of y(xa) = y.. We wish to find
yn+1 To do this we can use any of the previously calculated values
yk, k < n, and any values of f (t) which are available for use.

Y

YO
Y1

Yn

If f (t) is given by a table of its values at the nodes xk we will be re-
stricted in our possible choice of values of f (t) and any computational
method will belong to the field of discrete analysis. One possible solu-
tion to the problem in this case is presented in Chapter 14.

For the present we assume that to compute y,+1 we may use values of
f (t) at any points we wish and we assume only that the number of these
points is fixed. In this case the points may be selected to reduce the

'We do not consider, in this book, the problem of constructing the values of
y(x) near the beginning or near the end of the table; we only consider the prob-

lem of continuing the table.
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error in computing yn+1 As in the problem of computing a definite
integral it is often desirable to construct formulas of the highest alge-
braic degree of precision. Formulas of this type will be discussed in
Chapters 15 and 16.

The construction of quadrature formulas of the highest algebraic de-
gree of precision for definite integrals is related to the problem of calcu-
lating an integral to within a certain precision with the smallest number
of integrand values and thus with the least amount of work. In indefinite
integration an additional way to reduce the computational work is to use
each value of f (t) to calculate not just one value of y(x) but for many
steps in the computation.

In Chapters 15 and 16 we discuss this problem of constructing methods
which use values of f(xk) and yk for calculating several values of y(x).
We discuss two methods in detail and do not attempt to treat all aspects
of the problem.

The problem of calculating an indefinite integral has another special
feature. One usually calculates y(x) for a large number of values of x by
the repeated application of some particular method. Each step produces
an approximate value for y(x). As a rule, the error will accumulate and
increase from step to step. The rate of growth of the error depends on
the computational method and for some methods the error can grow very
rapidly and in only a few steps produce an undesirably large error.

We can illustrate these remarks with a simple example of a method
which gives good accuracy for a small number of steps but which is
totally unsuitable when the number of steps is large.

In order to compute y(xn+1) suppose we desire to use the two preced-
ing values of y(x) and ilso the values of its derivative y'(x) = f (x) at
these points: y(xn), Y(xn-i), f(xn), f(xn-1). Then it is natural to con-
struct an interpolating polynomial using these values of the function and
its derivative. This will be the Hermite interpolating polynomial with
the two double nodes xn and xn -1. As can be verified from (3.3.8) this
polynomial will be

Y(xn+1) _ -4y(xn) + 5y(xn-1) + h[4f(xn) + 2f(xn-1)] + rn(x).

If we neglect the remainder rn(x) we obtain the approximate formula

Yn+1 = -4Yn + 5Yn-1 + h(4fn + fn-1) (13.1.4)

which is exact for all algebraic polynomials of degree : 3. To use this
formula we must know the first two values of y(x): yo and y1. Let us use
(13.1.4) to evaluate the integral

y(x) = Jt:Xetdt = e" - 1
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on the segment [0, 1]. At first we take h = 0.2 and assume that y(O) = 0
and y(0.2) - 0.22140 are known and from these values calculate the fol-
lowing table which gives the approximate values of y(x) together with
the errors in these values.

x f(x) Yapprox Y - Yapprox

0.0 1.00000 0.00000

0.2 1.22140 0.22140

0.4 1.49182 0.49152 +0.00030
0.6 1.82212 0.82294 - 0.00082
0.8 2.22554 1.22026 +0.00528
1.0 2.71828 1.74294 -0.02466

This table shows that the error grows very rapidly as we go farther
down the table. The number of significant figures in the calculation
shows that the large error is not due to rounding but to other causes.

We can easily see that the rapid rate of growth of the error is not due
to the large interval size and that it can not be corrected by decreasing
h. In fact let us try to obtain a more exact value of the integral by de-
creasing the step size to h = 0.1.

Here again we assume that we know the first two values of y(x):
y(O) = 0, y(0.1) = 0.10517. The new table is as follows.

x f(x) Yapprox Y - Yapprox
0.0 1.00000 0.00000

0.1 1.10517 0.10517

0.2 1.22140 0.22139 + 0.00001

0.3 1.34986 0.34988 -0.00002
0.4 1.49182 0.49165 + 0.00017
0.5 1.64872 0.64950 -0.00078
0.6 1.82212 0.81810 +0.00402
0.7 2.01375 1.03610 -0.02235
0.8 2.22554 1.11602 +0.10952
0.9 2.45960 2.01039 -0.55079
1.0 2.71828 -1.03251 +2.75079

This smaller interval size gives a smaller error for only the single
value y(0.4). The error grows so rapidly that at the end of the table the
error exceeds the size of the function.

It is easy to see that the rapid rate of growth of the error in this ex-
ample depends entirely on the unsuitable form of the computational
method. To calculate the integral in

Yn+1 = Yn + f xn+1 f(t)dt
xn

let us use the simple trapezoidal formula
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Yn+1 = Yn +
h

2
(fn + fn+1) (13.1.5)

which is exact when f (x) is any linear function. The algebraic degree of
precision of this formula is thus less than that of (13.1.4) and one might
expect the values of yn obtained using (13.1.5) to be less exact than
those obtained using (13.1.4). The table below shows that this is indeed
true at the beginning of the table. However, the error grows at a much
slower rate and the value of y(1.0) is much more exact than that obtained
in the previous case.

X Yapprox Y - Yapprox

0.0 0.00000

0.1 0.10526 -0.00009
0.2 0.22159 -0.00019
0.3 0.35015 - 0.00029

0.4 0.49223 - 0.00041
0.5 0.64926 - 0.00054

0.6 0.82280 - 0.00068

0.7 1.01459 - 0.00084

0.8 1.22656 -0.00102
0.9 1.46082 -0.00122
1.0 1.71971 - 0.00143

Thus it is clear that (13.1.5) is the better of the two formulas for a
large number of intervals.

13.2. THE ERROR OF THE COMPUTATION

We denote the exact value of the function

y(x)=yo+ ff(t)dt
xo

at the nodes xk by y(xk) (k = 0, 1, ... ). The approximate values of
y(xk) which are calculated by some computational method we will denote

by Yk
To calculate y. +I let us assume that we use several preceding values

of y(x), yn, yn -1, , Yn -p, and m = m(n) values of f (z) at the points
Sn, i (j = 1, ..., m). Thus we assume that the computational formula
has the following form':

'The coefficients An, i and Bn,1 in this equation may depend on n so that the
computational formula would be changed at each step. The step size h may also
change from step to step. Equation (13.2.1) is an equation in finite differences
for the yk and in our discussion it is only necessary that this equation has a
certain fixed order p + 1.
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P M

Yn+1 = E An,iYn-i + E B.,if(i ., i)
i=0 i=1

(13.2.1)

If in this equation we substitute the exact values y(xk) in place of the
approximate values Yk then the equation will be an approximation and it
is necessary to add an auxiliary term in order to make it exact

Y(xn+1) =

P in

L.r A.,jy(xn-i) + L.r Bn,if(Sn,i) + rn. (13.2.2)
i=0 1=1

We will call rn the error in formula (13.2.1).
In the form in which (13.2.1) is written we have assumed that the

computation is carried out using exact (unrounded) numbers. This, how-
ever, will happen only very rarely. This formula must be modified to
indicate the method used for rounding. If the operation of rounding is
indicated by enclosing the quantity to be rounded in curly brackets then
the computational formula is more exactly written as

m

yn+1 = An,tYn-d + L.J B.,ifUn,i) (13.2.3)
i=0 i=1 in

where the subscript n outside the brackets indicates that the rule for

rounding can be changed at each step.

To use (13.2.3) we must know the initial values yo, yl, ..., yP and
we assume that these are given. We will now construct a difference
equation for the error

Ek = y(xk) - yk
If we denote by -an the rounding error which we indicated by brackets

in (13.2.3) then (13.2.3) becomes

P m

Yn+1 = ` An,jyn-i + F. Bn,1f(en,1) -
i=0 i=1

Subtracting (13.2.4) from (13.2.2) gives

P

En +1 = E An,( En -i + rn + an.
i=0

an. (13.2.4)

(13.2.5)

If the initial values of the error Ek (k = 0, 1, ..., p) corresponding to
the approximate values yk (k = 0, 1, ..., p) formed at the start of the
computation of the table are known then all following values of Ek (k > p)
can be sequentially found from equation (13.2.5).
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The errors E. (n > p) depend first of all on the values E0, ... , EP,
secondly on the rounding errors ak (k < n) and finally on the errors of
the formula (13.2.1) rk (k < n).

To analyze the error it will be useful to determine how each of the
above three factors separately affect En. To do this we will write E. as
a sum of three terms which correspond to the errors from each of the three
sources:

En=En+E'n+En
Here En is the solution of the homogeneous equation

P

(13.2.6)

En+1 = E A.,iEn -i (13.2.7)

i=0

subject to the initial conditions

Ek = Ek k = 0, 1, ..., p. (13.2.8)

The term En satisfies the nonhomogeneous equation

P

En+1=TA.,iE'-i+an (13.2.9)

i=0

and has the initial conditions

Ek = 0, k = 0, 1, ..., p. (13.2.10)

The term En' is the solution of the nonhomogeneous equation

P

En+1 = T An, iEn_i + rn (13.2.11)
i=0

also with the initial conditions

Ek = 0, k = 0, 1, ..., p. (13.2.12)

Here E. is the part of the error En due to the errors E0, ... , EP in the
initial values, En is the part of en due to rounding, and En is the part
of En due to the error rn in formula (13.2.1).

A simple expression for E. in terms of Ek (k < p) which will suffice
for our purposes can be constructed in the following way. Denote by E,i,
the solution of the homogeneous equation (13.2.7) which satisfies the
conditions

0 k#i
Ek = i,k = 0,1,...,p.

1 k=i
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Then clearly

E. = E5Eo+Enel+ +E?Ep. (13.2.13)

Hence we can easily obtain an estimate for En. We will seldom know the
exact values of the errors Ek (k < p) but we will know that their abso-
lute values do not exceed a certain number E:

IEkI<E k<p. (13.2.14)

If we assume that the initial errors Ek can have arbitrary values sub-
ject to (13.2.14) then from (13.2.13) we obtain the following estimate

rP

IE5I E L IEa! (13.2.15)
k=o

Equation (13.2.13) or (13.2.15) permits us to determine how precisely we
must calculate the initial values yk (k < p) in order that E. does not
exceed a predetermined value.

Now we consider the second part of the error En. It must be found
from equation (13.2.9) with the initial conditions (13.2.10). We see at
once that En is a linear combination of ap, ap +1. ... , an -1:

a-
I

En = E En, k ak.
k =p

(13.2.16)

The coefficient En, k is the influence on En of a rounding error of a unit
in the right side of (13.2.3) for n = k. The En, k are Green's functions
or functions of influence for the above problem.

In the theory of difference equations' an explicit expression for En, k
is obtained in terms of the solutions of the homogeneous equation
(13.2.9). We do not give it here because of its complexity.

For our purpose it is useful to note that En, k is the solution of the
equation

P

En+1 = r An,iEn-i + Sn,k (13.2.17)
J=O

which satisfies the initial conditions

Ei = 0, i = 0,1,...,p

'See A. A. Markov, Calculus of Finite Differences, Part II, Sec. 19, Moscow,
1911 (Russian) or A. 0. Gel'fond, Calculus of Finite Differences, Part 3, Sec. 3,
Moscow, 1936 (Russian).
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where 8n, k is the Kronecker symbol

8n,k =
1 n=k.

285

From the sum (13.2.6) we can determine the number of significant figures
which must be used in order that En will not exceed a given value.

Suppose we know that for all steps of the computation the errors an do
not exceed a:

Ianl < a.

Then from (13.2.16) we obtain the inequality

n-1
IEnI < a E IEn. kI . (13.2.18)

k =P

The quantities E. and En depend on the precision of the initial values
yo, y1, . . yp and on the number of significant figures carried in the
calculations. These quantities can be made as small in absolute value
as we desire for each n < N.

We turn, finally, to the last part of the error En The difference equa-
tion (13.2.11) for En' is obtained from (13.2.9) by replacing the constant
term an by rn. The initial conditions for both En and E;; are the same.
Therefore an equation similar to (13.2.16) is valid for En' with an re-
placed by rn:

n-1
En' _ E En, k rk. (13.2.19)

k =p

The error En' depends entirely on the form of the computational formula
(13.2.1) or to be more precise on the remainders rk, the coefficients
Any i and on the number of steps n.

In the next section, where we study the convergence of computational

n-1
formulas, the sum E En. k rk will be discussed in more detail.

k =p

As an example let us analyze the error of equation (13.1.4) which we
used in the last section to evaluate the integral

y(x)
I

a°dt.
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The expression (13.2.5) for En which corresponds to equation (13.1.4)

is

En +l = -46n + 5 en _I + rn + an.

This is a nonhomogeneous difference equation of the second order with
constant coefficients and constant term rn + an. To solve this equation
the initial values Eo and E1 of the error must be known.

Let us find the first part of the error E. which depends on E0 and E1.
The homogeneous equation for E. is

E.+1 = -4En + 5E.-i.
The solution of this equation for the initial conditions EO = EO and
E1 = el is

n
E. =

6

(E1 + 5eo) +
_6)

(EO - E1)Sn.

If E0 - El 0 0, E. grows very rapidly as n increases. For n = 10, that
is for only 9 steps in the computation, the coefficient of EO - El is
510

= 1.5 x 106 which will cause the loss of 6 significant figures in
6

the computations.
Now we investigate En, the error due to rounding. The nonhomoge-

neous equation (13.2.9) for En is

En +1 = -4E;, + 5En_1 + an.

The solution of this equation for the initial conditions Eo = 0, E1 = 0
can be easily found:

n-1
E' = 6 21 [1 - (_5)n-t-1)at+1

=
t=0

= 6 t[1 - (-5)" lla 1 + [1 - (-5)n -2]a2 + ... J.

As with En, we see that En can grow rapidly as n increases and it can
become large even in a small number of steps. A similar remark holds
for E;;

The rapidity with which the error grows for formula (13.1.4) is illus-
trated by the computations of the previous section.

Let us again consider the general problem of studying the error En.

The behavior of En as n increases naturally depends on the coefficients

An, j.
Let us consider the special case when all the coefficients An, i are
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positive. Suppose also that

p

E A,,, (13.2.20)
i=0

This means that in a calculation without rounding the formula will be
exact when f (t) = 0 and y (x) is a constant.

With these assumptions we can find a very simple and effective esti-
mate for E,+. Let us suppose that the initial errors E0, ... , Ep do not
exceed Ein absolute value:

led! E i = 0, .., p.
We can show that for any n the following inequality is valid:

n-1
IEnI<E+Elak+rkl.

k =P

For n = p + 1 we easily verify

P

IEP+II Ap,iEi + ap + rF,
i=0

P

F. Ap, i E + lap + rpl = E +
i=0

lap + rpl.

(13.2.21)

Assuming that the inequality is true for all Ei, i < n, we can show that
it is also true for En+1. We have

p

IEn+1I ! E A.,ilE.-il + Ian + rnl.
i=0

n-1
Substituting for the IEn-il the larger value E + E Iai + ril we obtain

i=0

n-1
IEn+II <- E + Lr Iai + ril + Ian + rnI

i=P

which proves the assertion.
From (13.2.21) we see that in a computational formula with nonnega-

tive coefficients An, i the errors E. will "grow slowly" as a function of
a. In this respect this type of formula is very well behaved.
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13.3. CONVERGENCE AND STABILITY OF TIIE
COMPUTATIONAL PROCESS

First of all we will clarify certain concepts concerning the problem of
convergence of a computational process. To simplify the discussion we
will assume that the formula is of a certain special form which is most
often used in practical problems. We assume that the segment [x0, X]
on which the function y(x) is to be calculated is finite and that values of
y(x) are to be found at a set of equally spaced points

zk=x0+kh, k=O,1,...,N

x0+Nh<X<x0+(N+1)h
which we denote by Sh.

Suppose that the coefficients of the computational formula do not de-
pend on n:

p m

Y(xn+1) = E Aiy(xi) + F. Bn,jf(Sn,j) + r,. (13.3.1)
i=0 j=1

The computational method is thus obtained by neglecting the term rn and
rounding the sum to a certain number of significant figures

P

Yn+1 = E AiYn-i + B

i=0 j=1 n

(13.3.2)

If Y0, ..., yp are known we can find from (13.3.2) the approximate values
yn corresponding to the values y(xn) on the set Sh.

We define the distance p(y, yn) between y(x) and the function yn
(a = 0, 1, ... , N) which is defined on Sh to be the largest absolute
value of the error En = Y(xn) - yn:

p(y, y,,) = max lEnl = max ly(xn) - Ynl
n n

We will say that the computational process converges if, as h-s0, we
have

P(Y+ Yn) -a 0. (13.3.3)

The error en depends on the errors E0, El, ... , Ep of the initial values
yk (k = 0, 1, ..., p), the rounding error an and the remainder rn of for-
mula (13.3.1). As in the preceding section we split the error En into
three parts and discuss how each of these parts influences En

En=En +En+En
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In the preceding section we discussed the conditions which En, En and
En must satisfy.

Since each of the quantities Ei (i < p), an and rn are independent then
in order that p (y, yn) - - 0 as h -- 0 we must require that the following
three conditions be satisfied:

maxJE;;1---'0. (13.3.4)
n n n

The errors E. and E. depend respectively on the Ei (i < p) and an.
Thus it is clear that for any fixed h the precision of the initial values yi
(i < p) and the rounding errors can be made as small as we desire so
that maxIE1I and maxIEnI can be made arbitrarily small. Therefore it is

n
only a technical problem to obtain conditions which must be satisfied if
the first two conditions (13.3.4) are to be fulfilled. As h decreases we
must determine how the accuracy of the initial values yi (i < n) must be
increased and how the number of significant figures must be increased
so that the error in E. due to these quantities will tend to zero. Such an
investigation gives a criterion for testing the practical suitability of the
computational formula and thus will be very valuable. If it turns out that
as h decreases the accuracy of these quantities must rapidly increase
then such a computational formula must be rejected as being unsuitable
in most cases.

With these remarks in mind we must prefer computational formulas for
which the precision of the initial values yi (i < p) and the number of
significant figures must increase the slowest as h -- 0. This can also
be expressed in another way. Consider for example En. Suppose that
the initial values yi (i < p) have certain errors Ei. In the computation of
the succeeding values yi (i > p) the error will grow from step to step.
The rate of growth clearly depends on the choice of the computational
formula. The computational formulas which are of most interest are
those for which the rate of growth is minimal. In the theory of the ap-
proximate solution of differential equations methods which have the
minimal rate of growth of the error are called stable. Thus we will say
that the formula is stable with respect to the errors in the initial values
if the rate of growth of E. is minimal. In a similar way we can define
stability with respect to the rounding errors an, that is the errors in the
right side of (13.3.2).

We now discuss the error En in more detail. The homogeneous equa-
tion for E. for formula (13.3.2) will be an equation with constant coef-
ficients

P

En+1 = E A i En-i. (13.3.5)
i=0
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As we saw in the last section the solution of this equation, which sat-
isfies the initial conditions Ei = ei (i < p), can be written in the form

(13.3.6)

where Et is the solution of (13.3.5) for the initial conditions

E r̀ i, k = 0, 1, ..., p.

Thus the rate of growth of E. is related to the rate of growth of E. If
we assume that the initial errors are bounded in absolute value by 6

I Ed < e, i = 0, 1, ... , p (13.3.7)

then the following estimate will be valid for E.

P

IE,j <_ e E JEK. (13.3.8)
i=o

We will assume that formula (13.3.1) is exact (that is rR = 0) when f (x) = 0
and y (x) is a constant. This will be true in most practical cases. Then
the coefficients Ai must satisfy

P

F. A j = 1. (13.3.9)
i=o

This says that E. = 1 is a solution of the homogeneous equation (13.3.5).
This solution is the sum of all the En:

Thus for each n we have the inequality

P

L.J
IEnl > 1.

iso

P

It is possible to give examples for which E IE,I will grow without
i-O

bound as n-+oo and it can also turn out then that E. will be unbounded.
The most well behaved formulas with respect to the rate of growth of

P

E. are clearly those for which the sum En is bounded' for n > p.
iao

4We will only need to know that this sum is bounded. We will not discuss the
problem of finding a bound.
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Thus we are led to the following definition:
Equation (13.3.2) is said to be stable with respect to the initial values

yj (i < p) if there exists a number M such that for any n the following in-
equality is satisfied

JEnJ < M E (13.3.10)

where I < E, i = 0, 1,..., p.
We note that the boundedness of E. (n = 0, 1, ...) together with the

condition I e it < E is equivalent to the boundedness of all the En, i = 0,
1,..., p. In fact if all the En are bounded then from (13.3.6) it follows
that E. is also bounded.

Let us take an arbitraryk < p and assume that all the Ek (k # i, k < p)
are zero. Then

En=E,Ei
and if E is bounded then ER is also bounded.

The most general solution of (13.3.5) is determined by the algebraic
equation

P
hP+1 = r A,AP-i.

i=0

Let h1, A2,..., X. denote the distinct roots of this equation and let k1,
k2,. .., km be the multiplicities of these roots. Then the functions

Ak9ni (j= 0,1,...,ki-1; i = 1, 2,..., m) (13.3.11)

form a complete system of linearly independent solutions.
The solutions ER U = 0, 1, ..., p) are obtained from (13.3.11) by a

transformation with a nonsingular matrix and therefore the boundedness of
all the En for i = 0, 1, ... is equivalent to the boundedness of the so-
lutions (13.3.11). This occurs if and only if there are no hi greater than
1 in modulus and if jA I = 1 then ki = 1. Thus we have established:

Theorem 1. In order that equation (13.3.2) be stable with respect to
the errors in the initial values yj (i < p) it is necessary and sufficient
that

P

1. The roots of the equation hP+1 = 7 AiAP-' do not exceed unity
i=o

in modulus.

2. Any root of modulus unity must be simple.

We now study En which is the error due to the effect of the rounding
errors aP, ..., a,,-1. The error En satisfies equation (13.2.16):
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n -1
k ak.E-It = E.

