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Preface

This third volume of Fundamentals of Advanced Mathematics (the first two
volumes are referenced by [P1] and [P2] below) is dedicated to differential and
integral calculus, examined from both the local and global perspectives. This book is
intended for anyone who uses mathematics (mathematicians, but also physicists and
engineers, and in particular anyone who needs to understand the control of nonlinear
systems). Some local questions of integral calculus were already partially addressed
in [P2], Chapter 4, and the natural framework of differential calculus, Banach spaces,
is presented in Chapter 1 of this third volume. Nonetheless, we will need to consider
a few generalizations to sketch the so-called “convenient” context for more recent
developments in global analysis; more on this later. We will also present the
“Carathédory conditions”, which are finer than the classical Cauchy—Lipschitz
existence and uniqueness conditions for solutions of finite-dimensional ordinary
differential equations.

Global questions demand another perspective. Seen through our window, the Earth
appears entirely flat, yet even the Greeks in the age of Plato knew better, as testified
by an excerpt from his Phaedo (108, e). Knowledge of the Earth’s shape undoubtedly
extended back to the Pythagoreans in the 6th Century BC. Thus, Euclid, who was
an avid student of Plato’s work (consider, for example, his construction of the five
Platonic solids in Book XIII of the Elements), certainly also knew that the Earth is
round. Yet his geometry is quite different from the geometry of a sphere. Euclidean
geometry offers a good local approximation of spherical geometry but was of course
useless for the lengthy voyages of the Renaissance. Global analysis must therefore
be expressed in the framework of manifolds, a concept which generalizes curves and
surfaces since Riemann.

Ever since the invention of variational calculus in the late 17th Century, it has
become common in mathematics to argue about sets of functions. If certain
conditions are satisfied, these sets can be endowed with the structure of a manifold,
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in which case they are called “functional manifolds” and imagined as deformed
versions of the usual function spaces (in the same way that the Earth might be
imagined as a deformed version of the plane). “Banach” manifolds were the first
candidates to be considered as a framework for global analysis in the late 1950s and
the 1960s [EEL 66, PAL 68] (these manifolds are deformed versions of a Banach
space). However, as became clear in [P2], section 4.3, many of the function spaces
encountered in practice are not Banach spaces. For example, the space £ of infinitely
differentiable functions on a non-empty open subset of R” is a nuclear Fréchet space.
Since the 1980s, this has inspired research into manifolds that are deformed versions
of spaces of this type; this is the “convenient” context for global analysis mentioned
above (which matured around the late 1990s [KRI 97]). Although we will not be able
to present it exhaustively in this book, our discussion of manifolds of mappings in
section 5.3 will demonstrate the considerable value of this approach.

Chapters 2 to 4 develop the required formalism, with a brief detour in Chapter 3 to
introduce a notion that has played a fundamental role ever since E. Cartan, the concept
of fiber bundles, and in particular principal bundles. According to general relativity,
we live in a pseudo-Riemannian space that is the “base” of a principal bundle; the
latter is namely the manifold of orthonormal frame, and its “structural group” (which
performs changes of reference frame) is a “Lie group” , namely the Lorentz—Poincaré
orthogonal group of matrices leaving invariant the quadratic form (ds)® = ¢2 (dt)* —
(dz)? — (dy)® — (dz)*. Tensor calculus, a staple of physics textbooks since the early
20th Century, is presented in Chapter 4, alongside the theory of differential p-forms.

Our formalism first begins to truly bear fruit in Chapter 5. Distributions, and the
generalized notion of currents, may now be defined on manifolds instead of open
subsets of R™. The idea of exterior derivatives of a differential p-form (introduced by
E. Cartan) allows us to give highly condensed expressions for the classical formulas
of “vector calculus” involving gradients, divergences, Laplacians, etc. The first
fundamental result of this chapter is a general formulation of Stokes’ theorem
encompassing the Ostrogradsky, Gauss, Green—Riemann and Green theorems widely
used in physics, as well as the “classical” Stokes’ theorem. On a Riemannian
manifold, Stokes’ theorem enables us to formulate Hodge duality, which simplifies
many of our calculations involving vectors. From the perspective of algebraic
topology, Stokes’ theorem also gives rise to two other types of duality: Poincaré
duality for homologies and De Rham duality for cohomologies. On R?, for instance,

we know that the curl of any vector field B that derives from a potential is zero and

the divergence of any vector field E that can be expressed as a curl is also zero.
Stokes’ theorem allows us to prove the converse of each claim. The second
fundamental result of Chapter 5 is the Frobenius theorem, which gives necessary and
sufficient conditions for the integrability of a “contact distribution”. This allows us to



Preface  xiii

establish the concept of foliation. The Frobenius theorem also implies a result by
Riemann in Chapter 7 that is essential for general relativity, namely that a
Riemannian manifold is flat if and only if its curvature tensor is zero (section 7.4.3,
Theorem 7.56).

Lie groups are manifolds but also groups; in Chapter 6, the group structure
enables us to perform operations that would not make sense on an ordinary manifold,
specifically convolution of functions or distributions. Furthermore, a “taxonomy” of
Lie groups can be established from the Lie algebras associated with each group,
which are vector spaces and therefore easier to study: as a set, the Lie algebra
g = Lie (G) of the Lie group G is the tangent space T (G) of G at the point e,
where e is the neutral element of G. However, the three “fundamental theorems” of
S. Lie imply that there exists a “dictionary” that allows us to characterize Lie groups
by the properties of their Lie algebras, at least locally (and globally if G is simply
connected). The classification established by Lie is complete in the case of simple or
semi-simple Lie groups (or algebras). This is the most important case, since these are
the groups frequently encountered in particle physics, where they play an essential
role (including the so-called “exceptional” simple Lie algebras). Simple and
semi-simple Lie algebras have been studied since Cartan in terms of their “root
systems”; the ability to represent these root systems graphically (as proposed by
Coxeter and Dynkin, among others) is extremely useful, but cannot be presented in
detail in this book!.

On a reductive Lie group G, we can also fully develop the theory of harmonic
analysis (Fourier transforms of functions or tempered distributions). The abelian case
will be presented in detail: when G = R", we recover the usual notion of Fourier
transform; when G is the torus T™, we recover the Fourier series expansion of
periodic functions or distributions. The non-abelian case would fill another entire
volume and thus will only be briefly mentioned (even though engineering
applications have recently been found [CHI 01]). Readers are welcome to refer to the
bibliography for the non-abelian case [VAR 77, VAR 89].

Defining a geometry on a manifold is equivalent to equipping this manifold with
a connection (Chapter 7). Lie groups are implicitly equipped with a connection.
Riemannian or pseudo-Riemannian manifolds are often implicitly equipped with the
simplest possible connection: the Levi-Civita connection. This is a special case of a
“G-structure” that is frequently used in general relativity. E. Cartan clarified the
notion of connection; he studied affine, projective and conformal connections,
summarizing his ideas by proposing the concept of “generalized space” [CAR 26];

1 See the Wikipedia article on Coxeter—Dynkin diagrams.
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these spaces are equipped with connections called Cartan connections since
Ehresmann (who rephrased these ideas within the context of principal connections).
Connections can be equipped with curvature (an idea that should be familiar to
relativistic physicists) and in some cases torsion, which attracted considerable
interest from Einstein ([EIN 54], Appendix II), who hoped to find a way to unify the
theories of gravitation and electromagnetism.

Henri BOURLES
June 2019



Errata for Volume 1 and Volume 2

Volume 1 (Cont’d)
1) On p. 12, the fifth line of (V) should read R instead of R.
2) On p. 22, on the right-hand side of [1.6], it should read ]-}LH instead of llgl

3) On p. 41, line 10 should read “the cardinal of G/H (equal to the cardinal of
G\ H)” instead of “this cardinal”.

4) On p. 45, the first line after [2.12] should read M3 instead of G.

5) On p. 190, in Definition 3.177, it should read A" instead of A,,.

6) On p. 191, in the first line after [3.70], add “also denoted as d,,” after “operator”.

7) On p. 193, line 17 should read &,, instead of &,,.

8) On p. 220, line 7 should read “m = [] jes T; where the elementary divisors 7;
are pairwise non-associated and maximal powers (among all elementary divisors) of
irreducible polynomials” instead of “m = [[;_, m;”.

Volume 2
1) On p. 12, line 6 should read “K’ (a’)” instead of “K (o).

2) On p. 17, line 19 should read “#£” instead of “="; line 21 should read “does not
exist” instead of “exists”.

3) On p. 20, line 11 should read “0 < ¢ < r” instead of “1 <7 < r”.
4) On p. 24, line 28 should read “z € K” instead of “xz € K”.
5) On p. 27, line 10 should read “K” instead of “K”.

6) On p. 32, line 3 should read “a is not of the form b™,b € K instead of “a™ ¢
K”; line 5 should read “¢” instead of “¢”.
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7) On p. 43, in line 10, after “yields”, add “with 5 = 0, ..., n — 27; the last sum of

line 11 should read “ugj)” instead of “ugjﬂ)”.

8) On p. 51, replace the sentence beginning line 23 by: “The coefficients ¢
and d are free parameters, the former in C, the second in C*; indeed, putting

M=C (t,e*t2/2) we have that Gal” (N, M) = C, Gal” (M, K) = C*, which

yields the short exact sequence of Abelian groups 0 — C — G — C* — 0, in
other words G is an extension of C* by C ([P1], section 2.2.2(II)).”.

9) On p. 57, line 2 should read “nonempty set” instead of “set”.
10) On p. 62, lines 27, 29; on p. 63, lines 3, 8; on p. 64, lines 7, 9: it should read

“(x;-)jeJ” instead of “(x;)ieJ”.
11) On p. 83, line 22 should read “smallest” instead of “largest” and “=" instead
Of “#’7.

12) On p. 91, line 28 should read “j > i(” instead of “j > ¢y”.

13) On p. 92, in line 19, add after the last sentence: “This extension is then unique.”.
14) On p. 95, line 8 should read “V (', 2”’)” instead of “V (a/; 2’)”.

15) On p. 105, line 25 should read “Vi = (" instead of “Vi > io”.

16) On p. 119, line 17 should read “K” instead of “K”.

17) On p. 128, lines 1, 2 should read “(iv)” instead of the second “(iii)” and “(v)”
instead of “(iv)”.

18) On p. 132, line 20 should read “xg +— £ instead of “¢ — Exg”.
19) On p. 133, in line 14, delete “in Lesh”.

20) On p. 135, lines 19-21 should read “reduced if for all ¢+ € I, the projection
pr; (E) , where pr; is the canonical projection [ [, E; — E;, is dense in F;” instead of
“decreasing [...] ¥;)”; in lines 27-31, replace Statement 2) of Remark 3.33 by: “Every
projective limit can be put into the form of a reduced projective limit: if F; = pr, (E)

and 1[)3 is the restriction of wg to [[, Fi, then E is the subspace (), oy ker (z[;f ) of
ILE.

21)On p. 137, the last line should read “{/ ., |lz;||”” instead of
X/ ] 7

22) On p. 141, in lines 24, 26, delete “decreasing”.

23) On p. 142, in lines 10, 11, delete “is surjective (ibid.) and”.

24) On p. 144, line 11 should read “bounded in F” instead of “bounded in M.
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25) On p. 168, line 13 should read “Z € A” instead of “Z € R”.

26) On p. 150, in line 6, delete “decreasing”; line 8 should read “mapping” instead
of “surjection” and “—"” instead of “—".

27) On p. 172, in line 25, it should read “exact” instead of “quasi-exact”; delete
“and from FS°P to Sil” and Note 17.

28) On p. 173, in line 2, delete “strict”; line 5 should read “an” instead of “a
strict”; in line 7, delete “strict” and read “Silva” instead of “(FS)-"; line 8 should
read “—” instead of “—” and “mapping” instead of “injection”; in line 8, it should
read “mapping” instead of “surjection”, “—" instead of “—" and delete “strict”; in
line 10, it should read “(FS)-" instead of “Silva”; replace lines 13-27 by: “(1) Since
the spaces (E;), are Fréchet, they are bornological, and their inductive limits as well.
Thus they are Mackey spaces and the result follows from ([SCF 99], Chapter 1V,
Section 4.4). (2) The E; are reflexive (D.F) spaces, and the result follows from ([SCF
99], Exercise 24(f), p. 197).”.

29) On p. 174, in line 2, delete “increasing”; in line 3, it should read “mapping”
instead of “injection” and “—" instead of “—”.

30) On p. 175, line 14 should read “L (R; S)” instead of “L (R, S)”.
31) On p. 177, lines 8, 9 should read “L_JueleexL‘1 u(xq,As)” instead of

“UuEH,xl eAl”'

32) On p. 185, line 5 should read “such” instead of “any”; lines 15, 23 should read
“>” instead of “<”.

33) On p. 186, line 11 should read “

34) On p. 188, in line 27, add “salient” after “closed”.

(ei|z)]*” instead of “||(e;|)]|*”.

35) On p. 193, in line 12, add “,v = 2221 :c; ® y;” at the end of the line.
36) On p. 200, in line 4, change J,, (a) to &, (A.)
37) On p. 204, in line 5, suppress the sign [ .

38) On p. 204, line 21 should read {;/f |f|” .dp” instead of {v/f If] .du”.

39)On  p. 218, the third line of the proof should read
+(f(@+h) = f(x)) — g (c)| instead of “; | f (z + h) — f (z)]".

40) On p. 230, in line 16, add “nonzero” after “many”’.

41) On p. 253, in lines 1, 3, delete “strict”; in line 26, add “denoted by C;. (0)” after
“plane”.
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42) On p. 299, line 18 should read “is an A-module” instead of “is the A-
module W”.

43) On p. 204, line 13 should read “equation” instead of “solution”.

44) On p. 247, change lines 1, 2 to “given by the functions with absolute value
upper bounded by the absolute value of a polynomial, and their partial derivatives of
all orders as well”.
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Differential Calculus

1.1. Introduction

We could cite various forerunners of differential calculus, including Descartes,
Fermat and Cavalieri, but Newton and Leibniz should be remembered as the true
pioneers of the field. This dual paternity created terrible priority disputes where the
only certainty is the complexity of the controversy [HAL 80]. Newton’s “fluxions”
and Leibniz’s “vanishing quantities” are analogous to our modern concepts of
derivative and differential, respectively. The extension of these ideas to functions of
several variables was due to Euler (who introduced partial derivatives) and Clairaut.
After contributions by many other mathematicians, including Volterra and Hadamard,
the concept of a derivative of arbitrary order (Lemma-Definition 1.4) was ultimately
introduced by Fréchet between 1909 and 1925. The inverse mapping theorem was
proved by Lagrange in 1770, and the simplest case of the implicit function theorem
was proved by Cauchy around 1833, followed by the case of vector-valued functions
of several variables by Dini in 1877. Gateaux then extended Fréchet’s earlier ideas to
develop his concept of differential, which was presented in a posthumous publication
in 1919. The “convenient” form of differentials, one of their most recent incarnations,
was introduced by Frolicher, Kriegl and Michor in the early 1980s ([KRI 97], p. 73).
These differentials were intended for mappings taking values in locally convex
non-normable spaces, in particular nuclear Fréchet spaces (see, in particular, section
5.3.2 on manifolds of mappings). Wherever possible, this chapter therefore chooses
to present differential calculus for mappings which take values in locally convex
spaces rather than the normed vector spaces considered by the standard approach
(nothing essential changes). Nonetheless, for the inverse mapping theorem and the
implicit function theorem (Theorems 1.29 and 1.30), we will restrict attention to the
Banach case (for a more general context, see [GLO 06], which uses yet another
concept of differentiability distinct from any of those mentioned above). Both
theorems are proved in full detail, including the Banach analytic case, by explicitly
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filling in the hints from [WHI 65]. Together with the Carathéodory theorems
mentioned below, these two theorems are the most profound results of this chapter.

The classical Cauchy-Lipschitz conditions for the existence and uniqueness of
solutions of ordinary differential equations were considerably weakened by
Carathéodory ([CAR 27], section 576 and following) using measure and integration
theory ([P2], section 4.1), which was an extremely recent development at the time. It
was judged useful to give a full proof of Carathéodory’s theorems in section 1.5.1,
since the available literature seems to expect the reader to reassemble this proof from
a scattered collection of isolated results and special cases, at the expense of clarity.
The parameter dependence of solutions is studied in section 1.5.3. Again, proofs are
given in full, with the exception of one result: the differentiability of solutions with
respect to the initial condition when the classical hypothesis (Corollary 1.82) is
replaced by Lusin’s condition. This generalization is important (Remark 1.84) and
the proof is not uninteresting ([ALE 87], Chapter 2, section 2.5.6); it is omitted from
these pages not because it is too difficult but because it is too long.

1.2. Fréchet differential calculus
1.2.1. General conventions

The conventions presented below apply throughout the entire volume. The
conventions listed under (II) are motivated by tensor calculus (Chapter 4).

(I) K denotes the field of real or complex numbers. Two elements co and w are
adjoined to the set of integers Z. The usual order relation on Z is extended by the
convention n < oo < w for every integer n € Z, withoco +n = n + oo = oo,
w+n=n+w = w. Wedefine Ny = NU {oo,w} if K = Rand Ny = {0,w} if
K = C, and N = Ng — {0}. See also the convention (C) in section 2.2.1(II).

For « = (ai,...,ap,) € N”, recall that a! = «4!...a,!. For @ € Z", || =
@1+ ... + Q.

The locally convex vector spaces considered below are defined over K and are
always Hausdorff, with the exception of semi-normed spaces. We will use the Landau
notation: let X be a topological space, a some point in X, F a locally convex space,
and f : X — Ry, g : X — F two mappings; suppose that f (z) > 0 in some
neighborhood of a. We write g = O (f) (x — a) (respectively g = o (f) (z — a))
and say that g is dominated by f (respectively is negligible with respect to f) in
the neighborhood of a if the function g/ f is bounded in some neighborhood of a
(respectively tends to 0 as the variable = tends to a). If there are several such mappings,
we can write Oy (f), Oz (f) (respectively o1 (f), o2 (f)), etc.
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(IT) Unless otherwise stated, the dual of a locally convex space E is denoted by EV 1.
Let (e;) be a basis of the finite-dimensional vector space E, (%) the dual basis, (e})
some other basis of E and (e’ Vi) its dual basis ([P1], section 3.1.3(VI)). In practice, we
can unambiguously write e;s for €, eV for e’V Similarly, given a change-of-basis
matrix A = <A§/> (where 7 ranges over the rows and ¢’ ranges over the columns), we
can write A™! = (A4}) = maT, where « is the matrix of cofactors of A ([P1],
section 2.3.11(V)); thus, >_,, AY Al, = §/2. Letz = 3., z'¢; € E; E is typically
a left K-vector space and so the vector = can be represented by the row (:c’) with
respect to the basis (e;) ([P1], section 3.1.3(I)). By contrast, EV is typically a right
K-vector space; thus, if z¥ = Y, zYe¥" € EY, the covector 2" can be represented
by the column (') with respect to the basis (e¥?) ([P1], section 3.1.3(IV)).

MEMORY AID:— Indices such as ¢, j, k refer to the old basis; primed indices such as
i’, 7', k' refer to the new basis and are written as superscripts for the change-of-basis
matrix A or as subscripts for its inverse A~!. The indices of the components of a
vector are usually written as superscripts; the indices of the components of a covector
are usually written as subscripts. The indices of a sequence of vectors are always
subscripts; the indices of a sequence of covectors are always superscripts.
This is motivated by “Einstein’s summation convention” (see Remark 4.2 in
section 4.2.1).

Ifx € E,zV¥ € EV, the duality bracket of these two vectors is written as (x, a:v).
A change of basis in E and EV may therefore be written as:

. .
€; = E Az €57,y €5 = E A;Iei’
J' J

. ./ . -7 . .7
eVl = g e AL, e = g eV Al [1.1]
7 i

1 We cannot write e;, for the dual of F in this volume as we did in [P2] (and as is widely done in
practice) without creating ambiguity. Instead, we will use the notation F', which is borrowed
from [LAN 99b].

2 This abuse of notation (strictly speaking, we should, for example, write Aj:, instead of A;,) is
perfectly standard in mathematical physics (e.g. [LIC 55]) and is not ambiguous if we remember
that A%, is the matrix that transforms from a coordinate system indexed by letters like 4 to the
primed coordinate system indexed by symbols like #’. This relaxed notation makes calculations
much more straightforward.
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Letz = ), 2'¢; € Eand 2V = ), ¢V'zy € E'. Then, z = 3, 27 ej and

(. \FinY .
zV =3 ez, where:

-/ .
v o_ iV v o_ iV
z, = E Ajxp, xp = E Abxl,
5 i

b= ij/Aé-,, = inAg/. [1.2]
I i

Since K is commutative, we do not need to distinguish between left K-vector
spaces and right K-vector spaces. Therefore, the duality bracket of x € E, zV € EV
can also be written as (z", z). For example, if f :  — K is a differentiable function
in some non-empty open subset {2 of E, then, at each point a of {2, we have
Df (a) € EV (see Lemma-Definition 1.4). If h,, € E, it might seem more convenient
to write (D f(a),h,) instead of (h,, Df(a)) for the quantity D f(a).h,, but the
reverse notation is also perfectly justifiable (section 2.2.4(IV)).

(III) Recall the following fact ([P2], section 3.9.3(I)): let Eq, ..., E, be normed
vector spaces, each equipped with a norm |.|, and suppose that F' is a semi-normed
vector space equipped with a semi-norm |[.[ . The space L(Ei,...,En;F) of
continuous n-linear mappings from E; x ... x E,, into F is a semi-normed vector
space when equipped with the semi-norm |||, defined for any mapping
ue L (Eq,.. ,E,;F)by:

||uH7 = sup |u(9:1,...,xn)|7. [1.3]
[z1]5ee]zn|<1

If F is a Hausdorf{f locally convex space whose topology is induced by the family
of semi-norms (||v) - ([P2], section 3.3.3), then L (Ey, ..., E,; F) is a Hausdorff
YE

locally convex space when equipped with the family of semi-norms (|| ] v) . This
vyel
space is quasi-complete whenever F is quasi-complete ([P2], section 3.4.2(II)).

REMARK 1.1.— If F is a normed vector space with norm |.|, the index ~y and the set T’
have only to be omitted. This simplification only causes problems in sections 1.3.1 and
1.3.3. In sections 1.2.4 and 1.2.5, read “Banach space” instead of “quasi-complete
locally convex space” if the simplification has been made.

Write £,, (E;F) for the space L (Ei,...,E,;F) whenever E; = E for all
i € {1,..,n}. An element u of £, (E;F) is said to be symmetric if, for all
(hl, ...,h") € E" and every permutation o € S,, we have
u(ht,...,h") = u(h®®, ..., h7™). The set of symmetric elements of £,, (E;F) is
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written as L, s (E;F) and is a vector subspace of L, (E;F); this subspace is

equipped with the family of semi-norms ( ) . Ifhe Eandu € £, ; (E;F),
YE

-1l
set:

uh”"=u.|h h

n terms

g eeey

If E is finite-dimensional, then we have the following canonical isomorphism:

Ly (E;F)~Homg [E® .. E;F | . [1.4]
—_——

n terms

(IV) See also the conventions (C1) (section 2.2.1(II), p. 55), (C2) (section 2.2.2(III),
p- 58), (C3) (section 6.2.1(II), p. 253).

1.2.2. Fréchet differential

(I) Let E, F be two locally convex spaces and ¢ a mapping from U into F, where U
is some neighborhood of 0 in E.

DEFINITION 1.2.— We say that ¢ is tangent to 0 if, for every neighborhood W of 0 in
F, there exists a balanced neighborhood V- C U of 0 in E such that, for everyt € K
with sufficiently small |t|, we have ¢ (tV') C o (t) W (where 0 : K — K).

LEMMA 1.3.—i) If ¢ is linear and tangent to 0, then ¢ = 0

ii) If E and ¥ are normed vector spaces with norm

only if |¢ ()] = o (|x|).

, then ¢ is tangent to 0 if and

PROOF.~ (i) With the notation of Definition 1.2, we have ¢ (V) C @W, sop (V) C
{0} and ¢ = 0. (ii): exercise. |

From this lemma, we immediately deduce the following claim (ii):

LEMMA-DEFINITION 1.4.— Let a be some point of E, U some neighborhood of 0 in
E, and f: U + a — F some mapping where a + U := {a+z : x € U}.

i) We say that f is (Fréchet) differentiable at a if there exists a continuous linear
mapping L € L (E; F) such that the mapping h — f (a + h) — f (a) — L.h (defined
in U) is tangent to (.

ii) This mapping L is uniquely determined.
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iii) This mapping is written as L = Df (a) (or L = d f or L = ' (a)) and is called
the (Fréchet) differential of f at the point a.

The notion of the Fréchet differential is especially fruitful when E is a normed
vector space. In this case, if A is an open subset of E, F is a locally convex space, a is
apoint of A, and f : A — F is a mapping, then f is differentiable at a with differential
Df(a) at this point if and only if

f(a +h) —f(a) — Df(a).h

=0.
|h|—0,|h|£0 |h]

The canonical isomorphism £(K;F) =2 F : u — u.l ([P2], section 3.3.8)
reintroduces the usual notion of derivative, including the notion of a “complex
derivative” when K = C ([P2], section 4.2.1, Theorem-Definition 4.45). Indeed,
keeping the same notation as before, we obtain:

COROLLARY-DEFINITION 1.5.-If E = K the function f : U +a — F is
differentiable at the point a € K (in the above sense) if and only if it is differentiable
at a (in the usual sense of differentiability of functions of one real or complex
variable), in which case the element f (a) := Df (a) .1 of F is the derivative of f at .

THEOREM 1.6.— (Rolle) Let [a, b] be a compact interval of R with non-empty interior
and suppose that ¢ : [a,b] — R is a continuous function in [a, b] that is differentiable
in la,b| and which satisfies ¢ (a) = ¢ (b). Then, there exists ¢ € |a,b[ such that

»(c)=0.

PROOF.— If ¢ is constant in [a, b], then it is differentiable and has zero derivative on
]a, b[. Otherwise, it attains its lower and upper bounds ([P2], section 2.3.7, Theorem
2.42). One of these values is attained at some point ¢ € ]a, b[, which must therefore
satisfy ¢ (¢) = 0 (exercise). n

If f is differentiable at the point a, then it is also continuous at this point (exercise).
Let A be a non-empty open subset of E and write D, (A; F) for the set of mappings
from A into F that are differentiable at the point @ € A. The mapping D, (4;F) —
L(E;F) : f — Df (a) is known as the differentiation operator at the point @ and is
K-linear.

DEFINITION 1.7.— Let f € D, (A;F). The rank rk (Df (a)) ([P1], section 3.1.10,
Definition 3.38(ii)) is said to be the rank of f at the point a and is written as rk, (f) .

(IT) Let E be a real Hilbert space, A some non-empty open subset of E, and f :
A — R a function that is differentiable at the point a € A. Then, Df (a) € EV.
By Riesz’s theorem ([P2], section 3.10.2(IV), Theorem 3.15(1)), there exists some
uniquely determined element z* € E such that D f (a) coincides with the linear form
h— (x*|h).
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DEFINITION 1.8.— The element ©* specified above is written as grad,, (f) or Vo f
and is called the gradient of f at the point a. It satisfies (N, f|h) := D f(a).h for all
h e E.

(IIT) Some of the classical results of differential calculus ([DIE 93], Volume 1,
Chapter 8) are reproduced below. A few are stated in a slightly more general form
than the cited reference; however, the reasoning is identical and entirely
straightforward in each case.

THEOREM 1.9.— (chain rule) Let E, F be normed vector spaces, G a locally convex
space, A some non-empty open subset of E, a some point of A, B an open subset of
F containing f (a), f € D, (A;F), and g € Dg(q) (B; G) . Then, gof € D, (A; G)

and
D(gof)(a)=Dg(f(a)) o Df(a). [1.5]

EXAMPLE 1.10.— Let E be a Banach space. The set $ C L (E) of continuous linear
bijections is open in L (E) ([P2], section 3.4.1(I), Lemma 3.50). The mapping
u — u~! from $ onto $ is differentiable, and its differential at the point 1y is the
continuous linear mapping s — —uy* os o ug (from L (E) into L (E)). The reader
may wish to prove this result as an exercise or refer to Lemma 1.24 of section
1.2.5(10).

(IV) Let Eq,...,E,;, be normed vector spaces. Then, E = E; x ... x E, can be
canonically equipped with the structure of a normed vector space ([P2], section
34.1(I)). Let A be a non-empty open subset of E and suppose that
a = (a',..,a") € A. Suppose further that F is a locally convex space. If
f:A—F: (z...,2") — £ (2!, ...,2") is differentiable at the point a, then the
mapping

h, —f (al, natThat +ht ettt L a”)

is defined in some open neighborhood of 0 in E; and differentiable at O for all 7 €
{1,...n} (exercise); its differential at this point is written as D;f (a) (or d;f (a) or
of

Ox? (a))

DEFINITION 1.11.— The mapping D, f (a) is called the i-th partial differential of f at
the point a.

Given the conditions stated above, the differential Df (a) can be expressed in terms
of the partial differentials D,f (a) as follows:

Df (a) .h = Z’;l Dyf (a) .1, [1.6]
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where h = (h!,...,h") . If E; = K, the element §;f (a) = D;f (a).1 € F is called
the i-th partial derivative of f at the point a; writing (e; ), ., ,, for the canonical basis
of K™, we have T

9;£ (a) = D;f (a).1 € F. [1.7]

If K = R, the existence of the partial differentials D;f (a) (i = 1,...,n) does not
imply the existence of the differential Df (a) (however, see Theorem 1.16(ii)).

IfE; =Kforall j € {1,...,n} and F = K™, then the linear mapping Df (a) can
be represented with respect to the canonical bases by the Jacobian matrix
(07 (a)],cic,, 1< j<ns Where £ = (f*, ..., f™). If n = m, the determinant of this

.. . . . . o(fh,..., "
matrix is called the Jacobian of f at the point a and is written as H (a).

(V) In the following, K = R. Let F be a locally convex space and |.| , a continuous
semi-norm on F.

THEOREM 1.12.— (mean value theorem, 1st version) Let I = [«, 8] be a compact
interval of R, f a continuous mapping from I into F and @~ a continuous mapping
Sfrom I into R. Suppose that there exists a countable subset D C I such that £ and .,

both have a derivative at every point & € D and ‘f(g)‘ < oy (&) . Then,
v
£ (8) = f(a)l, <@y (8) — ¢y (a).

PROOF.— This is a classical result® when F is a normed vector space with norm |.|; we
simply need to replace |.| par |.| and ¢ by ¢,. [ |

Let E be a normed vector space with norm |.|. With the notation of [1.3] (with
n = 1), we have the following result:

THEOREM 1.13.— (mean value theorem, 2nd version) Let f be a mapping taking values
in F that is defined and continuous in some neighborhood of the closed segment S =
[a, a + h] joining the points a, a + h of E ([P2], section 3.3.1). Suppose that £ is
differentiable at every point of S.

i) Given any subset © of [0, 1] with countable complement in [0, 1],

f (a+h)—1£(a)|, < |h .iugHDf(a—&-t.h)Hw.
€

ii)Let L € L(E;F). Given any subset Z of [a,a+h] with countable
complement in [a,a + h], we have |f (a +h) — f (a) — L.h|, < M, |h| with M., =
sup,cz || Df (z) — L[, In particular; if M., = sup,cz || Df (x) — Df (a)|, then
) —

£ (a + h) — £ (a) — Df (a) |, < M,.|h|. [1.8]

3 See [DIE 93], Volume 1, (8.5.1) or the Wikipedia article on Mean value theorem.



Differential Calculus 9

iii) Let F = K = R. There exists 6 € |0, 1] such that

f(a+h)—f(a) = Df (a +6.h) h.

PROOF.— i) Let g : [0,1] — F : t — f(a+th). By Theorem 1.9,
g(t) = Df(a+th)h, so |g(t), < N,.|h[, where N, = sup,e
| Df (a + t-h)]|., . The upper bound of (i) is therefore obtained by applying Theorem
1.12 with f replaced by g and ¢ (t) = N,.t. |h|.

ii) Can be deduced by applying (i) to the function & — f (§) — L. (£ — ).

fii)Letg : [0,1] 2= R:t+— f(a+th)—f(a) — (f(a+h— f(a)).t. Since
g (0) = g (1) = 0, Rolle’s theorem (Theorem 1.6) implies the existence of a number
6 €10, 1] such that g (9) = 0. |

Theorem 1.13 has the following two corollaries:

COROLLARY 1.14.— Let A be a connected open subset of E and suppose that f : A —
F is differentiable in A. If the differential Df : x — Df () is zero in the complement
of a countable subset of A, then f must be constant in A.

COROLLARY 1.15.— Let (\ . ‘v) be a family of semi-norms that induce the topology
yel

of F, A some convex open subset of E and f : A — F a differentiable mapping in A.
If, for all v € T, there exists a real number k-, > 0 such that sup,¢ 5 | Df (z)|, < k-,
then £ is Lipschitz ([P2], section 2.4.3(I1)) and hence uniformly continuous.

PROOF.— Let 2/, 2" € A. Since A is convex, the segment [z/, z”'] is contained in A,
so by Theorem 1.13() [f (z') — £ (z"), < ky[2" — 2" for all v € T', which means
that f is Lipschitz. |

1.2.3. Mappings of class C?
In this section, K = R.

(I) Let E be a normed vector space and suppose that F is a locally convex space. Write
L,, (E;F) for the space of continuous n-linear mappings from E” into F equipped
with the family of semi-norms [1.3].

Let A be a non-empty open subset of E and suppose that f : A — F' is a mapping.
We say that f is of class O if it is continuous in A. We say that it is of class C'! if
it is differentiable in A and its differential Df : A — L (E;F) is continuous. We
say that f is twice differentiable (respectively is of class C2) in A if its differential
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Df is differentiable (respectively is of class C1) in A. At any given point a € A, the
second differential D (Df) (a), written as D*f (a), is an element of £ (E; £ (E; F));
this space can be identified with £ (E; F) by ([P2], section 3.9.3(II)). Similarly, we
may recursively define a p-times differentiable mapping (respectively a mapping of
class CP) in A for any integer p > 1, as well as the p-th order differential Df (a) €
L, (E;F) for any point a € A. We say that f is of class C* if f is of class C? for
every p > 1. We write CP (A; F) for the K-vector space of mappings of class C? from
AintoF (0 <p < 0).

From ([DIE 93], Volume 1, (8.12.1), (8.16.6)), mutatis mutandis, we have the
following result:

THEOREM 1.16.— Let F be a locally convex space.

i) (Schwarz’s theorem) Let E be a normed vector space, A some non-empty
open subset of E and f : A — F a p-times differentiable mapping (p > 2) at some
point a € A. Then, the differential DPf (a) is symmetric and therefore belongs to
L,s(E;F).

ii) Let Eq,...,E, be normed vector spaces (n > 2) and suppose that A is a
non-empty subset of E1 X ... X E,,. For any p such that 1 < p < oo, f is of class CP
in A if and only if the nP partial derivatives of order p of T exist and are continuous
in A (where n® := 00).

By Theorem 1.16(ii), a mapping f from a non-empty open subset €2 of R™ into
C is of class CP if and only if its nP partial derivatives exist and are continuous,
ie. f e P (Q) ([P2], section 4.3.1()).

(II) In the context of Theorem 1.16(i), when E = K", introducing “symbolic powers”
gives us an easy way to express DPf (a).h? (with the notation of section 1.2.1(III))
in terms of the partial derivatives of order p:

0i,...05,f (a) := Dy, ...D; f (a). (ei17 ...7eip) ,

where D; denotes the partial differential in the i¢-th variable. Writing
h = (h',...h"), we have D*f (a) .h® = Y7, . 0:0;f (a) .h'h74. This can be

N [2]
expressed as (21 <i<n 0if (a) .h1> by developing the latter like any other squared

4 Here, 4,7 are indices and 0;,...0;,f (a) denotes a partial derivative. However, in some
contexts, this symbol is used by abuse of notation to denote a partial differential (see section
1.2.2(IV)).
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parentheses and replacing (0;f (a).h?) (9;f (a).h?) by 9;0;f (a).h*h7. With the
same conventions, we can continue inductively to obtain the following result:

(]

DPf(a).b? = [ > 0,f (a) b

1<i<n

FE, =K (i=1,...,n),F =K, and f : A — Ks twice differentiable at some
point a of A, then the matrix H f (a) = (0:0;f (a)),<; ;<, is called the Hessian
matrixd of f at the point a. Identifying the vectors of K™ with the columns of this

matrix gives D% f (a).h? = hT .Hf (a) .h.

(IIT) Suppose that 1 < p < oo. The following results can be shown by induction
(exercise). The composition of two mappings of class C? is also of class C?. If E is
a normed vector space, A some non-empty open subset of E, F and G locally convex
spaces, u a continuous linear mapping from F into G and f : A — F a mapping of
class CP in A, then u o f is of class C? in A and D? (uof) = u o DPf. With the
same hypotheses on E and A, if Fy, Fo, and G are locally convex spaces, [.,.] is a
continuous bilinear mapping from F; x F5 into G, and f; is a mapping of class C?
from A into F; for i = 1, 2, then [f}, £5] is of class C? from A into G and the so-called
Leibniz rule holds:

D [f, 5] = [Dfy, f5] + [f1, Df3] . [1.9]

(IV) NEMYTSKII OPERATOR Let F be a Banach space, J a compact interval of R
with non-empty interior, and C? (J; F) the space of mappings of class C? (p > 1)
from J into F. Then, C? (J; F) is a Banach space when equipped with the norm

lell, = sup [ (t)]
0<k<p,teJ

(exercise). Let U be an open neighborhood of 0 in F, f : U x J — F a mapping of
class CP and NV : U x J — F the so-called Nemytskii operator, defined by N (¢, t) =

£ (i (t),t), where U := {(p cCP(J;F):p(t) e UVt e j}.
THEOREM 1.17.— The Nemytskii operator N is of class C? and

DN (p,t).(h,7) = Dif (p(t),t). (R (t) + ¢ (t) .T) + Daof (p(t),t) .7. [1.10]

5 In this Hessian matrix, ¢ ranges over the rows and j ranges over the columns or vice versa by
Theorem 1.16(1).
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PROOF.— The operator N is the composition

o evxl;

UxT A FPxJF,

where ev : CP (J; F) x J — F is the evaluation operator defined by ev (¢, t) = ¢(t).
But ev is of class C? and

Dev (p,t). (h,7)=h )+ ¢ (t).T [1.11]

(exercise*: see [ABR 83], Proposition 2.4.17). Since f is of class C?, so is N by (III),
and [1.10] follows from [1.5]. |

REMARK 1.18.— The operator N defined above is stated slightly more generally than
the classical Nemytskii operator, which does not allow t to vary (to recover the
classical case, set the increase T to 0 in [1.10]).

1.2.4. Taylor’s formulas

Throughout this section, K = R, and F denotes a quasi-complete locally convex
space. Readers who are only interested in mappings taking values in a Banach space
(see Remark 1.1) may skip (I) and (II) below.

(I) MACKEY CONVERGENCE Let B be a balanced convex subset (also known as an
“absolutely convex” subset ([KOT 79], Volume 1, section 16.1(2))) that is closed and
bounded in F', and write F'; = Uf;l nB. The gauge of pp of B in F'; ([P2], section
3.3.2(I)) is a norm on F'; (exercise) and F; is a Banach space, written as F 5, when
equipped with this norm.

DEFINITION 1.19.— We say that a sequence (x,) of elements of F is Mackey
convergent to 0 (or locally convergent to 0 ([KOT 79], Volume 1, section 28.3)), if
there exists a balanced, closed and bounded subset B containing 0 and all the x,,
such that (x,,) converges to 0 in Fp.

Mackey convergence of a sequence of elements of F implies the usual notion of
convergence and is equivalent to it whenever F is a Fréchet space or the strong dual of
an infrabarreled Schwartz space ((HOG 71], p. 8, Example 3), such as the distribution
spaces studied in ([P2], section 4.4.1).

(II) GENERALIZED RIEMANN INTEGRAL To state Taylor’s formulas in a general
framework, it will be useful to introduce the generalized Riemann integral of a
function of a real variable taking values in a quasi-complete locally convex space®.

6 We will use the terminology adopted in [KRI 97]. It would be more true to the history of
mathematics to call it the generalized Cauchy integral.



Differential Calculus 13

LEMMA-DEFINITION 1.20.— Let ¥ be a quasi-complete locally convex space, I a
non-empty open interval of R, ¢ some point of I and f : I — F a continuous mapping.

i) There exists a unique differentiable mapping [ £ : I — F such that ( J f) (c) =
Oand ([£) =f.

ii) Let a,b € 1. Write f: f£(t)dt = ([f) (b) — ([ £) (a); this quantity is called the
(generalized) Riemann integral of f from a to b

iii) If £ : [a,b] — F is Lipschitz, consider the points a = tg < t; < ... < t, =bof
the interval [a,b], and the Riemann sum S,, = Z?;OI (tig1 —t) £ (). If n = o0
and |tiy1 —t;| = Oforalli € {1,...,n — 1}, then S,, — f; f (t) dt in the sense of
Mackey convergence.

PROOF.— See [KRI 97], Chapter 1, Lemma 2.5 and Proposition 2.7. |

If F is a Banach space, this recovers the classical notion of the integral of a
continuous function. The integration operator f; defined above satisfies the usual

properties ([KRI 97], Chapter 1, Corollary 2.6). In particular, we have the following
result:

THEOREM 1.21.— (integral mean value theorem) Let I = [«, 5] be a compact interval
of Randletf : I — F be a continuous mapping. For every continuous semi-norm |.| .

of F,
8
/ £ (1) .dt

PROOF.— Let g (t) = f f (¢) .dt. By the definition of the integral, g is differentiable
in I and |§ (t)[, = ¢ (), where ¢ (t) = [f (¢)[, . Applying the mean value theorem
(Theorem 1.12) to g therefore gives the desired inequalities. |

E
g/ I (t).dt], < (B—a).sup|f (t)],.

tel
Y

(IIT) TAYLOR’S FORMULAS Let E be a normed vector space with norm |.|, A some
non-empty open subset of E and F a quasi-complete locally convex space whose

topology is defined by a family of semi-norms (H 7) . With the conventions of
yel

section 1.2.1 and p > 1, we have the following result:

THEOREM 1.22.— i) Let f : A — F be a mapping of class C? in A. If the segment
[a,a + h] is contained in A, then { satisfies Taylor’s formula

f(a+h)= Zkak a).h* + 7, (h), [1.12]
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where the residual 1, (h) is the (Laplace residual) integral

rp (h) = /O (l(p_t)l)_!ppf (a + t.h) .hP.dt.

ii) As |h| — 0, we can alternatively express the residual in the form of Young’s
residual:

1
rp (h) = —Df (a) .h” + o (/h[").
p!
iii) Let v € T and suppose that there exists some real number M > 0 such that

SUD,eja,a+nl [D7F (%)[, < M. Then, |ry (h)|. is upper bounded by the Lagrange
residual:

M
rp (B)], < — |h|”.

iv) If K = F = R, suppose that £ is of class CP~' in A and admits a differential of
order p, DPf (), at every point of the open segment |a, a + h|[. The Lagrange residual
can be expressed as follows: there exists 0 € |0, 1] such that

_ DPf(a+0.h)

rp (h)

PROOF.—i) Forp =1,

f(a+1h) — f(a) = /O % (f (a+ t.h)) dt

1
:/ Df(a + t.h).h.dt.
0

For p = 2, we can simply evaluate the above integral by parts. This integral is of
the form fol w.dv with u = Df (a + th).h and v = 1 — #; hence, [u.v]} — fol v.du =
Df (a) + fol (1 —t) D*f (a + th) .h2.dt. Continuing inductively gives (i).
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ii) Since DPf is continuous, for all € > 0, there exists a real number r, > 0 such
that || DPf (a + t.h) — DPf (a)||., < ple whenever [h| < rand 0 < ¢ < 1. The first
inequality of the integral mean value theorem (Theorem 1.21) then implies:

1
o 0) D@ 07|
i fa=nrt 1o P
_ /O ( = (D flatthydi— D f(a))).h .dt7
1 _ p\p—1
g/o %((D”f(a—i—t.h)dt—D”f(a))) dt.|h” <e. |hf?.

iii) This again follows from (i) and the integral mean value theorem, since

! M,.|h/P [* _
), < | dts”'/o (1t dt.

(p—1)!
iv) First, consider the case of a function g that is defined and of class CP~1 in
some open neighborhood of a compact interval [a, b] of R and assumed to have a p-th
derivative g() (t) in ]a, b[ . Set

(1—t)y"!

o= DPf (a + t.h) .h?

-1 _nk
e =g -3 g0

and ¥, (1) = @p_1 (1) — /\.(b;if)p, where A is chosen so that ¢, (a) = 0. Since
¥, (b) = 0, Rolle’s theorem (Theorem 1.6) implies that there exists a point ¢ € |a, b]
such that 1/11(,” ) (¢) = 0, and hence

(b—a)

P
2y (0) = g (0) =0,

We now simply need to apply this result to the mapping g (t) = f (a +t.h), t €
[0,1]. u

COROLLARY 1.23.— Let E be a real normed vector space, A some non-empty subset
of E, f: A — R amapping of class C? (2 < p < 00) and a some point of A.

i) For f to have a relative minimum (or local minimum) at the point a, the smallest
integer n < p such that D" f (a) is non-zero (if any such integer n exists) must
necessarily be even; furthermore, D" f (a) .h > 0 for every non-zero vector h € E.
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ii) Conversely, if A is convex, n < piseven, D'f (a) = 0foralli € {1,...,n — 1},
and D" f (z) .h™ > 0 for all z € A and every h # 0, then f has a strict relative
minimum at the point a.

iii) If D'f (a) = 0 foralli € {1,....,n — 1}, n < pis even, and there exists € > 0
such that D™ f (x) .h™ > ¢ |h|" for every x € A and every h # 0, then f has a strict
relative minimum at the point a (if E is finite-dimensional, this sufficient condition is
still valid with € = 0).

PROOF.- i) follows from Taylor’s formula with Young’s residual; ii) and iii) follow
from Taylor’s formula with the Lagrange residual. If E is finite-dimensional, the unit
sphere S! := {h € E : |h| = 1} is compact by Riesz’s theorem ([P2], section 3.2.3,
Theorem 3.11); thus, S™ is compact by Tychonov’s theorem ([P2], section 2.3.7,
Theorem 2.43) and D" f (z) .h™ has a minimum € > 0 in S™ (ibid., Theorem 2.39).
[ |

AV)If E = E; x ... x E,, where each E; is a normed vector space, let a be the
multi-index (ayq, ..., ap), @; € N (i € {1,...,n}). Define

D% =D .. D% h*:=(h$,..h®) (h=(hy,..h,));

the operator D® is called the partial differential of order a. If each E; is equal to R,
write 0% for D® ([P2], section 4.3.1(I)). Let U be an open neighborhood of ¢ in E
and suppose that the function f : U — F is of class C? in U. Then, Taylor’s formula
can be rewritten as follows:
1
fa+h)= Y =D (a).h®+r,(h). [1.13]

lal<p—1

1.2.5. Analytic functions

(I) POWER SERIES Let E be a normed vector space with norm |.| and suppose that
F is a Hausdorff quasi-complete locally convex space (see Remark 1.1 for the case
where F is normable). With the notation of section 1.2.1, let S(E; F') be the K-vector
space of formal power series S = S, where S, = ¢,. X? and ¢, € £, 5 (E; F).

Let (|| 7) be a family of semi-norms which induces the topology of F and let
yel

r > 0; we write that [[S]|., . = >_ 7 cpl| and

S, (E;F) = {s € S(E:F):|IS], < oo,V e r};

S(E;F) =] _ S (BF).

r>0
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The set S (E; F) is a K-vector space called the space of convergent power series.
If S € S(E;F), we say that p(S) := inf{r >0:S €S, (E;F)} is the radius of
convergence of S. Suppose that p (S) > 0; if we replace the indeterminate X with an
element h € E such that |h| < p (S), then the family c,.h? is summable ([P2], section
3.2.1(1I)), as can be seen by adapting the proof of ([P2], section 3.4.1(I), Theorem
3.41), and the mapping S : S — S (h) is continuous in the open set |h| < p (S). If F
is a Banach space and p (S) > 0, then the power series S is absolutely convergent in
|h| < p(S) and normally convergent in |h| < 7’ for every r’ such that 0 < r’ < p (S)
([P2], section 4.3.2()).

(IT) ANALYTIC FUNCTIONS Let A be a non-empty open subset of E. We say that
a function f from A into F is analytic (or is a mapping of class C*) if, for each
point a € A, there exists a convergent series S € S(E; F), denoted by f,, such that
f(a+h) = £, (h) for every h € E with sufficiently small norm. This definition
generalizes ([P2], section 4.3.2(I), Definition 4.74). Write C* (A; F) for the K-vector
space of analytic functions from A into F. If K = R and f € C¥ (A;F), then f is
of class O™ in A, and so is each of its differentials DPf (p > 1). Every mapping
f € C¥(A;F) admits the following Taylor series expansion at the point a, which
converges in |h| < p (f,):

f(a+h)= Z%Dpf(a) hP. [1.14]
p=0""

If |a| < p(f,), then the radius of convergence of the Taylor expansion of f at the
point a is greater than or equal to p (f,) — |a|. If A = E and p (f,) = 400, then the
function f is said to be entire.

Let E, F be Banach spaces, G a quasi-complete locally convex space, A an open
subset of E, f : A — F an analytic function, B an open subset of F' containing
f(A)and g : B — G an analytic function. Then, g o f is analytic (exercise); see
([BOU 82a], 3.2.7), (IWHI 65], p. 1079).

The principle of analytic continuation ([P2], section 4.3.2, Theorem 4.76) can be
generalized as follows (exercise: see [WHI 65], p. 1080): let E and F be two Banach
spaces, ) a connected open subset of E and f, g two analytic functions from {2 into
F. If f and g coincide in any non-empty open subset of €2, then they must be equal.

LEMMA 1.24.— Let E be a Banach space and write $) for the subset of invertible
operators in L (E). Let T : $ — § : u — u L. The mapping T is analytic and
satisfies DT (ug) .h = fugl.h.uglfor every ug € $.

PROOF.— We know that §) is open in £ (E) ([P2], section 3.4.1(I), Corollary 3.49).
Letuy € Hands € L£(E). We have ug +s = ug (1g — v), where v = —uy's.

If [v|| < 1, then 15 — v is invertible with inverse ), -, v" (ibid.). Hence, if |[s|| <
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uy + s has inverse ) - (fual.s)n u, ', which shows that Z is analytic.

Furthermore, >, - (—ugl.s)n u !l =uyt —ugtsugt +o(ls])) - |

1
luoll”

(IIT) HOLOMORPHIC FUNCTIONS Let E be a normed complex vector space with
norm |.|, A some non-empty open subset of E, and F a complex quasi-complete
locally convex space. Goursat’s theorem ([P2], section 4.2.4, Proposition 4.56) can
be generalized as follows ([BOU 82a], 3.1.1): the function f : A — F' is analytic if
and only if it is holomorphic (i.e. complex-differentiable). If this condition is satisfied
forE=E; x ... x E,,leta = (a,...,a,) € A, v = (r1,...,7y,), where r; > 0, and
co = 2 D°f (a), where « is the multi-index (o, ..., ) . The Cauchy inequalities
([P2], section 4.3.2(II), Lemma-Definition 4.78(2)) can be generalized as follows
(exercise): for r* := ri'..rg»,

< 00.

M, .
feall, < THIfM = s [E(Q),

[§i—a;|<rivi=1,...,n

Hence ([P2], section 4.3.2(II), Theorem-Definition 4.81(3)), if f is entire in E
and bounded in F, then it must be constant (Liouville’s theorem). The statement of
Hartogs’” theorem ([P2], section 4.3.2(II), Corollary 4.80) also holds, mutatis
mutandis, for a function f : A — F, where A is an open subset of E; x ... X E,,, and
each E; is a complex normed vector space: any such function is analytic if and only
if it is analytic in each of its variables when the others are held fixed.

THEOREM 1.25.— (maximum modulus) Let E (respectively F) be a complex Banach
space (respectively quasi-complete Hausdorff locally convex space), A some
connected non-empty open subset of E and f : E — F a holomorphic function. Let
.|, be a continuous semi-norm on F. If the function |f|. : z — |f(z)|, is not
constant, then it does not have a maximum in A.

PROOF.— 1) Let us begin by showing the result by contradiction when E = F = C.
Suppose that f has a maximum in A. By translation, we may assume that 0 € A and
that this maximum is attained at 0. Let ¢g = f (0). If f is not constant, then there
exists by, 7# 0 such that f (z) = ¢o (1 + by, 2™ + 2™ .h (2)), where h is holomorphic
in A and satisfies h (0) = 0. Choose r > 0 such that |z| < r implies z € A and
h(z) < by, Lett € R be such that ™" = %. For z = re*, we have

1
|1+ bp2™ +2"h(2)] > 1+ 5 b | 2™
which is a contradiction.
2) In the case where E = C, we can similarly argue by contradiction by assuming

that there exist zo, 21 € A such that [f (2)|, < [f (20)], forall 2 € Aand |f (z1)[, <
£ (20)], - Let V.= {Af(20) : A€Clandn: V — C: Af (20) —> A [f (20)], -
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Then,

nl, = 1, where g, :=  sup  [(n,y)|. By the Hahn-Banach theorem
YEF [y|, <1

([P2], section 3.3.4(II), Theorem 3.25), there exists a continuous linear form ¢ € FY
extending 7 such that [{|, = 1. Therefore, for all z € A, [{of(2)] < [f(2)], <
|f (20)],, = [§ o f (20)|, so € o f is constant by (1). Hence, [§ o f (21)] = [£ o f (20)] =
If (20)], and [§ o f (21)] < [f (21)], < |f (20)],. contradiction.

3) In the general case, let g(§) = f(z0+&(z—20)) and suppose that
I£(2)l, < [f(20)], for all = € A Then, g is holomorphic in
Q={¢eC:|¢ <1+ r} for sufficiently small > 0 and z sufficiently close to zp.
Therefore, [g(£)[, < |f(20)[, = [g(0)[,, and g is constant in by (2). Thus,
g(0) = g(1), so f(z) = f(2). The set of z € A satisfying this condition is
non-empty, open and closed in A, and so must be equal to A ([P2], section 2.3.8). W

1.2.6. The implicit function theorem and its consequences

(I) BANACH-CACCIOPPOLI FIXED POINT THEOREM

DEFINITION 1.26.— Let (X, d) be a metric space and f : X — X a mapping.
i) We say that a point £ € X is a fixed point of f if f (§) = &.
ii) We say that f is a contraction if there exists some constant k, 0 < k < 1, such

that, forall z,z’ € X, d(f (z), f (2')) < k.d(x,2').

THEOREM 1.27.— (Banach—Caccioppoli fixed point theorem) Every contraction in a
complete metric space has a unique fixed point.

PROOF.— a) Uniqueness: If f(§) = & and f(¢) = &, then

d(f (&), () = d(&¢) and d(f (&), f(§)) < kd(£¢), sod(§¢) < kd
(£,¢),and thus (1 — k) .d (£,£') < 0. Since 1 — k > 0, this implies that d (£,£) =0
and £ = ¢'.

b) Existence: We will use the method of successive approximation: let (x,,) be the
sequence of elements of X defined from some arbitrary starting point o € X by the
recurrence relation z,, 1 = f (z,). Foralln > 0,

d(xpt1,2n) < kd(Tn, p-1) < ... <k".d(z1,20),

and so for all p > 1, by the triangle inequality,

I
-

p p—1

d (xn+p7 xn) < d ($n+p7i7 $n+p7i71) < (Z kp_i_l) E™.d (1'1, :EO) .
i=0

Il
o

i

1/(1—k)
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Hence, (z,,) is a Cauchy sequence. Since X is complete, (x,,) must have some
limit £ in X; but f is continuous, so & = f (£) . |

(IT) INVERSE MAPPING AND IMPLICIT FUNCTION THEOREMS Below, we assume
that 0 < p < w.

DEFINITION 1.28.— A diffeomorphism of class CP (or a CP-diffeomorphism) is a
bijection of class CP whose inverse bijection is also of class CP.

This definition can be localized in the obvious way as we did for
homeomorphisms ([P2], section 2.3.4(III)). Every diffeomorphism (respectively
local diffeomorphism) is clearly a homeomorphism (respectively local
homeomorphism). A local diffeomorphism of class C? is also known as an érale
mapping of class C? (see [P2], section 5.2.3(II)).

THEOREM 1.29.— (inverse mapping theorem) Let E and ¥ be Banach spaces and
suppose that £ is a mapping of class CP taking values in F and defined in a
neighborhood of some point a € E. Let b = f (a) and suppose that Df (a) is
bijective. Then, f is a local diffeomorphism of class C? from some neighborhood U
of a into some neighborhood V of b; the inverse diffeomorphism g : V. — U (of class
C?) satisfies Dg (b) = Df (a) ™.

PROOF.— 1) Preliminary: Since Df (a) € L (E;F) is bijective, it is a linear
homeomorphism by the Banach inverse operator theorem ([P2], section 3.2.3,
Theorem 3.12(2)(i)). Hence, E and F are isomorphic and can be identified. We can
also assume that Df (a) = 1g (left-multiplying £ by Df (a)~" if necessary) and
reduce to the case where ¢ = 0 by translation. Let ¢ (z) = = — f (). We have
D¢ (0) = 0, and, since D¢ is continuous, there exists » > 0 such that
|z] < r = ||D¢(z)|| < 4. The mean value theorem (Theorem 1.13) then implies
that |¢(z)| < 1L|z| whenever |z| < r, ie. ¢(BS(0)) C B, (0), where

r/2
B:(0):={zeE:|z| <r}.
2) Existence of an inverse mapping g : By, (0) = B (0) :
Lety € By, (0). We will show that there exists a unique element z € By (0) such

that f (x) = y. Let ¢, (z) =y + 2 — f(x). If [y| < § and |z| < 7, then |1, (x)| < 7,
so 1, is a mapping from B¢ (0) into BE (0) . For all 1, x4 € B¢ (0),

9y (1) =y (2)] = 9 (1) = 6 (@2)| < 3 for — al.

Since B¢ (0) is a complete metric space ([P2], section 2.4.4(II), Lemma 2.77),
Theorem 1.27 implies that v, has a unique fixed point in this set. This fixed point =
satisfiesy + — f () = z,s0f (z) = y,and x = g (y) .
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3) Continuity of g : For x1,xo € BE (0), we have:

1 —xo=x1 —f(x1)+f(x1) —f(22) = | 22 — £ (22) |;
—— ——

g(z1) g(z2)

|1 — 22| <|f (21) — £ (22)|+[g (z1) — g (w2)] < [f (1) —f(ﬂ?2)|+% |71 — T2

Therefore, |21 — 22| < 2|f (z1) — £ (z2)].

4) Differentiability of g : Let y; = f (:), yi € By )5 (0), z; € B (0) (i =1,2).
Then:

& (1) g (1)~ DF (e2) " (31— o)

= o1 — 2 = DE ()71 (£ (1) — £ (22))].

By taking sufficiently small » > 0, we can guarantee that HDf (:172)_1H < 1.
Therefore,

g(y1) —g(y2) = DE(22) 7" (1 — 1) | = 01 (Jer — 2]) = 02 (Jy1 — 1)),
which shows that g is differentiable and Dg (y) = Df (z)” " in B2 (0).

5) Class of g : If K = C, the generalized Goursat theorem (section 1.2.5(III))
implies that p = w. Consider the case where K = R. Since Df and g are continuous
and 7 is analytic (Lemma 1.24), Dg = 7 o Df o g is continuous, and g is therefore
of class C1. By induction, it follows that if f is of class C? (1 < p < o), then g is of
class CP.

Suppose that f is analytic and therefore can be expressed as an absolutely
convergent series f (z) = > c,.2? (|z[ <p). By (1), co = 0, ¢1 = 1g, so
y = = + c2.2%2 + c3.2% + ... According to a classical procedure dating back to
Newton, x can be expressed in terms of y as a formal series © = y + Y.<, d;.yt
The terms d; (i > 2) are determined recursively: y? = 22 + 2cp.2% + ...,
y> = 2% + .., which gives y = z 4+ c2.(y? —2c2.2®) + ..., and
T =1y —co.y?+ (2c2 —c3).y> + ..., where c3.4° := c» (v, ¢2 (3,9)) . We now need
to study the convergence of this series. There exists K > 0 such that ||c;|| < ~;,
where v; = % (i > 2) . Thus, the majorant series

_ i i K ¢
77_5_21‘227'5 - —;Z@; [1.15]
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converges for |£| < p, with sum ¢ (§) = 5 — ?ﬁ As before, we can construct

an inverse formal series £ = 7 + > ,.,d".n. Cauchy showed that this series has
a non-zero radius of convergence as follows. By elementary arithmetic, the relation
n = ¢ (§) is invertible and we may write £ = 1 (1), for £ € ]—o00, &1 [, where & =

p(l— \/ K+p) > 0,and ) € |—00, m |, where m = 2K + p — 2,/ K (K + p) > 0.
It is easy to check that ¢ can be expanded into an entire series in a neighborhood

of 0 ([KNO 51], section 107). By section 1.2.5(I), the formal series y + sz d;.y
therefore has a non-zero radius of convergence. B |

THEOREM 1.30.— (implicit function theorem) Let E, F and G be Banach spaces, A
some non-zero open subset of E x F and f : A — G a mapping of class CP in A.
Let (a,b) € A be such that f (a,b) = 0 and suppose that Dof (a,b) € L (F;G) is
bijective. There exists some neighborhood Uy of a in K such that, for every connected
open set U C Uy containing a, there is a unique continuous mapping u from U into F
satisfying u(a) = b, (x,u(x)) € A, and f (x,u(x)) = 0 for all x € U. Furthermore,
w is of class C? in U and, for all x € U,

Du (z) = — (Dof (z,u(z))) " o (Dif (z,u(z))). [1.16]

PROOF.— 1) Existence of an implicit function: Since Dof (a,b) is bijective, it is an
isomorphism from F onto G, and we may consider that F = G; furthermore,
replacing f by Dyf (a,b) " f if necessary, we may assume that Do f (a,b) = 1p. Let
p: A= EXF: (z,y) — (z,f(z,y)). We have
_ 1g 0
De(ab) = [le(a,b) 1F}

so Dy (a,b) is invertible in £ (E x F') . By Theorem 1.29, ¢ is a local diffeomorphism
of class C? and admits an inverse local diffeomorphism ¢ of class C?.

Write ¢ (z,2) = (z,h(z,2)), where h is defined and of class C” in some
neighborhood of (a,b) and takes values in F. Finally, set u (z) = h (z,0). Then, u
is of class C? in some neighborhood of a and takes values in F. Thus, there exists
some neighborhood Uy of a in E such that, for all z € U,

(a:,f(amu(x))) = (P(‘%u(x)) = <p(:1;,h(x,0)) = %0(1# (1,0)) = (.%',0)

and u (a

u(a)

2) Uniqueness of the implicit function: Since ¢ is a local homeomorphism, there
exist a neighborhood U} of a and a neighborhood V; of b such that there is a unique
(z,y) in U} x V; satistying ¢ (z,y) = (z,0) (see Figure 1.1, where I is the graph

) = h(a,0), so (a,u(a)) = ¢ (a,0) = p~1((a,0)) = (a,b), and therefore
b. Hence, u is an “implicit function” of class CP.
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of f). We may assume that U] is the same Uy as above (replacing Uy by Uy N U} if
necessary).

If a continuous mapping v : Uy — F satisfies v (a) = b and f (z, v(z)) = 0 for
all x € Uy, then we may assume that v(z) € Vj for all z € Uy, further reducing the
neighborhood Uy of a if necessary. We may similarly assume that u, like v, is
defined in Uy. Let U C Up be a connected neighborhood of a and suppose that
M ={xeU:u(x)=v(x)} Then, a € M and M is closed in U ([P2], section
2.3.3(IT), Lemma 2.30). We will show that M is also open in U. By the hypotheses,
the mapping « — Dof (z,u(x)) is continuous and D-f (a,b) = 1, so (again
reducing the neighborhood Uy if necessary) we may assume that Dof (z,u (z)) is
invertible for all z € Uy. Let o' € M. There exist a neighborhood U,: C U of a’ and
a neighborhood V,» C V; of b’ = u(a’) such that, for all z € U,/, u (z) is the only
solution y of f (x,y) = 0 satisfying y € V.. Given that v is continuous at a’ and
v (a') = u(d’), there exists a neighborhood W C U, of @’ such that v (z) € V,,
whenever € W. Therefore, v () = u (z) for all z € W, which proves that M is
open. The set M is non-empty, open, and closed in the connected space U, which
implies that M = U ([P2], section 2.3.8).

3) Calculation of Du (z) : Since f (z,u(x)) = 0 in U, the chain rule (Theorem
1.9) implies that

D;f (z,u(x)) + Dof (z,u(x)) o Du(x) =0, [1.17]

which gives us [1.16]. |

Figure 1.1. Implicit function theorem
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REMARK 1.31.—i) The implicit function theorem answers the following question:
what condition makes it possible to express y = b+ Ay uniquely as a function of
x = a+ Az (so that y = u(x)) whenever f (x,y) = 0 in an open neighborhood A
of (a,b)? First of all, with suitable continuity hypotheses, neglecting second-order
terms, and assuming that Ax, Ay are sufficiently small, we have 0 = f (z,y) ~
% (z,y) .Ax + g—; (z,y) .Ay. Hence:

Ay ~ Dof (z,y) "' o Dif (z,y).Ax

Du(x)

if Dof (x,y) is invertible, or equivalently if Dof (a,b) is invertible by continuity of
Dof. Figure 1.1 shows that the functional relation y = u () might only be valid in
a sufficiently small neighborhood of (a, b) . If x belongs to a connected neighborhood
Uy of a, the variable y such that f (x,y) = 0 can be made arbitrarily close to b,
provided that Uy is chosen small enough.

ii) The reader may wish to find an expression for [1.16] in the finite-dimensional
case using Jacobian matrices ([DIE 93], Volume 1, (10.2.2)); the composition of two
linear mappings translates to the product of their matrices.

iii) The statement of Theorem 1.30 no longer holds when F and G are arbitrary
Fréchet spaces [SER 72]; however, it remains valid when E is a non-complete normed
vector space (see [SCH 93], Volume 2, Theorem 3.8.5).

(III) IMMERSIONS, SUBMERSIONS, SUBIMMERSIONS, THE RANK THEOREM In
the following, we assume that 0 < p < w.

COROLLARY-DEFINITION 1.32.— 1) Let E, F be Banach spaces, A an open subset
of E, a € A andi: A — F a mapping of class C? such that i(a) = 0, Di(a)
is injective and its image ¥1 = im (D1i(a)) splits in F ([P2], section 3.2.2(IV)), i.e.
admits a topological complement ¥, (ibid.). Then, there exist a local homeomorphism
r: F — F; x Fy in some neighborhood of 0 and an open neighborhood U C A of a
in E such that r o i induces a diffeomorphism of class CP from U onto an open subset
of F1. The local homeomorphism r is a local diffeomorphism of class C?.

2) The mapping i defined above is called an immersion of class CP.

PROOF.— The Banach space F' can be identified with F; x F, and since Di (a) is an
isomorphism from E onto F;, E can be identified with F';. By translation, we may
assume that a = 0. Let

(p:UXFg—)Fl XF22($7y2)0—)i<.’1?)+(0,y2).
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We have ¢ (2,0) = i(z) and Dy (0,0) = Di(0) + (0,1F,) . Since Di (0) is an
isomorphism from F; onto F; x 0, Dy (0, 0) is an isomorphism from F; x F5 onto
F; x Fy. By Theorem 1.29, ¢ is a local diffeomorphism of class C? that admits an
inverse diffeomorphism r of class C?. Hence, there exists an open neighborhood U of
ain Fy such that, forallz € U, r (i(x)) = =. [ |

Recall that every closed subspace of a Hilbert space E splits in E ([P2], section
3.10.2(II), Theorem 3.147(2)). Corollary 1.33 shows that any immersion of class C?
admits a local retraction r of class CP. Immersions are therefore local sections (see
[P1], section 1.1.1(III)).

COROLLARY-DEFINITION 1.33.— [) Let E, F be Banach spaces, A a non-empty open
subset of E, a € Aands : A — F a mapping of class C? such that Ds (a) is
surjective with a kernel Ey that splits in E (i.e. E =2 E; x Ey). Then, there exist an
open neighborhood U C A of a and a diffeomorphism 1) of class CP

1/12V1><VP2*>U,

where Vi x Vo C A (V; C E;) is an open neighborhood of a in E, such that s o ) is
the first projection Vi x Vo — V.

2) The mapping s defined above is called a submersion of class CP.

PROOF.— By translation, we may assume that a = (a1,a2) = (0,0). Thus,
D45 (0,0) is an isomorphism from E; onto F that allows these two Banach spaces to
be identified. Let

p: A= E; xEq: (z1,22) = (s(x1,22),22) .

Then, Dy (0) is represented by the matrix

<D1sé(),0) DQ?S?@) ’

which is an automorphism of E; x E,. By Theorem 1.29, there exist a neighborhood
U C Aof 0in E; x E; and a diffeomorphism ¢ : U — V; x V5 of class CP with
inverse diffeomorphism ¢ : V3 x Vo — U of class CP. For all y; € Vj, we have

£ (¢ (y1,22)) = y1- [ |

([P2], section 3.2.2(1IV), Theorem 3.5(3)) implies the following result:
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COROLLARY-DEFINITION 1.34.— (1) Let E,F be Banach spaces, A a non-empty
open subset of E, a € A, and f : A — F a mapping of class CP. The following
conditions are equivalent:

i) There exist an open neighborhood U of a, U C A, a Banach space G, a
submersion s of U into G of class C? and an immersion i of G into F of class CP
such that f|; =ios.

ii) There exist an open neighborhood U C A of a, a diffeomorphism & : U=U’
of class CP, where U’ is an open subset of E, a mapping ® € L (E;F) and a
diffeomorphism 1) : V=V’ of class C?, where V is an open neighborhood of f (a) in
Fand V' = ® (U’) is an open subset of F, such that

fU)cVv, @EU)cv(V), fly=9 'o®ok, [1.18]

and the kernel and image of ® split.

2) The mapping f defined above is called a subimmersion of class C?.

The composition of two immersions is an immersion, the composition of two
submersions is a submersion and, given a subimmersion f, an immersion i, and a
submersion s, the mapping i o f o s is a subimmersion (exercise). However, the
composition of two subimmersions is not always a subimmersion ([DIE 93], Volume
3, section 16.8, Problem 1(b)).

THEOREM 1.35.— (rank) Let E, F be Banach spaces, A some non-empty open subset
of Eand f : A — F a mapping of class C'.

i) If t is a subimmersion, there exists an open neighborhood U C A of a in E such
that vk, (£) = rky, (f) forall x € U.

ii) Conversely, if there exists an open neighborhood U C A of a in E such that
rky (£) = rkq (f) for all x € U and if the spaces E, F are finite-dimensional, then f
is a subimmersion at the point a.

iii) Write rk, (f) = o0 if rk, (f) is not finite. The mapping x + rky (f) from
A into the discrete subspace N := N U {400} of the extended real line R is lower
semi-continuous ([P2], section 2.3.3(Il)) in A.