=p

The coefficients En, k, as functions of n, must satisfy (13.2.17) which

in the present case is
P

AiEn-i + 8n,kEn+1 =
L

(13.3.12).r
i=0

with initial values

Ei.k = 0, i = 0, 1, ,.., p. (13.3.13)

We can establish a simple relationship between En, k and the solu-
tion En which we discussed above. For n < k equation (13.3.12) will
be homogeneous and in view of the zero initial conditions En, k will be
zero for each n < k. In addition Ek+1, k = 1 which can be seen from
(13.3.12) by putting n = k. When n > k equation (13.3.12) will also be
homogeneous.

Let us consider En,k for n > k - p + 1. From the above discussion

we can assume that En,k has the initial values

Ek-P+l,k = 0, ..., Ek,k = 0, Ek+l, k = 1
and that it satisfies the homogeneous equation

P

En+l = E AIEn-j. (13.3.14)
i=0

But we at once see that these same conditions are also satisfied by
En+P-k-1 and, since the solution is unique for fixed initial conditions,
En,k and En+p-k-1 must coincide.

Thus we obtain
n-1

E' = E akEn+P-k-1 (13.3.15)
k =p

We will assume that a is an upper bound for the rounding errors an for
all n, Ianl < a. Then

n-1
IEnI < a L IEn+P-k-ll

k =p

N-1 N-1
max IEnI < a E IEN+p-k-ll = a E IEkI (13.3.16)

n E
k=p k=p
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If we assume that the errors an can have any values subject to the con-
dition la,a1 < a then the above estimate can not be improved and equal-
ity is achieved for n = N when ak = a sign EN +P _k -1 Because

N -1
EP
p
= 1 then for each N > p + 1 we have E IEPI > 1. As h tends

k =p

N-1
to zero N grows without bound. The value of IEkI will depend on

k =p

the behavior of the solutions Ek as
Let us consider the particular solutions of the homogeneous equation

(13.3.14)

En' En +1' ..., EPP +p (13.3.17)

Their initial values for n = 0, 1, ... , p form the following matrix

0 0 0 0 1

0 0 0 1 Ep+1
................................

P .. EP EP EP1 Ep+1 2p-2 2P-1 2p

The determinant of this matrix is different from zero and therefore the
solutions of (13.3.17) are linearly independent. Thus these solutions are
obtained from the En (i = 0, 1, ... , p) by a nonsingular linear trans-
formation.

Therefore the boundedness of En (i = 0, 1, ..., p) is equivalent to
the boundedness of the solutions (13.3.17).

From the assumption (13.3.9) we saw that

P

i=o

N-1
and in this case the slowest rate of growth of E° IEPI, as N-+oo,

k =p

will occur when all the terms Ek in this sum are bounded by a certain
N-1

number. Then E IEkI will be of the order of magnitude O(N). Thus
k =p

we are led to the following definition:
Equation (13.3.2) is said to be stable with respect to the rounding

errors an if there exists a number M1, which is independent of h, with
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the property that for each N > p we have

IEnI < M1Na, (a = p + 1, ..., N - 1) (13.3.18)

where I an I < a.
A simple theorem which gives a sufficient condition for stability is:

Theorem 2. In order that (13.3.2) be stable with respect to the round-
ing error it is sufficient that the following two conditions be fulfilled:

P

1. The equation XP +1 = T A i hP -i has no roots of modulus greater
i=o

than unity.
2. Any roots of modulus unity are simple.

Proof. If the conditions of the theorem are satisfied then the solutions
(13.3.11) will be bounded for n > 0. These solutions are a complete sys-
tem of solutions and the En are linear combinations of them. Thus there
exists a number M1 which, for n > 0, satisfies

IEnI < M1.

Combining this with (13.3.16) establishes the theorem.
We now study E;; which is the part of the error due to the error rn in

(13.3.1). The error E. will coincide with E if the computations are
carried out using exact initial values yk = y(xk) (k = 0, 1, ... , p)
and if no rounding needs to be performed.

We will say that formula (13.3.1) provides a convergent computational
process if

max IEn1->0 as h---20. (13.3.19)
n

Since En, k = En +p -k -1 equation (13.2.19) can be written as

n-1
En = T rkEn+p-k-1' (13.3.20)

k =p

This gives an explicit expression for E',,' in terms of the errors rk in the
computational formula.

To estimate E;; suppose that r is an upper bound for the absolute
values of the errors rn on the entire segment [x0, X], so that for any n
(0<n<N)

Irnl < r. (13.3.21)

Then we have the following estimate for E',
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n-1 n-1
IEn I < r 1: IEn+p-k-lI = r L.r

IEkI. (13.3.22)

k=p =+P

Hence

N-1

max IEnI < r IE"I
n

k =p

(13.3.23)

N-1
The terms r and T IEnI on the right of this equation usually de-

k =p
pend on the interval size h and if we know how they depend on h we can
often predict the behavior of max IEnI as n-seo. In particular we can

n
state:

Theorem 3. If, as h-'0,
N-1

r E IEkI--,O

k =p

then formula (13.3.2) provides a convergent computational process.

Let us assume that (13.3.2) is stable with respect to the initial values
and also with respect to the rounding errors. Thus we assume that the

P

roots of AP+1 = E AiAP'i do not exceed unity in modulus and that
i=o

any roots with modulus equal to unity are simple.

Then we showed that there exists a number M1 which for all n > 0
satisfies IEnI < M. From this and from (13.3.23) we have the follow-
ing estimate

max IEnI < rMl (N - p) < rM1N. (13.3.24)
n

Thus we have established:

Theorem 4. If the equation

P
,\P+1 = E AihP

i=0

has no roots greater than unity in modulus and if the roots of modulus
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equal to unity are simple then formula (13.3.2) provides a convergent
computational process providing that

h -i0 as h-0.
Let us consider the case which we discussed at the end of the last

section in which the coefficients Ak are positive numbers

Ak > 0

which satisfy the condition

P

EAk=1.
k=0

In this case the error en satisfies inequality (13.2.21):

n-1
lent <- e + E lak + rkl

k =p

n > p

where e > IeiI, i = 0, 1, ..., p.
Thus it is easy to obtain an estimate for the summands En, En and E',

of C.. We note that if ak = 0 and rk = 0 (k > p) then e. must coincide
with E. and therefore we have

IEnI < e, n > p. (13.3.25)

Similarly

n-1IEnI !j E lakI, n > p (13.3.26)
k =p

n-1
IEnI < E Irkl, n > p. (13.3.27)

k =p

If I akI < a and Irkl :s, r for p < n < N, then En and E', satisfy the
estimates

IEnI < (n - p)a < Na (13.3.28)

IEnI :5, (n - p)r < Nr. (13.3.29)

These inequalities permit us to state:



13.3. Convergence and Stability 297

Theorem 5. If the coefficients Ak (k = 0, 1, ..., p) are all positive
P

and satisfy the condition E Ak = 1 then equation (13.3.2) is stable
k=0

with respect to both the errors in the initial values and the rounding
errors. If, in addition,

as h-+0 then formula (13.3.2) provides a convergent computational
process.



CHAPTER 14

Integration of Functions

Given in Tabular Form

14.1. ONE METHOD FOR SOLVING THE PROBLEM

Suppose it is necessary to calculate the value of the integral

y(x)=Yo+ f f(t)dt
a

(14.1.1)

for equally spaced points x,a = xo + nh on the segment x0 < x < X where
f(x) is only known for a set of equally spaced points which includes the
x,,. This problem has been widely investigated and many methods for its
solution are known. The relationship between this problem and Cauchy's
problem for ordinary differential equations has also received much atten-
tion. If we are given the equation y' = f (x, y) and we wish to find the
solution which satisfies the condition y (xo) = To then this problem can
be replaced by the equivalent problem of finding the solution of the in-
tegral equation

y(x)=yo+
J

x f(t, y(t))dt. (14.1.2)
xa

Thus we can also apply methods for the numerical calculation of an
indefinite integral to the solution of first order differential equations'.

In this chapter we consider one possible method for computing the
function (14.1.1). This method leads to a simple computational scheme

'These problems are different in the following respect. In order to compute
the integral (14.1.1) we assume that f (t) is known at all points of the segment
[xa, X]and to find each value of y (x) we can use any values of f (t). In the in-
tegral (14.1.2) we will know the values of the function f(x, y) for tabular points
preceding x, but the values of f(x, y) for points following x will not be known.

298
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and, as a rule, gives good accuracy if the function is sufficiently smooth
on the segment of integration and close to this segment.

Suppose that the computation has been carried up to xn = xo + nh. To
find the next value y (xn+1) of the function (14.1.1) we will use only the
immediately preceding value of y (x):

xn
Y (xn+1) = Y (xn) + f f (t) dt. (14.1.3)

xn

+1

To compute the integral in (14.1.3) we construct an interpolating poly-
nomial for f (x) on the segment [xn, x,+1]. We will use the nodes closest
to this segment to construct the interpolating polynomial and will take
the same number of nodes on each side of this segment.

We apply Newton's interpolation formula (3.2.6) using the nodes xn,
xn + h, xn - h, xn + 2h, xn - 2h, ... to obtain

f(x)=f(xn)+ (x-xn)f(xn, xn+h)+ (x - xn)x
x (x-xn-h)f(xn,xn+h, xn -h)+
+(x-xn)(x-xn-h) x
x(x-xn+Of (xn, xn+h, xn-h,

xn the divided
differences in terms of finite differences gives

f (xn + uh) = fn +i Afn +
(U21 -

1) AZfn-1 +

(u+1)u(u-1) g
+

3!
0 fn-1 +

(u+1)u(u-1)(u-2)
+ &4fn_2 + .. .

4!

To put this equation in a form which is symmetric with respect to xn + 1 h
2

we transform the differences of even order using the identities

fn=2[fn+l+fn]-2[fn+1-fn]=2[fn+l+fn]-20fn

O2fn-1 =
2

[12fn + i2fn_l] - 2 [O2fn - 1.2fn-1] _

2
[A2fn + A2fn-1] -

2
Alfn-1

...................................................
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This gives'

1

f+ f u 2 u(u-1) A2 2
n n+1 fn-1 + 0 fn

2! 2f(xn+uh)= 2
1!

f +

(u_)u(u_i)
31

+ (u + k -1) ... (u - k) A 2k fn-k + A 2k fn-k+1
+ (14.1.4)

(2k)! 2

(u-2)(u+k-1) (u - k)
/

(2k + 1) !
6,2k+lfn_k+r(x).

Substituting this representation for f (t) in the integral

f
x+h 1

f(t)dth r f(x+n
0

leads to the following expression for y (xn}1):

1 A2 + A2f
y (xn+1) = y (xn)

n 2 n+1

12 n 2
n+

11 A4fn-2 + A4fn-1 191 A6fn-3 + 06fn-2
720 2 60480 2

+ (14.1.5)

+ ... + Ck
A2kfn-k

2
A2kfn-k+1 1 + Rn.k

where

1

Ck=(2k)!
J

(u+k-1)...(u-k)du

xn+h
Rn,k= f r(x)dx.

xn

A computational formula is thus obtained by selecting some value of k
and neglecting the remainder Rf,k

Let us consider an example. Suppose we wish to calculate the value

of the following integral on the segment [0, 1]:

'ln the theory of interpolation this equation is called Bessel's formula.
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J(t)dt1-Jox)y(x)= f

where Jo(t) and J1(t) are Bessel functions of the first kind. We use for-
mula (14.1.5) with h = 0.2 and with differences up to and including those
of the fourth order

Yn+1 = yn + 0.2
[fn + fn+l 1 O2fn-1 + o2fn 11 114fn-2 + O4fn-11

2 12 2 + 720 2 J

Y0=0, f(x)=J1(x).
The table of differences of J1(x) which are necessary to use this formula
is given below:

x

X-2 = - 0.4
x-1 = -0.2
xo = 0.0
x l = 0.2
X2 = 0.4
x3= 0.6
X4 = 0.8
X5 = 1.0
x6 = 1.2
X7 = 1.4

I1 (x) All. 107 A211.107 0311. 107 A411. 107

- 0.1960266 965258 + 29750 -29750 0000
-0.0995008 995008 00000 -29750 986

0.0000000 995008 -29750 -28764 1944
0.0995008 965258 -58514 -26820 2880
0.1960266 906744 -85334 -23990 3613
0.2867010 821410 -109324 -20377 4279
0.3688420 712086 -129701 - 16098

0.4400506 582385 - 145799

0.4982891 436586
0.5419477

From this table we can calculate the values of the integral y W. The
computation for y (0.2) is:

y (0.2) = Y (0) + h rf (0) 2f (0.2) 112 A 2 f (- 0.2)2+ A2f (0) +

11 O4f(-0.4)+O4f(-0.2)1
=

+ 720 2 J

= 0 + 0.2
x
I
0 + 0.0995008 - 1 0 - 0.0029750 +

1. 2 12 2

+ 7210 20 + 0.00009861 = 0.0099750.

The calculated values of y (x) are tabulated below.

x
x

I1(t)dt x
f.

fx

1,(t)dt

0

0.0 0.0000000 0. 6 0.0879951

0.2 0.0099750 0. 8 0.1537126

0.4 0.0396017 1. 0 0.2348023
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All of these values are exact to the seven decimal places which are
given, except y (0.4) which has an error of one in the last place.'

14.2. THE REMAINDER

The order of the highest finite difference in (14.1.4) is 2k + 1 and to
use this formula we must know the value of f (z) at the 2k + 2 points
xn - kh, ... , xn + (k + 1) h. If we assume that f (x) has a continuous de-
rivative of order 2k + 2 on [xn - kh, xn + (k + 1) h] then the remainder r (x)
of the interpolation (14.1.4) can be found from Theorem 4 of Chapter 3:

r(x) _
[x-xn+kh][x-xn+(k-1)h]...[x-xn-(k+1)h]

(2k+2)!

= h2k+2 (u + k) (u + k - 1) ... (u - k - 1) f(2k+2)(r1)
(2k+2)!

xn-kh<rl<xn+(k+1)h.
Thus we obtain the following expression for Rn, k in formula (14.1.5):

Rn,k
1

h fr(xn + uh)du =

h2k +3 /'1 (u + k) (u + k - 1) ... (u - k - 1) f (2k+2)(n)dn.
(2 k + 2) ! o

Since the factor (u + k) (u - k - 1) does not change sign on [0, 11
the mean value theorem can be applied to the last integral and thuk we
can make the following assertion:

If f(x) has a continuous derivative of order 2k + 2 on [xn - kh,
xn+ (k+ 1)h] then the remainder R5,k of (14.1.5) has the representation

Rn, k =
1

2k+3 f (2k +2)(,f)
h

(2 k + 2) !
f (u + k) (u + k - 1) (u - k - 1) du (14.2.1)

where is an interior point of the segment [xn - kh, xn + (k + 1)h].

3See, for example, G. N. Watson, A Treatise on the Theory of Bessel Func-
tions, Macmillan, New York, 1944, p. 666.



CHAPTER 15
Calculation of Indefinite
Integrals Using a Small

Number of Values

of the Integrand

15.1. GENERAL ASPECTS OF THE PROBLEM

Here, as in the preceding chapter, we will consider the problem of
computing the indefinite integral

y(x) = Ye + f x f (t)dt (15.1.1)
xa

for equally spaced values of the argument xk = x0 + kh (k = 0, 1, ... ).
Here, however, we assume that we may use in the computational formula
any nodes for which f (x) is defined.

The largest part of the work in computing the integral (15.1.1) by
means of a formula of the form (13.2.1) is usually in calculating the
values of the function f W. There are two ways in which we can reduce
this part of the work. We can choose the nodes to achieve a high degree
of precision in the formula or we can choose the nodes so that they are
used for not just one step in the calculation but for several steps so that
for each successive step it is necessary to calculate only a few addi-
tional values of f (x).

In the following discussion we will use a combination of these methods
to construct formulas. To calculate the value of yn+1 we again use only
the preceding value of y(x):

fxn+1
Yn +1 = Yn + dt

n

f (t)

303



304 Approximate Calculation of Indefinite Integrals

and thus the problem reduces to the computation of the integral in this
expression.

If the coefficients of the formula are to be independent of n we must
assume that the nodes are situated with period h on the x-axis. We will
say that a set of points a + kh, for distinct integers k, are similar to the
point a.

To calculate the above integral we assume that we will use m nodes
a, S, ... , A on the segment ['14n, xn +1]' xn < a < f3 < .. < A < xn +1
In addition to these basic nodes we will also use the following:

a nodes a + pih (i = 1, ..., a) similar to a
b nodes g + qih (i = 1, ... , b) similar to S
.........................................
I nodes A + tih (i = 1, ... , 1) similar to A.

The way in which these additional nodes are situated among the points
xk will depend on the numbers pi, qi, ... , ti which we assume can be
any integers different from zero. We denote the total number of nodes
by N + 1:

m + a + b + + l = N + 1.

Let us consider a formula of the form

a

L'411t)dt Ao f (a) + Ai f (a + pi h) +
i=1

1

+ + L o f (A) + Li f (A + ti h). (15.1.2)
i=1

If we assume that the numbers pi, ..., ti are given then we must still de-
termine the nodes a, ..., A and the coefficients Ai, ..., Li (i = 0,
1, ...). We wish to choose these quantities so that (15.1.2) has the
highest possible algebraic degree of precision.

For each choice of the a, ..., A, pi, ..., ti we can always construct
a formula which is exact for all polynomials of degree N. We can do
this by constructing the Lagrange interpolating polynomial for f (x) using
the nodes a, a + pih...... , A + tih and taking as the coefficients
in (15.1.2) the integrals of the coefficients of this interpolating poly-
nomial. In this way the coefficients Ai, ..., Li are completely de-
termined. Thus to increase the precision of the formula we have only at
our disposal the choice of the nodes a, ..., A. Below we will show that
for any pi, ..., ti formula (15.1.2) can be made exact for all polynomials
of degree m + N by a suitable choice of a, ... , A and that this is the
highest possible degree of precision.
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From the nodes of the formula we construct the following polynomials:

rv(x)=(x-a)...(x-A)
a l

wa(x) = ]I (x - a - pi h), ..., oh(x) = [J (x - h - ti h)
i=1 i=1 (15.1.3)

Sl(x) = Wa(x) ... toA(x)-

Theorem 1. No matter how we choose the nodes a, ..., A and the
integers pi, ..., ti the formula (15.1.2) can not be exact for all poly-
nomials of degree m + N + 1.

Proof. It is sufficient to consider the polynomial f (x) = fl(x)o2(x).
The degree of this polynomial is m + N + 1. Since all the nodes of the
formula are roots of il(x)o 2(x) the quadrature sum on the right side of

(15.1.2) is zero. The integral j'Q(x)o2(x)dx h owever, is different

from zero since the polynomial Sl(x)a2(x) does not change sign on
the segment of integration and it is not identically zero. Therefore
(15.1.2) cannot be exact for f (x) = Sl(x)rv2(x).

The algebraic degree of precision of (15.1.2) is always less than
m + N + 1 and the greatest it can be is m + N.

Theorem 2. In order that formula (15.1.2) be exact for all polynomials
of degree < m + N it is necessary and sufficient that the following two
conditions be fulfilled:

1. The formula must be interpolatory
2. For any polynomial Q(x) of degree less than m we must have

n +1 fl(x)oi(x)Q(x)
dx = 0. (15.1.4)

xn

Proof. The necessity of the first condition is evident. To verify the
necessity of the second condition let us take an arbitrary polynomial
Q(x) of degree less than m and set f (x) = Sl(x)&)(x)Q(x). This is a poly-
nomial of degree at most m + N and for it equation (15.1.2) must be
exact. But the quadrature sum for f (x) is zero; hence equation (15.1.4)
must be satisfied.

Suppose now that both conditions of the theorem are fulfilled and let
f (x) be any polynomial of degree <m + N. Dividing f (x) by a(x)a(x)
we can represent f (x) in the form f (x) = dl(x)oo(x)Q(x) + r(x) where
Q(x) and r(x) are polynomials of degree less than m and N + 1 respec-
tively. Since the polynomial SZ(x)o(x) is zero at all the nodes in the
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formula then at these nodes the polynomials f(x) and r(x) must have the
same values. Using the fact that the degree of r(x) is not greater than N
and the fact that formula (15.1.2) is interpolatory the following equations
must be satisfied:

f''f(x)dx = f''a(x)o(x)Q(x)dx + f''r(x)dx =
n n n

a

= Aor(a) + Air(a +pih)+ _
i=1

a

=Aof(a)+
a

Aof(a+pih)+...,

i=1

This establishes the sufficiency of the conditions and completes the
proof.

Theorem 2 reduces the question of the existence of quadrature for-
mulas (15.1.2) which have the highest algebraic degree of precision
m + N to the question of the existence of nodes a, ..., A for which the
corresponding polynomial fl(x)o(x) satisfies the orthogonality condition
(15.1.4).

Theorem 3. For any integers pi, ... , ti we can find nodes a, ... , X
so that the corresponding quadrature formula (15.1.2) will have the high-

est algebraic degree of precision m + N.

Proof. Let us take any system of nodes a, f3, ..., A which satisfy
the inequalities

xn (15.1.5)

and construct for these nodes the polynomials Q(x) and w(x). The poly-
nomial Q(x) does not change sign on the segment [xe, xn+1] We will
consider 11(x) as a weight function and investigate the system of poly-
nomials Pk(x) which are orthogonal on [xn, xn+11 with respect to 1(x).
Let Pm(x) be the mth degree polynomial of this system and let us assume
that its leading coefficient is unity:

Pm(x) = xm + plxm-1 + p2xm-2 +

Any polynomial Q(x) of degree <m satisfies

0. (15.1.6)

Jxn

The roots of Pm(x) are all real and simple and they all lie inside the
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segment Ixn, xi +11. We denote the roots of Pm(x) by 61, ... , S m and
assume that they are enumerated in increasing order xn < ! < <

e. < xnt1. If it turns out that e 1 = = A then
Pm(x) coincides with w (x) and then 11(x) and co(x) will satisfy (15.1.4)
and the corresponding formula (15.1.2) will have the highest algebraic
degree of precision m + N.

If the 1, ..., im do not coincide with the a, ... , A let us construct
a system of linear equations for the coefficients Pk (k = 1, ..., m).
The orthogonality property (15.1.6) is equivalent to the equations

f9n+1
S 1(x)Pm(x)xidx = 0, i = 0, 1, ..., m - 1 (15.1.7)

n

or if we replace Pm(x) by its expansion in powers of x :

Cm+i + Cm+i-1 + Cm+i-2P2 + .. + Cipm = O, i = 0, 1, ..., m - 1
where

xn+1
Ck = 1 11(x)xkdx.

xn

Since 11(x) is a polynomial in a, ..., A then the numbers ck will also be
polynomials in a, ..., A.

The determinant of the system (15.1.7)

CO Cl ... Cm_1

D=
Cl C2 ... Cm

Cm-1 Cm ... C2m-2

is the determinant of a positive-definite quadratic form

2x m \
a(zl, ..., zm) = f

n +1
S1(x)xi-lzi1 dx

,Jxn
i=1

and it is known to be different from zero for each set of a, ... , A which
satisfies (15.1.5). The coefficients Pk (k = 1, ... , m) will be rational
continuous functions of a,.. ., X.

The roots 'fl, e2, ... , em of P. (x) depend continuously on the coef-
ficients Pk and will therefore be continuous functions of a, ... , A :

61=951(a...... )
.................. (15.1.8)

em = y+m (a, ... , X).
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These equations can be interpreted in a geometric manner. Consider an
m-dimensional Euclidean space of points (x1, xa, ... , xm) which we de-
note by Em. Equations (15.1.8) can be interpreted as a transformation
of the point (a, ..., A) of E. into another point (61, ..., 6m) of Em.
Condition (15.1.5), to which a, ..., A are subjected, defines an m-dimen-
sional closed simplext in Em. Since the roots k satisfy the inequali-
ties xn < S 1 < < Cm < xn+1 then equations (15.1.8) define a
single-valued, continuous transformation of this simplex onto itself. By
the Brouwer fixed-point theorem' it is known that there exists an in-
variant point of this transformation and consequently there exists values
a, ... , A for which If 1 = a, ... , S m = A and Pm(x) = o(x). Therefore
there certainly exists nodes a, ..., A which satisfy the inequalities
xn < a < < A < xn+1 for which (15.1.4) is fulfilled. This com-
pletes the proof of Theorem 3.

It is not known, in general, whether the points a, ... , A will be unique.
We now find a representation for the remainder of (15.1.2). Let

[a', b'] be the segment which contains [xn, xn+1] and all the nodes of
formula (15.1.2).

Theorem 4. If f(x) has a continuous derivative of order m + N + 1
on [d, b'] and if formula (15.1.2) has degree of precision m + N, then
there exists a point if in [a', b'] with the property that the remainder
R(f) of formula (15.1.2) satisfies

!(m+N+1)( xn+l
R(f) = I SZ(x)o 2(x) dx. (15.1.9)

(m + N + 1)! f.
Proof. Let us construct an interpolating polynomial for f(x) in the fol-

lowing way. Suppose that at each of the basic nodes a, ... , A we are
given both the value of f(x) and the value of its derivative f(x) and at
each node of the form a + pih, ... , A + tih we are given only the value
of the function f(x). We will have a total of m + N + 1 known values.
The interpolating polynomial based on these values will be denoted by
H(x) and will have degree <m + N:

f (x) = H(x) + r(x).

'An m-dimensional simplex is the generalization of a triangle for two dimen-
sions and a tetrahedron for three dimensions and has m + 1 vertices, which do
not lie in any (m - 1)-dimensional subspace, and is bounded by m + 1 (m - 1)-
dimensional faces.

' Brouwer has proved the following theorem: If we are given any single-valued,
continuous transformation of an m-dimensional simplex onto itself then this
transfonnation has at least one invariant point; L. E. J. Brouwer, "Uber Ab-
bildung von Mannigfaltigkeiten," Math. Annalen, Vol. 71, 1912, pp. 97-115 or
V. V. Nemytskii, `Method of fixed points," Uspehi Mat. Nauk, Vol. 1, 1936,
p.153.
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By the results of Section 3.3 the remainder r(x) can be represented in
the form

f(m+N+1)(q)
fl(X)6)2(X)

(m + N + 1)!

where 0 is a point inside the segment which contains the nodes of the
interpolation and the point x.

It is clear that R(f) = R(H) + R(r). But H(x) has degree <m + N
so that R(H) = 0 and hence R(f) = R(r). The quadrature sum for r(x)
is zero since r(x) is zero at all the nodes of the formula. Thus R(r) co-
incides with the integral of r(x):

f(m+N+1) q
R(f) = R(r) _ f n r(x) dx _

f x n+1 (m
+ N + 1) !

f(x)c(x) dx.
fn

Since Cl(x)w2(x) does not change sign on [xn, xn+1] the assertion of the
theorem immediately follows.

15.2. FORMULAS OF SPECIAL FORM

Here we consider formulas for calculating the indefinite integral

y(x) = Yo + f f (t) dt
o

which use one, two or three values of the integrand f(x) on each step or,
in other words, formulas which contain one, two or three basic nodes.
We will give numerical values for the nodes and coefficients in these
formulas.'

All of these formulas can be constructed by a standard method and we
describe this method in detail for only one case and in the other cases
we only give the final results.

1. We begin with the case of one value of f(x) on each step. These
formulas reduce to formulas studied by Gauss and obtained by him in
another problem in a different way.

On the segment [x,,, xn + h] we take the basic node a,, = xn + qh,
0 < q < 1. The nodes are then situated as in Fig. 9.

In order to construct a formula of the form (15.1.2) we use k nodes pre-
ceding and following an which are similar to a,,. The formula then con-
tains 2k + 1 nodes. We are free to choose only the parameter q and the

3The values of the coefficients and nodes of the formulas given in this sec-
tion were computed by Junior Research Assistant M. A. Filippov of the Lenin-
grad Division of Mat. In-Ta Akad. Nauk SSSR.
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-qh--4 4 I --qh-
an-2 xn-1 an-t xn an xn+t a'ntt

Figure 9.

highest degree of precision of the formula is 2k + 1. In order to achieve
this precision the formula must be interpolatory and it must satisfy the
orthogonality condition (15.1.4) which in this case is

il(x)w(x) dx = 0 (15.2.1)

Q(x)w(x) _ (x - an) (x - an -1) (x - an+1) ... (x - an -k) (x - an +k) =

_ [x-xn-qh][(x-xn-qh)2-h21 ... ((x-xn-qh)2-k2h2].

It is easy to show that (15.2.1) has the solution q =

2

and that this

solution is unique for 0 < q < 1.
We transform the integral (15.2. 1) by the transformation x = xn + hq + ht

to obtain

f
z+k 1-q

fl(x)w(x) dx = k22 I
n 1 q

rr(t) = t(t2 - 12) ... (t2 - k2).
Thus (15.2.1) is equivalent to

(q) = j'tdt = 0. (15.2.2)

1

Since IT(t) is an odd function of t then ¢;or(s) dt = 0 and
(12) J 2

q= 2 is a root of (15.2.2). The derivative of 4(q) is

95'(q) =7r(1-q)-7r(-q)

and since 7r(1 - q) and 7T(-q) have opposite signs for 0 < q < 1 then
0'(q) does not change sign on the interval 0 < q < 1. Therefore the

root q =
2

is unique for 0 < q < 1 and
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an = xn + 2 h.

To interpolate for f(x) on (xn, xn + h] with respect to its values at
the nodes am (m = n - k, ... , n + k) we use Newton's interpolation
formula (3.2.6) substituting the nodes in the order

a n, a n + h, a n - h, a n + 2h, a n - 2h, ... .

We obtain

f (x) = f (an) + (x - an) f (an, an + h) +

+ (x - an) (x - an - h) f (an, an + h, an - h) + (x - an) x
x(x-an-h)(x-an+h)f(an,an+h, an-h,an+2h)+
+ + r(x) _

x - an
= f(an) + 1!h

t f(an) +

+ (x -
an) (i

-
an

- h) i 2 f (an - h) + ... +

(x - an + kh) ... (x - an - kh)+ e2k+1 flan _ kh) + r(x).
(2k + 1)!h2k+1

Substituting this expression for f(x) into the equation

Yn+1 yn +
nJXn+h

gives

Yn+l = yn + h If (an) + 24 j2f(an
- h) - 571760

A4f(an - 2h) +

367

+ 96 680
A6f (an - 3h) - 462785900 A8f (an - 44) +

+ 1295803 010f(an
- 5h) + +

122624409600

ck =

+ ckA2kf(a. - kh), + R,,k.

1
1
2 - 12) ... (t2 - (k - 1) 2) dt.

(2k) !
f2t2(t2

2

(15.2.3)
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If f(x) has a continuous derivative of order 2k + 2 on [an - kh,
an + kh] then, by Theorem 4 of Section 3.2, the remainder of the in-
terpolation can be represented as

r(x) _
(x - a. + kh) . . (x - an - kh) f(2k+2)(.n)

(2k + 2) !

for some interior point Yj of this segment. To find the remainder we
integrate this expression and make the substitution

2h+th

to obtain

fOn+2)(D
2Rn,k (2k + 2)! J 1t2(t2 - 12) ... (t2 - k2)dt. (15.2.4)

2

2. We now consider some of the simplest computational formulas which
require two values of f (x) on each step. We use the two basic nodes an,
P. on the segment [x,,, xn + h]. The nodes are situated as in Fig. 10.

X.-1

an-1 an-1

X.

a Rn an+, Sn+1

Figure 10.

Xn+I Xn+2

In addition to an and A. we will also use k nodes on each side of [xn,
X. + h] so that the total number of nodes is 2k + 2. The highest degree
of precision which can be achieved is 2k + 3.

In the present case m(x) = (x - (x - Sn) and fl(x)e(z) will con-
tain 2k + 2 factors of the following form:

IZ(x)w(x)=(z-a,))(x-f3,,)(x-an+1)X

X (x - Nn-1) (x - 16n+1) (x - an-1) ....

The orthogonality condition (15.1.4) which SZ(x)cv(x) must satisfy reduces
to the two equations

xn+hcZ(x)cv(x)dx
= 0

xn+hxfl(x)rv(x)dx
= 0. (15.2.5)

zn xn

In the first case, k = 1, we have four nodes: an, tBn, an+1, (3n-1
In order to simplify the problem we make the transformation



15.2. Formulas of Special Form

z = h x - C1
+ h xn)
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which transforms the points .... xa-1+ xn, xn+1. xn+2+ . into the points
..., -3, -1, 1, 3, ... and the midpoint of [xn, xn + h] transforms into
z = 0. The points which x = an and x = fan transform into we will
denote by p and q. In terms of z we have

2

m(x)=(x-an)(x-fan)=h4 (z-p)(z- q)

fl(x)m(x) _ (x - an) (x - f n) (x - a.n+,) (x - H+n-1) _

6(z -q+2)(z - p) (z - q) (z - p - 2).
=

14

In terms of z the orthogonality conditions (15.2.5) are

(z - q + 2) (z - p) (z - q) (z - p - 2) dz = 0

f'z(z -q+2)(z - p) (z - q)(z -p - 2) dz = 0

or after integrating and collecting terms

p2(1-6q+3q2)+2p(3g2-4q-1)+

(p+q)[5 + 3(Pq+q-p-2)]=0. (15.2.6)

From the second of these equations p can have the values

_ 7
q

5
P1 = 1 - q , P2 = -q.

Since p and q must satisfy the condition

-1<p<q< 1
we see that the solution p1 must be rejected since it does not satisfy
-1<p1.

From the second solution p = p2 = -q the first of the equations
(15.2.6) gives

17
3q4 - 12q3 + 10q2 + 4q -

5
= 0.
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Now q must lie in the segment (0, 1) and it is possible to show that this
equation has only one root of this form

q - 0.53332 38475.

The basic nodes an and Nn are then

an = xn + 2 (1 - q)h = xn + (0.23333 80763)h

is. = xn +

2

(1 + q)h = xn + (0.76666 19237)h.

Let us construct the interpolating polynomial for f (x) using its values
at the nodes Nn-1+ an, (3,,, an+1:

f(x) (x - an) (x - Sn) (x - an+1) /a
Q pp pp aa f Wn-1) + + (x)
Wn-1 - an)Wn-1 - (3n)((3n-1 - an+1)

= P(x) + r W.

Then

fxn+h xn+h
Yn+1 = Yn + f(t)dt = yn + f P(t)dt + Rn.

n xn

Computing the integral of NO leads to the following formula:

Ya+1 = Yn + (0.48690 23179)h[f (an) + N301 +

+ (0.01309 76821)h[f Wn-1) + f (an+1)] + Rn. (15.2.7)

The remainder R. can be found from the representation (15.1.9). Here
we must use m = 2, N + 1 = 4 and

fl(x)o 2(x) _ (x an)2(x - Nn)2(x - an+1).

This leads to

Rn
14.732017 h7fi6i(f) = _ 0.00000305h7f(6)(1f) (15.2.8)
4838400

(n-1 < S < an+1
We now consider the case k = 2. In addition to two basic nodes in

the interval [xn, xn + h] we also use two nodes in each of the adjoining
intervals [xn - h, xn] and [xn + h, xn + 2h]. The nodes are depicted in
Fig. 10.

The highest algebraic degree of precision is 7.
The nodes of this quadrature formula are
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an = xn + (0.23896 17210)h, 9= xn + (0.76103 82790)h.

The formula is

Yn+1 = Y. + (0.48309 24404)h[f(an) + f(16n)] +

+ (0.01737 14226)h[f W.-I) + f (an+1)] -

- (0.00046 38630)h[f (an-1) + f (F+n+1)] + R. (15.2.9)

The estimate for the remainder is

IRnI < 0.00000008h9M8

M8 = Max If(8)(x)I, an-1 < X < h+n+1
X

In all the cases which we consider below the nodes are situated sym-
metrically with respect to the middle of the segment [xn, xn + h]. We

will not derive any nonsymmetric formulas of the highest degree of pre-
cision.
The case k = 3. In addition to two basic nodes in [xn, xn + h] we

also use two nodes in [xn - h, x,] and in [xn + h, xn + 2h] and one

node in [xn - 2h, xn - h] and in [xn + 2h, xn + 3h]. The nodes are
situated as shown in Fig. 11.

A-2 do-1 $.-, an NP an+I 8P+1 d.+2

XP-i Xn XP+I Xn+$

Figure 11.

The highest degree of precision is 9. The formula which achieves this
precision is

Yn+l = yn + (0.48259 37250)h[f (an) + A PA +

+ (0.01797 22221)h[f (gn-1) + f (an+1)] -

- (0.00057 82647)h[f (an-1) + f (F+n+1)] +

+ (0.00001 23177)h[f Wn-2) + f (an+2)] + R. (15.2.10)

where the nodes are

an = X. + (0.23963 00931)h, on = xn + (0.76036 99069)h.

The remainder satisfies the estimate

IRnI < 0.000000003h11M10

Mlo = max If(10)(x)I, Pn-2 < X < an+2
x
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The case k = 4. We use the nodes shown in Fig. 12.

Xn-2

dn-2 iSn-2 , do-1 19n-1 do /3n do+1 Sn+1 do+2 Bn+2

X.-1 X. Xn+1

Figure 12.

Xn+2 Xn+3

The highest algebraic degree of precision is 11 and is achieved by the

formula

Yn+1 = yn + (0.47911 31668)h[f (an) + f(f3n)] +

+ (0.02153 22932)h[f (1-1) + f (an+1)] -

- (0.00136 32927)h[f (cz.n-1) + f (Pn+1)] +

+ (0.00012 36065)h[f (f3n_2) + f (an+2)] -

- (0.00000 57738)h[f (an-2) + f Wn+2)] + R. (15.2.11)

where the nodes are

an = X. + (0.24346 00865)h, f3n = xn + (0.75653 99135)h.

The remainder satisfies

IRnI < 0.0000000001103M12

M12 = max if(12)(x)I, an-2 < x < Pn+2
X

3. Finally we give three formulas which use three values of f (x) on
each step.

Using three basic nodes and one additional node on each adjacent
interval as depicted in Fig. 13 a formula of degree 7 can be constructed.

X.

The formula is

yn+1

do Sn 71.

Xn+1 Xn+2

Figure 13.

yn + (0.40010 36566)hf(f3n) +

+ (0.29348 93491)h[f(an) + f(yn)] +

+ (0.00645 88226)h[f (yn-1) + f (an+1)] + R. (15.2.12)

an = xn + (0.13518 35561)h

P. = X. + (0.5)h

yn = xn + (0.86481 64439)h
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I R n I < 0.0000000024h 9M 8

M8 = max I f(8)(x)I, Yn-1 < X < an+1
X

With the nodes shown in Fig. 14 a formula of degree 9 can be con-
structed.

P.-1

The formula is

-1 _F do
an do+, I3n+)

Xn X. +I

Figure 14.

yn+l = yn + (0.38762 75418)hf(gn) +

+ (0.29781 27562)h[f(an) + f(yn)] +

+ (0.00848 08932)h[f (Yn-1) + f (an+1)] -

- (0.00010 74203)h[f (Nn-1) + fW.+1)1 + Rn (15.2.13)

an = zn + (0.14145 83289)h

On =xn+(0.5)h
Y. = xn + (0.85854 16711)h

I R n I < 0.000000000002h 11M 10

M10 = max I f (10)(x)Ie Nn-1 < x < Sn+1
X

The last formula we give uses nodes situated as in Fig. 15 and has
degree 11.

an-1 An_i yn-1

Xn_I Xn

do 0n yn

Figure 15.

The formula is

Yn+1=In

an+l !n+I L-1 ,

Xn+1 Xn+2

+ (0.38134 28493)hf(f3n) +

+ (0.29986 68413)h[f (an) + f (y.)] +

+ (0.00967 80471)h[f (Yn-1) + f (an+1)] -

- (0.00022 28947)h[ f (F'o-1) + f (p+n+1)] +

+ (0.00000 65816)h[f (an-1) + f (Yn+l)] + R. (15.2.14)
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an = xn + (0.14469 85558)h

P. = xn + (0.5)h

yn = xn + (0.85530 14442)h

IR5I < 0.0000000000003,413M 12

M12 = Max If(12)(x)I, an-1 < X < Yn+1
X

Example. Let us calculate the elliptic integral of the first kind

Y(x) = fo*
`dt

V(1 1 - t2)(1 - k2t2)
for k2=0.5.

For this calculation we use (15.2.7) with step size h = 0.1. This
formula contains 4 nodes and its degree of precision is 5. For each ad-
ditional step in the calculation we must compute two new values of the
integrand.

As a comparison the above integral was also calculated by formula
(14.1.5):

rfn + fn+1 1 02fn_1 + &2fn
Yn+1 = Y. + h L - -

2 12 2

Here the step size was taken to be h = 0.05 so that for each step of
length 0.1 two new values of f (x) would also be required. Two forms of
this formula were used:

1. with four nodes xn-1, xn, xn+1, xn+2i
2. with six nodes xn_2, xn-1, , xn+3

In the first case formula (14.1.5) contains the same number of nodes as
(15.2.7) and in the second case the formula has the same algebraic de-
gree of precision as (15.2.7). The exact values of the integrals were
taken from the table of Legendre.`

X
Exact value Formula Error

of y(x) (15.2.7) x 1010

0.0 0.00000 00000 0.00000 00000 0

0.1 0.10025 11946 0.10025 11947 -1
0.2 0.20203 89248 0.20203 89251 -3
0.3 0.30705 49305 0.30705 49312 -7
0.4 0.41734 51597 0.41734 51612 -15
0.5 0.53562 27328 0.53562 27370 -42
0.6 0.66584 78254 0.66584 78390 -136

0.7 0.81448 92840 0.81448 93476 -636
0.8 0.99390 71263 0.99390 73932 -1669

°A. M. Legendre, Legendres Tafeln der Elliptischen Normalintegrale erster
and zweiter Gattung, Stuttgart, 1931.
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x (14.1.5)
with 4 nodes

Error

x 1010
(14.1.5)

with 6 nodes
Error

x 1010
0.00 0.00000 00000 0.00000 00000
0.05 0.05003 12182 0.05003 12881

0.10 0.10025 10523 1423 0.10025 11965 -19
0.15 0.15085 26647 0.15085 28927

0.20 0.20203 86018 3230 0.20203 89297 -49
0.25 0.25402 62515 0.25402 67037

0.30 0.30705 43281 6024 0.30705 49416 -111
0.35 0.36139 09430 0.36139 17730

0.40 0.41734 40530 11067 0.41734 51861 -264

0.45 0.47527 55059 0.47527 70768

0.50 0.53562 05749 21579 0.53562 28057 -729
0.55 0.59891 61532 0.59891 94255

0.60 0.66584 30644 47610 0.66584 80773 -2519
0.65 0.73729 25074 0.73735 06471
0.70 0.81447 62323 130517 0.81449 05609 -12769
0.75 0.89912 20667 0.89920 04674
0.80 0.99385 27113 544150 0.99392 09917 -138654



CHAPTER 16
Methods Which Use

Several Previous Values

of the Integral

16.1. INTRODUCTION

In the last two chapters we have discussed separate problems on the
approximate evaluation of indefinite integrals and in both cases we used
only one preceding value of the integral in order to approximate the next
value. Computational methods of this type are always stable with respect
to the errors of the initial values and the rounding errors providing that
they are exact for f(x) = 0 and y(x) = 1. In such cases the formula must
have the form

_

Yn+1 =Yn-k+ Bn,1f(Se,j)+rn
j=1

and thus is a formula with positive coefficients Ai and therefore is stable
with respect to the errors in the initial values and the rounding errors as
we showed in Section 13.3.

It is a more difficult problem to derive formulas which use more than
one preceding value of y(x) since formulas of the highest algebraic de-

gree of precision of this type which are stable cannot always be found.

In this chapter we discuss one method for constructing stable formulas
of the highest degree of precision.

Suppose we wish to calculate the integral

y(x)=yo+
x

fx

f (t) dt

320
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for an arbitrary set of points

xk (k=0,1,...,N; xk <xk+1)

321

on the segment [xo, X1. We assume that the calculation has been carried
up to the point x,, and that we have computed y (xe). In order to compute
y (xn+1) we can use any of the previously computed values Yk (k < n) of
y (x) and any values of y'(x) = f (x). Here we assume that the derivative
y'(x) is known everywhere on [xo, X] and that we may use any nodes
whatsoever on this segment at which to evaluate f(x).

This is a problem of interpolation to find the value of y(x) at one of
the fixed nodes x,,+l in terms of values of the same function and of its
derivative y'(x) = f W. We will see below that it will be useful to divide
the nodes in the formula into three classes.