PROOF.— (i): By [1.18], tk, (f) = rk (®) for all z € U. (ii): See [DIE 93], Volume
1, (10.3). (iii): If r = rk, (f) < 400, we may assume that E = K" and extract
a square submatrix M, that has rank r at x = a from the Jacobian matrix of f at
the point x. The determinant A, of this submatrix is therefore non-zero for x = a.
But the mapping « — A, is continuous, so there exists a neighborhood U of a in
which A, # 0, and so tk, (f) > r. If 1k, (f) = 400, then, for all » € N, there
exist vectors e, ..., e, € E such that the vectors Df (a) .eq, ..., Df (a) .e, generate a
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subspace of F' of dimension r. Arguing by contradiction, we deduce that there exists
aneighborhood U of a in which rk,, (f) = 4o0. |

1.3. Other approaches to differential calculus
1.3.1. Lagrange variations and Gateaux differentials
In this section, K = R.

(I) AFFINE SPACES Given a vector space E, an affine space € attached to the space
E is a homogeneous space of the additive group E ([P1], section 2.2.8(II)) such that
the (transitive) action of E on € is faithful, i.e. such that the neutral element 0 is the
only element of E that fixes every element of €. The actionof z € Eon P € € is
written as P + . We say that E is the space of translations of &, its elements are
the translations of € and, if dim (E) < oo, this quantity is called the dimension of
€. Given some origin O chosen from €&, the elements of & are all of the form O + x
(x € E).

REMARK 1.36.— The mapping O + x — x is a bijection from & onto E that allows
these two sets to be identified.

IfQ = P+x, we write x = ]@ (the bipoint of origin P and endpoint Q)7. If E is
a locally convex space, the sets O +U = {O + z : © € U}, where the U are the open
sets of E, define a topology on &. When equipped with this topology, € is called a
locally convex affine space. Every point of such a space admits a fundamental system
of convex neighborhoods. We can similarly define the concepts of affine topological
space, affine normed space, affine pre-Hilbert space, etc.

(IT) LAGRANGE VARIATIONS Let € = O + E be a locally convex affine space,
F a locally convex space, A some non-empty subset of &, a some point of A and
f: A — F a mapping.

We say that f admits a Lagrange first variation 6f (a) : E — F : h — §f (a) [h]
at the point « if, for all h € E,
i f(a+t.h) —f(a) —t.0f (a) [h]
t—0,t#£0 t

=0.

If this condition is satisfied, we say that f admits a Lagrange second variation
5f(a): E — Fif
. f(a +t.h) — f(a) — t.6f (a) [h] — t2.5%f (a) [h]
im

=0.
t—0,£0 t2

7 As we learn in secondary school, any vector can more precisely be viewed as an equivalence
class of bipoints under the equipollence relation.
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The Lagrange variation of order n, 6"f (a) : E®* — F:h — ¢"f(a)[h], is
defined inductively in the same way.

(III) GATEAUX DIFFERENTIABILITY It is easy to show using the generalized
Goursat theorem (section 1.2.5(II)) that, if E and F are complex locally convex
spaces and f admits a Lagrange first variation at the point a, then Jf (a) is linear
([HIL 57], Theorem 26.3.2). In general, we have the following result:

LEMMA 1.37.— Iff admits a Lagrange first variation 6t (a), then the mapping 6f (a) :
E — F is homogeneous, i.e. 6f (a) [\.h] = \.0f (a) [h] forall A € Randallh € E
(exercise).

DEFINITION 1.38.— We say that f is Gateaux differentiable (or G-differentiable) at the
point a if it admits a Lagrange first variation 6f (a) at a and 6f (a) is a bounded linear
mapping from E into F ([P2], section 3.4.4(I), Definition 3.63). If so, 6t (a) is written
as DG (a) and is called the Gateaux differential of f at the point a.

The set DS (A; F) of G-differentiable mappings at the point a is an affine space. A
G-differentiable mapping is not necessarily continuous. If E is a normed vector space
and f is differentiable at the point a, then it is also G-differentiable at this point and
Df (a) = DSf (a) (exercise). On product spaces, we may define the Gateaux partial
differential fo (a1,a2) in the first variable and, similarly, in the second variable,
etc. In the conditions of Theorem 1.9, where f € D& (A;F) and g € Df(acl (B; Q)
(and B denotes an open subset of F containing f (A)), we have g o f € D" (4; G)
and (instead of [1.5])

D€ (gof) = Dg(f(a)) o DCf (a) [1.19]
(exercise*: see [ALE 87] section 2.2.2).

Let & be a normed affine space, F a locally convex space, A a non-empty open
subset of €&, [a,a + h] a segment contained in A and f : A — F a G-differentiable
mapping. Then, the mean value theorem (Theorem 1.13(i)) remains valid (exercise*:
see [ALE 87], section 2.2.3) in the form

f (a+h) — f (a)|, < |h|.sup||DCf (a +th)]_, [1.20]
K te® v

where |.| - is a continuous semi-norm on F. The claims (ii) and (iii) of this theorem
also hold after making analogous adjustments. From this, we deduce the following
result:

COROLLARY 1.39.— Let E be a normed vector space, A some non-empty open subset
of E, F a locally convex space and f : E — F a mapping that is G-differentiable in
A If DSf : A — L (E;F) is continuous, then f is differentiable in A.
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PROOF.— Let ¢ > 0 and v € I, where (|.|),p is the family of semi-norms which
defines the topology of F. There exists § = ¢ (g,+y) > 0 such that, Vz € A,

|z —a| < § = ||DCf (2) — DGf(a)H7 <e.

Let h € E be such that |h| < . The relation [1.8] with the modifications stated above
implies that |f (a + h) — f(a) — D (a) .h|V <elhl. u

Thus, we do not need to distinguish between Fréchet and Gateaux differentiation
when talking about mappings of class C? (p > 0).

1.3.2. Calculus of variations: elementary concepts
In this section, K = R.

(I) EULER CONDITION Let € be a locally convex affine space, A some non-empty
open subset of &, a some point of A and J : A — R a mapping that admits a Lagrange
first variation §.J (a) at the point a.

THEOREM 1.40.— (Euler) For the mapping J to have a relative extremum (or local
extremum) at the point a, the Euler stationarity condition 6.J (a) = 0 must necessarily
be satisfied.

PROOF.— By translating the origin, we may assume that ¢ = 0. Similarly, we can
assume that J has a minimum at 0 for clarity. We will argue by contradiction. Assume
that 8.7 (0) # 0. There exists h € A such that 8 := §J (0) [h] # 0. By Lemma
1.37, we may assume without loss of generality that 5 < 0 (replacing h by —h if
necessary). There exists a function ¢ defined in some open neighborhood of 0 in R
satisfying lim;_,o ¢ (t) = O and J (t.h) = J (0)+t.8+t.¢ (t) . Pick t > 0 sufficiently
small that 5 + ¢ (t) < 0. Then, J (t.h) < J (0), contradiction. [ |

DEFINITION 1.41.— We say that a is an extreme point (or an extremal point) of J if
0J (a) = 0.

THEOREM 1.42.— Suppose that the Euler stationarity condition is satisfied. A

necessary condition for J to admit a relative minimum at the point a is given by
§2J (a) [h] > 0 for all h # 0.

PROOF.— We have f (a + t.h) — f (a) = t2.0%J (a) [h] + o (¢?) . |

(II) EULER-LAGRANGE EQUATION The Euler-Lagrange equation is essentially
the Euler condition applied to calculus of variations. A full treatment would require
another volume8; we will content ourselves with briefly mentioning the simplest part,

8 A very comprehensive presentation of classical variational calculus is given in the Wikipedia
article on Calculus of variations.
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which is sufficient for our purposes. Let E be a Banach space and suppose that
t1,t2 € R, t; < to.

LEMMA 1.43.— (fundamental lemma of the calculus of variations) Let f : [t1,t2] —
EV be a continuous mapping. If every mapping h : [t1,t2] — E of class C' such that

h (1) = h(t2) = 0 satisfies [}* (£ () ,h (t)) dt = 0, then £ = 0.

PROOF.— We will argue by contradiction from the assumption that f (¢9) # 0. There
must therefore exist z € E such that (f (¢),z) > 0. Since f is continuous, there
exists an interval [o, 5] C [t1,t2] containing to such that & < 8 and (f (¢),z) > 0
for all t € [a, 3] . There exists a function ¢ : [t1,t2] — R of class C?! that is zero
in Gy, 4,1 ]ov, B[ and which satisfies ¢ () > 0 for ¢ € Jo, B]; for example, ¢ () =
(t—a)? (B—t)?ift €a,Bland ¢ (t) = 0if t € City 121 Jov, B[ . Therefore, setting
h (t) = ¢ (t) .z, we have ftff (f (¢),h(t))dt > 0, contradiction. |

Let 1, Q5 be non-empty open subsets of E and let
L:t1,ta] X Q1 x Qo — R (t,x,u) = L(t,z,u)

be a mapping (known as the Lagrangian in mechanics) of class C! with partial
differential DsL = g—ﬁ. Let 21,22 € €3 and write X’ for the set of mappings
T 1 [t1,t2] — Q of class O satisfying 2 (1) = @1, = (t2) = w2 whose derivatives &
take values in 5. The set X is an open subset of the normed affine space O + X,
where X is equipped with the norm |[hl|; = sup,cp, 4, (|h(t)| + ’h(t)D ; X
is a Banach space whose elements satisfy the condition h(¢1) = h(t;) = 0
(exercise). Let

to

J: X =Rz~ L(t,xz(t),z(t)).dt.

t1
THEOREM 1.44.— Let z* € X be a mapping of class C?°. The relation §J (x*) = 0
holds, i.e. x* is an extreme point of J, if and only if * is a solution of the
Euler-Lagrange equation.

d (0L oL
4 (ax> ~% [1.21]

PROOF.— Let h € X. If ¢ > 0 is sufficiently small, then 2* + €.h €X’. Thus,

é (J (z* +eh) — J(z¥) = 1/t2 (c (t,a:* teh, it 4 e.h) iy (t,x*,i*)) dt.

€ t1

9 Using a slightly different proof based on the du Bois—Reymond lemma instead of the
fundamental lemma of the calculus of variations, it can be shown that the statement of this
theorem remains true if we only assume that z* is of class C* (see the Wikipedia article on the
Fundamental lemma of calculus of variations).
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Let f(e,t) = L (t,x* (t)+eh(t),i* (t)+eh (t)) The mapping (g,t) —

f (g,t) has a partial derivative % whose absolute value is upper bounded by a
function ¢ : ¢t — g¢(t) that is integrable in [t1,t2]. Therefore, as ¢ — O,
L (J(z* +e.h) — J (2*)) converges ([P2], section 4.1.2(IT), Theorem 4.11) to

g

t
* 2 a * .k "
57 (z*) [h] _/tl (£ (b @) +eh ()5 () + R () o
1oL oL .
- /t | <8x b .h(t)) dt
2 roL  d (0L
- Gema(G))] o
which gives the desired result by Lemma 1.43. |

The Lagrangian L is said to be regular at x = z* if ‘g% (t,z* (t),2* (t)) is
invertible in Lo, (E; R) for every ¢ € [t1,t2] .

COROLLARY 1.45.— (Hilbert) If x* € X is a solution of the Euler—Lagrange equation
[1.21] and the Lagrangian is regular at x = x*, then x* is of class C*.

PROOF.— The Euler-Lagrange equation can be written as ¢ (¢,z,u,q) = 0,

. oL
pt,z,uq) = 25 —q q = f%.dt + C'; ¢ is of class C! and such that

g—i = gjﬁ If the Lagrangian is regular at the point 2*, then, for any ¢ € [to, t1], the

implicit function theorem (Theorem 1.30) implies that there exists an open
neighborhood of (t,x* (¢),4* (t)) in [t1,t2] X Q1 X g, in which the relation
¢ (t,z,u,q) = 0 is equivalent to u = 1 (¢,,q), where v is of class C*; thus,
i* (t) = (t,z* (t),3* (t)) is of class C1, and z* is of class C2. [

(ITII) LEGENDRE CONDITION Suppose that £ is of class C? and x* satisfies the
Euler—Lagrange equation. Expanding to second order, we have

§2J (¢*) [h] = [t ((gif) .(h,h) +2£j§i (h,ﬁ) + (glf) . (hh)) dt

b2 0L . 0L d [ 0°L
/tl g | (B) + (w)m(axax) (b))t

P Q

where P and Q) are evaluated at the point (¢, 2* (¢)) and h is evaluated at the point ¢.
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THEOREM 1.46.— (Legendre) A necessary condition for x* to minimize J over X is
given by the weak Legendre condition:

P(t,z*) >0, t, <t<t.

PROOF.— Suppose that there exists to € ]t1, 2] such that P (to,z* (t9)) # 0. This
means that there is v € E* such that P (to, 2* (o)) . (v, v) = —28 with 8 > 0. Since
t — P(t,z*(t)).(v,v) is continuous, there exists a real number o > 0 such that
t1 <tgp—a<tota <tgand P(t,z* (t)).(v,v) < —fforallt € [tg — a,tg + .
We will construct a function p : [t1,t2] — R for which the above integral is < 0. Let
h(t) = A(t).v with A (£) = sin? (@) fort € [ty — a,to + o] and A(t) = 0

fort € [t1,t2] — [to — a, to + @] . It is easy to see that A is of class C' in [ty, ] and
(exercise)

/t2 (P. (v, v) A2+ Q. (v,v) .)\2) dt < bt

t Q@

4+ 2M.«,

where M = sup,cpy, 4,1 @ (£, 2 () . (v, v) . For a sufficiently small, the right-hand
side is < 0. After replacing h by e.h if necessary, where £ > 0 is sufficiently small,
z* (t) +e.h(t) € Q and i* (t) + e.h (t) € Qy forall t € [t;,t2]. The necessity of
the weak Legendre condition then follows from Theorem 1.42. |

REMARK 1.47.— If E is finite-dimensional, the strong Legendre condition can be
stated as P (t,z* (t)) > 0 (t1 <t <tq), i.e. P(t,z*(t)).(v,v) > 0forall v # 0.
If the strong Jacobi condition!0 is also assumed, we obtain the sufficient condition for
a “weak” local minimum proved by Weierstrass in 1879.

1.3.3. “Convenient” differentials

(I) ¢*°E TOPOLOGY Let E be a real locally convex space and suppose that A is a
non-empty subset of E. A smooth curve in A is defined as a mapping ¢ : I — A of
class C'*°, where [ is a non-empty open interval of R, for example |—1, 1[. Any such
curve is said to be analytic if it is of class C*.

If E is a complex locally convex space, suppose again that A is a non-empty subset
of E. Then, A can be viewed as a subset Aj of the real locally convex space Eg
obtained from E by restriction of the field of scalars ([P2], section 3.2.2(II)), and any
smooth curve in Ay is said to be a smooth curve in A.

DEFINITION 1.48.— [KRI 97] Let E be a locally convex space. The topology ¢ of E
is the finest topology that makes all smooth curves in E (section 1.3.3) continuous.
When equipped with this topology, the space E is denoted by ¢ E.

10 See the Wikipedia article quoted above.
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The topology of ¢>°E is finer than the topology of E, so every open subset of E is
open in ¢ E. If the space E is bornological ([P2], section 3.4.4(I), Definition 3.61),
it has the finest locally convex topology of all locally convex topologies coarser than
the topology of ¢*°E ([KRI 97], Corollary 4.6). “Convenient” differential calculus is
performed with mappings defined in open sets of ¢*°E.

Recall that every Fréchet space and every Silva space is bornological and
complete ([P2], sections 3.4.4(I) and 3.8.2(II)). We have the following result
([KRI 97], Theorem 4.11):

THEOREM 1.49.— Let E be a metrizable locally convex space or a Silva space. Then,
the topology of E coincides with the topology of ¢ E.

REMARK 1.50.— If a locally convex space E is bornological but non-normable, then
¢ (E x EV) is not a topological vector space ([KRI 97], Corollary 4.21).

(II) (KX M) SPACES

DEFINITION 1.51.— [KRI 97] A locally convex space F is said to be convenient if it
is Mackey-complete, i.e. if the normed vector space F g (Definition 1.19) is a Banach
space for every bounded, balanced and convex set B C F.

The following definition will be useful:

DEFINITION 1.52.— A locally convex space E is called a (KM) space if it is quasi-
complete and bornological, and the topologies of E and ¢*°E coincide.

Theorem 1.49 shows that Fréchet (and in particular Banach spaces) and Silva
spaces are (M) spaces. Any quasi-complete locally convex space, and hence any
(KM) space, is convenient (exercise). Nonetheless, (M) spaces are sufficiently
general for our purposes, so we will restrict attention to them to simplify the
statements of results.

(IT) MAPPINGS OF CLASS ¢ (r € {o0,w})

DEFINITION 1.53.— Let E and F be real locally convex (KKM) spaces and let A be
an open subset of E. A mapping f from A into F is said to be of class ¢ iffocisa
smooth curve in F for any smooth curve c in A. This mapping f is said to be of class

¢ if it is of class ¢*° and f o c is an analytic curve in F for every analytic curve c
in A1

If E is a Banach space and f is of class C" (r € {oo,w}), then f is of class ¢".
J. Boman showed the following result in 1967 ([KRI 97], Corollary 3.14):

11 In [KRI 97], the classes ¢*° and ¢* are written as C°° and C*, respectively. In this book, we
need to choose different notation to avoid ambiguity.
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THEOREM 1.54.— (Boman) Let A be a non-empty open subset of R™. The mapping
f: A— R™is of class C* if and only if it is of class ¢*°.

THEOREM 1.55.— Let E and F be (KKM) spaces and suppose that A is an open subset
of E.

1) Suppose that £ : A — F is of class ¢>. Then, £ has a Gateaux differential
DSf (a) € L (E;F) at every point of A and the mapping DGf : A — L (E;F) is of
class ¢*.

2) Let G be a locally convex space and suppose that g : B — G is a mapping of
class ¢>°, where B is an open subset of F containing £ (A) . Then, the following chain
differentiation rule holds (compare with [1.5] and [1.19]):

DS (gof)(a) = DCg(f (a)) o D6 (a).

PROOF.— (1) Let h € E; there exists € > 0 such that a + th € A forall t € |—¢, +¢]
and the curve t — a + th is smooth. Therefore, f has a Lagrange first variation
0f (a) . It can be shown that df (a) is bounded linear ([KRI 97], Chapter I, 3.18), so
6f (a) = DCf (a). Furthermore, DSf (a) is continuous linear, since E and F are
bornological ([P2], section 3.4.4(I), Theorem 3.62). If ¢ is a smooth curve in A, then
o0f (a) o c is a smooth curve in £ (E; F), which gives the stated result by induction
(ibid.). (2): ibid. m

In the real analytic case, the following result ([KRI 97], Chapter II, section 10.4)
generalizes Boman’s theorem:

THEOREM 1.56.— Let E and F be real (KM) spaces, U a non-empty open subset of
Eandf : U — ¥ a mapping. The following conditions are equivalent: (i) f is of class
¢ (i) £ is of class ¢> and )\ o f o y is analytic from Q) into R for any linear form
A € FY and any affine mapping p: Q — U (2 = u=1 (U)).

(IIT) HOLOMORPHIC MAPPINGS Assume that K = C.

A holomorphic curve in a non-empty open subset A of a complex (KM ) space E
is a holomorphic mapping from a disk in the complex plane, for example the open disk
D of center 0 and radius 1, into A. A c-holomorphic mapping (or a mapping of class
¢) from A into F, where F is a complex (JC. M) space, is a mapping that transforms
the holomorphic curves in A into holomorphic curves in F. With this notation, the
mapping f : A — F is holomorphic if and only if Aofoc is a holomorphic function for
every continuous linear form A € F and every holomorphic curve ¢ : D — A. The
following result ([KRI 97], Chapter II, section 7.9) generalizes the classical Hartogs
theorem ([P2], section 4.3.2(II), Corollary 4.80):

THEOREM 1.57.— (generalized Hartogs theorem) Ler Ei, Eo, F be complex (KM)
spaces and suppose that A = Ay X As is a non-empty open subset of E1 X Ey. The



Differential Calculus 35

mapping £ : A — F is c-holomorphic if and only if it is c-holomorphic separately in
each variable, i.e. f(.,22) and f(z,.) are c-holomorphic for every z; € A;
(i=1,2).

1.4. Smooth partitions of unity

In this section, K = R.

1.4.1. C°°-paracompactness of Banach spaces

Let E be a normed vector space. The topological notions of normal space and
paracompact space ([P2], sections 2.3.10 and 2.3.11) inspire the following definitions:

DEFINITION 1.58.—i) E is said to be C"-normal (0 <r < c0) if, given any two
disjoint closed subspaces A and B of E, there exists a mapping f : X — [0,1] of
class C" taking the values 1 in A and 0 in B.

ii) E is said to be C"-paracompact (0 < r < 00) if it admits partitions of unity
of class C", i.e. given any open covering (U;),; of X, there exists a subordinate
partition of unity (1;),; such that each 1; is of class C".

Recall that (v;),.; is a subordinate partition of unity of (U;),.; if and only if

supp (¢;) C Uj, the family (supp (¢;)),. is locally finite and Ziel ¥; = 1 ([P2],
section 2.3.12).

THEOREM 1.59.— The normed vector space E is C"-paracompact if and only if it is
C"-normal.

PROOF.— The necessary condition is clear. We will show the sufficient condition: let
(Ui);; be an open covering of E. If E is paracompact, there exists a locally finite
open covering (Vj), ; finer than (U;),; such that each Vj is contained in some Uy ;).
There also exist other open refinements (W), ; and (Z;) ;. ; of (Vj),c; such that

Z; C W; C W; C V;. If E is C"-normal, then, for all j, there exists a function
¥j + X — [0,1] of class C" that is equal to 1 in Z; and 0 in CgV}. Let ¢ = Zj Vj
and 6; = 1, /7. Thus, (Hj)j s 1s a subordinate partition of unity of class C" of
(V});c, and hence of (Ui(j))j

e which shows that E is C"-paracompact. |
REMARK 1.60.— If a Banach space E is C"-paracompact, then every vector
subspace of E and every open set of E is C"-paracompact ([ABR 83], Proposition
5.5.20; [TOR 73], Corollary 1 of Theorem 1).

As a metrizable space, every Banach space is paracompact by Stone’s theorem
([P2], section 2.3.10, Theorem 2.57). The next result ((ABR 83], Propositions 5.5.18
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and 5.5.19), whose proof was established by Bonic and Frampton in 1966, follows
from the fact that any separable Banach space is a Lindelof space ([P2], section 2.6.3)
(exercise).

THEOREM 1.61.— For a separable Banach space to be C"-paracompact (1 < r < o0),
it is sufficient for its norm |.| : © — |z| to be of class C" in E — {0} .

COROLLARY 1.62.— Every separable Hilbert space E is C*°-paracompact.

PROOF.— Write N for the norm of E. We have N (z)> = (z]z), so
2N (z) DN (z) .h = 2(z, |h), and if x # 0, DN (z).h = (z, |h) /N (x) . Hence,
N is differentiable in E — {0} and DN (z) = (x|.) /N (x) (z # 0) . This mapping
DN is continuous from E — {0} into EV = E. It is easy to see that it is
differentiable from E — {0} into EY, and so we can deduce by induction (exercise)
that IV is of class C*°. [

It was shown in [TOR 73] that every reflexive (not necessarily separable) Banach
space is C'-paracompact and that the separability condition is not required in
Corollary 1.62:

THEOREM 1.63.— Every Hilbert space E is C*°-paracompact.

This implies the result stated in ([P2], section 4.4.1, Theorem 4.88):

COROLLARY 1.64.— (Whitney’s theorem) The space R™ is C'*°-paracompact.

1.4.2. >°-paracompactness

We can define ¢*>°-regularity, ¢>*-normality and ¢*°-paracompactness of a locally
convex space in the obvious ways; the statement of Theorem 1.59 still holds if C*° is
replaced by ¢°*°; moreover, if ¢*°E is a ¢*-regular Lindelof space, then it is
¢>°-paracompact ([KRI 97], Proposition 16.2). We already know that any nuclear
space E has a topology defined by a family of pre-Hilbert norms ([P2], section
3.11.3(IIT)). Each of these semi-norms is of class ¢>° in E— {0} . Nuclear Fréchet
spaces (also known as (FN) spaces), nuclear Silva spaces (also known as (SN)
spaces), and countable products of (FA/) spaces and (SN) spaces are paracompact
Lindelof spaces (ibid.). The following result is analogous to Corollary 1.62
([KRI 97], Theorem 16.10):

THEOREM 1.65.— Every (FN') space, every strict inductive limit of (FN') spaces and
every (SN) space is ¢*°-paracompact.
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1.5. Ordinary differential equations
1.5.1. Existence and uniqueness theorems

(I) NOTION OF THE SOLUTION OF A DIFFERENTIAL EQUATION Let [ be an
interval of R with non-empty interior I,Qa non-empty open subset of E = R™ and f
a mapping from I x  into E. We say that a mapping ¢ : I — E is a solution (or
integral) of the differential equation

i=f(tx) [1.22]

if the conditions (ODE » 3) below are satisfied:
(ODE,) ¢ (t) € Qforallt € I,

(ODEy) ¢ is locally absolutely continuous in [ (i.e. each of its components with
respect to the canonical basis of R™ is locally absolutely continuous: see [P2], section
4.1.7(I1D));

(ODE3) ¢ (t) = f (¢, (t)) A-almost everywhere in I, where A is the Lebesgue
measure on R ([P2], section 4.1.1(II)).

A Cauchy problem involves determining a function ¢ that is a solution of [1.22]
and that satisfies the Cauchy condition:

¢ (to) =20 (to € I,z9 € Q). [1.23]

If  satisfies the conditions (ODE; > 3) and [1.23], then, for all ¢ € I,

p(t)=xz0+ / f(r,0(1))dr. [1.24]

to

Conversely, suppose that [1.24] holds, (ODE,) is satisfied and ¢ — f (¢, ¢ (t)) is
locally A-integrable. Then, [1.23] holds; furthermore, Lusin’s measurability criterion
([P2], section 4.1.6(IT)) implies that the function ¢ — f (¢, ¢ (t)) is A-measurable for
every locally absolutely continuous function ¢ : I — E if the conditions (Cat; )
below are satisfied:

(Cat,) the function z — f (¢, ) from ( into E is continuous for every ¢ € I;

(Caty) the function ¢t +— f(¢, z) from [ into E is A\-measurable for every = € Q.
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Suppose further that:

(Cats) For all zp € 2 and every r > 0 such that B, (xg) C €, where B, () is
the open ball of center zy and radius r in E, there exists a locally A-integrable function
m from I into R such that |f (¢, 2)| < m(t) forall (¢t,z) € I X B, (x9).

Then, for every locally absolutely continuous function ¢ : I — E satisfying
p(I) C By (xg), the mapping t — |f (¢, (¢))| is locally A-integrable in I, so
t — £ (¢, (t)) is locally A-integrable in I ([P2], section 4.1.2(I)).

DEFINITION 1.66.— The conditions (Cati23) are known as the Carathéodory
conditions.

(IT) EXISTENCE THEOREM

THEOREM 1.67.— (Carathéodory) Suppose that the Carathéodory conditions
(Cat, 2 3) are satisfied. Then, for all (to,x0) € I x §, there exists an interval J C I
with some point to in its interior and a mapping ¢ : J — E such that
v (J) C By (x0), ¢ is a solution of [1.22] and this solution satisfies the Cauchy
condition [1.23].

PROOF.— We will show that there exist an interval Jz = [tg, %o + 8] C I (8 > 0) and
an absolutely continuous mapping ¢ : Jg — E such that ¢ (Jg) C B, (x¢) and ¢
satisfies [1.24]. The same argument works on an interval J,, = [to — «, to] (o > 0).
Let M : [tg,+00[ NI — R be the mapping:

M) =0 (t<ty), M(t)= tm(T)dT (t € Jto, +oo[N1T).

to

Since M is continuous and non-decreasing, there exists an interval Jg as specified
above satisfying the property that, for all ¢ € Jg,

0<M(@)<r. [1.25]

We can now inductively define a sequence of absolutely continuous mappings ¢; :
Jg — E using the conditions:

pi(t) =m0 (to <t < B/i),

t—B/i
i (1) =mo+[ £(rpr (T)dr  (to+B/i <t <to+0).

By (Catj), the second equation implies that, for all ¢ € Jg,

t—pB/i to+p5
|@i<t>—xo|s/ |f<wi<f>>\d7s/ m(r)dr <,

to to
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0 @; (t) € B, (zo) forall t € Jg. If t1,t2 € Jg, then

li (t2) — i (t1)] < |M (ta — B/i) — M (t1 — B/1)],

and M is uniformly continuous in the compact set Jz by Heine’s theorem ([P2],
section 2.4.5, Theorem 2.86), so |M (t2 — 3/i) — M (t1 — 8/i)| — 0 uniformly in ¢
if tg —t; — 0, and the set H := {(p; : i € N*} is equicontinuous ([P2], section
2.7.3). Since H (t) := {y; (t) : ¢ € N*} is contained in B, (x() for all t € Jg, the
third Ascoli-Arzela theorem (ibid.) implies that H is relatively compact in C (J3; E)
equipped with the uniform structure of uniform convergence. Hence, there exists a
subsequence (y;, ) that converges uniformly to some mapping ¢ € C(JgE).
Moreover, |f (¢, @;, (1)) < m(t) (to <t <tg+ ) and f (¢, (1)) = £(t,0 (1))
for 7, — oo by (Caty); furthermore, as we saw earlier, (Caty) implies that
t — f (¢, ¢ (t)) is measurable. The Lebesgue dominated convergence theorem ([P2],
section 4.1.2(I), Theorem 4.9) therefore implies that, for all £ € Jg,

/ f (1,04 (T dT—>/ (r,o(7)dr (i — 0).
to

But, forall t € Jg,

et =m+ [ teen i [ e ar

to

and the second integral tends to 0 as ¢, — 00, so the equality [1.24] is satisfied for all
t € Jg. Finally, (¢;, ) — ¢ in the Banach space AC' (Jg; E) of absolutely continuous
mappings from Jg into E ([P2], section 4.1.7(III)), so ¢ is absolutely continuous. W

COROLLARY 1.68.— (Peano’s theorem) Suppose that f is continuous in I x Q). Let J
be a compact interval that is a neighborhood of ty in I and let

m = sup If (t,2)|. For every compact interval [ty,to + ] contained in J
teJ,x€B,(zo)
satisfying 8 < r/m, there exists a solution of [1.24] that takes values in B, (o) .

PROOF.— We have M = m/p, so the inequality [1.25] is satisfied if and only if 8 <
r/m. [

REMARK 1.69.— Corollary 1.68 (and hence Theorem 1.67) fails if E is replaced by an
arbitrary Banach space ([BOU 76], Chapter 4, section 1, Exercise 18). We can define
an absolutely continuous mapping ¢ : Jg — E as we did in ([P2], section 4.1.7(I)),
but it is not true in general that ¢ (t) ff T)dr forallt € Jg (however,
this property does hold if E is assumed to be reﬂexlve) Furthermore since the ball
B, (x0) is not relatively compact when E is infinite-dimensional, the proof of Theorem
1.67 no longer works.
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(IIT) UNIQUENESS THEOREM The fourth Carathéodory condition can be stated as
follows (reusing some of the notation of Cats):

(Caty) For all 2 € E and every real number r > 0 such that B, (z) C €2, there
exists a locally A-integrable function % from [ into R such that

If(t,z") —£(t,2")| < k().]z" —2"], V(') (t2")elx B, (xo).

THEOREM 1.70.— (Carathéodory) Suppose that the Carathéodory conditions
Cat, 5 3 4 are satisfied. Then, for all (t9,x¢) € I x Q, there exists an interval J C T
with interior point ty and a unique mapping ¢ : J — € that is a solution of [1.22]
and which satisfies the Cauchy condition [1.23].

PROOF.— Let

K(t):/tOHk(T)dT 0<t<b

to

and choose the real number 8 > 0 in the proof of Theorem 1.67 to satisfy the
additional condition K (8) < 1. Furthermore, let

X ={¢eC([0,5],E): ¢ (0) =0& 1 (t) € B;(0),Vt € [0, ]}

and, for every function ¢» € X, set

to+t
<T.w><t>::/ £t (r — to) +a0)dr (0<t<B).

to

Clearly, T (X) C X. The set X is a closed subset of the space C ([0, 5], E)
equipped with the uniform structure of uniform convergence; the norm of
C([0,8], E)is |4l o, = supseo g [¥ (t)]- The space C ([0, 8], E) is complete ([P2],
section 2.7.2, Corollary 2.115), so X is complete ([P2], section 2.4.4(II), Lemma
2.77). Furthermore, ¢ € C ([0, 8], E) is a fixed point of T if and only if the function
¢ € C([to, to + B], E) defined by

)= (t—ty)+zo (0<t<p)

satisfies [1.24]; finally, ¢ (t — to) € B, (0) ifand only if ¢ (t) € B, (zq) . If 1,92 €
X forall ¢ € [0, 3], then

to+t
(Ty) (£) — (Ta) ()] < / k() -l (7 — to) — 1 (v — to)| dr

to

and hence ||T.¢1 — T.aba|| o < K (b) |1 — 12]|, - Therefore, T has a unique fixed
point by Theorem 1.27. |
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DEFINITION 1.71.— 1) We say that f : I x Q — E is locally Lipschitz in the second
variable in I x Q) if, for every (t,x) € I x Q, there exists a neighborhood V of t,
a neighborhood S of x and a constant kv, s > 0 such that f (., x) is regulated on V
([DIE 93], Volume 1, section 7.6) and f satisfies the Lipschitz condition:

If (t,2") — £ (t,2")| < kyg.|2' —2"|, VteV,va' 2" eS.

2) We say that f is Lipschitz with constant k > 0 in the second variable if the
above statement is satisfied when V =1, S = Q and kv, s = k.

Any locally Lipschitz function in the second variable clearly satisfies the
conditions Cat; 2 3 4, and we may therefore apply Theorem 1.70 to this function. We
also have the following result:

COROLLARY 1.72.— (Cauchy-Lipschitz theorem) If f is Lipschitz with constant k in

the second variable in I (), let J be a compact interval contained in I with non-empty

interior, to a point of I, xg a point of E, r > 0 a real number such that B,. (xq) C €,

m = sup If (t,z)| and p = min {r/m, 1/k} . For every compact interval K
teJ,x€By(xo)

contained in J Nty — p,to + pl, there exists a unique mapping o that is a solution of

[1.22] and which satisfies the Cauchy condition [1.23].

REMARK 1.73.— i) Theorem 1.70 fails if B is replaced by an arbitrary Banach space.
However, Corollary 1.72 remains valid, with an identical proof. Furthermore,
p = r/m ([BOU 76], Chapter 4, section 1.5, Theorem 1)!2. Interested readers can
find additional existence and uniqueness results for the solutions of [1.22] in infinite
dimensions in [DEI77], section 8, and [SCH 89]. Note, however, that
“infinite-dimensional systems” are not governed by a functional differential equation
of the form [1.22], where E is a Banach space: see [HAL 77].

ii) By the mean value theorem (Theorem 1.13), in order for f to be locally
Lipschitz, it is sufficient for it to be of class C*.

THEOREM 1.74.— Let E be the space R™ (respectively any Banach space), I C R
an interval with some interior point tg, ) a non-empty open subset of E and £ : I x
Q — E a mapping satisfying the conditions Cat, 2 3 4 (respectively a locally Lipschitz
function in the second variable). For all xq € (2, there exists a maximal interval
J (to, o) C I with interior point to in which [1.22] has a solution ¢ satisfying the
Cauchy condition [1.23] and such that o (J (to, zo)) C Q. This solution ¢ (.;to, xo)
is unique.

PROOF.— Let 91 be the set of intervals L C I with non-empty interior containing ¢
as an interior point and such that there exists a solution ¢ of [1.22] in L satisfying the

12 The value p = r/m is obtained from the method of comparison of approximate solutions
using Gronwall’s lemma (loc. cit.).
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Cauchy condition [1.23] and ¢ (L) C . The set 91 is not empty by Theorem 1.70
(respectively Corollary 1.72 and Remark 1.73). Let L, L’ € M with L C L'. If o, ¢’
are solutions of [1.22] in L, L', respectively, satisfying the Cauchy condition [1.23],
then it follows from Theorem 1.70 (respectively Corollary 1.72 and Remark 1.73)
(arguing by contradiction: exercise) that ¢’ is a continuation of . Let
J (to,20) = Upeon L; there must therefore exist a unique solution ¢ of [1.22] in
J (to, xo) satisfying the Cauchy condition [1.23] and ¢ (J (to, z0)) C 2. |

DEFINITION 1.75.— The solution ¢ (.;to,xo) defined in J is called the maximal
integral of [1.22] satisfying [1.23].

REMARK 1.76.— Suppose that £ is locally Lipschitz in the second variable.

1) Let t; = sup (J (to,z0)) < +oo (the argument below also works when
t; == inf (J (to, o)) > —oo, mutatis mutandis). If f (¢, (.; to, o)) is bounded in
J (to, xo), then ¢ (t;to, xo) admits a limit ¢ := ¢ (t; — 0;t9, xo) ; furthermore, c is a
Srontier point of Q if J (to, zo) N [to, +00[ # I N [to, +00[. This inequality, together
with the condition Q) = E, implies that lim,_,, |¢ (t;to,x0)| = +o0; by contrast, if
ty € Iand Q = E, then J (to,xo) N [to, 00 = I N [to, +oo[ ([BOU 76], Chapter
4, section 1.5, Theorems 2 and Corollaries 1 and 2). In addition to this remark, see
Theorem 5.67 in section 5.7.1.

2) Let (1,&) be an arbitrary point of I x Q. There exists an interval K C 1, a
neighborhood of T in I and a neighborhood S of & in S, such that, for every point
(to,x0) € K X S, there is a unique solution o (.,tg, xo) of [1.22] satisfying [1.23],
defined in K (i.e. J (to,x0) D K). The mapping (t,to,xq) — ¢ (¢;to, zo) from K X
K x S into Q) is uniformly continuous ([BOU 76], Chapter 4, section 1.7, Theorem 4).

(IV) DIFFERENTIAL EQUATIONS IN IMPLICIT FORM Let / be an open interval of
R, to a point of I, F a Banach space and 2 a non-empty open subset of F*+!, where

n is a natural integer. Let g : I x  — F be a mapping of class C'' and consider the
differential equation:

g (t7 y7 y’? ) y(n71)7y(n)> = 0' [1-26]

Let g = (778,77(1),...,776‘_1) € F" and & € F such that (19,&) € €,
g (to, 10, o) = 0, and suppose that the following condition (Inv) is satisfied:

(Inv) %g (to, 0, &o) is invertible in £ (F).

By the implicit function theorem (Theorem 1.30), there exists an open
neighborhood J x U of (tg,n0) in I x F™, an open neighborhood V' of &; in F,
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where U x V' C §, and amapping h : J x U — V of class C, such that, for all
(t,n, &) e IJxUxYV,

g(t,n,§) =0<=&=h(tn).

Therefore, any mapping ) : J — F such that (1/} (), 4 (t) ..., b= D (t)) eU

and ¢(™ () € V forall t € J is a solution of [1.26] in .J if and only if 1 is a solution
of the following differential equation on J, said to be in explicit form:

y™ =h (tyy ---,y(”’”) : [1.27]

Letx; =y (i=1,..,n)and x = (21,...,7,) . For (t,z) € J x U x V, the
differential equation [1.27] is equivalent to [1.22], where f = (fy, ..., f,,) and

fi (t,2) =29, ..., 11 (t,2) =z, £, (t,z) = h(t,2).

The mapping f : J x U — F" is of class C' and hence locally Lipschitz in 2
by the mean value theorem (Theorem 1.13(i)). We can therefore apply Theorem 1.72
according to Remark 1.73. Let zg = (¢, ..., 775‘_1) ; any solution ¢ = (1, ..., @y, ) of
[1.22] of class C! in J satisfies the Cauchy condition [1.23] if and only if ¢ = ¢ is
a solution of [1.26], of class C™ in J and % (tg) = g, ..., ¥~V (to) = ny~".

REMARK 1.77.— If the condition (Inv) is not satisfied, the differential equation [1.26]
is singular. We already encountered this situation in the linear case ([P2], section
5.4.6), where it was necessary to introduce solutions in the form of hyperfunctions.
The nonlinear case does not have an equivalent general theory.

1.5.2. Linear differential equations

(I) Let I be an interval of R with non-empty interior I and let E = R™. Consider the
linear differential equation

i=A{t)z+b(t), [1.28]

where A : I — L(E)and b : I — E are locally A-integrable. The Carathéodory
conditions Cat; o 3 4 are all satisfied. (In particular, setting f (¢, z) = A (¢) .z + b (1),
we have

£ (8, 2") — £t 2") < [A@ |2 = "],

which shows that Cat, is satisfied.) Hence, for all ¢, € I and every g € E, there
exists a unique solution ¢ (.; ¢, xo) of [1.28] in [ satisfying [1.23].
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The linear equation [1.28] is said to be homogeneous if b = 0, in which case

i=A(t) .. [1.29]

(IT) The set of solutions of [1.29] (where A is locally A-integrable) is an R-vector
space. Let ¢ (.;to, o) be a solution of [1.29] in I satisfying [1.23]. The mapping
xo — o (t;to, o) is a bijective linear mapping P (¢, to) from E onto E, and @ (., ¢()
is identical to the solution of the differential equation

av

= AWMU [1.30]

fOl‘U(to) = 1g. For all t1,t5,t3 € I, we have (I)(tg,tl) = (I)(tg,,tg) o (I)(tg,tl) and
D (t1,t0) = B (t2,t1) "

DEFINITION 1.78.— The mapping ® is called the resolvent of the equation [1.29]. The
matrix representing this resolvent with respect to the canonical basis of E is called
the transition matrix.

THEOREM 1.79.— We have

det (® (£, 1)) = exp ( S Tr (A7) .df).

PROOF.— Set @ (t,19) = U (t),A(t) = det (U (t)) and write U (t + h) = U (t) +
h.V + o(h), where V. = U (t). Then, A(t+h) = A(t).det (I +hrV.U!
(t) +o(h)). But

det (I +h. V.U (t)+o0(h)) =h"det (W' I+ V.U (t)+0(1)).

Furthermore, by [P1], section 2.3.11(VII),
det (W' T+ V.U (1) +0(1)) = A" T+ A" T (V.U (1) +0 ()

so det (I +h. V.U (t)+o0(h)) 1 + hTr (V.U (t)) + o(h). Hence,
At+h)=A(). (1+hTr( U™t (tg)) +0(h)),so

At)=Tr (U (t).U! (t)) At).

We now simply apply the relation U (t) U~ (t) = A (t), which follows from
[1.30]. [
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(II) The above shows that the general solution of [1.29] is of the form
t — ®(t,tg)&. The “variation of constants” method (exercise) allows us to obtain
the following solution (defined in /) of [1.28] and the Cauchy condition [1.23]:

¢ (tto, z0) = @ (t,to) .o + [, @ (7.t0) b (1) .dr.

(IV) The integration of linear differential equations with constant coefficients is a
classical problem and is performed using the Jordan normal form ([P1], section
3.4.3(1V)): see, for example, [BOU 10], section 12.5.2.

1.5.3. Parameter dependence of solutions

Let I be an interval of R with non-empty interior, E a Banach space (see Remark
1.73), €2 a non-empty open subset of E, A a topological space and f a mapping from
IxQx A into E. Write f) (¢, z) for the value of f at the point (¢, 2, ) € I xQx A. Itis
possible to show the following result ((BOU 76], Chapter 4, section 1.6, Theorem 3):

THEOREM 1.80.— (parameter dependence of solutions) Suppose that, for all A € A,
(t,x) +— f\(t,x) is Lipschitz in the second variable x in I x Q and that
£y (t,x) — £, (t,z) uniformly in I x Q as X\ — Xo. Let vy, be a solution of
& = f, (t,x) satisfying the Cauchy condition @y, (to) = xo (to € Io,ajo € Q)
defined on an interval J = [tg,to+ B[ C I and taking values in . For every

compact interval [to,t1] C J, there exists a neighborhood V' of Ao in A such that, for
all A € V, the differential equation

i=1f (t,x) [1.31]

admits a unique solution @, defined in [to,t1] satisfying the Cauchy condition
©x (to) = xo and taking values in Q; furthermore, as X — o, px — pa, uniformly
in [to, tl].

Suppose now that A is an open subset of a normed vector space F' and that the
mapping (¢,z,\) + £ (¢,z) is continuous with continuous partial differentials!3
(t,z,\) — %% (t,z) and (t,xz,\) — %i/\* (t,x) . Then, £y is locally Lipschitz in
the second variable x (see section 1.5.1(V)). Suppose further that the mappings z :
A= Q: X ag(N)andty: A — T : X+ to(\) are of class C! in A. For
all Ay € A, Theorem 1.80 implies that there exist an open neighborhood V' of Ay

in A and an open interval J C I such that ¢ty (A\g) € J, where the sets V and .J

13 See footnote 4, p. 10.
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satisfy the following condition: for all A € V, to (A) € J and there exists a solution
ox = @ (,to(A),zo(N)) of [1.31] in J taking the value zo (A\) € € at the point
to (A) . Then, we have the following result:

THEOREM 1.81.— For every t € J, the mapping A — oy (t) from V into Q2 has a
differential h (t) € L (F;E) at the point \o of V; h is of class C' in J and is the
unique solution of the linear equation:

y=A@{t)oy+b(t) [1.32]
where
_ 98 O
AW =5y @) b= Grle )]

This differential h satisfies the Cauchy condition:

h (to (Mo)) = Dxo (Ao) — £ (to (A) ;w0 ()] 5=y, © Dt (No) -
PROOF.— Forallt € J,

w@=mw+lmﬁmmhmﬁ

Hence, by [DIE 93], Volume 1, section 8.11, (8.11.2) and Problem 1,

h() = /to(Ao) [58’2\ (mex (7)) () + 881)? (.01 (T))} A=Xo o

+Dxo (M) — £ (7,01 (7)) 52y, © Dt (Ao) -

Therefore, h is of class C! in J and

_of

i) = T2 (1o (1) s

h — (T, T
NLICES NG

h(to (Ao)) = Dz (Ao) — £ (7,0 (7)) x=n, © Dt (No) -

)

A=Xo

Note that, in the linear equation [1.32], A (t) € L (E); moreover, y, A(t) o y,
and b(t) belong to L(F;E). In the Cauchy condition, £)(to()),
2o(M)ly=y, € E = L(R;E), Dxg (M) € L(F;E), Dt(\o) € L(F,R) = FY,
and f) (fo ()\) , Lo ()\))|)\:>\0 oDt ()\0) eL (F, E) .
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COROLLARY 1.82.— (differentiability of the solution with respect to x) Suppose that
F=E, A =Q, and A\ = xy, and adopt the same hypotheses as Theorem 1.81 (mutatis
mutandis). Write £ and ¢ for £ and ) respectively. Then:

22 (i1, 20) = @ (, to)

8x0

where @ is the resolvent (Definition 1.78) of the linear differential equation

of
y=A(t)oy, A(t):= B (t, @ (t;to,20)) - [1.33]

PROOF.— By Theorem 1.81, A (t) = A (t) h (t) and h (to) = 1. [

COROLLARY 1.83.— (differentiability with respect to the initial time) Suppose that
F =R A =1, and A = ty. With the notation of Corollary 1.82 and the same
hypotheses (exercise):

52 (t:to, o) = =@ (t,t0) £ (fo, 70) -

REMARK 1.84.— Let E be finite-dimensional. The statement of Corollary 1.82 still
holds under the weaker condition ([ALE 87], Chapter 2, section 2.5.6) that f satisfies
the Carathéodory conditions (Cat, 2 3) and Lusin’s condition (L) holds:

(L): For all t € I, the mapping x — f (t,x) is continuously differentiable on
Q and, for every compact set K C S, there exists a locally \-integrable function
k: I — Ry such that

<k(), V() elxK.

of
o e

It is clear that condition (L) implies (Caty) by the mean value theorem. This
condition does not require f to be continuous in t, which is very important in optimal
control theory (Pontryagin maximum principle): see op. cit. and [PON 62]. We can
further weaken (L) by considering generalized gradients and differential inclusions
([CLA 90], Theorem 7.4.1), but this exceeds the scope of the present book.
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2

Differential and Analytic Manifolds

2.1. Introduction

The notion of a differential manifold proposed by Riemann in his inaugural lecture
in 1854 ([SPI 99], Volume 2, Chapter 4, section A) is a generalization of curves in the
plane, or curves or surfaces in everyday space; these curves and surfaces (extensively
studied by Gauss, who supervised Riemann’s thesis), and more generally manifolds,
are assumed to be regular. For a curve, being regular means having a tangent at every
point; for a surface, it means having a tangent plane at every point. Locally, each curve
“looks like” its tangent and each surface “looks like” its tangent plane. Manifolds
can be studied locally using charts in the same way that we study regions of our
planet geographically. It was Gauss who suggested charts to study curves and surfaces
locally. We cannot represent the whole Earth with a single chart unless we are willing
to accept significant deformations of some of its regions, for example the poles in the
classical Mercator projection!. Hence, we require more than one chart; these charts
are assembled into an atlas.

In general, manifolds do not have any algebraic properties. Lie groups (section
2.4.1) are an exception: they have a group structure that is compatible with their
manifold structure. A Lie group G can act on a manifold, determining orbits in the
latter, and has a canonical action on its homogeneous spaces G/H (where H is a
subgroup of G) ([P1], section 2.2.8(I)). Lie groups originate from the prodigious
but obscure works of S. Lie, which began around 1873 after fruitful discussions with
F. Klein, the author who proposed the renowned Erlangen program? in 1872. After
1888, S. Lie clarified some of his work with help from F. Engel. Over time, an entire
cohort of mathematicians led by W. Killing, E. Cartan and H. Weyl expanded this
work into one of the most imposing monuments of mathematics. Readers who are

1 See the Wikipedia article on the Mercator projection.
2 See the Wikipedia article on the Erlangen program.
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interested in the historical details can refer to the excellent historical notes in
[BOU 82b] (Chapters 3—4 and Chapters 5-6) and [HAW 00]. Lie groups are
omnipresent in contemporary theoretical physics [GEO 82], mechanics, and of
course differential geometry, as we will see in Chapter 7.

Manifolds were originally studied in finite dimensions before mathematicians,
including J. Eells [EEL 58], showed that the Banach framework (systematically
presented in [LAN 62, BOU 82a]) was appropriate for studying global analysis, at
the turn of the 1960s. This perspective was later widely embraced [EEL 66, PAL 68,
MAR 74]. Infinite-dimensional Hilbert manifolds have better properties than general
Banach manifolds: whenever they are paracompact, they admit C°° partitions of
unity (Corollary 2.15); subbundles are straightforward to define whenever the base is
a Hilbert manifold (Lemma-Definition 3.40(1)), since every closed subspace of a
Hilbert space splits ([P2], section 3.10.2(II)), and thus any such subbundle always
splits (Theorem 3.47). Infinite-dimensional Hilbert manifolds play an essential role
in global analysis, especially for applications of Morse theory in global calculus of
variations [PAL 63, PAL 64]; nonetheless, whenever these manifolds are separable,
their structure is relatively poor, since they are always parallelizable (Theorem 3.29).
Moreover, if E and F are two Hilbert spaces, U is an open subset of E, and f is a
mapping of class C” (r > 1) from U into F, then the differential Df is a mapping of
class C"! from U into £ (E;F), but the latter space is not a Hilbert space in
general. The Hilbert framework is therefore unsuitable for differential calculus of
order > 2. Banach Lie groups were introduced by Birkhoff in 1936 [BIR 38] and are
systematically presented in [BOU 82b] (Chapter 3).

The manifolds modeled by Fréchet nuclear spaces provide a highly relevant
alternative approach to problems of global analysis [KRI 97]. We will only briefly
mention this approach and its key results in order to avoid excessively cluttering the
text, but interested readers are welcome to explore it further in the cited reference.
Diffieties are a particular type of Fréchet manifold that are still the object of
extensive theoretical research by Vinogradov and his collaborators; they have
recently been applied to the theory of dynamical systems [FLI 97], but are beyond
the scope of this book.

2.2. Manifolds: tangent space of a manifold at a point
2.2.1. Notion of a manifold
(I) TOPOLOGICAL MANIFOLDS Let M be a set and G a set of topological vector

spaces over K. An atlas A of type & and class C° on M is a family of pairs (U;, ¢;)
satisfying the following conditions (see Figure 2.1):

icl

(AT1) Each U is a subset of M and (U;),; is a covering of M.
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(AT2) Each ¢; is a bijection from U; onto an open set Q; = ¢, (U;) of a
topological vector space I; € G and, for all 4, j € I, the set o; (U; N Uj) is open in
E;.

(AT3) The mapping @} = ¢j 0 v : @ (UiNU;) — ¢; (U:NU;) is a
homeomorphism, called a transition homeomorphism.

Figure 2.1. Charts and transition morphisms

Each triple (U;, p;, E;) is called a chart of A. This chart is said to be centered on
an element = of M if ¢; (x) = 0. The subsets of M that can be expressed as a union
of the U; are the open sets of a topology on M. Each ¢; is then a homeomorphism
from U; onto the open set Q; = ¢; (U;) of E;.

Two atlases A and B are said to be C%-equivalent if A U B is also an atlas. C°-
equivalence is an equivalence relation on atlases of class C?, and the topology on M
defined above only depends on the C°-equivalence class of the atlas A.

DEFINITION 2.1.— The set M, equipped with the topology defined above, is called a
topological K-manifold (or simply a topological manifold if K is clear from context)
and A is said to be an atlas of the manifold M. The U; are called the affine open sets
of M. We say that the manifold M is modeled on the topological vector spaces in G,
and that these spaces model M.
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LEMMA 2.2.— Let M be a manifold with an atlas of type S, where G is a non-empty
set of locally convex spaces. The manifold M is locally connected. If the topological
vector spaces in S are Hausdorff, then M is connected if and only if it is
arc-connected.

PROOF.— The manifold M is a locally connected topological space, since each E; is
a connected space. Every arc-connected topological space is connected ([P2], section
2.3.8, Corollary 2.47). Conversely, suppose that M is connected and the E; are
Hausdorff. Let x € M and write A, for the set of points of M that can be reached by
finitely many arcs B; = [x;, z;11], each contained in some affine open set U;. Since
B; and B, intersect at z; 1, A, must be arc-connected. Furthermore, A, must be
closed, since, if y € A, and V is an affine open neighborhood of y, then V' intersects
non-trivially with A, so there exists z € A, NV such that z can be reached from y
by an arc, and hence y € A,. Similarly, A, is open, since, if y ¢ A,, there exists an
affine open set V' containing y such that A, NV = &. Thus, A, = M. |

A manifold M is a uniformizable space ([P2], section 2.4.1(II)); thus, it is
metrizable if and only if every point of M admits a countable fundamental system of
neighborhoods.

Let € M and suppose that (U;, ¢;, E;), (Uj, ¢;, E;) are two charts of M such
that z € U;NU;. We know from (AT3) that cp{ =; ogpi_l is a homeomorphism from
E; onto E;. If one of these spaces has a finite dimension 7, the Brouwer invariance of
dimension theorem3 implies that the other must also have dimension n. The dimension
of M at the point x, written as dim,, (M), is defined as the dimension of E; whenever
this is finite. If not, dim, (M) = +oc0. If z,y € U;, then dim,, (M) = dim,, (M), so
the mapping 2 + dim,, (M) from M into the discrete space N (see Theorem 1.35(iii))
is continuous. This mapping is therefore constant in each connected component M° of
M. The dimension of M is defined as the quantity dim (M) := sup,¢,, dim, (M) .
A manifold satisfying dim,, (M) < 4oc at every point z € M is said to be locally
finite-dimensional. If E = K™, the chart (U, ¢, E) is written as (U, ¢, m).

DEFINITION 2.3.— A manifold M is said to be pure if it has an atlas of type S where
each element of G is isomorphic to the same topological vector space E (any such
atlas is also said to be an E-atlas). A manifold M is said to be locally pure if every
connected component of M is pure.

EXAMPLE 2.4.— 1) Let E be a topological vector space. Then, (E, 1g, E) is a chart
of E which has the canonical structure of a pure manifold of type E.

2) Let M be a set. There exists precisely one manifold structure on M for which
the underlying topological space is discrete ([P2], section 2.3.1(IIl)); this is namely
the structure of a pure manifold of dimension 0.

3 See the Wikipedia article on Invariance of domain.
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If & consists of Hilbert spaces (respectively Banach spaces, respectively Fréchet
spaces), then M is said to be a Hilbert manifold (respectively Banach manifold,
respectively Fréchet manifold). Similarly, if & consists of (KM) spaces
(respectively (FN) spaces, respectively (SN) spaces, etc.), then M is said to be a
(K M) manifold (respectively (FN') manifold, respectively (SA') manifold, etc.).

Any Fréchet manifold M is a locally metrizable Baire space ([P2], section 2.6.1);
Stone’s theorem and Smirnov’s theorem ([P2], section 2.3.10) imply the following
result:

COROLLARY 2.5.—A Fréchet manifold M is metrizable if and only if it is
paracompact.

The following result was shown by R. Palais in 1966 ([PAL 66], Corollary of
Theorem 3):

THEOREM 2.6.— (R. Palais) Every paracompact Banach manifold is homeomorphic
to a complete metrizable space.

LEMMA 2.7.— A Hausdorff topological manifold M is locally finite-dimensional if and
only if it is locally compact. If this condition is satisfied and M is also paracompact
and connected, then M is furthermore countable at infinity.

PROOF.— The Hausdorff manifold M is locally finite-dimensional if and only if it is
locally compact by Riesz’s theorem ([P2], section 3.2.3, Theorem 3.11). Let
(Uz) s be a family of relatively compact open sets in M such that z € M. By
paracompactness, there exists a locally finite open covering (V;),; that is finer than
(Um)xe - Let Vi be one of these open sets and consider K; = V4. Since K is
closed and contained in one of the compact sets U,, it must also be compact ([P2],
section 2.3.7). For every integer p > 2, let [,, C I be a set of indices ¢ such that
ViNnK,_1 = &, and write K, = Uielp V. Then, K, is compact, as a finite union of
compact sets. Write My = |J,5; Kp. We have K1 C U, Vi C Ky, so
M, = Up>1 V; is open in M. Furthermore, M, is closed in M :if z € M, then x
belongs to one of the V;, say V,,, and therefore = € Up21 V; = M. Hence, since M
is connected, M = M, which is a countable union of compact sets. [ |

More precisely, it can be shown ([BOU 74], Chapter I, section 9.10, Proposition
18) that a locally compact topological space (e.g. a locally finite-dimensional
Hausdorff manifold) is paracompact if and only if each of its connected components
is countable at infinity.

COROLLARY 2.8.— If a Hausdorff locally finite-dimensional manifold M is separable,
then it is paracompact, its connected components are at most countable, and each
connected component is locally compact and countable at infinity.
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PROOF.— Since the manifold M is Hausdorff and locally finite-dimensional, it is
locally compact (Lemma 2.7). If it is separable, it is paracompact ([P2], section
2.3.10). Since M is locally connected, its connected components form a partition of
open sets (exercise*: see [BOU 74], Chapter I, section 11.6, Proposition 11); each of
these open sets contain at least one open set of a base of the topology of M. This
base is countable because M is separable ([P2], section 2.3.1(IV)), so the connected
components of M are at most countable. Furthermore, each of these connected
components is locally compact and countable at infinity by Lemma 2.7. |

THEOREM 2.9.— A manifold M is paracompact if and only if each of its connected
components is paracompact.

PROOF.— If the manifold M is paracompact, then it is metrizable (Corollary 2.5), so
each of its connected components is metrizable and hence paracompact. Conversely,
we saw in the proof of Corollary 2.8 that the connected components M; (¢ € I) of M
are open in M. Let (Ux),c, be an open covering of M. The covering formed by the
open sets M; N U, is finer than (U,\)/\eA . If M; is paracompact for each ¢ € I, there
exists a locally finite open covering (V;,; ), ;. that is finer than (M; N Uj) ¢, and
the open covering of M formed by the V;,; (i € I,j € J;) is locally finite and finer
than (Uy), ., - Hence, M is paracompact. [

(II) DIFFERENTIAL OR ANALYTIC MANIFOLDS Topological manifolds are very
“soft”, like the watches painted by Salvador Dali. They are even more elastic than
rubber: both the hexagonal border of France and the boot-shaped border of Italy are
homeomorphic to a circle. The manifolds of class C” or ¢" (r > 0) which are studied
in the next section are barely any more rigid (they will only rigidify once equipped
with a connection to determine their geometry: see Chapter 7); but they are no longer
elastic and are smoother (a hedgehog’s back is not diffeomorphic to a disk of the
plane as a differential manifold but is homeomorphic to this disk as a topological
manifold), which allows them to serve as a basis for differential calculus, unlike
topological manifolds.

Let r € Ni (section 1.2.1(I)). We can define an atlas A of type & and class C”
on a set M when & is a set of Banach spaces: we simply assume that the transition
homeomorphisms 99? are diffeomorphisms of class C", i.e. both these
homeomorphisms and their inverse homeomorphisms are of class C”. By adapting
(I) accordingly, we can obviously deduce the notions of C"-equivalence of atlases
and (Banach) manifolds of class C".

DEFINITION 2.10.— i) Let M be a real Banach manifold of class C” (r € Nﬁ). If
r < oo, we say that M is a differential manifold of class C". If r = w, we say that M
is an analytic manifold.

ii) A complex Banach manifold of class C* is said to be holomorphic.
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If S is a set of (XM) spaces (Definition 1.52), then we can obviously define
atlases and real manifolds of class ¢” for r € {oo,w}, as well as complex manifolds
of class ¢*.

In the following, to simplify the presentation, differential manifolds are always
assumed to be of class C'*° unless otherwise stated. For each result, the reader may
wish to determine the minimum value of r € Ny for which the calculations are valid
as an exercise. In other words, we will adopt the following convention:

(C1) Unless otherwise stated, the letter r denotes some element of Ny N {oco0, w}.
All diffeomorphisms are of class C".

LEMMA 2.11.— Every differential, analytic or holomorphic manifold M is locally pure
(Definition 2.3).

PROOF.— For clarity, suppose that M is Banach. Let (U;, ¢;, E;) and (Uj, ¢;, E;)
be two charts of M such that U; N U; # @. Let « be a point of U; N U;. Then,
D@{ (x) € L (E;; E;) is an isomorphism (in the category Tvs of topological vector
spaces) that identifies E; and E; with the same Banach space E. By a reasoning
similar to the proof of Lemma 2.2, the set of points z € M for which there exists a
chart (U;, ¢;, E;) centered on M and such that the Banach space E; is isomorphic to
E is open and closed in M. |

EXAMPLE 2.12.— The Earth is flat to the first order of approximation (as was believed
to be the case in ancient times). To the second order of approximation, it is a sphere of
radius R = 6,500 km (according to the calculation performed by Eratosthenes around
200 BC). Any point P on the Earth’s surface can be referenced by its longitude \ and
its latitude o (see Figure 2.2). If we choose the usual origin O of space to be the center
of the Earth, then the Cartesian coordinates of the point P (in an orthonormal frame
of reference) are given by:

r=—R.cosp.cos\, y=—R.cosp.sin)\, z= R.singp. [2.1]

A geographic map (i.e. a chart in the mathematical terminology introduced
above) of the region U of the Earth located between the longitudes g and \1 and the
latitudes @y and p1, where —180° < Ao < A1 < 180° and —90° < ¢o < 1 < 90°,
is therefore a bijection ® : U — | Ao, M [ X |@o, p1] that determines a chart (U, ®, 2).
If the Earth were perfectly spherical, any two such charts could be chosen to be
compatible of class C*¥, in which case the Earth would be a real analytic manifold.
This no longer holds if we take its surface irregularities into account.
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p=90°

A=0? [ A=180°
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Figure 2.2. Longitude and latitude. For a color version of this
figure, see www.iste.co.uk/bourles/fundamentals3.zip

2.2.2. Morphisms of manifolds

(I) Let M and N be Banach manifolds (differential, analytic, or holomorphic) and
suppose that f : M — N is a mapping. Consider two charts (U, &, E) and (V, 7, F),
of M and N respectively, satisfying f (U) C V. The mapping

d=no(fly)e& :EDEWU) —»n(V)CF

is called the expression of f in these charts. We say that f is of class C? in U for
p € Ng,p <r if®isofclass CP in £ (U). If p = r = w, we say that f is analytic
(or holomorphic if K = C). The composition of two mappings of class C" is itself of
class C'". Hence, the K-manifolds of class C" form a category whose morphisms are
the mappings of class C” ([P1], section 1.1.1(I)). An isomorphism of manifolds of
class C" is simply a diffeomorphism of class C” ([P1], section 1.1.1(III)). The
Banach manifolds of class C" form a concrete category with base Set. This
observation gives meaning to the idea of the structure of a Banach manifold of class
C" ([P1], section 1.3.1).
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(D) If M and N are (K M) manifolds, we can similarly define mappings of class
¢”, morphisms of manifolds of class ¢" and the notion of a structure of manifolds of
class ¢".

The notion of C'°°-paracompactness (respectively ¢>°-paracompactness) (section
1.4) can obviously be extended to Banach manifolds (respectively (X M) manifolds).

(IIT) The same reasoning as the proof of Theorem 1.59 gives the following result
([ABR 83], Proposition 5.5.16):

THEOREM 2.13.— (Palais) A paracompact manifold of class C*° modeled on a Banach
space E is C*°-paracompact if and only if E is C°°-paracompact. If a manifold M is
C'*®-paracompact, every submanifold of M is C'°°-paracompact.

The sufficient condition of Theorem 2.13 can be improved as indicated in (1)
below:

THEOREM 2.14.— 1) Any paracompact manifold of class C*° that has an atlas of type
& consisting of C*°-paracompact Banach spaces is itself C°°-paracompact.

2) Every metrizable manifold of class ¢ and type (FN) or (SN) is
¢>-paracompact.

PROOF.— 1) By the same reasoning as the proof of Theorem 2.9, a manifold is C°°-
paracompact if and only if each of its connected components is C'°°-paracompact.
But each of these connected components is pure (Lemma 2.11); for each component
to be C'°°-paracompact, it is sufficient for each of the Banach spaces E € & to be
(C'*°-paracompact.

2) See [KRI 97], section 27.4, Corollary. [ |

COROLLARY 2.15.— Every paracompact Hilbert manifold of class C* is
C*°-paracompact.

COROLLARY 2.16.— Every separable locally compact manifold of class C* is C'*°-
paracompact.

PROOF.— Any finite-dimensional vector space is C'°°-paracompact by Corollary 1.62
(or Whitney’s theorem: see Corollary 1.64), so the result follows from Corollary 2.8.1l

The notion of a C*°-normal manifold can be defined in the same way as the notion
of a C'*°-normal vector space, mutatis mutandis (Definition 1.58). The same reasoning
as Theorem 1.59 gives the following result:

COROLLARY 2.17.— A Banach manifold is C*°-paracompact if and only if it is C*°-
normal.
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Up to and including section 5.5, we will adopt the following convention:

(C2) Unless otherwise stated, the word manifold denotes a differential or analytic
Banach manifold (rather than a topological manifold), i.e. a Banach manifold of class
C" in accordance with the convention (C1) of section 2.2.1(IIT). The word
morphism, unless otherwise stated, denotes a mapping of class C”. In particular, all
diffeomorphisms are of class C".

2.2.3. Tangent mappings

Let M, N be two manifolds, a € M, and f1 fo : M — N two morphisms. These
morphisms are said to be fangent at the point a if:

i) f1(a) = fa(a) =b;

ii) there exist a chart ¢ = (U, &, E) of M centered on a and a chart ¢ = (V,n, F)
of N centered on b such that f; (U) N fo (U) C V and the mappings

P, =nofio L EDEWU) »n(V)CF (i=1,2)
have the same differential at the point a. This is an equivalence relation.

REMARK 2.18.— (i) Unless the manifolds M and N are pure, E and F depend on a
and b, respectively. (ii) Naturally, D®; (a) € L (E; F), the space of continuous linear
mappings from E into F.

DEFINITION 2.19.— The mapping ®; : £ (U) — n (V) is called the expression of f; in
the charts ¢, c’.

Adapting the above to the case where M, N are (M) manifolds is left to the
reader. In this case, the Fréchet differential operator D is replaced by the Gateaux
differential operator D9,

2.2.4. Tangent vectors

We will give four equivalent definitions of a tangent vector. Each of them is useful.

(I) FIRST DEFINITION
DEFINITION 2.20.— Let M be a manifold of class C" (respectively c” ). A curve of class

CP (respectively ¢P) (p € Ng,p < r) in M is a mapping of class CP (respectively cP)
from a non-empty connected open subset of K into M.

In the following, every curve is of class C” or ¢”, depending on the context.
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Let M be a manifold and -1, 2 two curves in M passing through a = v, (0) =
72 (0). These curves are tangent at 0 if and only if there exists a chart (U, £, E) of M
centered on a such that

D(§071)(0) = D(£072)(0).
This defines an equivalence relation R; of curves in M passing through a.

DEFINITION 2.21.— The equivalence classes of the relation R, are called the tangent
vectors at the point a.

Write T, (M) for the set of all tangent vectors at the point a € M.

Let v be a curve in M passing through a and write ¥ for the equivalence class
of this curve. Clearly, D (1 o ) (0) only depends on 7, so there exists a well-defined

mapping
Oc:To (M) = E:5— D(£07)(0).

LEMMA-DEFINITION 2.22.— The mapping 0. is linear and bijective. Its inverse
bijection is written as U..

PROOF.— It is clear that 6. is linear and injective. We need to show that it is also
surjective. Let ¥, : E — T, (M) be the mapping that sends each h € E to the
equivalence class (mod.R;) of the curve v : t — &1 (th) (where t belongs to a
sufficiently small neighborhood of 0 in K). Then, ¥ € 7T,(M) and
h=D(£07)(0) =0.(%), so 6. is bijective. [ |

Hence, the vector spaces Ty, (M) and E are isomorphic, and we can transport the
topology of E onto T, (M) using ., which makes T, (M) a Banach space
isomorphic to E.

DEFINITION 2.23.— The Banach space T, (M) is called the tangent space of the
manifold M at the point a (see Figure 2.3).

A similar construction can be performed in the case where M is a (X M) manifold
by replacing the Fréchet differential D by the Gateaux differential DY .

(IT) SECOND DEFINITION Let M be a manifold and a € M. Consider the pairs
(c,h), where ¢ = (U, &, E) is a chart of M centered on @ and h € E. Any two such
pairs (¢, h), (¢/,h’) are said to be equivalent (mod.R) if

D(¢o€&")(€(a) h =N

It should immediately be clear that R is an equivalence relation.
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ITx(M)

hx/x

7(1)

Figure 2.3. Tangent space and tangent vector

DEFINITION 2.24.— The equivalence class (mod.R) of a pair (¢, h) is called a tangent
vector of M at the point a.

As before, write T, (M) for the set of tangent vectors of M at a. Write also 9,
for the mapping from E into T, (M) that sends each vector h to the tangent vector
represented by the pair (¢, h). The set T, (M) can be equipped with a Banach space
structure isomorphic to E by transporting its structure.

REMARK 2.25.— After fixing the chart c centered on a, picking a vector h € E is
equivalent to picking a curve y : t + £~ (th) defined in a neighborhood of 0 in K.
Thus, Definitions 2.21 and 2.24 of a tangent vector are equivalent.

Adapting the above to the case where M is a (M) manifold is left to the reader.

(IIT) THIRD DEFINITION Let M be a manifold and a € M. Let C} (M) be the
set of germs of functions taking values in K that are of class C" in a neighborhood
of a ([P2], section 2.3.13). In the following, we will reference a germ by one of its
representatives (€2, f), where ) is an open neighborhood of @ and f : Q — K is of
class C".

Let (U, &, E) be a chart of M centered on a. If (24, f1) and (€2, f2) are two
representatives of the same germ, then we clearly have

D(fio&)(0)=D(f20&7")(0) eEY,

a quantity that is therefore “intrinsic” in the sense that it only depends on the choice
of germ and not on any particular representative of this germ.
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LEMMA-DEFINITION 2.26.— i) Let (X, f) be a germ of a function of class C" at
a € M. This germ is said to be stationary at a if there exists a chart (U,&,E) of M
centered on a such that

D(fo&')(0)=0.

ii) If (U1, &1, Eq) is another chart of M centered on a (which implies that E =
E,), then we also have D (f o 51_1) (0) =0.

iii) The set of germs of functions of class C" that are stationary at a is written as

ST (M) .
iv) Cr (M) and S, (M) C Cr (M) are K-vector spaces.
Claims (ii) and (iv) are immediate.

DEFINITION 2.27.— Suppose that M is locally finite-dimensional; let ¢ = (U, £, m)
be a chart of M centered on a, p’ : K™ — K the j-th projection, and £ = p7 o £ :
U — K. We say that (£7) is the system of local coordinates associated with the
chart c.

1<j<m

Let f : U — K be a function of class C" and F = fo &1 : K™ D £(U) — R.
For every z € U, we have f (z) = F'({(z)), where { (z) € {(U). Let (e;), .,
be the canonical basis of K™; then p/ (e;) = 7 and & (z) = Dicjem & (x)e;. The
&7 can either be viewed as variables or as functions of x, so that f (z) = F (£), and

hence % (0) = DF'(0) .e;. In the following, set

0 oF
(ag)f =25 O

This quantity only depends on the germ of the function f at a.

LEMMA 2.28.— i) The mappings | — (19%7) f from C% (M) into K are linear forms
a
on CT (M) that vanish on S’ (M).

ii) Any linear form L € CT (M)'4 that vanishes on S’ (M) can be uniquely
written in the form

) o .
L(f)= Zlgjgm o’ <a§j)af (of €K). [2.2]

4 Cy (X) is finite-dimensional, so its algebraic dual Cj (X)* coincides with its (topological)
dual C7 (X)V.
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o
In other words, the (6—5]»

linear forms on C?, (M) that vanish on ST, (M).

) (1 < j < m) form a basis of the K-vector space of
a

PROOF.— (i) is clear. (ii): (a) We will show that any linear form L € C? (M )V that
vanishes on S” (M) can be written in this form. To do this, consider the function g
defined in the neighborhood of a by

10 =1@ - F@-, 0o @ (55) £
With z = £ (x), it follows that

(9o ) (2) = (fof_1>(z>_f(“)_zlngmzj (32]) /

z=0

ja(gog_l)m)w«))( 5) f=o0.

077 027 027 .20

Hence, g is stationary at a (and so is the germ of g). The same is true for the
function © +— f(a) defined in an open neighborhood of a and the germ of this
function. Therefore, L vanishes at g and at  — f (a), which implies [2.2] with
ol = L (&),

(b) It remains to be shown that the linear forms (%) € C7 (M) are linearly
independent. Suppose that there exist elements uaj € K such that
> <j<m W (%) = (. By applying this relation to the local coordinate functions
&7, it follows that i/ = 0 (1 < 5 < m). [ |

LEMMA-DEFINITION 2.29.— Let M be a manifold, a € M and X, = % be a tangent
vector of M at a (in the sense of Definition 2.21).

i) The Lie derivative along the tangent vector X, (at the point a) is defined by

Lx,f e % (Fom) (0)
for any function f : M — K of class C" in the neighborhood of a and is a
continuous form on C}, (M) that vanishes on S}, (M ). The mapping L : X, — Lx,
is a linear injection from T, (M) into the space of continuous linear forms on
C" (M) that vanish on S% (M).

ii) Suppose that M is finite-dimensional in the neighborhood of a. Then, the
mapping L : X, — Lx, defined above is bijective.
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iii) With the same hypothesis as (ii), the K-vector space of linear forms on C% (M)
that vanish on S, (M) is isomorphic to (C (M) /ST (M))".

PROOF.- i) The definition of £x, only uses the values taken by f in the neighborhood
of a and so depends solely on the germ of this function at a. Let (U, £, E) be a chart of
M centered on a and set ¢ (t) = £ (v (¢)). Then, ¢ is a curve in E that passes through
0. If the germ of f at a is stationary,

L, ()= AT o) €O}y = (Foe™) % (0) =0. 23]

We have Lx, (f) € K and the first two equalities above show that £ is linear
and injective. Indeed, if (f o 5’1)/ (0)9’ (0) = 0 for every germ f € C? (M), then
¥’ (0) = 0 by the Hahn—Banach theorem ([P2], section 3.3.4(II), Corollary 3.26), and
hence X, = 0.

ii) Let L be a linear form on C] (M) that vanishes on S7 (M) and let (U, &, m)
be a chart of M centered on a. Then, by Lemma 2.28, L can be uniquely expressed

in terms of the (%) in the form L (f) = > <<, ad (%) f. Consider the

curve v in M and passing through a defined by ~ (t) = €71 (¢ (a1, ..., ). Then,
FOy@)=(fo&™) (t(an,...,omm)), s0

L (D)= S (Fommg = (o€ () (@1,mram) = (),
which shows that £ is surjective.
iii) is clear. u
This lemma leads to the following result:
COROLLARY-DEFINITION 2.30.— Suppose that M is locally finite-dimensional.
1) The tangent vector space of M at a is
T, (M) = (C; (M) /S; (M))".

2) A basis of this tangent space is given by the (a/agﬂ')a, with

(8/0¢7),: Ch (M) > f s (;J) fekK.

3) Consider the expression [2.2], where L : f — L (f) is an arbitrary tangent
vector € T, (M). Choosing f = & gives L (§') = of. The o/ are said to be the
components of the tangent vector L = 37, _. . a’dj (a) relative to the local

coordinates &7.
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REMARK 2.31.— 1) Let (U,&,m) be a chart of M centered on a, h € K™, and
consider in M the curve v : V > t — &1 (th) of class C" (where V is an open
neighborhood of 0 in R such that {th:t eV} is contained in & (U)). Let
f € Cr (M) and define the mapping

Yoo 3 (F07) (0).

Settingep, : V ot th e K™ gives foy= fol loey.

Hence,

dEh

(7+0) (f) =D (fo£") (0) .

(0)= D (fo£™) (0) .

In particular, (v«0) (f) = 0if f € ST (M). By taking quotients, .o induces an
element of (C* (M) /S" (M))" = T, (M), which shows the equivalence between
Definitions 2.30(1) and 2.23 in the local finite-dimensional case.

2) Let (e;), <i<m e the canonical basis of K™ and choose h = e; in the above.

Let; i t — &7 (te;) . Then, (yiwo) (f) = D (fo&71) (0).e; = 8 (fo &) (0).
Hence, ;.o is the tangent vector L defined by

i (0
f — Zlgjgm o’ (agj>a f = Zlgjgm o’ <6fj>a fa

where of = (55 . Finally, with the notation of Corollary-Definition 2.30(2),

(0
v (&),

(IV) OPERATIONAL TANGENT VECTORS Let M be a manifold, a some point of
M, and consider the Lie derivative Lx, (Lemma-Definition 2.29(ii)). The mapping
X. — Lx, is injective, so we can identify the tangent vector X, with the linear
form Lx, . The latter satisfies the Leibniz rule Lx, (f.g) = Lx, (f) .9+ f-Lx, (9)
(where f, g are mappings of class C" from M into K) and is therefore a derivation
([P1], section 2.3.12). With this identification, the Leibniz rule can also be written as
Xo (f.9) = (Xof) g+ f.-Xag. The derivation X, : f — X,.f is sometimes called
an “operational tangent vector”>,

5 As opposed to the tangent vectors introduced by Definitions 2.21 and 2.24, which are called
“kinematic tangent vectors”.



Differential and Analytic Manifolds 65

EXAMPLE 2.32.— Let M be the helix in R? defined by x = cos,y = sinf,z = 6.
Any curve of class C" on this helix is of the form ~y (t) = cos (6 (t)) e; +sin 6 (t) e3 +
0 (t) es, where 0 : t — 0 (t) is a mapping of class C". Setting 6y = 0 (0) and 6 (0) =
gives 7 (0) = —sin (0g) e1 + cos (0g) es + e3. Let f : M — R be a mapping of class
C" and let P be the point (o, Yo, z0) = (cos (0y) ,sin (0p) , 0o) of M. Then, by [1.5],
[1.7]:

G 709 ) = (=sin(00) 5o +cos(G0) 5 + 5 1e ) .

so the tangent vectors of M at the point P are collinear with — sin (6p) % lp +
cos (6p) 2 5 1P+ 5; 0 |p = *yo% |p +$0 S p+ 5 9 |p.

2.3. Tangent linear mappings; submanifolds
2.3.1. Tangent linear mapping; rank

Let M, N be two manifolds, a some point of M, and f : M — N a morphism
(section 2.2.2(III)). Let ¢ = (U, &, E) be a chart of M centered on a, ¢’ = (V,n,F) a
chart of N centered on f (a) and @ : £ (U) — n (V) the expression of f in the charts
¢, ¢ (Definition 2.19). Let ' (0) = D® (0) € L (E; F) be the differential of ® at 0
and, with the notation of Lemma-Definition 2.22,

T, (f) =0," 0@ (0)00,.

It is easy to check that Ty, (f) does not depend on the choice of charts. Furthermore,
it follows from the definitions of 77, (M) and T't(,) (V) (Definition 2.23) that Ty, (f) €
L (To (M) ; Ty(a) (N)) -

DEFINITION 2.33.—- T, (f) (also written as f., or f.(a)) is the tangent linear
mapping of f at the point a.

LEMMA 2.34.— i) Let X, € T, (M). With the notation of Remark 2.31, there exists a
curvey : K DV — M of class C" such that v (0) = a and X, = 40 Then, f o~y is
a curve of class C™ in N and (fo~)(0) = f(a). Let
fra-Xa = (fo7),(0) € Ty (N). Then, the mapping fia : To(M) —
Ttia) (N) 2 Xo = frq-Xq is identical to Ty (f).

ii) For all Xo = vx0 € Ta (M), fra-Xa € Tp(a) (N) acts on C%,\ (N) as
Sollows: for every function i) € C}(a) (N),

(fea-Xa) ¥ = (720) (Yo ). [2.4]
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PROOF.— The mapping f o~y is a curve A of class C” on N such that A (0) = f (a) and

Ae0) ¥ = G (o) (0) = & (Yo for)(0). Wehave \o = (f07),9 = fraXa
Furthermore, by definition (Remark 2.31),

d
(f 270t Chia) M) 3 = = (0 f29) (0),
which gives the desired result. |

DEFINITION 2.35.— The rank of f at the point a (written as rk,, (f)) is defined as the
quantity rk (T, (f)) (see Definition 1.7).

Charts and Theorem 1.35(iii) give us the following result:

THEOREM 2.36.— The mapping x + rk, (f) from M into the discrete set N is lower
semi-continuous in M.

Furthermore, Theorem 1.9 implies:

THEOREM 2.37.— Let M, N, Y be three manifolds, a some point of M and f : M —
N, g: N =Y two mappings of class C". Then, g o f is of class C" and

Ta(go f) =Ty (9) o Ta (f)- [2.5]

Adapting Definition 2.33 and Lemma 2.34 to the case of (JC M) manifolds is left to
the reader. When C" is replaced by ¢”, Theorem 2.36 is inapplicable, but the statement
of Theorem 2.37 remains valid.

2.3.2. Differential

Let F be a Hausdorff locally convex space, M a manifold and f : M — F a
mapping. We say that f is of class C? (p € Nk, p < r)if, forevery chart c = (U, &, E)
of M, f|y o™l : £(U) — Fisof class CP. If a € U, write d,f or df, for the
continuous linear mapping D (f |y 0 £71) (a) € L (T, (M);F).

DEFINITION 2.38.— df is the differential of f at a.

EXAMPLE 2.39.— Let M be a manifold and ¢ = (U, &, E) a chart of M centered on
a. Writing v : U — M for the canonical injection, the expression of £ in the charts
¢,c, where ¢ = (U, 1, E), is given by € 0 £~ = 1. Thus, dy& = 17 0 0. = 0. The
relation

expresses the bijection 0. : T, (M) — E explicitly in terms of &.
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Suppose that E. = K™ and let (e;),.,., be its canonical basis. The
01 (e;) = (dg&)™" e; (1<j<m) form a basis of T, (M). Then (section

2.2.4(IID)), d,.&. (% =0 (%)a = e;. Hence,

(({;) = (de§) " €.

REMARK 2.40.— 1) The differential can therefore be viewed as a special case of a
tangent linear mapping when ¥ is a Banach space by identifying the tangent space
Tt(a) (F) with F. With this convention, let M, N be two manifolds, a € M, f : M —
N a morphism, and ¢ = (U, &, E) and ¢/ = (V,n, F) charts of M and N centered on
a and b = f (a), respectively. Furthermore, let ® : £ (U) — n (V') be the expression
of f in these charts, i.e. ® =no (f|;;) o0& . Then, f|; =n~' o ®o&. The equality
To (f) = 0" 0 @ (0) 0 0, can be rewritten as T, (f) = (dpn) ™" 0 @ (0) o dué. Let
Y = 0L, which gives f|; = ¢ o ® o . Writing (dyn)™" = ()" = (n_l)*n(b)
gives fra = Yun() © Puo © &xa, resulting in the following expression, similar to [2.5]:

f*a = (w odo f)*a = w*wfl(b) oP,go0 g*a-

2) The set CP (M ; F) of mappings of class C? (p € Ni, p < r) from M into F is
a K-vector space and the operator dg, : C? (M;F) — L(To (M);F) : f — d.fis
K-linear.

3) Let E and F be Banach spaces, U an open subset of E, a some point of U and
f: U — F a mapping of class C? (p € N, p < r). After identifying Ty, (U) with
E and Ty, (F) with F, the tangent linear mapping Ty, (f) and the differential d,, (f)
are identical.

4) To simplify the terminology, the tangent linear mapping T, (f) of a mapping
f: M — N can simply be called its differential at the point a, written as d,f or

df (a).

5) If M is a discrete manifold, then every mapping from M into F is of class C*¥
and df =0 forall a € M. Indeed, T, (M) = {0} and L ({0} ;F) = {0} .

Adapting the above to the case of a (M) manifold is entirely straightforward.

2.3.3. Submanifolds

Let M be a manifold and N a non-empty subset of M. Suppose that, at every
point y € N, there exists a chart (V,1,E; x Ey) of M centered on y such that
¥ (V) = Wy x W, where W; is an open set of the Banach space E; (i = 1,2) and

G (NNV) =W, x {0}.
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Then:

— N is locally closed in M, i.e. every y € N has an open neighborhood V' in
M such that V' N N is closed in V. Furthermore, ¢ induces a continuous bijection
¢1 NNV — Wl.

— The thus obtained collection of triples (N NV, 11, E1) forms an atlas of N of
class C".

DEFINITION 2.41.— When equipped with this atlas, the set N is called a submanifold
of M.

In particular, every non-empty open subset of M is a submanifold of M. Any curve
in M is a one-dimensional submanifold of M.

COROLLARY-DEFINITION 2.42.— Let M be a manifold, N a submanifold of M and
t: N — M the canonical injection. With the above notation, for all y € N, we have:

Ty (M)=E; xEy, T,(N)=E,

so the mapping T, (¢) : T, (N) — T, (M) is injective and T, (M) /T, (N) = Eq
is a Banach space, said to be transversal to N (in M) at y. The dimension ny of this
space (finite or infinite) is said to be the codimension of N in M at the point y.

Corollary-Definition 2.42 further implies that:

0— T, (N) YW1, (M) 2 T, (M) /T, (N) — 0

is a short exact sequence that splits in Vec ([P1], section 3.1.4(I), Lemma-Definition
3.15), where ¢ denotes the canonical surjection.

Consider the special case where M and N are finite-dimensional. Each point y of
N has a neighborhood V' in M with local coordinates (5 L€ m) such that the m —n
last coordinates of the points of NV in V' are zero. These local coordinates are therefore
of the form:

(¢',....€",0,..,0)
and the codimension of N in M is m — n = dim, (M) — dim,, (N).

2.3.4. Immersions and embeddings

LEMMA-DEFINITION 2.43.— Let M, N be two manifolds, f : M — N a morphism,
a€ Mandb= f(a).

1) The following properties are equivalent:
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i) There exists an open neighborhood U of a in M such that f| induces an
isomorphism (of manifolds) from U onto a submanifold of N.

ii) The linear mapping T, (f) : To (M) — Ty (N) is injective and its image
splits (see section 1.2.6).

2) The morphism f is called an immersion at a if it satisfies any of the equivalent
conditions stated above. The set of points of M at which f is an immersion is an open
subset of M ; if this open set is equal to the whole of M, we say that f is an immersion,
and f (M) is called an immersed submanifold of N.

PROOF.— This is a consequence (and a reformulation) of Corollary-Definition 1.32.1

REMARK 2.44.— Let M be a topological space, N a manifold and f a mapping from
M into N. It is possible to show the following result: for a manifold structure that
makes f an immersion to exist on M (section 2.2.2(1)), it is necessary and sufficient
for the following condition (Inv) to be satisfied:

(Inv) Forall a € M, there exist an open neighborhood U of a and a chart (V, p, E)
of N at f (a) such that f (U) C V and ¢ o f induces a homeomorphism from U onto
© (V) NF, where F is a subspace of E that splits ([P2], section 3.2.2(IV)).

If it exists, this manifold structure of M is unique and is called the preimage of the
manifold structure of N under f.

COROLLARY 2.45.— Suppose that M and N are finite-dimensional. Then, a morphism
f: M — N is an immersion if and only if one of the following equivalent properties
is satisfied:

iti) There exist an open neighborhood U of a in M, a coordinate system
(7]1, e 77") of N in an open neighborhood V' of b containing f (U), and an integer
r < nsuch that 1’ o f = 0 (r < j < n) and the functions n* o f,....n" o f form a
coordinate system of M in U.

) rk, (f) = dim, (M).

PROOF.— (iii) is a special case of (i) from Lemma-Definition 2.43. The equivalence of
(ii) and (iv) is clear. [ |

DEFINITION 2.46.— An isomorphism f : M — N from a manifold M onto a
submanifold N of a manifold Z is said to be an embedding of M in Z.

REMARK 2.47.— 1) An immersion f : M — N is an embedding if and only if f (M),
equipped with the topology induced by the topology of N, is homeomorphic to M,
if so, f (M) is a submanifold of M, and f induces a diffeomorphism from M onto

f(M).
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2) An immersion is a “local embedding”; however, from a global perspective,
there are injective immersions that are not isomorphisms onto a submanifold. An
injective immersion [ : M — N is an embedding if it is proper (i.e. the preimage of
any compact set of N under f is compact in M) (exercise*: see [LEB 82], Chapter
1, section 4, Proposition 2). The manifold shown in Figure 2.4 is not embedded in R?.
However, the Earth and the Klein bottle® can be embedded in R>. The Whitney
embedding theorem states that any real paracompact p-dimensional manifold can be
embedded in R*P [WHI 44].

Figure 2.4. An immersion that is not an embedding

THEOREM 2.48.— Suppose that N is locally compact and let f : M — N be a
morphism. The graph Gr (f) of f ([P2], section 2.3.3(Il)) is a closed submanifold of
M X N, the mapping g : x — (x, f (x)) from M into M x N is an embedding, and
Tz, f(x)) (Gr (f)) is the Banach subspace of T, ¢(x)) (M x N) given by the graph of
T.(f).

PROOF.— The mapping ¢ is a continuous bijection from M onto Gr(f) whose
inverse bijection is the restriction of pry : M x N — N to Gr(f). Hence, g is a
homeomorphism. Since N is Hausdorff, Gr (f) is closed in M x N ([P2], section
2.3.3(II)). Thus, it simply remains to be shown that g is an immersion (Remark
247(1). But T, (9) = (T (1ar) , T (f)), so Ty (g) is injective. Since im (T (g))
has finite codimension in T{, f(5)) (M x N), im (T} (g)) splits in this space ([P2],
section 3.2.2(IV)). |

It is possible to show the following result ((EEL 70], Theorem 1):

THEOREM 2.49.— Let M be a real Hausdorff paracompact manifold of class C'*°
modeled on a separable Hilbert space E. There exists an embedding of class C'*°
from M onto an open set of E.

6 See the Wikipedia article on the Klein bottle.
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2.3.5. Submersions, subimmersions and étale mappings

LEMMA-DEFINITION 2.50.— Let M, N be two manifolds, f : M — N a morphism,
a€Mandb= f(a)

1) The following properties are equivalent:

i) There exist an open neighborhood U of a, an open neighborhood V of b
containing f (U) and a morphism g from U into a manifold Z such that the mapping
(f,9) : U =V x Z is an isomorphism.

ii) The linear mapping T, (f) : T, (M) — Ty (N) is surjective and its kernel
splits.

2) The morphism f is called a submersion at a if it satisfies one of the equivalent
conditions stated above. The set of points of M where f is a submersion is an open
subset of M; when this open set is equal to the whole of M, we say that f is a
submersion.

PROOF.— This is a consequence (and a reformulation) of Corollary-Definition 1.33.H

COROLLARY 2.51.— Suppose that M and N are locally finite-dimensional. A
morphism f : M — N is a submersion if and only if:

iii) There exist an open neighborhood U of a, an open neighborhood V of b
containing f (U) and a coordinate system (771, ...,77") of N in V, such that the
functions n* o f form a coordinate system of M in U.

PROOF.— The equivalence of conditions (ii) and (iii) is clear. |
Note that submersions are open mappings.

DEFINITION 2.52.— Let N be a locally finite-dimensional manifold and A some
subset of N. We say that A is locally negligible in N if, for any chart (U, ¢, n) of N,
@ (ANU) has zero Lebesgue measure in R™ ([P2], sections 4.1.1(III), 4.1.3(I)).

We will assume (2) below without proof. It was shown by A. Sard in 1943 (see
[LAN 99b], Chapter 14, Theorem 1.4, and [BOU 82a], 10.1.3(d)).

THEOREM-DEFINITION 2.53.— 1) Let M and N be two locally finite-dimensional
differential manifolds, f : M — N a morphism and a € M. We say that a is a regular
point of f if f is a submersion, i.e. if T, (f) : Ty (M) — Ty (N) is surjective.
Otherwise, we say that a is a singular or critical point of f.

2) (Sard’s theorem) Let Z be the set of singular points of f. If M is Hausdorff (and
hence locally compact) and countable at infinity, then f (Z) is locally negligible in N.
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LEMMA-DEFINITION 2.54.— Let M, N be two manifolds, a some point of M, f :
M — N a morphism and b = f (a).

1) The following conditions are equivalent:

i) There exist an open neighborhood U of a, a manifold Z, a submersion S
from U onto Z and an immersion i from Z into N such that f|, =ios:

M>US 75 N.

ii) There exist a chart (U,&,E) of M centered on a, a chart (V,n,F) of N
centered on f (a) and a mapping g € L (E; F) such that

foycv, gW)cnVv)y, fly=n"ogog
and the kernel and image of g split.

2) We say that f is a subimmersion at a if one of the equivalent conditions stated
above is satisfied. The set of points of M where f is a subimmersion is an open subset
Q of M (and $2 is dense in M if M is finite-dimensional); when this set is equal to the
whole of M, we say that f is a subimmersion.

3)If f : M — N is a subimmersion, then, for every b € N, f=1 ({b}) is a closed
submanifold Z of M, and T, (Z) = ker (T, (f)) . Writing v : T, (Z) — T, (M) for
the canonical injection, the following exact sequence splits in Vec:

0 — Tu (Z) — To (M) 2 1, (V).

4)If f : M — N is a submersion and Y is a submanifold of N, then f~ (Y) is a
submanifold of M and the mapping f~1 (Y') — Y induced by f is a submersion.

PROOF.— (1) is a reformulation of Corollary-Definition 1.34. (2): Using the charts
(U,¢,E), (V,n,F), we can reduce to the case where f = g. (3): exercise. [

The rank theorem (Theorem 1.35) can be expressed in its most natural form in the
context of manifolds (the full proof of (3) below is an exercise*: see, for example,
[SCH 93], Volume 2, Theorem 3.8.22):

THEOREM 2.55.— 1) Let M, N be two manifolds, a some point of M and f : M — N
a morphism.

1) If f is a subimmersion at a, then rk, (f) is constant in a neighborhood of a.
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2) Conversely, if rk, (f) < + oo and rky (f) is constant in a neighborhood of a,
then f is a subimmersion at a.

3) Suppose that M and N are locally finite-dimensional. Then, f : M — N is a
subimmersion at a if and only if there exist a coordinate system (51, . fm) of M at
a, a coordinate system (771, ey 77") of N at f (a) and an integer s < min (m,n) such
that

Wof=¢, 1<j<s
Wof=0 s+1<j<m,

ie. ® = no (fly) o0& ! (the local expression of f in the relevant charts) is the
restriction to £ (U) of the mapping

(€', ....6m) = (&4,...,€°,0,...,0).

Furthermore, f is an immersion (respectively a submersion) if and only if s = m
(respectively s = n).

REMARK 2.56.— The composition of two immersions is an immersion, the composition
of two submersions is a submersion. However, the composition of two subimmersions
is not a subimmersion in general (exercise).

Theorem 1.29 leads to the following result:

LEMMA-DEFINITION 2.57.— Let M, N be manifolds, f : M — N a morphism and
a € M.

1) The following conditions are equivalent:
i) T, (f) is bijecitve.

ii) There exist an open neighborhood U of a and an open neighborhood V' of
f (a) such that f induces an isomorphism from U onto V.

iii) f is both an immersion and a submersion at a.

2) Whenever these conditions are satisfied, we say that f is étale or is a local
diffeomorphism at a (section 1.2.6(Il)). If these conditions hold for every a € M,
we say that f is étale (or an étale mapping or a local diffeomorphism) and that the
manifold M is étale over N (relative to f).
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2.3.6. Submanifolds of K"

(I) PARAMETRIC REPRESENTATION OF A MANIFOLD Let E be an n-dimensional
vector space over K. The following lemma is a reformulation of Corollary-Definition
2.42:

LEMMA 2.58.— A set M C E is a p-dimensional manifold if and only if, for every
point a € M, there exist a neighborhood V' of a in E and a mapping z : U — E,
where U is an open subset of KP (p < n), and z is a homeomorphism from U onto
M NV such that Dz (u) has rank p for every u € U. If so:

MNV={z(u):ueU}.

Given ug such that a = z (ug), the affine tangent space T, (M) of M at the point
ais:

{reE:JuekKP,x—a=Dz(up).(u—1up)}.

For example, let M be the circle of center 0 and radius ® > 0. Letz : R —
R? : u + (71, 22) with 21 = Rcos (u), xo = Rsin (u), and a; = Rcos (ug), ag =
Rsin (up) . The tangent to M at the point @ = (a1, az) is the set of points z = (1, x2)
such that z1 —a; = —Rsin (ug) (u — up) and x3 —ag = Rcos (ug) (u — ug) ,u € R.

(IT) IMPLICIT REPRESENTATION OF A MANIFOLD

THEOREM 2.59.— A set M C E (E =2 K") is a p-dimensional manifold (p < n) if
and only if, for each point a € M, there exist an open neighborhood () of a in E and
a submersion f : Q0 — K" P such that

MNQ={XeQ:f(X)=0}.

The affine tangent space T, (M) is then given by
{X€e€E:Df(a).(X —a)=0}. [2.7]

PROOF.— This follows from Lemma 2.58 and the implicit function theorem
(Theorem 1.30). |

EXAMPLE 2.60.— (1) In three-dimensional Euclidean space, consider a surface, i.e. a
real submanifold of dimension 2. This surface can be described in the neighborhood
of the point a = (xg, Yo, z0) by some equation f (X) = 0, X = (z,y, z), where the
Sunction f is real, is of class C" and has non-zero gradient (Definition 1.8) grad,, (f)
(i.e. a is a regular point of f); grad, (f) is the vector with coordinates % (a), %{L(a),
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g—f: (a) . The tangent plane to the surface at the point a is orthogonal to grad, (f)
and is therefore generated by the vectors h such that (grad, (f) |h) = 0, namely

Df (a) .h = 0. Thus, the affine tangent plane has the equation D f (a) . (X — a) = 0.

For example, the sphere of center 0 and radius R > 0 has the equation
f(z,y,2) = 0, where f(x,y,2) = 2% + y*> + 22 — R? and grad, (f) = 2
(z0, Yo, 20) = 2a. The tangent plane at the point a therefore has the equation

xo (x —x0) +yo (¥ — vo) + 20 (2 — 20) = 0.

2) Under the same conditions, a curve in three-dimensional Euclidean space is
the intersection of two surfaces. It is locally described by the equation f (X) = 0,
X = (z,y,2), where f = (f1, f2) is of C", and the tangent to this curve at the point
a is given by the equation [2.7].

2.3.7. Products of manifolds

(D) Let M7, M be two manifolds and let ¢; = (U, ;, E;) be a chart of M; (i = 1,2).
The triple ¢1 X ¢o := (Uy x Uz, 1 X 2, Eq x Eg) is a chart on the set M7 x My.
On M; x M, there exists a unique manifold structure such that, for any charts c;, co
of My, M, respectively, c; X co is a chart of M7 x Ms. The manifold M x Ms is the
product of My, Ms in the category of manifolds ([P1], Section 1.2.6(I)).

The canonical projection pr; : My x My — M, is a morphism (¢ = 1,2) and, if
mr; 18 its tangent linear mapping at the point (a1, as), the mapping

(7T177T2) : T(a1,a2) (Ml X MQ) — Tal (Ml) X Ta2 (MQ)

is an isomorphism that identifies these two spaces. The injection
Ty, (My) = Tiay,a,) (M1 x My) resulting from this identification is the tangent
linear mapping of the morphism x; — (21, as) at a;. An analogous result holds for
ﬂb2 (MQ) — T(al,ag) (M1 X Mg) .

(II) Let M7, My, N be three manifolds, f : M7 x My — N a morphism and (a1, as) €
M; x Ms. The tangent linear mapping of the partial mapping f (., a2) (respectively
f(a1,.)) is denoted by T(,, ., (f) (respectively T¢, .+ (f)). Forall u; € T, (M;)
(i =1,2), we have (see [1.6])

T(al,ag) (f) . (ul, U.2) = T(ltzl,aQ) (f) up + T(2a1,a2) (f) RIDH

(II) IMPLICIT FUNCTION THEOREM The following result can be deduced
immediately from Theorem 1.30:
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THEOREM 2.61.— (Implicit function) (1) Suppose that T(zalm) (f) is bijective. There
exists an open neighborhood U; of a; in M; (i = 1,2) satisfying the following
property: for all x1 € U, there exists a unique point g (x1) of Us such that
f(x1,9(x1)) = f (a1, a2) and g is a morphism from Uy into Us. For all x1 € Uy,

—1
_ 2 1
Ty (9) = — (T(:I;17g(:1;1)) (f)) ° T({L'17g((1;1)) (f)-

2) In particular, let M, N be manifolds, f{ : M — N a morphism and © some
point of M. The following conditions are equivalent:

i) The tangent linear mapping T,, (f) is an isomorphism.
i) f is a local diffeomorphism (Lemma-Definition 2.57(2)).
If M and N are finite-dimensional, these conditions are also equivalent to:

iii) rk,, (f) = dim, (M) = dimj(,) (N).

2.3.8. Transversal morphisms and manifolds

The following generalizes the notion of transversal space at a point to manifolds
(Corollary-Definition 2.42).

LEMMA-DEFINITION 2.62.— Let M, N be manifolds, f : M — N a morphism and
Ny a submanifold of N.

1) Let © € M such that f (x) € Ny. The following conditions are equivalent:

i) Let (V,n,F) be a chart of N centered on f (x) such thatn : V — Wy x Wy
is an isomorphism onto a product, with

H(NlﬂV):Vl X{O}

Then, there exists an open neighborhood U of x in M such that the composition
fly 7 pra
U—V —W; xWy — W,y
is a submersion.
ii) The composition
Ta(f)
Ty (M) = Ty(a) (N) — Tpa) (N) /Ty (M)

is surjective and its kernel splits.
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2) If the equivalent conditions in (1) are satisfied, then the morphism f is said to
be transversal over Ny at x. If they are satisfied for every x € M, f is said to be
transversal over Nj.

3) Suppose that N is a submanifold of M and let y € N. Then, the canonical
injection . : N — M is transversal over {y}; in other words, the Banach space
T, (M) /T, (N) is transversal to N at y (Corollary-Definition 2.42).

4) If f is transversal over Ny, then f~' (Ny) is a submanifold of M. (In (3), this
is trivial, since .= ({y}) = {y}.)

5) Let N1 and N4 be two submanifolds of N and let y € N1 N Na. The following
conditions are equivalent:

i’) The canonical injection 11 : N1 — N is transversal over Ny at y.

ii’) Ty (N) =T, (N1) + T, (N2) and T, (N1) N T, (Na2) splits in T, (N) (the
latter part is automatically satisfied when N is a Hilbert manifold).

6) If the conditions of (5) are satisfied, we say that N1 and Ny are transversal
at the point y € Ny N Na. This concept is symmetric in N1, No. If Ny and Ny are
transversal at every point of N1 N Na, we say that N1 and N4 are transversal.

PROOF.— (1): This is a consequence of Corollary 1.33. (4): we have
(praono flu)  ({0}) =~ (N1 NV). Since pro oo f |y is a submersion and
hence a subimmersion, =1 (N; N'V) is a submanifold of M by Lemma-Definition
2.54(3), and the same is true for =1 (Ny) .

5) The surjectivity of the composition defined in (1)(ii) is equivalent to having

T2y (N) =T; (f) (T (M) + Ty(ay (N1) - [2.8]

This condition can be taken as the definition of the transversality of f over [V at
x when the manifolds M, N and N; are locally finite-dimensional ([DIE 93],
Volume 3, section 16.8, Problem 9). In the situation considered in (5)(i’), consider
the composition

T, () ) 1, (N) 25 T, (N) /T, (V)

where ¢ is the canonical epimorphism. Then, [2.8] becomes T}, (N) = T, (N1) +
T, (N3), and moreover

ker (g 0 T (11)) = {hy € Ty (N1) : 2 (hy) = 0} =T}, (N1) N Ty, (N2) .

This completes the proof of (5). |
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EXAMPLE 2.63.— In the plane, two curves Ny, Ny are transversal at the point y €
Ny N Ny if and only if their tangents at y are not collinear. In everyday space, a
sphere N1 and a plane No such that Ny N No # & are transversal if and only if N is
not tangent to N1.

It is possible to show the following result (exercise*; see [BOU 82a], 5.11.8):

THEOREM 2.64.— Let N1, No be transversal submanifolds of N. Then, Ny N N is a
submanifold of N and T,, (N1 N N3) = T, (N1) NT, (N2) .

LEMMA 2.65.— Let E be a Banach space. The diagonal Ag in E x E (i.e. the set of
(z,z), € E) is a subspace that splits and hence a closed submanifold of E x E.
Similarly, if M is a manifold, the diagonal Ay in M x M is a submanifold of M x M.

PROOF.— We have Ag = f~! ({0}), where f : E x E — E is defined by f (z,y) =
x — y. Since f is continuous linear, A is a closed subspace of E x E. The factor
E x {0} of E x E is a complementary subspace A, since

{(,y): (z,y) e ExXE} ={(2,0): 2 € E} & {(y,y) : y € E}.

However, E x {0} splits in E x E. It follows that Ag, splits in E x E and hence
is a closed submanifold of E x E; similarly, A, is a submanifold of M x M by
Definition 2.41. |

DEFINITION 2.66.— Let M, N, Z be manifolds and let f : M — Z, g : N — Z be
morphisms. We say that f and g are transversal if the morphism

fxg:MxXN—ZxZ
is transversal over the diagonal.
This implies that, for any pair (z,y) € M x N such that z =: f (z) = g (y),
T.(2) = T: (f) (T (M)) + T, (9) (T, (N)) -
This condition is also sufficient to guarantee that f, g are transversal whenever M,
N, and Z are finite-dimensional.

REMARK 2.67.—If f or g is a submersion, then the morphisms [ and g are
transversal.
2.3.9. Fiber product of manifolds

(I) Consider manifolds M;, Ms,Z and transversal morphisms f; : M; — Z,
f2 : My — Z (Definition 2.66). Then, {(1‘1,1}2) € My x M : f1 (,’El) = f2 (1‘2)} =
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(fi % f2) ' (Az). This set P is a submanifold of M x N by Lemma 2.65 and
Lemma-Definition 2.62(4). Equipped with the natural morphisms into M; and M,
(obtained from the projections), P is a fiber product ([P1], section 1.2.7) M7 Xz M,
of f1, fo over Z in the category of manifolds. Write f; Xz fo for the morphism
h: P — Z suchthat f (x1) = fa (z2) forall (z1,22) € P.

(II) GLUING OF LOCAL FIBER PRODUCTS Fiber products can be obtained by gluing
together locally constructed fiber products: simply consider an open covering (W;),
of Z. If the fiber product P; = U} xy, U2 exists for every i € I, with U7 = [ (W)
(i = 1,2), then the union P of the P; is the fiber product M; x z Ms and P; is open
in P ([LAN 99b], Chapter 2, Proposition 2.6).

2.3.10. Covectors and cotangent spaces

Let M be a manifold and a some point of M.

DEFINITION 2.68.— i) A cotangent vector (or covector) at a is an element of the dual
T (M) of the tangent space T, (M).

ii) The space T,/ (M) is called the cotangent space of M at a.

LEMMA 2.69.—Let f : M — K be a morphism. Then, the differential d,f is a
cotangent vector at a.

REMARK 2.70.—If M is locally finite-dimensional, —we know that
T, (M) = (CT (M) /ST (M))" (Corollary-Definition 2.30), so (with the canonical
identifications)

T,/ (M) = C; (M) /Sg (M).

THEOREM 2.71.— Let M be a locally finite-dimensional manifold, a € M,
¢ = (U,&,m) a chart of M centered on a, and (§j)1<j<m the system of local
coordinates associated with c. Then, a basis of the cotangent space TY (M) is given

by (dafj)lggm’ the dual basis of <(%>(L>1§1§m, where the duality bracket is
defined by the expression [2.10] below.

PROOF.— We know that ((%) ) is a basis of the tangent space T, (M)
a’/ 1<1<m

(Lemma 2.28). Every element of T, (M) is a linear form f — L (f) , where L (f)

is of the form [2.2], and f € CT (M) /ST (M) denotes the canonical image of a
germ (Q, f) € CT (M) at the point a € U in the quotient space C? (M) /ST (M).
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This canonical image f can be identified with the differential d, f. In particular, for
every j € {1,...,m}, d,&? belongs to TV (M). We have:

dof = ) ((;;)af) o€, [2.9]

1<j<m

$0 (dafj)léjgm is a basis of 7)Y (M). Finally, in the dual space 7)Y (M), every
element v¥ can be written as v¥ = >, . v;h;;, where v; = (v¥ hg),
(haj)i<jcm is a basis of T, (M), and (ht\l/j)1§j§m is the dual basis. Let
(—, =) : T, (M) x T, (M) — K be the duality bracket. The expression [2.9] leads
us to write

(ot (55),) = (@), +

More generally,
X,= > o (%) €T (M) = (duf, Xa) = Y aj(agj) . [2.10]
1<j<n ¢ 1<j<n ¢

With X, = (%)a and f = £, it is straightforward to check that

= (0, (8),) = ()€ =5

or in other words,

(e () )

which means that (d,&7)

1< j<m i the dual basis 0f<(%) ) _ -
o "/ a/1<1<m

2.3.11. Cotangent linear mapping

Let M, N be two manifolds, f : M — N a morphism, and a € M. We have
Jea 2 Ty (M) — T, (N) with b = f (a). The transpose ([P2], section 3.5.3) ! f, :
Ty, (N)" — T, (M)" of this continuous linear mapping is called the cotangent linear
mapping at the point b.
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2.4. Lie groups and their actions
2.4.1. Lie groups

(I) NOTION OF A LIE GROUP A topological group G is a group equipped with
a topology that makes the mapping G x G 3> (x,y) — z.y~! € G continuous
([P2], section 2.8.1). If this group G is a finite-dimensional K-manifold (respectively
Banach manifold, respectively Fréchet manifold, respectively (M) manifold, etc.)
and the mapping (z,y) — xy~! is a morphism of manifolds of the same type, G
is said to be a finite-dimensional Lie K-group (or simply a Lie group if K is clear
from context) of class C" or ¢”, depending on the case. We will see in (V) below
that G is a pure manifold; hence, it is locally finite-dimensional if and only if it is
finite-dimensional.

If K is the field of real numbers, the above still holds if we simply assume that
r > 1; however, it can be shown that a Banach Lie group is analytic if and only if it
is of class C" with r > 3 [MAI 62]. Throughout the rest of this chapter, every (real
or complex) Lie group is of class C*. The morphisms of the category LieGrp of Lie
groups are therefore the morphisms of groups of class C“.

THEOREM 2.72.— Any Banach Lie group G is a metrizable, complete and locally
connected topological group.

PROOF.— Since the neutral element e of G has an open neighborhood that is
homeomorphic to an open ball of a Banach space, {e} is closed in G, so G is
Hausdorff; furthermore, e has a countable fundamental system of neighborhoods,
which means that G is metrizable ([P2], section 2.8.1(IL)). It is complete by Theorem
2.6. Finally, like any other manifold (Lemma 2.2), G is locally connected. |

It can be shown that, if G, G’ are two real Lie groups and ¢ : G — G’ is a
morphism of topological groups, then ¢ is analytic, and hence a morphism of Lie
groups ([BOU 82b], Chapter 3, section 8, Theorem 1). This result fails for complex
Lie groups (ibid., exercise 1).

COROLLARY 2.73.— Every finite-dimensional Lie group G is locally compact; if it is
connected, its topology has a countable base.

PROOF.— By Theorem 2.72, G is Hausdorff, and hence locally compact by Lemma
2.7. If G is connected, it is countable at infinity by Corollary 2.8, so its topology has
a countable base by ([P2], section 2.3.9(II), Theorem 2.53). |

A Lie group of dimension 7 is also known as an n-parameter Lie group. A complex
Lie group can be viewed as a real Lie group by restricting attention to its real analytic
manifold structure, which is described as the underlying real Lie group.
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EXAMPLE 2.74.—i) Any group equipped with discrete topology is a discrete
topological group (e.g. Z with the discrete topology). Any such group also has a
discrete manifold structure (Example 2.4(2)) and is therefore a Lie group (of
dimension 0).

ii) Any Banach space E is a Lie group (with respect to its abelian group structure).

iii) The n-dimensional torus T = (R/Z)" is an abelian Lie group that coincides
with the circle S! in the case n = 1.

It is possible to show the following result ((BOU 82b], Chapter 3, section 6.3,
Proposition 6):

LEMMA 2.75.— Every connected, complex, compact Lie group is commutative.

(IT) LIE SUBGROUPS AND LIE QUOTIENT GROUPS A Lie subgraup H of a Banach
Lie group G is a subgroup of G that is also a submanifold of G (section 2.3.3). This
implies that H is closed in G ([BOU 82b], Chapter 3, section 1.3, Proposition 5). The
quotient G/H of a Lie group G by a normal Lie subgroup H is a Lie group G/H
and the sequence

{1} - H—G— G/H— {1}

is said to be exact in LieGrp. If H and L are normal Lie subgroups of G with
L C H, then H/L is a normal Lie subgroup of G/L and the group isomorphism
G/H = (G/L) / (H/L) (Noether’s third isomorphism: see ([P1], section 2.2.3(II)))
is an isomorphism of Lie groups (exercise*: see [BOU 82b], Chapter 3, section 1.6,
Corollary).

In finite dimensions, we have the following theorem. The first part (the Cartan—von
Neumann theorem) is classical; the second is less widely known and was established
by Kuranishi and Yamabé in 1949:

THEOREM 2.76.— 1) Cartan—von Neumann theorem: Any closed subgroup H of a real
Lie group G of finite dimension” is a Lie group (when G is a complex Lie group, any
closed subgroup H of G is a real Lie subgroup of G but not necessarily a complex Lie
subgroup).

2) Kuranishi-Yamabé theorem: Any arc-connected subgroup ([Pl], section
3.3.8(VII)) of a real finite-dimensional Lie group is a Lie subgroup.

7 This result was given by von Neumann in 1927 in the case where G = GL, (R) and
extended by Cartan [CAR 52] to the general case considered here in 1930. It fails in the infinite-
dimensional Banach case ([BOU 82b], Chapter 3, section 8, Exercise 2).
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PROOF.— (1): See ([BOU 82b], Chapter 3, section 8.2, Theorem 2). (2): See
[YAM 50]. |

Let G be a topological group and e its neutral element. The connected component
of e ([P2], section 3.3.8) is said to be the neutral component of G and is written as
G’ . It is a closed and normal topological subgroup of G (exercise*: see [BOU 74],
Chapter 3, section 2.2, Proposition 8). The quotient group G/ G is totally
discontinuous ([P2], section 1.1.12(III)) and, if G is locally connected, G’ is open
in G and G/GO is discrete.

COROLLARY 2.77.— The neutral component G’ of a real finite-dimensional Lie group
is a normal Lie subgroup such that G/G is a discrete Lie group.

(IIT) PRODUCTS AND SEMI-DIRECT PRODUCTS OF LIE GROUPS If H and H’
are two Banach Lie groups, the product H x H' of these two groups ([P1], section
2.2.1(II)) is a Lie group by section 2.3.7, called the direct product of H and H'. In
this case, any two elements (h,e’) and (e, h’) of H and H’ (viewed as subgroups of
G = H x H') commute. A more general situation is when the Lie group G is of the
form H.K where HN K = {e} and H is a normal subgroup of G.

LEMMA 2.78.— In this situation, every element g of G can be uniquely written in the
formh.k (h € H, k € K), and G is an extension of K by H ([P1], section 2.2.2(II)),
i.e. the short sequence in Grp given by

{1} —H—G— K — {1}
is exact.

PROOF.— By Noether’s second isomorphism theorem ([P1], section 2.2.3(II)),
G/H=K/(KNH) = K. Hence, writing ¢ : G — G/H for the canonical
epimorphism, we have ¢(G) = K. Suppose that h.k = h'.k'; then
¢ (h.k) =@ (W.K'),sok =k, and therefore h = h'. The rest is clear. |

DEFINITION 2.79.— In the above conditions, the group G is called the semi-direct
product of K by H and is written in the form H x K or K x H.

If H and K are Lie groups, their semi-direct product is a Lie group (exercise). If
k € K, 11, : h — h.k~1.his an automorphism of H and k + 7, is a homomorphism
from K into Aut (H) that determines the composition law of G from the laws of H
and K, since (h.k).(W'.K') = h.(kh K7') . (kE) = hz (W) (kK). We
sometimes write that H x .- K instead of H x K.

LEMMA 2.80.— Let G be a connected topological group, e its neutral element, and V
a neighborhood of e.
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i) The topological group G is generated by V, i.e. G = V°°, where V°° is the set
of 1l zi (x; € V,n €N).

ii) Every Hausdorff topological group with the property (i) is locally compact and
countable at infinity.

PROOF.— (i): By replacing V with the interior of V' N V! if necessary, we may
assume that V' is open and symmetric. Let o = H?:l x;; then zo.V is open ([P2],
section 2.8.1(I)) and contained in V°°; V°° is therefore open, since it is a
neighborhood of each of its points. Let 2 € V> the set z.V is open and
rVNV>® #£ @ Letyy € x.V NV, then yo is of the form . [}, z;, z; € V.
Therefore, z = yo. ([[}—, 2;)”' € V°°, and V™ is closed, since it is equal to its
closure. Since G is connected, V> = G ([P2], section 2.3.8). (ii): exercise. |

(IV) LocAL LIE GROUPS

DEFINITION 2.81.— An open neighborhood of the neutral element of a Lie group is
called a local Lie group8. A morphism of manifolds of class C*, p : U — U’, where
U and U’ are local Lie groups, is said to be a local morphism (of Lie groups) if

o(ry) =@ (x).@y) foralz,ycU.

The local Lie groups and local morphisms form a category. We can similarly
define local isomorphisms, monomorphisms and epimorphisms. If U, U’ are open
neighborhoods of the neutral elements of the Lie groups G, G/, respectively, and ¢ is
a local morphism (respectively epimorphism) from U into U’, then we say that ¢ is a
local morphism (respectively epimorphism) from G to G’.

DEFINITION 2.82.— Two Lie groups G, G’ are said to be locally isomorphic if there
exists a local isomorphism from G to G'.

By section 2.3.3, we have the following result:

LEMMA 2.83.—If two Lie groups G,G’' are locally isomorphic, then
T. (G) 2T (G).

COROLLARY 2.84.— Let G be a simply connected Lie group. If f is a local morphism
from G to G/, then there exists a unique morphism of Lie groups | : G — G/’ that
coincides with f in a neighborhood of e.

8 This notion coincides with that of a Lie group germ ([BOU 82b], Chapter 3, section 1.10)
in finite dimensions. In the Banach case, however, there exist Lie group germs that cannot be
embedded in a Lie group ([EEL 66], section 3, p. 762), thus it is necessary to take a more
complicated definition of a Lie group germ ([BOU 82b], Chapter 3, section 1.10, Definition 5).
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PROOF.— The uniqueness follows from Lemma 2.80, since f is determined by a set
of generators of G. For a proof of existence, see ([HAU 68], Part I, section 2,
Theorem 7). u

THEOREM 2.85.— If two simply connected Lie groups G, G’ are locally isomorphic,
then they are isomorphic.

PROOF.— Let f be a local isomorphism from G to G/, f1 its local inverse, and f
GG and f; : GG the isomorphisms deduced from it by Corollary 2.84. It is
immediate that f1 is the inverse of f and hence the latter is an isomorphism. |

(V) TRANSLATIONS The left and right translations

A(s):x—sx, p(s):x—xs! [2.11]

of a topological group G are analytic diffeomorphisms when G is a Lie group, and
hence every Lie group is a pure manifold. These translations are also automorphisms
of the group G, since®

A(st)y=A(s)oA(t), p(st)=p(s)op(t).

LEMMA 2.86.— The operators A(s),p(t) commute. The following conditions are
equivalent: (a) G is commutative; (b) X (s), X (t) commute for all s,t € G; (c)
p (8), p (t) commute for all s,t € G.

PROOF.— For every # € G, (A(s)op(t))(z) = sxt™ = (p(t)oX(s))(z).
Furthermore, (A(s)oA(¢))(z) = s.t.x and (A(t)oA(s))(z) = t.s.x, so
A(s)oA(t) =A(t) o A(s)if and only if s.t = t.s. [

(VI) CLASSICAL LIE GROUPS Let K be a field; ever since H. Weyl [WEY 53], the
term “classical groups” has been used to describe the group GL, (K) and its
subgroups that fix quadratic forms (orthogonal group), Hermitian forms (unitary
group), or alternating forms (symplectic group). We will also include the algebraic
linear groups ([P2], section 1.3.3) and their quotients by their respective centers
under the same terminology. For a more detailed presentation of these groups when
K is an arbitrary (possibly non-commutative) division ring, see [DIE 63, DIE 73]
(see also [PER 96] for the case where K is commutative). The next section lists the
classical groups and their key properties when K = K; in this case, they are all Lie
groups.

Let E be a Banach space over K; then the group GL(E) C L(E) of
automorphisms of E is a Banach Lie group. Let E be a complex (respectively real)
Hilbert space; then the unitary group (respectively orthogonal group) U (E)

9 This explains why the expressions [2.11] seem non-symmetric at first glance. Greek-to-
English memory aid: X left, p right.
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(respectively O (E)) ([P2], section 3.10.3(I)) is a Lie subgroup of GL (E). If E has
dimension n, GL (E) is the general linear group GL,, (K) ([P1], section 2.3.11(I)).
This group is not compact, since the continuous mapping det : GL,, (K) — K is
surjective and K is not compact; U (E) (respectively O (E)) is written as U, (C)
(respectively O,, (R)). All of these groups can be identified with groups of n x n
matrices with respect to an orthonormal basis. The subgroup of GL,, (K) formed by
the matrices of determinant 1 is the special linear group SL,, (K); this is the derived
group of GL,, (K) ([P1], section 2.3.11(III)). The groups GL, (C) and U,, (C) are
connected ([GOD 17], section 3.11), and SL,, (C) is simple and simply connected
([DIE 93], Volume 5, (21.18.11)). It can be shown that GL,, (K) /SL,, (K) & K*
(exercise).

Every algebraic subgroup of GL,, (R) ([P2], section 1.3.3) is a Lie subgroup by
the Cartan—von Neumann theorem (Theorem 2.76(1)). The Lie group GL,, (R) has
two connected components: the component written as GL," (R) of matrices with
determinant > 0 (this is the neutral component GL,, (R)°) and the component of
matrices with determinant < 0. The general orthogonal group O,, (K) of orthogonal
n X n matrices (i.e. the set of matrices A € 9, (K) satisfying A.AT = I,,) is also a
Lie group. If A € O, (K) and d = det (A), then d = =+1, so O,, (K) has two
connected components, namely SO,(K) = SL, (K) N O, (K) (the special
orthogonal group of rotation matrices, also written as O;7 (K)) and O;, (K); SO,,(K)
is a normal subgroup of O,, (K) but not of SL,, (K) (exercise). The groups O,, (K)
and SO,,(K) are compact if and only if K = R (exercise); furthermore, SO,,(R) is
connected (but not simply connected), abelian, and isomorphic to the torus T
(Example 2.74(iii)) for n = 2, as well as simple for n = 3 and n > 5. The group
SL,, (K) is not compact for n > 2; for example, for all z € K, the matrix

1z

A(z) = [0 1} belongs to SLy (K) but lim |, o [|A (2)] = 400.

The special unitary group SU,, (C) of matrices A € U,, (C) satisfying det (A) =
1 is compact, as is U, (C) (exercise). It is furthermore a simple Lie group and is
simply connected for every n > 2 ([DIE 93], Volume 3, (16.30.6)).

The general and special linear groups act canonically on the affine space 2ff (K),
and the general and special orthogonal groups act canonically on the Euclidean space
Cuc,,. The projective groups considered below act canonically on the projective
space P, (K) (see section 3.5.7). The general projective  group
PGL,, (K) = GL,, (K) / (3 (GL,, (K))), where 3 (.) denotes the center of the group
in parentheses, is also a Lie group by (II); furthermore, 3 (GL,, (K)) = K*.I,,. The
special projective group PSL,, (K) is the canonical image of SL,, (K) in PGL,, (K),
i.e. SL,, (K) / (3 (SL,, (K))) ; we have 3 (SL,, (K)) = u,,, the group of n-th roots of
unity in K ([P2], section 1.1.5(III)); PSL,, (K) is therefore a Lie group and
PSL, (K) = PGL, (K)O. But PGL,, (C) is connected, so PSL,, (C) = PGL,, (C),
whereas PGL,, (R) is connected if n is odd and has two connected components if 7 is
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even ([SHA 97], Chapter 8, Lemma 1.2). The group PSL,, (K) is simple if n > 2
([DIE 63], Chapter 2, section 2; [PER 96], Theorem 4.1). The Lie groups PGL,, (K)
and PSL, (K) are locally isomorphic to SL, (K) (exercise). The projective
orthogonal group PO,, (K) = O,, (K) /{%I,} is also a Lie group by (II), as is the
projective special orthogonal group PSO,, (K) = SO, (K)/ (3 (SO,(K))), where
3(S0,(K)) = {I,} if nis odd and {£1,} if n is even; PO,, (K) and PSO,, (K) are
locally isomorphic to O,, (K) (exercise). Note that the group PSO,, (R) is simple if
n = 3orn > 5 and that PSO4 (R) 2 SO3(R) x SO3(R) ([PER 96], Chapter 6,
Theorem 7.1 and Chapter 7, Theorem 3.2). Finally, the projective unitary group is
PU,, (C) = SU,, (C) / (3 (SU,, (C))), where 3 (SU,, (C)) = (Z/nZ) .1,; this group
is simple ([DIE 63], Chapter 2, section 5) and locally isomorphic to SU,, (C).

The symplectic group Sp,,, (K) is the (simple and non-compact) subgroup of

GLs, (K) consisting of the matrices A that satisfy A7.JJA = .J, where
J = [_(} I(’;} _Note that JT = J-! = —J and Sp,, (K) C SLon (K) with

equality for n = 1; Sp,, (C) is simply connected. The unitary symplectic group
USp,,, = Sps, (C) N Uy, (C) is simply connected for n > 3 ((WEY 53], Theorem
8.12B). The projective symplectic group PSp,, (K) = = Sp,, (K)/{£I}
({£I} = 3(Spy, (K))) is simple ([DIE 63], Chapter 2, section 5) and locally
isomorphic to Sp,,, (K).

The general affine group A, is the subgroup of GL,, ;1 (R) consisting of matrices

of the form Fg q] , where Q € GL,, (R) . Identifying R™ with the subgroup of A,, of

I, v
01
affine orthogonal group E,, = O,, (R) x R™ and the affine special orthogonal group
SE,, = SO,, (R) x R™.

matrices of the form gives A,, = GL,, (R) x R™. We can similarly define the

Write D,, (K) (respectively T,, (K), respectively ST,, (K), respectively N,, (K))
for the subgroup of GL,, (K) of diagonal matrices (respectively of upper triangular
matrices, respectively of upper triangular matrices with determinant 1, respectively
of upper triangular unipotent matrices — i.e. whose diagonal elements are equal to 1).
These are Lie subgroups of GL,, (K) .

(VII) REPRESENTATION OF A LIE GROUP Representations of a group in a
finite-dimensional space were defined in ([P2], section 1.3.2). This concept can be
generalized as follows:

DEFINITION 2.87.—Let G be a Lie group and ¥ a Banach space. A linear
representation of G in F is a morphism from G into GL (F), or in other words an
analytic mapping p : G — GL(F) such that p(g.g") = p(g).p(g") for all
9.9 €G.
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The mapping x + g~ '.z.g is called the interior automorphism Int (g) of G. The

tangent linear mapping 7. (Int (g)) (from 7, (G) into T, (G)) is written as Ad (g) .
We therefore have Ad (g) : he — g~ '.h..g and Ad : g — Ad (g) is a homomorphism
from G into GL (T, (Q)) .

DEFINITION 2.88.— The homomorphism Ad : G — GL (T, (G)) is called the adjoint
representation of G.

2.4.2. Manifolds of orbits and homogeneous manifolds

(I) MANIFOLDS OF ORBITS Let G be a K-Lie group and M a K-manifold of class
C" (r € {oo,w} NNg). We say that G acts left differentiably (respectively left
analytically) on M (or that its left action on M is infinitely differentiable,
respectively analytic) if K = R and » = oo (respectively if » = w) if there is left
action of G on M ([P1], section 2.2.8(I))

GxM> (s,z) > sx=m(s,x) e M

that is of class C" as a mapping from G x M into M. It is always assumed that
e.x = x for every x € M, where e is the neutral element of G. We can similarly
define right differentiable or analytic actions of G on M. The adverbs differentiably
and analytically can be omitted whenever they are implicitly clear from context. Left
and right continuous actions of a topological group on a topological space can be
defined similarly. Like in [2.11], we set A (s) 2 = s.2, p (s) * = 2.5~ ! and:

Ty (A(s)).hy =sh,, T.(p(s)).h, =h,.s™". [2.12]

LEMMA 2.89.— The mappings h, — s.h, and h, — h,.s™! are isomorphisms of
Tvs from T,, (M) onto T .. (M) and from T,, (M) onto T,, ;-1 (M) respectively.

PROOF.— We have A (s™1) .A(s).z = z, so A(s) is an automorphism of M; by
Theorem 2.37, T, (A (s)) is therefore an isomorphism of Tvs from T (M) onto
T, (M). Similarly, T, (A(s)) is an isomorphism of Tvs from T, (M) onto
T, o1 (M). m

Suppose that the Lie group G has a left action on the manifold M. Write
h, — sh,, g;— g [2.13]
for the tangent linear mappings Ty (m (s,e)) : T, (M) — Ts,(M) and
T, (m(e x)) : Ts (G) — T, (M). By the Leibniz rule [1.9], the tangent linear

mapping of m at the point (s, x) is then given by:

T(s,z) (M) (g5, hy) = s.hy + gs.2. [2.14]
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LEMMA 2.90.— If M is locally finite-dimensional, m is a submersion from G x M
onto M.

PROOF.— By [2.14], T\ ;) (m) is surjective from T (G) x T}, (M) onto T . (M).
If Ty . (M) is finite-dimensional, then ker (T(SJ) (m)) has finite codimension and
hence splits in T (G) x T, (M) ([P2], section 3.2.2(IV)). [ |

For every x, 2’ € M, write x ~ ' if 2’ belongs to the orbit G.x of z, i.e. if there
exists s € G such that 2’ = s.z ([P1], section 2.2.8(I)). Then, ~ is an equivalence
relation and the set of equivalence classes, written as M /G, is called the set of orbits
(if G instead has a right action on M, the set of orbits is written as G\M). Let
7 : M — M /G be the canonical surjection and let O be the set of subsets U of M/G
such that 71 (U) is open in M. Then, O is the finest topology on M /G that makes
7 continuous. Equipped with this topology, M /G is called the space of orbits.

LEMMA 2.91.— Suppose that M is locally finite-dimensional.

1) For every x € M, the mapping m,, : s — s.x from G into M is a subimmersion
of constant rank and the stabilizer S, of © (i.e. S, = {s € G :s.x =z}) is a Lie
subgroup of G.

2) The stabilizers of any two points belonging to the same orbit are conjugate
([P1], section 2.2.2(IIl)).

3) A necessary and sufficient condition for the space of orbits M /G to have a
Hausdorff differential (respectively analytic) manifold structure that makes m™ a
submersion is for the graph Gr (~) of ~ to be a closed submanifold of M x M. This
differential (respectively analytic) manifold structure of M /G is then unique; the
manifold M /G is called the manifold of orbits of the action of G on M.

4) Suppose that the manifold of orbits M /G exists. Then, for all x € M, the orbit
G. z is a manifold and the canonical isomorphism ¢, : G/S, — G.x ([P1], section
2.2.8(1)) is a diffeomorphism.

PROOF.— (1) The mappings u : g5 +—> ( ) gsand v : hg, — (tsfl) .h, , are
isomorphisms from 7T, (G) onto T;(G) and from T, (M) onto T;, (M)
respectively. Let f; = T (m,) and f; = T} (m,); then the following diagram
commutes:

fS\L \Lft

so m,, has finite and constant rank and hence is a subimmersion by Theorem 2.55(2).
S_ is therefore a Lie subgroup of G by Lemma-Definition 2.54(3). (2): Let g € G be



90 Fundamentals of Advanced Mathematics 3

such that y = ¢.z. Since S;.z = x, we have S;.¢ L.y = ¢ 1.y, 50 ¢.S,.¢g L.y = .
Hence, S, = §.Sz.¢g~ ", which means that S, and S, are conjugate. (3) If 7 is a
submersion, the same is true for

axm:MxM— (M/G)x (M/G)

and we have Gr(~) = (rxm) '(A), where A is the diagonal of
(M/G) x (M/G) . But A is a submanifold of (M/G) x (M/G) (Lemma 2.65), so
Gr (~) is a submanifold of M x M (Lemma-Definition 2.54(4)). The equivalence
relation ~ is open (by the definition of the topology of M/G), so M /G is Hausdorff
if and only if Gr (~) is closed in M x M ([P2], section 2.3.4(IV)). For the converse
and (4), see ([DIE 93], Volume 3, (16.10.3)), and ([BOU 82b], Chapter 3, section 1.5,
Proposition 10), noting that M is locally finite-dimensional. |

(IT) ACTION OF A LIE GROUP ON A LIE GROUP Any Lie group G acts on itself by
left and right translation. By [2.14], T(, .y (m) (hy, hy) = xhy + h, y.

COROLLARY 2.92.— The tangent linear mappings Ty (v (s™')) and T, (p (s)) are
isomorphisms from the Banach space T (G) onto T, (G) .

In the following, T, (G) is written as g. Let u : G — G’ be a morphism of real
Lie groups, and suppose that G’ is finite-dimensional. Then, G acts left differentiably
onG'bys.z’ =u(s) 2,and Sy :={s € G:se' =} ={secG:u(s) =€} =
ker u. Lemma-Definition 2.91 therefore allows us to deduce the following result:

COROLLARY 2.93.— The morphism u : G — G’ is a subimmersion of constant rank
and ker u is a normal Lie subgroup of G.

(II) HOMOGENEOUS MANIFOLDS Consider a topological group with a left
continuous action on a topological space M. This action is said to be effective if the
only element s € G such that s.x = x,Vx € M, is the neutral element e. By
quotienting G by the closed and normal subgroup of elements that fix the points of
M if necessary, we may always assume that the action of G on M is effective in
practice. If the action of G on M is transitive, then M is a homogeneous space and
there exists a bijection ¢, : G/S, =M ([P1], section 2.2.8(I)); conversely, if H is a
subgroup of G, then the set of left cosets G/H is homogeneous ([P1], section
2.2.8(II)). The group G acts freely on M if and only if S, = {e} forall z € G, or
equivalently if the mapping s — z.s from G into .G is bijective. As a result of
Lemma 2.91, we have the following result:

COROLLARY 2.94.— Let G be a Lie group.

i) If G acts differentiably and transitively on a locally finite-dimensional manifold
M, then, for all x € M, the canonical mapping ¢, : G/S, — M is a diffeomorphism
(between homogeneous spaces).
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ii)If u : G — G’ is a finite-dimensional epimorphism of Lie groups and H =
ker u, then the canonical mapping G/H — G’ is an isomorphism of Lie groups.

It can be shown that, given a Lie group G and a Lie subgroup H of G, there
exists a unique manifold structure on G /H that makes the canonical surjection G —
G/H a submersion ([BOU 82b], Chapter 3, section 1.6, Proposition 11). The result
stated below, established by H. Omori in 1978 [OMO 78], shows that there are only
a few cases where an infinite-dimensional Lie group can act on a finite-dimensional
manifold:

THEOREM 2.95.— (Omori) Let G be a real connected Lie group acting differentiably,
transitively, and effectively on a finite-dimensional manifold M. If M is compact, then
G is finite-dimensional. If M is not compact and G is infinite-dimensional, then G is
almost solvable!0.

(IV) EXAMPLES (i) The Lie group A, (K) acts transitively on the n-dimensional
affine space 2ff,, (K) over K (section 1.3.1(I)). We write that (02 Z} (P+z) =
P + v + Q.x (with the identification from Remark 1.36, this equality can be rewritten

as Fg ﬂ .z = v+ Q.x, taking P = O).

From 2ff,, (R), we can construct the Euclidean space €uc,, by equipping the
translation space R" with the usual scalar product (z|y) = >, ,.,, Zi.y;. The Lie
groups A, (R) and ASO,, (R) act transitively on €uc,, and the group ASO,, (R)
conserves orientations (we will return to discuss orientations in more depth in section
4.4.4). This can be interpreted geometrically as follows: any displacement in Cuc,,
can be decomposed into an orientation-preserving rotation (x — .x) and a
translation (P — P + v).

(ii) The Poincaré half-plane is the region P, = {2 € C: 3 (z) > 0} of the
complex plane. The groups SLs (R) and PSL (R) act transitively (and for the second

group effectively) on P by [ﬁ Z} z = ijrrs and P, = SL, (R) /SO2 (R) =

PSL, (R) /PSO2 (R) (exercise*); P, can be equipped with a hyperbolic
Riemannian manifold structure that makes this action analytic!l.

10 A group G is said to be almost solvable if there exists a tower of subgroups G = Go D
. D G,, = {e} such that, for every i € {1,...,m}, (Gi—1: G;) < o0 or G;—1/G; is

abelian.

11 For help solving this exercise and some details regarding the manifold structure of P,

readers are welcome to visit the Wikipedia article on the Poincaré half-plane model.
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3

Fiber Bundles

3.1. Introduction

(D) In the previous chapter, we assigned a tangent space T}, (B) to each point b of a
manifold B. This idea is effective for first order differential calculus, allowing us to
define the tangent linear mapping Ty, (f) € L (T, (B); Ty (B')) of a morphism
f : B — B’ at every point b € B. Our next task is to define the mapping
T(f) : b — Tp(f). To do this, we need to assemble the various tangent spaces
T, (B) of B (b€ B) into a single object, written as 7' (B). If B is a surface in
everyday space, the set of its tangent planes still belongs to this space. However, it is
useful to reference points in the tangent plane T}, (B) by four coordinates: two for the
point b = (b1, b2) on the surface (e.g. longitude and latitude for the Earth) and two
determining the tangent vector h;, in T}, (B) (its components with respect to a basis
of Ty (B)). The set T'(B) of planes tangent to a surface B is therefore the union of
{b} x T}, (B), i.e. a disjoint union of all T} (B). After establishing these definitions,
in order to perform more advanced differential calculus, we still need to equip 7" (B)
with a manifold structure. We can then define the tangent linear mapping
T2 (f) == T (T (f)) of T(f) : T(B) — T (B') atapoint z € T (B)!. The set
T (B) has a fiber bundle structure ([P2], section 5.2.3(I)) with base B and projection
7w : T(B) — B : (bhy) — b (here, the canonical surjection). In T}, (B), each
tangent vector hy is referenced by its coordinates (t1,t2) = t, and any point
x € T (B) is a pair (b,t), where b = 7 (x). The fiber bundle M is characterized by
its projection 7 : M — B. Once the manifold 7' (B) has been constructed, we can
iterate the process and define the fiber bundle T (T (B)) = T?(B), etc., ad lib.,
which allows us to perform differential calculus of arbitrary order within the
framework of manifolds. However, we need to expand this framework slightly further
still by making the fibers themselves manifolds rather than vector spaces, leading to

1 TZ(f ) should not be confused with the partial tangent linear mapping T(Qa 1.a2) (f) from
section 2.3.7(II).
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the notion of fibration. The details of this construction are somewhat tedious but are
given in sections 3.2, 3.3 and 3.4. Most of the proofs are omitted to lighten the
presentation. The majority of these proofs are entirely trivial; they are listed in full
detail in [LAN 99b], Chapter 3, and [DIE 93], Volume 3, Chapter 16, for the
finite-dimensional case.

(II) The notion of a Lie group (section 2.4.1(I)) enables us to introduce the
fundamental idea of a principal bundle (which is a fibration instead of a vector
bundle). Returning to the previous example, we are naturally led to choose a frame 7y
of origin b in the tangent plane T} (B), where b is a point on the surface B. We can
then perform a change of reference in this plane Tj (B), provided that certain
conditions are satisfied. For example, if B is a two-dimensional Riemannian
manifold (section 4.5), every frame 7, with origin b must be orthonormal, so the
. . ( cosf sinf .
change-of-frame matrices must be orthogonal matrices . , 1.e. each
—sinf cos 6
matrix belongs to the Lie group Oz (R) (section 2.4.1(II)). The set P, of every
“admissible” frame in T}, (B) is therefore isomorphic to the group G = O (R). The
disjoint union of all (b, P,) is a fiber bundle P acted upon by G; we say that P is a
principal bundle, G 1is its structural group and P is the fiber over b. Any point
q € P is a frame r}, and there exists a surjection 7 : P — B : r, — b, where b is the
origin of the frame and 7 is the projection. The fiber bundle P has a manifold
structure; thus, if ¢ € P, we can consider the tangent vector h, € T, (P). This vector
can be interpreted as an “infinitesimal displacement” of the frame q. Among these
displacements, we can distinguish the vertical tangent vectors, which leave the origin
7 (¢) of the moving frame unchanged and only rotate the frame by some infinitesimal
rotation, as well as the horizontal tangent vectors, which conversely move the origin
without rotating the frame, lying in some sense “parallel to the base”. The vertical
tangent vectors are defined in section 3.5 of this chapter. For a definition of the
horizontal tangent vectors, we will need to wait until Chapter 7, since specifying
these vectors is equivalent to specifying a connection. We will see that the frames 7
“move” with b = 7 (rp) not only by experiencing a change in origin but also by
rotating; the fiber bundle P over these frames is therefore called the bundle of frames.