Let y(z) be any function which is defined and differentiable on a cer-
tain segment [a, b]. On this segment we take r + s + u distinct points

e1, 6, ... , er

er+1e er+29 ' ' * 9 er+s

er+s+1r er+s+29 "'r er+s+u

(16.1.1)

At the first r of these nodes we assume that we know the value of y (z):

Y( 1),---, Y(er)

At the next s nodes we assume that we know the value of both the func-
tion and its derivative:

y (6i), y'(el) j = r + 1, ... , r + s.

At the last u nodes we assume that we know only the value of the de-

rivative

y'(fj) j=r+s+1,...,r+s+u.
We will call the nodes written in the first line of (16.1.1) the simple
nodes, those in the second line the double nodes and those in the last
line the auxiliary nodes. In addition we let x denote a point of [a, b]
which does not coincide with any of the simple or double nodes but
which may coincide with an auxiliary node.

We select certain r + s numbers aj (j =1, 2, ... , r + s) and s + u num-
bers /33 (j = r + 1, ... , r + s + u) which will be defined later and consider
the expression

r+s r+s+u
Y(x) =T aj y(6j) + E Qiy'(e,) +R. (16.1.2)

j=1 j=r+1
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Neglecting the remainder R gives an approximate expression for y (x):
r+s r+s+u

y(x)ajy(ej)+ j6jy'( j).
j=1 jmr+1

(16.1.3)

The degree of precision of this equation is defined in the usual way: we
say that (16.1.3) has algebraic degree of precision m if it is exact for all
monomials Y (z) = zk (k = 0,1,... , m) and is not exact for y (z) = z"`+1.

We will determine what the highest degree of precision of (16.1.3) may be
and under what conditions it is achieved.

Theorem L For any aj, fj and any disposition of points e1 and x the
degree of precision m of (16.1.3) is always less than r + 2s + 2u:

m<r+2s+2u.

Proof. It suffices to show that there always exists a polynomial of de-
gree not exceeding r + 2s + 2u for which equation (16.1.3) is not exact.

We assume, at first, that none of the auxiliary nodes coincide with x
and consider the polynomial

y (z) = (z - e1) ... (z - e,) (z - er+1)2 ... (z - er+s+u)2 = A(z) (16.1.4)

of degree r + 2s + 2u.
It is obvious that A (ej) = 0 for j =1, ... , r + s + u and A'(ej) = 0 for

j2! r + 1. Thus the right side of (16.1.3) is zero for this function. The
left side y (x) = A (x) A 0 because x 4 ej and (16.1.3) can not be exact.

Now assume that one of the auxiliary nodes, for example er+s+u, co-
incides with x. We introduce the polynomial B (z) of degree r + 2s +
2u - 2:

B(z) =
A(z)
t(Z - Sr+s+u)2'

If B' (x) 4 0 we put

This is a polynomial of degree r + 2s + 2u - 1 for which the right side of
(16.1.3) is zero. The left side is y(x) = -B2 (x)/B'(x) A 0 and (16.1.3)
is not satisfied. In this case the degree of precision of (16.1.3) is less
than r+ 2s +2u-1.

If B'(x) = 0 then (16.1.3) is not satisfied for y (z) = B (z). In this case
the degree of precision is less than r + 2s + 2u - 2. This proves Theorem
1.
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This theorem shows that the greatest possible degree of precision of
(16.1.3) is r + 2s + 2u -1. Later we show that this degree of precision
can be achieved by an appropriate choice of the coefficients aj and Si
and auxiliary nodes ei(j > r + s).

From the proof of Theorem 1 we see that when one of the nodes >
r + s) coincides with x the degree of precision of (16.1.3) is less than
r + 2s + 2u - 1 and can not achieve its highest value. Therefore we will
always assume that all the e1 are different from the point x.

16.2. CONDITIONS UNDER WHICH THE HIGHEST DEGREE OF
PRECISION IS ACHIEVED

If we require that (16.1.3) be exact for the monomials xk, k =0,1'...'
r + 2s + 2u - 1, we obtain the following system of r + 2s + 2u equa-
tions

r+s r+s+u

aieh +
ISikef-1

= xk
i=1 i=r+1

(k = 0, 1, .. . , r + 2s + 2u - 1). (16.2.1)

This system can be studied by comparing it with the related interpolation
problem.

At the simple nodes let us be given the values of the function

y(ei) j=1,...,r. (16.2.2)

At all the double and auxillary nodes let us be given both the value of
the function and also its derivative

y(el), y'(ei) j=r+1,...,r+s+u. (16.2.3)

Using these values consider the problem of interpolating for the value
y W. Taking certain numbers ai (j =1, ... , r + s + u) and 16' (j = r +
1, ... , r + s + u) we construct the approximate equation

r+s+u s+u

Y (X) a, y (ei) + Si y'(e1). (16.2.4)

i=1

Here it is possible to determine the r + 2s + 2u coefficients a' and )9f if
we require that (16.2.4) be exact for the monomials y(z) = zk, k = 0,1, ... ,
r + 2s + 2u -1. This gives a system of r + 2s + 2u linear equations forthe a''' Si'
r+s+u r+s+u

a, + 8;k et-1=xk (k=0,1,...,r+2s+2u-1).(16.2.5)lei
i=1 i=r+l



324 Approximate Calculation of Indefinite Integrals

The determinant of this system is

1 1 1 0 0

o
=

el 2 ... er+s+u 1 ... 1

t2 2 2
S1 52 r+s+u 2Sr+1 2Sr+s+u

........................................

where we have written the coefficients of the a' in the first r + s + u
columns and the coefficients of the P' in the last s + u columns. This
determinant is different from zero` if et # Zvi (i, r + s + u; i
In the above case this will be true.

Thus the system (16.2.5) has a unique solution provided that the points
ej are all distinct. The relationship between the systems (16.2.1) and
(16.2.5) is given by the following two assertions which are easily veri-
fied.

1. Suppose the system (16.2.1) has a solution. Then this solution is
unique and the unknowns of and (3 in (16.2.5) satisfy the following re-
lationships :

a" =a1 j=1,...,r+s
ar++1 = 0. . ar+s+u = 0 (16.2.6)

P;=111
j=r+1,...,r+s.

Indeed, suppose that the numbers a1 (j =1, ... , r + s) and Si (j = r +
1, ... , r + s + u) are a solution of the system (16.2.1). Together with
these numbers we also take u numbers ar+s+1 = Of . . . . ar+s+u = 0. The
resulting system of r + 2s + 2u numbers will clearly satisfy (16.2.5) and
since (16.2.5) has a unique solution the relationships (16.2.6) must be
valid.

2. If the numbers a' and j6j are a solution of the system (16.2.5) and if

a,+s+1=0,..., ar+s+u=0 (16.2.7)

then the system (16.2.1) has a solution and the following relationships

'We can easily see this if we take the Vandermondian determinant of order

r+2s+2u in the parameters
e1,...,rsr+2s+2u

tII (et-et) (*)
i>1

and calculate the mixed derivative with respect to 6r+2s+2u and
then set 1=r+s+u+l

r

= Sr+1. . Sr+2s+2u = er+s+u After performing these oper-
ations we obtain A. But this is the same as striking out the factors

(rSr+s+u+1-

1;r+1), i = 1, ... , s + u, from the product M. What remains is a new product which
is clearly different from zero.
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are valid:

ai=a j=1,...,r+s
(16.2.8)

f3. =f3' j=r+1,...,r+s +u
Here we need only note that if the conditions (16.2.7) are fulfilled

then the equations (16.2.5) coincide with (16.2.1).
The solution of the system (16.2.5) is easily constructed from the

theory of interpolation. Let y (z) be a polynomial of degree < r + 2s +
2u -1. When the a' and f3; satisfy equations (16.2.5) then (16.2.4) must
be exact for any value of x. This is an interpolation formula for the value
y(x) in terms of the values of this polynomial at the points j (j < r + s +
u) and the values of its derivative at the points 6j (r + 1 < j < r + s + u).
This is an interpolation with r simple nodes ej (i< r) and s + u double
nodes tj (r < j:< r + s + u). The interpolating polynomial can be repre-
sented by Hermite's formula (3.3.8) which in the present case is

y(x) A(x)
y(e1) +

r+s+u
A) + (16.2.9)E+ jmr+1 j 1 1

r+s+u A ((x)+

L (x - ej) y'(ej ), l
A1(x) = A (x)/(x - li)Z.

The right sides of (16.2.4) and (16.2.9) must coincide and since the
values y(ej) and y'(e1) are arbitrary the coefficients of and f3, must be
equal to the corresponding coefficients of (16.2.9).

The conditions (16.2.7) which must hold for (16.2.1) to be solvable are

r+s+u.=0 i=r+s+1 ...(x-e ) , ,i ]
Ai(e1) Ai(ei)

Since A1(x)/Aj(ej) # 0 the expression in brackets must be zero and di-
viding this expression by x - e1 gives
r+s+u r r+s'` 2 +L 2

+
2

+ 1 =0. (16.2.10)
k=r+s+1 Sk kal S j Sk ksr+l ei - & ej - x

Here in the first sum the sumbol * indicates that the term for k = j is
omitted.

The results of this section can be summarized in the following theorem.

AI(x) 1 -``1i(ei)
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Theorem Z The following two conditions are necessary and sufficient
for (16.1.3) to have the highest degree of precision r + 2s + 2u -1:

1. The points e l and x must satisfy the system of u equations
(16.2.10).

2. The coefficients a; and A must have the values

a; A(x)' j=1,...,r
(x - ej) A (ej)

A, (x) r A (ej)1
r + 1a;

-A
J j ,...,r+x (16.2.11)

A; (x)
X31 ''l -- (x - ej) j=r+1,...,r+s+u.

16.3. THE NUMBER OF INTERPOLATING POLYNOMIALS OF
THE HIGHEST DEGREE OF PRECISION

Equations (16.2.10) can be studied in an intuitive way by using an
electrostatic analogy similar to the analogy of Section 11.4. We take two
points z 1 and z 2 in the complex plane and place at these points particles
with charges el and e2. We assume that these particles exert on each
other a force which is inversely proportional to the distance between
them and directly proportional to the size of their charges.

Assuming that the coefficient of proportionality is unity then the force
which z1 exerts on z2 is

e1 e2

Z2 - Z1

Suppose that in the plane we take r + s + 1 points x, e1, er+s At
each of the points x, e1,..., er we put particles with unit charge and at
each of the points Sr+1 , ... . er+s particles with charge two and we fix
these particles at these points. Together with these particles we take u
free particles of charge 2 at the points Sr+s+1+.... er+s+u

When the free particles are at equilibrium the sum of the forces on each
free particle must be zero

r+s+u 4 r

t 2
r+s

4

k=r}s}1 j-Sk+f-
Sj-ek+kr1

ej- Sk+e

+ 2 0, j=r+s+1,...,r+s+u
- x

These equations differ only by the multiple of 2 from equations
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(16.2.10) which are the conditions for which (16.1.3) has the highest de-

gree of precision.

From this analogy the following assertions concerning (16.2.10) are
evident.'

1. If x, C1,... , Sr+s are any complex numbers and if Cr+s+1'
Cr+s+u satisfy (16.2.10) then the points Sr+s+1, . . . , Cr+s+u lie in the
smallest convex polygon containing x, e1,..., Cr+s. In particular when
x, e1, ... , Cr+s are real numbers the points er+s+1, , Cr+s+u lie in-
side the smallest segment containing x and 61 (j =1, ... , r + s).

2. Let x, &,. .. , Cr+s be real and distinct. These points divide the
real axis into r + s adjacent intervals. Suppose that we have indicated
beforehand how many of the auxiliary nodes should belong to each of
these intervals. The number of such ways in which these auxiliary nodes

may be arranged is (r + s + u -1)! For each of these arrangements of theu!(r+s-1)!
auxiliary nodes there exists a solution of the system (16.2.10).

3. If we consider solutions which differ only by permutations of the
nodes er+s+l, , Sr+s+u as a single solution then for each arrangement
of these nodes among the points x, e1,. there will be one and
only one solution for (16.2.10).

These results can be expressed in the following theorem.

Theorem 3. For any set of real and distinct points X. C1, ... , Cr+s the
!auxiliary nodes can be selected in (r + s + u- 1)

r+s+1, , r+s+u u! (r + s - 1) !
ways which will make (16.1.3) have the highest algebraic degree of pre-
cision m = r + 2s + 2u - 1. For each partitioning of the auxiliary nodes
among the r + s intervals formed by x, e1, ... ,r+s there exists one
and only one solution of this type.

16.4. THE REMAINDER OF THE INTERPOLATION AND
MINIMIZATION OF ITS ESTIMATE

Consider the remainder of the interpolation formula (16.1.3)

r+s r+s+u
R(y) = y(x) - aiy( i) - 21 f3iyr(Ci) (16.4.1)

i=1 i=r+1

'These can be proved by an arithmetic argument similar to that used by T.
Stieltjes in an analogous case concerning the existence of polynomial solutions
to differential equations (Collected Works, Groningen, 1914, v. 1, p. 434-439).
The relationship between the interpolation problem and differential equations is
studied in Section 16.6.
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for which we assume (16.2.10) is satisfied so that it has the highest
algebraic degree of precision r + 2s + 2u - 1. Then the interpolation
(16.1.3) coincides with (16.2.4) and they have the same precision. Equa-
tion (16.2.4) has r simple nodes and s + u double nodes. Assuming that
y(z) has a continuous derivative of order r + 2s + 2u on the segment
[a, b] then, by Theorem 6 of Chapter 3, we can find a point 6 e [a, b]
for which

R(y) = A(x)
(r+ 2s +2u)!

(16.4.2)

A(x) = (x - 61) ... (x - er)(x - Ifr+1)2 ... (x - er+s+u)2. (16.4.3)

This remainder then coincides with the remainder (16.4.1).
In the class of functions defined by the inequality

if (r+2s+2u) (z)I < M z E [a, b]

the remainder has the precise estimate

IA(x)I
IR(y)I M

(r + 2s + 2u) !

The highest degree of precision r + 2s + 2u - 1 can be achieved by
(r + s + u - 1)! different choices of the auxiliary nodes and it isu!(r+s-1)!
natural to ask which of these formulas will minimize the right side of

(16.4.4).
The only term in (16.4.4) which depends on the nodes is IA(x)I and we

will determine which choice of nodes makes this a minimum. The prob-
lem formulated in Section 16.1 was that of calculating y(x) at the node
xn+1 The simple and double nodes 61 (I = 1, ..., r + s) must be
points of the fixed set xp, x1, x2, ..., xn.

We must therefore select the simple nodes and indicate how the aux-
iliary nodes are distributed among them. We assume that the auxiliary
nodes are enumerated in increasing order.

From the discussion of the previous section we can solve the prob-
lem of minimizing IA(x)I by an intuitive argument. We prefer this line of
reasoning since it is much shorter than a constructive arithmetic proof.

Assume that the simple and double nodes have been chosen and that
we wish to determine the distribution of the auxiliary nodes. Consider
the factors

(X-+l - S r+s+1), , (xn+l - S r+s+u) (16.4.5)

of A(xn+1). These are distances between xn+1 and the nodes !fr+s+1+
. . S r+s+u These distances will be a minimum when all the auxiliary
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nodes lie in the segment adjacent to xn+1. This is true for any choice
of the simple and double nodes.

Now consider the factors

(xn+1 - 61), ..., (xa+l - er) (x-+i - r+1)2+ , (xn+l - S,+02.

Since the terms containing the double nodes are raised to the second
power it is clear that the double nodes must be the points of the set xk
which are closest to xn+1: the double nodes .j (j = r + 1, ..., r + s)
must coincide with the points X., xn_19 ... , xn-s+1. The simple nodes
then must be the points x,-s, ..., xn-s-r+ i

Thus we can state:
The estimate of the remainder (16.4.4) is a minimum when the nodes

are chosen in the following way:
1. The auxiliary nodes are situated in the segment [xn, xn+11+
2. The double nodes are taken at the points xnr xn-1, ... , xn-s+1+
3. The simple nodes are taken at the points x,_3, ..., xn-s-r+l-

16.5. CONDITIONS FOR WHICH THE COEFFICIENTS al
ARE POSITIVE

Formulas with positive coefficients a j play an important role in the
theory of indefinite integration because, as we showed in Section 13.3,
such formulas are stable with respect to the errors in the initial values
and the rounding errors. In this section we will see which formulas of
the form (16.1.3) of the highest degree of precision have positive aj. We
take x = xn+1 and assume that the !fj (j = 1, ..., r 4 s + u) are
chosen as described at the end of the previous section.
Let !fj (1 < j < r) be one of the simple nodes. The coefficient aj

which corresponds to this node is, by (16.2.11):

A(xn+1)
a1

(xn+1 - 6j)A'(fj)'

The term A(xn+1) is positive since all its factors (xn+1 - jfj) are posi-
tive and thus aj has the same sign as A'(fj):

A'(6j) = (ej - !f 1)) ... (!fj - j- i(ej - 4j+1) ... (:j - 6) x
x (6j - 6,+1)2 ... (tj - r+s+u)2.

Thus for two adjacent simple nodes the values of A'(fj) will have op-

posite signs.

Therefore the aj for the simple nodes can all be positive only in the
two cases r = 0, in which there are no simple nodes, and r = 1, in which
there is one simple node.
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We now consider a double node ej (r < j < r + s). By (16.2.11) the
corresponding aj is

ar = Aj(xn+1)(Ifj xn+1)r 1Aj(j - x+1 Aj(j)L

Aj(z) = A(z)/(z - If,) 2.

Since if j lies to the left of xa+l and the simple nodes all lie to the left
of all the double nodes then the term outside the brackets is negative.
Then aj will be positive if the following inequality is satisfied:

1 A; (6j) 1

ej - xn+1 +Aj(6j) Sj - xn+1

r
1

k=1 Sj - k

r+s+u

+
Er+*

C 2 < 0. (16.5.1)kkS j - lfk

This equation has a simple physical interpretation if we use the electro-
static analogy of Section 16.3. At if j is a particle with charge 2 and the
left side of (16.5.1) is the resultant of all the repulsive forces which act
on this particle from all the other particles of this system.

Inequality (16.5.1) states that this resultant must be directed towards
the left.

The point xn+l and the auxiliary nodes always lie to the right of j
and the particles situated at these points exert a leftward directed force
on el. Thus it is clear that we can make the following assertion con-
cerning the existence of formulas with positive coefficients for all the
double nodes:

For any r and s there exists a number uo with the property that if
u > up then all the coefficients aj (j = r + 1, ..., r + s) will be positive.

Suppose we calculate y (x) for a set of equally spaced points xk =
X O + kh (k = 0, 1, ... ). Let us take one double node (s = 1) at !f2 = xn
and one simple node (r = 1) at if, = x.-I. We have shown that the coef-
ficient al for the simple node is positive. The condition that a2 be
positive is

1 1
ru+2 2 u+2 2

+ +Lr r <0.
xn xn+1 xn - xn-1

j=g
X. - ej

j=g
X. - Si

Since all the j > xn this inequality is satisfied for all u Z 1.
Now let us take two double nodes (s = 2) at xn and xn_1 and no simple

nodes (r = 0). The conditions that a1 and a2 be positive are:
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1 2
u+2 2

+ +
xn-1 - xn+1 xn-1

xn i=3
xn-1 - 6i
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1 2
u+2 2

2h h j=3 xa-1 - ei

1 2
u+ 2 2

+ + C _
n Sjxn - xn+1 Xn - xn-1 j=3 x -

1 2
u+2 2

h h i=3xn-

These are also satisfied for all u > 1.

16.6. CONNECTION WITH THE EXISTENCE OF A POLYNOMIAL
SOLUTION TO A CERTAIN DIFFERENTIAL EQUATION

In this section we show that equation (16.2.10) is equivalent to the
existence of a polynomial solution to a certain differential equation.

Equation (16.2.10) was obtained from the equation which preceded it
which can be written in the form

A; (;) + x)A d
[(z - x)A; (z)l = 0

1 dz =_,;

or since A; (z) = A(z)/(z - 6;)2

d (z -x)A(z) = 0 (j = r+ s + 1,...,r+s + u). (16.6.1)_ ej)dz [(z 2

It will be convenient to write this in another form. We introduce the poly-
nomials a(z) and [I0(z) corresponding to the double and auxiliary nodes:

a(z) = (z - 6,+ 1) ... (z - 6,+.)

[1u(z) = (z - 1f,+.+1) ... (z - 6,+.+.)-
We also form

p(z) _ (z - x) (z - S 1) ... (z - r)

(z - x)A(z) = p(z)a2(z)lI2(z)
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so that (16.6.1) can be written as

d rp(z)a2(z)II.(z)1 0

dz L (z 2- J

or

IIu(i
dz

[ptza2z) d[

(Z)J
= 0.

(

z = 6j (j > r + s) is a simple root of then IIu(ei) # 0
and we must have

dz

[p(.)O.2(z) 0 (j > r + s). (16.6.2)

This says that each root of [I,,(z) is also a root of (p a2[I')'. Because
the roots of 11u(z) are simple the polynomial (p a2110), must be divisible
by llu(z).

The polynomial (p a2IILL)' must also be divisible by a(z) and since the
roots of a(z) are distinct from the roots of IIu(z) then (p a2 [Iu)' must be
divisible by a(z) II5z). Since the degree of (p a2IIu)' is r + 2s + u - 1
then there is a polynomial p(z) of degree r + s - 1 for which

[p(z)a2(z)II'u(z)]' = p(z)a(z)lu(z). (16.6.3)

This equation can be considered as a second order differential equation
with respect to IIu(z) and we can make the following assertion:

If equation (16.2.10) is satisfied then there exists a polynomial p(z)
of degree r + s - 1 which will make 11u(z) the solution of the differ-
ential equation (16.6.3).

The proof of the converse assertion requires certain preliminary re-

marks on the analytic properties of the solution of (16.6.3).
If we perform the differentiation in (16.6.3) and divide both sides by

p(z)a2(z) we obtain

II;; (z) +
Ck=1

1 r+$
2 1

+ L +

)
IIu(z) +z - k z -e k z

- x
k=r+1

r+s

+ ak +
au

U. (z) = 0 (16.6.4)
k=1 z -x)
r+$

T. ak=0.
k=0
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The singular points of this equation are x, 61, ... , S r+s, w. These are
regular singular points' and we consider any one of the points 6k or x.