3.2. Tangent bundle and cotangent bundle

3.2.1. Tangent bundle

Let B be a manifold,
T(B):= |J T, (B) [3.1]
beB

the disjoint union of all Ty (B), i.e. the union of all {b} x Ty (B) ([P1], section
1.2.6(I1)), and set M = T (B). Let ¢ = (U, &, E) be a chart of B such that b € U.
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A tangent vector of B at the point b (section 2.2.4) is written as h, = 9. (h). The
natural projection w : M — B : (b, hy) — b is clearly surjective. For every b € U,
dy€ : Ty, (B) — E is an isomorphism. Let

Ge :UXE =71 (U): (bh) — (b, (dye) ™" .h) = (b,hy). [3.2]

LEMMA-DEFINITION 3.1.— 1) The 71 (U) constructed above has the following
properties:

i) Let 7y : 7 (U) — U x E : (bhy) — (b,dp&.hy); then 1y is a
homeomorphism that commutes with the projection onto U; in other words, the
following diagram commutes:

71 (U) S UxE

N e
U

ii) Let (Us, &, Ey) (i = 1,2) be two charts. IfU;NU; # @, then E .= E; 2 E;;
thus, let & = ¢&; o fl_l 26 UNU;) — & (U NU;) and

& UNU) xE— € (U;NU;) x E: (b,h) (gg’ (b),dbgg'.h).

The differential Déf U, NU; —» L(E) : b — fo (b) is of class C™ and

R -
T =Tj0T; *, where T; = Ty,.

2) The triple A = (T(B), B, ) is a fiber bundle with base B and projection
([P2], section 5.2.3(I)), said to be the tangent bundle. The fiber of M at b € B is
7wt ({b}) = {b} x T}, (B), also written as T (B),. We say that M is the space of .

3) Let ¢ = (U, &, E) be a chart of B. Then:

le=: (7771 (U)anEXE); Ce =t (§><1E)0¢21

is called the vector chart (or fibered chart) of M associated with c. The charts t.
endow M with a manifold structure (see (6) below). Since the fibers T (B)b have a
vector space structure, the fiber bundle ) (or, erroneously, M itself) is called a vector
bundle.

4) If co = (U, &2, E) is another chart of B defined in the same domain and u = £ o
&1 & (U) — € (U) is the transition diffeomorphism, the transition diffeomorphism
for the fibered charts of T' (B) associated with ¢, ¢z is

(& h) = (u(g), Du(§).h). [3.3]
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5) Since |, -1y =prio W1, mis a submersion.

6) (a) If B is a Banach manifold (respectively a Hilbert manifold), then so is T (B).
(b) If B is locally compact, metrizable and separable, then so is T (B).

PROOF.— Claims (1)—(5) are tautological. Claim (6)(a) follows from (3) and [P2],
sections 3.4.1(I), 3.11.3(III). For claim (6)(b), see [DIE 93], Volume 3,
section 16.13.3. |

Note that, for all (b,hy) € 71 (U), ¥ ! (b,hy) = (b,h) with h = dy&.hy, € E
and

(€ x1g)oust) (bhy) = (£(b) ).

REMARK 3.2.— We can also define the tangent bundle T (B) of a manifold of type
(FN) or (SN') ([KRI 97], Chapter 6, section 28): it is the space of “kinematic”
tangent vectors (there is also an “operational tangent bundle” D (B): see footnote 5,
section 2.2.4). See Remark 3.35.

The tangent bundle of a circle is shown in Figure 3.1: the tangent spaces (top) do
not intersect, as shown by the bottom of the figure.

Figure 3.1. Tangent bundle of a circle. For a color version of this
figure, see www.iste.co.uk/bourles/fundamentals3.zip

3.2.2. Cotangent bundle

Let B be a manifold. This time, write

M=1"(B)=J T (B).
beB
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Letw : M — B : (b,h)) ~ b be the natural projection and (U, &, E) a chart
of B.Forallb € U,'dy¢ : EV — T)Y (B) is an isomorphism. Let

¢ :UXEY =77 (U): (b,h") — (b, 'dp&.hY). [3.4]

Analogously to Lemma-Definition 3.1, we have the following result:

LEMMA-DEFINITION 3.3.— 1) The 7= (U) constructed above have the following
properties:

i)Letoy : m 1 (U) - UxEY : (k) — (b, (&) .hg); then oy
is a bijection that commutes with the projection onto U, i.e. the following diagram
commutes:

7 (U) 2% U x EY
e v
U
ii) Let (U;, &, E;) (i = 1,2) be two charts of B. If U; N U; # @, then E := Eq =
Ey; thus, let £ = &0 &7 & (U;NU;) — & (U; N U;) and

ol 1 & (Ui NU)XEY — & (U; NU)XEY < (1Y) = (& W), * (d) ™ b)),

J_ -1 _
Then, 0] = 000, *, where 0; = oy,.

2) The triple A\ = (TV (B) , B, 7) is a fiber bundle with base B and projection T,
known as the cotangent bundle. The fiber of M atb € Bisw~! ({b}) = {b} xT}Y (B),
also written as TV (B),.

3) Let ¢ = (U, &, E) be a chart of B. Then:
ty = (n""(U),n, ExXEY), ne.:=({x1pv)orp’

is a vector chart (or fibered chart) of M associated with c. These charts endow M with
a manifold structure. The fibers TV (B), have a vector space structure, so the fiber
bundle ) (or erroneously M) is a vector bundle.

4) If co = (U,&,E) is another chart of B defined in the same domain and
u=2¢o0& !t & (U) — €(U) is the transition diffeomorphism, then the transition
diffeomorphism for the fibered charts of TV (B) associated with ¢, co is

(&1 = (u(©), " (Du(§) " b)), [35]
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5) Since 7| -1 gy = pri oW, is a submersion.

6) (a) If B is a Banach manifold (respectively a Hilbert manifold), then so is
TV (B). (b) If B is locally compact, metrizable and separable, then so is TV (B).

3.2.3. Tangent bundle and cotangent bundle functors

The tangent bundle functor T from the category of manifolds in itself is defined as
follows: let B, B’ be two manifolds, and let f : B — B’ be a morphism. Then:

— T (B) is the tangent bundle defined above;

-Tf:T(B) — T (B') is the mapping whose restriction to the fiber 7' (B), =
{b} x T (B) is hy — (f (b),Ty (f) -hy) (this restriction can be identified with the
tangent linear mapping 7}, ( f)). This is a covariant functor ([P1], section 1.2.1(I)).

The cotangent bundle functor T from the category of manifolds in itself is defined
as follows: let B, B’ be two manifolds and let f : B — B’ be a morphism. Then:

— TV (B) is the cotangent bundle defined above;

~-TVf:TV(B') — TV (B) is the mapping whose restriction to the fiber {b} x
Ty (B') is hy, = (b, Ty (f) hy); where ' = f(b) and T}/ (f) = tfy is the
cotangent linear mapping at b (section 2.3.11). This is a contravariant functor ([P1],
section 1.2.1(II)).

3.3. Fibrations

Fibrations are fiber bundles whose projections are surjective and which satisfy a
“local trivialization condition” (T) (see Lemma-Definition 3.4(1)). They provide a
general framework for working with coverings (section 3.3.3), vector bundles (section
3.4) and principal bundles (section 3.5).

If B and F' are two manifolds, the product space B x F' adjoined by the first
projection 7 : pr; : B x F' — B gives a typical example of a fibration with base B
whose fibers are diffeomorphic to F. This fibration written as (B x F, B, pry) is said
to be trivial.

The cylinder S* x [0, 1] with the unit circle B = S! as is base is a trivial bundle
whose fibers are diffeomorphic to F' = [0, 1]2. The M&bius strip3 in Figure 3.2 is a

2 S™ is the n-dimensional sphere of center O and radius 1.
3 See the Wikipedia article on the Mobius strip.
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fiber bundle with base S* and fibers diffeomorphic to [0, 1]. However, it is not trivial,
since it cannot be deformed into the cylinder considered above without tearing (even
if made from a pliable material).

Figure 3.2. Fibration

The structure of trivial bundles is far too specific to be fruitful. The general notion
of a fibration can be deduced from the notion of a trivial bundle by localizing the
triviality condition, as discussed in the next section.

3.3.1. Notion of a fibration

LEMMA-DEFINITION 3.4.— ) A fibration of class C"is a fiber bundle A = (M, B, )
([P2], section 5.2.3(1) and section 3.2.1) such that M and B are manifolds (namely,
Banach manifolds of class C", in accordance with the conventions (C1) and (C2)),
respectively called the space and the base of the fibration; m : M — B is a surjective
morphism and the following local trivialization condition (7) is satisfied:

(T) For every b € B, there exists an open neighborhood U of b, a manifold F' and
a so-called trivializing diffeomorphism T defined by

Tl =9 :Ux Fo3n 1 (U)
such that 7w (1 (y,t)) = y for everyy € U and every t € F (see Figure 3.2).

2) The projection T is a submersion. For every b € B, the fiber M, = 7w ({b})
over {b} is a closed submanifold of M.
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3) Let x € M and b = 7w (x). Since My C M, T, (M) C Ty (M) (by the
canonical identification). More precisely, T,, (M) = kerT, (m). The elements of
T, (My) are called the vertical tangent vectors at the point z.

4) Let A = (M, B, ) be a fibration and B’ a submanifold (e.g. an open set) of
B. Then, (x=' (B'),B',« |7771(B/)) is another fibration, said to be induced by the
fibration \ on B’ and denoted by \ |p: .

PROOF.— (2) The restriction 7= (U) — U of 7 is pry o 7, so 7 is a submersion and
My is a submanifold of M by Lemma-Definition 2.54(3). (4) We can reduce to the
case, where M and M, are Banach spaces, t = 0,0 = 0 and 7 : M — B is linear.
Then, My = =1 ({0}) = ker (1) = ker Tj (7). [ |

EXAMPLE 3.5.— a) Let B be a manifold, T (B) its tangent bundle and T its projection
(section 3.2.1). Then, A\ = (T (B), B,7) is a fibration such that F = E = T, (B)
in (T) by canonically identifying the Banach space E and the corresponding manifold
F defined by the chart (F,1p,E). The fiber T (B), = {b} x Tp, (B) is canonically
diffeomorphic to the tangent space Ty, (B).

b) Let B be a manifold, TV (B) its cotangent bundle and 7' its projection (section
3.2.2). Then, X' = (TV (B), B,x') is a fibration such that F = EV, E = T}, (B) in
(T). The fiber TV (B), = {b} x T, (B) is canonically diffeomorphic to the cotangent
space T, (B).

As a result of the canonical diffeomorphisms T (B), = T,(B) and
TV (B), = T, (B), the tangent space (respectively cotangent space) Ty, (B)
(respectively T, (B)) of B at the point b is called the fiber of T (B) (respectively
TV (B)) at the point b € B.

DEFINITION 3.6.— Let A be a set and f° : A — B. We say that f : A — M is a
lifting of fC into M if o f = f°, i.e. the following diagram commutes:

42 B
Nt
M

LEMMA-DEFINITION 3.7.—Let A\ = (M,B,n) and p = (M',B’,7’) be two
fibrations.

i) A morphism from X into X' is defined as a pair (fo, f) where O : B — B’ and
f: M — M’ are morphisms of manifolds and ' o f = f°om. The following diagram
commutes:
M = B
fl 1

’
T

M — B
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ii) The composition of two morphisms of fibrations is a morphism of fibrations;
thus, the fibrations form a category ([P1], section 1.1.1(I)). This category is concrete
with base Set, which gives us the notion of fibration structure ([P1], section 1.3.1).

iii) Isomorphisms of fibrations are defined obviously.

iv) When B = B’ and (1, ) is a morphism (respectively an isomorphism), we
say that f is a B-morphism from X into N, or from M into M' (respectively a
B-isomorphism from X\ onto X', or from M onto M'). This means that f : M — M’
is a morphism (respectively an isomorphism) of manifolds and ' o f = m. The
following diagram then commutes:

M = B
fl [3.6]
M/

LEMMA 3.8.— For every B-morphism f : M — M’ and every b € B, there exists a
morphism of manifolds fy, : My, — M] such that fy, (x) = f (z) for all x € M,

PROOF.— Let f, : My — M’ : x — f(z). Then, f, is a morphism of manifolds
by Lemma-Definition 3.4(2), since M; is a submanifold of M. Furthermore,

77’ (ﬁ, (x)) = 7 (z) = b,since z € My = 71 ({b}), s0 fy (x) € 7'~ ({b}) = M.

Hence, f;, induces a mapping f, : M, — M)]; this is a morphism of manifolds
because M is a submanifold of A/’ [

A B-morphism f : M — M’ is an isomorphism if and only if f;, : M, — M| is
an isomorphism for every b € B (exercise).
3.3.2. Fiber product and preimage of fibrations
LEMMA-DEFINITION 3.9.—Let A = (M,B,7n) and N = (M’',B,n’) be two
fibrations with the same base B. Then, the projections  : M — Band 7' : M' — B

are submersions and hence are transversal (Remark 2.67), and the fiber product
M x g M' over B exists (section 2.3.9). Therefore,

)\XB )\/ = (M XB M’,B,TF XB7T/)

is a fibration, said to be the fiber product of A and X' over B ([P1], section 1.2.7).



102 Fundamentals of Advanced Mathematics 3

REMARK 3.10.— We can also define the (non-fiber) product of two fibrations
A= (M,B,n)and N = (M', B', 7') with different bases as follows:

AXxN:i=(MxM ,BxB mxn').

LEMMA-DEFINITION 3.11.— i) Let A\ = (M, B, ) be a fibration, B' a manifold and
f° : B" — B a morphism. Let t' : B’ xg M — B’ be the canonical morphism,
namely
B xpM={(¥,z)e B'xM: fO¥)=m(2)},
7 B'xgM — B :(V,z)— V.

Then, the triple
% (\) :=(B'xp M,B', )
is a fibration called the preimage of \ under f°. We write that M' = B’ xp M.

ii) The projection 7' is the restriction to M' of pr1 : B x M — B’; let N :=
T2 (X). Then, X' is a fibration such that the fiber M}, is canonically diffeomorphic to
Moy for every b’ € B'.

iii) Let f' : M’ — M be the restrictionto M' :== B'xgM of pro : B'xM — M,
i.e. the canonical mapping defined for all (V',x) € M' by

(0, x) == [3.7]

The pair (f°, f') is a morphism from X' = f°* (X) into A, said to be the canonical
morphism because it satisfies the following universal property:

If (f,¢’) is a morphism from a fibration v = (M", B', o) with base B’ into the
fibration \, then there exists a unique B’-morphism u : M" — B’ xg M such that

g =fou
We say that [’ is an f°-morphism.

iv) The following diagram commutes:

B’ B
t t

’

M =B xz M -5 M
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PROOF.— (ii) Let y € B. Then:

(B'xp M)y, =" ({t'}) = {(t),2) : f* (V') = 7 (2) }
= {b/} X 7T71 (fo (b/)) = {b/} X Mfo(b’)-

The proof of the other claims is left to the reader as an exercise. |
EXAMPLE 3.12.— Let B, B’ be two manifolds and f° : B’ — B a morphism.
Consider the fibrations A = (TV (B), B,7) and f°* (\) = (B’ xg TV (B),B’, 7).
The fiber of f°*()\) at the point V' € B’ is canonically diffeomorphic to
{V'} x vao(b,) (B). This is the fiber considered in section 3.2.2.

3.3.3. Coverings

(I) COVERING OF A MANIFOLD The proof of (1) is obvious.

LEMMA-DEFINITION 3.13.— Let A = (M, B, ) be a fibration.
1) The following conditions are equivalent:
i) The fibers of \ are discrete.

ii) For every b € B, there exists an open neighborhood U of b in B such that
7= (U) is the union of a (finite or infinite) sequence (Vy,) of pairwise disjoint open
subsets of M and each restriction m,, : V,, — U of 7 is a diffeomorphism from V,,
onto U.

2) If the conditions of (1) are satisfied, \ is said to be a covering of B.
(IT) RIEMANN SURFACES Let f : C x C — C be a holomorphic submersion. Let

Y = {(21,22) € C*: f (21,22) = 0},
Yb = {(21,2’2) cY: D2f (21,22) 7é 0} .

By Lemma-Definition 2.54(3), Y is a submanifold of C2. Furthermore, Yj is an
open subset of Y, since D- f is continuous. Hence, Y{ is a submanifold of C2.

DEFINITION 3.14.— We say that Yy is the Riemann surface (relative to the second
coordinate) defined by the function f.
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EXAMPLE 3.15.— Previously, the complex logarithm was only determined up to
mod.2mi ([P2], section 4.4.2(VI)). The notion of a Riemann surface eliminates this
difficulty by considering each determination on its own leaf isomorphic to an open
set U C C* as in Lemma-Definition 3.13(1)(ii). The leaves are sliced and then glued
together one above the other in a vertical spiral to form a covering (Figure 3.3).
More precisely, let f (z1,22) = 21 — €*2. With the above notation, Y = Yy and Y is
an analytic subgroup of the complex analytic group C* x C whose composition
law is

(z,y) (2", y) = (z2’,y +9).

Figure 3.3. Riemann surface of the logarithm. For a color version of
this figure, see www.iste.co.uk/bourles/fundamentals3.zip

We say that Y is the Riemann surface of the logarithm. For every t € Y, we set
In (t) = pra (t), so that

In (t') = In (t) +In (¢')

and t — 1n (t) is a holomorphic mapping from'Y into C.
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The Riemann surface Y of the logarithm is a covering of C* of fiber type Z (i.e.
whose fibers are isomorphic to 7.) for the restriction ™ of pry to'Y (this projection
should of course not be confused with the number ™ = 3.1415...). Indeed, every point
29 = roe'f € C* (withrg > 0, 8y € R) has some neighborhood U in C* that is
the image under the bijection (r,0) — re'® of the open set V- C R? defined by r > 0,
Oy — m < 0 < Oy + m. It immediately follows that

(Tew, k)~ In (r) + i0 + 2kmi
is a diffeomorphism from U x Z onto 7= (U) and that \ = (Y,C*, ) is a fibration
and hence a covering of C*.

See also Example 3.52.

(IIT) UNIVERSAL COVERING The universal covering of a finite-dimensional
connected manifold B is a covering (M, B,7) that makes M simply connected
([P1], section 3.3.8(VII)). It can be shown that this universal covering exists and is
unique up to B-isomorphism ([DIE 93], Volume 3, (16.29.1)).

M

B

S
&>
<
>

Figure 3.4. Universal covering of the circle B = S!

EXAMPLE 3.16.— The universal covering of the circle B = S' is a helix isomorphic
to R (Figure 3.4). The Riemann surface of the logarithm (Example 3.15) is a universal
covering of C*, and the Poincaré group 1 (C*) ([P1], section 3.3.8(VII)) of C* is
isomorphic to 74,

(IV) UNIVERSAL COVERING OF A LIE GROUP If G is a connected Lie group,
its universal covering p : G — G can be constructed as follows: let V' be a simply
connected symmetric open neighborhood of the neutral element e and ¢ a bijection

4 Roughly speaking, the Riemann surface of the logarithm “looks like” C* x Z.
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from V onto a set V. The bijection ¢ transports to V' the analytic manifold structure
of V. For every € V, define £ = ¢ (x). The group G whose generators are the
elements of V and whose relations are given by z.y = Z for all x,y, 2z € V such that
y = zisaLie group. Let p : G — G be the unique morphism of groups that extends
~1 Then, p Iy : V — Vis a local isomorphism from G to G (Definition 2.82)
and G is simply connected ([COH 65], Theorem 7.4.5). Hence, G is the universal
covering of G (Corollary 2.84).

It can be shown ([BOU 16], Chapter 4, section 3.5, Proposition 8) that the kernel
ker (p) is discrete and isomorphic to the Poincaré group m; (G). However, every
discrete normal subgroup of a topological group H is contained in the center 3 (H)

of H (exercise), so m (G) = ker (p) C 3 (é), in particular, ker (p) is abelian and
G =~ G/ker (p).

If G, G’ are two locally isomorphic Lie groups, the above construction shows
that their universal coverings are isomorphic and thus can be identified. Conversely, if
G, G’ are two Lie groups with the same universal covering G, then there exist local
isomorphisms from G to G and from G to G/, so G and G’ are locally isomorphic.
In summary:

THEOREM 3.17.— Two connected Lie groups are locally isomorphic if and only if they
have the same universal covering.

It is also possible to show the following result (exercise*: see [DIE 93], Volume 3,
(16.30.4)):

LEMMA 3.18.— If G is a connected Lie group, then any given covering (G1, p1) of G
is isomorphic to some quotient group G /D, where D is a subgroup of ker (p), and
ker (p1) = ker (p) /D is isomorphic to the quotient group 1 (G) /¢ (D) of m1 (G),
where i : ker (p) w1 (Q) is the isomorphism specified above.

As we saw earlier, the universal covering of the circle St is (isomorphic to) R,
and m; (S') 2 Z. It can be shown that the universal covering of SO3(R) is SU; (C).
For all n > 3, the universal covering of SO,,(K) is the “spinor group”, written as
Spin,, (K) ([DIE 93], Volume 5, (21.16.10)), and 7 (SO,,(K)) = Z/2Z ([DIE 93],
Volume 3, section 16.30, Problem 10)3. We therefore have Spin, (R) = SU, (C), and
Spin, (R) = SU; (C) x SU; (C). The special linear group SLy (R) is not simply
connected, and 7 (SLo (R)) = Z; for a construction of the universal covering of
SLs (R) (which cannot be expressed as a group of matrices), see, for example,
[GOD 17], section 2.7. The universal covering of the group GL,, (C) is isomorphic to
SL,, (C) x R?, and 7; (GL,, (C)) = Z.

5 The spinor groups were introduced by E. Cartan in 1913. After 1925, they took on a
fundamental role in quantum mechanics.
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3.3.4. Sections

THEOREM 3.19.— 1) A section of a fibration A = (M, B, ) (or section of the fiber
bundle M) is defined as a section of w ([P1], section 1.1.1(Il)), i.e. a mapping
s : B — M such that m os = 1p. A section is therefore a lifting of 15 (Definition
3.6). The sections of class C" (or “morphic sections”) of a fibration are defined
clearly.

2) A morphic section s of a fibration A = (M, B, ) is an embedding from B into
M whose image is closed in M. If X is a covering, then s is a diffeomorphism onto a
submanifold that is both open and closed in M.

3) If f is a B-morphism from (M, B,x) into (M', B,n") (Lemma-Definition
3.7(iv)), then the mapping f os : B — M’ is a morphism of manifolds for any
morphic section s.

4) Let B' be a submanifold of B and let \|p = (n=' (B'),B',7') be the
fibration induced by A on B’ (Lemma-Definition 3.4(4)). The sections of X |g: are the
restrictions s | g/ of the sections s of \, viewing s |/ as mappings B’ — 71 (B’).

5) More generally, let A\ = (M,B,n) be a fibration, B’ a manifold and
f° : B — B a morphism. Consider the preimage fibration f°* (\) = (M', B', ")
(Lemma-Definition 3.11) and the canonical morphism (fo, f) O (\) = A\ For
every section, s : M — B of )\,

s :B' 3V~ (V,s(f°0)))
is a section of f°* (\), called the preimage of s under f° and written as f°* (s). If
s is morphic, so is f°% (s). The sections of f°* (\) are the mappings s' : B’ — M’
(M' = B’ xp M') such that 7’ o s’ = 1p: and the following diagram commutes:

0
B - LB -8B
&t trsy [3.8]
M Ly M

where fO (b') = 7 (x) forall (Y, ) € B’ x M.

PROOF.— (2): Since this is a local question, we can reduce to the case where A is a
trivial fibration. The remainder of the argument is an exercise* (see [DIE 93], Volume
3, (16.12.7)). (3)—(5): Immediate. |

REMARK 3.20.— 1) If M > x = s (b), then m (x) = b, i.e. x € 71 ({b}) = M. Thus,
s (b) € My, and every mapping s : B — M satisfying this condition is a section of
(M, B, ).

2) The condition (T) from Lemma-Definition 3.4(1) implies that, for every b € B,
there exists an open subset U of b such that \ |y is trivializable, i.e. diffeomorphic to
a trivial fibration.



108 Fundamentals of Advanced Mathematics 3

Consider the situation of Lemma-Definition 3.19. Any open subset U of B is a
submanifold of B.

COROLLARY-DEFINITION 3.21.— The mapping U + 7w~ (U) is a sheaf on B taking
values in the category of manifolds ([P2], section 5.2.2(Ill)), namely the sheaf of
sections of the fiber bundle (M, B, 7). Write T\K) (U, M) for the set of sections of
class C* (k < r) and T (U, M) for the set of morphic sections over an open subset U
of B.

3.4. Vector bundles
3.4.1. Vector bundles

DEFINITION 3.22.— i) Let A = (M, B, ) be a fibration with the property that the
fiber My, = 7= ({b}) has a Banach space structure for every b € B (see Example
3.5(a)). We say that M, equipped with the structure defined by the fibration \ and the
Banach spaces My, is a vector bundle if it satisfies the condition (V) stated below:

(V) For every by € B, there exist an open neighborhood U of by in B, a Banach
space E (which may depend on by) and a trivializing isomorphism 7¢;

=1 :UxESr 1 (U)

such that 7 (1 (b,t)) = b for every (b,t) € U x E, and such that, for every b € U,
the partial mapping t, := ¢ (b, .) is an isomorphism of Banach spaces from M, onto
E. We say that B is the base of the vector bundle M.

ii) We say that (U, 7y, E) is a vector chart of M at by. The restriction Typ, of Ty
to w1 ({bo}) is an isomorphism 71 ({bg}) = {bo} x E onto the fiber 7= ({bo}).

iii) The rank of M bo, written as rky, (M), is defined as the (finite or infinite)
dimension of the Banach space My,,.

The mapping b +— rk;, (M) is constant on each connected component of B
(exercise). If this mapping is constant, rk;, (M) is said to be the rank of M. We say
that M is locally of finite rank if tk;, (M) < oo forevery b € M.

LEMMA-DEFINITION 3.23.— Suppose that M is locally of finite rank. The mapping
=17 ! defined above is said to be a frame mapping over U, and the condition (V)
is equivalent to the following condition (V°):

(V’) For every b € B, there exist an open neighborhood U of b in B, an integer m
(which may depend on b), and m morphic sections s; : U — M such that mos; = 1y
foralli € {1,...,m} and the mapping

o' (bat, . a™) — a'sy (b) + ...+ a™sy, (D)
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is a diffeomorphism from U x K™ onto 7% (U).

We say that the morphic sections s; (1 < i < m) form a frame of the vector bundle
A over U (we sometimes also say that a base of My, over K is a frame of X at the point
b of B). The m morphic sections s; (1 <i < m) of A on U form a frame if and only
if the s; (b) are linearly independent over K for every b € U.

REMARK 3.24.— Suppose that M = T (B), where B is locally finite-dimensional.
Let ¢ = (U,&,m) be a chart of B, where § = (51, ...7§m) is the system of local
coordinates associated with c. Let opy be the projection mapping from T (B) onto B
given by hy, — b. Then, the fiber bundle oy : T (B) — B is the tangent bundle and,
for every chart c specified above, the mapping

Yo : UXR"3 (bh) — (dpf) " he oy} (U)
is a diffeomorphism. This also holds when

si=Xi, Xi(b):=(dp&) " e;, m=oun.

A section X of the fiber bundle oy over a subset A of B is said to be a vector field
over A.

LEMMA-DEFINITION 3.25.— 1) Suppose that U and T = Ty satisfy Definition 3.22
and let (V, £, F) be a chart of B at the point by such that V- C U. Then:

(7' (V),(§ x 1g) o7, F X E)
is a vector chart of M at every point of 7% ({bg}), called a fibered chart.

2) There exists a unique manifold structure on M for which these fibered charts
are also charts of the manifold M.

EXAMPLE 3.26.— a) If B is a manifold and E is a Banach space, then pr1 : B xE —
B is a vector bundle Ep whose fibers are canonically isomorphic to E; we say that
this fiber bundle is trivial. More generally, a vector bundle m : M — B is said to be
trivializable if there exists a B-isomorphism (Lemma-Definition 3.7(iv)) from M onto
a trivial bundle.

b) Let B be a pure n-dimensional manifold, T (B) its tangent bundle, and T its
projection  (section 3.2.1). Then, T (B), equipped with the fibration
X = (T (B), B, ), is a vector bundle such that T (B), = {b} x K" = T, (B) for
everyb € B.

c) Let B be a pure n-dimensional manifold, TV (B) its cotangent bundle, and
7V its projection (section 3.2.2). Then, T (B), equipped with the fibration \V =
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(TV(B), B,w"), is a vector bundle such that T" (B), = {b} x (K™)" = T,Y (B)
foreveryb € B.

d) Let A = (M, B, ) be a vector bundle, B' a submanifold (e.g. an open set) of
B, and X | p: the fibration induced by \ on B’ (Lemma-Definition 3.4(5)). Then, \ |p/
is a vector bundle, said to be induced by X on B’'. The sections of this vector bundle
are described in Lemma-Definition 3.19(4).

e) If B is modeled on Hilbert spaces (respectively separable Hilbert spaces) and
the fibers My are Hilbert spaces (respectively separable Hilbert spaces), then the
manifold M is modeled on Hilbert spaces (respectively separable Hilbert spaces).

REMARK 3.27.— The sections (respectively the morphic sections) of the trivial bundle
Ep are the mappings b — (b, fO (b)), where fO is a mapping (respectively a mapping
of class C") from B into E (see Remark 3.20(1)).

DEFINITION 3.28.— A manifold B is said to be parallelizable if the tangent bundle
oy T (B) — Bis trivial.

Kuiper showed the following result in 1965 [KUI 65] (this result can be deduced
from Theorem 2.49 but historically preceded it):

THEOREM 3.29.— (Kuiper) Every vector bundle m : M — B such that B is a
separable paracompact manifold and that the M, fibers are infinite-dimensional
separable Hilbert spaces is trivial. Hence, every locally infinite-dimensional,
paracompact and separable Hilbert manifold is parallelizable.

DEFINITION 3.30.— Let A = (M, B, 7) and N = (M’, B', 7' be two vector bundles.

i) A morphism of vector bundles is a morphism (f°, f) from X into X' such that, for

all b € B, the restriction fy, of f to Xy, belongs to L (Mb; M}U(b)). The composition

of two morphisms of vector bundles is a morphism of vector bundles, so the vector
bundles form a concrete category with base Set, which gives us the notion of vector
bundle structure. When B = B’ and f° = 1, we also say that f is a B-morphism of
vector bundles, writing Hom (M, M") for the set of B-morphisms from M into M.

ii) The isomorphisms and B-isomorphisms of vector bundles are defined similarly.

LEMMA 3.31.— The set Hom (M, M’) can be canonically equipped with a vector

bundle structure with base B associated with a fibration v = (Hom (M, M') , B, o)
such that o= ({b}) = L (Mb; M}O((,)) foreveryb € B.

PROOF.— See Lemma 3.8. [ |
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COROLLARY 3.32.—1i) Let (M, B, w) and (M', B, ') be two vector bundles with the
same base B and u',u" € Hom (M, M') (Definition 3.30(i)). For every b € B, the
restriction uj, of v to the fiber My, belongs to £ (My; M]). Let u' +v" be the mapping
from M into M' defined by (v’ + u"), = w, + uy. Then, v’ + u” € Hom (M, M’),
and this set may therefore be equipped with an abelian group structure.

ii) Let C™ (B) be the ring of functions of class C" from B into K. For every function
f € C"(B) and every u € Hom (M, M"), define the mapping f.u from M into M’ by
the relation (f.u), = f (b) uy. Then, f.u € Hom (M, M") and the set Hom (M, M")
may therefore be equipped with the structure of a C" (B)-module.

Recall that a B-morphism u : M — M’ is a morphism of manifolds for which the
diagram [3.6] commutes (section 3.3.1).

COROLLARY 3.33.—1i) Let Sj; (B) =T (B, M) be the set of morphic sections of M,
i.e. the set of mappings s : B — M such that

a)sisof class C",
b) for every b € B, s (b) € M,

The set Syy (B) can be viewed as the set of B-morphisms from the trivial bundle
(B x {0}, B, pry) into M. Therefore, by Corollary 3.32, Spr (B) is aC™ (B)-module.

Furthermore, the three following conditions are equivalent:
a’) M is locally of finite rank and trivializable (Example 3.26(a));
b’) there exists a frame (Si)1<i<m of M over B (Lemma-Definition 3.23);

¢) (8i)1<;<m I8 a basis of the C" (B)-module Sy (B) (which is therefore free
and finitely generated).

ii) In particular, let B' be a submanifold (e.g. an open subset) of B and
(m='(B'),B',7|p) the vector bundle induced by (M,B,w) on B'. Then,
Sy (B'), ie. the set of morphic sections of M over B', has the structure of a
C" (B’)-module.

REMARK 3.34.— It follows from the above that the mapping U — C” (U) (where each
U is an open subset of B) is a sheaf of rings, written as C", and that the mapping
Sy U — Sy (U) is a sheaf of C"-Modules ([P2], section 5.3.1). If V. C U,
the restriction pY : C" (U) — C" (V) (respectively v, : Syr (U) — Sa (V) is
surjective, so the sheaves C" and Sy are flabby ([P2], section 5.4.1).
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REMARK 3.35.— Modifying Definition 3.22 in an obvious way gives the notion of a
vector bundle m : M — B of class ¢*°. If B is a metrizable manifold modeled on a
space E of type (FN) (respectively (SN)) and F is a space of type (FN)
(respectively (SN)), then the trivial bundle B x F — B is a ¢*-paracompact
manifold modeled on the space E x F, and both this product space and this manifold
are of type (FN) (respectively (SN')) ([P2], sections 3.4.6(III), 3.8.2(II), and
3.11.3(IlI); Theorem 2.14(2) and section 1.4.2). In particular, whenever B is a
manifold satisfying these conditions, the tangent bundle T (B) is a ¢>-paracompact
manifold modeled on the space E x E, and both this product space and this manifold
are of type (FN') (respectively (SN)).

3.4.2. Dual of a vector bundle

DEFINITION 3.36.— Let M be a vector bundle with base B and K g the trivial bundle
associated with the fibration (B x K, B,pr1) (Example 3.26(a)). Then,
Hom (M, Kpg) is said to be the dual of M and is written as M".

The fibers of M are therefore the M, := L (M,;K), b € B.If s (respectively t)
is a section of M (respectively M) over an open subset U of B, then the mapping

b (b, (t(b),s (b))
is a section, written as (t, s), of the trivial bundle K.

For a morphism of fiber bundles u : £ — F, we can define the transpose *u :
FY — EY by

(fug os¥,r) = (sV,uy or)
for any two sections r of E and sV of EV over the open set U C B.

EXAMPLE 3.37.— Consider a manifold B, its tangent bundle T (B) and its cotangent
bundle TV (B). We know that T (B) is the vector bundle associated with the fibration
A = (T (B), B, 7) whose fibers are the T (B), = Ty, (B), b € B; for every b € B,
there exists a Banach space F such that T' (B), = {b} x F. The cotangent bundle
TV (B) is the vector bundle associated with the fibration \' = (T (B) , B, ') whose
fibers are the TV (B), = T)Y (B), b € B; for every b € B, T (B), = {b} x F".
Hence, TV (B) is the dual of the tangent bundle T" (B).

LEMMA-DEFINITION 3.38.— Suppose that M is locally of finite rank.

i) Let (S;),<;<,, be a frame of the fiber bundle M over an open subset U of B
(Lemma-Definition 3.22(2)); there exists a unique frame (SW) 1<icm O MY over U
such that (sV',s;) = 6!, and (sV?) is said to be the dual coframe of the frame (s;).
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ii) In particular, let M = T (B), ¢ = (U, &, m) be a chart of B, and consider the
system of local coordinates §i (1 <i < m) associated with c (Remark 3.24). Then, the
S; = 8%7-, (1 < i < m) form the natural frame over U (relative to c) and the sV = d¢°
(1 <4 < m) form the natural coframe (Theorem 2.71).

REMARK 3.39.— The cotangent bundle of an (FN) or (SN') manifold can be
defined as the dual of its tangent bundle (Lemma-Definition 3.1). There are two
possible cotangent bundles: the kinematic cotangent bundle TV (M) and the
operational cotangent bundle DV (M) (Remark 3.2). Since ¢ (E x EY) is not a
topological vector space (Remark 1.50), none of these cotangent bundles have a
notion of fibered chart (see Lemma-Definition 3.3(3)) and hence they do not have a
manifold structure. This is one reason why the “convenient” framework complements
but does not replace the Banach framework according to the perspective adopted
here.

3.4.3. Subbundles and quotient bundles
LEMMA-DEFINITION 3.40.— Let m : M — B be a vector bundle.

1) We say that M' C M is a vector subbundle of M if, for every b € B, there exist
a vector chart (U, o, E) of M at b (Definition 3.22) and a subspace F that splits in E
([P2], section 3.2.2(IV)) such that

e (N (U)NM') =U x F.

2) If so, there exists a unique vector bundle structure on M’ that makes the
canonical injection M' < M a morphism. In this case, for each b € B,
M; = M’ N M, M] is a Banach subspace of My and M’ is a closed submanifold
of M.

3) If M is locally of finite rank, then, for every b € B, there exist an open
neighborhood U of b in B, a frame (s1, ...,sy) of M over U, and an integer m < n
such that, for every y € U, the vectors s1 () , ..., S (y) form a basis of M.

LEMMA-DEFINITION 3.41.— Let M’ be a vector subbundle of M and, for every b €
B, set M|' = M, /M; (this is a quotient of Banach spaces and hence a Banach space).
Let

M" = U M.
beB

Letw"” : M" — B : M]' — b, and letp : M — M" be the mapping such that,
or every b € B, p|a1, is the canonical surjection My — M]'. Then, there exists a
b b
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unique vector bundle structure on M" with base B and projection "’ that makes p a
morphism of vector bundles. The fiber bundle thus defined is said to be the quotient
of M by M', written as M/M'. The canonical morphism p : M — M/M' is a
submersion.

3.4.4. Whitney sum and tensor product

Let M’, M" be vector bundles with base B and projections 7', 7’/ respectively. If
M'" and M" are locally of finite rank, the tensor product M' ® M" is defined by

M/®M// _ U Mé®Mé/,
beB

where M; @ M’ is the tensor product of M; and M;’ ([P1], section 3.1.5(I)). Let U
be a non-empty open subset of B and let s’, s be sections of M’, M" over U. Write
s’ ® s’ for the mapping b — s’ (b) ® 8” (b) from U into M’ @ M".

We can proceed in the same way for direct sums instead of tensor products (without
the hypothesis of finite rank on M’ or M""). With these conditions:

LEMMA-DEFINITION 3.42.— I) There exists a unique vector bundle structure on
M'" @ M" (respectively M' & M") with base B and projection p (respectively o)
satisfying the following condition:

For every open subset U of B and every pair of morphic sections s', 8" of M', M"'
over U, s' @ 8" (respectively s' @ s") is a morphic section of M’ ® M" (respectively
M' @ M") over U.

We say that M @ M" (respectively M' @& M") is the tensor product (respectively
the Whitney sum) of the vector bundles M', M".

2) The fibration (M'e& M",B,o) is isomorphic to the fiber product
(M' xg M", B,n' xp ') (Lemma-Definition 3.9).

Letvw : B/ — F'and v’ : E” — F" be two morphisms. We define v’ ® u” :
E'® E" — F' @ F" as follows:

(u/ ®u//) |U (S/ ®S//) — (u/ |U OS/) ® (u// |U OS//)
for all sections s’ of E’ and s” of E” over some arbitrary open subset U of B.

REMARK 3.43.— The sheaf of sections of M /M’ (respectively M' & M", respectively
M' @ M") is the quotient (respectively direct sum, respectively tensor product) of the
sheaves of sections of M’ and M" ([P2], section 5.3).
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If B is a real manifold and M is a real vector bundle of finite rank and base B,
the complexification of M is defined as the tensor product M) := M ® Cp, where
Cp = B x Cis the trivial bundle of base B whose fibers are equal to C as an R-vector
space.

3.4.5. The category of vector bundles

(I) THE ADDITIVE CATEGORY OF VECTOR BUNDLES The tangent bundle functor
and the cotangent bundle functor were introduced earlier (section 3.2.3). These
functors act on the category of manifolds, but we still need to specify their
“codomains” ([P1], section 1.2.1), which leads us to define the category of vector
bundles. The objects of this category are of course the vector bundles and the
morphisms are the morphisms of fiber bundles (Definition 3.30). Let us restate this
idea below:

DEFINITION 3.44.— (A) Let A\ = (M, B, ) and N' = (M', B', ") be two fibrations
such that M and M’ are vector bundles. A morphism of vector bundles A\ — N is a
pair of morphisms of manifolds

f°:B—=DB, f:M—M
satisfying the following conditions:
1) The diagram
M Lo
Tl b
fO
B — B
commutes, and the induced mapping
fb My — M}O(b)
belongs to L (Mb; M}O(b)) foreach b € B.

2) For every by € B, there exist trivializing mappings (Definition 3.22)

Tt (U) = UxE
c:m ' (V)= VxF

at by and f° (by), respectively, such that f (U) C V and the mapping L (E; F),, from
U into the trivial bundle defined by

b oy 0 fyom !
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is of class C".

(B) Suppose that the bases B and B’ are equal. Then (Lemma-Definition 3.7(iv)),
f: M — M'isa B-morphism if:

1’) The diagram
M Lo
T N
B % B
commutes, and the induced mapping
fb My — Mé
belongs to L (My; M) for each b € B.

2’) For every by € B, there exist trivializing mappings

Tt (U) = UxE
s:m ' U)—»UxF

at by such that the mapping L (E; F); from U into the trivial bundle defined by
brs o fror, t

is of class C".

The mapping defined in (2) can be decomposed as follows:

(b} x BXor ({0)) € My 2% Moy 28 {£0(5)} x F.

By abuse of notation, a morphism of vector bundles such as the one stated above
is written as f : m — 7’. We have the following result:

PROPOSITION 3.45.— Let w,m' be two vector bundles on the manifolds B,B’
respectively. Let f® : B — B’ be a morphism of manifolds and suppose that, for
every b € B, there exists a continuous linear mapping

fb LTy — W}o(b)

such that condition (2) in Definition 3.44 is satisfied for every by. Then, the mapping
f 7 — 7 defined by f, on each fiber is a canonical morphism of vector bundles.
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PROOF.— We return to the case where 7 and 7’ are the trivial bundles U x E and V x F,
respectively, so that the trivializing mappings are equal to the identity function. Then,
f is given by

(b,v) = (f7(0) fo (v)). |

Let VB be the category of vector bundles with base B.

1) Each set Moryg (F, F') is an abelian group (Corollary 3.32). The composition
of morphisms of VB (i.e. B-morphisms) is clearly bilinear, so the category VB is
preadditive ([P1], section 3.3.7(I)).

2) The trivial bundle B x {0} is a 0 element of the category VB. Furthermore, we
have already defined the biproduct £ & F' of two fibers E and F' : their Whitney
sum (Lemma-Definition 3.42). Hence, the category VB is additive ([P1], section
3.3.7(1D)).

3) Letu € Moryg (E, F).Forevery b € B, write uy, : E}, — F, for the restriction
of uto Ey (souy € L (Eyp; Fy)). Let Ny = ker uy, I, = imuy, and

N = ONb, I= Olb.

beB beB

LEMMA-DEFINITION 3.46.— 1) The following conditions are equivalent ([BOU 82a],
(7.5.5)):

i) u is a subimmersion;
ii) N is a vector subbundle of E and I is a vector subbundle of F.

2) The morphism w is said to be locally direct if one of the equivalent conditions
stated above is satisfied. If so, N and I are called the kernel and the image of the
morphism u, respectively, written as ker (u) and im (u).

3) If u is locally direct, then taking quotients determines an isomorphism
v:E/NSI.

4) Suppose that E is of finite rank. Then, the mapping b — rkuy, is lower semi-
continuous and the equivalent conditions in (1) are also equivalent to the following
condition:

iii) The function b — rkuy, is locally constant (i.e. u is a subimmersion, by
Theorem 2.55).
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We say that a sequence
f ;g "
M—M —M

is exact locally direct ((BOU 82a], (7.5.6)) if it is exact and the morphisms of vector
bundles f and g are locally direct.

In Lemma-Definition 3.46, we defined the image and the kernel of a locally direct
morphism u : M — M’; any such morphism also has a coimage coim (u) = M/
ker (u) and a cokernel coker(u) = M’'/im(u) ([P1], section 3.3.7(III));
Lemma-Definition 3.46(3) shows that coim () and im () are isomorphic and hence
that locally direct morphisms are analogous to strict morphisms in a preabelian
category (ibid.)®. Note that the composition of two locally direct morphisms is not
always locally direct (Remark 2.56); see Corollary 3.49. A sequence of vector
bundles

0->M SMEM =0

is exact locally direct if and only if ¢ is an isomorphism from M’ onto the vector
subbundle ¢ (M’) of M (which enables us to identify M’ with ¢ (M') C M) and the
diagram
M £ M
nd o
coker (1) = M/ ker ()

commutes, where  : M — M/ker (p) is the canonical surjection and o is an
isomorphism of vector bundles.

(II) SPLIT VECTOR SUBBUNDLES Let 7 : B — M be a vector bundle and M’ a
vector subbundle of M. There exists an exact locally direct sequence

0— M 5 M,

where ¢ is the inclusion mapping. By definition, this means that, for every b € B, there
exist an open neighborhood Uj, of b and a morphism of vector bundles ¢ such that
the following sequence splits:

0— M'|U, & MU, 2 M" |U, — 0, [3.9]

where M’ |U,, (respectively M |U,) is the vector fiber induced by M’ (respectively
M) on Uy, in the sense that there exists an isomorphism of vector bundles

w (M |Uy) @ M" U, = M |U, . [3.10]

6 Nevertheless, the kernel and cokernel are not defined for arbitrary morphisms, so VB is not
a preabelian category, much less an abelian category.
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By ([P1], section 3.1.4), this is equivalent to saying that ¢; is a monomorphism
that splits, i.e. a monomorphism that admits a retraction 7 : M |U, — M’ |U,. This
means that 7, 0 1, = 157y, , and thus M" |U,, := ker (1) satisfies [3.10].

THEOREM 3.47.— Suppose that the manifold B is differential and paracompact (or
equivalently metrizable, by Corollary 2.5). If the Banach spaces modeling B
(Definition 2.1) are all C*°-paracompact, for example Hilbert spaces (Theorem
1.63), then there exists a fiber subbundle M" of M such that M = M' & M"; in
other words, M’ splits in M.

PROOF.— By Theorem 2.14(1), there exists a locally finite open covering (U, )j oy of

B and a C'*° partition of unity (wj)j s subordinate to (Ubj)j ¢ for which the split
exact sequence [3.9] holds with b replaced by b;. Let r; be a retraction associated with
w, (j € J)anddefiner =3, ;v;.r;. Then,r : M — M’ is a morphism of vector
bundles and

roi= g Yjrjouy, =y

jeJ
Furthermore, if we write M” := ker (r), then M" |Ub]. satisfies [3.10] with b
replaced by b;; thus, M" is a vector subbundle of M such that M = M’ @ M. W

(IIT) TANGENT BUNDLE AND COTANGENT BUNDLE FUNCTORS Let us return to
the tangent bundle and cotangent bundle functors (section 3.2.3). The tangent bundle
functor 7' is defined as follows:

B -5 T (B)
(fO:B— B') &% (Tf°: T(B) — T(B)
TFO: (b,hy) = (f°(b), Ty (f°) hy)

Thus, T sends any given morphism of manifolds f : B — B’ to a morphism of
fiber bundles f = T'f° : T (B) — T (B’).

Similarly, the cotangent bundle functor 7" is defined as follows:
BTN 1V (B)
(f°: B— B) 5 (Tf°: TV (B) — T" (B))
TVfO = T (B/)fﬂ(b) > (y=r"), h; € T,/ (B"))
= (b,Ty (f°) b)) €TV (B),
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Again, TV sends any given morphism of manifolds f° : B — B’ to a morphism
of fiber bundles f' = TV f° : TV (B') — TV (B), which clearly demonstrates the
contravariant nature of this functor.

3.4.6. Preimage of a fiber bundle

Let M be a vector bundle with base B and A = (M, B, 7) the associated fibration.
Let B’ be a manifold and f° : B’ — B a morphism of manifolds. The preimage
fibration was defined earlier by f°* (\) = (M’, B, 7’), where M’ := B’ x g M and
the canonical morphism is (f°, f/) : f% (A\) = A (Lemma-Definition 3.11).

LEMMA-DEFINITION 3.48.— 1) Suppose that the restriction fj, : M;, — Moy
(which is a diffeomorphism) is linear for every t/ € B'. Then, (f°, f') is a morphism
of vector bundles (Definition 3.44(A)) and f, -1 transports the Banach space structure
of Moy to My, ; thus, M’ can be equipped with a vector bundle structure with base
B', called the preimage of M under f° and written as f°* (M). The projection '
is My + V. The associated fibration is f°* (\) = (M', B',«') (the vector bundle
f%* (M) is also called the vector bundle induced by f°).

We say that rky (f]) < oo is the vector rank of f}, : f°* (M),, =M fo ).

2) Let N' be a vector bundle with base B’ and suppose that ¢ : N' — M is
an f°-morphism (Lemma-Definition 3.11(iii)). There exists a uniquely determined f°-
morphism u from N' into f°* (M) such that ¢ = f' o u (see Lemma-Definition
3.11(iii)).

Consider the situation of Lemma-Definition 3.48(2) with M = T (B),
N’ =T (B') = f>(T(B)). Then, T (f°) : N’ — M (this is the mapping denoted
g’ earlier), so there exists a unique f°-morphism 6 f° : T (B’) — T (B) (denoted u
carlier) such that T' (f°) = f’ o f°. With this notation, we have the following result:

COROLLARY 3.49.— i) fO is an immersion (respectively a submersion) if and only if
the sequence

0
0-T(B)% T(B)—=0

is exact locally direct at T (B') (respectively T (B)). If so, the cokernel vector bundle
coker (6 fo) is said to be normal (or transversal) of fO (respectively the kernel vector
bundle ker (f°) is said to be tangent to the fibers of f° and is written as T (B’ | B)).

ii) If fO is a submersion, then the fiber T (B'/B),, is the tangent space of the
submanifold ( f°) - (fO({t'})) at b’ € B’ and the sequence

Ty (f°
0— T (B'/B), = Ty (B) bi{ ) Trowy (B) =0
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(where 1 is the canonical injection) is exact.

iii) f9 is étale (respectively a subimmersion) if and only if § 0 is an isomorphism
(respectively is locally direct).

If M is locally of finite rank and the sections si, ..., s,, form a frame of M over
U C B, then the preimage sections (Lemma-Definition 3.19(5)) s/, ...,s!, form a

frame of M’ over () - (U) and the diagram [3.8] (section 3.3.4) commutes.

LEMMA 3.50.— Let f° : B’ — B be a morphism of manifolds and T" (B) the
cotangent bundle of B. Consider its preimage f°* (TV (B)), with base B'. There
exists a unique B’-morphism

w: fO(TY(B)) = TV (B)
such that, for ' € B’, wy is the continuous linear mapping formed by the composition

0% (Vv Y th’(fO) Vo[l
where fy is the canonical morphism (Proposition 3.45). If ® : £ (U) — &' (U') is the
local expression of f°, then the local expression of w is

(t',hY) — (0! D& (1) .hY).

3.5. Principal bundles
3.5.1. Notion of a principal bundle
(I) GENERAL CASE

LEMMA-DEFINITION 3.51.— Let P be a differential (respectively analytic) manifold
and G a Lie group with a differentiable (respectively analytic) and free right action on
P (section 2.4.2). Suppose that the manifold of orbits G\ P exists (see Lemma 2.91 for
the finite-dimensional case)’ and write w : P — G\ P for the canonical surjection.
Then, (P, G\P, ) is a fibration (called a principal fibration) and P is said to be a
principal bundle with structural group G. In accordance with the general definitions
(Lemma-Definition 3.4), P is the space of this principal bundle, B = G\ P is its base,
and 7 is its projection. The principal bundle itself is written as (P, B, G, 7).

Every element b € G\ P is an orbit .G (¢ € P), and the fibers are the orbits; each
fiber is a manifold diffeomorphic to G under the diffeomorphism ¢. G=G : ¢.g — g
(Figure 3.5). Notationally, we express this by writing Gy, instead of b for any such
fiber. Thus, the action of G sends each fiber to itself, and its restriction to each fiber is
simply transitive.

7 The set of orbits is denoted P/G for a left action of G on P, and P\ G for a right action.
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Figure 3.5. Principal bundle

EXAMPLE 3.52.— The Riemann surface of the logarithm is a principal bundle with
base C* and structural group Z. Indeed, write Y for this surface and (Y, C* ) for
the associated fibration, which is a covering of C* (Example 3.15). Let
y = (21,22) € C* X C; theny € Y ifand only if z; — €*> = 0, and the fiber Y,
(21 € C*) can be identified with {zy € C : €*> = z1}. Consider the action of Zon'Y
defined by (z1, z2) .k = (21, 2o + 2kmi). The right action of the group Z is free on 'Y,
since the mapping k — (21, z2 + 2kmi) is injective. Let R be the relation defined by:
(21,22) R (21, 25) if there exists k € Z such that (z},z}) = (21,22 + 2kmi). Let
2 =re®, r>0 —1 <0< Then, z1 —e® =0 if and only if there exists k € 7
such that e HiO+2kT) =22 — | o 20 =1Inr 44 (0 + 2km). Hence, the equivalence
class of y = (z1, 22) (mod.R), i.e. its orbit, is fully determined by z1, and the set of
orbits Z\Y can be identified with the manifold C* = pry (Y). The orbit of y is
isomorphic to Z. Thus, (Y,Z,Z\Y,n') is a principal bundle, where ' is the
canonical surjection Y — Z.

(IT) TRIVIAL PRINCIPAL BUNDLE

LEMMA-DEFINITION 3.53.— Let B be a differential (respectively analytic) manifold,
G a Lie group, and consider the right action of G on B x G defined by (b,t) .s =
(b, ts) (t, s € G). The orbits are the fibers pri* (b) (b € B), pry is a submersion, the
manifold of orbits G\ (B x G) exists and can be identified with B, and G acts freely
on B x G.
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Thus, (B x G, B, pr1) is a principal bundle, said to be trivial. A principal bundle
is said to be trivializable if it is isomorphic to a trivial principal bundle.

(ITT) PRINCIPAL BUNDLE OF A QUOTIENT LIE GROUP Let K, H, G be Lie groups
suchthat K ¢ H C G and K < H (i.e. K is normal in H: see [P1], section 2.2.2(I)).
Consider the canonical surjection 7 : G/K — G/H that sends each coset mod.K to
the coset mod.H containing it. By Noether’s third isomorphism theorem ([P1], section
2.23(ID), G/H = (G/K) / (H/K) and (G/K, G/H, 7) is a principal bundle with
base G/H and structural group H/K whose fibers are diffeomorphic to the quotient
Lie group H/K.

3.5.2. Vertical tangent vectors

In a principal bundle (P, B, G, ), each fiber G}, over {b} is a copy of G as a
differentiable manifold but not as a group. Nevertheless, choosing a local morphic
section o € I" (U, P)

Bo>U>3b—o(b)eP [3.11]

(O’ o = 17T71(U)) specifies an origin p = o (b) on each fiber G, and therefore
identifies G, with G as a Lie group under the isomorphism (of Lie groups)
G>5Gy : g — o (b).g, which depends on o. The neutral element of the Lie group
Gypise(b,0) =0 (b).e = p. Recall that 7 (Gy) = {b}.

We already defined the vertical tangent spaces of a fibration (Lemma-Definition
3.4(3)). We will now restate this idea in the context of principal bundles:

DEFINITION 3.54.— Let ¢ € P. The space Vy (P) = ker (T, (7)) = Ty (Gr(q)) C
T, (P), where G (g is the fiber over m(q), is called the space of vertical tangent
vectors at the point q, and the subbundle V (P) C P is called the bundle of vertical
fields. A vertical tangent vector v = v, is an element of V;; (P) and therefore a tangent
vector of the fiber G (y) (Figures 3.5 and 3.6).

Let ¢ € P and b = 7 (q). Since both ¢ and p = o (b) (where o is the local section
[3.11]) belong to G}, and G acts transitively on the fibers, there exists a unique element
Jgo € G such that ¢ = o (b) .g,. Hence:

COROLLARY 3.55.— The point q is fully determined by the two “components” b =
7 (q) € Band g, € G.

REMARK 3.56.— Consider again the example from section 3.1(Il), where B is a pure
n-dimensional Riemannian manifold (see section 4.5). We saw that each element
q € P is an orthonormal frame (written as ry,) at the point b = w (q). Specifying a
local section o as above amounts to choosing an “orthonormal frame of reference”
p = o (b); afiber Gy over b € B is the set of all orthonormal frames at the point b
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and is diffeomorphic to the structural group G, the latter is the group of orthonormal
changes of reference, i.e. the group of orthogonal matrices O, (R) (section
2.4.1(VI)). The other orthonormal frames are the p.g (9 € G), which form the orbit
Gy, = p.G. The mapping G — p.G : g — p.g = o () .g is a diffeomorphism (that
depends on o).

Vo(P)

L X7 P

b ) B

Figure 3.6. Space of vertical tangent vectors

3.5.3. Morphisms of principal bundles

Let A = (P,G/P,G,n), N = (P',G'/P’,G’,7’) be two principal bundles. A
morphism from X into X is a triple ® := (f, ¢, f°), where f : P — P', f*: B —» B’
are morphisms of manifolds, ¢ : G — G’ is a morphism of Lie groups (section
24.1(0), and 7' o f = fOom, f(p.g) = f(p).p(g) for every p € P and every
g € G. The principal bundles form a concrete category with base Set ([P1], section
1.3.1), which gives us the notion of the structure of a principal bundle. The morphism
f9 is determined by f, since f° (7 (p)) = 7' (f (p)), so f° can be left implicit and
® is simply written as (f, ). When B = B’ and f° = 1p (respectively when G =
G’ and ¢ = 1g), we say that ® is a B-morphism (respectively a G-morphism). A
B-morphism that is a G-morphism (when B = B’ and G = G’) is said to be a G-B-
morphism. A G-B-isomorphism (or an isomorphism of principal bundles if this is not
ambiguous) is a G-B-morphism ( f, 1) such that f is an isomorphism of manifolds.

3.5.4. Principal bundles defined by cocycles

(D) Let U = (U;);c; be an open covering of B and, for every i € I, let ' (U;, P) >
o; : U; — P be asection of P over U;. f U;NU; # @, letb € U; N U; and
p; = 05 (b); then p;, p; € Gy, so there exists a unique element g;; (b) € G such that
pj = pi-gi; (b). The mapping g;; : B — G is uniquely determined by the condition

0j (b) =0 (b) -Gij (b), Vb € UiﬂUj [3.12]
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and is a morphism of manifolds called the transition morphism. It immediately follows
that

Gik (b) = Gij (b) gk (b) y Vb € U; N Uj n Uj, [3.13]

i.e. the diagram

. 9ij .
v J

Gik N4 Gjk
k

commutes. A family of morphisms (g;;), jerxI satisfying this condition is called a
cocycle on B taking values in G subordinate to the covering U.

The cocycle condition [3.13] is analogous to a well-known property of bipoints in

the plane, namely that 5} + ]? = % The cycle of the three letters ¢, j, k is ¢ — j +—
k — 4; (gir) is a cocycle because the last arrow is reversed.

In the case where P is a frame (section 3.1(II)), a transition morphism g;; is a
change of frame.

(IT) Conversely, let B be a manifold, G a Lie group, and (gij)m. crx acocycleon B
taking values in G. It can be shown that there exist a principal bundle
A = (P,G\P, G, ) and a family of sections (0;);.; of A on the U; such that [3.12]
holds. This principal bundle is unique up to isomorphism in the sense that, if
N = (P',G\P',7’) is another principal bundle and (c7}),.; is another family of
sections of )\’ satisfying the same conditions, then there exists a G-B-isomorphism f
such that

ol =fos; (iel). [3.14]

The principal bundle A is said to be defined by the cocycle (g;;), jeIxI

(IIT) We say that two cocycles (g;;) subordinate to the covering

i,jE€IXI (g;j)i,jelxl
U of B are cohomologous if there exists a family (h;);.; of morphisms from Uj; into
G such that g;; (b) = h; ()" 0 gi; (b) o h; (b) for all b € B. We have the following

result ((BOU 16], Chapter 1, section 5.7):

THEOREM 3.57.— Two principal bundles are G-B-isomorphic if and only if the
cocyles that determine them are cohomologous.

3.5.5. Fiber bundle associated with a principal bundle

Let A = (P, B, G, 7) be a principal bundle with base B = G\ P. Furthermore,
let ' be a manifold and suppose that the structural group G has a differentiable
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@if r = o00), respectively analytic (if » = w) left action on F. Then, G has a
differentiable (respectively analytic) and free right action on P x F' defined by

(r.y).9=(pg.9"y), (py) €PxF,geG.

We have the following result ([DIE 93], Volume 3, (16.14.7); [BOU 82a], (6.5.1)):

LEMMA-DEFINITION 3.58.—i) The manifold of orbits G\ (P X F) exists and is
written as P xG F; write (p,y) — p.y for the projection from P x F onto P xS F.

ii) For every orbit z € G\ (P X F), let 1 (2) be the element of P equal to 7 ()
for all (z,y) € =z Then, (P x% F,B,mp) is a fibration whose fibers are
diffeomorphic to (and said to be of type) F. More precisely, if U is an open subset of
B such that 7= (U) is trivializable and o : U — 7~ (U) is a morphic section of
71 (U), then (b, y) + o (b) .y is a U-isomorphism from U x F onto n." (U).

We say that P x & F is the fiber bundle associated with \ with fibers of type F.

PROOF.— (ii): We return to the case where P = B x G is trivial (Lemma-Definition
3.53)and o (b) = (b, €) (where e denotes the neutral element of G). Then, P x < F can
be identified with B x F, 7 can be identified with pry, and o (b) .y can be identified
with (b, y). [

COROLLARY 3.59.— Let (P, B, G, 7) be a principal bundle with structural group
G that has a differential (respectively analytic) right action on P, F a Banach space
and p : G — GL(F) a linear representation of G in F (Definition 2.87). Let
7w : P xG F — B be the projection defined as in Lemma-Definition 3.58, mutatis
mutandis. Then, (P xGF, B, 7TF) has a vector bundle structure whose fibers are
Banach spaces isomorphic to F.

PROOF.— The group G has an analytic left action on F defined by
(g,y) = p(9)y = g.y. Let U be a neighborhood of b in B over which P is
trivializable (Lemma-Definition 3.53) and let o : U — 7p ! (U) be a morphic section
of P on U. The Banach space structure of {b} x F is transported to 7" (b) by
(b,y) + o (b)y. The Banach space structure thus obtained on 7" (b) does not
depend on the choice of morphic section o (exercise). It is clear that
(P xGF, B,ﬂ'F) is a vector bundle that satisfies the stated properties
(Lemma-Definition 3.58(ii)). |

3.5.6. Extension, restriction, quotientization of the structural group

These operations are analogous to the extension and restriction of the ring of
scalars of a module ([P1], section 3.1.5(VI)).
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(D) Let A = (P, B, G, 7) be a principal bundle with base B = P/G (where G acts on
P on the left3), ¢ : G — H a morphism of Lie groups, g.h = ¢ (g) .h a left action
of G on H, and P x© H the fiber bundle associated with \ with fibers of type H
(Lemma-Definition 3.58). The group H has a right action on £ := P x & H defined
by (p.g) .h = p.(g.h). Write ¢ (\) for the principal bundle (F, H\E, H, mg1) . We
have H\E = H\ (P x¢ H)=H)\ (P x H) /G = P/G; thus, the base of ¢ (\)
can be identified with the base B of A\. We say that the principal bundle ¢ (\) =
(E, B,H, ) is deduced from A by the morphism .

If G C H, we say that ¢ (\) is deduced from X by extension of the structural
group to H.

If X is defined using an open covering U = (U;);.; of B = P/G and a cocycle
(g,-j)(l. j)e1x 1 Subordinate to { (section 3.5.4), then ¢ (M) can be defined using ¢/ and

the cocycle (h;;) subordinate to ¢/ for which h;; = ¢ o g;;.

EXAMPLE 3.60.— Given a real pure n-dimensional manifold, this situation occurs
when P =T (B), G = 0, (R), H = GL,, (R) (extending from orthogonal frames to
arbitrary linear frames).

(II) Assuming again that G C H, the principal bundle ) is deduced from ¢ () by
restriction of the structural group to G. We have seen that A and ¢ (\) have the same
base B.

Let a principal bundle A’ = (P’, B’,H, ") be given. If there exists a principal
bundle A = (P, B, G, ) with the same base B = B’ as \’ and such that \' = ¢ (}),
the bundle A is not unique in general: see Theorem 7.43 in section 7.3.8.

Nevertheless, G has a right action on P’ defined by p’ — p’.g (g € G), so we
obtain a principal bundle (P’, G\P’, G,7), 7 : P’ - G\ P’ that is deduced from \
by restriction of the structural group to G- but whose base does not coincide with B’.

(III) Let A = (P, B,H, 7) be a principal bundle with base B = H\ P (where H acts
on P on the right) and G C H; then H has a left differentiable action on the
homogeneous space H/G, namely the canonical surjection. The fiber bundle )\
associated with the principal bundle A with fibers of type H/G (which is a Lie group
whenever G is a normal subgroup of H) is £ = P x™ H/G, and we have
E = H\(P xH/G) (Lemma-Definition 3.58). In addition, H\ (P x H/G)
>~ G\P (exercise), thus \' = (G\P,H\P, ') where 7’ : G\P — H\P sends
every orbit of the action on G to the unique orbit of the action on H that contains it.

8 See footnote 7, section 3.5.1.
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3.5.7. Examples of trivial principal bundles

Parts (I) and (II) summarize some of what was said in section 3.1 and Remark
3.56. Part (IIT) prepares for the notion of a projective space.

(I) AFFINE SPACE Consider the affine space B = 2ff,, (R) (section 2.4.2(IV)), a
frame ¢ with origin b = 7 (¢), and the bundle of frames P (section 3.1(II)). Write ¢ in
the form (b, h), where h is a basis [el, e e”] (written as a row of n column vectors)
of T (B) =2 R™, so h € GL,, (R). The group G = GL,, (R) is the structural group of
P and acts freely and analytically on P by (b, h).g = (b, h.g) forall g € G.

(ITI) EUCLIDEAN SPACE If B is the Euclidean space €uc,,, the above remarks remain
valid when the structural group GL,, (R) is replaced by O,, (R) or SO,, (R), and h €
0O, (R). If G = SO, (R), the action of this group leaves the orientation of T} (B)
unchanged.

(IIT) PROJECTIVE SPACE When solving geometric problems, the projective space
is sometimes more suitable than the affine space [PER 95]. Let E = K"*! and ~
the equivalence relation defined as follows on E* = E — {0} : © ~ y whenever
there exists A # 0 such that y = A.x. The n-dimensional projective space P,, (K)
is defined as the quotient E*/ ~. This set, equipped with the quotient structure, is
a connected compact analytic manifold. A projective line (respectively a projective
plane) is defined as an element of P; (K) (respectively P5 (K)).

Let + = (wg,21,...,7,) be an arbitrary point of K"*! and write Z for its
canonical image in P, (K). We say that \.zg, A\.x1, ..., A\.x,, are the homogeneous
coordinates of T for every A # 0. Let H be the hyperplane with equation zq = 0, H
the corresponding projective hyperplane (i.e. its canonical image), and
U =P, (K) — H. The mapping ¢ : U — K" : & + (z1 /0, ..., T, /70) is bijective.
By choosing an origin O in the affine space 2ff,, (K), we can identify the latter with
¢ 1 (K") = U, which amounts to embedding 2ff, (K) in the disjoint union
P,K)=U L—ij H ([P1], section 1.2.6(IT)). The points of U are said to be “at finite

distance”, whereas the points of H are said to be “at infinity”.

For n = 1, H = {oo}. Topologically, P; (K) is the Alexandroff complexification
S! of R when K = R and the Riemann sphere when K = C ([P2], section 2.3.9).

For n = 2, H is the “line at infinity” D,, with homogeneous coordinates
(0,x1,x2), whereas the affine space can be identified with the points with
homogenous coordinates (1,21, x2). A line D in Py (K) is the canonical image of a
line D passing through the origin in K® with equation Y o<i<o a'.z; = 0 (where the
o' are not all zero). If ' = a2 = 0, then D = D,,. Otherwise, D N 2Aff, (K) is
the set of points whose homogeneous coordinates (1,z1,z2) satisfy the
relation o + a'.z; + o®.22 = 0, and this intersection is therefore an affine line.
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Moreover, D N D, is the set of points whose homogeneous coordinates (0, 21, z3)
satisfy the relation a'.z; + a?.79 = 0. There exists a unique point satisfying these
conditions; it has homogeneous coordinates (O7 a?, —al). This point at infinity
determines the direction of D (see Figure 3.7).

JanVredeman de Vries, in Opera Mathematica by Samuel Marolois (circa 1620)

Figure 3.7. Projective plane

A frame ¢ of the projective space B = P, (K) can be chosen to be of the form
(b,h), b= (q), where h is a line [€g, &1, ..., ,] € PSLy,41 (K), h = [eq, €1, ..., €5,]
is a basis of K", and é; is the canonical image of e; (i = 0, 1, ..., n). The projective
group PSL,,;; (K) has a simple transitive and analytic action on P,, (K) defined by
(b,h) .g = (b,h.g) (5 € PSLy11 (K)).
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Tensor Calculus on Manifolds

1. Introduction

Tensor calculus was the culmination of pioneering work by B. Christoffel and G.
Ricci, in 1869 and 18871896, respectively. It reached maturity in a joint publication
by Ricci-Curbastro and Levi-Civita in 1900 [RIC 00]. It is difficult to overstate its
importance as a field — general relativity could not exist without it. Tensor calculus
plays an essential role in every area of physics; it is also crucial for continuum
mechanics and many other engineering sciences, and it, of course, lies at the heart of
differential geometry. Section 4.2 of this chapter is purely algebraic (with some
algebraic topology in section 4.2.6). The mathematical objects that physicists call
tensors are more precisely tensor fields; they are only introduced in section 4.3.
Historically, “tensors” were presented to students as exotic mathematical millipedes
of the form t;l’ ZJ” (or more briefly) that behave in a certain way under change of
coordinates (see [4.3, 4.4]). This stemmed from the decision to only define the
components of the tensor (see [4.2]). As a result, students could complete an entire
course of tensor calculus without finding a satisfactory answer to the question: “But
what actually is a tensor?” We will, of course, choose a different approach by
defining tensor fields before attempting to study them.

The fields of contravariant tensors of order 1 are just the vector fields. The fields
of antisymmetric contravariant tensors of order p are called p-vector fields. The fields
of covariant tensors of order 1 are the covector fields, or fields of differential forms of
degree 1; the fields of antisymmetric covariant tensors of order p are the fields of
differential forms of degree p, also called p-forms or p-covectors ([P1], section
3.3.8(VII)). The integral of an m-form over an m-dimensional manifold (line
integral if m = 1, surface integral if m = 2, volume integral if m = 3) is a key idea
that has various applications in physics (see, for example, section 5.6.4). These forms
also allow us to define the orientation of a manifold (section 4.4.4). The differential
forms of degree 1 go back to Euler [SAM 01]; higher-order differential forms were
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introduced by E. Cartan [CAR 99], who made abundant use of them [CAR 22a],
whereas the differential forms “of odd type” were developed by G. de Rham
[DER 84]. Differential forms are easy to define on (FN) or (SA) manifolds
(Remark 4.33), and their exterior and interior products have properties analogous to
those stated in section 4.4.3 ([KRI 97], Chapter VII, section 33).

The fields of non-degenerate symmetric covariant tensors of order 2, on the other
hand, allow us to define pseudo-Riemannian manifolds, which lead to the Riemannian
and Lorentz manifolds of general relativity as special cases. The notion of a Riemann
space (or Riemannian manifold) is, of course, due to Riemann; they were introduced
in his inaugural lecture, mentioned in section 2.1. Pseudo-Riemannian manifolds (and
in particular Lorentz manifolds) are the result of a work by Minkowski, Einstein, and
Grossmann ([PAU 58], Chapter II, section 7 and Chapter IV, section 50).

4.2. Tensor calculus

As a reminder, we are using the conventions outlined in section 1.2.1, especially
those which relate to the representations of vectors and covectors.

4.2.1. Tensors

(I) NOTION OF A TENSOR Let K be a field. Recall that, if E and F are K-vector

spaces, the tensor product E ® F is defined as the K-vector space generated by the

products z; ®y; (z; € E, y; € F), where ® : ExF — E®F is a canonical bilinear

mapping that is the solution of a universal problem ([P1], section 3.1.5). In particular,

if (€i);e; and (f;), ¢, are bases of E and F, respectively, then E @ F consists of the

elements of the form 27 j a’e; @ fj; (GZJ S K) If G is a third K-vector space, then
finite

(EQF)® G =E® (F® G); thus, this space can be written as E ® F @ G.

Let E be a finite-dimensional vector space over K, and let EV be its dual.! Write
Tj (E) = E®" for the n-th tensor product of E, namely &, E;, where E; = E
(i =1,...,n), with the convention that E®® = K; furthermore, write T (E) =
(EV)®™ and T (E) = T (E) ® T}, (E). The elements of the vector space T% (E)

are called p-times contravariant and g-times covariant fensors (or tensors of type <§ )

1 (a) Since E is finite-dimensional, its dual ([P2], section 3.6.1) coincides with its algebraic dual
([P1], section 3.1.2). (b) Up to and including section 4.2.5, we can replace K by a commutative
ring A and the finite-dimensional K-vector spaces by finitely generated A-modules ([P1],
section 2.3.1(II)).
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or (p, q))2; the order of any such tensor is the integer p + ¢. Thus, a vector of E is an
element of T} (E) and hence a tensor of type (1,0), i.e. a once contravariant tensor. A
linear form on E (also called a covector) is an element of TY (E) and hence a tensor
of type (0,1), i.e. a once covariant tensor. The vector space T{ (E) is also written as
T (E).

If E and F are finite-dimensional K-vector spaces, we know that the space EV Q@ F
can be identified with £ (E; F) by identifying 2V ® y with the K-linear mapping f :
x — (x,z")y ([P1], section 3.1.5(T)). If (e)'),.,,, is a basis of EY and (f;);<;<,,
is a basis of F, the elements of EV can be represented by columns of n elements,
the elements of F' can be represented by rows of m elements, and so the elements of
EY ® F can be represented by n X m matrices, like the elements of £ (E;F). An
element of EV @ F of the form 2V ® y can be identified with an n x m matrix of rank
1. Recall that any arbitrary element of EV ® F is a finite sum of terms of this form.

LEMMA-DEFINITION 4.1.—i) The K-vector space T(E) = @ T"(E) is a
n=0
graduated K-algebra ([P1], section 2.3.12) called the tensor algebra of E.
ii) Let E and F be two finite-dimensional K-vector spaces, f : E — F a linear

mapping, and T (f) : T(E) — T (F) the mapping uniquely determined by the
condition

T (1@ @wn)=[f(21) ©...® f (2n)

for every integer n > 0 and all x1,...,x, € E. Then, T (f) is a morphism of
algebras and T is a covariant functor ([P1l], section 1.2.1) from the category of
K-vector spaces into the category of graduated K-algebras (exercise).

(II) DUALITY AND INDEX CONTRACTIONS The space T? (E)v can be identified
with T (E) using the relation

<® 2o @ 27, Q) vio & y”>: IT (@iy”) (g e 1411

1<i<p 1<j<q 1<j<q 1<i<p E?ép
<j<gq

€TY(E) €T} (E)

2 This convention has been adopted by various authors, including [DIE 93, BOU 12, BIS 68],
but is not universal. For example, the opposite convention is found in ([SPI 99], Vol. 1, p. 123),

where p-times contravariant and g-times covariant tensors are said to be of type
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An arbitrary element ¢ of T (E) can be expressed in the following form with

respect to the basis (€;); <;,, of E and its dual basis (e"*) _. _ -

t= S e, @ e, @ @ eV, t;i'f.éﬁ cK. [42]

. PN
J1.--Jqt M
ilv"'aipﬂjlv"qu

The t;llzj’z are the components of the tensor ¢.

REMARK 4.2.— Einstein’s summation convention, which is ubiquitous in physics,
omits the symbol . We will avoid this convention below for clarity; nevertheless,
whenever bounds are not stated for the indices, it should be implicitly understood
that these indices range from 1 to the dimension of the vector space or manifold
being considered.

. i . . . . —1 .
Write ¢, for the K-linear index contraction mapping T (E) — T/_| (E), i €
{i1,...,i4} and j € {j1, ..., jp}, defined by3

cz- (xl ® .0 Ty ® 2V ®..® xvq)
= (25,2 21 ®.05;® .01,z @ .. Qi@ .0V

In particular, if z = ), z%¢; and 2V = Y, 2 €'V, then

cl(z®aY) = Zmlxz/ = (z,2") € K.

(IIT) CHANGE OF BASIS Let A = A{ /> be a change-of-basis matrix in E. Consider

the tensor [4.2]. By [1.1] and [1.2], with the conventions of section 1.2.1(II) and noting
that K is commutative,

9] ./
Tq...2 =/ -/

t= E t, ey @..ep eV ®..eVa
J1---Jq 1 P

TR T L, A
with
iy i’ iy 1 Gq gi1ed
Y 1 P 1 q e tp
tj{wj; = g Ail"'Az‘ij;"'Aj{;'tjl...qu [4.3]
115eeylpyJ1se-50q
fireip Al Ai”Aji Aj; ti’l...z’; a4
Jieda Z L S R R [4.4]

i i1 gt i’
(RO TR LR 1A

o~

3 The notation (.) indicates that the symbol (.) should be omitted.
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REMARK 4.3.— There is an obvious analogy between [1.1] and [1.2]. Ever since
Ricci-Curbastro and Levi-Civita, we say that a vector is a contravariant tensor and a
covector is a covariant tensor. This is motivated by the observation that the
components of a vector in a given basis transform like covectors under change of
basis, whereas the components of a covector in the dual basis transform like vectors.
For Ricci-Curbastro and Levi-Civita, the components were more important than the
vectors and covectors themselves. Tensor calculus has been around for too long to
change this terminology now!

4.2.2. Symmetric tensors and antisymmetric tensors

(I) CASE OF CONTRAVARIANT TENSORS Let E be an m-dimensional K-vector
space. Consider the action of the permutation group &,, on space of contravariant
tensors T{ (E) defined by

o. (1‘1@...@58”) = Ts-1(1) ®---®I0*1(n) [4.5]
forc € 6, (1 <n<m).

Given a basis (e;);<;<,, of E, the ¢;, ® ... ® e;, form a basis of the vector space
Ty (E). Thus, let:

t= > e, ®@..®e, € Ty (E).

i15eeeyln

Now, define:

ot — Z til,...,in_a(eil ®..Qe€;)

115eeyin

Z tila..~,in.eo_,1(i1) ® ...eg-1(5,) = Z ta(il)""’a(i")-eil ®...0¢€,.

11,.0yln T1yeenyin

This tensor ¢ is said to be symmetric, respectively antisymmetric if o (t) = ¢,
respectively 0.t = ¢,t for every 0 € &,,, where ¢, is the signature of the permutation
.

This is equivalent to saying that its coordinates satisfy:

to’(il),...,o'(in) — til,...,in’ resp. ta‘(il),...,o'(in) — €gti17”"i".
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Let t € Ty (E). The symmetrization, respectively antisymmetrization ([P1],
section 3.3.8(VII)), of this tensor is defined by

s.t= Z o.t, resp.a.t= Z go (0.1). [4.6]

ceS, oceG,

We sometimes write ([SPI 99], Volume 1, Chapter 7):

1
alt = —a.
n!

If t is already symmetric (respectively antisymmetric), then s.t = n!t (respectively
a.t = nlt, so altt = t). Write TS" (E) C Tj (E) (respectively A™ (E) C Ty (E))
for the space of symmetric (respectively antisymmetric) contravariant tensors of order
n on E.

Consider the sets H = {i1,...,in} C {1,...,m}, i1 < iy < ... < i,. Then, the
clements ey = a.(e;, ® ... ®e;,) form a basis of A" (E), and this basis has (")

elements.

The space TS™ (E) can also be defined as a quotient of Tj (E) : consider the
vector subspace b,, of T{ (E) generated by all the elements of the form

1R .Qx, —0 (1 Q...Q0x,)
forevery z; € E and 0 € G,,. Then, TS" (E) can be identified with Tf} (E) /b,,.

LEMMA-DEFINITION 4.4.— 1) The direct sum
TS (E) = P TS" (E)
n=0

is called the symmetric algebra of E.

2) The direct sum

is a graduated ideal ([P1], section 2.3.12) of the graduated algebra T (E), so
TS (E) @ T (E) /b is a graduated K-algebra, called the symmetric algebra of E.

3) Proceeding in the same way as in Lemma-Definition 4.1, we can define a
covariant functor TS from the category of K-vector spaces into the category of
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commutative graduated K-algebras. The canonical image of (x1,...,x,) € E™ in
T™ (E) is written as x1...2y,.

4) TS (E) is isomorphic to the algebra K [X, ..., X,] of polynomials in m
variables over K (where m := dimgk (E)).

DEFINITION 4.5.— Let E and F be finite-dimensional K-vector spaces. A mapping
f : E — F is said to be a homogeneous polynomial of degree n if there exists an
n-linear mapping u : E™ — F such that f (z) = u (z, ..., ).

LEMMA 4.6.—i) If f : E — F is a homogeneous polynomial, then the n-linear
mapping u : E™ — F defined by f (z) = u(x, ..., x) can be chosen to be symmetric,
and this choice is unique.

ii) Let f : E — F be a homogeneous polynomial mapping of degree n and
consider v, : E" — T"(E) : © — o ® ... ® x. There exists a unique K-linear
mapping f : T" (E) — F such that f = f o ,.

PROOF.- (i) It can be checked that

u(er, ) = S Sy <2x> .

Hc{1,2,....n} i€H

ii) By the universality of the tensor product ([P1], section 3.1.5(I)), there exists a
unique  K-linear mapping f’ from TS"(E) into F such that
U (X1, ey ) = f (21 ® ... @ @) for all z; € E. Thus:

fl@)=u(z,..o)=f(z@..0x)=f (1 (),
which gives that f = f' ’TS'IL(E) . |

(IT) CASE OF COVARIANT TENSORS We saw above that T (E) can be identified
with the dual of Tfy (E) (section 4.2.1(II)). By [4.1], it follows that:

(o.t,tV) = (t, o '.t).
Furthermore, T? (E) can be identified with the space of n-multilinear forms on E;

thus, the symmetric (respectively antisymmetric) covariant tensors can be identified
with the symmetric (respectively alternating) multilinear forms on E.
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4.2.3. Exterior algebra

(I) EXTERIOR n-TH POWER Let E be an m-dimensional K-vector space and let
zp € AP (E), z, € A?(E) (section 4.2.2(T)). The exterior or wedge product ([P1],
section 3.3.8(VID)) z, A z, € AP*4(E) is defined by:

2p N 2g = ﬁa. (2p @ 24) = “;qu!)!alt (zp @ 2q). [4.7]

This product is associative and anticommutative, i.e.
z2p N zg = (—1P9) 24 A zp.
In particular, if z,y € E,thenz Ay =a. (2 ®y) =2y —y®z. If T is a twice
covariant antisymmetric tensor, then

TaAy) =Ty —-Tyez)=2T(zxy). [4.8]

More generally, if z,, € APi (E) (i =1, ..., k), then

Zpy N N 2p, = a (2p, @ 2p, @ ... Q 2p, ) -

pl!mpk!

Applying the above to vectors z,, = x; € E gives

To() NTo2) N - NZo(n) = Eo- 1 NT2 N oo A Ty [4.9]

As a result of [4.9], the vector space A™ (E) is also called the exterior n-th power

of E and can be written as /A E. The basis of this space associated with the basis
(€i)1<i<pm consists of the ('') elements:

eqg = e, Nej, N Nej,

where the index sets H are defined as above, so that H = {i1,...,i,} C {1,...,m},
11 <12 < ... < 1,. Hence,

. A\ - (:?)ifngm,
dim (/\E){ Bifn . [4.10]

In particular, dim </\ E> =lifn=mand AE=0ifn > m.
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P
DEFINITION 4.7.— The elements of \ E:= AP (E) are said to be p-vectors.
We write that det (E) = A E (and so det (E) =2 K).

m .
(II) CALCULATING AN n-VECTOR IN A GIVEN BASIS Let z; = ) &/ ¢;; explicitly
j=1

writing out the expression from [P1], section 3.3.8(VII) gives:

j j j
e g
J1 J2 - In

. - Z 2 2 2 | ei Neiy Ao Ny, . [411]
11 <i2<...<in . . .
&ro & o &

0
(IIT) EXTERIOR ALGEBRA Let A E = K and consider the direct sum

NE= D AB

0<p<m

This sum has an associative K-algebra structure (for the exterior product) and is
called the exterior algebra of E. The exterior algebra A E is therefore clearly an
anticommutative graduated K-algebra ([P1], sections 2.3.10(I) and 2.3.12), and the

p
elements of /\ E are the homogeneous elements of degree p.

4.2.4. Duality in the exterior algebra

We can repeat the above for covariant tensors and covectors. This gives
n n v
A\EY = ( A E>
with the duality bracket ([P1], section 3.3.8(VII))

<331 Axo Ao Nm, 2P AZY2A LA xvn> = det (<xj,xw>) [4.12]

and the following result:

LEMMA 4.8.— Let E and F be finite-dimensional K-vector spaces.

n
1) The elements of \EV can be identified with the alternating n-linear forms on
E, i.e. (with the same notation as above) the n-linear forms u : E" — K such that,
for every permutation o € &,, and every (x4, ...,x,) € E",

o (u) (21, ey Tn) = ot (T1, ooy Tpy) s [4.13]
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where o (u) (21, ..., Tp) :=u (xa(1)7 ...,xa(n)) .

n
2) \ E satisfies the following universal property ([BOU 12], Chapter III, section
7.4, Proposition 7): For every alternating n-linear form w : E" — F, there exists a

n
unique K-linear mapping v : A\ E — F such that

U (X1, T2,y ey Ty) = V(X AT A e Ay) = (X1 AZa A oo ATy, 0)

3) In particular, suppose that dim (E) = m. Then, u : E™ — F is an alternating
n-linear form if and only if it can be expressed in the form

'U/(J?l,.’IIQ, 71;71) = ZG/H.det (XH) s
H

where H = {j1,...,jn} C {1,...;m}, 1 < ji < ... < jn, XH is the square matrix
(n,’j) of order n satisfying T]Z = &F for 1 < h,k < n (see section 4.2.3(II)), and
ag € F.

DEFINITION 4.9.— Let E and ¥ be finite-dimensional K-vector spaces. Write

A, (E; F) for the vector space of alternating n-linear mappings (i.e. which satisfy
[4.13]) from E" into F'.

P
In particular, A, (E) := A, (E;K) = AEY is the space of p-covectors or
p-forms ([P1], section 3.3.8(VII)).

LEMMA-DEFINITION 4.10.—i) Let u (respectively v) be an alternating p-linear
(respectively q-linear) form on EP (respectively E9). The exterior product u N\ v is
defined as the antisymmetrization of the (p + q)-linear form

1
(1 ey Tpy Tp1s ooy Tptq) F> p'—q‘u (@1, s p) U (Tpt1s oos Tptgq)

and v AN u = (—1)"" u A v. Equivalently,

(WAV) (21,000 Tpyg) = Y €(O)U(To(1)s s To(p) ¥ (To(pt1)s s To(pra))
oc€Sh(p,q)

where Sh (p, q) is the set of permutations o € &, such that o (1) < ... < o (p) and
clp+l)<..<o(p+q)?

it) The exterior product of alternating multilinear forms is an associative
operation.

4 The notation Sh is short for shuffle.
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iii) If uy, ..., uy, are linear forms, then uy A\...\u,, = a. H?:l u;, or more explicitly:

(ug A oo A (T1y ooy ) = Z e (o) Hul (zo()) = det  (u; (z)).

~ 1<i,j<n
oceG,

By Lemma 4.8(2),

(ug A oo At) (Z1, ooy ) = (X1 A o ATy ugp Ao Ay

If w® = Z;n:l ag eV? (i = 1,...,n), then we have the following relation, similar to
[4.11]:

Ji ,J2 Jn
al a’l DR al
Ji J2 In . .
WAL AW =) ay Gy =y Vit A A eVIn,
e |
J1 a2 ... g
a‘n a’ﬂ aTL"

REMARK 4.11.— Some authors ([KOB 69], Volume I, Chapter I, p. 35) define the
exterior product of an alternating linear p-form u and an alternating linear q-form v
as the alternating linear (p + q)-form

1
(T15 ey Ty Tp1s ooes Tpq) F — E e(o)u (le, ...,xjp) v (xkl, ...,l’kq) )
P+a)! 5

p+q

We will instead write u A v for this exterior product, which is equal to %u Av
in our notation. In particulay, if ui,...,u, are linear forms, then
(Ur A e Aty (T, ooy ) = 2 det< (ui (x;)) ([KOB 69], Volume I, Chapter I,

n

< g<n
p-7).

4.2.5. Interior products

Let p, ¢ be integers > 0 and z, a contravariant tensor in T¢ (E), where E is an m-
dimensional K-vector space. The mapping v, — z, ® v, from T5 (E) into T5 (E)
is K-linear. Its transpose may therefore be identified with a K-linear mapping from
TH9 (EV) into T (EV), written as (with u,,, € T (EV))

Uptq 7 ZqIUptq,

which is said to be the interior product of z, and u,,. Thus, by definition:

(Up, 2q Uptq) = (Vp ® 2g, Uptq) -
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For example, if w is a p-covector and vy, ..., v, are vectors, then

(v1ow) (v, ...y vp) = w (V1, V2, ..., Up) - [4.14]

If ¢ is also a n-covector and v is a vector, this gives the “distributivity relation”:

va(wAY) = (ww) A+ (=) wA (viy). [4.15]
If wy, ..., w) are covectors,

(1) (0w Wi A AG A s A W [4.16]
1

P
va(wi A Awp) =

3

REMARK 4.12.— If we write i, (up) := vauy, then [4.15] becomes:

iy (WAD) =iy (W) AP+ (=1)P w A iy ().

The interior product is an antiderivation of degree —1 of the exterior algebra

AEY= &P /p\Ev ([P1], section 2.3.12).

1<p<m

EXAMPLE 4.13.- i) Suppose that g = 1, p = 0. Now, let 2 € E = T} (E), u € EV =
TV (E). Then, zou € K and, forall A € K, \zou = (A® z,u) = . (z,u), so
zau = (z,u). The interior product is therefore a generalization of the duality bracket.

ii) In general, let

_ 1.0 _ Vi Vi
Zg = E zhte, @€, Uprq = E Uiy iy g€ Q.. @ePH
i1yeensig '

U150 lptq

It can immediately be checked that
ZgUpiq = Z Zil...iquil...ip+quiq+1 R.Q €Vip+q .

i1serript

q p+q
iii) In the case of antisymmetric tensors, let z, € ANE, uprq € A (EV). Define

P
ZgUuptq € N\ (EV) by the equality
(Vp, ZgUp+q) = (Up A Zq; Uptq)

P
forallv, € \E.
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iv) In particular, suppose that dim (E) = m > 3, g =m—1,p =1, u,, =
eV ®..@eVim, 2y 1 =Ty A e A1, Uy = Tg, where z; € E (0 < i <m —1).
Then:

(o, (1 A oo A Typp—1) ) = det (<xj, ew>) 1<i<m €K

0<j<m—1
and x1 A ... N zm_1 € EV. IfE is a Euclidean space over the field of real numbers,
the scalar product associates this linear form with a vector of E (this is a trivial
special case of Riesz’s theorem ([P2], section 3.10.2)). This vector is again written
as r1 N\ ... \ Ty—1 and called the vector product of the vectors 1, ...,Xpm—1. The
vector product does not just depend on the Euclidean structure of E, but also on its
orientation (see below, section 4.4.4).

In the case where m = 3, the vector product of two vectors can be identified with
a vector. By [4.15], the equality [4.14] therefore implies the classical relation:

e A(YAz)=(x.2)y — (z.y) 2. [4.17]

4.2.6. Tensors on Banach spaces

(I) TENSORS Let 2, B and € be subcategories of the category of Banach K-spaces
([P2], section 3.4.1(I)) and let X : 2P x B9 — € be a functor that is covariant in 2A?
and contravariant in 287 ([P1], sections 1.1.1(I) and 1.2.1).

EXAMPLE 4.14.— 1) If E is a finite-dimensional K-vector space, then j : EP —
T( (E) is a covariant functor, v : B — T (E) is a contravariant functor and
A EP x BY — TV (E) is a functor that is covariant in EP and contravariant in B9,

2)Ifp=1%, =..=%B, E c 2y, and E' € B,,7 we can define a functor
covariant in E and contravariant in E'? by:

T,: (E E)— L, (E;E),

where L, (E'; E) denotes the Banach space of continuous q-linear mappings from E'
into E ([P2], section 3.8.9). This functor acts as follows on morphisms: let (f, ') :
(E1,E)) = (Eq,E}) (where f € L (E1;Eq) and ' € L(E}; EY)); then

T, (f, f"): Lqg (EYEL) = L4 (EEs) iues fouo f/9,
where ' = (f',..., f) (q terms).

3) With the same conditions as (2), let Alt? (E';E) be the closed subspace of
Ly (E'; E) formed by the antisymmetric g-linear mappings, i.e. those which satisfy

5 Recall that the dual of E is written as E rather than E’, which for us denotes an arbitrary
Banach space in ‘B;.
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[4.13] for all o € &, and every (zf, ...,:c;) € E'9, generalizing Definition 4.9.

Write Ali? (E'; K) = Alt? (E') . Now, define the following functor, covariant in E and
contravariant in E':

Alt? : (E/,E) — Alt" (E';E) .

This functor acts as follows on morphisms: let (f, ') : (E,E}) — (Eqo,E})
(where f € L(Eq1;Es) and ' € L(E}; E)); then

Al (f, f) : AltT (EY; Ey) — Al (B3 Eg) tuv fouo f9.

Forevery E,F € A, E',F' € B, withE =E; x ... x E,, E' = E| x ... x E’q,
and similarly for F and F’, set

Hom (E x E';F x F') = (ngispﬁ(Ei;Fi)) X (ngigpﬁ(F;§E;’)) .

DEFINITION 4.15.— The functor \ is said to be a vector functor of class C?, s € Nk
(section 1.2.1(1)) if the following conditions are satisfied:

i) For every pair (E,E’) € 2A x B, A (E,E’) € €.
ii) For every f € Hom (E x E';F x F'), A(f) € L (A (E,E') ;A (F,F)).

iit) The mapping A : Hom (E x E;F x F') — L ()\ (E,E') D (F,F’)) is of
class C*®.

DEFINITION 4.16.— Let B be a manifold (i.e. a Banach manifold of class C”, r > oo,
by the conventions (C1), (C2)), E € A, E' € B, and X : AP x B1 — € a vector
Sfunctor of class C" that is covariant in the first variable and contravariant in the
second. A tensor of type (p, q) is an element \ (EP /E'?) € €.

REMARK 4.17.— 1) The functor \ : EP x E? +— T%(E) is covariant in EP and
contravariant in E?, bur T% (E) is the space of g-times covariant and p-times
contravariant tensors! See Remark 4.3.

2) We do not know whether the existence of A (Definition 4.15) can be established
without restrictions for s = r, even for the case p = 1. However, it always holds for

s =0.

(IT) ANTISYMMETRIC CONTINUOUS MULTILINEAR MAPPINGS Let E, F be two
Banach spaces. The space Alt? (E; F') of antisymmetric continuous g-linear mappings
from E? into F is defined as in Example 4.14(3). Alt? (E; F) is a closed subspace of
L4 (E; F) and hence a Banach space.
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Let G, H be two other Banach spaces and @ : F x G — H a continuous bilinear
mapping; for every (y,z) € F x G, write ® (y,2) = y.z. Let u € Alt? (E; F) and
v € Alt? (E; G) . Then, the mapping

1
h:EPTE = H (21,0, Tpy Tpi1, - Tpig) p'—q'u (@1, s p) U (Tps1, - Tptq)

is continuous and (p + ¢)-linear. The statement of Lemma-Definition 4.10 remains
valid in this more general context (note that the linear and multilinear mappings must
be continuous), and u A v € Al (E; H) .

REMARK 4.18.— The exterior product A\ defined above depends on the continuous
bilinear mapping ®. We can use the notation \g to emphasize this more explicitly. In
the case where F = G = H = K, ® is the “canonical” coupling (y, z) — y.z (usual
product) and can be left implicit.

The interior product vi _w of vi € E andw € Alt” (E; F) is defined by [4.14] and
belongs to Alt’ ! (E; F). The relations [4.15] and [4.16] still hold, as well as Remark
4.12.

4.3. Tensor fields
Let B be a manifold and U an open subset of B. Write C" (U) for the K-algebra
of mappings of class C” from U into K.

4.3.1. Vector fields

DEFINITION 4.19.— A vector field of class C" on an open subset U of B is a morphic
section of T (B) over U (see Remark 3.24), i.e. an element of I (U, T (B)) (Corollary-
Definition 3.21). The latter space is also written as T;' (U) and is a C” (U)-module.

Let (U, &, E) be a chart of B centered on some point a € B, where E is a Banach
space. The restriction to U of a vector field X € 7' (B) is a mapping X |, : U —
T (B) such that mov = 1y, so

X‘U b~ (b,hb) ety (U)
is a vector field on U. We already know that there exists an isomorphism [3.2]

Ge:UxF =1 (U): (bh) — (b, (dy€) ™" .h) — (b,hy).
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4.3.2. Covector field

DEFINITION 4.20.— A covector field of class C™ on U is a morphic section of TV (B)
over U, i.e. an element of T (U, T" (B)). The latter space can alternatively be written
as T (U) or Q1 (U). The elements of Q' (U) are also known as Pfaff forms on U.

Let (U, &, E) be a chart of B centered on a point b € B. The restriction to U of
any such covector field w is a mapping w|,; : U — T (M) satisfying mow = 17, s0

w|U b (b,h;/) € Tl:/ (U)v

is a covector field on U. (For the finite-dimensional case, see Theorem 2.71.)

4.3.3. Tensor fields and scalar fields

(I) TENSOR BUNDLE Let 7 : M — B be a vector bundle. Write T4 (M) for the
vector bundle of class C" whose fiber over an arbitrary point b € B is T% (Mp)
(sections 4.2.1 and 4.2.6). This is called the bundle of p-times contravariant and
g-times covariant tensors (or tensors of type (p, ¢)) on M. If M is of finite rank, then
TE (M) = (MY)®? @ (M)®P. By convention, T§ (M) = M, T9 (M) = M"Y
(Definition 3.36) and T3 (M) = B x K. The following result is clear:

LEMMA 4.21.— Suppose that M is of rank n. Let (s;), ,<,, be a frame of M over the
open subset U of B (Lemma-Definition 3.23) and (sw)
Definition 3.38). Then, the nP?* tensor fields

L<i<n 1 dual frame (Lemma-

Sj; ®...08;5, ® sV ®..@sv
form a frame of T4 (M) .
(I) TENSOR PRODUCT, WHITNEY SUM AND EXTERIOR PRODUCT The
constructions of section 3.4.4 can be extended to the tensor product and Whitney sum
of an arbitrary finite number of vector bundles with the same base; in particular, we
can define the tensor power M™® of a vector bundle M with base B and finite rank

(section 3.4.1). We can also define the tensor field T{ (M) whose fibers are
TG (M), (b€ B).

Furthermore, the same construction enables us to define the exterior power
p
A\ M

of a vector bundle M of finite rank (with p > 0). For every sequence (s;), <i<p of

sections of M on an open subset U of B, write s; A sy A ... A's,, for the mapping

Uab'—>sl(b)/\52(b)/\.../\sp(b)E/p\Mb.
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0
REMARK 4.22.— By convention, M0 = N\ M is the trivial bundle B x K.

Consider a morphism of vector bundles v : M — N, where M and NN are vector
bundles with base B and finite rank. There exists a unique morphism

/p\u:;\M—>/p\N

such that, if sy, ..., s, are arbitrary sections of M over the open set U C B, then

/\uo(sl/\.../\sp):(uosl)/\.../\(uosp).

(IIT) TENSOR FIELDS Let B be a manifold, 7" (B) its tangent bundle and 7" (B)
its cotangent bundle. Write T? (B) for T% (T'(B)) if this is not ambiguous. Thus,
T} (B) =T (B)and TY (B) =TV (B).

DEFINITION 4.23.— A tensor field of type (p, q) and class C" on an open subset U of
B is a morphic section of T? (B) over U, i.e. an element of T (U, T? (B)). This is a
mapping T : b~ T (b), where b € U, T (b) € T? (B), . The space ' (U, T? (B))
can also be written as T ? (U) (according to the notation of Definitions 4.19 and 4.20).

Let (U,§,n) be a chart of B. Every tensor field Z € 77 (U) can be uniquely
written in the form

0
Ji---Jp i1 ig
Z= 3 e © e ® o DE @ @ dE', [4.18]

where the components zfllf;’ are of class C". Hence, 77 (U) is a free C" (U)-module
with basis

o o . . - |
{aé_jl@. 853 RdE" ® ... ® d&' j1<...<jp,21<...<7,q}.

More generally, if U is an arbitrary non-empty open subset of B, then the set
TP (U) is a C" (U)-module that is free whenever 7' (U) is trivializable, and the
mapping U +— 77 (U) is a sheaf of C"-Modules, where C" is the sheaf of rings
U — C" (U) (see Remark 3.34).

p
If B is m-dimensional, a section of class C” of the bundle A T (B) of tangent
p-vectors over U (section 4.2.3) is said to be a p-vector field. .

(IV) SCALAR FIELDS By Remark 4.22, 7 (U) is the set of mappings of class C"
G : U — U x K and can be identified with C" (U) .
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4.4. Differential forms
4.4.1. Differential forms of degree p

(I) Let B be a manifold. Write Alt” ((T (B)) ; K) for the vector bundle of class C" of
alternating continuous p-linear mappings from 7T (B) into K. The fiber of
Alt? (T (B));K) over an arbitrary point b € U is given by Alt” (T (B)),; K)
(sections 4.2.1 and 4.2.6).

DEFINITION 4.24.— A differential p-form (or a differential form of degree p) on an
open subset U of B is a section of class C" of Alt? ((T (B));K) on U, i.e. an element
of O (U) :=T (U, Al ((T (B));K)) (Corollary-Definition 3.21).

The set QP (U) is a C" (U)-module. The mapping U — QP (U), where U is an
open subset of B, is a sheaf of C"-Modules. The set Q7 (U) is in fact just the C" (U)-
module of antisymmetric p-times covariant tensor fields of class C" on U.

(II) FINITE-DIMENSIONAL CASE Suppose that the manifold B is locally
finite-dimensional and let (U,&,m) be a chart of B. By Theorem 2.71, every
differential form on U can be written in the form

b w( Z a; (b) .d€* (b [4.19]

where the a; are m functions U — K. For w to be of class C", it is necessary and
sufficient for the a; to be of class C”. Every p-form o € QP (U) can be uniquely
written as

o = Z Qi ..., ip.dgil A A dgip, [420]

1< <...<ip<m

where the a;, ... ;, are of class C". Hence, the differential p-forms A€ A LA dEP
stated above form a basis of the free C" (U)-module QP (U). The C” (U)-module
QP (B) is free whenever T (B) is trivializable.

P P
Identifying A\ T (B) with the dual bundle of A\ T (B), if Y1, ..., Y}, are p vector
fields, then

(,Yi Ao AY,) = S i, det ({7, YY) . [4.21]

1<iy <...<ip<m

The indices h and k range from 1 to p in each determinant by [4.12].
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Let B=K", a(z) = f(z)dz' A...Adz™, and Y (z) = >, .0, v (2) 0/ O;.
Then, [4.14] implies that: T

(Voa) () = Y (-1 f (@) g (2) da Ao Ao A A da™

i=1

(IIT) DE RHAM ALGEBRA Set

with Q° = C" (B) (section 4.3.3(IV)) and QP = QP (B). The notion of exterior
algebra introduced in section 4.2.3 allows us to state the following result (see footnote
1(b), p. 132):

LEMMA-DEFINITION 4.25.— 1) Let (U, £, m) be a chart of B. The restriction Q|U is
the exterior algebra of the free Q0 |U -module Q! |U .

2) The K-algebra ) equipped with the exterior product N\ of differential forms
([P1], section 3.3.8(VII)) is associative, graduated and anticommutative ([Pl],
section 2.3.5 (IV)). The exterior product satisfies:

where # denotes the degree. We say that () is the de Rham algebra of differential forms
on B.

4.4.2. Preimage of a differential p-form

(I) Let B, B’ be two manifolds, w € QF (B), and f : B’ — B a morphism of
manifolds.

LEMMA 4.26.— There exists a uniquely determined differential p-form
f*(w) € QP (B') such that

f* (w)b, (’Ui, ceey ’U;) = W(f(b/)) (Tb/ (f) .’Ull, ceey Tb/ (f) ’U;) [422]

for (eve:;y Y € B’ and every family {v}, ...,vl’)} of elements of the tangent space
Ty (B').

DEFINITION 4.27.— The differential p-form f* (w) specified above is said to be the
preimage of w under f (or the p-form induced by f from w).
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In particular, if p = 1, then (f* (w),, ,v}) = (W@, Ty (f) 1) = Ty (f).
W(f(6)5 V1) SO

fr @)y = "o (f) wirery)-

If B” is a manifold and g : B” — B’ is a morphism, then (exercise)

(fog) (W) =g"(f" (w)).

(II) If B, B’ have dimensions m, m/’, respectively, (U, £, m) is a chart of B with & =
(€"),<,<,,» and w is defined on U by [4.19], then the expression of f* (w) on f~* (U)

is given by:

m

Frw)y=> (aiof).d(¢of).

=1

If the p-form o € QP(B) can be written in the form [4.20] on U, ie.
a = > Qiy,ooniy-dE™ A oA dE™, then f* () € QP (B') has the
1<i1<..<ip<m
following expression on f~! (U), setting f* (a) = ao f:

Fly= Y @A o ) And(Erof).

1<iy <...<ip<m

Write £ = f (2), x = (xl, ...,mm/). Then:

d(gvof)= O i

Oxr
1<ji<...<gp<m/

and (exercise)

d i1 d ip _ 8(5117"'75117) d J1 d Jp
(€ o f)A..Ad(EP o f) = > FIET T A ... Adaxe,
1<i1 <. <ip<m L
1<1 <. <jp<m’

ol ..g) . . ; : . 4 ,
W is the Jacobian of (£%,...,&%) relative to (291,...,277)

(section 1.2.2(IV)). Hence:

where

o(gh,. .. ¢ ; ;

(o) = . <Z<_ < @, .W(ixﬁ A .. Ndzie. | [4.23]
S <...<p<mMm
1§j1<...<j:§’m,
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If m = m/ = p, the sum [4.20] has a single term a.d¢! A ... A d€P, and [4.23] can
be restated as follows:

d (& ...,€7)

1 p
i 8(1:1,...,xp)dw Ao AdxP. [4.24]

(@)= f"(a);, .

() Let « € Q9(B),w € QP (B). Then (exercise: see [DIE 93], Volume 3,
(16.20.9.5)):

frlanw)=f(a) A f* (w).

REMARK 4.28.— Definition 4.27 (which is in fact just a change of variables formula)
can be extended to the case of an arbitrary covariant tensor without requiring any
modifications.0 If Z € 7;0 (B) is a field of p-times covariant tensors whose expression
on U is given by

Z=) z.,d" ©..@d"

i1 ip

(see [4.18]) and f : B' — B is a morphism of manifolds, then * (Z) € T) (B') has
the following expression on f=1 (U):

F 2= (i, of)d(E of)@. . .@d(Erof).

i1...0p

4.4.3. Differential forms taking values in a fiber bundle. List of formulas

The next section reproduces the presentation of [BOU 82a], sections 7.3 and 7.8,
with slight changes to the order and a few simplifications.

(I) Let 7 : N — B be a vector bundle and consider the vector bundle Alt” (M; N)
(M =T(B)) whose fiber over an arbitrary point b € B is
Alt? (M; N), := Alt? (My; Np) (section 4.2.6, Example 4.14(3)). If N is the trivial
bundle B x F, where F is a Banach space, write Alt” (M; F) for Alt? (M; N).

DEFINITION 4.29.— A differential p-form on an open subset U of B taking values in
N is a morphic section of Alf* (M;N), ie. an element of QP (U;N) = T
(U,Al? (M; N)).

Clearly, for any open subset U of B, QP (U;N) is a C" (U)-module and the
mapping U — QP (U; N) is a sheaf of C"-Modules.

6 There is no equivalent definition for contravariant and mixed tensors, except for vector fields
(see below, Definition 5.14).
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REMARK 4.30.— i) In the above, we can replace M by an arbitrary vector bundle of
class C™ and base B. We can alternatively write QP (U; N) := I' (U, Al (M; N)),
where the fiber bundle M is implicit on the left-hand side.

ii) With p = 0, Q° (U; N) is the set of sections of class C" of the form G : U —
N : b (b,ny) that are liftings of 1y (thus, ny, € Ny and 7o G = 1y).

iii) If N is the trivial bundle B x ¥, where ¥ is a Banach space, then QP (U; N)
is written as QP (U; F) .

(II) EXTERIOR PRODUCT Let ¢ : N® — B (i=1,2)and 7 : N — B be three
vector bundles of class C™ and ® a mapping from N' x g N2 into N. Suppose that,
for every by € B, there exist an open neighborhood U of by in B and vector charts
t = (U,¢", F") of 7 (i = 1,2) and t = (U, ¢, F) of m, together with a mapping
of class C" in L (F1 xF?; F), satisfying the following condition: for every b € U and
all (z!,2%) € F! x F? (with the notation of Definition 3.22(i), Condition (V)),

(tro A(D)) (z',2%) = @ (t; (z) .1 (7)) .

DEFINITION 4.31.— The mapping ® defined above is said to be a coupling of the fiber
product N' x g N? (section 2.3.9) in N.

Suppose that one such coupling is given and let M be a fiber bundle with base B
and of class C". For every b € B, there is a continuous bilinear mapping

P, : Alt” (M; N'), x Alt? (M; N?), — Alt?*9 (M; N), .

The collection of these continuous bilinear mappings determines a coupling
w: Al (M;N') x Alt? (M; N?) — Al (M; N).
Given sections w',w? of Al (M;Nl) and Alt? (M;NQ) on U, the section

u (w',w?) of Alt’*? (M; N) on U is written as w' Ag w? (see Remark 4.18).

DEFINITION 4.32.— We say that w' Ag w? is the exterior product of w' and w?. This
exterior product is written as w' A w? whenever the coupling ® is implicitly clear:

If the s; (¢ = 1, ..., p + ¢) are morphic sections of M on U, then:

(w' Ag w?) (81, .., Spiq)

= 3 (@)@ (@ (S0017r o S) P (St Sari)
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where the sum ranges over permutations of {1,...,p + ¢} suchthato (1) < ... < o (p)
ando (p+1) < ... < o (p+ q) (see Lemma-Definition 4.10(i)).

(IIT) DE RHAM ALGEBRA: GENERALIZATION An algebra bundle of base B is
a vector bundle A of base B equipped with a coupling from A xpg A into A. In
the following, the fibers A; (b € B) are assumed to be associative and commutative
algebras with neutral element e;, ([P1], section 2.3.10(I)). Let 7 : M — B be a vector
bundle with base B (e.g. T (B)). Write QP (U; A) (where U is an open subset of B)
for the C" (U)-module formed by the morphic sections of Alt” (M; A) on U.

The exterior product allows the direct sum Q (U; A) = €D, 2 (U; A) to be
equipped with the structure of an associative, anticommutative and graduated algebra,
again called the de Rham algebra (section 4.4.1(III)).

If w=wy A ... Awp, where w; € Q' (U; A), and s; is a morphic section of M on
U (i =1,...,p), then (see [4.21]):

w(s1,...,8p) = det ((wi,s;)) .

(IV) INTERIOR PRODUCT Let p > 1. There exists a coupling ¢ from
M xp Alt? (M; A) into AltP~! (M; A) whose restriction to each fiber is the interior
product (Remark 4.12). If s is a section of M on the open subset U of B and
w € QP (U; A), write i (s) w for the section i (s, w) of Alt"”* (M; A) on U. Then, for
every b € U,

(i (s)w) (b) =s(b) w (D).

We say that i (s) w is the interior product of s and w. From this definition and the
formulas listed in section 4.2.5, we can deduce the following relations (where the s;
are sections of M):

i(s) w (S1,.s8p—1) = w(s,81,...,8p—1),

degree p
i(s)oi(s) =0,
i(s) w = {w,s),
degree 1

degree p

(=) (Wi, 8) w1 A ADi A o A wy.
1

P
i(s) | win... Awp | =

forms of degree 1 v
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The interior product is an antiderivation of degree —1 of the de Rham algebra
([P1], section 2.3.12).

(V) PREIMAGE Let f : B’ — B be a morphism of manifolds and w € Q¥ (B; N).
Let f* (N) be the preimage of N under f (section 3.4.6). There exists a uniquely
determined differential p-form f* (w) such that [4.22] holds (mutatis mutandis). For
every family of vector fields X7, ..., X, of class C" on B’, the mapping

f(w) (X{, ""Xz/)) (O = (W), (X{ (b, ""Xz/n (b’))
is a lifting of f into NV (Definition 3.6, section 3.3.1).

In particular, a differential O-form G on B’ taking values in N is in fact just a
lifting of class C” of f into N, i.e. a mapping (of class C") G : B’ — N such that
G (b/) € Nf(b’) for all b/ S B/.

(VI) VECTOR-VALUED DIFFERENTIAL FORMS The fiber bundle QP (B;N) is
trivial if and only if N is trivial (section 3.4.1, Example 3.26(a)), or in other words
N = B x F, where F is a Banach space (exercise). If so, the fibers NV, can be
identified with F. We write Alt? (M; F) for Alt? (M; N), QP (B; F) for QP (B; N),
and we say that w is a vector-valued differential p-form taking values in F. In
particular, if K = R, N = T'(B), and F = C, then w is a complex differential p-form
on the real manifold B.

The wusual fiber bundle Alt? ((T'(B));K) can also be written as
Alt* (T (B));Kp) = Al (T (B)) ; B x K), and

QP (B) =T (Alt? ((T (B)); B x K)). [4.25]
REMARK 4.33.— The space of differential p-forms on an (FN') or (SN') manifold can
be defined using [4.25] ([KRI 97], Chapter VII, section 33).

4.4.4. Orientation

For the rest of this chapter, excluding section 4.5.1, every manifold is a locally
finite-dimensional differential manifold and F' always denotes a Banach space.

(I) ORIENTATION OF A VECTOR SPACE Let E be a real m-dimensional vector
space. We know that dim /\E = 1 (section 4.2.3(I)), so det (E) := /\E is the

union of two closed half-lines on the real axis with opposite directions and origin 0.
These half-lines are written as O and —O. The set {O,—O} formed by these
half-lines is written as Or (E).
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(II) ORIENTATION OF A REAL MANIFOLD Let B be a manifold and M = T (B).
Write

OI‘M = beBor (Mb) .
LEMMA 4.34.— Let @ : Ory; — B be the mapping defined by 7 ((b,0)) = b for
every b € B. There exists a unique topological space structure on Orpy for which the
following two conditions are satisfied:

i) T is continuous.

ii) If s is a continuous, everywhere non-zero section of the vector bundle det (M)
(whose fibers are the det (My), b € B, with the notation of (I), implying that s (b) €
det (M) = O (b) U (=0 (b)) on an open subset U of B and s (b) € O (s (b)) for
every b € U, then the mapping B — Oryy : b— O (s (b)) is continuous (exercise).

Suppose that the topological space Or,s is equipped with the manifold structure
determined by taking the preimage under 7 of the manifold structure of B (Remark
2.44), and consider the fibration 7 : Orp; — B. The multiplicative group {+1} acts
simply transitively (and hence freely) ([P1], section 2.2.8(II)) on Or,; by O — —O.
The manifold of orbits of this action is Orps\ {£1} = B.

COROLLARY-DEFINITION 4.35.— 1) The fibration = : Oryy — B is a principal
bundle with structural group {+1}. This principal bundle B is a covering of B with
fiber type {1} (section 3.3.3), namely a covering of two leaves.

2) The principal bundle B is said to be the orientation covering. An orientation of
B is a continuous section O : b — (b,0y) of B (O € {£1}). If any such section
exists, the pair (B, O) is said to be an oriented manifold. The orientations O and —O
are said to be opposite.

3) A manifold B is said to be orientable if there exists an orientation on B.

4) A pure m-dimensional manifold B is orientable if and only if one of the
following equivalent conditions is satisfied.:

i) The orientation covering B is the trivial bundle B x {+1}.

ii) There exists a continuous differential m-form vy such that vy (b) # 0 for
every b € B; if so, vg is of class C™, i.e. vy € Q™ (B) . Since dim (Q™ (B)), = 1,
the sign of vo (b) must be constant on B, and vy determines an orientation O : b —
(b, sgn (vg (b)) of B (where sgn denotes the sign).
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iii) There exists an atlas of B whose charts (U;, p;,n;) satisfy the property that,
ifU; NU; # & (which implies n; = n;), then

A (k... ol
(8017 7%011:7(].) >0
8(g0j,...,<pj )
on UiﬂUj.

5) Hence, if B is a pure orientable m-dimensional manifold, then the relation ~
on Q™ (B) defined by v ~ v’ if sgn (v (b)) = sgn (v' (b)) (where b is an arbitrary
point of B) is an equivalence relation. The orientation O : b — (b,sgn (v (b))) is
the equivalence class of v, written as ?.

PROOF.—- (4): See [DIE 93], Volume 3, (16.21.1), (16.21.16). (5): exercise. |

COROLLARY 4.36.— 1) Let B be a manifold and b some point of B. By Corollary-
Definition 4.35(4), there exists an open neighborhood U of b in B that is orientable.

2) A manifold B is orientable if and only if each of its connected components is
orientable.

3) Let (B, 0) be a pure m-dimensional oriented manifold and vy € O. Every
differential m-form w € Q™ (B) can be uniquely written in the form w = f.vy, where
f: B — Risof class C™. Given b € B, write w (b) % 0if f(b) % 0.

4) Let (B, 0O) be a pure m-dimensional oriented manifold. If w € Q™ (B; F),
there exists a unique mapping f : B — F of class C'*° satisfying w = f.vq (exercise).

DEFINITION 4.37.— Let (B, O) be an oriented manifold and vy € O. A sequence
(Z1, ..., Zm) of vector fields is said to be positive or direct (respectively negative or
retrograde) if, for every b € B,

(vo (b) , Z1 (B) A cc. A Zpy (b)) >0 (resp. <0).

EXAMPLE 4.38.— i) The space R™ is orientable and the canonical m-form dx' A
... ANdx™ (where x* is the i-th coordinate function in the canonical basis) defines its
canonical orientation.

ii) More generally, the underlying manifold of a finite-dimensional real Lie group
G is always orientable. Indeed, suppose that G is m-dimensional, and let 2V be an
m-covector such that z) # 0 (where e is the neutral element); then the differential
m-form g — ~ (g) 2V (of class C*), where ~ is left translation (section 2.4.1(I)), is
non-zero at every point.

iti) Every simply connected manifold and every parallelizable manifold (Definition
3.28) is orientable ([NAR 73], Corollary 2.7.6; [LEE 02], Proposition 10.5).
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iv) In particular, the sphere S™ (see footnote 2, p. 98) is orientable.

v) Every finite product of orientable manifolds is orientable. If B1, By are two
manifolds with orientations O1, Oy respectively, the mapping (b1,bs) — Op, Oy, is
an orientation of By X By written as O1 ® Os.

vi) Let B be an oriented manifold with orientation O. Let U be a submanifold of B.
The mapping O |y is an orientation of U. Hence, every submanifold of an orientable
manifold is orientable.

vii) It can be shown that any finite-dimensional pure differential manifold B
underlying a holomorphic manifold B is orientable ([DIE 93], Volume 3,
(16.21.13)).

viii) The Mobius strip (see Figure 3.2 in section 3.3.1 and footnote 3, p. 98) and the
Klein bottle (see footnote 6, p. 70) are not orientable. The Mobius strip is a striking
example of a non-orientable manifold: any reader who wishes to experiment with the
concept of orientation can make a Mobius strip by gluing together the two ends of a
strip of paper with a half-twist. Now, draw a pencil line along the middle of the strip —
the line will almost magically reach “the other side” of the strip from the starting
point.

(%
Let (B, O) be an oriented manifold. If we write this oriented manifold as B, we
N (%

can write B or —B for the manifold equipped with the opposite orientation.

4.4.5. Integral of a differential form of maximal degree

(I) VOLUME INTEGRALS IN R™

LEMMA 4.39.— Let U, U’ be open subsets of R™ and v : U — U’ a diffeomorphism.
For every x € U, let J = det (g—;) be the Jacobian of u (section 1.2.2(IV)). Let
)\%m = A" |y and A%’fn be the Radon measures induced on U and U’,
respectively, by the Lebesgue measure on R™ ([P2], section 4.1.5(I)). Then, the
image of |J| ./\%m under u is /\gf” ([P2], section 4.1.5(I1)); in other words, for every
Sunction [ € K (U"), where KC(U") denotes the space (of type (LsJF)) of compactly
supported continuous functions from U’ into R ([P2], section 4.1.4(IV)), we have the
following change of variable formula, by [4.24]:

Jor £ @) AN (@) = [ f (u(2)) [T (2)] AAZ™ ().

This relation still holds if we replace f € K (U’) by a A®™-integrable mapping
f: U’ — F ([P2], section 4.1.2).
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EXAMPLE 4.40.— Let U and U’ be two open intervals on the real line and u a
diffeomorphism from U onto U’. Let f be a continuous function on U taking values in
the Banach space F. The function t — u (t) is monotone, so u (t) has constant sign €
on U, and:

/ f(t).dt = / f(u(t)).eu(t).dt= / f(u(t)).|u(t).dt.
U !’ !’
EXAMPLE 4.41.— Let us calculate the volume V of a sphere of radius R.

1) Cartesian coordinates. Pick the center of the sphere as the origin, and begin
by calculating the volume of the hemisphere z > 0. We can use the Fubini-Tonelli
theorem ([P2], section 4.1.3(IIl)) to do this by cutting the hemisphere into “slices” of
infinitely small thickness dz. Each slice is a cylinder with a circular cross-section of
radius v/ R? — 22 and thickness dz. The volume of the hemisphere is therefore given by

" 2
/ 7 (R? — 2°) dz = SnR?,
0 3

which gives us the classical formula V= %ﬂ'RS.

2) Spherical coordinates. In mathematics, the radial, azimuthal, and zenithal
coordinates {r, ¢, 0} are defined as shown in Figure 4.1, with r > 0, 0 < 6 < 27,
and 0 < ¢ < 7 (in physics, the symbols 0 and ¢ are often swapped). These
coordinates satisfy the relations:

r=rcosfsing, y=rsinfsing, z=rcosdqo. [4.26]

Hence, by Lemma 4.39,

cosfsing rcosflcos¢p —rsinfsing
drdydz = det | sinfsing rsinfcos¢  rcosfsing | drdpdd [4.27]
cos ¢ —7rsin¢ 0

= 72 sin ¢pdrdedb, so
R 27 T R3 4 )
V:/ dr/ de/ d¢ (r’sing) = ——.2m. [~ cosg]; = —mR>.
0 0 0 3 3

Let C be the point with Cartesian coordinates (x,y, z). Then, d8 = eidr +
6—2>dy + @dz, where e—1>, e—2>, E; are the vectors of the canonical basis. In spherical
coordinates, write , u—¢> , w for the unit vector along the direction of O? the unit
vector tangent to the meridian in the direction of increasing ¢, and the unit vector



Tensor Calculus on Manifolds 159

parallel to C in the dlrecnon of i mcreasmg 0, respectively. Then O? = ruy, dO? =
un.dr + rau’ do + rau’ .do = ‘9 sdr + 5 240 with w, = cos&smgb el +
sin 6 sin qS.eQ + cos ¢.63, 50

dO? dr.u;, Uy + — u¢ + 1 .1Tg>7 [4.28]
rsin ¢
— —
9 _gp 9 _ 0w _ vy, % - 7’% — 7 sin ¢.7). [4.29]

(8]

y

Figure 4.1. Spherical coordinates

The orthonormal frame {ZTT) , u_¢> , g } is positively oriented, since the determinant
[4.27] is positive.

3) Calculation based on the radial coordinate, the longitude, and the latitude. The
coordinates are now (r,p, \) (see Example 2.12, section 2.2.1(II)). In radians, the
latitude © and the longitude A may now be expressed as a function of the zenith ¢ and
the azimuth 0 by ¢ = 5 — ¢ and \ = 6 — 7. Starting from the expressions [2.1], an
analogous calculation gives dxdydz = r2 cos wdrdpd), and

R s 71'/2 R3 ] /2 4
Vv :/0 dr /_W d\ /_ﬂ/2 d (r* cos p) = ?.271 [snup]fwz = gwR?’.
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(IT) LEBESGUE MEASURES

COROLLARY-DEFINITION 4.42.— Let B be a pure m-dimensional manifold. There
exists a positive Radon measure 1w on B ([P2], section 4.1.5(V)) with the following
properties:

i) For every chart ¢ = (U, p, m) of B, the image under ¢ ([P2], section 4.1.5(1I))
of the induced measure iy is of the form f..)\ U), where f. is a function of class C*°

that does not vanish on ¢ (U).

ii) In other words, for every function g € KC (U),

/ g/(b) du (b) = / 0(Q) o (Q)drE™ (C).
U »(U)

iii) Any Radon measure p with the property (i) is said to be Lebesgue on B. Any
two Lebesgue measures i, i’ on B are equivalent in the sense that each is absolutely
continuous with respect to the other ([P2], section 4.1.6(II1)) and each has a density
Sfunction of class C*° with respect to the other.

(IIT) INTEGRAL OF A FORM OF MAXIMAL DEGREE OVER AN m-DIMENSIONAL

N
ORIENTED MANIFOLD Let B be a pure oriented manifold of dimension m > 0 and
let w be a differential m-form taking values in a Banach space F. Our next task is to
give meaning to the quantity

By Corollary-Definition 4.35(5), there exists a differential m-form vy € Q™ (B)

5%
that belongs to the orientation of B. Let ¢ = (U, ¢, m) be a chart of B such that the
open set U is connected. For every point { = (C L Cm) € ¢ (U), we can write
(with the same notation as above):

vo (97" Q) = fe (¢)-dC" Ao AdC™

Since U is connected, f, is of class C*° and has constant sign in ¢ (U). Let i, v
be the positive Radon measure on U defined by

Hoo,U = <|fc| )\®m ) .

If we proceed in the same way for another arbitrary chart ¢ = (U, o', m) of B,
where U’ is also connected, we obtain a measure uﬁjo - that is positive on U " Ttis
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easy to show ([DIE 93], Volume 3, (16.24.1)) that, if U N U’ # &, the restrictions of
oo, and ,u;)O’U, to U N U’ are equal. The positive measures (., i (as U ranges over
the set of connected open subsets of B, which form a covering of B) are, therefore, the
restrictions to U of a unique positive Radon measure j1,,, (which is Lebesgue) defined
on B. With the same hypotheses and notation as Corollary 4.36(4):

COROLLARY-DEFINITION 4.43.— The differential m-form w is said to be integrable
m
(over B) if f is (i, -integrable. If so, define:

%w L= /mf.dul,o.
B B

m
This quantity only depends on the orientation of B and not on the particular choice
of vo made to specify this orientation.

Letw € Q™ (B;F) be an integrable differential m-form on B taking values in F.
With the notation introduced at the end of section 4.4.4(II):

/mw:f/mw.
—B B

Ifg € K(B)and w € Q™ (B;F), then g.w is a continuous m-form and g —
fg g.w is a Radon measure [w] taking values in F ([P2], section 4.1.5(VIII)).?

DEFINITION 4.44.— The Radon measure [w] defined on B is called the volume form

on B determined by the differential m-form w.

The above leads to the following result ([DIE 93], Volume 3, (16.24.2)):

%
COROLLARY 4.45.— Ifw € Q™ (B) belongs to the orientation of B, then the volume
form

[w]:/C(B)%R:gH/Eg.w

N
is a positive Lebesgue measure on B. Conversely, every positive Lebesgue measure on
N
B is of the form [w], w € Q™ (B).

7 The cited reference only considers measures taking values the dual EV of a finite-dimensional
space E. However, extending this concept to measures taking values in an arbitrary Banach
space F is entirely straightforward (see, for example, [SCH 93], Volume III, Definition 5.4.6).
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(IV) ORIENTATION OF A MORPHISM

DEFINITION 4.46.— Let B, B’ be locally finite-dimensional manifolds and f : B —
B’ a morphism. An orientation of f is a morphism f : B — B’ 2 (b,0p) — (V,04)
that makes the diagram

commute and which is compatible with the group action {£1}. In other words,

f(b,0p) (£1) = (f( ), £0% ) ) We write that f = (f,e), e € {~1,1}.

COROLLARY-DEFINITION 4.47.— 1) Let B, B' be orientable manifolds, f : B — B
a diffeomorphism, and f = (f,€) an orientation of f. Let O be an orientation of B

N
and write B = (B, O). There exists a unique orientation O' on B’ such that, setting

B' = (B, 0"), every differential form w € Q™ (B;F) satisfies
/\w =c [ f"(w) [4.30]
B B’
(exercise). The orientation O' is said to be associated with O by f.

2) Conversely, let E,B’ be two oriented manifolds and f : B’ — B a
diffeomorphism. If the relation [4.30] is satisfied for every differential form
w € Q™ (B;F) and e = +1, we say that f preserves orientations, or that f reverses
orientations if ¢ = —1. The pair f := (f,¢e) is an orientation of f, where f is viewed
as a dlﬂeomorphzsm from B’ onto B (and B and B’ are the orientable manifolds

underlying B and B respectively).

(V) CANONICAL ORIENTATION OF THE ORIENTATION COVERING Let B be a
manifold and # : B — B the orientation _covering (Corollary-Definition 4.35(1)).
Let b = (b,0) € B. The projection 7 : B — B is the linear mapping b b.1Its
tangent linear mapping Tj, (7) : T} (B) — Ty (B) is an isomorphism, so 7 is a local
diffeomorphism (Theorem 2.61(2)), i.e. a diffeomorphism from an open subset U of
b onto an open subset V' of b. We can choose U and V' to be orientable (Corollary
4.36(1)); thus, there exists an orientation O : b’ — Oy of V taking the value O,
at the point b. We have 7" (b) = {(b,0s), (b, —Op)} . Letw € O, & = 7 (w),
and O = @ (see Corollary-Definition 4.35(5)); then b — O is an orientation of B
([DIE 93], Volume 3, (16.21.6)), which gives us the followmg result:

THEOREM 4.48.— The manifold B is orientable.
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REMARK 4.49.— (1) The space 7 : B — Bisa covering of two leaves. It therefore has
a canonical involutionS - B — B that permutes these leaves over each point b € B.
If O is an ortentatlon of B, then the orientation of B associated with v ( Corollary-
Definition 4.47) is —O. Therefore, both O and —O are orientations of B; nevertheless,
we say that O is the canonical orientation. This ambiguity is irrelevant in practice
because O is unique up to permutation of the two leaves of B.

2) Conversely, if T : M — B is an oriented covering of class C'°° with two leaves
and its canonical involution associates a given orientation of M with the opposite
orientation, then @ : M — B is isomorphic to T : B — B ([LEB 82], Chapter I,
section 5.C, Theorem 2).

4.4.6. Differential forms of odd type

(I) DEFINITION The fiber bundle R := B x {¥1} R associated with B of fiber type R
(section 3.5.5) is called the bundle of scalars of odd type. Let N be a vector bundle of

base B. A differential p-form w € QP <B ; R® N ) is said to be a differential p-form
of odd type on B taking values in V. Let 7 : B — B be the projection. There exists a
bijection

° w0 [4.31]
between the differential p-forms of odd type on B taking values in N and the

differential p-forms onﬁ taking values in 7* (V) such that & (—O) = —& (O) for
every orientation O € B.

REMARK 4.50.— a) When B is equipped with an orientation O, the bijection

QP(B;N)%QP(B;RcaN);ng;:()@w [4.32]

&%
allows us to identify the usual differential p-forms w on B with the differential p-forms

of odd type w on g Thus, in most cases, we do not need to talk about differential forms
of odd type on an oriented manifold. However, the concept of differential p-form of
odd type becomes crucial on manifolds without an orientation (especially when these
manifolds are non-orientable). Whenever we talk about p-forms on these manifolds,
we will always be referring to differential p-forms of odd type.

b) We also say that an ordinary differential form (belonging to QO* (B; N)) is even
and that a differential form of odd type (belonging to QP (B RN ) ) is odd
([DER 84], Chapter II). This more simple terminology is adopted below.

8 An involution is a bijection that coincides with its inverse bijection.
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If N is the trivial bundle B x F, we write QP (B;R@F) for the space

Qp (B; R® N) , and we say that the odd p-form w € QP (B; R® F) takes values
inF.

(I) PREIMAGE Let f : B — B’ be a morphism, f : B — B’ an orientation of f
(Definition 4.46), and w € QP (B’; R® N) .

DEFINITION 4.51.— The preimage f*(w) is the odd differential form in
Qr (B;R ® f* (N)) uniquely determined by the following property ([BOU 82a],

—~

10.4.2): let & (respectively f* (w)) be the differential p-form on B’ ( respectively B)
associated with w (respectively f* (w)) by the bijection ® from [4.31]; then the
following relation holds:

— ‘

(@) = f*(w)

(III) EXTERIOR AND INTERIOR PRODUCTS Given three fiber bundles N', N2, N
with the same base B, a coupling ® from N I x g N? into N (Definition 4.31), and

two odd differential forms w' € QP (B; R® N1> ,w? € Qa (B; R® N2), we can
define the exterior product w' Ag w? € Qrta (B; R® N ) in the same way as in

Definition 4.32. The coupling ¢ uniquely determines a coupling ® from N' x g N2
into NV, and (exercise)

2 ~2

wl Np w :&1/\(§w

If w! and w? are differential forms of same parity (respectively of opposite parity)
(Remark 4.50(b)), then w' Ag w? is an even (respectively odd) differential form.

The formulas satisfied by the exterior product and the interior product (section
4.4.3(1I),(IV)) also hold for odd differential forms.

(IV) CHANGE OF VARIABLE In practical settings, an odd differential p-form « can
be expressed locally in the form [4.20]. Even differential p-forms satisfy the
change-of-variable formula [4.23], whereas the corresponding formula satisfied by
odd differential p-forms is as follows:

£* (@) = sgn (J) > F@), i Jdat A Adar, [4.33]
1<ii1<...<ip<m
1< <. <gp<m/
a(e!

where J = 8(117;‘3 ([DER 84], Chapter II, section 5).
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(V) MEASURE DEFINED BY AN ODD m-FORM Let B be an m-dimensional
Hausdorff pure manifold, w € Q™ (B; R® F) and O™ the canonical orientation of
R™ (Example 4.38(i)). Let ¢ = (U, ¢, m) be a chart of B.

LEMMA 4.52.— There exists a unique mapping f. : ¢ (U) — F so that

wy =" (Om @ fo.dxt A A d:vm) .

We say that w is locally integrable if £, is locally )\?jm-integrable. If so, there exists
a unique Radon measure « (w) taking values in F that satisfies the following property:
for every chart ¢ = (U, ¢, m) of B, ¢ (a (w)) = £.A5™.

DEFINITION 4.53.— The Radon measure o (w) is said to be defined by the odd

differential m-form w and is also written as w.

REMARK 4.54.— Suppose that F = R; let g be an oriented m-dimensional manifold
with orientation O. Let w € Q™ (B), w = O ® w (see [4.32]). Unlike the Radon
measure |w| from Definition 4.44, the Radon measure w from Definition 4.53 is not
necessarily positive. We have the relation [w] = |w| ([P2], section 4.1.5(VI)). In a
certain sense, the notion of an odd differential form transfers the orientation of the
manifold over to the form (see Example 4.55).

EXAMPLE 4.55.— Let B be the cube 0 < &' < 1 in R3; this is an open subset of R?

and hence a submanifold (section 2.3.3). Write B for the manifold B equipped with
the orientation induced by the canonical orientation of R® (Example 4.38(vi)).

a) The “algebraic volume” of B ([SCH 93], Volume 1V, Chapter VI, Remark 12)
is (see Corollary 4.45)

V=/mw=/ [w], [4.34]
B B

with w := d¢' A d€? A de€® € Q3 (B) (ordinary differential 3-form) and [w] = )\%3.
Let o : (a', 22, 2%) — (£1,62,€%), where & = x!, &' = 22, 2% = £3. By [4.24],
©* (W) = da' Ada? A dr® = ¢ ([w]) = [w] = AZ2.

However, ¢ reverses the orientation of B (Corollary-Definition 4.47(2)), so

m m
p* <B) = — B, and performing the change of variable @ transforms V into

e )= [ o= = [ W=V
Lae=fo=,
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b) Now consider the odd differential 3-form w := d&* A d€? A d€3 € Q3 (B; R) .
This time, we have:

V:/g.
B

By [4.33], ¢* (w) = —w, 50

©* (V):/Bcp* (g):/B(—g):—V. [4.35]

REMARK 4.56.— Since the differential forms w and w from Example 4.55 have the
same expression (d&X Nd&2 NdE3), they are often written in the same way (even though
the first belongs to Q3 (B) and the second belongs to Q3 (B ; I@) s strictly speaking,
they are distinct objects).

4.4.7. Integration of a differential form over a chain

(I) INTEGRATION OVER AN ODD SIMPLEX Recall that the standard m-simplex A™
in R™ is defined by

A" = itwi:tizo,zmzl s
=0

0<i<m

where vg = 0 and {v1, ..., v,, } is the canonical basis of R™ ([P1], section 3.3.8(V)).
Let U be an open neighborhood of A in R™, F a Banach space, and w € Q™ (U; F)
an even m-form (Remark 4.32(b)). Since the space R™ is equipped with an orientation
O, we can calculate f;} xAm.w, where xam is the characteristic function of A™ and

U is equipped with the orientation induced by O.

DEFINITION 4.57.— Let B be a pure, metrizable, m-dimensional manifold. An odd
m-simplex in B is a triple T = (A™, 0,0), where A™ is the standard m-simplex in
R™, U is an open neighborhood of A™, o is a mapping of class C* from U into B
and O is an orientation of R™.

In algebraic topology, B is a topological space, o is only assumed to be continuous,
O is the canonical orientation of R™ and 7 can be identified with o. In differential
geometry, where o is of class C°°, we sometimes specify that 7 is a smooth simplex.

9 In [4.34] and [4.35], we have avoided writing fU d [w] and f y dw for the integrals relative
to the measures [w] and & respectively, differing from the convention adopted in ([P2],
section 4.1.5(II)), as this would inevitably result in confusion with the exterior differential.
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Let o € Q™ (B;F) be an even m-form. The preimage o* («) is an even m-form
in Q™ (U;F). Set:

Jra= f{} Xam.o* ().

(II) INTEGRATION OVER AN EVEN SIMPLEX Let A™, U, F, o, B be as defined
above.

DEFINITION 4.58.— An even m-simplex in B is a pair 7 = (A™, ), where 5 := (0, ¢€)
is an orientation of a mapping o of class C* from U into B (Definition 4.46).

Consider an odd differential m-form a € Q™ (B; R® F) . Its preimage o* ()
is another odd differential m-form (Definition 4.51). Set:

Ca= [;xam.0* (a). [4.36]

REMARK 4.59.— If a € QP (B;F) (respectively o € QP (B; R® F) ), where p < m,
then fr; a = 0 (respectively fT a = 0), since we are integrating over a set of measure
zero. If a € Q(B;F) is an even non-homogeneous differential form ZO<p<m o,

then fT a = fT Qpm, and an analogous result holds when integrating an odd non-
homogeneous differential form over an even simplex.

(IIT) INTEGRATION OVER A CHAIN There are two cases to consider:
i) integration of an odd form over an even chain;

ii) integration of an even form over an odd chain.

The remarks up to and including part (IV) discuss the first case (i). The second
case (ii) is similar and is left to the reader.

Let {r;:i€ I} be a set of even m-simplexes in the metrizable, pure,
m-dimensional manifold B. The free group with this set as a basis is the set S;, (B)
of linear combinations with integer coefficients

T = Z ki.Ti, [437]
iel
where all but finitely many of the k; are zero ([P1], section 3.3.8(VI)). It is useful to

consider the real vector space S, (B) ®z R formed by allowing these sums to have
real coefficients; any such sum is called a chain of simplexes (ibid.).

EXAMPLE 4.60.— A closed, convex polyhedron!0 in R™ is a finite intersection of
closed half-spaces. Any closed polyhedron is a finite union of convex closed

10 See the Wikipedia article Polyhedron.
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polyhedra ([BOU 82a], 11.3.1). A closed polyhedron is a chain of simplexes (see
[P1], section 3.3.8(VI) for a demonstration of how to express a square as the sum of
two simplexes), so a chain of closed polyhedra is a chain of simplexes.

In the following, every chain is a chain of simplexes. If ¢ € Q™ (B ; R® F) , set

/g:: Zk/ a. [4.38]

icl

This definition still makes sense in the obvious way if the chain 7 = > . _; k7
is allowed to be infinite (i.e. the sum is allowed to include infinitely many non-zero
terms) and the set supp («) N 7 is compact.

(IV) CHANGE OF VARIABLE Let B’ be another metrizable pure m-dimensional
manifold, suppose that f : B — B’ is a morphism, and let f = (f,¢’) be an

orientation of f.If 7 = (A™, 7) is an even simplex in B, then f (1) := (A™, fo#

is an even simplex in B’. From [4.38], we can deduce the definition of f (7) when 7
is an even chain in B. By [4.36],

Jra=fy (@)

(V) BOUNDARY OF A CHAIN The i-th face of the standard m-simplex A" in R™ is
em: A™~1 s A™ where ([P1], section 3.3.8(VI))

(O’toa "'at7n—1) ifi=0

T (0, ey b . )
€ (O’ m 1) ~ { (to,...,ti,...,tmfl) 1f0§z§m

Given an m-simplex 7 = (A™, &), its boundary Ot is defined as follows for
m > 1:

or := Z (=) ooer
=0

If 7 € S,, (B) ®z R is the chain defined by [4.37], where the 7; are m-simplexes,
write:

or = k;.omi. [4.39]

icl

The boundary O (7) is a chain with the same parity as the chain 7. If these chains
are odd (which will be assumed henceforth), the orientation of 9 (1) above is said to



Tensor Calculus on Manifolds 169

be induced by the orientation of 7. Consider, for example, the triangle A? in the plane,
equipped with its canonical orientation, and write v, v1, vo for its vertices; then ([P1],
section 3.3.8(V)) 9 (A?) = [vo, vy, 03]+ [00, v1, v2] +(— [vo, 01, v2]) : see Figure 4.2.