The analytic construction of the canonical solution of (16.6.4) in a
neighborhood of this point depends on the roots of an algebraic equation
which is either a(a-l)+ a=a2=0 or a(a-1)+2a=a(a+1)=0.
These have for solutions the double root a = 0 or the roots a = 0,
a = -1. In both cases one of the canonical solutions will be holo-
morphic at the singular point and different from zero there; the other so-
lution is unbounded in a neighborhood of this point.

We will now assume that p(z) has the property that (16.6.3) has a poly-
nomial of degree it as a solution. For all the singular points x and ek
this will be a holomorphic canonical solution and therefore is known to
be different from zero at each of these points. The roots of Ilu(z) are
distinct from x and ek and thus they are simple because (16.6.4) can
have no multiple roots other than at the singular points. Let the roots of
fI0(z) be 6,+s+ 1, . , Sr+s+u

If in (16.6.4) we set z equal to one of the roots 61 (j > r + s) then
the term in IIu(z) vanishes. Then dividing by tIu(If,) gives

IIu (if j)
r 1 r+s 2 1

u( +k-1 j-6k +k l6i-6k + ej-x 0

(j = r + s + 1, ... , r + s + u).

This equation coincides with (16.2.10). Hence we can make the assertion:
If p(z) is a polynomial of degree r + s - 1 for which (16.6.3) has a

polynomial of degree it as a solution then the roots r+s+u
of this solution satisfy the system of equations (16.2.10).
The nodes of the interpolation (16.1.3) which has the highest algebraic

degree of precision can be determined by finding the solution of (16.6.3)

which is a polynomial of degree u and then finding its roots.

16.7. SOME PARTICULAR FORMULAS

In this section we tabulate certain formulas of the highest degree of
precision for low values of r, s and u.° The nodes are chosen to mini-
mize the remainder in the manner described at the end of Section 16.4.
The coefficients of the formulas were calculated using (16.2.11). The

'See, for example, V. I. Smirnov, Course of Higher Mathematics, Gostekhizdat,
Moscow, 1949, Vol. 3, part 2, sec. 98 (Russian).

`The coefficients and nodes in these formulas were calculated by research
assistant K. E. Chernin of the Leningrad section of the Mathematical Institute of
the Academy of Sciences of the U.S.S.R. These values are exact to within a
unit in the last place.
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nodes were found by means of the differential equations (16.6.3). The set
of points xn are assumed to be equally spaced with an interval h.

1. r = 1, s = 0. Here we use the value of y(x) at the point xn and u
values of the derivative at auxiliary nodes between xn and xn+1 The
auxiliary nodes are chosen so that the formula has the highest algebraic
degree of precision. This is equivalent to representing y(xn+l) in terms
of y(xn) by

Y(xn+1) = Y(xn) +

xn+ 1

J
f(t)dt (16.7.1)

xnn

and calculating this integral by a Gauss quadrature formula

Yn+1 = Yn + h[B if (xi + t1h) + + Buf (xu + tuh)]

where the Bk and tk are the Gauss coefficients and nodes for the seg-
ment [0, 1].

2. r = 0, s = 1. We use the value of y(x) and f (x) at the point xn and,
in addition, u values of f (x) at auxiliary nodes between xu and xa+1.
The highest degree of precision is 2u + 1. The formula corresponds to
the Markov (or Radau) formula with one fixed node at xn and u nodes be-
tween xu and xn+1. Values of the coefficients and nodes for u = 1, 2,
..., 6 are given in Section 9.2 for the segment [-1, 11.

3. r = 1, s = 1. We use the value of y(x) at xn_1, the values of y(x)
and f (x) at xn and the value of f (x) at u auxiliary nodes between xn and
xn+l:

yn+1 = A-1Yn-1 + Aoyo + h[Bof(xn) + E Bif(xn + t,h)1 + R.
L i=1 J

The degree of precision is 2u + 2 and the remainder has the estimate

2h2u+3 u!(u + 1)! 2 f(2u+2)(6)R = 9 (2u + 3)! (2u + 1)!

0 < 0 < 1, xn_1 < 4 < xn+i.

-'See: V. I. Krylov, "Interpolation of the highest order of accuracy in the prob-

lem of indefinite integration," Trudy Mat. Inst. Steklov, Vol. 38, 1951, pp. 97-
145 (Russian).
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The nodes and coefficients for u = 1, 2, 3, 4 are tabulated below.

u = 1

A_1 = 0.02943725

A0 = 0.97056275 B0 = 0.3431458

tl = 0.7071068 B1 = 0.6862915

u = 2

A_1 = 0.001113587
A 0 = 0.998886413 B0 = 0.1334818

t 1 = 0.3879073 B1 = 0.5221058
t2 = 0.8593118 B2 = 0.3455260

u = 3

A-1 = 0.00004136036
A0 = 0.99995863964 80 = 0.07095688

t1 = 0.2312666 B1 = 0.3458379

t2 = 0.6124982 82 = 0.3776724
t3 = 0.9177954 B3 = 0.2055739

u = 4

A_1 = 0.000001479556
A0 = 0.999998520444 B0 = 0.04407358

tl = 0.1507625 B1 = 0.2361168

12 = 0.4352756 B2 = 0.3128314

t3 = 0.7366581 83 = 0.2713300

4 = 0.9462337 B4 = 0.1356498

4. r = 0, s = 2. We use the formula

Yn+1 = A-1Yn-1 + A0yn +

+ h [B_1f(xn-1) + Bof(xo) + 57

i=1
Bi f (xn + tih)] + R.

for which the highest degree of precision is 2u + 3. The remainder has
the estimate

4h2u+4 u !(u + 1)2
R 9

(2u + 4)! (2u + 1)11] 1

0 < 0 < 1, xn-1< e < xn+1

The nodes and coefficients for u = 1, 2, 3, 4 are tabulated below.

tl = 0.74031242

U = 1

A-1 = 0.16250915 B_1 = 0.044532584
A 0 = 0.83749085 B0 = 0.49218941

B1 = 0.62578716
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tl = 0.4207573

t2 = 0.8717520

t1 = 0.2515111

t2 = 0.6333509

t3 = 0.9235139

tl = 0.1627293

t2 = 0.4540978

t3 = 0.7493776
t4 = 0.9492874

Approximate Calculation of Indefinite Integrals

u = 2

A_1 = 0.007766326 B_1 = 0.001560689
A0 = 0.99223367 BO = 0.1640716

B 1 = 0.5242954
B2 = 0.3178386

u=3
A_1 = 0.0003626295 B_1 = 0.00005699653
A 0 = 0.9996373705 BO = 0.08143433

B1 = 0.3609307

B2 = 0.3658920

B3 = 0.1920487

u = 4

A_1 = 0.00001576632 B_1 = 0.000002030488
A 0 = 0.99998423368 BO = 0.04885024

B1 = 0.2491361
B2 = 0.3124621
B3 = 0.2613448

B4 = 0.1282206



APPENDIX A

GAUSSIAN QUADRATURE FORMULAS FOR CONSTANT
WEIGHT FUNCTION

Here we give values of the Ak") and xk") which make the approximation

1 n

f
1

f (x)dx a A(n) f (xkn))
1 k=1

exact whenever f(x) is
mulas are discussed in
with respect to x = 0:

a polynomial of degree < 2n - 1. These for-
Section 7.2. The Akn) and xkn) are symmetric

A(n) = A(n)
k n-k+l

(n) _ -(n)
xk - xn-k+l

and the tables give only the values corresponding to 0 < xkn) < 1.
The tabulated values are taken from
H. J. Gawlik, "Zeros of Legendre Polynomials of orders 2-64 and

weight coefficients of Gauss quadrature formulae," Armament Re-
search and Development Establishment, Memorandum (B) 77/58. Fort
Halstead, Kent, 1958.

where the Akn) and xk") are given to 20 decimal places. Values for
a = 2, 4, 8, 16, 24, 32, 40, 48, 64, 80, 96 of the same accuracy are given
in the two tables

P. Davis and P. Rabinowitz, "Abscissas and weights for Gaussian
quadratures of high order," J. Res. Nat. Bur. Standards, Vol. 56,
1956, pp. 35-37.

P. Davis and P. Rabinowitz, "Additional abscissas and weights for
Gaussian quadrature of high order: values for n = 64, 80 and 96,"
J. Res. Not. Bur. Standards, Vol. 60, 1958, pp. 613-14.

These three tables are the most extensive values of the Ak") and xk")
which are known and are believed to be accurate to within a few units in
the last significant figures.

xkn) Akn)

n = 2

0.57735 02691 89625 76451 1.00000 00000 00000 00000

n=3
0.77459 66692 41483 37704 0.55555 55555 55555 55556

0.00000 00000 00000 00000 0.88888 88888 88888 88889

n = 4

0.86113 63115 94052 57522 0.34785 48451 37453 85737

0.33998 10435 84856 26480 0.65214 51548 62546 14263
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Appendix A

An) A `n)

n = 5

0.90617 98459 38663 99280 0.23692 68850 56189 08751

0.53846 93101 05683 09104 0.47862 86704 99366 46804

0.00000 00000 00000 00000 0.56888 88888 88888 88889

n=6
0.93246 95142 03152 02781 0.17132 44923 79170 34504

0.66120 93864 66264 51366 0.36076 15730 48138 60757

0.23861 91860 83196 90863 0.46791 39345 72691 04739

n = 7
0.94910 79123 42758 52453 0.12948 49661 68869 69327

0.74153 11855 99394 43986 0.27970 53914 89276 66790

0.40584 51513 77397 16691 0.38183 00505 05118 94495

0.00000 00000 00000 00000 0.41795 91836 73469 38776

n=8
0.96028 98564 97536 23168 0.10122 85362 90376 25915

0.79666 64774 13626 73959 0.22238 10344 53374 47054

0.52553 24099 16328 98582 0.31370 66458 77887 28734
0.18343 46424 95649 80494 0.36268 37833 78361 98297

n=9
0.96816 02395 07626 08984 0.08127 43883 61574 41197
0.83603 11073 26635 79430 0.18064 81606 94857 40406

0.61337 14327 00590 39731 0.26061 06964 02935 46232

0.32425 34234 03808 92904 0.31234 70770 40002 84007

0.00000 00000 00000 00000 0.33023 93550 01259 76316

n = 10
0.97390 65285 17171 72008 0.06667 13443 08688 13759

0.86506 33666 88984 51073 0.14945 13491 50580 59315

0.67940 95682 99024 40623 0.21908 63625 15982 04400

0.43339 53941 29247 19080 0.26926 67193 09996 35509

0.14887 43389 81631 21089 0.29552 42247 14752 87017

n = 11
0.97822 86581 46056 99280 0.05566 85671 16173 66648

0.88706 25997 68095 29908 0.12558 03694 64904 62464

0.73015 20055 74049 32409 0.18629 02109 27734 25143

0.51909 61292 06811 81593 0.23319 37645 91990 47992

0.26954 31559 52344 97233 0.26280 45445 10246 66218

0.00000 00000 00000 00000 0.27292 50867 77900 63071

n = 12
0.98156 06342 46719 25069 0.04717 53363 86511 82719

0.90411 72563 70474 85668 0.10693 93259 95318 43096

0.76990 26741 94304 68704 0.16007 83285 43346 22633

0.58731 79542 86617 44730 0.20316 74267 23065 92175
0.36783 14989 98180 19375 0.23349 25365 38354 80876

0.12523 34085 11468 91547 0.24914 70458 13402 78500
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n = 13
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A(n)

0.98418 30547 18588 14947 0.04048 40047 65315 87952

0.91759 83992 22977 96521 0.09212 14998 37728 44792

0.80157 80907 33309 91279 0.13887 35102 19787 23846

0.64234 93394 40340 22064 0.17814 59807 61945 73828

0.44849 27510 36446 85288 0.20781 60475 36888 50231
0.23045 83159 55134 79407 0.22628 31802 62897 23841

0.00000 00000 00000 00000 0.23255 15532 30873 91019

n = 14
0.98628 38086 96812 33884 0.03511 94603 31751 86303

0.92843 48836 63573 51734 0.08015 80871 59760 20981

0.82720 13150 69764 99319 0.12151 85706 87903 18469

0.68729 29048 11685 47015 0.15720 31671 58193 53457

0.51524 86363 58154 09197 0.18553 83974 77937 81374

0.31911 23689 27889 76044 0.20519 84637 21295 60397

0.10805 49487 07343 66207 0.21526 38534 63157 79020

n = 15
0.98799 25180 20485 42849 0.03075 32419 96117 26835
0.93727 33924 00705 90431 0.07036 60474 88108 12471

0.84820 65834 10427 21620 0.10715 92204 67171 93501
0.72441 77313 60170 04742 0.13957 06779 26154 31445

0.57097 21726 08538 84754 0.16626 92058 16993 93355

0.39415 13470 77563 36990 0.18616 10000 15562 21103

0.20119 40939 97434 52230 0.19843 14853 27111 57646

0.00000 00000 00000 00000 0.20257 82419 25561 27288

n = 16
0.98940 09349 91649 93260 0.02715 24594 11754 09485

0.94457 50230 73232 57608 0.06225 35239 38647 89286
0.86563 12023 87831 74388 0.09515 85116 82492 78481
0.75540 44083 55003 03390 0.12462 89712 55533 87205
0.61787 62444 02643 74845 0.14959 59888 16576 73208
0.45801 67776 57227 38634 0.16915 65193 95002 53819
0.28160 35507 79258 91323 0.18260 34150 44923 58887
0.09501 25098 37637 44019 0.18945 06104 55068 49629

20

0.99312 85991 85094 92479 0.01761 40071 39152 11831

0.96397 19272 77913 79127 0.04060 14298 00386 94133
0.91223 44282 51325 90587 0.06267 20483 34109 06357
0.83911 69718 22218 82339 0.08327 67415 76704 74873
0.74633 19064 60150 79261 0.10193 01198 17240 43504

0.63605 36807 26515 02545 0.11819 45319 61518 41731
0.51086 70019 50827 09800 0.13168 86384 49176 62690
0.37370 60887 15419 56067 0.14209 61093 18382 05133
0.22778 58511 41645 07808 0.14917 29864 72603 74679
0.07652 65211 33497 33375 0.15275 33871 30725 85070
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n=24
0.99518 72199 97021 36018 0.01234 12297 99987 19955

0.97472 85559 71309 49820 0.02853 13886 28933 66318

0.93827 45520 02732 75852 0.04427 74388 17419 80617

0.88641 55270 04401 03421 0.05929 85849 15436 78075
0.82000 19859 73902 92195 0.07334 64814 11080 30573
0.74012 41915 78554 36424 0.08619 01615 31953 27592

0.64809 36519 36975 56925 0.09761 86521 04113 88827
0.54542 14713 88839 53566 0.10744 42701 15965 63478

0.43379 35076 26045 13849 0.11550 56680 53725 60135
0.31504 26796 96163 37439 0.12167 04729 27803 39120

0.19111 88674 73616 30916 0.12583 74563 46828 29612
0.06405 68928 62605 62609 0.12793 81953 46752 15697

n=28
0.99644 24975 73954 44995 0.00912 42825 93094 51774
0.98130 31653 70872 75369 0.02113 21125 92771 25975

0.95425 92806 28938 19725 0.03290 14277 82304 37998
0.91563 30263 92132 07387 0.04427 29347 59004 22784

0.86589 25225 74395 04894 0.05510 73456 75716 74543
0.80564 13709 17179 17145 0.06527 29239 66999 59579
0.73561 08780 13631 77203 0.07464 62142 34568 77902
0.65665 10940 38864 96122 0.08311 34172 28901 21839

0.56972 04718 11401 71931 0.09057 17443 93032 84094

0.47587 42249 55118 26103 0.09693 06579 97929 91585

0.37625 15160 89078 71022 0.10211 29675 78060 76981
0.27206 16276 35178 07768 0.10605 57659 22846 41791
0.16456 92821 33380 77128 0.10871 11922 58294 13525
0.05507 92898 84034 27043 0.11004 70130 16475 19628

n = 32
0.99726 38618 49481 56354 0.00701 86100 09470 09660

0.98561 15115 45268 33540 0.01627 43947 30905 67061

0.96476 22555 87506 43077 0.02539 20653 09262 05945

0.93490 60759 37739 68917 0.03427 38629 13021 43310
0.89632 11557 66052 12397 0.04283 58980 22226 68066

0.84936 76137 32569 97013 0.05099 80592 62376 17620

0.79448 37959 67942 40696 0.05868 40934 78535 54714
0.73218 21187 40289 68039 0.06582 22227 76361 84684
0.66304 42669 30215 20098 0.07234 57941 08848 50623
0.58771 57572 40762 32904 0.07819 38957 87070 30647

0.50689 99089 32229 39002 0.08331 19242 26946 75522

0.42135 12761 30635 34536 0.08765 20930 04403 81114

0.33186 86022 82127 64978 0.09117 38786 95763 88471
0.23928 73622 52137 07454 0.09384 43990 80804 56564
0.14447 19615 82796 49349 0.09563 87200 79274 85942

0.04830 76656 87738 31623 0.09654 00885 14727 80057
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n=36
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0.99783 04624 84085 83620 0.00556 57196 64245 04536

0.98858 64789 02212 23807 0.01291 59472 84065 57441

0.97202 76910 49697 94934 0.02018 15152 97735 47153

0.94827 29843 99507 54520 0.02729 86214 98568 77909

0.91749 77745 15659 06608 0.03421 38107 70307 22992

0.87992 98008 90397 13198 0.04087 57509 23644 89547

0.83584 71669 92475 30642 0.04723 50834 90265 97842

0.78557 62301 32206 51283 0.05324 47139 77759 91909

0.72948 91715 93556 58209 0.05886 01442 45324 81731

0.66800 12365 85521 06210 0.06403 97973 55015 48956

0.60156 76581 35980 53508 0.06874 53238 35736 44261

0.53068 02859 26245 16164 0.07294 18850 05653 06135

0.45586 39444 33420 26721 0.07659 84106 45870 67453

0.37767 25471 19689 21632 0.07968 78289 12071 60191

0.29668 49953 44028 27050 0.08218 72667 04339 70952

0.21350 08923 16865 57894 0.08407 82189 79661 93493
0.12873 61038 09384 78865 0.08534 66857 39338 62749
0.04301 81984 73708 60723 0.08598 32756 70394 74749

n=40
0.99823 77097 10559 20035 0.00452 12770 98533 19126

0.99072 62386 99457 00645 0.01049 82845 31152 81362

0.97725 99499 83774 26266 0.01642 10583 81907 88871

0.95791 68192 13791 65580 0.02224 58491 94166 95726

0.93281 28082 78676 53336 0.02793 70069 80023 40110
0.90209 88069 68874 29673 0.03346 01952 82547 84739
0.86595 95032 12259 50382 0.03878 21679 74472 01764
0.82461 22308 33311 66320 0.04387 09081 85673 27199

0.77830 56514 26519 38769 0.04869 58076 35072 23206

0.72731 82551 89927 10328 0.05322 78469 83936 82436

0.67195 66846 14179 54838 0.05743 97690 99391 55137

0.61255 38896 67980 23795 0.06130 62424 92928 93917

0.54946 71250 95128 20208 0.06480 40134 56601 03807

0.48307 58016 86178 71291 0.06791 20458 15233 90383

0.41377 92043 71605 00152 0.07061 16473 91286 77970

0.34199 40908 25758 47301 0.07288 65823 95804 05906

0.26815 21850 07253 68114 0.07472 31690 57968 26420
0.19269 75807 01371 09972 0.07611 03619 00626 24237
0.11608 40706 75255 20848 0.07703 98181 64247 96559

0.03877 24175 06050 82193 0.07750 59479 78424 81126
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xkn) Akn)

n=48
0.99877 10072 52426 11860 0.00315 33460 52305 83862
0.99353 01722 66350 75755 0.00732 75539 01276 26210

0.98412 45837 22826 85774 0.01147 72345 79234 53948

0.97059 15925 46247 25046 0.01557 93157 22943 84873

0.95298 77031 60430 86072 0.01961 61604 57355 52781
0.93138 66907 06554 33311 0.02357 07608 39324 37914

0.90587 91367 15569 67282 0.02742 65097 08356 94820

0.87657 20202 74247 88591 0.03116 72278 32798 08890

0.84358 82616 24393 53071 0.03477 72225 64770 43889

0.80706 62040 29442 62708 0.03824 13510 65830 70632
0.76715 90325 15740 33925 0.04154 50829 43464 74921
0.72403 41309 23814 65467 0.04467 45608 56694 28042
0.67787 23796 32663 90521 0.04761 66584 92490 47482

0.62886 73967 76513 62400 0.05035 90355 53854 47496
0.57722 47260 83972 70382 0.05289 01894 85193 66710
0.52316 09747 22233 03368 0.05519 95036 99984 16287

0.46690 29047 50958 40454 0.05727 72921 00403 21570

0.40868 64819 90716 72992 0.05911 48396 98395 63575

0.34875 58862 92160 73816 0.06070 44391 65893 88005

0.28736 24873 55455 57674 0.06203 94231 59892 66390
0.22476 37903 94689 06122 0.06311 41922 86254 02566
0.16122 23560 68891 71806 0.06392 42385 84648 18662

0.09700 46992 09462 69893 0.06446 61644 35950 08221
0.03238 01709 62869 36203 0.06473 76968 12683 92250



APPENDIX B

GAUSSIAN-HERMITE QUADRATURE FORMULAS

Here we give values of the A(n) and x(n) which make the approximation

f°Oe_x21(x)dx =
n E Akn)f(xkn))

no k=1

exact whenever f (x) is a polynomial of degree -<2n - 1. These for-
mulas are discussed in Section 7.4. The Akn) and xkn) are symmetric
with respect to x = 0 and the tables give only the values corresponding
to 0 < x(n)

We give here values for n = 1(1)20 given by
H. E. Salzer, R. Zucker and R. Capuano, "Table of the zeros and

weight factors of the first twenty Hermite polynomials," J. Res. Nat.
Bur. Standards, Vol. 48, 1952, pp. 111-116.

These are the most extensive values of these quadrature formulas which
are known. A number in parenthesis before a value of a coefficient is
the power of 10 by which the tabulated value must be multiplied; for ex-
ample, (-1)0.8131 ... means that the coefficient is 0.08131....

An) Akn)

n = 1
0.00000 00000 00000

0.70710 67811 86548

0.00000 00000 00000
1.22474 48713 91589

0.52464 76232 75290
1.65068 01238 85785

0.00000 00000 00000

0.95857 24646 13819
2.02018 28704 56086

0.43607 74119 27617

1.33584 90740 13697

2.35060 49736 74492

0.00000 00000 00000

0.81628 78828 58965
1.67355 16287 67471

2.65196 13568 35233

n = 5

n = 6

n = 7

1.77245 38509 055

0.88622 69254 528

1.18163 59006 037

0.29540 89751 509

0.80491 40900 055

(-1)0.81312 83544 725

0.94530 87204 829

0.39361 93231 522

(-1)0.19953 24205 905

0.72462 95952 244

0.15706 73203 229

(-2)0.45300 09905 509

0.81026 46175 568

0.42560 72526 101

(-1)0.54515 58281 913

(-3)0.97178 12450 995

343
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4n)
n=8

A(n)

0.38118 69902 07322 0.66114 70125 582
1.15719 37124 46780 0.20780 23258 149

1.98165 67566 95843 (-1)0.17077 98300 741

2.93063 74202 57244 (3)0.19960 40722 114

n=9
0.00000 00000 00000 0.72023 52156 061

0.72355 10187 52838 0.43265 15590 026
1.46855 32892 16668 (-1)0.88474 52739 438

2.26658 05845 31843 (-2)0.49436 24275 537

3.19099 32017 81528 (-4)0.39606 97726 326

n = 10
0.34290 13272 23705 0.61086 26337 353
1.03661 08297 89514 0.24013 86110 823

1.75668 36492 99882 (-1)0.33874 39445 548

2.53273 16742 32790 (-2)0.13436 45746 781

3.43615 91188 37738 (-5)0.76404 32855 233

n = 11
0.00000 00000 00000 0.65475 92869 146

0.65680 95668 82100 0.42935 97523 561
1.32655 70844 94933 0.11722 78751 677
2.02594 80158 25755 (-1)0.11911 39544 491

2.78329 00997 81652 (-3)0.34681 94663 233

3.66847 08465 59583 (-5)0.14395 60393 714

n = 12
0.31424 03762 54359 0.57013 52362 625

0.94778 83912 40164 0.26049 23102 642
1.59768 26351 52605 (-1)0.51607 98561 588

2.27950 70805 01060 (-2)0.39053 90584 629

3.02063 70251 20890 (-4)0.85736 87043 588

3.88972 48978 69782 (-6)0.26585 51684 356

n = 13
0.00000 00000 00000 0.60439 31879 211

0.60576 38791 71060 0.42161 62968 985

1.22005 50365 90748 0.14032 33206 870
1.85310 76516 01512 (-1)0.20862 77529 617

2.51973 56856 78238 (-2)0.12074 59992 719

3.24660 89783 72410 (-4)0.20430 36040 271

4.10133 75961 78640 (-7)0.48257 31850 073

n = 14
0.29174 55106 7256 0.53640 59097 121
0.87871 37873 2940 0.27310 56090 642
1.47668 27311 4114 (-1)0.68505 53422 347
2.09518 32585 0772 (-2)0.78500 54726 458
2.74847 07249 8540 (-3)0.35509 26135 519

3.46265 69336 0227 (-5)0.47164 84355 019

4.30444 85704 7363 (8)0.86285 91168 125
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x(n) W
n = 15 k
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0.00000 00000 0000 0.56410 03087 264

0.56506 95832 5558 0.41202 86874 989

1.13611 55852 1092 0.15848 89157 959

1.71999 25751 8649 (-1)0.30780 03387 255

2.32573 24861 7386 (-2)0.27780 68842 913

2.96716 69279 0560 (-3)0.10000 44412 325

3.66995 03734 0445 (-5)0.10591 15547 711

4.49999 07073 0939 (-8)0.15224 75804 254

n = 16

0.27348 10461 3815 0.50792 94790 166

0.82295 14491 4466 0.28064 74585 285

1.38025 85391 9888 (-1)0.83810 04139 899

1.95178 79909 1625 (-1)0.12880 31153 551

2.54620 21578 4748 (-3)0.93228 40086 242

3.17699 91619 7996 (-4)0.27118 60092 538

3.86944 79048 6012 (-6)0.23209 80844 865

4.68873 89393 0582 (-9)0.26548 07474 011

n = 17
0.00000 00000 000 0.53091 79376 249

0.53163 30013 427 0.40182 64694 704

1.06764 87257 435 0.17264 82976 701

1.61292 43142 212 (-1)0.40920 03414 976

2 17350 28266 666 (-2)0 50673 49957 628.

2.75776 29157 039

.

(-3)0.29864 32866 978

3.37893 20911 415 (-5)0.71122 89140 021

4.06194 66758 755 (-7)0.49770 78981 631

4.87134 51936 744 (-10)0.45805 78930 799

n = 18
0.25826 77505 191 0.48349 56947 255
0.77668 29192 674 0.28480 72856 700

1.30092 08583 896 (-1)0.97301 74764 132

1.83553 16042 616 (-1)0.18640 04238 754

2 38629 90891 667 (-2)0 18885 22630 268.

2.96137 75055 316

.

(-4)0.91811 26867 929

3.57376 90684 863 (-5)0.18106 54481 093

4.24811 78735 681 (-7)0.10467 20579 579

5.04836 40088 745 (-11)0.78281 99772 116

n 19

0.00000 00000 000 0.50297 48882 762
0.50352 01634 239 0.39160 89886 130

1.01036 83871 343 0.18363 27013 070

1.52417 06193 935 (-1)0.50810 38690 905

2.04923 17098 506 (-2)0.79888 66777 723

2.59113 37897 945 (-3)0.67087 75214 072

3.15784 88183 476 (-4)0.27209 19776 316

3.76218 73519 640 (-6)0.44882 43147 223

4.42853 28066 038 (-8)0.21630 51009 864

5.22027 16905 375 (-11)0.13262 97094 499
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n = 20

Appendix B

0.24534 07083 009 0.46224 36696 006

0.73747 37285 454 0.28667 55053 628

1.23407 62153 953 0.10901 72060 200

1.73853 77121 166 (-1)0.24810 52088 746
2.25497 40020 893 (-2)0.32437 73342 238

2.78880 60584 281 (-3)0.22833 86360 163

3.34785 45673 832 (-5)0.78025 56478 532

3.94476 40401 156 (-6)0.10860 69370 769

4.60368 24495 507 (-9)0.43993 40992 273

5.38748 08900 112 (-12)0.22293 93645 534



APPENDIX C

GAUSSIAN-LAGUERRE QUADRATURE FORMULAS

Here we give values of the A(") and xkn) which make the approximation

1 xae"
f (X)

dx = ,Q kn) Ax (0)

U kml

exact whenever f (x) is a polynomial of degree <2n - 1. These formulas
are discussed in Section 7.5.

We give the values for a = 0, n = 4 (4) 32 tabulated by
P. Rabinowitz and G. Weiss, "Tables of abscissas and weights for nu-

merical evaluation of integrals of the form 6--"x af (x)dx,"

Math. Tables Aids Comput., Vol. 13, 1959, pp. 285-93.
and also the values for a = 0, n = 1(1)15 tabulated by

H. E. Salzer and R. Zucker, "Table of the zeros and weight factors of
the first fifteen Laguerre polynomials," Bull. Amer. Math. Soc., Vol.
55, 1949, pp. 1004-12.

except for the three cases n = 4, 8, 12 where we give the more accurate
values given by Rabinowitz and Weiss. Rabinowitz and Weiss also give
values of the A kn) and xkn) for a =1(1) 5, n = 4 (4) 16 which we have not
included here.

"(n)
k

n=1
A (n)

k

1.00000 00000 00 1.00000 00000 00
n=2

0.58578 64376 27 0.85355 33905 93

3.41421 35623 73 0.14644 66094 07
n=3

0.41577 45567 83 0.71109 30099 29

2.29428 03602 79 0.27851 77335 69

6.28994 50829 37 (-1)0.10389 25650 16
n=4

0.32254 76896 19392 312 0.60315 41043 41633 602

1.74576 11011 58346 58 0.35741 86924 37799 687

4.53662 02969 21127 98 (-1)0.38887 90851 50053 843
9.39507 09123 01133 13 (-3) 0.53929 47055 61327 450

n=5
0.26356 03197 18 0.52175 56105 83

1.41340 30591 07 0.39866 68110 83

3.59642 57710 41 (-1) 0.75942 44968 17
7.08581 00058 59 (-2)0.36117 58679 92

12.64080 08442 76 (-4) 0.23369 97238 58

347
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An)

n=6

An)k

Appendix C

0.22284 66041 79 0.45896 46739 50
1.18893 21016 73 0.41700 08307 72

2.99273 63260 59 0.11337 33820 74
5.77514 35691 05 (-1) 0.10399 19745 31
9.83746 74183 83 (-3) 0.26101 72028 15
15.98287 39806 02 (-6) 0.89854 79064 30

n= 7
0.19304 36765 60 0.40931 89517 01

1.02666 48953 39 0.42183 12778 62

2.56787 67449 51 0.14712 63486 58
4.90035 30845 26 (-1) 0.20633 51446 87
8.18215 34445 63 (-2) 0.10740 10143 28
12.73418 02917 98 (-4)0.15865 46434 86
19.39572 78622 63 (-7) 0.31703 15479 00

n=8
0.17027 96323 05101 000 0.36918 85893 41637 530

0.90370 17767 99379 912 0.41878 67808 14342 956

2.25108 66298 66130 69 0.17579 49866 37171 806
4.26670 01702 87658 79 (-1) 0.33343 49226 12156 515
7.04590 54023 93465 70 (-2)0.27945 36235 22567 252

10.75851 60101 80995 2 (-4) 0.90765 08773 35821 310
15.74067 86412 78004 6 (-6) 0.84857 46716 27253 154
22.86313 17368 89264 1 (-8) 0.10480 01174 87151 038

n=9
0.15232 22277 32 0.33612 64217 98

0.80722 00227 42 0.41121 39804 24

2.00513 51556 19 0.19928 75253 71

3.78347 39733 31 (-1)0.47460 56276 57
6.20495 67778 77 (-2) 0.55996 26610 79
9.37298 52516 88 (-3) 0.30524 97670 93

13.46623 69110 92 (-5)0.65921 23026 08
18.83359 77889 92 (-7) 0.41107 69330 35
26.37407 18909 27 (-10) 0.32908 74030 35

n10
0.13779 34705 40 0.30844 11157 65
0.72945 45495 03 0.40111 99291 55

1.80834 29017 40 0.21806 82876 12

3.40143 36978 55 (-1) 0.62087 45609 87
5.55249 61400 64 (-2) 0.95015 16975 18
8.33015 27467 64 (-3) 0.75300 83885 88

11.84378 58379 00 (-4) 0.28259 23349 60
16.27925 78313 78 (-6) 0.42493 13984 96
21.99658 58119 81 (-8) 0.18395 64823 98
29.92069 70122 74 (-12)0.991182721961
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An)
k

n= 11

A(n)
k

0.12579 64421 88 0.28493 32128 94
0.66541 82558 39 0.38972 08895 28
1.64715 05458 72 0.23278 18318 49
3.09113 81430 35 (-1) 0.76564 45354 62
5.02928 44015 80 (-1) 0.14393 28276 74
7.50988 78638 07 (-2) 0.15188 80846 48

10.60595 09995 47 (-4) 0.85131 22435 47
14.43161 37580 64 (-5)0.22924 03879 57
19.17885 74032 15 (-7) 0.24863 53702 77
25.21770 93396 78 (-10)0.77126 26933 69
33.49719 28471 76 (-13) 0.28837 75868 32

n=12
0.11572 21173 58020 675 0.26473 13 710 55443 190
0.61175 74845 15130 665 0.37775 92758 73137 982
1.51261 02697 76418 79 0.24408 20113 19877 564

2.83375 13377 43507 23 (-1)0.90449 22221 16809 307
4.59922 76394 18348 48 (-1) 0.20102 38115 46340 965
6.84452 54531 15177 35 (-2) 0.26639 73541 86531 588
9.62131 68424 56867 04 (-3) 0.20323 15926 62999 392
13.00605 49933 06347 7 (-5) 0.83650 55856 81979 875
17.11685 51874 62255 7 (-6) 0.16684 93876 54091 026
22.15109 03793 97005 7 (-8)0.13423 91030 51500 415

28.48796 72509 84000 3 (-11) 0.30616 01635 03502 078
37.09912 10444 66920 3 (-15) 0.81480 77467 42624 168

n=13
0.10714 23884 72 0.24718 87084 30
0.56613 18990 40 0.36568 88229 01
1.39856 43364 51 0.25256 24200 58

2.61659 71084 06 0.10347 07580 24
4.23884 59290 17 (-1) 0.26432 75441 56
6.29225 62711 40 (-2) 0.42203 96040 27
8.81500 19411 87 (-3) 0.41188 17704 73
11.86140 35888 11 (-4) 0.23515 47398 15
15.51076 20377 04 (-6) 0.73173 11620 25
19.88463 56638 80 (-7)0.11088 41625 70
25.18526 38646 78 (-10) 0.67708 26692 21
31.80038 63019 47 (-12) 0.11599 79959 91
40.72300 86692 66 (-16) 0.22450 93203 89

n=14
0.09974 75070 33 0.23181 55771 45

0.52685 76488 52 0.35378 46915 98
1.30062 91212 51 0.25873 46102 45

2.43080 10787 31 0.11548 28935 57

3.93210 28222 93 (-1)0.33192 09215 93
5.82553 62183 02 (-2) 0.61928 69437 01
8.14024 01415 65 (-3) 0.73989 03778 67

10.91649 95073 66 (-4)0.54907 19466 84
(contd.)
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Appendix C

An) A(n)

n = 14
14.21080 50111 61 (-5) 0.24095 85764 09
18.10489 22202 18 (-7) 0.58015 43981 68
22.72338 16282 69 (-9) 0.68193 14692 49
28.27298 17232 48 (-11) 0.32212 07751 89
35.14944 36605 92 (-14) 0.42213 52440 52
44.36608 17111 17 (-18) 0.60523 75022 29

15
0.09330 78120 17 0.21823 48859 40
0.49269 17403 02 0.34221 01779 23
1.21559 54120 71 0.26302 75779 42
2.26994 95262 04 0.12642 58181 06

3.66762 27217 51 (-1) 0.40206 86492 10
5.42533 66274 14 (-2) 0.85638 77803 61
7.56591 62266 13 (-2) 0.12124 36147 21
10.12022 85680 19 (-3) 0.11167 43923 44
13.13028 24821 76 (-5) 0.64599 26762 02
16.65440 77083 30 (-6) 0.22263 16907 10
20.77647 88994 49 (-8) 0.42274 30384 98
25.62389 42267 29 (-10) 0.39218 97267 04
31.40751 91697 54 (-12) 0.14565 15264 07
38.53068 33064 86 (-15) 0.14830 27051 11
48.02608 55726 86 (-19) 0.16005 94906 21

n=16
0.08764 94104 78927 8403 0.20615 17149 57800 994

0.46269 63289 15080 832 0.33105 78549 50884 166

1.14105 77748 31226 86 0.26579 57776 44214 153

2.12928 36450 98380 62 0.13629 69342 96877 540

3.43708 66338 93206 65 (-1) 0.47328 92869 41252 190
5.07801 86145 49767 91 (-1) 0.11299 90008 03394 532
7.07033 85350 48234 13 (-2) 0.18490 70943 52631 086
9.43831 43363 91938 78 (-3) 0.20427 19153 08278 460

12.21422 33688 66158 7 (-4) 0.14844 58687 39812 988
15.44152 73687 81617 1 (-6) 0.68283 19330 87119 956
19.18015 68567 53134 9 (-7) 0.18810 24841 07967 321
23.51590 56939 91908 5 (-9) 0.28623 50242 97388 162
28.57872 97428 82140 4 (-11) 0.21270 79033 22410 297
34.58339 87022 86625 8 (-14) 0.62979 67002 51786 779
41.94045 26476 88332 6 (-17) 0.50504 73700 03551 282
51.70116 03395 43318 4 (-21) 0.41614 62370 37285 519

n=20
0.07053 98896 91988 7534 0.16874 68018 51113 862

0 2123 68180 01611 44 29120 6204 06068 282. 7 4 . 5 3
0.91658 21024 83273 565 0.26668 61028 67001 289

1.70730 65310 28343 88 0.16600 24532 69506 840

2.74919 92553 09432 13 (-1) 0.74826 06466 87923 705
4.04892 53138 50886 92 (-1) 0.24964 41730 92832 211
5.61517 49708 61616 51 (-2) 0.62025 50844 57223 685
7.45901 74536 71063 31 (-2) 0.11449 62386 47690 824
9.59439 28695 81096 77 3) 0.15574 17730 27811 975

(contd.)
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xkn )

n = 20

Akn)

12.03880 25469 64316 3 (-4)0.15401 44086 52249 157

14.81429 34426 30740 0 (-5) 0.10864 86366 51798 235
17.94889 55205 19376 0 (-7) 0.53301 20909 55671 475
21.47878 82402 85011 0 (-8) 0.17579 81179 05058 200
25.45170 27931 86905 5 (-10)0.37255 02402 51232 087

29.93255 46317 00612 0 (- 12) 0.47675 29251 57819 052

35.01343 42404 79000 0 (-14) 0.33728 44243 36243 841
40.83305 70567 28571 1 (-16) 0.11550 14339 50039 883
47.61999 40473 46502 1 (-19)0.15395 22140 58234 355
55.81079 57500 63898 9 (- 23) 0.52864 42725 56915 783

66.52441 65256 15753 8 (-27)0.16564 56612 49902 330

n=24
0.05901 98521 81507 9770 0.14281 19733 34781 851
0.31123 91461 98483 727 0.25877 41075 17423 903
0.76609 69055 45936 646 0.25880 67072 72869 802

1.42559 75908 03613 09 0.18332 26889 77778 025

2.29256 20586 32190 29 (-1)0.98166 27262 99188 922

3.37077 42642 08997 72 (-1) 0.40732 47815 14086 460
4.66508 37034 67170 79 (-1) 0.13226 01940 51201 567
6.18153 51187 36765 41 (-2) 0.33693 49058 47830 355
7.92753 92471 72152 18 (-3)0.67216 25640 93547 890

9.91209 80150 77706 02 (-3)0.10446 12146 59275 180
12.14610 27117 29765 6 (-4) 0.12544 72197 79933 332
14.64273 22895 96674 3 (-5) 0.11513 15812 73727 992
17.41799 26465 08978 7 (-7) 0.79608 12959 13363 026
20.49146 00826 16424 7 (-8) 0.40728 58987 54999 966
23.88732 98481 69733 2 (-9) 0.15070 08226 29258 492
27.63593 71743 32717 4 (-11) 0.39177 36515 05845 138
31.77604 13523 74723 3 (-13) 0.68941 81052 95808 569
36.35840 58016 51621 7 (-15)0.78198 00382 45944 847
41.45172 04848 70767 0 (-17) 0.53501 88813 01003 760
47.15310 64451 56323 0 (-19) 0.20105 17464 55550 347
53.60857 45446 95069 8 (-22) 0.36057 65864 55295 904
61.05853 14472 18761 6 (- 25) 0.24518 18845 87840 269

69.96224 00351 05030 4 (- 29) 0.40883 01593 68065 782

81.49827 92339 48885 4 (-33) 0.55753 45788 32835 675
n = 28

0.05073 46248 49873 8876 0.12377 88439 54286 428
0.26748 72686 40741 084 0.23227 92769 00901 161

0.65813 66283 54791 519 0.24751 18960 36477 212

1.22397 18083 84907 72 0.19230 71131 32382 827
1.96676 76124 73777 70 0.11640 53617 21130 006

2.88888 33260 30321 89 (-1)0.56345 90536 44773 065

3.99331 16592 50114 14 (-1) 0.22066 36432 62588 079
5.28373 60628 43442 56 (-2) 0.70258 87635 58386 773
6.76460 34042 43505 15 (-2) 0.18206 07892 69585 487
8.44121 63282 71324 49 (-3) 0.38334 43038 57123 177

10.31985 04629 93260 1 (-4) 0.65350 87080 69439 831
12.40790 34144 60671 7 (-5) 0.89713 62053 41076 834

(contd.)
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An)

n = 28

Appendix C

14.71408 51641 35748 8 (-6) 0.98470 12256 24928 887
17.24866 34156 08056 3 (-7) 0.85640 75852 67304 245
20.02378 33299 51712 7 (-8) 0.58368 38763 13834 429
23.05389 01350 30296 0 (-9) 0.30756 38877 84230 228
26.35629 73744 01317 6 (-10)0.12325 90952 72442 282
29.95196 68335 96182 1 (-12)0.36821 73674 10831 200

33.86660 55165 84459 2 (-14) 0.79987 90575 96890 965
38.13225 44101 94646 8 (-15)0.12249 22500 32408 341
42.78967 23707 72576 3 (-17) 0.12711 24295 03067 374
47.89207 16336 22743 7 (-20) 0.84885 93367 68654 320
53.51129 79596 64294 2 (-22) 0.34024 55379 42551 185
59.74879 60846 41240 8 (-25) 0.74201 56588 86748 513
66.75697 72839 06469 6 (-28) 0.76004 13205 80173 769
74.78677 81523 39161 8 (-31) 0.28739 10317 94039 581
84.31783 71072 27043 1 (-35) 0.25418 22903 88931 800
96.58242 06275 27319 1 (-40) 0.16613 75878 02903 396

n = 32
0.04448 93658 33267 0184 0.10921 83419 52384 971

0.23452 61095 19618 537 0.21044 31079 38813 234

0.57688 46293 01886 426 0.23521 32296 69848 005

1.07244 87538 17817 63 0.19590 33359 72881 043

1.72240 87764 44645 44 0.12998 37862 86071 761

2.52833 67064 25794 88 (-1)0.70578 62386 57174 415
3.49221 32730 21994 49 (-1) 0.31760 91250 91750 703
4.61645 67697 49767 39 (-1) 0.11918 21483 48385 571
5.90395 85041 74243 95 (-2) 0.37388 16294 61152 479
7.35812 67331 86241 11 (-3) 0.98080 33066 14955 132
8.98294 09242 12596 10 (-3) 0.21486 49188 01364 188