REMARK 4.61.— Consider one of the segments [v;,v;]. The interior v;,v;| of this
segment is a submanifold of the plane (Oxy). Suppose that this submanifold is
oriented as shown in Figure 4.2, writing & for this orientation and n for some point of
Jvi, v;[. The canonical orientation O of the plane (Ozy) is positive in the direction
(Oz) and contains each of the elements v A u, where v is a vector pointing strictly
outward at 1 for A? (with the obvious meaning in this context) and u belongs to €.
The orientation £ is induced by O.

1%
2 oAl

Figure 4.2. A? and its boundary OA*

LEMMA 4.62.— Let O,, : A™ — A™ L. Then, Oy,—1 0 O, = 0.

PROOF.— We have:

Om [V0y ooy U] = Z (=1)" [U0s ey iy wees U] 5

=0
i—1 ]
Om—1[V0y ooy Uiy oeey U] = (—=1) (00, cees Tjy vy Dy evy U]
7=0
m
+ Z (_1)k71 [UOu s Uiy« Uk 7Um]7
k=i+1
and@m,loam [’Uo,...,vm] =0. |

(VI) ORIENTATION OF A BOUNDARY Our next task is to specify the notion of the
boundary of an odd chain, as well as the orientation of this boundary. This is
straightforward if we proceed as described in Remark 4.61. Let 7 be an odd chain in
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an m-dimensional manifold B (m > 2) and write Fr () for its frontier. The latter is
the union of a submanifold 7 of dimension m — 1, called the regular boundary (or
simply the boundary) of T (in the example from Remark 4.61, this is the union of the
open segments |v;, v;[), and a set of points contained in a submanifold of dimension
m — 2 (the endpoints of the segments, in the example).

Let b € 07 and suppose that £ is an orientation of T}, (07) . Write 7, (§) for the

orientation of T, (B) containing each of the vectors v A u, where v is a vector pointing
m—1

strictly outward from 7 at b and w is a non-zero element of A\ 7} (O7) that belongs to

the orientation £. The mapping i, is a bijection from Or (T (07)) onto Or (B) and the

% (b € OT) determine a morphism 7 : 01 — B that is an orientation of the canonical
injection ¢ : 7 — B (section 4.4.5(IV)).

DEFINITION 4.63.— If O is an orientation of B, the orientation of OT associated with
O by © (Corollary-Definition 4.47) is said to be induced by O.

4.5. Pseudo-Riemannian manifolds

4.5.1. Metric

Let B be a Banach manifold of class C" (r > oo)and g : (X,Y) — g(X,Y) =
(X|Y") atwice covariant Hermitian tensor field of class C". For every b € B,

g (b) € T3 (T} (B)) = L2 (Ty (B) , Ty (B) ;K) .

Consider the condition (M) and the weaker condition (WM) stated below:
(M) For every b € B and all X}, € T}, (B), the mapping
g(%,.), : Th (B) = K: X, > (V3| X0),
is an anti-linear bijection from T}, (B) onto T, (B) ([P2], section 3.10.1(I)).
(WM) For every b € B and all X;, € Ty, (B), the mapping
g(Ys,.), : Tp(B) = K: X — (Y3 Xp),
is non-degenerate (i.e. if g (Y3, X3), = 0 forall X}, € T3, (B), then Y3, = 0).

If B is locally finite-dimensional (which is typically the case in practice), the
conditions (M) and (WM) are equivalent.
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DEFINITION 4.64.— Let B be a manifold equipped with a twice covariant Hermitian
tensor field g of class C". If g satisfies (M) (respectively (WM)), the manifold B is
said to be strongly (respectively weakly) pseudo-Riemannian./! The field g is called
the metric or the fundamental tensor field of the manifold. This manifold is said to be
strongly (respectively weakly) Riemannian if the Hermitian form g (b) is also positive
definite for every b € B.

Suppose now that K = R and let B be a pure m-dimensional manifold.

DEFINITION 4.65.— A frame (h,),.,<,, of T (B) (Definition 3.23) is said to be
orthonormal for the metric g if -

(ha (b) g (b)), = m (o, B) 6, [4.40]

for every b € B, where n, (o, 3) € {1,—1}. We say that g (b) has signature
(pp,m —pp) if, for every B € {1,..m}, Card{a€{l,...m}:sgn
(m (a, B)) =1} = py.

If B is connected, the signature of g is constant. Let (U, £, m) be a chart; we can
express g locally (over U) by

g =12 ;-1 0ij-dE' @ d¢7, [4.41]

where the square matrix G (b) = (g;; (b)) is real, symmetric, and nowhere singular.
Any such chart is said to be a system of normal pseudo-Riemannian coordinates at

the point b € B if the system of tangent vectors { a%l } is orthonormal
b

0
b PR 85771
for the real symmetric form (.|.), .

The real manifold B is Riemannian if the symmetric form g (b) has signature
(m,0) at every point; if m > 2 and the signature is (1,m — 1) or (m —1,1) at
every point, then the manifold B is said to be Lorentzian (the Lorentzian manifold of
dimension 4 is encountered in general relativity; we will call it the Einstein manifold).

4.5.2. Pseudo-Riemannian volume element

Let {o®:1<a<m} be the dual coframe of the orthonormal frame
(ha);<o<,n, (Lemma-Definition 3.38). The pseudo-Riemannian volume element for
which the frame (h,),.,,, is positively oriented is (Definition 4.37 and section
4.4.5(I11)):

‘wzal/\.../\am.‘

11 In the case where B is locally finite-dimensional (the only case considered below), the
adverbs strongly and weakly can be omitted.
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Let (hg) be another, arbitrary frame. Let (Uﬁ/> be its dual, and suppose that

A = (A2)) is the inverse change-of-basis matrix satisfying h, = ) h, A2, (see
[1.2], section 1.2.1(II)). Then, by [4.40], using the fact that g is bilinear,

Jorpr = Y _ A% AL g (ha hg) ZA A%,
a,pB

where gopr = g (ho, hg). Writing (garp/) for the matrix with entries go/g/, we
therefore have det (go/5/) = det (A)? 1, which implies that

det (A)? = |det (gorp/)| = det (A) = e4/|det (garp )],

where ¢ = +1 if the frame (hg ) is positively oriented and ¢ = —1 otherwise.
Moreover, 0* = 3" , A%, 0®

w= Y ALy AT A A = det (A) .0 AL A
c€G,,

(see [P1], section 2.3.11(V)) and hence

w=¢ey/|det (garp)].0" Ao AT [4.42]




5

Differential and Integral
Calculus on Manifolds

5.1. Introduction

The notion of a distribution, which we studied on open subsets of R™ in [P2],
section 4.4.1, can be defined in the same way on a locally compact manifold B that is
countable at infinity!. The notion of a current, due to de Rham ([DER 84], Chapter 3)
and further specified by L. Schwartz ([SCH 66], Chapter 9), generalized the notion of
a distribution: while the Dirac distribution represents the electric charge of a sphere as
the radius becomes infinitely small, a current represents the electric current density in a
conductive wire as the cross-section becomes infinitely small. Point distributions (such
as the Dirac distribution &, : ¢ — ¢ (b) and its derivatives, where ¢ € £ (B)) are
defined on Banach manifolds and can be identified with scalar differential operators.

The Lie derivative of a function along a tangent vector was defined in Lemma-
Definition 2.29(i). The notion of a Lie derivative along a vector field immediately
follows; it can be extended to the Lie derivative of a tensor field, and in particular, a
differential form.

The notion of an exterior differential, due to E. Cartan ([CAR 45], section 2.1)2,
provides the framework needed to establish one of the major results of differential
geometry: Stokes’ formula. There are myriad versions of this formula; in the words
of L. Schwartz ([SCH 93], Volume IV, p. 352), “There are no good conditions for
applying Stokes’ formula”. The history of the formula is complex [KAT 79]; the

1 In distribution theory and Radon measure theory, countability at infinity is not strictly
necessary but allows simplifications to be made ([P2], Remark 4.1).

2 This generalizes the previous idea of the “bilinear covariant” of a 1-form (introduced by
Lipschitz in 1870).
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earliest version appeared in 1813 in a result stated by Gauss. Ostrogradsky gave a
more sophisticated version in 1827, followed by Green in 1828, Riemann in 1851,
then W. Thomson (Lord Kelvin) and Stokes around 1854. All of these
mathematicians were also physicists. Their work, which led to very different versions
of Stokes’ formula, was motivated by problems from physics, especially
electromagnetism. The unification of these formulas, plus another by Cauchy (1846),
was achieved by Volterra (1889), Poincaré (1899) and most notably E. Cartan (1922)
with the introduction of differential forms and exterior derivatives [CAR 22a].
Stokes’ formula on a chain is due to de Rham [DER 84]; this is the version that we
have chosen to consider here (drawing from the classification by [BOU 82a]) as a
good compromise between simplicity and generality. Whitney gave a more general
version, at the price of greater complexity ((WHI 57], Chapter 3, section 18). The de
Rham homology and the dual notion of the cohomology of currents or chains,
established from the work by Poincaré and de Rham — enable us to approach the
global questions which follow naturally from Stokes’ formula.

Unfortunately, it would be impossible for us to delve any deeper into the vast
subject of partial differential equations; there are simply too many different
perspectives and recent developments. For classical theory, readers can refer to
([COU 58], Volume 2), as well as [PET 91], which is more succinct. For our
purposes, however, we will need to study differential equations on manifolds so that
we can define geodesics in Chapter 7, as well as integral manifolds and the Frobenius
theorem — a result that is regularly exploited by the theory of nonlinear dynamic
systems. This theorem was discovered by H. Deahna in 1840 but expressed in a
relatively obscure form; it was later clarified by Frobenius in 1875 [SAM 01].

Up to and including section 5.3, every manifold is a differential manifold.

5.2. Currents and differential operators
5.2.1. Currents and distributions

In this section, every manifold is locally compact and countable at infinity, hence
paracompact ([P2], section 2.3.10), and furthermore C°°-paracompact by Corollary
2.15.

(I) THE SPACES {2? (B) AND QP (B) Let B be a pure m-dimensional manifold and p
an integer such that 0 < p < m. Recall that £ (B) denotes the ring of C'*° mappings
from B into C. The space QP (B) of p-forms of class C*° on B is, like £ (B) itself,
a Fréchet nuclear space ([P2], sections 4.3.1(I) and 4.3.2(III)). The space £ (B) of
compactly supported p-forms of class C*° on B is of type (LsF) (a strict inductive
limit of Fréchet spaces) and is a Montel nuclear space (ibid.).
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Write
Q(B) = EBOSPSW Q" (B), Qc(B)= ®05pgm Q7 (B)

(direct topological sums: see [P2], section 3.3.7).

(IT) THE SPACES Q7 (B; R) AND QP (B; R) The space (B; R) of odd p-forms

of class C* on B and the space {22 (B ; R) of compactly supported odd p-forms of

class C™ on B are locally convex spaces of same type as QP (B) and QF (B),
respectively. When the manifold B is implicitly clear, write QF, QF, QP QF for

QP (B),QF (B),QP (B; R), and QP (B; R), respectively, as well as
— P — »
Q - @nggm 977 & - @ngfm &

(IIT) CURRENTS An odd (respectively even) p-current on B (for 0 < p < m)isa
continuous linear form on 2 (B) (respectively QP (B; R) )3. A compactly supported
odd (respectively even) p-current on B (for 0 < p < m) is a continuous linear form
on QP (B) (respectively 2P (B; R) ). The support of a current is defined in the same

way as the support of a Radon measure or a distribution, and a gluing principle can
also be defined for currents ([P2], sections 4.1.5(I) and 4.4.1(I)).

If ¢ € QF (respectively ¢ € QF) and T' € QPY (respectively T € %v), then
the value T () (respectively T (i) is written as (T, ¢) (respectively (T, ¢)). If ¢ =

P P
EO<p<m &, where 5 e P, and T = ZO<p<7n T, where T € QPY, set (see [P2],
section 3.6.4, Theorem 3.105): T

Pop
<I7 §0> - Zogpgm <T7 <)0> .
Similarly, with the obvious adjustments to the notation, set:

9 =%, (FE).

It can be shown in the same way as [P2], section 4.4.1 that these spaces of
p-currents are all Montel nuclear spaces (and hence reflexive) and that the spaces of
compactly supported p-currents are Silva nuclear spaces.

3 We will prefer the terminology of ([DIE 93], Volume 3, Chapter 17, section 3) over that of
([SCH 66], Chapter 9), which uses the term (m — p)-current for what we are calling a p-current.
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EXAMPLE 5.1.— Dirac current: Let b € B and suppose that zy, is a p-vector belonging
P
to N, (B) (section 4.2.3(I), Definition 4.7). Furthermore, let w € QP (B). Then,
D
w(b) € ATy, (B)Y, so we can form the duality bracket

0z, (W) := (zp,w (D)) .

The mapping w + 0y, (w) is an odd p-current dy, such that supp (%) = {b},
which generalizes the Dirac distribution on the real line.

(IV) CHAINS OF SMOOTH SIMPLEXES Any even m-chain (respectively compactly
supported even m-chain) 7 of smooth simplexes on B uniquely determines an even
m-current (respectively compactly supported even m-current) 7' by the relation

TIQH/Q (w € Q" resp. w € Q™).

Similarly, any odd m-chain (respectively compactly supported odd m-chain) T of
smooth simplexes on an oriented manifold B uniquely determines an odd m-current
(respectively compactly supported odd m-current) T by the relation

T:w /\w (w € QF, resp. w € Q™). [5.1]

(V) EXTERIOR PRODUCT OF A CURRENT AND A FORM On a pure
m-dimensional manifold B, let T be an even p-current (0 < p < m) and w an odd
g-form (0 < ¢ < p). For every odd (p — ¢)-form 3, w A (3 is an odd p-form. We can
therefore form the quantity <T, w A é> . Thus, 3 +— <T,g A ﬁ> isa (p — q)-current,
denoted T' A 3. Hence, by definition:

(TAB,w)=(T,wAB).

In the special case where T is a distribution (i.e. when p = 0), 3 is a function of
class C°° on B and T' A 3 is the product 3.7 of T"and 8 ([P2], section 4.4.1(IV)).

The same reasoning is valid on an oriented manifold with an odd current and even
forms.
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(VI) CURRENTS TAKING VALUES IN A FIBER BUNDLE Let 7 : N — B be a fiber
bundle whose fibers N, are of type F, where F is a finite-dimensional vector space.

The odd differential p-forms taking values in N are the elements of 2P (B, R N )
(section 4.4.6(1)).

Letw € QF (B,R@N) and p € Q7P (B,R@ NV), where NV is the dual
of NV (section 3.4.2, Definition 3.36). Then, ¢ A w is a compactly supported section
of Alt™ (R QNY®N ) of class C'*°. The universal property of the tensor product

([P1], section 3.1.5(I)) implies the existence of a “contraction operation” x : NV ®
N — R that is linear on fibers and which satisfies x (z ® V) = (z,z") for every
(zV,z) € NY x N. This operation r uniquely determines a linear operation (whose
linearity is induced by the linearity on fibers)

RQmer (B,R@NV) A QP (BJR@N) —om (B,R)

such that & (g A g) e Qr (B, I@) Thus,

T¢:g|—>//%(g0/\g)
4 i

is a continuous linear form on Q2 <B ,R® N ), said to be an (m — p)-current taking

values in NV.

The case where N is the trivial bundle Fp is completely straightforward:

Qp (B,I@ ® F) is a locally convex vector space of same type as 22 (B,R) (see

- \%
(III)) and the set of the T£ specified above is the dual (22 (B S R® F) ; this dual is a

complete Montel nuclear and ultrabornological space ([P2], section 4.4.1(I)). In

- v - %
particular, when F = C, the spaces (22 (B, R® (C) and Q0 (B, R® (C) are the
space of p-fields and the space of complex distributions on B, respectively.

The above cannot be extended to the case of vector bundles of infinite rank without
introducing restrictions, even for distributions ([SCH 58], p. 140, Example 2).

(VII) TENSOR PRODUCT OF CURRENTS Let A and B be pure n- and
m-dimensional manifolds, respectively, and suppose that w € QP4 (A X B;R)
(0<p<n,0<qg<m). Over the domain U of a chart of A x B, we can
decompose w into w = Zi’j& A d&9, where w; € QP (A; R),j = (j1, ..., Jp) and

. . _ _\V
d& =dgn N ... NdETP. LetT € QP (A; R) be a p-current. Then, over U:

(T,w) = Z<T,&> Al e Q4 (B;R) .

]
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\V
IfS e (B ; IR) , we can form the quantity (S, (T,w)) and define the tensor

~\ V
product S ® T' € QP+ (A x B; R) by the following the relation (which holds for
any odd form w € QP4 (A X B;R)):

(S @ T,w) = (S, (T,w)).

This generalizes the tensor product of two measures ([P2], section 4.1.3(I)).

(VIII) DISTRIBUTIONS ON A MANIFOLD Write D for Q0 and £ for Q°. In
accordance with [P2], section 4.4.1, any distribution (respectively compactly
supported distribution) on a pure m-dimensional oriented manifold B (e.g. an open
subset U of R™ equipped with its canonical orientation) is an odd O-current
(respectively a compactly supported odd O-current) that belongs to D’ (respectively
ENA. A distribution T € D’ (B) is said to be real if, for every real test function
p € D(B), (T, ) is a real number. Wherever necessary, to avoid ambiguity, we will
say that a distribution takes values in K, with K = C (respectively K = R) when this
distribution is complex (respectively real).

We need the following idea from general topology ([BOU 74], Chapter 1, section
10.3, Proposition 7):

DEFINITION 5.2.— Let X and Y be locally compact topological spaces and suppose
that f : X — Y is a continuous mapping. We say that f is proper if, for every compact
subset K of Y, f~1 (K) is compact.

Let B, B’ be oriented manifolds, 7" a distribution (respectively a compactly
supported distribution) on B and u : B — B’ a proper mapping (respectively a
mapping) of class C°°. For every test function ¢ € D (B’) (respectively ¢ € € (B')),
we have p ou € D (B) (respectively pou € £(B)),and u (T) : o — (T, pou)isa
distribution (respectively a compactly supported distribution) on B’, called the image
of the distribution 7" under u (compare with the image of a Radon measure in [P2],
section 4.1.5(I)).

Let (U,&,n) be a chart of B, T € D' (B), and o = («, ..., &, ) @ multi-index.
Write Dg'T" = D (§(T')), where £ (T) is the image of the restriction of 7" to U under
& and D (¢ (T)) is defined as in [P2], section 4.4.1(II).

4 This convention is used by [DIE 93] (Volume 3, Chapter 17, section 3) but not by [SCH 66]
(Chapter 9), where a distribution is an even m-current (with the definition of p-current adopted
above); see footnote 3, p. 175. The space R™ is implicitly equipped with its canonical
orientation in [P2], section 4.4.1.
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Let B be an oriented manifold, 7' € D’ (B), and ¢ € £ (B) . If K := supp (T") N
supp () is compact, set (T, p) = (.T,1), which is well-defined because ¢.T" €
&’ (B)and 1 € & (B) (where 1 denotes the constant function equal to 1).

The notion of the restriction of a distribution to an open subset of a manifold is
defined in the usual way ([P2], section 4.4.1(I)). Let # : B’ — B be a local
diffeomorphism (Lemma-Definition 2.57). For every distribution I’ € D’ (B), there
exists a distribution 77 on B’ uniquely determined by the following condition: for
every open subset U’ of B’ such that the restriction 7|y : U — 7w (U’) is a
diffeomorphism, 7 | (T" |y ) = Tr(wry ([DIE 93], Volume 3, (17.4.4)). We say that
T’ is the preimage of T under 7, written as 7 (T') . (The same construction can be
performed for currents.)

IfT € D'(B)and ¢ € D(B),orif T € £ (B) and ¢ € &£ (B), we will adopt
the following convention (strictly speaking an abuse of notation, but convenient and
unambiguous nonetheless):

(T, o) = / o (z) T (2) = (T (), 0 (2)) (5.2]

Let S € D'(A) and T € D' (B). Then, supp (S ®T) = supp (S) x supp (T)
(exercise). If 0 € D (A x B),

(S@T,0) = (S(x),(T(y),0(x,y))) = (T (y), (S (x),0(,9)))-

The quantity (S®T,0) := (0.5®@7T,1) is well defined whenever
(supp (S) x supp (7)) N supp (#) is compact. It can be shown that the bilinear
mapping D' (A) x D' (B) - D' (A x B) : (5,T) — S ® T is continuous (for the
strong dual topologies). The same is true if we replace D’ by £’ ([SCH 66], Chapter
4, section 4, Theorem VI). Furthermore, since the spaces D’ and £’ are nuclear ([P2],
section 4.4.1(I)), their completions D' (A)&@D’' (B) and &' (A)®E'(B) are
unambiguously defined ([P2], section 3.11.3(I)) and we have ([TRE 67], Chapter 51):

D'(Ax B) =D (A)@D' (B), & (AxB)=¢& (A)RE (B).| [53]

A similar relation holds for S’: see Theorem 6.149 in section 6.5.

(IX) CONVERGENCE OF SEQUENCES OF DISTRIBUTIONS Let B be an oriented
manifold and (77;) a sequence or bounded net of distributions that belong to 77 (B),
where T = D, £, or S. Write 7, (B) for the strong dual of 7 (B) and 7. (B) for its
weak* dual ([P2], section 3.6).
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THEOREM 5.3.— The following conditions are equivalent: (i) (T;) converges to the
distribution U in T, (B) . (ii) For every function ¢ € T (B), (T3, ¢) — (U, ¢) .

PROOF.— As recalled in (I), 7 (B) is a Montel space, so (T;) converges to U in 7, (B)
if and only if (77;) converges to U in T, (B) ([P2], section 3.7.5, Corollary 3.124). This
last property is equivalent to (ii) ([P2], section 3.6.2). |

COROLLARY 5.4.— Let p be a Lebesgue measure on B (Corollary-Definition 4.42), b a
point of B, 6y the Dirac distribution at the point b and ( f;) a sequence of p-measurable
Sfunctions (respectively compactly supported p-measurable functions) from B into R
such that, for any compact neighborhood V of b in B, fv fi-dp — lasi — +oo.
Then, fi.p — & in Dy (B) (respectively in & (B)) as i — +oo (if B = R™ and
= A" we simply write that f; — &, and, if each f; is tempered, the convergence
also takes place in S’ (R™)).

PROOF.— We will give the reasoning when 7 = D. The reader is invited to adapt the
proof to the other cases as an exercise.

First, note that || i fi-dp — 0 as i — +oo for any compact set K that does not
contain b, since, if V' is a neighborhood of b with no points in common with K, then

fv fi-dp — Land [, , fi.dp — Lasi — +oo. But [y, . fidu = [, fi.du +
fi-dp.
K

Let ¢ € D(B). Given ¢ > 0, there exists an open neighborhood ) of b in B
such that, for every x € €, |p (x) — ¢ (a)| < /4. Let V be a compact neighborhood
contained in §2; we again have | () — ¢ (a)| < /4 for every = € V. Furthermore,

(/Bfiso.du> —w(b)z/B_Vfigo.du+/Vfi (¢ — o (b)) .du

ro) | ([ fitn) -1 (5.4

Consider the first term on the right-hand side of [5.4]. If supp (¢) C K, then,
setting K = (B—-V)N K,

/ fiSD'dN’ = / fip-dp
B-V (B-V)NK

so this quantity tends to 0 as ¢+ — +oco. The same is true for the absolute value of the
third term on the right-hand side of [5.4]. Hence, there exists an integer ¢g such that
the sum of the absolute values of the first and third terms of [5.4] is < &/2 whenever
1 > 1. Furthermore,

/sz- (wcp(b))du‘ < %/sz*d,u

<suplp(@). [ fudn
x€EB K’
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and fv fidp — 0 as i — +oo, so there exists an integer i such that
| [y fi (¢ — @ (b)) .du| < e/2 whenever i > if,. Finally, setting ij = max (i, i),
we have | ([ fip-dp) — ¢ (b)| < € whenever i > if. Hence, [, fip.du — ¢ (b) =
(0p, @) as i — +o0. [ |

5.2.2. Differential operators and point distributions

(I) DIFFERENTIAL OPERATORS Let B be a pure g-dimensional manifold that is
locally compact and countable at infinity and M — B, N — B two complex vector
bundles of finite ranks m and n, respectively (section 3.4.1, Definition 3.22). The
space I' (B, M) of sections of class C™° of M is a Fréchet nuclear space, like £ (U)
itself whenever U is an open subset of R? ([P2], sections 4.3.1(I) and 4.3.2(II)).
Hence, this space is separable ([P2], section 3.11.3(I)).

DEFINITION 5.5.— A linear differential operator of class C*° from M into N is a
continuous linear mapping P : f — P.f from I' (B, M) into T (B, N) that satisfies
the following condition:

(L) For every open subset U of B and every morphic section f € T' (B, M) such
that f |y = 0, we have (P.f) |y = 0.

The condition (L) expresses the local nature of the operator P. Write
Diff (B; M, N) for the set of these differential operators; this is an £ (B)-module.

The local trivialization condition (V) of the vector bundles M and N (Definition
3.22(i)) implies that, for every b € B, there exists an open neighborhood U of b that is
the domain of a chart ¢ = (U, &, ¢q) of B over which these two fibers can be identified
with the trivial bundles U x C™ and U x C", respectively. Hence, for every section
f € I'(B, M), there exist a mapping gy € £ (V), with V' = £ (U), and a linear
differential operator @ : £ (V)™ — £ (V)" such that both squares of the following
diagram commute (the rows of this diagram are not compositions):

v 1% vxem O gy en
J/f sl/é.X]-m igXIH
V &y xem L% pxen

We say that @ is the local expression of P corresponding to the chart ¢ (and the
local trivializations specified above). Given the topology of & (V') ([P2], section
4.3.1(I)), with the notation of section 1.2.4(IV), the operator () is of the form

Q= > A..D%

la|<p
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where © — A, (z) (z = £ (b)) is a mapping of class C™ from V = £ (U) into
Hom (C™,C™) = C™*" (exercise*: see [DIE 93], Volume 3, (17.13.3)). The order
of the differential operator P at the point b is defined as the greatest integer |« such
that A,, # 0.

If M and N are the trivial bundles B x C™ and B x C™, respectively, then, for any
mapping f : B — C™ of class C°, we have P.f = Z\alﬁp Aq.D(f o &). Hence,

setting D¢ (f) = D (f o &),

P= )" A.Dg. [5.5]

la|<p

If M and N are both equal to the trivial bundle BxC, thenT" (B, M) and T (B, N)
can both be identified with £ (B), in which case Diff (B; M, N) is simply written as
Diff (B).

(II) SHEAF OF DIFFERENTIAL OPERATORS For every b € B and every open
neighborhood U of b, let M |y and N | be the vector bundles induced by M and
N, respectively, on U (section 3.3.1, Lemma-Definition 3.4(4)). Let h € £ (B) be a
mapping such that supp (h) C U and h is equal to 1 in a neighborhood W C U of b
(the existence of such a function follows from Theorem 2.13 and Corollary 2.17). Let
fel'(U;M)and P € Diff (B; M,N); h.f, extended by 0 outside of supp (h), is
an element of I' (B; M). Hence, we can form P. (h.f). This quantity is independent
of h, and f — P. (h.f) is called the restriction P |y € Diff (U; M |y ,N |y ) of P
to U.

Let £ be the sheaf of rings U +— & (U) . The mapping U — Diff (U; M |y , N |v)
is clearly a sheaf of £-Modules ([P2], section 5.3.1).

(IIT) POINT DISTRIBUTIONS Let P € Diff (B) . Foreveryb € B, f — (P.f) (b)isa
distribution with support in {b}, written as P (b) . We say that it is a point distribution
at b, and so Diff (B) is said to be a field of point distributions. The local expression
(see (I)) of a point distribution at b of order p is

Ay= )" an.Dgy, Dgy:frr (DEf) (), aa€C. [5.6]

la|<p

The set of point distributions at b is an £ (B)-module, written as 7,>° (B), and
T (B) = @beB Ty° (B) is the £ (B)-module of distributions with finite support

in B. The above shows that 7°° (B) = I" (B, Diff (B)) . We have the following result
([SCH 66], Chapter 3, section 10, Theorem 35):
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THEOREM 5.6.— Any distribution on R™ whose support is contained in {0} is a finite
linear combination of the Dirac distribution and its derivatives.

The Dirac distribution at the point b ([P2], section 4.4.1(I1)) is , : £(B) — C :
fr f(b). Wehave DZ,.f = <6b,Dgf> = (1) <D?6b, f>, hence:

D2, (0) = (~1)° <Dg§b,.>. [5.7]

REMARK 5.7.— We can extend the notion of a finitely supported distribution to the case
where B is a Banach K-manifold of class C" ([BOU 82a], section 13). It might seem
tempting to define a compactly supported distribution more generally as a continuous
linear form on & (B); but this would require us to define a “good” locally convex
topology on the latter space, which is surprisingly difficult (see [KRE 76]).

5.3. Manifolds of mappings

Manifolds of mappings lie at the heart of the perspective of global analysis adopted
in [EEL 66, PAL 68, KRI 97]. In this section, K = R.

5.3.1. The Banach framework

(I) BANACH SPACE OF MAPPINGS OF CLASS C¥ ON A COMPACT MANIFOLD Let
B be a compact manifold of class C°°, Y a Banach space and k an integer > 0. The
space C* (B;Y) of mappings of class C* from B into Y, equipped with the norm
€], = sup [ D€,
beB

0<j<k

is a Banach space (exercise).

The space C* (B;Y) can be equipped with the increasing filtrant and countable
family of norms ||.||, defined above. The coarsest topology for which all of these
norms are continuous is a non-normable Fréchet space topology (exercise).

(I) BANACH MANIFOLD OF MAPPINGS OF CLASS C* ON A COMPACT
MANIFOLD If Y is a Banach manifold of class C*° and k is an integer > 0, we can
still equip C* (B;Y") with the uniform structure of uniform convergence of mappings
from B into Y and their differentials (Remark 2.40(4)) up to order k. This uniform
space is Hausdorff whenever Y is Hausdorff. We will equip C* (B;Y") with a Banach
manifold structure of class C°° and assume that B and Y are C'°°-paracompact.

5 The following results are due to R. Palais: see ([ABR 63], Section 11); however, we will
present them as formulated by ([BOU 82a], Section 15), choosing stronger hypotheses to enable
certain simplifications.
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Let k be an integer > 0, mx : X — B a Banach fiber bundle of class C*>° (section
3.4.1, Definition 3.22(i)) and (with the notation of Corollary-Definition 3.21, section
334)0 T (B; X).

DEFINITION 5.8.— A tubular neighborhood of class C* of o is a triple (M, N, ),
where myr : M — B is a Banach vector bundle of class C*°, N is an open
neighborhood of o (B) in X and ¢ is a B-isomorphism of class C* from N onto an
open subset of M (section 3.3.1, Lemma-Definition 3.7(iv)) that transforms the
section o into the zero section of M (namely B — M : b +— 0).

By the C'*°-paracompactness of B, ¢ admits tubular neighborhoods of class C'*°
([LAN 99b], Chapter 4, Theorem 5.1). If N is an open subset of X, write
I'(k) (B; N) for the set of sections ¢ € T'*) (B; X) such that o (B) C N. With the
notation of Definition 5.8, the space I'®) (B; M), equipped with the vector space
structure induced by the fibers and the topology of uniform convergence of
the mappings from B into M and their differentials of order up to k, is a Banach
space ([ABR 63], Theorem 5.4) as in (I). We have the following result ((ABR 63],
Theorem 11.1; [BOU 82a], 15.3.2):

LEMMA 5.9.— There exists a unique manifold structure of class C* on I'(F) (B; X)
such that, for every section o € T'*) (B; X) and every tubular neighborhood
(M, N, p) of class C* of o, the triple (I‘(k) (B;N),¢*, TR (B, M)) is a chart of
I'®) (B; X) for which the following diagram commutes, where ¢* : T®) (B; N) —
I'(®) (B; M) is the mapping f — p o f:

f

B —— N
»*(f) e
M

The Banach manifold structure of class C* of C* (B;Y) can be obtained by
identifying this space with '*) (B; B x Y).

(IIT) TANGENT SPACE Let 7 : T (Y) — Y be the tangent bundle of Y. If f9 €
C* (B;Y), the tangent space Tyo (C* (B;Y)) is given by

Tpo (CH(B;Y)) ={ueC(B;T(Y)):mou(b) = f°(b),vbe B}.

Letb € B, f° € C¥(B;Y), and write 6, : C*(B;Y) = Y : g — g(b) for the
Dirac measure at the point b; &y is a morphism of class C*. Let{ € Tyo (C* (B;Y)) .
The image of & under T'yo () is an element & of Tyo) (Y') and the mapping b
& (from B into Tyo (Y)) is a lifting of class C* of f° into T (Y') (section 3.3.1,
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Definition 3.6), which gives 7 of = f°. Hence, the following diagram commutes (see
Lemma-Definition 3.11, section 3.3.2):

B f—o>~ Y
Tt NE

o (v) LS T(y)

and, by [3.7], 5 can be identified with a section of class C* of the fiber bundle 7’ :
o (T (Y)) — B. We therefore have the isomorphism:

Tyo (C*(B;Y)) =2 T™ (B; fO (T'(Y))) .

(IV) EXPONENTIAL LAW Let X, Y, Z be three sets; write ZY for the set of mappings
from Y into Z ([P1], section 1.1.2(IV)). Then, we have the canonical bijection

(Y x 2)" 2vX x z¥X. [5.8]

Similarly, the mapping ZY*X > f — (v f(.,2)) € (ZY)X is a bijection
(exercise), and the canonical bijection

AR ASN [5.9]
is called the exponential law. Finally, there exists a canonical mapping

VX x 2" — 7%
given by (u,v) — v ou.

The two isomorphisms [5.8] and [5.9] also exist for uniform spaces. Furthermore,
if X is compact, there exists a canonical isomorphism of uniform spaces
C(X;Y xZ) &2 C(X;Y) x C(X;Z) (where these three spaces of continuous
mappings are equipped with the uniform structure of uniform convergence); if X and
Y are compact, there exists a canonical homeomorphism C(X xY;Z) =
C(X;C(Y;Z)), and the mapping (u,v) — v o u from C (X;Y) x C(Y;Z) into
C(X;Z) is continuous ([BOU 74], Chapter 10, section 3.4, Corollary 2 and
Proposition 9).

Similar results can be established for manifolds. If X, Y, Z are manifolds of class
C, then, for every integer k& > 0, we have a canonical bijection C* (X;Y x Z) =
CF(X;Y)xCF(X;2):

(= (g (2),h () = (= g(@)), (@ h(z).

Moreover, we have the following results (JABR 63], Theorem 11.4; [BOU 82a],
15.3.7, 15.3.5):
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THEOREM 5.10.— Let X,Y,Z be C°-paracompact manifolds, where X,Y are
compact, and let p, q be integers > 1.

1) Write CP% (X x Y; Z) for the manifold of continuous mappings f : X xY —
Z satisfying the following property (P):

(P) For any choice of charts ¢ = (U,p,E) of X, d = (V,¢,F) of Y and e =
(W,0,G) of Z, the partial differentials D%/D%/q) of the expression ® of f in the
charts ¢ X d and e (section 2.3.7(I) and Definition 2.19) exist and are continuous for
every integer p’,q' > 0 such that p’ < pand q' < q.

Then, there exists a canonical bijection, called the exponential law

CPi (X x Y, Z) = CP (X;C1(Y; Z)).

2) The composition (u,v) — v o u induces a mapping of class C'

CP (X;Y) x CP*9 (Y3 Z) — CP (X; Z) .

(V) EVALUATION Let X,Y be (C°-paracompact manifolds, suppose that X is
compact, and let p S N*.  Then, the evaluation operator
ev : CP(X;Y)x X = Y : (p,x) = ¢(x) (section 1.2.3(IV)) is of class CP
([ABR 63], Theorem 11.7) and the following expression generalizes [1.11]:

Tp) (V) - (h,€) = h(z) + T () € [5.10]
The generalization of [1.10] to the setting considered here is left to the reader.

5.3.2. The “convenient” framework

The Banach framework does not allow us to define C*° (X;Y") or C¥ (X;Y) (see
section 5.3.1(I)). However, if X, Y are metrizable, finite-dimensional manifolds of
class ¢ and X is compact (section 2.2.1(II)), then the set ¢ (X;Y) can be
canonically equipped with the structure of a metrizable (FN') manifold of class ¢*
([KRI 97], Lemmas 30.3(2) and 42.5 and Theorem 42.1).

Let X,Y, Z be metrizable, finite-dimensional manifolds of class ¢" (r € {oo,w})
and suppose that Y is compact. Then, there exists a canonical bijection, called the
exponential law ([KRI 97], Theorem 42.14):

(X xY;Z2)=2d (X (Y;2)).
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The evaluation operatorev : ¢ (X;Y) x X — Y : (p,z) — ¢ (x), where X is
a compact manifold of class ¢~ and Y is a finite-dimensional manifold of class C*, a
Lie group of class ¢, or a (M) space (Section 1.3.3(II)), is of class ¢* ([KRI 97],
Chapter 9, Corollary 42.15)% and the expression [5.10] remains valid.

Suppose that X, Y are as above and let M be a compact manifold of class ¢*. The
composition (u, v) — vou induces a mapping of class ¢ : ¢ (M; X)x ¢ (X;Y) —
< (M;Y) (ibid.).

5.4. Lie derivatives

5.4.1. Lie algebras

(I) NOTION OF A LIE ALGEBRA Let K be a field. In the following, unless otherwise
stated, every algebra is a K-algebra’ and every vector space is defined over K. A Lie
algebra g is a K-vector space equipped with a K-bilinear mapping (X,Y) — [X,Y]
from g x g into g, called the Lie bracket, satisfying the identities

Lie) [X,X]=0

Lie2) [ X,[Y,.Z]| +[Y,[Z, X]| + [Z,[X,Y]] =0
for every X,Y, Z € g. The relation (Lie 2) is called the Jacobi identity.

In general, the Lie algebra g can be non-associative ([P1], section 2.3.10(I)). We
have [X+Y, X +Y] = 0, so [X,Y] = —[Y,X], which means that g is

anti-commutative.

Let g be a Lie algebra and (£;),.; a basis of g. The structure constants8 of g are
the elements cfj € K (i,j,k € I), all but finitely many of which are zero, uniquely
determined by the condition

[Ei,Ej] =Y kB, Vijel [5.11]
kel

6 More generally, Y can be an analytic manifold with a “local addition” operation in the sense
of ([KRI 97], Chapter 9, section 42.4).

7 The notions presented below are still valid when K is replaced by a commutative ring if we
assume that the K-algebras are free K-modules.

8 The structure constants of an arbitrary K-algebra A and its multiplication table are defined
as in [P1], section 2.3.10(III); nevertheless, we can only substitute the elements of A into the
indeterminates of a polynomial algebra with the additional hypotheses stated in loc. cit.
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Conversely, let A be an algebra and cfj € K (4,4, k € I) its structure constants.
Then, A is a Lie algebra if and only if, for i, 5, k,l € I (exercise),

k _ k r ol ro 1 ro 1l _
Cij = —Cji E (chichy, + Chpchy + chicr;) = 0.
rel

(II) CATEGORY OF LIE ALGEBRAS A mapping f : g — g’ is a morphism of Lie
algebras if f is a morphism of algebras such that f ([X,Y]) = [(f (X), f ()] for
every X,Y € g. The Lie algebras form a category Lie Al this category is not additive,
since the morphisms from g into g’ do not form an abelian group. If a, b are vector
subspaces of the Lie algebra g, write [a, b] for the vector space generated by all the
elements [A,B],A € a,B € b. If g is a Lie algebra, a subalgebra ) of g is a Lie
algebra h C g.

A Lie algebra g is said to be commutative if [X,Y] = [V, X] forall X,Y € g.
This condition is equivalent to having [X,Y] = 0forall X,Y € g, i.e. [g,9] = 0.

LEMMA 5.11.— If g is an associative algebra, the bilinear mapping (X,Y) — X.Y —
Y. X equips g with a Lie algebra structure (exercise). We will therefore set [X,Y]| =
XY -YX.

In particular, if E is a Banach space, then the Banach algebra £ (E) ([P2], section
3.4.1(II), Corollary 3.44) equipped with the above bilinear operation is a Lie algebra,
written as gl (E) . Readers should be careful not to confuse multiplication (f, g) — fo
¢ in End (E) with multiplication (f, g) — [f, g] in gl (E) . A morphism of Lie algebras
g — gl(E) is said to be a representation of g in E (compare with the representation
of a group in [P2], section 1.3.2). Any such representation is said to be faithful if it is
injective.

Recall that the notions of left ideal, right ideal and two-sided ideal can be defined
for any algebra ([P1], section 2.3.10(II)); in the special case of a Lie algebra, they all
coincide, and a vector subspace a of g is an ideal if and only if [a, g] = a (exercise).
Anideal a of g is proper if a & g and trivial if a = {0}.

One example of a morphism of Lie algebras is the canonical decomposition,
stated in [P1], section 2.3.10(II), for arbitrary algebras, which gives the isomorphism
of Lie algebras (Noether’s first isomorphism) f(g) = g/ker(f), where

ker (f):={X e€g: f(X)=0}.

If f: g — ¢ is amorphism of Lie algebras, then ker (f) is an ideal of g; if a
is an ideal of the algebra g, then the quotient K-vector space g/a can be equipped
with a canonical Lie algebra structure, since, if X,Y € g, the Lie bracket [X,Y]
only depends on the classes X,Yof X,Y (mod.a) and may therefore be written as

[X , Y] (exercise).



Differential and Integral Calculus on Manifolds 189

If a,b are two ideals of a Lie algebra g, then a + b and a N b are ideals of g.
Furthermore, if b is a Lie subalgebra of g, then h 4 a is a Lie subalgebra of g and we
have Noether’s second isomorphism (exercise) (h + a) /a =/ (h N a). The induced
homomorphism theorem, Noether’s third isomorphism and the correspondence
theorem also hold ([P1], section 2.3.3); their statements and proofs are left to the
reader.

If g1, go are two Lie algebras over K, then the product K-vector space g = g1 X go,
equipped with the K-bilinear mapping

(X1, X2),(Y1,Y2)) = ([X1, V1], [X2, Y2]),

has the structure of a Lie K-algebra. Writing [., .| for the bilinear mapping from g X g
into g thus obtained, we have [(X1,0), (0,Y2)] = 0 for every X; € g; and all X, €
go. The statement and proof of the product isomorphism is left to the reader ([P1],
section 2.2.3(IV)).

If a, b are Lie algebras, we say that a Lie algebra g is an extension of b by a (similar
to groups: see [P1], section 2.2.2(I)) if there exists a sequence

als g, 5.12]

where A, u are a monomorphism and an epimorphism of Lie algebras, respectively,
with n := ker (1), A(a) = n, so that b = g/n. In the category x Vec of K-vector
spaces, we therefore have the short exact sequence

{0} — a2 g b — {0}. [5.13]

In this case, a = ker () is an ideal of g, and the short sequence [5.13] is said to be
exact in LieAl. The extension [5.12] is said to be central if n C 3 (g) where 3 (g) is the
center of g (see [P1], section 2.3.10(III) and (III) below) and inessential (respectively
trivial) if there exists a subalgebra (respectively an ideal) of g that is supplementary to
nin g in x Vec. Any central and inessential extension is trivial (exercise).

(II) DERIVATIONS; ADJOINT LINEAR MAPPING Let A be a (not necessarily
associative) algebra and Der (A) the algebra of derivations of A (i.e. derivations of
A in the A-module po A, where A is equipped with the trivial graduation: see [P1],
section 2.3.12). If Dy, Dy € Der(A), then [Dy,D3] := D; o Dy — Dso
D; € Der(A) and this bracket equips Der (A) with the structure of a Lie algebra
(exercise).

Let g be a Lie algebra. For every X € g, the linear mapping Y +—— [X, Y] from g
to g is a derivation of g, written as adg X or adX when g is implicitly clear. The
mapping X +— adX is a morphism of Lie algebras from g into Der(g); in
particular, ad[X,Y] = [adX,adY] and, for every derivation D € Der(g),
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[D,adX]| = ad(DX); hence, adg is an ideal of Der (g) (exercise). The mapping
ad X is called the inner derivation defined by X; any derivations not of this form are
said to be outer (compare with [P1], section 3.1.11(I)).

A classical procedure often effective in mathematics is to linearize the problem.
With Lie algebras, this idea leads to the adjoint representation: the mapping X +—
adX from g into gl (g) = End (g) is a representation of g in the vector space g (see

D).

DEFINITION 5.12.—ad : g — gl(g) is called the adjoint linear representation, and
adX is called the adjoint linear mapping of X.

Any ideal ¢ of g is a submodule that is stable under inner derivations (exercise).
This ideal is said to be characteristic if it is stable under every derivation D € Der (g).
The center of g, is the set of elements Z € g such that [Z, X] = 0 forevery X € g; this
center 3 (g) = ker (ad) is a characteristic ideal (exercise). If a, b are ideals of g, then
[a, b] is an ideal that is characteristic whenever a and b are characteristic (exercise).

Let g be a p-dimensional Lie algebra and (E;), <i<p @ basis of g. The relation

[5.11] shows that the matrix A; representing ad F; in this basis has entries (Al)iC = cfj
([P1], section 3.1.3(II)); see Example 6.45 in section 6.3.6(I).

(IV) DIRECT SUMS AND SEMI-DIRECT SUMS OF LIE ALGEBRAS Let ay, a; and
be Lie subalgebras of the Lie algebra a; we say that a is the direct sum of a;,as,
written as a = a; @ ag, if a = a; X as. This means that (i) the K-vector spaces ay, a,
are supplementary in a and (ii) [a, az] = 0. In other words, a = a; @ a5 if and only if
a is a trivial extension of a, by a; (exercise). If so, we say that a; (and similarly as)
is a direct factor of a.

Let b, £ be Lie subalgebras of the Lie algebra g such that b, £ are supplementary
K-vector spaces. We say that g is the semi-direct sum of h and ¢ if [h, €] C ¢, i.e.if b is
an ideal of g. If so, g/h = ¢, and g is an inessential extension of € by b; if K € &, the
mapping o : H — [K, H] is a derivation of g and o : K — ok is a representation
of K in H. We write that g = b &, .

Lie algebras are discussed further in section 6.3.

5.4.2. Lie derivative of a function

Up to and including section 5.5, the field K from section 5.4.1 is taken to be
equal to K, and we will adopt the conventions (C1) (section 2.2.1(II), p. 55) and (C2)
(section 2.2.2(I1I), p. 58).



Differential and Integral Calculus on Manifolds 191

Let B be a manifold. Recall that C" (B), 73 (B) and Q! (B) denote the space of
functions of class C" from B into K, the space of vector fields of class C" on B and
the space of covector fields of class C” on B, respectively (sections 4.3.1 and 4.3.2).
The Lie derivative of a function f € C" (B) at a point along a tangent vector was
introduced earlier (Lemma-Definition 2.29).

DEFINITION 5.13.—~Let f € C"(B) and X € T3 (B). The mapping
Lx.f:={df,X) =bw (dpf, Xs) is called the Lie derivative of [ along X.

DEFINITION 5.14.— Let B, B’ be two manifolds, ¢ : B — B’ a diffeomorphism
and Y € T3 (B'). The preimage of Y under ¢ is the vector field o* (Y) : f
Ly.(foy) (f €C"(B)) (compare with the preimage of a distribution in section
5.2.1(VIII)).

The Lie derivation Lx is a derivation of the algebra C” (B) in the C" (B)-module
C™=(B) ([P1], section 2.3.12); C"~}(B) = C" (B), so Lx € Der(C" (B)). The
mapping X — Lx from 73 (B) into Der (C” (B)) is injective by Lemma-Definition
2.29(i). Accordingly, the mapping L x . f specified above is sometimes written as X. f,
so that, for every b € B,

X.f(b)=(dpf, Xp)-

Suppose that B is locally finite-dimensional. Let (U, £, K™) be a chart of B such

thatb € U, write (e;), ., for the canonical basis of K™, and suppose that X ; (b) =

(dy€) ™" .e;. By section 2.2.4(III), X (b) = (%)b and

X = Zlggm (Lx.€). (a(zi) :

THEOREM 5.15.— 1) Let B be a manifold. The mapping X — Lx from Ty (B) into
Der (C" (B)) is a monomorphism of C" (B)-algebras.

2) If B is locally finite-dimensional, this mapping is an isomorphism. If (U, £, K™)
is a chart of B, we have the following local expression over U :

; 0 . , i
£X = ZlngmX]- (a@) , X7 :EX-é-j ec (B)

PROOF.— (1) follows from the above. (2): Let D € Der (C™ (B)), f € C" (B),b € B,
and suppose that the chart (U, £, m) is centered on b; this is without loss of generality
because D cancels constants, like any other derivation (exercise). By Taylor’s
formula with the Young’s residual (Theorem 1.22(ii)), the following formula holds in
the neighborhood of £ = 0:

(FoO )=, 0) 55 O += ().

1<j<m
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where ¢ € C™ (£ (U)) vanishes at £ = 0. Hence,
0
D.NHB=Y oL

(D.¢7) (0). 963
which gives D =7, .., (D.¢7) .%. [ |

(0),

1<j<m

5.4.3. Lie brackets
THEOREM-DEFINITION 5.16.— Let X,Y € T (B) be vector fields of class C".

1) There exists a unique vector field [X,Y] € T (B) of class C", called the Lie
bracket of X, Y, such that

;C[X_’y] = EX o £y - £y o EX

2) The C" (B)-module Ty (B) equipped with the Lie bracket is a Lie K-algebra.

PROOF.— (1) If the derivation L[x y/ exists, it uniquely determines [X,Y] € 73 (B)
by Theorem 5.15(1). Moreover, if D;, D, are derivations of an algebra A, then
D := D; o Dy, — D5 o D; is also a derivation of this algebra. We still need to show
the existence of a vector field Z such that Z = [X,Y]. If B is locally
finite-dimensional, this follows from Theorem 5.15(2). Let us go into slightly more
detail. Let ¢ = (U, &, m) be a chart of B and (s;),,,, a frame of class C" over U
(Lemma-Definition 3.23). Then, (s;);~;~,, is a basis of the free C" (U)-module

T (U) (Corollary 3.33(i)). Let 27,57 (1 <j <m) be the components of the

restrictions to U of X,Y, respectively, in this basis. Then, Lx : f +—
(df, X) =3, $a', so
of ox' . orf .
Ly ol = 7 N A T2 5.14
(Ly o Lx) (f) 2(88 aij +6§”8§’x Yy [5.14]

4]

and hence (Lx o Ly — Ly o Lx) (f) = 3, & 2", with

, ot Or
2=Y <a§jx7 - 82. yﬂ> . [5.15]

J

In the general case, we can use charts to reduce to the case where B is an open
subset of a Banach space E and X, Y are mappings b — (b, x (b)) and b — (b,y (b)),
respectively. We then have:

[X,Y]:b— (b, Dy (b) x(b) — Dx (b).y (b)). [5.16]
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2) The mapping (X,Y) — [X,Y] is antisymmetric and we can easily check that
it satisfies the Jacobi identity (section 5.4.1(I)). |

REMARK 5.17.— The differential operator Ly o L x is second order by [5.14], whereas
[X,Y] is first order.

5.4.4. Lie derivative of vector, covector and tensor fields

(I) LIE DERIVATIVE OF A VECTOR FIELD The mapping

Lx:Tg (B)—=T5 (B):Y — [X,Y] [5.17]

is a derivation of the C" (B)-algebra 7, (B) (equipped with the relevant bracket).
More specifically, for every X, Y € Tt (B) and f € C" (B) (exercise),

Lx (fY)=[Lx [,Y]+[(LxY), Lx.[Y.Z]=[Lx.Y Z]+[Y,Lx.Z].

The vector field Lx.Y = [X,Y] is the derivative of Y along the direction X.
Let X1, X € 7, (B) and write span { X1, X»} for the C" (B)-module generated by
X1, Xo.

PROPOSITION 5.18.— 1) If [ X1, X2] = 0 and X,Y € span{X1, Xs}, then [X,Y] €
span{ X1, X5}

2) (functor property of the bracket) Let B, B’ be two manifolds, X,Y € T (B),
and ¢ : B — B’ a diffeomorphism. Then (with the notation of Lemma 2.34, section
2.3.1), [p« X, Y] = 0. [ X, Y].

PROOF.— (1): It suffices to show that, if fi,fs € C"(B), then
[f1X1, f2X2] € span {X1, Xo}. But

[f1 X1, foXo] = f1.fo. [ X1, Xo] + (f1-Lx, - f2) X2 — (f2.Lx,-f1) X1
0

(2): exercise. u

(II) LIE DERIVATIVE OF A COVECTOR FIELD Let o € T2 (B) = Q' (B) be a
covector field of class C™ on B. For every vector field X; € 7! (B), (o, X1) belongs
to C" (B).If X € 73 (B), we obtain Lx.a € Q' (B) by writing Lx. (o, X;) =
(Lx.a, X1) + (o, Lx.X7), which gives

<£X.Oé,X1> :ﬁx.<04,X1> —<Ol7 [X,X1]> [518]
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(II) LIE DERIVATIVE OF A TENSOR FIELD Let X € 7' (B). Earlier, we defined
Lx.f, Lx.X1 and Lx.a for every function f € C"(B), every vector field
Y € 74 (B) and every covector field o € T;° (B) . For all integers p, ¢ > 0, we now
inductively define an operator Lx : TP (B) — TP (B) satisfying the following

conditions: given any two arbitrary tensor fields Z' 7;7?/ (B),Z" € 7?;,’,” (B),

Lx.(Z'®Z")=(LxZ ®Z")+ (Z' @ Lx.Z").

If o € 6, and Z € 7T (B) (respectively Z € 77 (B)), then
Lx.(0.Z) = 0.(Lx.Z), and in particular, £y commutes with the symmetrization
and antisymmetrization operations (section 4.2.2). Hence, if Z’ and Z"' are a p-vector
field and a g-vector field or a p-form and a g-form, respectively, of class C" in either
case, then

Lx (Z NZ")=(Lx.Z NZ")+ (Z N Lx.Z"). [5.19]

5.4.5. Lie derivative of a p-form

Let o« € QP (B). If X € T3 (B), it follows from the above that there exists a
unique differential p-form Lx.o0 € QP (B) such that, for any vector fields
Xi,...,X, € T} (B),

(,CX.a) (Xl, ...,Xp) = ,Cx.Oé (Xl, ...,Xp) - E?:l (0% (Xl, ceey [X, Xz] 5 ...,Xp).

[5.20]

This expression generalizes [5.18]. If Z’ and Z" are a p-form and a g-form taking
values in the Banach spaces F' and F”, respectively, the expression [5.19] still holds,
taking the exterior product relative to some continuous bilinear mapping ® from F’ x
F” into a Banach space F (section 4.2.6(II)).

Moreover, for any vector fields X, Y € 7' (B) and every 1-form w € Q' (B), we
have the following relation (exercise):

Lx. (Yiw)=[XY]w+Y.i(Lx.w).

EXAMPLE 5.19.— Let B be a locally finite-dimensional manifold, o € Q! (B),
X,Y € T4 (B) and ¢ = (U,&,m) a chart of B. Over U, setting 0; = 0/0¢" :
a =Y, a;.dE we canwrite X =Y, 2'0;, Y = Y, y'0;. It follows that:

(Lx)Y =Lx(a,Y) — (. [X,Y]) = ) (i) y'a’ + 0 (92°) ) -

%
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Hence,
Lx.o= Z ((&-ozj) oy (8j;1:i)) dev. [5.21]
,J
In particular,
Lx.dg' =Y (0;2").d¢, L 9 _ = (952 9
X- - - J : 9 Xaé.]_ - J 8517

where the second expression is a special case of [5.15].

5.5. Exterior differential
5.5.1. E. Cartan’s theorem

(I) EXTERIOR DIFFERENTIAL OF A p-FORM Let B be a manifold, F a Banach
space and f € C" (B;F). The mapping d : f — df is a differential operator of order
one (section 5.2.2(I)) from the trivial bundle B x F into the bundle £ (T (B) ; F'). We
will now generalize this setting by defining a differential operator of order one from
Alt? (T (B) ; F) into Alt’ ™ (T (B) ; F) for every p > 0 (section 4.4.3(I)). Recall that
QP (B; F) denotes the space of differential p-forms of class C" taking values in F
(Section 4.4.3(VI)).

LEMMA 5.20.— (E. Cartan) For every integer p > 1, there exists a unique differential
operator d from QP (B; F) into QP (B; F) satisfying the following properties:

i) If F, ¥, F" are Banach spaces, ® : ¥’ xg F" — F is a coupling (Definition
4.31), and o € QP (B; ¥'), B3 € Q1 (B; ¥’), then d (a A 3) € QP (F) and

d(anB) = (da) A B+ (~1)" apdp, [5.22]

so d is an anti-derivation ([P1], section 2.3.12) of the de Rham algebra Q) (B) (section
4.4.1(II)).

ii) For p = 0, d is the mapping £ — df specified above.
iii) For every function f € C" (B;F), d (df) = 0.

PROOF.— Since this is a local question, we can reduce to the case where B is an open
subset U of a Banach space E. To simplify the notation, we can restrict to the case
where F = K. Letw € QP (B) : U — Alt* (E; K) (section 4.4.1(I)). The (Fréchet)
differential of wis Dw : U — Alt* (E;K)" . By antisymmetrization, we can associate
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any continuous linear form o € Alt” (E;K)" with a mapping a.a € Alt’*! (E; K)
(section 4.2.2) that we will denote ¢, («) . We will show that dw is the composition

U 24 Al (B;K)Y 22 Al (E;K) .

DIfa € QP (U),B € QU(U), then D(aAfp) = ( a) N+ an(DP).
Furthermore, ¢4+, (Da)AB) = ¢, (Dw) A = da A [ and
Optrq (@ N (DB)) = (1)’ a Ay (DB) = ( P aA dﬁ which shows (i).

ii) This is clear. (iii): See [P1], section 3.3.8(VII), Theorem 3.183. |

DEFINITION 5.21.— The differential operator d : QP (B; F) — QPT1 (B; F) is called
the exterior differential.

THEOREM 5.22.— (E. Cartan) The exterior differential has the following properties:

i) For every p-form a € QP (B;F), d(da) = 0; in other words, d*> = 0, or
alternatively d is a differential ([P1], section 3.3.8(I1I)).

Hence, if B is pure and n-dimensional, ¢ = (U,&,n) is a chart of B and o =

> iy, dEN A A dEP, then

D dai,.i, NAEYA A dEP.

i17~~~aip

ii) For every morphism u : B' — B and every p-form o € QF (B; F), with the
notation of section 4.4.2, d (u* () = u* (da). In particular, d commutes with the
operation of restriction to a submanifold.

iii) For every vector field X € Ty (B) and every p-form o € QP (B; F), Cartan’s
equations hold:

ﬁx. (da) = d(Eon) 5 [523]
Ex.a:ix.dOl—Fd(ix.Oz), [5.24]

where i x .« is the interior product X L« (section 4.2.5).

iv) For every p-form o € QP (B) and every vector field Xy, ..., X, € T (B),

p
(do, Xo A A Xp) =D (=1) L. <a,X0A...A)?jA...AXp>

j=0



Differential and Integral Calculus on Manifolds 197

p
+ > (—1)”3<a,[Xi,Xj]AXOA...AXZ-A...AX]-A...AX,,>.[5.25]

0<i<j<p

In particular, for w € Q' (B) and X,Y € T, (B), we have the Maurer—Cartan
formula

({dw, X NY) =Lx. (w,Y) = Ly. (w, X) — (w,[X,Y]). [5.26]

Ifw € Q' (B; F), this formula can be rewritten as:
dw. (X ANY)=Lx. (wY)—-Ly. wX)—w.[X,Y] [5.27]
(the relation [5.25] can be modified analogously for a p-form a € QP (B; F)).

PROOF.— This theorem is shown inductively. First, for clarity, we will prove Cartan’s
equation [5.24] in the case where F = K and B is locally finite-dimensional (for the
general case, see ([ABR 83], section 6.4A)). By [4.14],

(ix.do,Y) = (do, X NY) =) 0, (XY = XYY

1,
Furthermore,

d(ix.a)Y =)0 (Z aZ-X’) Y =3 (00X + 0,0, X") Y,
J @

1,J

which gives that

(ix.do,Y) +d(ix.0).Y =Y (9;0:X'Y" + 0:0;X'Y7)
i,J

C2Y rya,Y).

REMARK 5.23.— 1) The Maurer—Cartan formula [5.27] allows us to calculate
(dw (b) ,hy AXy) by considering X,Y € T3 (B) such that X (b) = hy, and
Y (b) = kp. The bracket [X,Y] on the right-hand side of [5.27], evaluated at b,
depends on the values of X and Y in a neighborhood of b by [5.16], whereas the
left-hand side only depends on the values of X and Y at the point b, since w (b) is a
bilinear mapping.
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2) Using the exterior product A instead of N\ for p-forms (section 4.2.4, Remark
4.11) changes the exterior differential and hence the Maurer—Cartan formula [5.25]
([KOB 69], Volume I, p. 36), whose right-hand side needs to be multiplied by p—il
(exercise).

(II) EXTERIOR DIFFERENTIAL OF AN ODD p-FORM Let B be a manifold, F a
Banach space and w € (¥ (B; R ® F) an odd differential p-form taking values in F

(section 4.4.6(I)). Every sufficiently small non-empty open subset U of B is
orientable, and, given any orientation O of U, there exists a bijection

O (U;F) — Q° (U;R@F) . w O ® w (Remark 4.50(a)). The exterior
differential of w = O ® w is defined by the relation

d(0O®w) =0 dw.

If X e 761 (B), we define L x.w in the same way as [5.20], and Cartan’s equation
[5.24] still holds, mutatis mutandis.

5.5.2. Application to vector calculus

Consider a real, Riemannian, pure, n-dimensional manifold B (section 4.5) and
let ¢ = (U, &, n) be a chart such that {a%i} is a field of frames.
1<i<n

() GRADIENT Suppose that V' € C" (U) and let dV € Q! (U) be its (exterior)
differential. The scalar product on T}, (U) allows us to identify dV with the vector

field gradV = V'V € 7¢) (U) such that
av.x = (Vv|x)

for every X € T (U) (Corollary-Definition 3.21), called the gradient of V. If
{8%1- I<icn is orthonormal, the gg/

(1 <i < n) are the components of the gradient

vV
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(Il) DIVERGENCE Let X ¢ 73 (U). If {6‘21} is orthonormal®, the
<in

divergence div(X) of X is the scalar field >, ., Xl o o (U). Writing

e
Y= (8—2’1, s 0%)’ we therefore have:

div = <§>|—>. [5.28]

(IIT) BELTRAMI LAPLACIAN Given a field f € C" (U;F), where F is a Banach
space, the Beltrami Laplacian is defined by ?2V = <? ?> V. If {68 }1<.< is
F=R, o

orthonormal, it follows that €2V S thus, if

T2

i= 1852’

2im1 352 = div o grad. [5.29]

(IV) CURL Suppose that n = 3 and U is equipped with the orientation induced by the
canonical orientation of R? (section 4.4.4). The curl is the operator V A —, where A
denotes the usual vector product of two vectors in the Euclidean space R3 (Example
4.13(iii)).

(V) REMARKS

1) The gradient, divergence and Laplacian depend on the Riemannian structure of
the manifold.

2) The curl only exists for n = 3 and depends on the orientation of the Riemannian
manifold.

3) If U is an open subset of R? equipped with the canonical orientation, let w =
A.dx + B.dy + C.dz. Then, dw = Aj.dx ANdy + Bi1.dy ANdz + Cy.dz N dx €
Q! (U), where Ay, By, C; are the components of curl X and X is the vector field with
components A, B, C.

LetQ = Ay.dx Ady + By.dy Adz + Cy.dz Adx € Q% (U) . Then, d) = Axdx A
dy A dz, where As = div (Y) and Y is the vector field with components A, A, As.

9 For the case where { B¢l } is not assumed to be orthonormal, see Theorem-Definition
1<i<n
5.42 below.
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4) From the above, we can deduce the following relations on an open subset U
of R? equipped with the canonical orientation (the last equality can be deduced from
[4.17] in Example 4.13 of section 4.2.5):

curl o grad = ? A ? =0, [5.30]
div o curl = <€>W>A—> —0, [5.31]
curl o curl = grad o div — ?2. [5.32]

5.6. Stokes’ formula and applications

In this section, every manifold is real, pure, finite-dimensional and of class C"
2<r<).
5.6.1. Stokes’ formula on a chain

Let B be an m-dimensional manifold. Let 7 be a chain of simplexes in B (section
4.4.7(I1)) and w a differential m-form of class C'! taking values in a Banach space F.
Suppose that supp (w) N 7 is compact and furthermore assume either of the following
hypotheses:

(H;) 7 is an odd chain whose boundary 07 is equipped with the induced orientation
(section 4.4.7(VI)), and w is even.

(H>) 7 is an even chain and w is odd.

THEOREM 5.24.— (Stokes) The following relation holds:

Jo, w =] dw.

PROOF.— By linearity, we can reduce to the case where 7 is an m-simplex. By change
of variables, we can further reduce to the case where 7 is the standard m-simplex in
R™ (section 4.4.7(I)).

1) To illustrate, let us perform the calculation for m = 2 first. Thus, consider
the triangle A2 from Figure 4.2 (section 4.4.7(V)). The equation of the hypotenuse
is x + y = 1. Consider the differential 1-form w = P.dx + Q.dy, where P, Q are
mappings of class C' from an open neighborhood U of 7 := AZ into F. In the case
of (H;), for example, we have:

_(oQ 0P
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The first term can be calculated as follows by the Fubini—Tonelli theorem ([P2],
section 4.1.3(IIT)).

9 ! o
/Ta(jdw/\dy=/0 [Q ()22, ¥ dy

1 0
=/ Q(l—y,y)dy+ / Q0,y)dy = | Q.dy.
0 1 or

integration over [v1,v2 integration over [v2,vg
) >

Similarly, the second term gives:
—/G—Pd:x/\d ——/1[P(:E NY= " da
e Yy = o »Y)ly=o0

1 0
= / P (z,0)dx +/ P(m,l—x)dxz/ P.dx,
0 1 T

integration over [vg,v1] integration over [v1,v2]

which proves the result.

2) Next, consider the general case, while remaining in the case (H;p); consider
an oriented simplex II with vertices vg, v1, ..., U, as well as the coordinate system
(t1, ..., tm) € R™ determined by writing each point P of this simplex in the form:

m m
P =vy+ Zi:l t;. (’Ui — 1}0) = Zi:o t;.v;,

with tg = 1 — >°Y_, ;. Every m-form w is a sum of m terms. We simply need to
show Stokes’ formula for one of these terms, for example w = Q.dtz A ... Adt,. Let
II; be the face of the simplex opposite to v;, P; the hyperplane containing this face
and ¢; : P; — RP the inclusion mapping. Equipping OII and 0II; with the induced
orientation (section 4.4.7(VI), Definition 4.63), we have:

m
w= 1; (w)

where ¢ (w) is the preimage of w under ¢; (section 4.4.2). Forevery i > 1, .} (w) =0
(in (1) above, Q.dy = 0 on IIs = [vg, v1]). In the two hyperplanes Py and P; = 0,
(ta,...,tm) is a coordinate system. In Py, this system is positively oriented and ¢; =

P
1—->, 5t s0

m
(W) =Q (1 - Zti,tg, ...,tm> dts A . Adly,.
1=2
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In Py, the coordinate system (¢, ..., t,,) is negatively oriented (in (1) above, the
integration is performed from vs to vy, i.e. with respect to —dy), and hence

Lik (w) =-Q (O,tQ, ey tm) dta A ... Ndt,,

The integration is performed over the region of R™~! determined by its
characteristic function y = x (0, to, ..., t,, ). Therefore,

L= aws [ i
= / X- <Q (1 - iti,tg, 7tm> - Q (O,tg, ,tm)> dtgdtm
Rm =t i=2

P

Furthermore, dw = aQ dt1 . A dt,,. The characteristic function of II is the
product x.x’, where x (2517 b)) 1S the characteristic function of the domain defined
byO<t; <1-— Zl 5 ti, SO

/dw—/ dtz dtmx 0 tz,..., /dtlx tl,... )8Q
— ot

which is identical to the expression found earlier for |, o W- |

Part (1) proves the Green—Riemann formula. We can go further by specifying
orientations when the hypothesis (H;) is assumed:

COROLLARY 5.25.— (Green—-Riemann formula) Let B be an open subset of the plane
equipped with its canonical orientation, T an odd chain and w = P.dx + Q.dy an
even differential 1-form taking values in a Banach space F. Assume that P and Q are
of class C* from B into F and that supp (w) N7 is compact. Then, equipping Ot with
the induced orientation (see Figure 5.1),

I (92 = 9) dondy = [, (P.do+ Qudy)

Another special case of Stokes’ formula is obtained by considering an oriented
path 7 = a — b that is piecewise of class C' in a manifold B, together with a
mapping f of class C'* from an open neighborhood of 7 into a Banach space F. This
recovers the fundamental theorem of integration:

/ df = £(b) — £ (a).
a—b
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Figure 5.1. Orientation of the boundary (Green—Riemann formula)

5.6.2. Ostrogradsky and Green formulas

(I) OSTROGRADSKY’S FORMULA Let 7 be a chain of simplexes in an
m-dimensional manifold B, o an m-form of class C! taking values in a Banach
space F and X a vector field of class C' in an open neighborhood of 7. Then,
da =0,s0 Lx.« = d (ix.«) by Cartan’s equation [5.24]. Stokes’ formula (with one
of the hypotheses (H;) or (Hs)) implies that:

THEOREM 5.26.— (Gauss) The following relation holds:

[ Lx.a=[, ix.a [5.33]

In the case where B is a Riemannian manifold, let v = v! A ... A 0™ be its
volume form (section 4.5(II)) and write ¢ for the volume form on 07. Then, Lx.v =
div (X) .v and there exists a 1-form w such that v = w A o. Using the scalar product,
we can identify w with a unit vector field n such that, for all b € 97, n, € T}, (1) is
orthogonal to Ty, (1) . Thus, by [4.15] (section 4.2.4),

ix.v=(nlX)o—wA(ix.0)
and @ A (ix.0) = 0 on OT.

EXAMPLE 5.27.— Suppose, for example, that T is the square ABCD in the plane
(0,21, 2%), with A = (0,0), B = (1,0), C = (1,1), D = (0,1) . First, integrate over
AB. We have 0 = dz', w0 = —d2®. If X = (Xl,XQ), then, by [4.16], ixo = X!,
sow A (ix.0) = —X1da?, hence @ A (ix.0) = 0 on AB, where x? = 0. Similarly,
w A (ix.0) =00on BC, CD and DA.

By [5.33], we obtain:
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THEOREM 5.28.— (Ostrogradsky) The following relation holds (sometimes called the
flux-divergence theorem):

[, div(X).v= [, (nX).o. [5.34]

The quantity on the right-hand side can be interpreted as the flux of the vector field
X through Ot (if B is three-dimensional Euclidean space, then 7 is a volume, O7 is
the surface enclosing this volume and n is the outward normal to O7: see Figure 5.2).