10.78301 86325 39972 1 (-4) 0.39203 41967 98794 720
12.76369 79867 42725 1 (-5) 0.59345 41612 86863 288
14.93113 97555 22557 3 (-6) 0.74164 04578 66755 222
17.29245 43367 15314 8 (- 7) 0.76045 67879 12078 148
19.85586 09403 36054 7 (-8) 0.63506 02226 62580 674
22.63088 90131 96774 5 (-9) 0.42813 82971 04092 888
25.62863 60224 59247 8 (-10) 0.23058 99491 89133 608
28.86210 18163 23474 7 (-12) 0.97993 79288 72709 406
32.34662 91539 64737 0 (-13) 0.32378 01657 72926 646
36.10049 48057 51973 8 (-15)0.81718 23443 42071 943
40.14571 97715 39441 5 (-16) 0.15421 33833 39382 337
44.50920 79957 54938 0 (-18) 0.21197 92290 16361 861
49.22439 49873 08639 2 (-20) 0.20544 29673 78804 543
54.33372 13333 96907 3 (-22) 0.13469 82586 63739 516
59.89250 91621 34018 2 (-25) 0.56612 94130 $9735 937
65.97537 72879 35052 8 (-27) 0.14185 60545 46303 691
72.68762 80906 62708 6 (-30) 0.19133 75494 45422 431
80.18744 69779 13523 1 (-33)0.11922 48760 09822 236

88.73534 04178 92398 7 (-37) 0.26715 11219 24013 699
98.82954 28682 83972 6 (-41) 0.13386 16942 10625 628

111.75139 80979 37695 (-47) 0.45105 36193 89897 424
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Absolutely continuous functions, 269
convergence of quadrature formulas

for, 269-270
Akkerman, R. B., 170, 172
Analytic function

convergence of gaadrature formulas

for, 243-264
remainder of interpolation for, 45

Banach space, 51
C, 51
L p, 52
V, 53

Bernoulli numbers, B,,, 3-5, 7
asymptotic value for, 6

Bernoulli polynomials, B,,(x), 6-17
expansion of an arbitrary function in,

15-17
Bernstein, S. N., 198
Berthod-Zaborowskf, Mme. H., 127
Bessel functions, 301-302
Bessel's interpolation formula, 300
Best quadrature formulas, see Quadra-

ture formulas with least estimate

of the remainder
Bounded variation, functions of, 53

see also Classes of functions
Bouzitat, J., 178
Bronwin, B., 132
Brouwer, L. E. J., 308

Capuano, R., 130, 343
Cauchy

integral, 46

kernel, 46
Characteristic representation of a class

of functions, 75
of the class A. 269
of the class C,, 76, 266
of the class L j r), 134
of the class Vr, 271

Chebyshev, P. L., 28, 198
Chebyshev distribution function, 186,

252-264
Chebyshev polynomials of first kind, 26,

114
leading coefficient, 27
normalizing factor, 27
property of deviating least from zero,

28
recursion relation, 27

Chebyshev polynomials of second kind,
29, 115

leading coefficient, 29
minimal property, 30-33
normalizing factor, 29
recursion relation, 29

Chernin, K. E., 170, 333
Christoffel, E. B., 132
Christoffel-Darboux relationship, 22-

23, 103
Classes of functions

A,, 269
C, 51
Cr, 75
L p, 52
L q r), 134
V, 53
V 271
see also Characteristic representa-

tion; Convergence of quadrature
formulas

Complete
space, 51
system of functions, 67

Continuous functions, 51-52
convergence of quadrature formulas

for, 264-266
see also Classes of functions

Convergence
of distribution functions, 244
of linear operators, 59-61
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Convergence of quadrature formulas,

242-243

in the class A, 269-270
in the class C, 264-266
in the class Cr, 266-268
in the class V., 271-273
of "best" quadratures

in the class LQ 2), 149
in the class C2, 153

of highest algebraic degree of pre-
cision, 106

of interpolatory gaadratures for ana-

lytic functions, 243-264

Davids, N., 108
Davis, P., 337
Distribution function(s), 244

convergence of a sequence of, 244
for roots of orthogonal polynomials,

252
see also Chebyshev distribution

function
Divided differences, 38

relation to finite differences, 40
relation to nth derivative, 40, 41

E (x), 76
Electrostatic analogy

for nodes in indefinite integration,

326-327
for roots of Jacobi polynomials, 231-

232
Euler's method for expanding the re-

mainder, 206-229
for formulas of highest degree of pre-

cision for Jacobi weight functions,
226-227

for Simpson's rule, 220-225
for three-eighths rule, 226

for trapezoidal rule, 214-219

Euler-Maclaurin sum formula, 216
Evgrafov, M. A., 237, 241

Filippov, M. A., 309
Finite differences, 37

Fisbman, H., 124
Fixed nodes, see Quadrature formulas

with preassigned nodes
Fixed-point theorem, 308
Functional, 55

Gauss, C. F., 132
Gawlik, H. J., 337
Gel' fond, A. 0., 17, 284
Geronimus, Ia. L., 132, 198, 273
Glivenko, V. I., 247, 254
Goncharov, V. L., 35, 49, 237
Greenwood, R. E., 130

Index

Hammer, P. C., 132
Hardy, G. H., 17
Hermits, C., 48, 49
Hermite (Chebyshev-Hermite) polyno-

mials, 33, 129
leading coefficient, 83
normalizing factor, 33
recursion relation, 33
Rodriguez formula, 33

Hetherington, R. G., 132
Holder's inequality, 135, 137

Indefinite integration, 277-281
convergence of, 294-297

error of, 281-287
due to initial values, 283-284, 289
due to rounding, 283, 285, 289
due to formula, 283, 285, 289

nodes in, see Nodes
of tabular functions, 298-302

remainder of, 302
stability

with respect to initial values, 291
with respect to rounding, 293-294

Indefinite integration using one previous
value of the integral, 303-319

highest degree of precision, 305-306
existence of formulas of, 306-309

specific formulas, 312-318
Indefinite integration using severalpre-

vious values of the integral, 320-
336

highest degree of precision, 322-323
conditions for, 323-826
conditions for positive coefficients,

329-331
differential equation for nodes,

331-333
number of formulas, 326-327
remainder of, 327-329
tables of formulas, 333-336

Integral equation
approximate solution of, 110-111
equivalent to differential equation,

160
of Volterra, 278

Integral representation of remainder, 209
with short principle subinterval, 229-

241
Interpolation by successive derivatives,

see Interpolation problem of Abel-
Goncharov

Interpolation problem of Abel-
Goncharov, 237-241

Interpolation with multiple nodes, 45
Hermite's form, 49
remainder, 49

Interpolation with simple nodes, 42
Lagrange's form, 43



Index

Newton's form, 43
remainder, 43-45

Interpolatory quadrature formulas, 80,
100

Jackson, D., 35
Jacobi polynomials, 23, 112-113

leading coefficient, 24
normalizing factor, 25
Rodriguez formula, 23

Johnson, W. W., 83, 98

Kalmar, L., 254
Kantorovich, L. V., 62, 241
Kernel of remainder of quadratures, 77

for Newton-Cotes formulas, 89, 92
Kneschke, A., 78
Kopal, Z., 83, 98
Korkin, A. N., 36
Krylov, A. N., 241
Krylov, V. I., 198, 241, 273, 334
Kuz'min, it. 0., 84, 99, 198, 273

Lagnerre (Chebyshev-Lagnerre) polyno-
mials, 34, 130-131

leading coefficient, 34
normalizing factor, 35
Rodriguez formula, 34

Legendre polynomials, 26, 108
leading coefficients, 26
normalizing factor, 26
Rodriguez formula, 26

Levenson, A., 108
Linear normed (vector) space, 51
Lobatto, 166
Logarithmic potential, 245

constant almost everywhere, 259
for Chebyshev distribution function,

253-263
for Newton-Cotes formulas, 248

Lowan, A. N., 108
Lozinskii, S. M., 270, 273
Lynsternik, L. A., 62

Markov, A. A. (Markoff), 132, 166, 178,
284

Marlowe, 0. J., 132
Mehler, F. G., 114, 132
Meyers, L. F., 157, 159
Midpoint quadrature formula, 140, 151

Mikeladze, Sh. E., 273
Miller, J. J., 130
Mineur, H., 127, 178
Minimization of the remainder

in the class Cr, 149-153
in the class L q(r), 134-153
with fixed nodes, 153-158

Minkowski inequality, 52

355

Natanson, I. P., 36, 247, 273
Nemytskii, V. V., 308
Newton-Cotes formulas, 82-98

coefficients for n = 1- 10, 83
convergence of, for analytic functions,

248-249
estimates for coefficients, 86
remainder, 89, 91
see also Trapezoidal rule; Simpson'srule;

Three-eighths rule

Newton's equations, 180
Nikol'skii, S. M., 82, 99, 159
Nodes

in indefinite integration
auxiliary nodes, 321
basic nodes, 304
double nodes, 321
simple nodes, 321

in quadrature formulas, 66
Norm, 51

in space C, 51
in space Lp, 52
in space 1', 53
of an operator, 56

Operator, 54
continuous, 55
linear, 55
norm of, 56

Orthogonal polynomials, 18-35
distribution of roots of, 21
see also Orthonormal polynomials;

Jacobi polynomials; etc.
Orthonormal polynomials, 21

recursion relation for, 21-22

see also Orthogonal polynomials

Peirce, W. H., 132
Periodic Bernoulli functions, Bn(x),

13-15
trigonometric Fonder series for, 15

Poisson-Lebesgue integral, 261
Polya, G., 264, 273
Posse, K. A., 132, 198
Precision, degree of, 68

highest, 68-69, 100-104
for formulas with preassigned

nodes, 161-162
in indefinite integration, 305-308,

322-326
methods to increase, 200-202

Privalov, I. I., 261

Quadrature formulas, 66
choice of nodes and coefficients, 66-

72
convergence of, see Convergence
for indefinite integration, see Indefi-

nite integration
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Quadrature formulas (Contd.)
increasing precision of, 200-202

see also Euler's method; singular
integrand; Integral representation
of remainder

nodes in, see Nodes
tables of, see Tables
with positive coefficients, 72, 104

Quadrature formulas of highest degree
of precision for algebraic polyno-

mials, 69, 100-107
coefficients, 103-104
constant weight function,
convergence of, 106-107
Hermite weight function, 129-130
Jacobi weight functions, 111-121
Laguerre weight function, 130-132
nodes, 101
remainder, 104-105
see also Tables

Quadrature formulas of highest degree
of precision for trigonometric poly-
nomials, 73-74

Quadrature formulas with equal coeffi-

cients, 71-72, 179-199

on infinite intervals, 198-199
with Chebyshev weight function, 114-

115, 183-187
with constant weight function, 187-

199
table, 191

Quadrature formulas with least estimate
of the remainder, 70-71, 133-134

convergence of, see Convergence
in the class C1, 151
in the class C2, 152-153
in the class L q(1), 139-140
in the class Ly 2), 140-149
with fixed nodes

in the class L q(1), 154-155
in the class L r (r >_ 2), 155-158

Quadrature formulas with preassigned
nodes, 160-178

coefficients for fixed nodes, 163
coefficients for free nodes, 163-164
fixed nodes at end points of the in-

terval, 166-167
both end points, 170-174
one end point, 167-170

free nodes
choice of, 161
orthogonal polynomial for, 164-166

highest degree of precision, 161-163
remainder, 163

Quadrature formulas with sign-changing
weight functions, 174-178

Quadrature sum, 66

Index

Rabinowitz, P., 178, 337, 347
Radau, R., 166, 178
Radon, J., 78
Remainder in interpolation, 43-45, 49

Lagrange form, 44
representation as contour integral, 45

Remainder in quadrature, 74-77, 81-82
expansion of, see Euler's method
see also Integral representation;

Newton-Cotes formulas; etc.
Remez, E. Ia., 49, 78
Robinson, G., 49, 99

Salzer, H. E., 130, 131, 199, 347
Surd, A., 78, 157, 159
Secrest, D., 132
Sequence

of distribution functions, 244
of linear operators, 59

convergence of, 59-61
of quadrature formulas, 242-243

Shaidaeva, T. A., 159
Sign x, 30
Simplex, m-dimensional, 308
Simpson's rule, 94

Euler's method for expanding re-
mainder, 220-225

remainder, 96
Singular, integrand, 201

weakening singularity of, 202-206
Smirnov, V. N., 241
Sobolev, V. I., 62
Sonin, N. Ia., 132, 199
Steffensen, J. F., 17, 99, 241
Steklov, V. A., 264, 273
Stieltjes, T. J., 132, 327
Stroud, A. H., 122, 132
Struble, G. W., 178
Structural formula, 75

see also Characteristic representation
Szego, G., 36, 113, 232

Tables of quadrature formulas
Chebyshev formulas, 191
for indefinite integrals, 315-318,

335-336
Newton-Cotes formulas, 83
of highest degree of precision

j i f (x) dx, 337-342

J00 er-x2 Ax) dx, 343-346

I e-x f (x) dx, 347-352

f 1 ./x f (z) dx, 119-120
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11
V

f dx. 120-121

0 1 x f (x) dx, 124

with least estimate of remainder with
fixed nodes, 157-158

with one fixed node, 170
with two fixed nodes, 172-174

Three-eighths rule, 96
Euler's method for expanding re-

mainder of, 226
remainder, 98

Trapezoidal rule, 92, 155
Euler's method for expanding re-

mainder of, 212-219
remainder, 93-94

Vandermonde determinant, 42, 324
Vector space, 51

Welerstrass, theorem of, 265
Weight function, 18

nonnegative, 18-21

which changes sign, 174-178
Weiss, G., 347
Whittaker, E. T., 49, 99
Wilf, H. S., 199
Wymore, A. W., 132

Zolotarev, E. I., 36
Zucker, R., 130, 131, 343, 347
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BURNHAM'S CELESTIAL HANDBOOK, Robert Burnham, Jr. Thorough guide
to the stars beyond our solar system. Exhaustive treatment. Alphabetical by constel-
lation: Andromeda to Cetus in Vol. 1; Chamaeleon to Orion in Vol. 2; and Pavo to
Vulpecula in Vol. 3. Hundreds of illustrations. Index in Vol. 3. 2,000pp. 6% x 9'I..

Vol. I: 0-486-23567-X
Vol. II: 0-486-23568-8
Vol. III: 0-486-23673-0

EXPLORING THE MOON THROUGH BINOCULARS AND SMALL TELE-
SCOPES, Ernest H. Cherrington, Jr. Informative, profusely illustrated guide to locat-
ing and identifying craters, rills, seas, mountains, other lunar features. Newly revised
and updated with special section of new photos. Over 100 photos and diagrams.
240pp. 8% x 11. 0-486-24491-1

THE EXTRATERRESTRIAL LIFE DEBATE, 1750-1900, Michael J. Crowe. First
detailed, scholarly study in English of the many ideas that developed from 1750 to
1900 regarding the existence of intelligent extraterrestrial life. Examines ideas of
Kant, Herschel, Voltaire, Percival Lowell, many other scientists and thinkers. 16 illus-
trations. 704pp. 5% x 8%. 0-486-40675-X

THEORIES OF THE WORLD FROM ANTIQUITY TO THE COPERNICAN
REVOLUTION, Michael J. Crowe. Newly revised edition of an accessible, enlight-
ening book recreates the change from an earth-centered to a sun-centered concep-
tion of the solar system. 242pp. 5% x 8%. 0-486-41444-2

A HISTORY OF ASTRONOMY, A. Pannekoek. Well-balanced, carefully reasoned
study covers such topics as Ptolemaic theory, work of Copernicus, Kepler, Newton,
Eddington's work on stars, much more. Illustrated. References. 521pp. 5% x 8%.

0-486-65994-1

A COMPLETE MANUAL OF AMATEUR ASTRONOMY: TOOLS AND
TECHNIQUES FOR ASTRONOMICAL OBSERVATIONS, P. Clay Sherrod
with Thomas L. Koed. Concise, highly readable book discusses: selecting, setting up
and maintaining a telescope; amateur studies of the sun; lunar topography and occul-
tations; observations of Mars, Jupiter, Saturn, the minor planets and the stars; an
introduction to photoelectric photometry; more. 1981 ed. 124 figures. 25 halftones.
37 tables. 335pp. 6% x 9%. 0-486-40675-X

AMATEUR ASTRONOMER'S HANDBOOK, J. B. Sidgwick. Timeless, compre-
hensive coverage of telescopes, mirrors, lenses, mountings, telescope drives, microm-
eters, spectroscopes, more. 189 illustrations. 576pp. 5% x 8%. (Available in U.S. only.)

0-486-24034-7

STARS AND RELATIVITY, Ya. B. Zel'dovich and I. D. Novikov. Vol.1 of Relativistic
Astrophysics by famed Russian scientists. General relativity, properties of matter under
astrophysical conditions, stars, and stellar systems. Deep physical insights, dear pre-
sentation. 1971 edition. References. 544pp. 5% x 8%. 0-486-69424-0
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Chemistry
THE SCEPTICAL CHYMIST: THE CLASSIC 1661 TEXT, Robert Boyle. Boyle
defines the term "element," asserting that all natural phenomena can be explained by
the motion and organization of primary particles. 1911 ed. viii+232pp. 5% x 8%.

0-486-42825-7

RADIOACTIVE SUBSTANCES, Marie Curie. Here is the celebrated scientist's
doctoral thesis, the prelude to her receipt of the 1903 Nobel Prize. Curie discusses
establishing atomic character of radioactivity found in compounds of uranium and
thorium; extraction from pitchblende of polonium and radium; isolation of pure radi-
um chloride; determination of atomic weight of radium; plus electric, photographic,
luminous, heat, color effects of radioactivity. ii+94pp. 5% x 8'!. 0-486-42550-9

CHEMICAL MAGIC, Leonard A. Ford. Second Edition, Revised by E. Winston
Grundmeier. Over 100 unusual stunts demonstrating cold fire, dust explosions,
much more. Text explains scientific principles and stresses safety precautions.
128pp. 5% x 8%. 0-486-67628-5

THE DEVELOPMENT OF MODERN CHEMISTRY, Aaron J. Ihde. Authorita-
tive history of chemistry from ancient Greek theory to 20th-century innovation.
Covers major chemists and their discoveries. 209 illustrations. 14 tables.
Bibliographies. Indices. Appendices. 851pp. 5% x 8%. 0-486-64235-6

CATALYSIS IN CHEMISTRY AND ENZYMOLOGY, William P. Jencks.
Exceptionally dear coverage of mechanisms for catalysis, forces in aqueous solution,
carbonyl- and acyl-group reactions, practical kinetics, more. 864pp. 5% x 8%.

0-486-65460-5

ELEMENTS OF CHEMISTRY, Antoine Lavoisier. Monumental classic by founder
of modern chemistry in remarkable reprint of rare 1790 Kerr translation. A must for
every student of chemistry or the history of science. 539pp. 5% x 8%. 0-486-64624-6

THE HISTORICAL BACKGROUND OF CHEMISTRY, Henry M. Leicester.
Evolution of ideas, not individual biography. Concentrates on formulation of a coher-
ent set of chemical laws. 260pp. 5% x 8%. 0-486-61053-5

A SHORT HISTORY OF CHEMISTRY, J. R. Partington. Classic exposition
explores origins of chemistry, alchemy, early medical chemistry, nature of atmos-
phere, theory of valency, laws and structure of atomic theory, much more. 428pp.
5% x 8'%. (Available in U.S. only.) 0-486-65977-1

GENERAL CHEMISTRY, Lions Pauling. Revised 3rd edition of classic first-year
text by Nobel laureate. Atomic and molecular structure, quantum mechanics, statis-
tical mechanics, thermodynamics correlated with descriptive chemistry. Problems.
992pp. 5% x 8%. 0-486-65622-5

FROM ALCHEMY TO CHEMISTRY, John Read. Broad, humanistic treatment
focuses on great figures of chemistry and ideas that revolutionized the science. 50
illustrations. 240pp. 5% x 8%. 0-486-28690-8
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Engineering
DE RE METALLICA, Georgius Agricola. The famous Hoover translation of great-
est treatise on technological chemistry, engineering, geology, mining of early mod-
em times (1556). All 289 original woodcuts. 638pp. 6% x 11. 0-486-60006-8

FUNDAMENTALS OF ASTRODYNAMICS, Roger Bate et at Modern approach
developed by U.S. Air Force Academy. Designed as a first course. Problems, exer-
cises. Numerous illustrations. 455pp. 5% x 8%. 0-486-60061-0

DYNAMICS OF FLUIDS IN POROUS MEDIA, Jacob Bear. For advanced stu-
dents of ground water hydrology, soil mechanics and physics, drainage and irrigation
engineering and more. 335 illustrations. Exercises, with answers. 784pp. 6% x 9%.

0-486-65675-6

THEORY OF VISCOELASTICITY (Second Edition), Richard M. Christensen.
Complete consistent description of the linear theory of the viscoelastic behavior of
materials. Problem-solving techniques discussed. 1982 edition. 29 figures.
xiv+364pp. 6% x 9%. 0-486-42880-X

MECHANICS, J. P. Den Hartog. A classic introductory text or refresher. Hundreds
of applications and design problems illuminate fundamentals of trusses, loaded
beams and cables, etc. 334 answered problems. 462pp. 5% x 8%. 0-486-60754-2

MECHANICAL VIBRATIONS, J. P. Den Hartog. Classic textbook offers lucid
explanations and illustrative models, applying theories of vibrations to a variety of
practical industrial engineering problems. Numerous figures. 233 problems, solu-
tions. Appendix. Index. Preface. 436pp. 5% x 8%. 0-486-64785-4

STRENGTH OF MATERIALS, J. P. Den Hartog. Full, clear treatment of basic
material (tension, torsion, bending, etc.) plus advanced material on engineering
methods, applications. 350 answered problems. 323pp. 5% x 8%. 0-486-60755-0

A HISTORY OF MECHANICS, Rend Dugas. Monumental study of mechanical
principles from antiquity to quantum mechanics. Contributions of ancient Greeks,
Galileo, Leonardo, Kepler, Lagrange, many others. 671pp. 5% x 8'%. 0-486-65632-2

STABILITY THEORY AND ITS APPLICATIONS TO STRUCTURAL
MECHANICS, Clive L. Dym. Self-contained text focuses on Goiter postbuckling
analyses, with mathematical notions of stability of motion. Basing minimum energy
principles for static stability upon dynamic concepts of stability of motion, it devel-
ops asymptotic buckling and postbuckling analyses from potential energy considera-
tions, with applications to columns, plates, and arches. 1974 ed. 208pp. 5% x 8'%.

0-486-42541-X

METAL FATIGUE, N. E. Frost, K .J. Marsh, and L. P. Pook. Definitive, clearly writ-
ten, and well-illustrated volume addresses all aspects of the subject, from the histori-
cal development of understanding metal fatigue to vital concepts of the cyclic stress
that causes a crack to grow. Includes 7 appendixes. 544pp. 5% x 8'%. 0-486-40927-9
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ROCKETS, Robert Goddard. Two of the most significant publications in the history
of rocketry and jet propulsion: "A Method of Reaching Extreme Altitudes" (1919) and
"Liquid Propellant Rocket Development" (1936). 128pp. x 8%. 0-486-42537-1

STATISTICAL MECHANICS: PRINCIPLES AND APPLICATIONS, Terrell L.
Hill. Standard text covers fundamentals of statistical mechanics, applications to fluc-
tuation theory, imperfect gases, distribution functions, more. 448pp. 5% x 8Y.

0-486-65390-0

ENGINEERING AND TECHNOLOGY 1650-1750: ILLUSTRATIONS AND
TEXTS FROM ORIGINAL SOURCES, Martin Jensen. Highly readable text with
more than 200 contemporary drawings and detailed engravings of engineering pro-
jects dealing with surveying, leveling, materials, hand tools, lifting equipment, trans-
port and erection, piling, bailing, water supply, hydraulic engineering, and more.
Among the specific projects outlined-transporting a 50-ton stone to the Louvre, erect-
ing an obelisk, building timber locks, and dredging canals. 207pp. 8'k x 11'/.

0-486-42232-1

THE VARIATIONAL PRINCIPLES OF MECHANICS, Cornelius Lanczos.
Graduate level coverage of calculus of variations, equations of motion, relativistic
mechanics, more. First inexpensive paperbound edition of classic treatise. Index.
Bibliography. 418pp. 5% x 8'%. 0-486-65067-7

PROTECTION OF ELECTRONIC CIRCUITS FROM OVERVOLTAGES,
Ronald B. Standler. Five-part treatment presents practical rules and strategies for cir-
cuits designed to protect electronic systems from damage by transient overvoltages.
1989 ed. xxiv+434pp. 6'% x 9%. 0-486-42552-5

ROTARY WING AERODYNAMICS, W. Z. Stepniewski. Clear, concise text cov-
ers aerodynamic phenomena of the rotor and offers guidelines for helicopter perfor-
mance evaluation. Originally prepared for NASA. 537 figures. 640pp. 6'% x 9'k.

0-486-64647-5

INTRODUCTION TO SPACE DYNAMICS, William Tyrrell Thomson. Com-
prehensive, classic introduction to space-flight engineering for advanced undergrad-
uate and graduate students. Includes vector algebra, kinematics, transformation of
coordinates. Bibliography. Index. 352pp. 5% x 8'/,. 0-486-65113-4

HISTORY OF STRENGTH OF MATERIALS, Stephen P. Timoshenko. Excellent
historical survey of the strength of materials with many references to the theories of
elasticity and structure. 245 figures. 452pp. 5% x 8%. 0-486-61187-6

ANALYTICAL FRACTURE MECHANICS, David J. Unger. Self-contained text
supplements standard fracture mechanics texts by focusing on analytical methods for
determining crack-tip stress and strain fields. 336pp. 6% x 9'/a. 0-486-41737-9

STATISTICAL MECHANICS OF ELASTICITY, J. H. Weiner. Advanced, self-
contained treatment illustrates general principles and elastic behavior of solids. Part
1, based on classical mechanics, studies thermoelastic behavior of crystalline and
polymeric solids. Part 2, based on quantum mechanics, focuses on interatomic force
laws, behavior of solids, and thermally activated processes. For students of physics
and chemistry and for polymer physicists. 1983 ed. 96 figures. 496pp. 5-% x 8Y.

0-486-42260-7
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Mathematics
FUNCTIONAL ANALYSIS (Second Corrected Edition), George Bachman and
Lawrence Narici. Excellent treatment of subject geared toward students with back-
ground in linear algebra, advanced calculus, physics and engineering. Text covers
introduction to inner-product spaces, normed, metric spaces, and topological spaces;
complete orthonormal sets, the Hahn-Banach Theorem and its consequences, and
many other related subjects. 1966 ed. 544pp. 614 x 9%. 0-486-40251-7

ASYMPTOTIC EXPANSIONS OF INTEGRALS, Norman Bleistein & Richard A.
Handelsman. Best introduction to important field with applications in a variety of sci-
entific disciplines. New preface. Problems. Diagrams. Tables. Bibliography. Index.
448pp. 5% x 8%. 0-486-65082-0

VECTOR AND TENSOR ANALYSIS WITH APPLICATIONS, A. I. Borisenko
and I. E. Tarapov. Concise introduction. Worked-out problems, solutions, exercises.
257pp. 554 x 84. 0-486-63833-2

AN INTRODUCTION TO ORDINARY DIFFERENTIAL EQUATIONS, Earl
A. Coddington. A thorough and systematic first course in elementary differential
equations for undergraduates in mathematics and science, with many exercises and
problems (with answers). Index. 304pp. 5% x 8%. 0-486-65942-9

FOURIER SERIES AND ORTHOGONAL FUNCTIONS, Harry F. Davis. An
incisive text combining theory and practical example to introduce Fourier series,
orthogonal functions and applications of the Fourier method to boundary-value
problems. 570 exercises. Answers and notes. 416pp. 5% x 8%. 0-486-65973-9

COMPUTABILITY AND UNSOLVABILITY, Martin Davis. Classic graduate-
level introduction to theory of computability, usually referred to as theory of recur-
rent functions. New preface and appendix. 288pp. 5% x 8%. 0-486-61471-9

ASYMPTOTIC METHODS IN ANALYSIS, N. G. de Bruijn. An inexpensive, com-
prehensive guide to asymptotic methods-the pioneering work that teaches by
explaining worked examples in detail. Index. 224pp. 5% x 8% 0-486-64221-6

APPLIED COMPLEX VARIABLES, John W. Dettman. Step-by-step coverage of
fundamentals of analytic function theory-plus lucid exposition of five important
applications: Potential Theory; Ordinary Differential Equations; Fourier Transforms;
Laplace Transforms; Asymptotic Expansions. 66 figures. Exercises at chapter ends.
512pp. 5% x 8%. 0-486-64670-X

INTRODUCTION TO LINEAR ALGEBRA AND DIFFERENTIAL EQUA-
TIONS, John W. Dettman. Excellent text covers complex numbers, determinants,
orthonormal bases, Laplace transforms, much more. Exercises with solutions.
Undergraduate level. 416pp. 5% x 8'4. 0-486-65191-6

RIEMANN'S ZETA FUNCTION, H. M. Edwards. Superb, high-level study of
landmark 1859 publication entitled "On the Number of Primes Less Than a Given
Magnitude" traces developments in mathematical theory that it inspired. xiv+315pp.
5% x 8%. 0-486-41740-9
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CALCULUS OF VARIATIONS WITH APPLICATIONS, George M. Ewing.
Applications-oriented introduction to variational theory develops insight and pro-
motes understanding of specialized books, research papers. Suitable for advanced
undergraduate/graduate students as primary, supplementary text. 352pp. 5% x 8%.

0-486-64856-7

COMPLEX VARIABLES, FrancisJ. Flanigan. Unusual approach, delaying complex
algebra till harmonic functions have been analyzed from real variable viewpoint.
Includes problems with answers. 364pp. 51 x 8%. 0-486-61388-7

AN INTRODUCTION TO THE CALCULUS OF VARIATIONS, Charles Fox.
Graduate-level text covers variations of an integral, isoperimetrical problems, least
action, special relativity, approximations, more. References. 279pp. 5% x 8'%.

0-486-65499-0

COUNTEREXAMPLES IN ANALYSIS, Bernard R. Gelbaum and John M. H.
Olmsted. These counterexamples deal mostly with the part of analysis known as
"real variables." The first half covers the real number system, and the second half
encompasses higher dimensions. 1962 edition. xxiv+198pp. 5% x 8%. 0-486-42875-3

CATASTROPHE THEORY FOR SCIENTISTS AND ENGINEERS, Robert
Gilmore. Advanced-level treatment describes mathematics of theory grounded in the
work of Poincare, R. Thom, other mathematicians. Also important applications to
problems in mathematics, physics, chemistry and engineering. 1981 edition.
References. 28 tables. 397 black-and-white illustrations. xvii + 666pp. 6% x 9%.

0-486-67539-4

INTRODUCTION TO DIFFERENCE EQUATIONS, Samuel Goldberg. Excep-
tionally clear exposition of important discipline with applications to sociology, psy-
chology, economics. Many illustrative examples; over 250 problems. 260pp. 5% x 8%.

0-486-65084-7

NUMERICAL METHODS FOR SCIENTISTS AND ENGINEERS, Richard
Hamming. Classic text stresses frequency approach in coverage of algorithms, poly-
nomial approximation, Fourier approximation, exponential approximation, other
topics. Revised and enlarged 2nd edition. 721pp. 5% x 8'/e. 0-486-65241-6

INTRODUCTION TO NUMERICAL ANALYSIS (2nd Edition), F. B. Hilde-
brand. Classic, fundamental treatment covers computation, approximation, inter-
polation, numerical differentiation and integration, other topics. 150 new problems.
669pp. 5% x 8'%. 0-486-65363-3

THREE PEARLS OF NUMBER THEORY, A. Y. Khinchin. Three compelling
puzzles require proof of a basic law governing the world of numbers. Challenges con-
cern van der Waerden's theorem, the Landau-Schnirelmann hypothesis and Mann's
theorem, and a solution to Waring's problem. Solutions included. 64pp. R. x 8/..

0-486-40026-3

THE PHILOSOPHY OF MATHEMATICS: AN INTRODUCTORY ESSAY,
Stephan Kbmer. Surveys the views of Plato, Aristotle, Leibniz & Kant concerning
propositions and theories of applied and pure mathematics. Introduction. Two
appendices. Index. 198pp. 5% x 8%. 0-486-25048-2
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INTRODUCTORY REAL ANALYSIS, A.N. Kolmogorov, S. V. Fomin. Translated
by Richard A. Silverman. Self-contained, evenly paced introduction to real and func-
tional analysis. Some 350 problems. 403pp. 5% x 8%. 0-486-61226-0

APPLIED ANALYSIS, Cornelius Lanczos. Classic work on analysis and design of
finite processes for approximating solution of analytical problems. Algebraic equa-
tions, matrices, harmonic analysis, quadrature methods, much more. 559pp. 5% x 8'k.

0-486-65656-X

AN INTRODUCTION TO ALGEBRAIC STRUCTURES,Joseph Landin. Superb
self-contained text covers "abstract algebra": sets and numbers, theory of groups, the-
ory of rings, much more. Numerous well-chosen examples, exercises. 247pp. 5% x 8'ii.

0-486-65940-2

QUALITATIVE THEORY OF DIFFERENTIAL EQUATIONS, V. V. Nemytskii
and V.V. Stepanov. Classic graduate-level text by two prominent Soviet mathemati-
cians covers classical differential equations as well as topological dynamics and
ergodic theory. Bibliographies. 523pp. 5% x 8u.. 0-486-65954-2

THEORY OF MATRICES, Sam Perlis. Outstanding text covering rank, nonsingu-
larity and inverses in connection with the development of canonical matrices under
the relation of equivalence, and without the intervention of determinants. Includes
exercises. 237pp. 5% x 8%. 0-486-66810-X

INTRODUCTION TO ANALYSIS, Maxwell Rosenlicht. Unusually clear, accessi-
ble coverage of set theory, real number system, metric spaces, continuous functions,
Riemann integration, multiple integrals, more. Wide range of problems. Under-
graduate level. Bibliography. 254pp. 5% x 8%. 0-486-65038-3

MODERN NONLINEAR EQUATIONS, Thomas L. Saaty. Emphasizes practical
solution of problems; covers seven types of equations. "... a welcome contribution
to the existing literature... "-Math Reviews. 490pp. 5% x 8'k. 0-486-64232-1

MATRICES AND LINEAR ALGEBRA, Hans Schneider and George Phillip
Barker. Basic textbook covers theory of matrices and its applications to systems of lin-
ear equations and related topics such as determinants, eigenvalues and differential
equations. Numerous exercises. 432pp. 5% x 8%. 0-486-66014-1

LINEAR ALGEBRA, Georgi E. Shilov. Determinants, linear spaces, matrix alge-
bras, similar topics. For advanced undergraduates, graduates. Silverman translation.
387pp. 5% x 8%. 0-486-63518-X

ELEMENTS OF REAL ANALYSIS, David A. Sprecher. Classic text covers funda-
mental concepts, real number system, point sets, functions of a real variable, Fourier
series, much more. Over 500 exercises. 352pp. 5% x 8%. 0-486-65385-4

SET THEORY AND LOGIC, Robert R. Stoll. Lucid introduction to unified theory
of mathematical concepts. Set theory and logic seen as tools for conceptual under-
standing of real number system. 496pp. 5% x 8%. 0-486-63829-4
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TENSOR CALCULUS, J.L. Synge and A. Schild. Widely used introductory text
covers spaces and tensors, basic operations in Riemannian space, non-Riemannian
spaces, etc. 324pp. 5% x 8%. 0-486-63612-7

ORDINARY DIFFERENTIAL EQUATIONS, Moms Tenenbaum and Harry
Pollard. Exhaustive survey of ordinary differential equations for undergraduates in
mathematics, engineering, science. Thorough analysis of theorems. Diagrams.
Bibliography. Index. 818pp. 5% x 8%. 0-486-64940-7

INTEGRAL EQUATIONS, F. G. Tricomi. Authoritative, well-written treatment of
extremely useful mathematical tool with wide applications. Volterra Equations,
Fredholm Equations, much more. Advanced undergraduate to graduate level.
Exercises. Bibliography. 238pp. 5% x 8%. 0-486-64828-1

FOURIER SERIES, Georgi P. Tolstov. Translated by Richard A. Silverman. A valu-
able addition to the literature on the subject, moving clearly from subject to subject
and theorem to theorem. 107 problems, answers. 336pp. 5% x 8'!t. 0-486-63317-9

INTRODUCTION TO MATHEMATICAL THINKING, Friedrich Waismann.
Examinations of arithmetic, geometry, and theory of integers; rational and natural
numbers; complete induction; limit and point of accumulation; remarkable curves;
complex and hypercomplex numbers, more. 1959 ed. 27 figures. xii+260pp. 5% x 8'%.

0-486-63317-9

POPULAR LECTURES ON MATHEMATICAL LOGIC, Hao Wang. Noted logi-
cian's lucid treatment of historical developments, set theory, model theory, recursion
theory and constructivism, proof theory, more. 3 appendixes. Bibliography. 1981 edi-
tion. ix + 283pp. 5% x 8Y%. 0-486-67632-3

CALCULUS OF VARIATIONS, Robert Weinstock. Basic introduction covering
isoperimetric problems, theory of elasticity, quantum mechanics, electrostatics, etc.
Exercises throughout. 326pp. 5% x 8%. 0-486-63069-2

THE CONTINUUM: A CRITICAL EXAMINATION OF THE FOUNDATION
OF ANALYSIS, Hermann Weyl. Classic of 20th-century foundational research deals
with the conceptual problem posed by the continuum. 156pp. 5% x 814.

0-486-67982-9

CHALLENGING MATHEMATICAL PROBLEMS WITH ELEMENTARY
SOLUTIONS, A. M. Yaglom and I. M. Yaglom. Over 170 challenging problems on
probability theory, combinatorial analysis, points and lines, topology, convex poly-
gons, many other topics. Solutions. Total of 445pp. 5% x 8%. Two-vol. set.

Vol. I: 0-486-65536-9 Vol. II: 0-486-65537-7

INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS WITH
APPLICATIONS, E. C. Zachmanoglou and Dale W. Thoe. Essentials of partial dif-
ferential equations applied to common problems in engineering and the physical sci-
ences. Problems and answers. 416pp. 5% x 8%. 0-486-65251-3

THE THEORY OF GROUPS, HansJ. Zassenhaus. Well-written graduate-level text
acquaints reader with group-theoretic methods and demonstrates their usefulness in
mathematics. Axioms, the calculus of complexes, homomorphic mapping, p-group
theory, more. 276pp. 5% x 811. 0-486-40922-8
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Math-Decision Theory, Statistics, Probability
ELEMENTARY DECISION THEORY, Herman Chernoff and Lincoln E.
Moses. Clear introduction to statistics and statistical theory covers data process-
ing, probability and random variables, testing hypotheses, much more. Exercises.
364pp. 5% x 8'h. 0-486-65218-1

STATISTICS MANUAL, Edwin L. Crow et al. Comprehensive, practical collection
of classical and modem methods prepared by U.S. Naval Ordnance Test Station.
Stress on use. Basics of statistics assumed. 288pp. 5% x 8%. 0-486-60599-X

SOME THEORY OF SAMPLING, William Edwards Deming. Analysis of the
problems, theory and design of sampling techniques for social scientists, industrial
managers and others who find statistics important at work. 61 tables. 90 figures. xvii
+602pp. 5% x 86. 0-486-64684-X

LINEAR PROGRAMMING AND ECONOMIC ANALYSIS, Robert Dorfman,
Paul A. Samuelson and Robert M. Solow. First comprehensive treatment of linear
programming in standard economic analysis. Game theory, modem welfare eco-
nomics, Leontief input-output, more. 525pp. 5% x 8h. 0-486-65491-5

PROBABILITY: AN INTRODUCTION, Samuel Goldberg. Excellent basic text
covers set theory, probability theory for finite sample spaces, binomial theorem,
much more. 360 problems. Bibliographies. 322pp. 5% x 8%. 0-486-65252-1

GAMES AND DECISIONS: INTRODUCTION AND CRITICAL SURVEY,
R. Duncan Luce and Howard Raiffa. Superb nontechnical introduction to game the-
ory, primarily applied to social sciences. Utility theory, zero-sum games, n-person
games, decision-making, much more. Bibliography. 509pp. 5% x 8'/a. 0-486-65943-7

INTRODUCTION TO THE THEORY OF GAMES, J. C. C. McKinsey. This com-
prehensive overview of the mathematical theory of games illustrates applications to
situations involving conflicts of interest, including economic, social, political, and
military contexts. Appropriate for advanced undergraduate and graduate courses;
advanced calculus a prerequisite. 1952 ed. x+372pp. 5% x 8h. 0-486-42811-7

FIFTY CHALLENGING PROBLEMS IN PROBABILITY WITH SOLUTIONS,
Frederick Mosteller. Remarkable puzzlers, graded in difficulty, illustrate elementary
and advanced aspects of probability. Detailed solutions. 88pp. 5% x 8'/. 65355-2

PROBABILITY THEORY: A CONCISE COURSE, Y. A. Rozanov. Highly read-
able, self-contained introduction covers combination of events, dependent events,
Bernoulli trials, etc. 148pp. 5% x 8%. 0-486-63544-9

STATISTICAL METHOD FROM THE VIEWPOINT OF QUALITY CON-
TROL, Walter A. Shewhart. Important text explains regulation of variables, uses of
statistical control to achieve quality control in industry, agriculture, other areas.
192pp. 5% x 8'!. 0-486-65232-7
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Math-Geometry and Topology
ELEMENTARY CONCEPTS OF TOPOLOGY, Paul Alexandroff. Elegant, intuitive
approach to topology from set-theoretic topology to Betti groups; how concepts of
topology are useful in math and physics. 25 figures. 57pp. 5% x 8%. 0-486-60747-X

COMBINATORIAL TOPOLOGY, P. S. Alexandrov. Clearly written, well-orga-
nized, three-part text begins by dealing with certain classic problems without using
the formal techniques of homology theory and advances to the central concept, the
Betti groups. Numerous detailed examples. 654pp. 511. x 8'I. 0-486-40179-0

EXPERIMENTS IN TOPOLOGY, Stephen Barr. Classic, lively explanation of one
of the byways of mathematics. Klein bottles, Moebius strips, projective planes, map
coloring, problem of the Koenigsberg bridges, much more, described with clarity and
wit. 43 figures. 210pp. 5% x 8'%. 0-486-25933-1

THE GEOMETRY OF RENE DESCARTES, Rene Descartes. The great work
founded analytical geometry. Original French text, Descartes's own diagrams, togeth-
er with definitive Smith-Latham translation. 244pp. 5% x 8%. 0-486-60068-8

EUCLIDEAN GEOMETRY AND TRANSFORMATIONS, Clayton W. Dodge.
This introduction to Euclidean geometry emphasizes transformations, particularly
isometries and similarities. Suitable for undergraduate courses, it includes numerous
examples, many with detailed answers. 1972 ed. viii+296pp. 6% x 9%. 0-486-43476-1

PRACTICAL CONIC SECTIONS: THE GEOMETRIC PROPERTIES OF
ELLIPSES, PARABOLAS AND HYPERBOLAS, J. W. Downs. This text shows how
to create ellipses, parabolas, and hyperbolas. It also presents historical background on
their ancient origins and describes the reflective properties and roles of curves in
design applications. 1993 ed. 98 figures. xii+100pp. 6% x 9%. 0-486-42876-1

THE THIRTEEN BOOKS OF EUCLID'S ELEMENTS, translated with introduc-
tion and commentary by Sir Thomas L. Heath. Definitive edition. Textual and lin-
guistic notes, mathematical analysis. 2,500 years of critical commentary. Unabridged.
1,414pp. 5% x 8%. Three-vol. set.

Vol. I: 0-486-60088-2 Vol. 11: 0-486-60089-0 Vol. III: 0-486-60090-4

SPACE AND GEOMETRY: IN THE LIGHT OF PHYSIOLOGICAL,
PSYCHOLOGICAL AND PHYSICAL INQUIRY, Ernst Mach. Three essays by
an eminent philosopher and scientist explore the nature, origin, and development of
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