''n
: oT

Figure 5.2. Flux through Ot

REMARK 5.29.— In particular, if X, denotes some physical quantity at the point b
(e.g. momentum, electric charge), then the relation div(X) = 0 means that, given
any volume T, nothing can escape from 7; the relation div (X) = 0 is therefore a
“conservation relation”.

(II) GREEN’S FORMULAS Once again, let B be a Riemannian manifold and 7 a chain
in B, with the same notation as before. Let ¢ be a scalar field of class C'! in an open
neighborhood of 7. The normal derivative of ¢ is the function defined on 07 by the
relation:

Onp = (n, Vo).

THEOREM 5.30.— (Green) Consider scalar fields o and 1 of class C*? in an open
neighborhood of T whose support intersects compactly with T. Green’s first formula
can be stated as follows:

/T<w\w)> .U+/r<p.v2¢.1}=/a‘r ©.0n1.0. [5.35]
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Green’s second formula is given by:

[, (V2% —pV20) v = [, (9Onth — pOnp) 0. [5.36]

PROOF.— i) We have (p.V¢|n) = ¢.(Vi|n) = ¢.0n1. Furthermore, in an
orthonormal frame,

o (8
div (p.Vo)) = Z o€ (‘%g) = (V| VY) + 0.V

Ostrogradsky’s theorem (Theorem 5.28) gives

/div(<p.V1/1) X)) :/a (p.Vi|n) .o :/e) p.On?.0,
and we therefore obtain [5.35].

ii) By switching the roles of ¢ and ¢ in [5.35] and subtracting the result from the
original formula, we obtain [5.36]. |

Green’s formulas have many applications, such as the following example with
harmonic functions:

COROLLARY 5.31.— (Hopf’s theorem) Let B be a Riemannian manifold without a
boundary and f a compactly supported function of class C? in B such that V2 f < 0.
Then, f is harmonic, i.e. V2f = 0. It follows that f is constant: every compactly
supported harmonic function is constant.

PROOF.— i) Let us show that f is harmonic. To do this, we can apply Green’s second
formula with ¢ = f, ¢ = 1 and 7 = B, i.e. 97 = @. This gives [, (V?f).v =0,
and, since V2f <0, V2f = 0.

ii) Next, show that f is constant. We can apply Green’s first formula with ¢ = f2,
1) = 1 and 7 = B. We can immediately check that

V22 =2fV2f 42|V,

so V2f2 = 2|V f||?, since V2f = 0, and hence Is IVfII? dv = 0, giving Vf = 0
and f = const. |

Let 7 be an odd chain of a surface ¥ in the oriented Euclidean space £ and X a
vector field of class C'* in an open neighborhood of 7. Let t be the unit tangent vector
of O7. Assuming that supp (X) N 7 is compact, the work performed by X along o7
is [, (X|t).ds, where s denotes the arc length. Writing o for the “surface form”,
Theorem 5.24 then gives us the original form of Stokes’ theorem, also known as the
Kelvin—Stokes theorem (see Figure 5.3):
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COROLLARY 5.32.— (Kelvin—Stokes theorem) The work performed by X along Ot is
equal to the flux of the curl of X through T :

[ (curlX|n) .o = [, (X|t).ds.

Figure 5.3. Kelvin—Stokes theorem

5.6.3. Hodge duality and codifferentials

(I) Let B be a real oriented n-dimensional pseudo-Riemannian manifold with metric
g (section 4.5).

LEMMA 5.33.— 1) The metric g induces a symmetric non-degenerate tensor field g'*)
on QF (B) (k=0,1,...,n) as follows: let (hi),<i<,, be an orthonormal frame of
T (B), (01) L<i<n the dual coframe (section 3.4.2, Lemma-Definition 3.38), and
o = Z Oéil,__”ikeil N ...9”,
i

1k

B= Y B0 A0

1yeo?k

two arbitrary elements of O* (B) . Let 9ij = g (hy, hy), (gij) be the inverse matrix of
(9i5) and

IR TR 815015050k Jk 3. .
Brrth = E gt IR B

J1s--5Tk
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Then:
g(k) (aaﬁ) = Z ai1,...,ik6i1’“"ik'

11 <...<tp

2) This symmetric non-degenerate tensor field is independent of the choice of
orthonormal frame (h;), ;... We write that g (a, B) = (a|B).

3) In particular, if the matrix of g in the frame (h;),.,.,. is diag (n;), where
n = =£1, ie. ifg =Y, m0" A 09, then:

(0" A NGO A LA =y,

PROOF.— Let us show that g(®) is non-degenerate. If g(*) (o, 3) = 0 for all 3 €
QF (B), then in particular g*) (a, 61 A ... A @) = 0,50 ay, ..., = 0. This is true
for every k-tuple of indices {i1, ..., %}, so a = 0. |

LEMMA 5.34.— 1) There exists a uniquely determined isomorphism x : QF (B) —
Q=% (B) such that

aAxB={(alB)0 foreverya,B c Q¥ (B), [5.37]
where 0 is the pseudo-Riemannian volume element (section 4.5).

2) If (hi)1gign is a positively-oriented orthonormal frame (section 4.4.4(Il),
Definition 4.37) and (Hi)l <i<n IS the dual coframe, then, for every permutation
o€, o

. (90“) A A 90““)) = (1) T (k) o (9"(’“1) A A 9"(")) [5.38]
foroc(l)<..<o(k)ando(k+1)<..<o(n).

PROOF.— i) Let us first show uniqueness by assuming that * satisfies [5.37]. Let 5 =
67 A ... A 87(F) and suppose that o is one of the k-vectors #°* A ... A 8% . Then, by
Lemma 5.33, a A3 = 0 exceptif (i1, ...,ix) = (6 (1),...,0 (k)) . Hence, there exists
a scalar field a such that %8 = a.07%+t1) A . A 070 Tt follows that B A % = a.c,.0
by Lemma 4.8 (section 4.2.4). But Lemma 5.33(3) implies that (3|3) = 1,(1)--- o (k)
SO G = Eg7g(1)---To(k)» and * satisfies [5.38], which shows uniqueness.

ii) Define * as in [5.38], noting that
{90“) A AT® o (1) <. < o(k:)}

is an orthonormal basis of Q* (B). Then, * sends an orthonormal basis of Q* (B) onto
an orthonormal basis of Q"% (B) ; it is therefore an isomorphism and [5.37] follows
from [5.38]. [ |
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DEFINITION 5.35.— The isomorphism % : QF (B) — Q"~F (B) is called the Hodge
operator.

Let n = n1..mn = (—1)™®) where ind (g) is the number of — signs in the
canonical form of g, so that g has signature (n —ind (g),ind (g)) (section 4.5.1,
Definition 171). It is easy to check the following properties:

PROPOSITION 5.36.— Let o, B € QF (B).
I)aNnB=0N*xa={a|f)0;
2)x1=06;

3) %0 = (—1)"®);

4)xxa = (_1)ind(g)+k¢(n—k) a

5) (alB) = (=)™ (xa| « );

6) (xa|B) = (A Bl6).
EXAMPLE 5.37.— The Hodge operator on Q' (R3) is determined by the following
properties: ¥01 = 02 A 03, x0% = —0' A 03 and 63 = 01 A 02,

Note the analogy with the usual vector product. To clarify this analogy, we can
introduce the “musical operators” flat * and sharp ¥ as follows: given two vector fields
X,Y € TH(B), write (X|Y) = g (X,Y) . We then have two isomorphisms:

"2 THB) = Ti(B): X = (X,.),
“:71(B) = T (B), the inverse isomorphism.

Hence, if X = >, X' € T'(B), where {ey,...,e,} is a frame, then
= Y2, Xie"", where {e",...,e""} is the dual coframe and X; = Y, gi; X7,

with g;; = (e;|e;). Conversely, if « = 3, o eV’ € T, (B), then of = Z a'e;,
where o’ =}, 9" a; and (g*) is the inverse matrix of (g;;).

(II) The above shows that the metric g induces the following symmetric
non-degenerate bilinear forms on 7! (B) and 71 (B):

(X|Y) = ZXY Zg”XYJ (a|B) = Zazﬂ—Zg ;.

More generally, we have the following rule ([TON 65], p. 22):
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(R) If Z is a tensor field of type (p,q) with components Z;i;’;, we lower the
index iy, (1 < k < p) (from contravariant to covariant) by writing

Zhw--ﬂ/kw-ﬂp _ E gir i Z217"'7Zk7-"71/1’
. . = . . .
X2 SRR 2 W T g15e00q

i

We raise the index ji, (1 < k < ¢) (from covariant to contravariant) by writing

Z]k,ﬂflv/\flp — E kakZ,h P ..
jl,---yjkr-'yjq - g J1se-5Jkse-3Jq
Ik

In particular,
g;»/ = Zgj,jgij = Zg“ gjrir = 5;/
j i

COROLLARY 5.38.— Let f € C" (B) . Then,

gradf = (df)ﬁ.

Given positively oriented local coordinates, we have:

of 0
_ ij

gradf = ;j g D D [5.39]

PROOF.— We have df = 3, 21 da’ and (darsi)Lt =3, 97 2 [ |

EXAMPLE 5.39.— 1) In the Euclidean space R?, consider the vector field F = F, % +
F28%+F33%, where F; = F; (z,y, 2) (i = 1,2,3) . Then, F* = Fydx+ Fydy+ Fsdz,
s0:

dF’ = (aFQ—aFl)dx/\dy—<aFl—aF3>dx/\dz

ox y 0z ox
0F3 O0F,

Furthermore, if G = Gla% + Gga% + G3 %, then, by Example 5.37,

*G* = Gydx A dy — Goda A dz + Gidy A dz. [5.40]
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Hence, dF° = * (curlF)b, or alternatively

Moreover, by [5.40], d x G* = (divG) dx A dy A dz. Hence, divG = xd x G”.

2) Let us find the gradient in spherical coordinates [4.26] (section 4.4.5, Example

4.41(2)). We have [da: dy dz]T =J [dr do d(b]T, where J is the Jacobian matrix
from the equality [4.27]. The usual Euclidean metric of R? is given by:

dx dr
g:[dxdydz] dy :[drdﬁqu]G do |,
dz do
where
G =JTJ = diag (1,r2,r281n2 (b). [5.41]
Hence, by (5.39) , gradf = g—f% + %2%8%; = si1n2 p %%. In the right-handed

orthonormal frame {QTT) , u_(; 0 }, by [4.29], we therefore have:

of » 10f_, L af

df = —u, + - == ——up.
gradf e +r8¢>u¢+rsin¢>89ua
DEFINITION 5.40.— The codifferential § : QF (B) — QF~'(B) is defined by
6 (Q°(B)) = 0and, on QF (B) (k > 1):

Sa — (_1)n(k+1)+1+ind(g)

[5.42]

* d* Q.

This definition is justified by the following property:

PROPOSITION 5.41.— Let B be a real compact orientable Riemannian manifold
without a boundary.

i) Let L? (B;Altk (B)) be, the subspace of T'(©) (B,Altk (B)) formed by the
continuous k-forms « satisfying

/a/\*az/(a\a>9<+oo.
B B

Then, (|.), : L? (B;Altk (B)) x L2 (B;Altk (B)) SR (0, 8) = [yan#B
is a symmetric positive definite bilinear form, and L> (B;Altk (B)) equipped with
this form, is therefore a Hausdor{f pre-Hilbert space ([P2], section 3.10.1)10.

10 The bilinear form (.|.),, should not be confused with (.|.) introduced in Lemma 5.33.
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ii) The codifferential § is the adjoint operator of the exterior differential d for this
form. In other words, for any differential form o € QF (B), B € Q1 (B),

<do¢|5>2 = <0“66>2 .

PROOF.— i) If (a|B), = 0 for all 3 € L2 (B;Altk (B)), then, in particular, 0 =

(ala), = [ (ala)b, and, since (o (z) | (x)) > 0 (the manifold is Riemannian),
a = 0. The form (.|.), is symmetric by Proposition 5.36(i).

ii) Let us calculate I = (da|3), —(a|03), = [ (dae A %3 — o A %83) . We have:

daA*f—aN*683 = da A*fS+ (fl)n(k+2)+md(g) aAxxdxf3
— da A %8+ (_1)n(k+2)+ind(g) (_1)ind(g)+k’(n—k)a/\d*ﬁ

:doz/\*ﬁ—}—(—1)k2aAd*ﬁ:d(aA*6).

By Stokes’ theorem, I = 0, so da A %5 = a A %6 3. |

We can now give an intrinsic definition of the divergence:

THEOREM-DEFINITION 5.42.— A vector field X € T (B) uniquely determines a
scalar field ® such that Lx .0 = .60. This scalar field is the divergence of X and is
given by [5.28], i.e.

div(X) = —6X". [5.43]

Given positively-oriented local coordinates £ (1 < i < n), with g = det (gij), we
have:

. 1 9
div (X) = T Zk: o6 (M.X’“) . [5.44]

PROOF.— 1) We have the relation ix.0 = *X’. Indeed, if X (b) # 0, choose
V2, ..., Uy € Ty (B) such that {g()fi%(b),vg,...,vn is a positively oriented
orthonormal basis of T}, (B) . Then, by [4.14],

(ix.A) (Vgy ooy Un) = 0 (X (), 02, ..., v,) = g (X, X) (b)
= X" (X) (D) (vay ..., ) -
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2) Hence, by Theorem 5.22(iii), Lx.0 = d (ix.0) = d * X".

3) Since 6 X7 = (—1)"M®) 4 7« X?, we have x6 X" = (—1)'TM® 4 wd 5 X?,
where d* X" is a scalar field, so (by Proposition 5.36(iii)) s*dx X® = (—1)md(g) dx X",
and hence *6 X" = —d * X”. By Proposition 5.36(ii), *6 X* = § X"+ 1 = §X".6,
which finally gives that £x.0 = —3X".6. The equality £x .6 = D.0 is satisfied if and
only if © = — §X°.

4) By ([4.42], section 4.5), 0 = 4/ |g |.dEY A ... A dE™, so ([4.16], section 4.2.5)
ix.0=1+/1g]> (= Xk dET A L. /\dfk/\ /\dﬁ” Hence:

dix . = 2}; <a§k (ﬁX’“)) dEV A AdE™ = \/1@ zk: (8(2,6 (\/@Xk)) 0.

EXAMPLE 5.43.— Let us find the divergence in spherical coordinates. Consider the

vector field X = Al + B.u_¢> + C.up. By (4.29), X = A.% f 36 + Tsm¢ (,;39

and, by [5.41], g = r*sin? ¢. Therefore:

2A+8A+ B +18£+ 1 oC
Or rtan¢ 1 O¢ rsing 00

divg (X) = [5.45]

The intrinsic definition of the Laplacian can be established as follows:

COROLLARY-DEFINITION 5.44.— The Beltrami Laplacian V2 : Q° (B) — Q° (B) is
given by:

V2 =divograd = —A ’QO(B) ,

where A : QF (B) — QF (B) (k > 0) is the de Rham Laplacian

A :=dé + 6d = (d+6)°.

Given positively-oriented local coordinates,

0
Zaxk< : |&fl>. [5.46]

PROOF.— 1) If f is a scalar field, § f = 0 by Definition 5.40, so

(d6 + 8d) f = 8df = & (gradf)” = —div o grad (f).

2) The expression [5.46] follows from [5.44] and [5.39]. [ |
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REMARK 5.45.— The de Rham Laplacian is symmetric relative to the bilinear form
(.|)9, whereas the (more common) Beltrami Laplacian is antisymmetric; this is the
motivation behind the definition of the de Rham Laplacian. Indeed, let
a, 3 € L% (Alty, (B)) . Then:

(Aa|B), = (déa|B), + (6dal|B), = (6aldB), + (daldB),
= (a|d6B), + (a|ddB), = (a|AB), .
EXAMPLE 5.46.— Let us find the Laplacian in spherical coordinates. We can simply

apply the formula [5.45] for the divergence with A, B,C' as the components of the
gradient [5.42]. This gives:

SAf=Vf= oo

<8f>+ 1 af 10%f 1 9%

or r%anqﬁ@iqﬁ—’_ﬁ@fﬁ r2sin? ¢ 962

For more details about Hodge duality on an Einstein manifold (section 4.5.1), see
[MIS 73], section 3.5.

5.6.4. Gauss’ theorem and Poisson’s formula

Consider a Riemannian submanifold B of the Euclidean space R? equipped with
its canonical orientation. On this manifold, suppose that the density p (P) > 0 is
defined at every point P and assume that the function p : P — p (P) is continuous.
In physics, p might represent the density of matter or an electric charge. Suppose that
an infinitely small volume JdV  around P generates a field

—
5E = fK.p.(YV.% K”‘W w, at every point P/, where 77 = PP’ r = | 7| and

u_>r = ? For a grav1tat10nal field, K = @, where G is the universal constant of

gravitation (Newton’s law); for an electric field, K = —i2—, where ¢( is the

4meqg
permittivity of vacuum (Coulomb’s law).

Let V be a chain of closed polyhedra in B (section 4.4.7(III), Example 4.60) and
= 90V its boundary, equipped with the induced orientation. Consider a surface

element dS. The flux of (5@ through the small oriented surface dS is
dé® = <5ﬁ|ﬁ> .dS, where 7/ = n is the outward normal unit vector field of V

(section 5.6.2(1)), so let d0® = —K.p.dV. 1) .dS. But {Z1) .dS is by definition
the solid angle!! dQ) subtended by the surface element ds from the point P whenever

11 See the Wikipedia article on the Solid angle.



214  Fundamentals of Advanced Mathematics 3

m
the latter is inside V. Hence, d6® = —K.p.0V.dS2, and so the flux of 6@ through

%
S is

50 = — % Kp.dV.dQ = —Kp.dV.Q = —4nK p.5V
S

because 2 = 4. Thus, the flux through S of the field created by the entire volume
Visd = — f{; 47K p.dV . For gravitation, the integral M = f‘r; p.dV is interpreted

as the total mass within the volume V’; in electrostatics, it is interpreted as the total
electric charge. We therefore have:

O = —4nKM [5.47]

(Gauss’ theorem). Ostrogradksy’s theorem (Theorem 5.28) implies that
¢ = f{; div (ﬁ) .dV. Since V is arbitrary, we can take it to be infinitely small

around P. With the assumption that E is of class C', we deduce that

divﬁ = —4n K p. Now suppose that ﬁ derives from the potential U : ﬁ = —gradU.
From [5.29], we obtain Poisson’s formula:

V2U = 4xKp. [5.48]

Conversely, suppose that Poisson’s formula [5.48] is given and consider a point
mass or charge M located at the point P. The rest of the space is assumed to be empty.
Let P’ be another point, referenced by its spherical coordinates relative to the origin

—
P. By symmetry, the potential U only depends on r = ‘PP’

. Poisson’s equation

vV2U = 0 therefore simplifies to 7%6—67 (TQ%—g) =0, so TQ%—IT] =Cand U = —%
for r £ 0, where C' is a constant. By [5.42], this gives a field £ = —VU = —%172

whose flux through the positively oriented sphere V' of center P and radius » > 0 is
o = 77%.4#7’2 = —4nC. This flux is also given by [5.47], so C' = —K M, where
M = f§ p.dV. Since r > 0 is arbitrary, p = M.J, where § is the Dirac distribution

(this is the origin of the term “distribution”). Finally,

o _KMD

u
2 4

(Newton’s law when M is a mass, Coulomb’s law when M is an electric charge).
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5.6.5. Homology, cohomology and duality

The results from algebraic topology presented below complement the results
already outlined in [P1], section 3.3.8, and illustrate Stokes’ theorem!2. In this

section, B is an oriented, pure, m-dimensional differential manifold that is countably
at infinity and of class C'*°. This determines an orientable manifold B.

(I) HOMOLOGY AND COHOMOLOGY SPACES In section 5.2.1, we saw that the
space QP (B) of compactly supported odd differential p-forms on B can be equipped
with the structure of a strict inductive limit of Fréchet spaces and a Montel nuclear
space (if B is compact, QF (B) = QP (B) is a Fréchet nuclear space, in which case,
the index ¢ can be omitted). The exterior differential d : Q2! (B) — QP (B) (p > 1)
is a continuous linear mapping (this is a straightforward generalization of [P2], section
4.3.1(II), Theorem 4.73). We have d> = 0 (section 5.5.1(I)), so d is a coboundary
([P1], section 3.3.8(VII)) and its transpose ([P2], section 3.5.3) is a continuous linear
mapping 0 (that can be written as 0, wherever necessary) from the space Q2 (B)v of

even p-currents into the space 22! (B)" of even (p — 1)-currents!3.

DEFINITION 5.47.— The continuous linear mapping 0, : Q0 (B)Y — Qe=1(B) is
called the boundary mapping.

By Lemma 5.20(i), d is an anti-derivation of degree 1 in the graduated algebra
Q. (B). Set:

Z¢ (BsR) = ker (d: Q2 (B) - Q2+ (B)),

B? (B;R) = im (d QP (B) %(B)) :

H{ (B;R) = Z2 (B;R) /B (B;R) ;
then HZ (B;R) is the p-th compactly supported de Rham cohomology space ([P1],
section 3.3.8(VII)). The elements of ZP (B;R) are the compactly supported
p-cocycles (closed odd differential p-forms), the elements of BP (B;R) are the
compactly supported p-coboundaries (exact odd differential p-forms) and every

coboundary is a cocycle. Any two closed odd differential forms w,w’ € ZE (B;R)
with the same canonical image in H? (B; R) are said to be cohomologous.

12 More details on these questions of Analysis Situs, admittedly lengthy reading but nonetheless
highly enjoyable to browse, can be found on the website [DES 19] (in French), written by a
group of mathematicians and completely open access (featuring the elegant illustrations of the
Poincaré duality theorem originally published in [POP 12]).

13 The reader is invited to reformulate the next results for the case where B is oriented, the
differential p-forms are even and the p-currents are odd.
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Dually, we have 9? = 'd?> = 0, so the boundary mapping 0, = (81,)1)>1 is an
anti-derivation of degree —1 in the graduated vector space B

Q= o

that is also a codifferential ([P1], section 3.3.8(II)). Set (ibid.):

Z; (B) = ker (9,) ,B; (B) =im (0p41) ,
H' (B) = Z,(B) /B, (B).

We say that T € QF (B)" is a p-cycle (respectively a p-boundary) if T € Z, (B)
(respectively T' € B;T(B)). Any two p-currents are said to be homologous if their
difference is a boundary. We also say that an element 7' € Z;, (B) is a closed p-
current; thus, any two closed p-currents are homologous if and only if they have the

same canonical image in H}, (B) .

DEFINITION 5.48.— The space H; (B) is called the p-th homology space of B and

H, (B) = (H,, (B))p>0 is called the (total) homology space of B (for currents).

By section 5.2.1(IV), we know that an even p-chain uniquely determines an even p-
current 7'. Conversely, a closed even p-current uniquely determines an even p-chain 7
by the relation [5.1] ([DER 84], Chapter 4, section 23, Theorem 18; [DIE 93], Volume
9, (24.26.4)). This gives us the result:

THEOREM 5.49.— (de Rham) The homology spaces H; (B) of closed even currents
coincide with the real homology spaces H,, (B;R) = H,, (B) ®z R of complexes of
even chains of smooth simplexes (section 4.4.7(1)) on B ([P1], section 3.3.8(VI)).

REMARK 5.50.— This theorem begins by proving the case where B is a chain of
smooth simplexes, i.e. when B admits a triangulation. But a theorem by Whitehead
Jfrom 1940 shows that every differential manifold is triangulable ([DER 84], Chapter
4, section 23, footnote 8). The homology space H,, (B) ®z R is sometimes written as
H* (B;R) to emphasize that we are considering smooth simplexes ([DIE 93],
Volume 9, (24.20.6)).

(II) MAYER-VIETORIS THEOREM The Mayer—Vietoris theorem is an effective way
to calculate the homology of a manifold. Set H,, (&; R) = 0 for every p > 0.
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THEOREM 5.51.— (Mayer—Vietoris) Consider two non-empty open sets U,V that give
an open covering of B. We have the following long exact sequences, called Mayer—
Vietoris sequences: the first [5.49] is a homology sequence ending with Hy (B; R) —
0, the second [5.50] is a cohomology sequence ending with H™ (B;R):

.. — H, (UNV;R) — H, (U;R) @ H, (V;R) — H,, (B; R)
S H,_, (UNV;R) —s .. [5.49]

— HY ' (U;R) @ B (V;R) — HP 1 (UNV;R) 25 HP (B;R)
— H” (U;R) & H” (V;R) —> ... [5.50]

PROOF.— Consider the following commutative diagram and canonical injections:

unv
iU / \iv
U \%4
Jju hv \/jv
vuv

The Mayer—Vietoris sequence [5.49] is the long exact homology sequence ([P1],
section 3.3.8(III)) deduced from the short sequence

t, t,. t,; t.
0—QUUV) "BV o) e (V) “SVQUNV) — 0. [5.51]

The result therefore hinges upon showing that the latter sequence is exact. For
tiu @ tjy to be injective, a differential form must be zero on U U V if and only if it
is zero on U and V, which is clear. For exactness at Q (U) @ 2 (V), a pair (o, 3) €
Q(U) & 2 (V) must originate from a form on U U V' if and only if o and § coincide
on U NV, which is also clear. It remains to be shown that ti;; — iy is surjective,
i.e. an odd form w on U N V is the difference of an odd form « that can be extended
to U and an odd form § that can be extended to V. To do this, we can simply use a
partition of unity of class C™ subordinate to the covering {U, V'} ; such a partition of
unity must exist by Corollary 2.16.

By changing p to —p, we can also deduce the long cohomology sequence [5.50]
from the short exact sequence [5.51]. |
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(IIT) POINCARE DUALITY THEOREM

LEMMA 5.52.— (Poincaré theorem for compactly supported sets) If the oriented
5%

manifold B is the space R™ equipped with its canonical orientation'4, the mapping

fE' :Z(B;R) > R:w — fgw induces an isomorphism H?' (B;R) = R, and

H? (B;R) = {0} if p # m.

PROOF.— It is clear that [~ . is surjective. Since R™ is star-shaped, we have the

following exact sequence, which can be proved in the same way as the version of
Poincaré’s lemma established earlier ([P1], section 3.3.8(VII), Theorem 3.184)
(exercise*: see [MAD 97], Lemma 10.15):

ar-l Lom iR 0

and Q" = Z™ (B;R), B" (B;R) := im (d) = ker ( I~ ) so the following diagram
commutes: b
7™ (B;R) SR
\} e
Z7' (B;R) /B (B;R)
which implies that H™ (B;R) = R. We have H?(B;R) = ZJ(B;R) =
{f €D(B):df =0} = {0} and similarly for H? (B;R) if 0 < p < m; this last
property can be shown inductively using the relation HE (R*) =~ Hr*+! (RFF1)
(which follows from an integral and holds for every integer p, k& > 0) ((MAD 97],
Lemma 13.2). |

EXAMPLE 5.53.— The vector or scalar fields and p-forms of class C*° considered
below are assumed to be compactly supported in B, which is taken to be the Euclidean

space R? equipped with its canonical orientation.

i) HY (B;R) = 0 means that the only zero function is the function f such that
df = 0 (since f is compactly supported).

ii) H! (B;R) = 0 means that a vector field E is of the form —NU if and only if

it has zero curl. If so, U is uniquely determined (because it is compactly supported).

14 The framework chosen here is the hypothesis (H;) from section 5.6.1. This avoids needing
to consider the bundle of scalars of odd type in the proofs and is also more common in physics.
Nevertheless, the results still hold with the hypothesis (Hz). Despite the change of setting, we
will keep the same notation for cycles, cocycles, boundaries, coboundaries, homology spaces
and cohomology spaces (see footnote 13, p. 215).
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Indeed, let w = E,.dx + Ey.dy + E.dz be the even differential 1-form determined
by ﬁ Then, dw = (iﬁy — aE*) dx Ndy + ..., so ﬁ is of the form —VU if and

only ifw € B (B;R), and w € Z! (B;R) if and only if dw = 0, i.e. curl (ﬁ) =0.
Furthermore, U is uniquely determined by (i).

N
iii) H? (B;R) = 0 means that a vector field B is of the form curlX if and only if

[
divB = 0; if so, Z is uniquely determined up to addition by a term of the form —V U.
Indeed, let w = By.dy ANdz+ By.dz Ndx+ B, .dx Ady be the even differential 2-form

determined by B Then, dw = div ( ) .dxNdyNdz. Hence, B is of the form curlj if
s
and only if w € B2 (B;R), and w € Z? (B;R) if and only if divB = 0. Furthermore,
ker (d: (B) — Q% (B)) = Z!(B;R) = BL(B;R) can be identified with the
fields E of the form —N'U by (ii).
iv) H2 (B;R) = R means that a scalar field ® is of the form dtvg if and only
lffm ®.dx Ndy N dz = 0. If so, § is uniquely determined up to addition by a term

of the form curlz Indeed, every even 3-form w € Q2 (B) is of the form ®.dx A
dy A dz, every odd 2-form o € Q2 (B )lsoftheformB dy/\dz+B dz N dx +

B..dzAdy, andim {d : Q2 (B) — Q2 (B)} = {wEQ3 fmw—O}.Butda:
div (?) dxA dy A dz and ker (d : Q2 (B) — Q2 (B)) is the space of even 2-forms

DA,
( D 3y )da:/\dy+

DEFINITION 5.54.— The manifold B is said to be of finite type if there exists a covering
(said to be admissible) of B by finitely many open sets Uy, ..., Uy, such that every non-
empty intersection U;, N ... N U, is isomorphic to R™ (m = dim (B)). The smallest
cardinal of an admissible open covering is said to be the minimal type of B.

If B is compact, it is of finite type by the Borel-Lebesgue property ([P2], section
2.3.7) (by extracting a finite subcovering from a covering by charts).

COROLLARY 5.55.— The homology and cohomology spaces of a manifold B of finite
type are finite-dimensional.

PROOF.— We will give the reasoning for the cohomology spaces. Proceed by induction
on the minimal type k of the manifold. The claim is true for k¥ = 1 by Lemma 5.52.

If B is of finite type but is not diffeomorphic to R™ (m = dim (B)), there exists
a covering of B by two open sets U,V such that U,V and U N V have minimal
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type strictly lower than B (exercise). The long exact sequence [5.50] gives the exact
sequence

- (UnV;R) L HP (B;R) — HP (U;R) @ H? (V;R),

where H?~1 (UNV;R) and H? (U;R) & H? (V;R) are finite-dimensional, so
H? (B;R) is finite-dimensional. [

The proof of the Poincaré duality theorem is based on the five lemma, which is
proved by “diagram chasing” in the same way as the nine lemma ([P1], section
3.3.7(IV), Lemma 3.167) or by applying the snake lemma ([P1], section 3.3.7(IV),
Lemma 3.169) (exercise):

LEMMA 5.56.— (five lemma) In an abelian category, consider the commutative
diagram:

A1 — A2 — A3 — A4 — A5

{ { { } }

B1 — B2 — Bg — B4 — B5

where the two rows are exact and each vertical morphism A; — B; is written as f;
(i=1,...,5). If f1 is an epimorphism and f5, f4 are monomorphisms, then f3 is a
monomorphism; if fs is a monomorphism and fs, f4 are epimorphisms, then f3 is an
epimorphism.

THEOREM 5.57.— (Poincaré duality) The linear mapping A : ZP(B;R) —
Z™ P (B;R)" defined by

(A.a,@:/\a/\ﬁ

B

(o« € ZP(B;R),8 € ZI"P(B;R)) induces an isomorphism HP (B;R) =
HY' 7 (B;R)"1S

PROOF.— 1) The quantity (A.«v, 3), called the “cup product” aUﬁ of a, 3, only
depends on the canonical images [«], [8] in the cohomology spaces H? (B;R) and
H!"~? (B;R), respectively. Indeed, if « € B? (B;R), € Z*~? (B;R), then, by
[5.22] and the relation d?> = 0, a A 8 = (—1)” dj3 and fB aAp= (-1 IB d3 =0

(&%
by Stokes’ theorem, since 9B = @. Similarly, if « € Z? (B;R), 5 € B*"? (B;R),
then o A 3 = 0.

15 Here, (.)* denotes the algebraic dual of (.).
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2) We will prove the isomorphism by induction on the minimal type k£ of B. For
k=1H(B;R)=Z°(B;R) = ker (d: Q°(B) = Q' (B)) ={f € £ (B) : df =
0} = R, since B is connected. Thus, H? (B;R) =2 H™? (B;R)" for p = 0 by
Lemma 5.52.

Consider now the exact Mayer—Vietoris cohomology sequence [5.50], where U
and V are the open sets used earlier in the proof of Corollary 5.55, and the transposed
exact sequence, since any exact sequence £y — Fo — FEj3 of finite-dimensional
yields the transposed exact sequence Fy <+— E5 <— E3 ([P2], section 3.8.1,
Corollary 3.126). This gives a diagram identical to the diagram in the five lemma,
with:

fi s HPH(U3R) @ HPH(V;R) SHP 7D (U3 R) @ H 07D (Vi R)*
fo : HPH(UNV;R) SH? "D (U NV R)*

fs +HP (B;R) — H' 7 (B;R)”

f1:HP (UsR) & HP (V3 R) SH 7 (UsR)" @ HY' P (V3 R)”

fs :HP(UNV;R) SH P (UNV;R)"

The mappings f; are isomorphisms for ¢ # 3 by the hypotheses. Hence, the five
lemma implies that f3 is also an isomorphism. |

If the manifold B is compact, the integer b, (B) := dim (H? (B;R)) is called the
p-th Betti number of B.

COROLLARY 5.58.— (Poincaré)!¢ For all p > 0, b, (B) = by,—, (B) (exercise).

(IV) DE RHAM DUALITY THEOREM A boundary is a cycle, but the converse is not
true in general. As an illustration, assume the hypothesis (Hy) from the beginning of
section 5.6.1 (see footnote 13, p. 215).

LEMMA 5.59.— i) The integral of a p-cocycle over a p-boundary is zero.

ii) The integral of a p-coboundary over a p-cycle is zero.

16 This is one of the key results of the Analysis Situs published by Poincaré in 1895 [POI 00a],
but a similar result had already been formulated earlier by E. Picard in 1889. Poincaré himself
had cited this result in 1893 (see [POP 12] and [DIE 89] for more details). For an intuitive
interpretation of the Betti numbers and their relation with the genus of a surface, see [POP 16]
and the Wikipedia article on Betti numbers.



222  Fundamentals of Advanced Mathematics 3

PROOF.—1) Letw € QP (B) be a compactly supported p-cocycle and O a p-boundary,

i.e. the boundary of a (p + 1)-chain of simplexes 7. By Stokes’ theorem,

/ g:/dg:().
or T

ii) If w = da and 7 is a cycle, then, by Stokes’ theorem:

/g=/dg=/ a=0,
T T or

since 07 = & ([P1], section 3.3.8(I)). [ |

REMARK 5.60.— The integral of a p-coboundary over a p-boundary is zero by Lemma
4.62. However, the integral of a p-cocycle over a p-cycle is not necessarily zero.

Consider the bilinear form:

B:Z,(B;R) x Z2 (B;R) : (1,w) l—>/g.

Lemma 5.59 implies the following result.

COROLLARY 5.61.— The bilinear form B induces a bilinear form
B:H, (B;R) x HE (B;R) : (7], [w]) — /g,

where [T (respectively [w]) is the canonical image of T € Z, (B;R) (respectively
w € Z2 (B;R)) in Hy, (B; R) (respectively H? (B;R)).

The next theorem was originally formulated as a conjecture by E. Cartan in 1928
([DIE 89], section 1.3, p. 63). It is a very deep result from algebraic topology
established by de Rham in 1931; the proof (as well as the proof of Theorem 5.49)
exceeds the scope of this book ([DER 84], Chapter 4, Theorem 17; [DIE 93],
(21.11.3); [SCH 66], Chapter 9, section 3, Theorem I):

THEOREM 5.62.— (de Rham) Let B be a manifold of finite type. The bilinear form B
is non-degenerate (both on the left and the right), which implies the isomorphism

H? (B;R) 2 H, (B;R)".

REMARK 5.63.— If B is not of finite type but is locally compact, m-dimensional, and
countable at infinity, then B = i>1 K, where (K j)j>1 is a sequence of compact
submanifolds such that K; € Kji1. Thus, H? (B;R) = limg; H? (K35 R) and
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H, (B; R)* = mnij (Kj; R)" ([HAT 02], section 3.3, Proposition 3.33); the
isomorphisms HP (K;) = H™ P (K;)" (Theorem 5.57) and H? (K;;R) = H,,
(Kj;R)" (Theorem 5.62) imply the isomorphisms of vector spaces HP (B) = H™~P
(B)" and H? (B;R) = H,, (B;R)" .

(V) EXAMPLES

(i) If B is a connected Hausdorff manifold, then HY (B;R) = R if B is compact and
H? (B;R) = {0} otherwise.

Indeed, BY (B;R) = {0} by definition, and Z%(B;R) = ker(d : Q%(B) —
QL (B)) = {f € D(B) : df = 0}.If B is compact, Z? (B;R) = R, otherwise
Z° (B;R) = {0}. For an interpretation when B is not compact, see Example 5.53(i);
when B is compact, the vector space of all real functions f € D (B) such that df =0
is isomorphic to R.

(ii) If B is a contractible Hausdorff manifold ([P1], section 3.3.8(VI)), then
H? (B;R) 2 Rif p=m (m = dim (B)) and H? (B;R) = {0} if p # m.

Any such manifold has the same compactly supported cohomology as R™; simply
apply Lemma 5.52.

(iii) If B is the union of a family (B;),.; of pairwise disjoint submanifolds, then
H? (B;R) = ,.; HE (B;; R) (exercise).

(iv) For the sphere S™ (footnote 2, p. 98), H (SO; R) ~ R2, HP (SO; R) = {0} if
p # 0, and, for m > 1, H° (S™;R) = H™ (S™;R) = R and H? (S™;R) = {0} if
p # 0, m ([P1], section 3.3.8(VI)).

Indeed, since S™ is compact, H? (S™;R) = H,, (S™;R) by Theorem 5.62. We
have S® = {—1,1}, H ({1};R) = H° ({-1};R) = R by (i), so H’ (S} R) =
HO ({1} ;R) @ HO ({~1};R) = R Forp > 1, H? ({1} ;R) = HP ({~1};K) =
{0}, so H? (S°; R) = {0} by (iii).

For m > 1, we can proceed inductively. The circle S! has a covering formed by
two connected arcs U,V C S! with non-empty intersection. Each arc is contractible
and therefore has the same homology space as a pair of points, namely
H, UnV;R) = H,(U;R) ® H, (V;R) = 0for p > 1 and Hy (UNV;R)
=~ H, (U;R) & Hy (V;R) = R2. Furthermore, Hy (S*;R) = H° (S';R) = R by
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Theorem 5.62 and (i), since S! is connected and compact. We therefore have the
exact Mayer—Vietoris homology sequence [5.49]:

0 — 0 — H; (S4;R) '—f>H0(UﬂV;R) 3 H, (U;R) & Hy (V;R)

R2 R2

— Hy (S R) — 0.
R

Since [ is injective, H; (S%;R) = im(f) = ker(g) and coker (g) = R, so
ker (g) = Rand H; (S R) = R.

The sphere S? is a connected, compact, two-dimensional manifold with a north
pole NV and a south pole S. It has a covering formed by the two open sets U =
S? —{N}and V = S? — {S} . The open sets U and V are contractible and therefore
have the same homology space as a point. The intersection UNV retracts to the equator
S'. Moreover, Hy (S*;R) = R by (i). We therefore have the exact Mayer—Vietoris
homology sequence

H, (U;R) @ H, (V;R) -5 H, (S%R)
0

5 Hy (UNV;R) 2 Hy (U;R) @ Hy (V3 R) — H, (S R) — 0,
R R? R
so H; (S R) = im (f) = ker (g) and im (g) = ker (h), coker (h) = R and hence
im (h) = R. Thus, R/ ker (k) 2 R, which implies that ker (h) = {0}, and the exact
sequence 0 — Hy (S%;R) — 0 gives us that H; (S*;R) = {0} .

If m > 3, we can cover S by two open sets U, V' that are diffeomorphic to R™
and whose intersection retracts to S, allowing us to repeat the same reasoning as
above (exercise).

For an interpretation of the case m = 1, p = 0, see (i); whenm = 1,p =1, a
function f € D (S') is a derivative if and only if [, f (¢).dt = 0.

5.7. Integral curves and manifolds

5.7.1. First-order differential equations

Consider a Hausdorff real Banach manifold B of class C" (2 <r < o0) and a
vector field X of class C"~! on B. Let .J be a non-empty open interval of R. The
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tangent bundle of J is the trivial bundle Jg = J x R (section 3.4.1, Example 3.26(a))
and we have a canonical section ¢ : J — Jg such that, forevery ¢t € J, ¢ (t) € (Jr), =
Rand . (t) = 1.

A curve of class C" in B is a mapping c : J — B, where .J is a non-empty open
interval of R (Definition 2.20). Given a curve c, the following diagram commutes
(section 2.3.1):

Jr —5 T (B)
Lmy l7mp
J = B

We write that dc¢/dt = ¢, ov: J — T (B). Hence, dc/dt is a curve in T’ (B) of
class C"~1.If ¢ (t) is the position of a point at time ¢, dc/dt = v is the velocity of this
point.

A curve of class C", ¢ : J — B, where J is an open interval of R, is said to be an
integral of the first-order differential equation

du
= X (u) [5.52]

if, forall ¢ € J, % | , = X (c(t)) . By translation of the origin, we can assume that ./
contains 0; the curve c is said to satisfy the initial condition ¢ if ¢ (0) = ¢o (¢o € B).

Note that, if B’ is a manifold and B = R x B’, then w is written as (7, w), where
w € N and [5.52] takes the form
dw dr

dt (T7w)7 dt

The local study of a differential equation on a manifold can be reduced to the
study of a differential equation on an open subset of a Banach space (section 1.5).
Let ¢y € B. By the Cauchy-Lipschitz theorem (Corollary 1.72 and Remark 1.73),
there exist a real number € > 0, an open neighborhood V' of ¢y in B and a mapping

¢ :]—e,+¢e[ x V — B such that ¢ (0,9) = g and X, = 2¢{.2) forallg e V.
—

Setting ¢¢ (q) = ¢ (¢, q), we have ¢sy1 = ¢5 o ¢ for any sufﬁcientfy small ¢, s. For
every function f : B — R of class C",

(Cx.f) (q) = lim L (¢ () = f (@)

t—0 t
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DEFINITION 5.64.— The mapping ¢ is called the local flow defined by X in] — ¢, +¢
[xV.

Manifolds provide an appropriate framework for the global study of first-order
differential equations.

LEMMA 5.65.— The union J (co) of all intervals containing 0 and on which there exists
an integral curve c of [5.52] satisfying the initial condition cy is an open interval
167 (co),t* (co)[ of R. The curve ¢ : J(co) — B is a maximal integral of [5.52]
(section 1.5.1, Definition 1.75).

PROOF.— (A) Letc; : J1 — B and ¢y : Jo — B be two integral curves of [5.52]
satisfying the same initial condition ¢y and let J* be the subset of J; N J defined by

J*Z{tEJlﬁJQSCQ(t):Cl(t)}.

Since B is Hausdorff, J* is closed in J; N Jo ([P2], section 2.3.3(II), Lemma
2.30). If t, € J*, the Cauchy-Lipschitz theorem shows that there exists an open
interval |tg — €,to + €[ (¢ > 0) contained in J*. Hence, since J; N J; is connected,
we must have J* = J; N Js.

(B) We can therefore define a uniquely determined mapping c3 : J; U Jo — B
that coincides with c¢; on J; and with ¢, on J; so that cg is an integral curve of [5.52]
on J; U Jy satisfying the initial condition cy. Proceeding in the same way for every
integral curve of [5.52] satisfying the initial condition ¢y gives the desired integral
curve ¢ : J (cg) — B. The set J (cp) is an interval of R by (A). It is open as a union
of open sets. |

Let ® (X) C B be the subset of R x B formed by the points (¢, q) such that
t(q) <t<t"(q).

DEFINITION 5.66.— A flow (or global flow) on X is a mapping ¢ : © (X) — B :
(t,q) = & (t,q) = ¢t (), where ¢ (., q) : t — ¢ (t,q) is a maximal integral curve of
[5.52] satisfying the initial condition q (compare with Definition 5.64).

By translation, it is clear that, for every ¢y € J (q),

I (b19,0) = J (q) — o [5.53]
(translation of J (q) by —to).

THEOREM 5.67.—If tT (q) < +o0 (respectively t~ (q) > —o0), then, for every
compact subset K of B, there exists ¢ > 0 such that, for all t > t%(q) — ¢
(respectively t < t~ (q) + €), ¢+ (q) ¢ K (i.e. the maximal integral curve “ends
outside” every compact subset of B).
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PROOF.— Suppose that t* (¢) < +oc and that there does not exist a real number
€ > 0 with the stated property. Then, we can find a sequence (¢,,) of points > 0 in
J (q) tending to t* (q) from below such that ¢, (¢) € K for every n. Since K is
compact, there exists a subsequence (tnj) such that (¢’tnj (q)) converges to some
point z of K. By the Cauchy—Lipschitz theorem, there exist an open neighborhood U
of z and a number § > 0 such that t* (y) > § for every y € U. By choosing j to be

sufficiently large, t* (q) < t,,, + 0. But Pt (q9) €U, sott (¢tnj (Q)) > ¢, and, by

[5.53], t+ (gi)tnj (q)) =t (q) — tn, > 0; hence, t (q) > t,, + d, which gives a
contradiction. [

COROLLARY 5.68.— If X is compactly supported (in particular, if the manifold B is
compact), then J (q¢) = R.

Let ¢ be the flow determined by the differential equation [5.52] and the initial
condition ¢ (q) = q. Each ¢; is a diffeomorphism of class C”, and, for all sufficiently
small ¢,t’, we have ¢y oy = pyiyr. If X is compactly supported, this flow is therefore
a group of diffeomorphisms of class C" by Corollary 5.68.

Conversely, let ¢ be a flow on B. The infinitesimal generator A of the group ¢ is
given by

. ¢t—1B 0oy
Ag=1 qg= —
=0T 1T

=X (q)-
t=0

Theorem 5.15 implies the following result:

COROLLARY 5.69.— If B is locally finite-dimensional, every derivation on B induces
a flow on B, and vice versa.

If X is a vector field on B of class C™ 1, ¢ its flow, M a Banach manifold of class
C"and f : B — M isof class C", write ¢ f := f o ¢.

THEOREM 5.70.— 1) Let F be a Banach space and £ € C™ (B;F) . Then 2 (¢;f) =
or (Lx ).

2) Let Y be a field of vectors of class C™~1 on B. Then:

oo @1Y) = [X,Y]. [5.54]

PROOF.— 1): Let b € B. Then:

G0 ®) = 3 t06, 1)) = dt (6, 1) 22

= df (¢4 (b)) . X (¢ (b)) = Lx £ (¢ (b)) = (¢ (Lx 1)) (b).

4
dt
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2) Similarly, & (¢;Y) = ¢} (Lx.Y) = ¢} ([X,Y]) by [5.17],and ¢}y = 1. W

The equality [5.54] can be taken as an alternative definition of the Lie bracket.

5.7.2. Second-order differential equations

Let B be a real Hausdorff Banach manifold of class C" (3 < r < oc)andc: J —
B a curve of class C". In section 5.7.1, we defined the velocity v (¢) of a point ¢ ()
of the manifold B by v = dc/dt : J — T (B), where T (B) is the tangent bundle
of B, which is a manifold of class C"~1. The second derivative, or acceleration, v =
d?c/dt? is therefore a mapping J — T (T (B)), where T' (T’ (B)) is now a manifold
of class C"~2. To express a second-order differential equation, we need to be given
a vector field Z of class C"~2 on T (B). Any such vector field is a mapping Z :
T(B) - T(T(B)): v+ Z(v). We also need to assume that there exists a lifting
B3 of class C"~1 of ¢ into T (B) satisfying 7 o 8 = ¢, where 7 : T'(B) —» B is the
projection. This leads us to the following commutative diagram:

7
T(B) . T(T(B))
<_
PR s
J - B

It must be the case that m, (Z (v)) = v for every v € T (B), so

Ty O Z = 1T(B)' [555]

Since mo 8 =¢, f =wvand § (t) = dc/dt = v (t), this implies that

d(rop) _
20 g [5.56]

DEFINITION 5.71.— Given a vector field Z on T (B) of class C"~2 satisfying [5.55],
a solution of the second-order differential equation

d*u du

is an integral curve of the field Z, i.e. a function c : J — B satisfying this equation.

By iterating this method, we can similarly define differential equations of order
n > 3.

Consider a chart (U, ¢, E) of B. Then, T' (B) can be identified with U x E, and any
field Z satisfying [5.55] has the local expression (z,v) — ((z,v),f (z,Vv)), where f
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is a mapping of class C"~2 from ¢ (U) x E into E. Given any solution ¢ : J — B of
[5.57], y = ¢ o c therefore satisfies the differential equation

d*y dy
% <y, t) [5.58]

Given the differential equation [5.57] and v € T (B), there exists a unique integral
curve (3, on T (B) such that

dp.
dt

=Z(8,). Bu(0)=v. [5.59]

Write O for the set of vectors of 7' (X) such that 3, is defined in an interval .J
containing [0, 1] ; we say that 1 belongs to the domain of (3,. It can be shown that O
is an open subset of T (B) and that the mapping

expy O - B:vmo 3, (1),

called the exponential mapping defined by Z, is of class C"~2 (see, for example,
[DIE 93], Volume 4, section 18.4).

5.7.3. Sprays
(I) An important special case of a second-order differential equation is when the

equations are isochronous, i.e. independent of the choice of unit of time. In other
words, an isochronous differential equation remains unchanged whenever ¢ is

replaced by At (A#0). Set z(t) = y(At) = y(r) (7=At). Then,
L (1) = AL (\), ‘575 (t) = /\2327’5 (\t) . If y is a solution of [5.58], then
d*y dy
207Y 2 ay
2L 00 =27 (v L ).

Hence, z is a solution of [5.58] if and only if the function f (b,.) : v — f (b, V)
is homogeneous of degree 2, i.e. satisfies the relation f (b, \v) = A2 f (b, v) for every
beU,v e E, )\ e R.If so, the vector field Z (or the differential equation [5.57] that
it determines) is said to be a spray.

Consider the integral curve 3, : J — T (B) defined by [5.59]. Then,
By (t) = % (t), By (0) = v, where y is a solution of [5.58]. Thus, 8y (At) = g—:{ (At)

(r=At) and )\% (\t) = 9= (t), where 2 (t) = y(At). If we assume that the
differential equation is isochronous, then z is also a solution of [5.58] and

4z (0) = )\Z—Z (0) = Av. Thus, By (t) = By (At). By switching the roles of A and ¢,
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we further have fy (At) = Siv (A) . Moreover, from the relation )\% (\t) = & (1),
we deduce that A3, (A\t) = By (t) .

(IT) Let us return to the global formulation [5.57] of the second-order differential
equation. The next lemma follows from the above discussion:

LEMMA 5.72.— The following conditions are equivalent:

i) A time t > 0 belongs to the domain of B, if and only if 1 belongs to the domain
of By, in which case 7.3, (t) = 7.8 (1).

ii) Given times t, A > 0, At belongs to the domain of (3, if and only if \ belongs to
the domain of By, in which case 7.0, (A) = 7.5, (At).

iii) A time t > 0 belongs to the domain of By, (A > 0) if and only if X\t belongs to
the domain of B,, in which case By, (t) = X.B, (AL).

iv) For every X € R and everyv € T (B), Z (Av) = \2.Z (v).

DEFINITION 5.73.— Let Z be a vector field on T (B) satisfying [5.55]. If the
equivalent conditions from Lemma 5.72 are satisfied, the field Z is said to be a spray.

Let b € B and write 0, for the zero vector in the fiber Tj, (B) . If Z is a spray, then
Z (0p) = 0 by Lemma 5.72(iv), so

expy (0p) = 7 (0p) = D. [5.60]

Thus, let expy|, : T; (B) — B be the restriction of exp, to the tangent space
Ty (B) and (expgl,), : T (Th (B)) — Texp,), (B) its tangent linear mapping. Since
T, (B) is a Banach space, Ty, (T (B)) can be identified with 7}, (B) and
Texp,l,0,) (B)) = Tp(B) by [5.60]. Hence, with these identifications,
(expzly), (Op) : Ty (B) = Ty, (B) .

THEOREM 5.74.— Let B be a real manifold of class C", where v > 3, and let Z be a
spray on B. Then, expy |, : Ty, (B) — B induces a local isomorphism of class C™ 1
in the neighborhood of Oy. More precisely, (expyz [v), (0y) = 11,(B) (see Figure 5.4).

PROOF.— Consider the straight line a3 (t) = t.v in T, (B), where v € T}, (B). We

have Ty, (T, (B)) > % (0) = v. This makes sense because Ty, (T, (B)) and T}, (B)

can be identified. Thus, (expy|,) (o (t)) = (expy|,) (tv). Hence:

(expzl), (00) 0 = - ((expzly) (00))| = & (w0 fn)

t=0 t=0
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By [5.56], & (10 f,) = B, and B3, (0) = v, so (expy|,), (0) .v = v. By the
inverse mapping theorem (section 1.2.6(II), Theorem 1.29), exp,|, is a local
isomorphism at 0. |

EXAMPLE 5.75.— 1) Let B = ]0,+00[ and identify T (B) with R. The field
Z : (byv) — ((b7 v), (V,VQ/b)) corresponding to the differential equation
& = @2 /x is a spray. We will calculate the associated exponential mapping. We have
/% = i/, so & = c.x, where c is a constant, and x (t) = e“'b, where b = x (0).
Hence, ©(t) = ebc. Writing @ (0) = v gives v = be, so ¢ = v/b. Thus,
z(l) = e = e"/bb. The exponential mapping is, therefore, the diffeomorphism
(b,v) = e*/’b from Ty, (B) = {b} x R onto R’.

2) Now, let B = R and consider the spray Z : (b,v) — ((b,v) , (V,V2))
corresponding to the differential equation i = i%. Then, i/i?® = 1, so
—1/& = t + ¢, or alternatively & = —H%, and xz (t) = —In(t+¢) + ¢;. Thus,
2(0) =—In(c)+ ¢ =band & (0) = —1/c = v, giving c = —1/v. Hence, x (1) =
—In(l+e¢)+eca=—-In(l4+¢)+b+In(c)=b—In(1+1/c)=b—1In(1—-v).
The exponential mapping is therefore the diffeomorphism (b,v) — b — In(1 —v)
from Q N T,(R) onto R, where Q@ = {(byv) €R*:v<1}. Hence,
QNTy, (R) = {b} x]|—o00,1].

Figure 5.4. Exponential mapping

5.7.4. Straightening of vector fields and frames

In this section, B is a real, pure, n-dimensional manifold of class C" (2 < r < 00).

THEOREM 5.76.— (straightening theorem for vector fields) Let X be a vector field of
class O™~ on B. If there exists qy € B such that X (qo) # 0, then there exists a chart
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(U,&,n) centered on qo such that (with the notation of Definition 2.33, section 2.3.1)
& (X |u) = o2, where € = (€1,...,€").

PROOF.— Since this is a local question, we can reduce to the case where B = R",
go = 0and X (0) = (1,0,...,0). Let ¢ : (t,2) — ¢¢ (z) = ¢ (¢, ) be the local flow
of the vector field X in the neighborhood of 0. Then, the mapping

0: (ml,xQ, ,x") = G (O,x2,...,x")

is of class C" in the neighborhood of 0 € R™. Its Jacobian matrix at 0 is 1g», so 0
is a local diffeomorphism of class C” by the inverse mapping theorem (section 1.2.6,
Theorem 1.29). Furthermore, writing {ey, ..., e, } for the canonical basis,

06 d
Do (x) .e; = al (x) = pn o1 (0,27, ...,2")
t=x1

=X (Qbml (O, 2, ,x")) =X(0(x)),
so 0, sends the constant field e; = % to the field X in the neighborhood of 0. Hence,

& = 0~ satisfies the stated condition. |

THEOREM 5.77.— (straightening theorem for fields of frames). Let X, ..., X, be
vector fields of class C™~' on B. Suppose that there exists ¢ € B such that
X1(q), ... X, (q) (¢ <p) are linearly independent. The following conditions are
equivalent:

1) The brackets [X;, X;] are all zero.

2) There exists a chart (U,&,n) centered on x such that & (X;|y) =
(1<i<p).

og?

PROOF.— This condition is necessary because &, ([X;, X;]) = [€« (Xi) ., &« (X;)] by
the functor property of the bracket (Proposition 5.18(2)), and {8%“ %} =0
(Theorem-Definition 5.16(1)). We will show that it is also sufficient. As before in the

proof of Theorem 5.76, suppose that B = R"™, gy = 0, and X; (0) = e;. Let ¢’ be the
local flow of X;. The Jacobian matrix of the mapping

O:(x1,..,Tp) — (bi,l o (biz 0.0 (0,...,0,Zp11, .0, Tp)

Tp

is 1gn at 0, so this mapping is a local diffeomorphism of class C". As before, we have

d

DO (z).eq = o br ( 2 0.0 ¢, (0.0, zp 1, 7:rn))
t=x1

= X1 (O (z)),
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so O, sends the constant field e; = % to the field X in the neighborhood of 0. Since
[X;, X j] = 0, the fields X; and X; commute pairwise, so their respective flows qbi
and (bJ also commute. Hence, ©, sends % to X; forl <17 <p. [ |

5.7.5. Integral manifolds, foliations

(I) In the plane, consider the circle of center 0 and radius R > 0. In Cartesian
coordinates, it has the equation 22 + y? = RZ. Differentiating this expression gives
w = 0, where w = x.dz + y.dy. Conversely, the “integral curves” of the equation
w = 0, with w = z.dx + y.dy, are the circles of center 0. As a set, the union of the
family of these circles is equal to R? — {0}. We say that this family forms a foliation
of the manifold R? — {0} . More generally, if w = P (z,y) .dz + Q (x,y) .dy, where
P and Q are functions of class C! and Q is not identically zero, the equation w = 0
is equivalent to the differential equation Z—Z = — g%ig; Theorem 5.67 implies that
this equation has maximal integral curves defined on non-empty intervals of the real
line. These integral curves do not intersect and form a foliation of the so-called phase
space of the differential equation.

If we add one or more dimensions, the equation w = 0 (known as a Pfaff equation)
is no longer equivalent to a differential equation but a partial differential equation. In
this case, the above reasoning no longer applies: the integrability conditions of the
Pfaff equation are now non-trivial. These conditions are the object of the Frobenius
theorem studied in this section.

In this section, M is a K-manifold of class C" (r € Ng,r > 2). Every
diffeomorphism is of class C”. Write 7" (M) for the set of vector fields of class
C™!on M.

(IT) CONTACT DISTRIBUTIONS

DEFINITION 5.78.— Any subbundle A of class C™~' of the tangent bundle T (M)
(section 3.4.3) is said to be a contact distribution!” of class C"~".

For every x € M, we have A, C T, (M) (where A, is the fiber of A over {x}).
Let U be an open subset of M and p < oo the rank of A (section 3.4.1, Definition
3.22(iii)). A section of A over U (i.e. a mapping U — A : z — A,) is said to be a
p-field over U.

For every x € M, let Ag be the polar set of A, ([P2], section 3.5.2), i.e. the
subspace of the cotangent space T,/ (M) formed by the continuous linear forms that
vanish on A,.

17 This notion of distribution is due to Chevalley [CHE 46]. It should not be confused with the
notion of distribution due to Schwartz that is studied in [P2], section 4.4.1, and above, in section
5.2.1(IV).
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DEFINITION 5.79.— The subbundle A° of TV (M) is said to be a codistribution.

Since A, is closed in T, (M) (section 3.4.3, Lemma-Definition 3.40), the bipolar
set theorem ([P2], section 3.5.2, Theorem 3.78) implies that A% = A, for every
x € M. This can be expressed as follows:

A% = A. [5.61]

Note the following result, which uses the notation of Corollary-Definition 3.21
(section 3.3.4), and whose proof is an exercise:

LEMMA 5.80.— i) If p is finite, a p-field M — A : x + A, is of class C"~ 1 if
and only if it is possible to choose vector fields X1, ..., X, in Ty (M) satisfying the
following property: for every x € M, there exists an open neighborhood U of x such
that X1 (y) , ..., Xp (y) form a basis of A, for everyy € U. If so, the set of vector fields
Y of class C"~* such that Y (z) € A, for every x € M is the free C" (M )-module
L= (M, A) with basis { X1, ..., X, }.

ii) If the vector fields Y1, ..., Yy, in Ty (M) are such that, for every v € M,
Yi(x),....Ym () generate A, (ie. if A, is the vector space
span{Y1 (z),....Ym ()} generated by Yi(x),...,Ym (z)), we write that
=Y (M,A) = span{Yi,...,Y;,}, which means that T (M,A) is the
C" (M)-module generated by Y1, ..., Yo,.

iii) In the sitation of (i), for every x € M, A) C T, (M) has a basis
{wj (£):1<j<n —p}, where the w’ are Pfaff forms (section 4.3.2, Definition
4.20) of class O™~ ! that vanish on the X, i.e. which satisfy

(W, X;)=0, 1<j<n—p, 1<i<p.
The set of Pfaff forms @ so that w, € AU is thus the free C" (M )-module
rer=1 (M, A®) with basis {w*, ...,w" P}
Let N be a submanifold of M and ¢ : N < M the inclusion mapping.

DEFINITION 5.81.— 1) The submanifold N is said to be an integral manifold of the
contact distribution A if 1. (T, (N)) = A, for every x € N (i.e. the tangent space
Ty (N) can be identified with the subspace A, C Ty (M)). It is said to be a maximal
integral manifold of A if every integral manifold containing N is equal to N.

2) The contact distribution A is said to be integrable (or completely integrable) if
it admits an integrable manifold.

3) The contact distribution A is said to be involutive if [Y, Z] € T(U"=2) (U, A) for
everyY,Z e T(r=1) (U, A) (where U is a sufficiently small open subset of M ).
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Note that the notion of the integrability of a manifold is local and invariant under
diffeomorphism. Furthermore, a maximal integral manifold of a contact distribution
A of rank p, if it exists, necessarily has dimension p.

EXAMPLE 5.82.— If N is one-dimensional, we locally recover the notion of an integral
curve ¢ : I — M of a first-order differential equation [5.52] (where X (x), assumed
to be # 0, forms a basis of A, for every x € {c(t) : t € 1}). In this case, the contact
distribution A = span { X} is clearly involutive.

(III) PFAFF SYSTEMS Consider a contact distribution A and n — k Pfaff forms w’
such that, for every z € M, the w’ (z) (1 < j <n —k) generate AY C TV (M)
(without necessarily being linearly independent). Then, N is an integral manifold of
A if and only if, for every 2 € N, ¢, (T, (IV)) = span{X; (z), ..., X, (x)}, where

(W, X;)=0, 1<j<n—k, 1<i<p. [5.62]
This can also be expressed by saying that the restrictions to IV of the n — k Pfaff

forms w’ are zero, or that N is an integral manifold of the following Pfaff system, said
to be associated with A :

w=0:1<j<n-—k. [5.63]

EXAMPLE 5.83.— Consider the case where M is an open subset of R™. Let (U, &, k) be
achartof N, z* = pryo10&~1 M—>N(1<z<n)andA—span{ai ai}
Then, W’ = d¢F+7 (1 < j < n — k) and the manifold N is the set

N = {(217"'7zn) € M N Zk+1 = 017._.72:” — C"_k'}7

where the ¢!, ..., "% are constants: N is the manifold whose tangent bundle T (N)

is generated by the X; = % (1<i<k)ie T(N)= A.Note that for every pair

(4, 9), [Xi, Xj] = [8%“ a%j} = 0, because &, ([a%“ %D = e;, e;] by the functor
property of the bracket (Proposition 5.18(2)).

(IV) SYSTEM OF PARTIAL DIFFERENTIAL EQUATIONS ASSOCIATED WITH A
PFAFF SYSTEM Let us consider a somewhat more general situation than Example
5.83. As before, let M be an open subset of K", and consider the Pfaff system [5.63],
where k& = p and the w’ (1 < j < p) are linearly independent at every point. Let
{xl, e a:”} be the coordinates of a point of K™ in the canonical basis {eq, ..., e, }.
Since {dz!, ..., dz"} is a basis of (K")", we can write:

wﬂ'<x):za{(a¢).dzi (1<j<n-—p).
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If N is an integral p-dimensional manifold of A = A% (see [5.61]) and (U, &, p)
is a chart of N, let ¢+ : U — M be inclusion and z* = pr;or0é™1 1 U - M
(1 << n).Then,U is given by the parametric representation (section 2.3.6, Lemma
258) U = {z( ) tu € £(U)}. At the point z = (2!,...,2"), its tangent vectors are
X;=>%_, 6 gz ( ) .ex. The relations [5.62] are translated by the following system
of partial differential equations:

Let x9 € M. The w (x¢) (1 <j <mn—p) are linearly independent by the
hypotheses. Furthermore, these w’ () and the dz® (1 < < n) generate the vector
space T,/ (M) . Hence, there exists a subset {i1,...,i,} of {1,...,n} so that the
w? (zg) (1<j<n—p) and the dz’» (1 <h <p) form a basis of T}/ (M).
Relabeling the xj, if necessary, we may assume that i, = h (1 <h <p). By
continuity of w, the w’ (z) (1 < j < n — p) and the dz" (1 < h < p) form a basis of
T, (M) for every x in a neighborhood W of o in M thus, there exist uniquely
determined A) () (1 <k <n—p) and B () (1 <h <p) such that, for every
ke{l,..,n—p},

p
dzPth = Z A (@ )+ > Bf (x).da". [5.64]
h=1

Since the variables x4, ..., x,, are independent, the manifold N N W is defined by
the n — p equations (Lemma 2.58):

Ptk yk (a:l, ”_’mp) ., (1<k<n-p). [5.65]

The tangent space of this manifold at the point x is therefore the set of vectors
(6, ..., 6P, SaP T, 5x”) such that

SaPtk = Z &Ch ,...,xp,yl,...,ynfp) Oz,

where the w¥ vanish on N N W. Hence, by [5.64],

A"

57 = B (@ na? oyt oyt ) (I<k<n—p, 1<h<p).|[566]

Conversely, if the 3/* satisfy this system of partial differential equations on W,
then the w” satisfying [5.64] vanish on N.

This gives the following result:
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LEMMA 5.84.— The contact distribution A is completely integrable if and only if the
system of partial differential equations [5.66] has a solution (we also say that this
system “is completely integrable”). The integral manifold N is then given by [5.65].

(V) ANALYTIC VERSION OF THE FROBENIUS THEOREM Now let E, F be two
Banach K-spaces, U (respectively V') an open subset of E (respectively F) and B a
mapping of class C"~! (r > 2) from U x V into the Banach space £ (E;F). Then,
following differential equation is said to be total:

Dy = B (z,y) [5.67]

This equation generalizes differential equations such as [1.22] (case where
E = K = R) and partial differential equations such as [5.66] (case where E and F
are finite-dimensional). In the latter case, we can set E = KP and F = K" P. Then,

Dy and B are represented by the Jacobian matrix (gg:) and the matrix (B}’j)

respectively, in the canonical bases, with k = 1,....n —p and h = 1,...,p; the
equation [5.67] is now of the form [5.66].

DEFINITION 5.85.— A differentiable mapping n : U — V is said to be a solution of
the total differential equation [5.67] if, for every x € U,

Dn(z) = B (z,n(x)). [5.68]
The equation [5.67] is said to be completely integrable in U x V' if, for every point

(z0,y0) € U X V, there is a neighborhood U’ of xo in U so that there exists a unique
solution n of [5.67] defined in U’ and taking values in' V' so that n (xo) = yo.

THEOREM 5.86.— (analytic version of the Frobenius theorem).

1) The total differential equation [5.67] is completely integrable if and only if, for
every (x,y) € U x V, the bilinear mapping

DB (z,y) + D2B (z,y) o B (z,y) € L2 (E; F) [5.69]
is symmetric (section 1.2.1(IIl)).

2) Whenever [5.67] is of the form [5.66], the necessary and sufficient condition (1)
is equivalent to the “Frobenius integrability condition”

OB} 7“paBgBj::an+f“panBj
Ox! =~ dvi L 9xh =~ ovi

(1<k<n-p1<i<p1<h<p).
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PROOF.— 2) is clear. We will show the necessary condition of (1) here; the sufficient
condition is shown later (Theorem 5.87). If n : U — V is differentiable and satisfies
[5.68], then Dn is of class C"~1, so 7 is of class C". Furthermore, for every = € U,

D (z) = D1B (2,7 (2)) + Do B (2,1 (2)) o Dn () .

But Schwarz’s theorem (Theorem 1.16(i)) implies that D7 (x) is symmetric.
Hence, for every (xg,y0) € U x V, D1B (xq,y0) + D2B (z0,y0) © B (z0,%0) is
symmetric. |

(VI) GEOMETRIC VERSION OF THE FROBENIUS THEOREM Let A be a contact
distribution on the manifold M, Q (M) = @ o QP (M) the graduated de Rham
p:

K-algebra (section 4.4.1(IIT)) and O (A) the graduated ideal of 2 (M) generated by
=1 (M, A ([P1], section 2.3.12). Write d (O (A)) for the K-vector space
consisting of all da (o € O (A)) and, given an open subset W of M, write
O (A) |w for the graduated €2 (W)-ideal generated by I'(" =) (W, AY) .

We say that O (A) is a differential ideal if d (O (A)) C O (A).

Suppose that the 1-forms w!,...,w" P € O (A) are linearly independent at every
point. We say that they locally generate the Q (M )-ideal O (A) if, for every z € M,
there exists an open neighborhood W of z so that the restrictions w! |y , ..., w™ P |y
generate the graduated ) (W)-ideal © (A) | ; in other words, for every form a €
O (A) |w , there exist forms §° € Q (W) such thata = Y ;" P 0° Aw' | .

The connection between the analytic version of the Frobenius theorem (Theorem
5.86) and the geometric version stated below is made explicit by Lemma 5.84.

THEOREM 5.87.— (geometric version of the Frobenius theorem). Let A be a contact
distribution of class C"~'. The conditions (i) and (ii) below are equivalent.
Furthermore, if M is pure and n-dimensional and [5.63] is the Pfaff system
associated with A, where k = p and the forms w? (j = 1,...,n — p), assumed to be
linearly independent at every point, locally generate O (A), then the conditions (i)
and (ii) are equivalent to each of the conditions (iii) to (vii), where
wi=w AL AP

i) A is completely integrable.
ii) A is involutive.

iit) O (A) is a differential ideal.
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iv) For every x € M, there exist an open neighborhood W of x and 1-forms ai, of
class C"~2 over W such that

n—p
dw’ |w :Zai/\wﬂw, (1<j<n-—p).
k=1

v) For every x € M, there exist an open neighborhood W of x and a 1-form 0 of
class C™=2 over W such that dw |wv = 60 Aw |w .

vi) For every j € {1,...,n — p}, dw? Aw = 0.

vii) For every x € M, there exist an open neighborhood W of x and functions
flecr=t (W), g € C" (W) (j,k € {1,...,n — p}) such that

W lw =Y fl.dg". [5.70]
k

PROOF.— The following diagram summarizes the proof:

(i) & () = (vii)
) ¢
(iii) <= (vi)
¥ ft

(iv) = (v)

(i)=-(ii): This is a local condition, so we can reduce to the case M = U x V', where
U and V are open neighborhoods of 0 in the Banach spaces E and F, respectively. Let
the mapping B : U x V — L (E;F) be of class C"~! and such that the fiber of A
over (z,y) is

Ay ={(w,B(z,y).u):ucE} CExF.

Consider two arbitrary vector fields X, = (u, B.u), X, = (v, B.v) belonging to
"= (A). Then, DX,.X, = (0,D1B.uv+ DyB.v.B.u). By [5.16],
[Xu, Xv] = 0if and only if this expression is symmetric in u and v; in other words,
if and only if the bilinear mapping [5.69] is symmetric. Hence, the Frobenius
integrability condition (i) implies (ii), namely that A is involutive.

(i) =(1): Our proof argues the case where M is pure and n-dimensional (for the
general case, see [LAN 99b], Chapter 6, Theorem 1.1); since this is a local question,
we can assume that M is an open subset of R™ and that A is generated by (and
therefore has a basis given by) the first p vectors e; = % (1 <i<p) of the
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canonical basis of R™. Suppose that [Y,Z] € T~D (M, A) for every
Y,Z € T0=1 (M,A). Let 7 : R® — RP be the canonical projection. Then, the
mapping 7. |a, is an isomorphism from A, onto T, (RP) = RP for every x in a
neighborhood of 0 in M (once again, we can assume that this neighborhood is equal
to M). On M, we can, therefore, find vector fields Xj,..., X, such that
Xi(z),....X, () € A, forevery € M and 7, (X;) = % (1<i<p).Bythe

functor property of the Lie bracket (Proposition 5.18(2)), we deduce that:

o (X5, X51,) = lens @]y = 0,

()
so [X;, X;] = 0. Hence, by the straightening theorem for fields of frames (Theorem
5.77), there exists an open subset U C M that we can once again assume is equal
to M, as well as a diffeomorphism ¢ : M — N, with N = ¢ (M) C R", such
that the differential D¢y sends X; to % (1 <i < p). The manifold N is integral,
since it is defined by the relations zt = const. (p+ 1 <i<n), or alternatively by
its tangent bundle T (N) = {X € 73" (R") : (w, X) =0} with w € A" = span
{dxp+1, e dz"}.

(iii)=-(i): We only need to consider 1-forms, for which the Maurer—Cartan formula
holds (Theorem 5.22(iv)). Consider a 1-form w € O (A). Then, (dw, X AY) =
0 for every X,Y € T'"=D (M, A) if and only if (w,[X,Y]) = 0, ie. [X,Y] €
=2 (M, A).

(ili)=(iv):  The exterior products w’ A daz" w? A wF,dzt A daz"
(1<j<k<n-p1<Ii<h<p)form a basis of differential 2-forms in W. For
1 < 7 < n — p, we can, therefore, write that:

do’ =Y Ol wh Ada" +> Dot AP+ B dat A dat,
k,h ik h,l

where the coefficients are of class C"=2 in W. Hence, (iii) is equivalent to saying that
the E,Jll are all zero, which implies (and is even equivalent to) (iv).

(iv)=(v): If 8 is a 1-form and ~ is a 2-form, then 8 A v = = A 3. Hence, by
[5.22], dw = Z;’;f dw? AN wr Ao Awd A .. Aw™P and (iv) implies (v) with § =

S (-1) o
(v)=(vi) is clear.

(vii)=-(vi): If (vii) is satisfied, then, for every i € {1,....,n — p}, dw’ =3, df,z A
dg", so dw’ Aw = 0.

(i)=-(vii): Suppose that (i) holds. Then, there exists (Corollary and Definition 2.42)
a chart (U, &, n) of M for which the integral submanifold N is such that N N U has
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local coordinates £&PT! = ... = " = (. The 1-forms d¢PH!, ..., d€™ therefore form a
basis of the C™ (U)-module I'"=1) (U, AOZ . Hence, the 1-forms w’ (1 < j < n —p)
can be expressed in the form [5.70] with g¥ = &Ptk

(vi)=-(iii): This is a consequence of the following algebraic lemma:

If E is a vector space of dimension n and ws, ..., w, are r linearly independent
vectors of F, then an element o € /\E of the exterior algebra of E (section

4.2.3(IIT)) belongs to the ideal J generated by wi,...,w, if and only if
Wi A Aws Aa=0.

Indeed, let w,41,...,w, € E be such that w;,...,w, form a basis of E. Since J
is the direct sum of its homogeneous components, it is sufficient to consider the case
where w is homogeneous of degree k, i.e.

W = E Qi .00, Wiy /\.../\wik
1<ii<...<ip<n

Thus, o belongs to J if and only if a,, ... ;, = 0 for 7; > r, which is equivalent to
Wi A Aw Aa=0. |

EXAMPLE 5.88.— Let M be a non-empty open subset of R® and w = P (x,vy, 2) .dx +
Q (z,y,2).dy + R(x,y,2) .dz, where P,Q, R : M — R are of class C'. Then:

dw = a—de/\d:c-i-a—sz/\dx—k%dx/\dy—i— @dz/\dy
dy 0z or 0z
OR OR
+%dz Ndz + a—ydy Adz,
50
OR 0Q oP OR 0Q 0P
= P _—— — _—— — _—— —
wAdw { (81/ 82) +Q<8z 3x> +R<8m 8y)] dxNdyNdz,
and hence the Pfaff equation w = 0 is completely integrable if and only if
OR 0Q oP OR 0Q 0P\
(5 5) (s o) n(a-5) =0 57

This result can be interpreted as follows: by the condition (vii) of Theorem 5.87,
the Pfaff equation is completely integrable if and only if, for every x € M, there
exist an open neighborhood W of x and functions f € C* (W), g € C*> (W) so that
w = f.dg. The case where f = 0 is trivial. Setting this case aside, we can assume that
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f #£0inW, since f is continuous; this function f is said to be an “integrating factor”.
Thus, w = 0 < dg = 0. The desired contact distribution, if it exists, is therefore an
“equipotential” dg = 0 & g = const. Its existence is conditional on the fact that
the vector field X with components o P, 0Q, pR, where p = 1/ f, “derives from a
potential”, i.e. is a gradient. But this holds if and only if curl X = 0 by Example 5.53
and Poincaré’s lemma ([P1], section 3.3.8(VII), Theorem 3.184), choosing W to be
simply connected. Hence, there exists a solution to w = 0 if and only if there exists a
function ¢ # 0 de classe C* for which curl (pY) = 0, where Y is the field of vectors
with components P, Q, R. But curl (¢Y) = VA (¢Y) = (Vo) AY + . (VAY).
Therefore, it is necessary to have (N ) ANY = —p. (V AY); given that (Vo) NY
is orthogonal to Y, it must be the case that Y is orthogonal to V NY = curl (Y),
i.e. satisfies [5.71]. The Frobenius theorem shows that this necessary condition is also
sufficient.

Suppose that W is simply connected. Then, by Poincaré’s lemma, w is an exact
total differential, i.e. w = dg, where g € C* (W), ifand only if dw = 0, i.e. ‘?}—5—% =

0, %—P — %—R =0, %—Q — g—P = 0. This condition is more restrictive than [5.71] due to
z T T y

the absence of any integrating factor.
(VII) FOLIATIONS

DEFINITION 5.89.— Let M be a locally finite-dimensional manifold and ® a
submanifold of M. We say that ® is a foliation of M if (i) every point of M belongs
to ® and (ii) for every x € M, there exists a chart (U,&,n) centered on x, with
E(U) = ]—e,e[" (e > 0), so that the connected components of ® N U are sets of the
form

{yeU: () =aPt L (2) = a"}, (ai =const., i=k+1,.,n),
said to be slices of U. A connected component of @, (a € A) is said to be a leaf of

D, and ® = (| P, (where [ denotes the disjoint union). The subbundle T (M, D)
acA
of T (M) defined by T (M, ®) = |J T (®,) is said to be the tangent bundle of the
acA
foliation ®, and the quotient bundle T (M) /T (M, ®) (Section 3.4.3) is said to be the

normal bundle of this foliation.

Each leaf is an immersed submanifold of A (Lemma-Definition 2.43, section
2.3.4), but this immersion is not an embedding in general. A very simple example of
foliations is as follows: if M = R™ = R* x R"~*, we obtain a foliation of A by
considering the leaves ®, defined by z**! = ¢**1 ... 2" = 4, each isomorphic to

RF, witha = (a*,...,a") € R""*, and setting® = (| @, (Figure 5.5).
a€Rn—k

The notion of a foliation can be extended to the case where M is a Banach manifold
([ABR 83], Definition 4.4.4):
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DEFINITION 5.90.— Let M be a K-manifold of class C" (r € Ng,r > 2) and & =
(®a),ea a partition of M into connected subsets, called leaves. The partition ® is
said to be a foliation of M if, for each point x € M, there exists a chart (U,¢,E)
centered on x, where E = B @ Eo, the subspaces E1, Es split in the Banach space E
([P1], section 3.2.2(IV)), o (U)NE; = Uy, p (UNEy) = Us, and, for every a € A,

the connected components (U N @), of U N @, are given by ¢ ((U N (I)a)w> =

U, x {caﬁ}, where the c, 4 € Eg are constants. Any such chart is said to be foliated.

THEOREM 5.91.— (global version of the Frobenius theorem) Let A be a contact
distribution on a K-manifold M of class C". The following conditions are
equivalent:

i) A is integrable.
ii) There exists a foliation ® of M such that A =T (M, D).

iii) For any choice of open subset U of M and the vector fields
X,Y e T=D (U, A), we have [X,Y] € T"=2) (U, A).

PROOF.— If M is finite-dimensional, we can cover it by a family of charts (U;, z;, n;)
in such a way that, on each U;, we have the situation from Example 5.83. The same
reasoning can be extended to the case where M is a Banach manifold ([ABR 83],
Theorem 4.4.7). |

Rn -k

Figure 5.5. Foliation of R™
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6

Analysis on Lie Groups

6.1. Introduction

Lie groups generally have a richer structure than manifolds, which allows us to
perform additional operations. The first such operation is the convolution product
(historically also known as the composition product). This idea is omnipresent in
various engineering sciences, especially signal theory and automatic systems. As an
example, the output of a stationary linear filter is the convolution of the input of this
filter and its impulse response.

Given a locally compact topological group G, there exists a left invariant measure
and a right invariant measure on G, distinct except when G is “unimodular” and in
particular when G is commutative, but unique up to multiplication by a real number
> (. These measures, called the left and right Haar measures, play an analogous role
to the Lebesgue measure on R or R™ (which they generalize). They allow us to define
the convolution product of two functions. The existence of these invariant measures
was proved by Hurwitz for a Lie group G in 1897; Haar generalized the result in
1933 by showing that these invariant measures still exist when G is a locally
compact separable topological group. In 1938, A. Weil proved that we can omit the
separability condition [WEI 38]. However, by solving Hilbert’s fifth problem!,
Gleason, Montgomery and Zippin established in 1952 that every locally compact,
metrizable and locally connected topological group is a Lie group?. Hence,
retrospectively, Hurwitz’s result was very close to optimal. This is the result that we
will present below, with a simple and concise proof.

The Lie algebras can be classified very exhaustively (section 6.3). Thanks to a
“dictionary” that was primarily established by S. Lie (section 6.4.3), so can the Lie

1 See the Wikipedia article on Hilbert’s fifth problem.
2 There is also a theory of distributions on locally compact groups [BRU 61].
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groups. We will present a modern reformulation of the three “fundamental theorems”
of S. Lie (the original versions can be found in the historical notes in [BOU 82b],
Chapter 3).

Harmonic analysis on Lie groups (section 6.5) is one of the major fields of
mathematics, derived from analysis; it has also crept into other areas, especially the
“p-adic Lie groups” ([BOU 82b], Chapter 3), [BRU 61, SCH 11] in number theory
[WEI 74]; however, these topics exceed the scope of this book, so our presentation
will be limited to harmonic analysis on real Lie groups, primarily in the commutative
case. An overview and a few historical notes are given in section 6.5.1.

6.2. Convolution

In this section, unless otherwise stated, every Lie group G is real and locally
compact; the neutral element is written as e and G is assumed to be generated by any
given neighborhood of e, so G is also countable at infinity (Lemma 2.80).
6.2.1. Convolution of distributions

(I) CONVOLUTION OF FUNCTIONS ON THE REAL LINE Let f, g be two locally
Lebesgue-integrable functions on the real line ([P2], section 4.1.5(IIT)) and consider

h(x)=/Rf(y)g(:v—y)~dy.

If this integral converges, we write that i = fxg. The change of variable z—y = 3/
gives h (z) = ng(y’) J(@—y)dy,so f+g = g=* f. We can give a sufficient
condition for h to be a locally integrable function defined almost everywhere. Let
» € K (R), i.e. ¢ is a continuous function with compact support K, and suppose that:

1 () :/Rh(x) @ (x) 'dfﬂ=//f(y) g(z—y).dydzx
= //f(y) 9(2) - (y+2).dy.dz.

This integral converges if, setting ¢ (y,2) = ¢ (y + z) and K = supp (p°),
the condition (S) is satisfied:

(S) For every compact set K C R, (supp (f) x supp (g)) N K2 is compact.
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If so, h. is integrable and h () is defined for every z such that ¢ () # 0. This is
true for every function ¢ € K (R), so h is a locally integrable function defined almost
everywhere. We say that the functions f, g are strictly convolvable and that f x g is
their convolution product (or simply their convolution).

If either f or g is compactly supported, then the condition (S) is satisfied. Suppose
that f and g have left bounded support, i.e. there exist two real numbers a, b such that
f(xr)=0ifzx < aand g (z) = 0if z < b. Then:

x—b
() :/ F )9 (@ —y).dy,

so h is a locally integrable function defined almost everywhere with left bounded
support, because h () = 0 for z < a + b. If f and g are both compactly supported,
then h is compactly supported.

(IT) GENERALIZATION Let us now extend the situation described above to the case

where the real line is replaced by a Lie group G and the functions f, g are distributions
on G.

Letp € £E(G)andm : G x G — G : (z,y) — z.y. In general, even if ¢ is
compactly supported, o> =: ¢ om : G x G — C is not, because, if K = supp (),
then supp (¢?) = K%, where K& := {(z,y) €GxG:zy€e K}. Let T, 5 €
D’ (G). By section 5.2.1(VII), we can form the quantity

(Tx8S,0) =(T®S,¢%) [6.1]

whenever (supp (T') x supp (S)) N K is compact, which generalizes the condition
(S). We say that T" x S is the convolution of 7" and S.

DEFINITION 6.1.— We say that a finite family (A;),<;<,, of closed subsets of G is
admissible for convolution if, for every compact subset K of G, the set

h
(H‘_l AZ-) N K2 is compact. A finite family of distributions (T3)1<i<p, is said to

be strictly convolvable if the family (supp (T3)), <, <, is admissible for convolution.
The convolution product Ty % ... x Ty is then recursively defined by
T1 *...*7}'_},.1 = (Tl *...*1}) *T_’j+1 (1 S] < h — 1)

THEOREM 6.2.— i) If (T3),<;<), is a family of h distributions, all compactly
supported except for at most one, then this family is strictly convolvable (exercise*:
see [DIE 93], Volume 2, (14.6.4)). If these distributions are all compactly supported,
then Ty x ... x Ty, is compactly supported.

ii) Suppose that G = R. If (T;), -, <, is a family of h distributions, all with left
bounded support, then this family is strictly convolvable and Ty x ... % T}, has left
bounded support (exercise).
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COROLLARY 6.3.—i) The space &' (G) of compactly supported distributions
equipped with the convolution product is an associative and unitary algebra (said to
be a convolution algebra) ([P1], section 2.3.10(I)) whose neutral element is the
Dirac distribution d. : ¢ — ¢ (e) at the point e (section 5.2.2(IIl)). This algebra is
commutative if and only if G is commutative.

it) The space D', (R) of positively supported distributions on R (i.e. whose support
is contained in R ) equipped with the convolution product is an associative, unitary
and commutative algebra.

PROOF.— We only need to show (i). It is immediately clear that the mapping
(S,T) — S * T is bilinear. Let S € &' (G) and ¢ € £ (G). With the notation of
section 5.2.1(VIIL), (S (z) ® 6. (), ¢ (z.y)) = (S(x),p(x.e)) = (S, ¢), so
S ®d. = S. Similarly, 6, ® S = S. Take S = §,, T = d;; then, (S+ T, p) = ¢ (s.t)

and (T'xS,¢) = ¢(t.s). If (£'(G),x) is a commutative algebra, then
@ (s.t) = ¢ (t.s) for every function ¢ € £ (G), so s.t = t.s by Theorem 2.13 and
Corollary 2.17. |

REMARK 6.4.— 1) The bilinear mapping (T,S) — T x S is separately continuous
from D' (G) x & (Q) into D' (G), from &' (G) x &' (G) into &' (G) and from
S(R"™) x S(R™) into S (R™). By [P2], section 3.9.1(I), Theorem 3.137, it is
therefore continuous from £' (G) x &' (G) into ' (G) and from S (R™) x S (R™)
into S (R™), since &' (G) is a Silva space and hence a barreled (DF) space ([P2],
section 4.4.1(I), Theorem 4.89 and Remark 4.90) and S (R™) is a Fréchet space
([P2], section 4.3.1(II), Theorem 4.72).

2) We can embed the space of Radon measures on G into the space of
distributions on G ([P2], section 4.4.1(Il)). Hence, the above enables us to define the
convolution product of two measures. It then suffices to assume that G is a locally
compact topological group that is countable at infinity.

(IIT) RELATION WITH THE DERIVATION With the notation from section
5.2.1(VIII), we have:

Dgé.»T = DgT. [6.2]

PROOF.— For every test function ¢ € D (G),

(Dgde x T, p) = (Dgde (1) @ T (y) , ¢ (z.y)) = (T (y) ,(DEVe (x), ¢ (2.9)))

(). (0" Dgew))) = (DT ). u
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(IV) RELATION WITH TRANSLATIONS Consider the left and right translations A (s)

and p (), respectively (section 2.4.1(I)). For every function ¢ : G — C, set A (s) ¢ :

A(s).x— @ (z)and p(s)p: p(s).x — ¢ (x), which gives:
AS)przp(sha), p(s)przm— p(.s).

LEMMA 6.5.— Let T be a distribution. For every test function ¢ € D (G), set
A To0) = (T A(s7) @), (p(5) T, 0) = (T.p (s7") p). Then:

AS)T =6sxT, p(s)T =T *d,-1. [6.3]

PROOF.— For every test function ¢ € D (G),

A Top) = (T, A (s71) p) = (T'(2) , ¢ (s.2))
=(0(s) T (z),(yx)) = (6 * T, ).

A similar reasoning works for the second equality. |

REMARK 6.6.— 1) The convolution algebra (€' (G) ,*) is not integral in general. For
example, if G is the torus T = R/Z and C is a non-zero constant, then 0 # C €
E'(T), 6o # 0 and 8o « C = 0. However, the convolution algebras (£' (R™) , ) and
(D’+ (R) ,*) are integral; for the first, this follows from the Paley—Wiener—-Schwartz
theorem ([DIE 93], (22.18.7)), and for the second, this follows from a theorem by
Titchmarsh ([KHO 72], Volume 2, p. 127, Exercise 7).

2) If G is a locally compact topological group that is countable at infinity and T
is a Radon measure on G, the equalities [6.3] remain valid.

(V) CASE OF POINT DISTRIBUTIONS The £ (G)-modules 7> (G) and 7 (G)
formed by the distributions with support contained in {g} and the point distributions,
respectively (section 5.2.2(III)), are convolution subalgebras of (£’ (G) , ). The first
is clearly commutative; the second is commutative if and only if G is commutative,
and its neutral element is §,.

In the case where G is a Banach or non-Banach Lie K-group, the convolution
product T® S of two-point distributions T, S € T(>°) (G) (section 5.2.2, Remark 5.7)
can no longer be defined using [6.1]. However, the following definition still works,
since m is a proper mapping:

DEFINITION 6.7.— Let T, S € T (G). Their convolution S x T is m (S ®T)
(section 5.2.1(VIII)).
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If G is locally compact and countable at infinity and ¢ € & (G), then
(m(S®T),p) =(S®T,¢om)and we recover the definition from [6.1].

(VI) ALGEBRAIC PARENTHESES Let G be a group, K a commutative ring, and
consider the K-module K(®) consisting of the finitely supported families (Ozg)g ce
of elements of K ([P1], sections 1.6.2(II), 2.2.1(IV)). This module has the structure
of a K-algebra equipped with the multiplication () * (8r) = (7vs), where v, =
deG ag.Bg-1 55 we say that it is the algebra of the group G over K.

Let 7(9) (G) be the set of point distributions of order 0 on a Lie group G (section
5.2.2(II0)), i.e. the set of Radon point measures. Then, 7(?) (G) = D,cc 7;(0) (G)
is a convolution subalgebra of 7(>°) (G). An element T € T (G) can be uniquely
written in the form T' = deG 0.0, where (ag) € K(®) is a finitely supported
sequence of elements of K, whenever this Radon measure takes values in K. We have
dg % 05 = Ogs, SO

> a4, (Z mm) =3 D agBys |

geG heG seG \geG

and hence 79 (G) is isomorphic to (and can be identified with) the algebra of the
group G over K.

6.2.2. Haar measure and convolution of functions

(I) HAAR MEASURE Let G be an n-dimensional Lie group.

LEMMA 6.8.— There exists a unique positive non-zero measure [i; (respectively [i,.) on
G that is left invariant (respectively right invariant), i.e. which satisfies X (8) py =
(respectively p (8) ur = p.) for every s € G, and every other positive non-zero left
invariant (respectively right invariant) measure is of the form a.y; (respectively a. i),
a > 0.

PROOF.— We will give the proof for y;. Let we € A"7T. (G) be a non-zero
alternating n-linear form (section 4.2.4) and, for every g € @G, define the preimage
wg = A" (g’l) .we in the same way as section 4.4.2, i.e. for every n-tuple of tangent
vectors (v1, ..., v,) € Ty (G)",

Wg. (V1, ooy V) = We. (Tg (/\971) 1,01y (/\971) .Un) ,
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writing A -1 for X (¢7'). Then, the mappingw : G — A" TV (G) : g — wy is a
complex differential n-form that belongs to Q" (G; C) (section 4.4.3(VI)). For every
g,h € G,

(A5),, = Npon = Xy (Afgy-1 ) e = Ap-Aio1yms

* *
= (Ah—lg—l.Ag) We = AJ,—1.We = Wh,

so w is a left invariant measure that is positive if a suitable orientation is chosen on G
(section 4.4.4(II), Example 4.38(ii)). Since dimg (A" T (G)) = 1, every other
non-zero element of \" T (G) is of the form C.w,, where C is a non-zero real
number. The measure C'.w is positive if and only if C' > 0. |

DEFINITION 6.9.— The measure i (respectively i,), which is unique up to
multiplication by a strictly positive real number, is called a left (respectively right)
Haar measure of the group G.

COROLLARY 6.10.— We have supp () = supp (ur) = G. If V is a compact
neighborhood of e, then y; (V) > 0 and p, (V) > 0.

PROOF.— Since y; is non-zero and left invariant, supp (A (s) ..;) = s.supp () and
supp (1) # &, so supp () = G. Let V be a compact neighborhood of e and let
U = V N V=L Then, U is another compact neighborhood of e, U = U~! and
G = U (see the start of section 6.2); therefore, if we had y; (V) = 0, we would
also have 1; (G) = 0 ([P2], section 4.1.1(II)), which is impossible because ; #~ 0.l

LEMMA-DEFINITION 6.11.— There exists a morphism of groups Ag : G — R :
s = Ag (s) such that p (s) = Ag () for every s € G. This morphism is
independent of the choice of left Haar measure p; and is analytic. It is called the
modulus function of G. If Ag (s) = 1 for every s € G, the Lie group G is said to be
unimodular.

PROOF.— For every s,t € G,

A1) (p(s).) = p () A (1) ) = p (s) a1,

so p (s) p; is another left invariant positive measure. Hence, by Lemma 6.8, there
exists a number Ag (s) > 0 independent of y; such that p (s) .y = Ag (s) .. Itis
clear that Ag is a morphism of groups from G into R* ; this morphism is analytic by
Corollary-Definition 4.42(iii), since r = w. |

NOTATION 6.12.— Given a function ¢ € K¢ (G) and a Radon measure p, write
and [i for their respective images under the diffeomorphism s — s=1, so that $ (s) =
@ (s7Y) and (i1, ) = (1, p). The same convention is adopted for arbitrary functions
or distributions.
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THEOREM 6.13.— 1) ji; = Aal.m is a right Haar measure [i,.

2) If there exists a compact neighborhood V' of e that is invariant under every inner
automorphism of G ([P1], section 2.2.2(IIl)), then G is unimodular. For this to be the
case, it suffices for G to be commutative, compact or discrete (section 2.4.1, Example
2.74(i)).

PROOF.— 1) For every s € G,
p(s) (A m) = (p(s) AG) o (s) 4u
= (AalAél) . (AG-MZ) = Aal./j,l,
SO Aél. {4 18 a right Haar measure. Furthermore, for every function ¢ € K¢ (G),
(p () -fu, ) = (i, p(5) .0) = (, (p(5) ) "),

where (p(s).¢)" (9) == (p(s) ) (97') = v (97's) = 2 (s7'9) = A(5).¢(9),
s0 (p(s).¢)" = A(s).¢. Hence,

(e, (P (8)-0)") = (s A (8) -8 = (N (8) ., @) = (. @) = {ju, 0) ,

so fi; is a right Haar measure. Thus, there exists a real number C' > 0 such that
= C.Aal.ul. But i = ([Ll)v, soC =1.

2) For every p;-integrable function f and every s € G,

[1es)am@ = [06).0) @) 9) = [ £(6).d(p (7)) (0)
=Ag (s*)-/f(g) dui (g) -

In particular, for every p;-integrable set A (i.e. every set A whose characteristic
function y 4 is p;-integrable: see [P2], section 4.1.6(II)),

p(4.9) = [ e (9) e (9) = [ ca (0:57) i (9) = A (5) i (4).
Thus, if V' is invariant under the inner automorphisms of G, then:
w (V)= (s_l.V.s) =Ag (3) .u (s_l.V) =Ag (s).u (V).

But 1y (V) £ 0by (2), so Ag (s) = 1. |

The Haar measure 1"/ on a quotient group G” is determined as follows ([BOU 69],
Chapter 7, section 2.7):
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THEOREM 6.14.— Let G be a Lie group, G’ a closed normal subgroup of G, G" the
quotient group G /G’,  the canonical surjection from G onto G” and i, 1/, i three
left Haar measures on G, G', G", respectively. Then, multiplying ;1 by a constant
factor if necessary, we have i = /' ® p'. This can be rewritten as " = /1, and,
Sor every function f € K¢ (G),

Lt@an@ = [ aw@. [ raoal©. i@

REMARK 6.15.— Lemma 6.8, Definition 6.9 and Theorem 6.14 still hold when G is
a locally compact topological group, as we noted earlier in section 6.1 ([BOU 69],
Chapter 7). Lemma-Definition 6.11 also holds, except that the homomorphism Ag is
merely continuous (rather than analytic). Theorem 6.13 holds without change.

(II) CONVOLUTION OF A DISTRIBUTION AND A FUNCTION We will adopt the
following convention:

(C3) In the following, unless otherwise stated, G will always be equipped with a
left Haar measure denoted mg, or simply m whenever G is implicitly clear.
Furthermore, if G = R"”, then mg is taken to be the Lebesgue measure; if G is
discrete, then mg is the measure defined by mg ({x}) = 1 for every x € Z™; if G is
compact, then mg is the Haar measure with total mass equal to 1.

Let f € £(G) (respectively f € D(G)) and Ty = f.m. Thus, Ty € D' (G)
(respectively Ty € &' (G)) and, for every distribution S € £’ (G) (respectively S €
D' (G)), the convolution products S * Ty and Ty + S are well defined. The proof
from ([DIE 93], Volume 3, section 17.12) can be adapted to show the following result
([BRU 56], Proposition 1; 2):

LEMMA 6.16.— The convolutions S x Ty and Ty x S, written as S x f and f % S,
respectively, are measures with base m and densities m-almost everywhere equal to
Sunctions g and h in € (G). Writing f, g and h for f.m, g.m and h.m, respectively, the
regularizing bilinear mappings (or regularizations) (f, S) — S f and (f,S) — fxS
are separately continuous from £ (G) x E' (G) (respectively D (G) x D’ (G)) into
E(Q).

With the notation from [5.2] and s, 2 € G, Theorem 6.13(1) implies that:

(Sxf)(z) = /GdS(s).f (s7hz),(fx9)(z) = /G fzs™') Ag (s71).dS(s).

In particular,

Ssxf=Ff(s""o)=X(s)f,
Fas= B () T (os) = Aa ()8 (7).
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Let (U, &, n) be a chart centered on s and « a multi-index. For every x € U,

((Dgo,) = f) (2) = Dgf (s 'a).

(IIT) CONVOLUTION OF FUNCTIONS We have the following result ([DIE 93],
Volume 2, (14.10.1)):

LEMMA 6.17.— Let f, g be complex functions on G that are locally m-integrable. The
measures f.m and g.m are convolvable (Remark 6.4(2)) if and only if there exists an
m-negligible subset N such that, for every © € N, the function s — f(s)g (8_1.1‘)
(defined m-almost everywhere) is locally m-integrable. If so, the following equality
holds m-almost everywhere:

h(x):= /G f(s).g (s .2) .dm(s) = /G f(zs™) g(s).Ag (s71) .dm(s).

The function h : x — h (x) (defined m-almost everywhere) is locally m-integrable,
and (f.m) % (g.m) = h.m.

DEFINITION 6.18.— The function h from Lemma 6.17 is called the convolution of f
and g, written as f x g.

Let Cy (G;C) be the space of continuous complex functions satisfying the
following property: for every € > 0, there exists a compact set X C G such that
|f (z)| <eforeveryz € X — K.

DEFINITION 6.19.— We say that Co (G; C) is the space of continuous functions that
are zero at infinity.

THEOREM 6.20.—1) If f € LP(G,m), g € L(G,m), + + | = 1+ ;
(p,q,7 € [1,00]) and p = 1 (so r = q) or G is unimodular, then f x g is m-almost
everywhere equal to a function h € L" (G, m). Furthermore, with the notation of
[P2], section 4.1.2(III), Theorem 4.12, N, (f*g) < N,(f).Ng(g) (Young’s
inequality).

In particular, setting p = 1 gives v = q; if we set ¢ = 1, then L' (G, m) is a
convolution algebra. For p = 1, ¢ = oo, the function f x g € L (G, m) is m-almost
everywhere equal to a continuous function h, written as h = f x g.

2) If p,q € ]1,+00] are a pair of conjugate exponents ([P2], section 2.1.1(II),
Definition 2.1), i.e. 1% + % =1 f e LP(Gm)and g € LT1(G,m), then [ xg €
Co (G;C) and N (f *g) < N, (f) -Ny4 (g) (Notation 6.12).
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PROOF.— 1) (i) First, consider the case where p = 1. Then (the integrals might a priori
be infinite):

[ @lan< [ [176)9 () [ am (s

By performing the change of variable z +— t = s~ x,

/|(f*9) (w)Ide/dm(t)/lf(S)Hg(t)\dm(S) < N (f) Ni(g) -

i) If we allow the semi-norms to take the value +oo, then, setting
.~ — \%
Je(s) =g (s hz) = (A (2)g)",

|(f % 9) ()] < / (7 131D 1 1PA2=Y (@) )Y "7 dm,

where 1 = 1/r+(1/p — 1/r)+(1/q — 1/r), so, by the generalized Holder inequality
([P2], section 4.1.2(III), Theorem 4.14),

(‘f|)P(1/P*1/T)

(% 9) @) < N (1713l ) N o
(’()\ (@) g)\/‘Q(l/q—l/T)) .

1
T/q—1/r
But

T s (r—q)
(¥ (2@ 7)) = ([ Ia@ 9" @) an ()
=Ny (A (2)9)") 7.
Hence, N, (fxg) < N1 (|f[" *|g9|?) .Np (If])" " .Ng (A () g)v)r_q, and, by

Q. N, (f *9) < N (f) N, (907 Ny (A (@) 9)")" ", If G is unimodular, then
Ny (A (2) g)v) = N, (g) by Theorem 6.13(1).
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iii) If p = 1 and ¢ = oo, let z € G and suppose that (x,,) is a sequence of elements
of G converging to . Then:

@)~ (e < [ 17 (as) = £ ()] (9] A (571) dm ()
< Naolo) [ 11 (578 = f (@057 | A (571 dm (9

=Moo () [ 1 () = F (maa™0)| g (a7 10) o 1)

This tends to 0 by the dominated convergence theorem ([P2], section 4.1.2(II)).

2) The function g, : s — g (silx) belongs to L9 (G, m) by the left invariance
of m, and N, (§) = N, (g,). Hence, the function s — f.g, is m-integrable and
|h(x)] = N1 (f.g2) < N, (f) Ny (g) by Holder’s inequality ([P2], section 4.1.2(IID),
Lemma 4.13). For the proof that h belongs to Cy (G; C), see [BOU 69], Chapter 8,
section 4.5, Proposition 15, where Cy (G; C) is written as K (G). [

Setting p = ¢ = 2 gives the following result:

COROLLARY 6.21.—1If f,g € L?(G,m), then f and § :  — g(z~1) are
convolvable, f * g belongs to Co(G;C) and (fxg)(e) = [qf(2).g(x).dm
(x) :== ([, g)o. In particular, we have Schwarz’s inequality:

[(F*g) ()l < Nfll5 - llgll,-

6.3. Classification of Lie algebras
6.3.1. Additional notions from algebra

(I) TRACE OF AN ENDOMORPHISM; SEMI-SIMPLE ENDOMORPHISMS Let K be a
field. If E is an n-dimensional K-vector space, then any element u € End (E) can be
represented in a given basis of E by a matrix A = Mat (u) € I, (K), where M,, (K)
is the algebra of square matrices of order n with entries in K ([P1], sections 2.3.11(I)
and 3.1.3(I)). I P is a change-of-basis matrix, then det (PAP~') = det (A) ([P1],
section 2.3.11(V)), i.e. det (A) is invariant under similarity ([P1], section 3.4.3(III));
the same is true for the characteristic polynomial Py (X) = det (X.I,, — A) = X" —
Tr(A) X" ! + ... 4+ (—1)" det (A) and hence also for the trace Tr (A) ([P1], section
2.3.11(VII)). We can therefore write det (u) = det (A4), P, (X) = P4 (X) and
Tr (u) = Tr (A).
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The elementary divisors of A ([P1], section 3.4.3(IV)) are invariant under
similarity and may therefore be called the elementary divisors of u; similarly, the
minimal polynomial of A is said to be the minimal polynomial of u. The matrix A, or
any matrix similar to A, is diagonalizable over an algebraic closure of K if and only
if its elementary divisors are all of degree one, or alternatively if the minimal
polynomial does not have repeated factors. If so, we say that the endomorphism u is
semi-simple.

(IT) CHANGE OF BASE FIELD Let K, L be two fields, p : K — L a morphism of
fields, p* = — ®k L the functor of “extension of the field of scalars” ([P1], section
3.1.5(VI)), and A a K-algebra ([P1], section 2.3.10(I)). The L-vector space p* (A)
can be equipped with a canonical L-algebra structure as follows: the canonical
isomorphism (A ®x L) ®1, (A®kx L) = (A®kL) ®kx L implies that, if
m : (A®k A) — A is the K-linear mapping defining multiplication in A (by
a.a’ =m (a® a')), then the L-linear mapping m ® 1y, can be canonically identified
with an L-linear mapping m’' : p* (A) ®p p* (A) — p*(A), which defines
multiplication in p* (A), and (a®1).(a’®1') = (a.a’) ® (I.I') for every
a,a’ € A,l,l' € L ([BOU 12], Chapter 3, section 1.5).

In the special case where K = R and L = C (the most important case below), the
complexification of the real algebra A is A g C = A @ Ai, with
A+ Xi)(a+a'i) = (Aa—Na')+ (Na+ Aa')i, where a,a’ € Aand \, ) € Ror
A, A € A. The real algebra A is called the real form of A ®p C.

If B is an L-algebra, then it is clear that the K-module p,. (B) = By obtained
from B by restriction of the field of scalars ([P1], section 3.1.5(VI)) has a canonical
K-algebra structure.

Let E, F be two K-vector spaces and ® : E x F — K a bilinear form. There
exists a unique bilinear form ® : p* (E) x p* (F) — Lsuchthat ® (z @ I,y ®@1') =
® (x,y) ® 1.I' for every x € B,y € F,1,I' € L. The bilinear mapping & is said to
be obtained from ® by extension of the base field. If M is a vector subspace of E,
then its polar set is M? := {y € F: ® (x,y) = 0,Vx € M}, and we can similarly
define the polar set N© of a vector subspace N of F. The bilinear mapping ® is
non-degenerate if and only if E° = {0} and F® = {0} ([P2], section 3.5.1). We
have p* (M?) = (p* (M))’; in particular, ® is non-degenerate if and only if ® is
non-degenerate ([BOU 12], Chapter 9, section 1.4).

IfK=RandL = C, the complexification ® of a real bilinear form ® is given
by @ (z+yi, 2’ +y'i) = @ (z,2') — @ (y,y) + (P (z,y') + ®(y,2")) i for every
z,y€ E,yy €F.

(ITIT) LINEAR REPRESENTATION OF AN ALGEBRA Let A be a K-algebra and E a
K-vector space. A linear representation of the algebra A in E is a K-linear mapping
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from A into the algebra End (E). Any representation of a Lie algebra (section
5.4.1(I)) is clearly linear.

(IV) QUADRATIC FORMS

(a) Let E be a real m-dimensional vector space and @ : E x E — R a symmetric
non-degenerate bilinear form ([P2], section 3.5.1). Equipped with this form, E is a
Hausdorff pre-Hilbert space whenever ® is positive definite ([P2], section 3.10.1);
furthermore, E is complete because it is finite-dimensional ([P2], section 3.2.2(IV)),
and hence it is a Hilbert space. If we write z;,y; (1 < j < m) for the components of
two elements z, y € E in a Hilbert basis, then ® (z,y) = >/, z;.y; = x' .y, where
x and y are the columns of the z; and y;, respectively; Q : E = R : ¢ +— & (2, ) is
the quadratic form Q (z) = Z;’;l Jc? Knowing (Q is equivalent to knowing ®, since

20 (z,y) =Q(z+y) —Q(z) — Q(y)

(b) The complexification E(c) := E & iE of E is equipped with the complexification
of @ (also written as ®) and the quadratic form Q (z) = >_7", 3. If m = 2n, the
unitary transformation ([P2], section 3.10.3()) (z1, ..., ) — (w1, ..., Wy, ), where

1 . 1 . .
wj = 75 (2 +i%m—jt1)s Wm—jr1 = 7 (xj —i%m—j41) for j = 1,...,m,
transforms () into the equivalent ~quadratic form Z;nzl Wi Wi —j4+1- Wl.len
m = 2n + 1, the same is true for the unitary transformation

(@1, .oy ) = (w1, ..., Wy, ), Where wj is defined as above for j # n and w,, = xy,.

(¢) Let K be a field whose characteristic is not 2 and E an m-dimensional K-vector
space over K. A mapping Q : E — K is said to be a quadratic form if
Q\x) = X.Q(x) for every A € K,z € E and the mapping
®:(z,y) > 2 (Q(z+y)—Q(z) —Q(y)) from E x E into K is a (necessarily
symmetric) bilinear form. If ® is non-degenerate, we say that () is non-degenerate.
This condition is assumed to hold in the following. A subspace F of E is said to be
totally isotropic if F C F°,

(o) If K is the field of real numbers, there exists an integer p < m and a basis

of E in which Q (z) = xT.A, ,,,.x, where A, ,, = diag | 1,...,1,—1,... — 1 | ; the

—— N——
P m—p
pair (p,m — p) is the signature of @, and v = inf (p,m — p) is said to be its Wirt
index. This index is the maximal dimension of any totally isotropic subspace of E; it
satisfies v < n if m = 2n or m = 2n + 1. Hence, v = n if and only if there exists a
totally isotropic subspace of E that has dimension n, and this condition is satisfied if
and only if there exists a basis of E in which Q (w) = >_7_, wjwy,—;11, where the
w; are the components of the vector w.

(B) For an arbitrary field K whose characteristic is not 2, the signature of () is not
defined. However, we can still define the Witt index of @ using («); @ is a quadratic
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form with maximal Witt index if and only if there exists a totally isotropic subspace

of E with dimension n = % or %, according to whether m is even or odd. If so,

there exists a basis of E in which @ (w) = >>7_, wjwy,—;+1 for every w € E. This
quadratic form can be written as w' .I,,.w (with the conventions adopted earlier),
where I,,, is the second unit diagonal in 2,,, (K)3.

6.3.2. Classical Lie algebras

(I) Let K be a field. The algebras of matrices defined below (equipped with the bilinear
mapping specified in Lemma 5.11) are Lie algebras over a field K (section 5.4.1).
The proofs of the stated results are left to the reader as an exercise. Write A* for
the conjugate transpose of a matrix A € 9, (C). Recall that a subalgebra of a Lie
algebra g is a Lie subalgebra of g (section 5.4.1(II)).

1) The associative K-algebra 9, (K), equipped with the bracket specified in
Lemma 5.11 (section 5.4.1), is a Lie K-algebra written as gl,, (K) and a K-vector
space of dimension n?. The real algebra gl,, (R) is simply written as gl,,. Similar
conventions are adopted for each of the Lie algebras considered below.

2) The set sl,, (K) of matrices A € 9, (K) such that Tr (4) = 0 is a subalgebra
of gl,, (K) of dimension n? — 1.
3) The set u,, (C) of matrices A € M, (C) such that A + A* = 0 is a subalgebra

of gl,, (C) of dimension n (n — 1) /2 over C. Let E¥ be the matrix (af) with zeros
everywhere except af, which is equal to 1. Then, the n matrices iE,, (i = 1,...,n)
and the n? — n matrices ES — E", i (ES + E7) (1 < r < s < n) form a basis of the
real vector space u,, := uy, (C)g), so the complexification () of uy, is gl,, (C) (the
reader is invited to fill in the details for the case n = 2 as an illustration). Both Lie
algebras u,, and gl,, are real forms of gl,, (C) (section 6.3.1(II)) (but u,, 2 gl,, (R)
except when n = 1).

4) Similarly, su,, (C) := u, (C) N s, (C) is a subalgebra of gl,, (C) of dimension
n? — 1. The complexification (sun) ¢y of suy is sl, (C) by the above. The Lie
algebras suy and sly are not isomorphic (exercise), but they both share the same
complexification sl (C).

5) The set 5p,,, (K) of matrices E € gl,,, (K) such that J.E + ET.J = 0, where
J is defined in the same way as in section 2.4.1(V), is a subalgebra of gl,,, (K) of
dimension n (2n + 1), called the symplectic algebra.

6) If P € GL,, (K) is the matrix of a non-degenerate quadratic form Q : z +—
2T Pz (where x € K" is identified with a column), then the set 0,, (K; P) of matrices

3 The second unit diagonal in 9,, (K) is the matrix fm = (af) such that af = 1 when
i+j=m+1(G=1,..,m)and aZ = 0 otherwise.
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A € M, (K) such that ATP + PA = 0 is a subalgebra of gl, (K) of dimension
n (n — 1) /2. This Lie algebra is written as o,, (K) when P = I,,; in the case where
K is the field of complex numbers, it is equivalent and in practice more convenient to
choose P = I, by section 6.3.1(IV)(b); Corollaries 6.42, 6.56 (section 6.3.6 below)
prompt us to do the same when K is the field of real numbers. Thus, o,, (C) is the
set of matrices A € M, (C) such that A + AT = 0, and o, is the set of matrices
A € M, (R) such that A + AT = 0 (antisymmetric matrices); its complexification
(0n) c) is clearly o, (C).

7) The set 9, (K) of diagonal matrices A € 9, (K) is a subalgebra of gl,, (K)
of dimension n.

8) The set t,, (K) of upper triangular matrices A € 91,, (K) is a subalgebra of
gl,, (K) of dimension n (n + 1) /2.

9) The set st,, (K) of upper triangular matrices A € 9,, (K) with zero trace is a
subalgebra of gl,, (K) of dimension n (n +1) /2 — 1.

10) The set n,, (K) of upper triangular matrices A € 9, (K) with zeros along the
diagonal is a subalgebra of gl,, (K) of dimension n (n — 1) /2.

14
0 O}’ where (2 € gl,
(respectively Q) € o0,) and v € R™, is a subalgebra of gl,, of dimension n (n + 1)
satisfying a,, = 0,, ®, gl,, and se,, = 0,, 4 0,,; furthermore, 0,, is an ideal of both a,,

and se,, (section 5.4.1(II)).

11) The set a,, (respectively se,,) of matrices of the form [Q

12) The set ¢,, of matrices of the form Ail,, (A € R) is a subalgebra of gl,, (C).

(II) The Lie algebra sl,, (K) is an ideal of gl, (K). The Lie algebra o,, (K) is a
subalgebra of sl,, (K) and can be written as so, (K). The Lie algebras sl,, (K)
(n > 2), 02p41 (K), spgy,, (K) (n > 1) and 02, (K) (n > 2) are written as A,,_1,
B, C, and D,, respectively, ever since S. Lie. They satisfy C; = A;, Co = B,
Dy = A1 @ Ay, D3 = A3z ([BOU 82b], Chapter 8, section 13). See section 6.3.6(III).

We also have ¢,, = 3 (u,,) and u,, = ¢,, ® su,, (exercise).

6.3.3. General notions about Lie algebras

(I) KILLING FORMS Let g be a Lie algebra over the field K and X,Y € g. Then,
adX o adY € gl(g) (section 5.4.1(IIT)). Hence, we can consider the trace
By (X,Y) = Tr(adX oadY) (section 6.3.1(I)). The bilinear form
(X,Y)— By (X,Y) from g x ginto K is called the Killing form of g.
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(II) DESCENDING CENTRAL SERIES AND DERIVED SERIES The characteristic
ideal (section 5.4.1(IL)) [g, g] is said to be the derived ideal of g and is written as g’
or Dg; this and the notions of descending central series and derived series are
comparable to the corresponding concepts introduced for groups in [P1], sections
2.2.6 and 2.2.7. Given an ideal a of g (section 5.4.1(I))), the quotient algebra g/a
commutes if and only if @ O Dg (exercise), and g** := g/Dg is called the
abelianization of g.

DEFINITION 6.22.— 1) The descending central series of g is the descending sequence
of characteristic ideals C'g,C?g, ... determined inductively as follows:

Clg=g, CPt'g=I[g,Clq].

2) The derived series of g is the descending sequence of characteristic ideals
Dy, D'y, ... determined inductively as follows:

Dg =g, D'''g=[Dlg,DPgl.

Note that C2g = D'g = Dg, and CP*'g D DPg for every p > 1.

(IIT) CHANGE OF BASE FIELD Let K, L be fields and p : K — L a morphism of
fields. Let g be a Lie L-algebra and p, (g) the algebra obtained from g by restriction
of the field of scalars (see (I)(b)). Then, p. (g) is a Lie K-algebra, the subalgebras
(respectively ideals) of p, (g) are the p, (a), where the a are the subalgebras
(respectively ideals) of g, and p, ([a, b]) = [p« (a), p« (b)] for every pair of L-vector
subspaces a,b of g. We have CPp, (g) = p. (CPg) and DPp, (g) = p. (DPg) for
every p.

If g is a Lie K-algebra, the above still holds when p, is replaced by p* (section
5.4.1(I)(b)). The Killing form of p* (g) can be deduced from the Killing form of g by
extension of the base field to L (see (I)(b)). If V' is a finite-dimensional vector space
over K, gl (p* (V')) can be canonically identified with p* (gl (V)).

(IV) ENVELOPING ALGEBRA Henceforth, any K-vector spaces are always finite-
dimensional. Let g be a Lie K-algebra and consider the tensor algebra T of the K-
vector space g (Lemma-Definition 4.1). The algebra T is associative and unitary ([P1],
section 2.3.10(I)). Let J be the two-sided ideal of T generated by the tensors X ® Y —
YX-—[X,Y](X,Y €g).

DEFINITION 6.23.— The associative unitary K-algebra U (g) = T/J is said to be
the enveloping algebra of g. The restriction oy of the canonical surjection T — U (g)
to g is said to be the canonical mapping from g into U (g).
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It can be shown that o : g — U (g) is injective ([BOU 82b], Chapter 1, section
2.7, Corollary 2).

The algebra U (g) satisfies the following universal property: for every associative
unitary K-algebra A and every morphism ¢ : g — A such that
o([X,Y]) = 0(X)o(Y) — o(Y)o (X), there exists a unique morphism 7 of
unitary algebras ([P1], section 2.3.10(I)) from U (g) into A such that ¢ = 7 o oy,
thus making the following diagram commute:

g — Ulg)
ﬂ\l T
A

If ¢’ is another Lie algebra over K and ¢ : g¢ — g’ is a morphism of Lie algebras,
there exists a unique morphism ¢ of unitary algebras for which the following diagram
commutes (exercise):

g & g
oo 4 }ag

Ulg) > U (g)

We have U (g x ¢') = U (g) ®x U (¢') ([BOU 82b], Chapter 1, section 2.2,
Proposition 2). If § is a Lie subalgebra of g, there exists a canonical morphism of
unitary algebras U (h) — U (g); this morphism is injective ((BOU 82b], Chapter 1,
section 2.7, Corollary 5).

Let {E; : 1 <i<n} be a basis of the K-vector space g. The algebra U (g) is
generated by 1 and oq (g). Hence, identifying g with its canonical image under oy,
U (g) is generated by the “standard monomials” E;, .E;,...E;,, 1 < i3 < iy < ...
< i < n. We have the following result ((MCC 01], 1.7.5; [BOU 82b], Chapter 1,
section 2.7, Theorem 1):

THEOREM 6.24.— (Poincaré—Birkhoff—-Witt) The standard monomials form a basis of
the K-vector space U (g).

The K-vector space U (g) has the canonical structure of a ring of skew
polynomials (in several indeterminates), which is Noetherian by a generalized
version of the Basissatz ([P1], section 3.1.11(I)).

By the definition of U (g), there is a one-to-one correspondence between the set
of representations of g in a K-vector space V' and the set of linear representations of
U(g) in V; furthermore, there is an equivalence between the linear representations
of the associative algebra U(g) and the left U(g)-modules ([BOU 12], Chapter 8,
p. 365).
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DEFINITION 6.25.— Let g be a Lie algebra over K and U (g) its enveloping algebra.
i) A left U (g)-module M is said to be a g-module.

ii) A representation p of g in M is said to be completely reducible if the
corresponding g-module is semi-simple ([P1], section 2.3.5(I1l)).

(V) ApO’S THEOREM Let K be a field of characteristic zero. The importance of
the subalgebras of gl,, (K) resides in the following fundamental result ([BOU 82b],
Chapter 1, section 7, Theorem 2).

THEOREM 6.26.— (Ado) Every finite-dimensional Lie K-algebra g has a faithful
finite-dimensional representation. In other words, given any Lie algebra g, there exist
an integer n and a monomorphism p : g < gl,, (K) that allow g to be identified with
a subalgebra of gl,, (K).

6.3.4. Nilpotent Lie algebras

In the following, K is a field (of characteristic zero from section 6.3.5 onward),
and every Lie algebra is finite-dimensional over K.

(I) DEFINITION OF A NILPOTENT LIE ALGEBRA; EXAMPLES

DEFINITION 6.27.— A Lie algebra g is said to be nilpotent if there exists a finite
sequence of ideals (a;)< <, of 8, where ag = g, a, = {0}, such that [g, a;] C a;11
(0<i<p-—1). o

Any commutative Lie algebra is nilpotent. It is possible to show the following
result ((BOU 82b], Chapter 1, section 4.1, Proposition 1):

THEOREM 6.28.— Let g be a Lie algebra. The following conditions are equivalent:
i) g is nilpotent.
ii) Ckg = {0} for k sufficiently large.

iii) There exists a decreasing sequence of ideals (b;),,~,, of g where by = g,
b, = {0}, such that [g,b;] C b;11 and dim (b;/b; 1) =1 (0 <i<n—1).

iv) There exists an integer k such that ad X, ocadXs o...oad Xy, = 0 for any choice
of elements X1, ..., Xy of g.

PROOF.— (i) (ii)<>(iii): exercise* (see loc. cit.). (ii)<(iv): C'g is the set of linear
combinations of elements of the form [X1, [Xo, ..., [X;—2, [X;—1, X;]]]], where the
X4, X, ..., X; range over g. |
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COROLLARY 6.29.— 1) The center 3(g) of a non-zero nilpotent Lie algebra g is
non-zero.

2) The Killing form By of a nilpotent Lie algebra g is zero.

PROOF.— 1): If 3 (g) = 0, then ker (ad) = 0, so if adX; cadX5 o ... cad X}, = 0, then
X1i=Xo=..=X.=0.

2) If g is nilpotent, then A := adX o adY is nilpotent for every X,Y € g by
Theorem 6.28. Since g is finite-dimensional, adg can be identified with an algebra of
square matrices (section 5.4.1(IV)), so A can be identified with a nilpotent matrix. The
canonical Jordan form J of A over an algebraic closure of K ([P1], section 3.4.3(IV))
has zeros along the diagonal, so Tr (A) = Tr (J) = 0. [

Any subalgebra, quotient algebra, central extension of a nilpotent Lie algebra or
finite product of nilpotent algebras is a nilpotent Lie algebra (exercise*: see
[BOU 82b], Chapter 1, section 4.1, Proposition 2). The nilpotent Lie algebras are
precisely the Lie algebras obtained from commutative Lie algebras by a sequence of
central extensions (exercise).

EXAMPLE 6.30.— Let [,, (K) be the subalgebra of gl,, (K) formed by the matrices
of the form X1, + A (A € K, A € n,, (K)). Writing m,, (K) for the commutative
(and hence nilpotent) Lie algebra formed by the matrices of the form \.I,, (A € K),
we have [, (K) = m,, (K) &, n, (K) (section 5.4.1(IV)) and \,, (K) is a central
extension of n,, (K) by m,, (K). Therefore, the Lie algebra 1, (K) is nilpotent.

(IT) ADO’S THEOREM AND ENGEL’S THEOREM The following theorem is assumed
without proof ([BOU 82b], Chapter 1, section 7, Theorem 3 and Exercise 1(a); section
4.2, Corollary 1). Part (1) extends Theorem 6.26:

THEOREM 6.31.— 1) (Ado) Suppose that K is of characteristic zero, let g be a Lie
algebra, and let n (also written as 91(g)) be the largest nilpotent ideal of g. There
exists a faithful finite-dimensional representation p of g such that every element of
p (n) is nilpotent.

2) (Engel) Let g be a Lie algebra. The conditions stated below satisfy the
implications (iii)=(i)<(ii); furthermore, (ii)=-(iii) whenever K is of characteristic
zero:

i) g is nilpotent;

ii) for every X € g, adX is nilpotent; in other words, there exists an integer k
such that g* = 0, where g* := [g [g... [g, g]]];
N———

k terms

iit) g is isomorphic to a subalgebra of the algebra n,, (K) (section 6.3.2.10).
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EXAMPLE 6.32.— With the notation of Example 6.30, m; (K) = ny(K)
A 0A
00]

The smallest nilpotent ideal n of a Lie algebra g is orthogonal to g for the Killing
form (exercise).

(IIT) EXTENSION OF THE BASE FIELD If the field extension L/K is separable
(necessarily true whenever K is of characteristic zero: see [P2], section 1.1.5(IIT))
and p : K — L is the canonical injection, then g is nilpotent if and only if p* (g) is
nilpotent. Furthermore, p* (91 (g)) = M (p* (g)) ([BOU 82b], Chapter 1, section 4.5).

6.3.5. Solvable Lie algebras
Recall that K is assumed to be of characteristic zero.

(I) NOTION OF A SOLVABLE ALGEBRA

DEFINITION 6.33.— A Lie algebra g is said to be solvable if D¥g = {0} for sufficiently
large k.

In the words of M. Hausner and J.T. Schwartz ((HAU 68], p. viii):

Unfortunately, the structure theory of solvable algebras, like most
algebraic theories of structures which are neither commutative nor
semi-simple, remains, in spite of some successful partial analyses,
largely a mystery, perhaps even an impenetrable mystery.

Nevertheless, there are a few things that we can say. Every nilpotent Lie algebra is
solvable. Any subalgebra or quotient algebra of a solvable Lie algebra, finite product
of solvable Lie algebras or extension of a solvable Lie algebra by a solvable Lie
algebra is solvable (exercise*: see [BOU 82b], Chapter 1, section 5.1, Proposition 1).

(I LEVI SUBALGEBRA Given a Lie algebra g, let B, be its Killing form, and let
=% (g) be the orthogonal complement of g for By. If a, b are solvable ideals of g,
then a+b is a solvable ideal as an extension of (a+b)/b by b, and
(a4+6)/b=a/(anb) is solvable. The sum of every solvable ideal is therefore a
solvable ideal, which is the largest solvable ideal.

DEFINITION 6.34.— The radical (respectively nilpotent radical) of a Lie algebra g is
its largest solvable ideal v, also written as R (g) (respectively the ideal s, also written
as & (g), which is equal to t N Dg). A Levi subalgebra of g is any subalgebra that is
supplementary to v in g as a K-vector space.
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PROPOSITION 6.35.— 1) The ideals s,n, %, v are all characteristic (section 5.4.1(II)),
and s C n C t C ¢ (exercise*: see [BOU 82b], Chapter 1, p. 70).

2) v is the orthogonal of Dg for the Killing form, and s = [t,g] ([BOU 82b],
Chapter 1, section 5.5, Proposition 5; section 6.4, Proposition 6).

3) In the situation of section 6.3.4(IIl)), we have G (p*(g)) = p* (S

. i (
T(p*(9)) = p" (T(9)). R(p*(9)) = p" (R(q)). The Killing form By~ (g
non-degenerate if and only if the Killing form By is non-degenerate.

9)),
)

is

PROOF.— (3) follows from section 6.3.3(V). |

If a is an ideal of the Lie algebra g, then 2R (a) = R (g) N a; R (g) is the smallest
ideal v of g such that R (g/r) = {0} (exercise*: see [BOU 82b], Chapter 1, section
5.2, Proposition 3 and section 5.5, Corollary 3).

It is possible to show the following result ((BOU 82b], Chapter 1, section 5.8,
Theorem 5):

THEOREM 6.36.— (Levi-Malcev) Every Lie algebra has a Levi subalgebra (not unique
in general) | that is isomorphic to g/t. Up to isomorphism, g is the semi-direct sum of
vand [: g = v ®, [ (“Levi-Malcev decomposition”).

(IIT) LIE’S THEOREM AND CARTAN’S CRITERION

THEOREM 6.37.— Let g be a Lie algebra. The following conditions are equivalent:
i) g is solvable;
ii) (S. Lie’s theorem) Dg is nilpotent;

iii) (Cartan’s criterion) Dg C { (i.e. By (X,Y) = 0 for every X € Dg and every
Y €g).

PROOF.— (1)< (ii): see [BOU 82b], Chapter 1, section 5.3, Corollary 5. (i)<>(iii): this
immediately follows from Proposition 6.35(2). |

We have Dt,, (K) = n,, (K) (exercise), so t,, (K) is solvable. Hence, st,, (K) is
solvable.

We have 0, (K) = R (se, (K)), so 2, (K) &, 0, (K) is a Levi-Malcev
decomposition of se,, (K).

COROLLARY 6.38.— Suppose that K is algebraically closed. For a Lie K-algebra to
be solvable, it is necessary and sufficient for it to be isomorphic to a subalgebra of
t, (K) (exercise).
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(IV) EXTENSION OF THE BASE FIELD In the situation of section 6.3.4(IIl)), we
have D*p* (g) = p* (D¥g), so g is solvable if and only if p* (g) is solvable.

6.3.6. Simple and semi-simple Lie algebras

(I) NOTION OF A SEMI-SIMPLE LIE ALGEBRA In the following, the field K is of
characteristic zero. Unless otherwise stated, every algebra is a K-algebra and every
vector space is a K-vector space.

DEFINITION 6.39.— A Lie algebra g is said to be
— simple if it is not commutative and its unique proper ideal is trivial;

— semi-simple if its unique commutative ideal is trivial.

The algebra {0} is semi-simple but not simple. It is possible to show the following
result ((BOU 82b], Chapter 1, section 6, Theorem 1 and Proposition 2):

THEOREM 6.40.— Let g be a Lie algebra. The following conditions are equivalent:
i) g is semi-simple;
ii) g is a finite product of simple Lie algebras;
iii) (Cartan’s criterion) the Killing form of g is non-degenerate;

iv) the radical ¢ of g is zero.

COROLLARY 6.41.— Any Levi subalgebra of a Lie algebra is semi-simple. Conversely,
any semi-simple Lie algebra coincides with its unique Levi algebra.

PROOF.— Let [ be a Levi subalgebra of g. Then, [ & g/v, where t = R (g), so R ([) =
{0}. [ |

The Lie algebras o,, (K), sl,, (K), sp,,, (K) are semi-simple for n > 2 because
their Killing forms are non-degenerate (exercise). It can be shown that sl,, (K) is
simple for n > 2 ([BOU 82b], Chapter 1, section 6, Exercise 21).

If g is a semi-simple Lie algebra, then every ideal and every quotient algebra of g
is semi-simple; every extension of g by a semi-simple Lie algebra is semi-simple and
trivial; every derivation of g is an inner derivation ([BOU 82b], Chapter 1, section 6);
furthermore, g =Dg and 3 (g) = {0}.

COROLLARY 6.42.— In the situation of section 6.3.4(Ill), the Lie algebra g is semi-
simple if and only if p* (g) is semi-simple (exercise). If p* (g) is simple, then g is
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simple (exercise), but the converse does not hold, even when K = Rand L = C
([BOU 82b], Chapter 1, section 6, Exercise 17).

Let g be a Lie algebra. The normalizer of a subspace a of g is defined as the set of
X € gsuch that (adX) .a C a.

DEFINITION 6.43.— We say that a subalgebra §y of the Lie algebra g is a Cartan
subalgebra of g if b is nilpotent and the normalizer of by coincides with 1.

Every Lie algebra g over K has a Cartan subalgebra ), and all Cartan subalgebras
of g have the same dimension ([BOU 82b], Chapter 7, section 2.3, Corollary 1). We
say that ¢ € Aut(g) is an elementary automorphism if it is of the form
exp (adX1) ...exp (adX,.), where X; € g and adX; is nilpotent for i = 1,...,r; the
elementary automorphisms form a group# € (g), and Chevalley showed that, if K is
algebraically closed, £ (g) is normal in Aut(g) and acts transitively on the set of
Cartan subalgebras of g ([BOU 82b], Chapter 7, section 3.2, Theorem 1); hence, any
Cartan subalgebra is unique up to conjugation by an elementary automorphism o; in
other words, if by, ho are two Cartan subalgebras of g, there exists o € £ (g) such
that b2 = o (h1).

It is possible to show the following result (VAR 84], Theorem 4.1.5):

THEOREM 6.44.— Let g be a semi-simple Lie algebra and §y a subalgebra of g. Then,
b is a Cartan subalgebra if and only if (i) b is a maximal commutative subalgebra
of g and (ii) ady X is semi-simple (section 6.3.3(I)(a)) for every X € b. If so, the
restriction By of the Killing form By to f) X b is non-degenerate.

EXAMPLE 6.45.— Let g = sly (K). The set {E1, Ea, Es} is a basis of g, where
FE| = [1 0 } FEy = [O 1], E3 = {0 O] In this basis, the endomorphisms adF

0-1 00 10
000 0-20
and adFEs are represented by the matrices Ay = |02 0 | and Ao = |0 0 0],
00-2 100

respectively (section 5.4.1(Ill)). The subalgebra b =K.E; is maximal commutative
and adF is semi-simple, so by is a Cartan subalgebra. However, K.FE5 is a maximal
commutative subalgebra but is not a Cartan subalgebra, because adFs is not
semi-simple: this endomorphism has the unique elementary divisor w(\) = X3
(exercise).

If g is solvable, its only Cartan subalgebra is g (exercise). We have the following
result ((BOU 82b], Chapter 1, section 6.2, Theorem 2):

4 The exponential of a nilpotent endomorphism u from a finite-dimensional vector space V'
over a field of characteristic zero is defined by the Taylor expansion " = 1v + {7 + ... + 5y,
where k is the smallest integer such that u*** = 0.
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THEOREM 6.46.— (H. Weyl’s complete reducibility theorem) Every finite-dimensional
representation of a semi-simple Lie algebra is completely reducible (Definition 6.25).

Conversely, if every finite-dimensional representation of g is completely reducible,
then g is semi-simple (ibid., Remark, p. 75).

(II) ROOT SYSTEMS Let g be a semi-simple Lie algebra and h a Cartan subalgebra.

DEFINITION 6.47.— We say that (g,h) is split if, for every H € b, adyH is
diagonalizable. We say that g is splitting if there exists a Cartan subalgebra by for
which (g,b) is split.

We know that ady H is semi-simple (Theorem 6.44). Hence, if K is algebraically
closed, then (g, b) is split.

DEFINITION 6.48.— Suppose that (g, ) is split. The roots o (H) € K of (g,h) are
the eigenvalues of adg H (H € ). The corresponding eigenvectors are called the root
vectors.

Suppose that (g, b) is split. If o (H) is a root of g and Y,, is a corresponding root
vector, then [H,Y,] = o (H).Y,, and the mappings o : h = K : X — «(X) are
therefore linear forms on b, i.e. elements of the dual v of h. If o € Y, let

g =4 X€g:(adgH) X = (o, H) . X
———

[H.X]

be the eigenspace corresponding to the eigenvalue (o, H) (a € h¥, H € h —{0}),
and let A be the set of non-zero roots. Then, h = go, and g can be expressed as
follows:

s=ba (@, _, 0.) [6.4]

The vector space g, is said to be the root subspace associated with o and the direct
sum [6.4] is known as the decomposition of g into root subspaces relative to f. Each
0o (o € A) has dimension 1.

Let us give some hints about root systems, a notion which goes back to the works
on crystallography of the years 1830-1840, and later used by Killing, then Weyl and
Cartan about 1925 ([BOU 82b], Chapter 6, section 1).

DEFINITION 6.49.— Let V' be a finite-dimensional vector space over a field K of
characteristic zero (hence, K O Q) and R a part of V. We say that R is a root
system in V' if the following conditions are satisfied:
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i) R is finite, does not contain O and generates V' ;

ii) for every o € R, there exists ¥ € V" such that (o, ") = 2 and R is stable
under the “Weyl reflection” sq v : B — (B,a") .a;

iii) for every a € R, oV (R) C Z.

It is easy to see that, if the conditions of Definition 6.49 are satisfied, the linear
form o is uniquely determined by «; thus, the Weyl reflection s, can be denoted
Sa,av - The group A (R) of automorphisms of V is finite, since it can be identified with
G p for any basis B of V ([P1], section 2.2.1(I)), and the subgroup W (R) generated
by the s,, is called the Weyl group of R. The symmetric non-degenerate bilinear form
(z|y) that is invariant under W (R) is given by

(aly) = 3 (a¥,a) (%, ).

a€ER

Using this form, V' can be identified with V'V; in particular, if & € R, o¥ =

(afa)”

DEFINITION 6.50.— A root system R # @& is reducible if W (R) is of the form
.

H‘_l W (R;), where r > 2 and R; # @, it is irreducible otherwise. It is reduced if,

foreveryroota € R, /2 ¢ R.

When K = R, the following result holds ([BOU 82b], Chapter 8, sections 2.2 and
3.2):

THEOREM 6.51.— The set A in [6.4] is a reduced root system of b that determines
g up to isomorphism, and every reduced root system is isomorphic to a root system
obtained in this way. The Lie algebra g is simple if and only if A is irreducible.

(IIT) CARTAN’S CLASSIFICATION In a thesis published in 1894, following a
profound but incomplete and occasionally incorrect work by Killing (from 1888 to
1890), E. Cartan showed that the classification of complex semi-simple Lie algebras
reduces to the study of their reduced root systems, which in turn reduces to the study
of their Cartan matrices, whose elements a are integers (equal to 2 for i = j and to
0,—1,—2 or —3 for 7 # j) that can be expressed as a function of the reduced roots «;
according to af = 2%

Cartan matrices are non-symmetric in general but satisfy a} = 0 whenever ag =0
([BOU 82b], Chapter 6, sections 1.3 and 1.5).
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Cartan’s classification was extended and simplified by Weyl (1926), van der
Waerden (1933), Coxeter (1934) and Witt (1941), as well as Dynkin with the
introduction of Dynkin diagrams in 1950, which (like Coxeter’s graphs) enable us to
represent reduced root systems graphically>. Connected Dynkin diagrams correspond
to simple Lie algebras. In essence, Weyl and van der Waerden showed that each
Dynkin diagram can only correspond to one semi-simple algebra up to isomorphism;
Harish-Chandra, based on a contribution by Chevalley in 1948, showed the converse
in 1951 [HAR 51]: each Dynkin diagram corresponds to a semi-simple Lie algebra.
Between 1962 and 1964, Tits completed an algebraic formulation of these methods
that we do not have the space to present here: see [BOU 82b], Chapter 6.

However, Cartan had already obtained a remarkable result as early as 1894, a true
tour de force — the enumeration of every possible complex simple Lie algebra (a result
that also holds for every splitting Lie algebra over any field K of characteristic zero):
up to isomorphism, any such algebra must either be one of the infinite sequences of
“principal” algebras A,,_1, B,, (n > 2), C,, (n > 3) and D,, (n > 4) (section 6.3.2),
of dimensions n? — 1, n (2n + 1), n(2n + 1) and n (2n — 1), respectively, or one
of the “exceptional” algebras G, Fy, Fg, F7 and Eg, of dimensions 14, 52, 78, 133
and 248, respectively ([JAC 62], Chapter 4). A Lie algebra of any one of these types
is not isomorphic to a Lie algebra of any other of these types. Since Dy = A; X
Ay, this Lie algebra is semi-simple but not simple. For each of the algebras A,, 1,
B,,Cy, (n >2),D, (n > 3), the diagonal elements form a split Cartan subalgebra
([BOU 82b], Chapter 8, sections 13.1, 13.3 and section 13, Exercise 4).

It should be noted that fundamental applications in physics have been found for
every single one of these Lie algebras [SAT 86, BIN 13].

Recall that a real Lie algebra is semi-simple if and only if its complexification is
semi-simple (Corollary 6.42). The classification of every simple Lie algebra over a
non-algebraically closed field K of characteristic zero exceeds the scope of this book.
It was established in full by E. Cartan in 1914 in the case where K = R (see [HAU 68],
Part 3), and the general case was established by N. Jacobson (1938) [JAC 38].

6.3.7. Reductive Lie algebras

As before, K is a field of characteristic zero, and every Lie algebra is assumed to
be finite-dimensional over K.

5 For more on the history of semi-simple Lie algebras, see the historical notes in [BOU 82b],
Chapters 4-6. For the period between Lie and Weyl, see [HAW 00]. Coxeter graphs are
equivalent to Dynkin diagrams but additionally present the types Hs, Ha,I> (p) (p = 5 or
p > T7), which do not correspond to any of the “crystallographic” Coxeter groups, i.e. the
symmetries of the groups of roots of semi-simple Lie algebras.
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DEFINITION 6.52.— A Lie algebra g is said to be reductive if its adjoint representation
is semi-simple.

Any semi-simple Lie algebra is therefore reductive. We have the following result
([BOU 82b], Chapter 1, section 6.4, Proposition 5):

THEOREM 6.53.— Let g be a Lie algebra. The following conditions are equivalent:
i) g is reductive;
ii) Dy is semi-simple;
iti) g is the product of a semi-simple algebra and a commutative algebra;
iv) the largest solvable ideal ¢ is equal to 3(g).

For example, gl,, (K) = sl,, (K) x 9, (K), s, (K) is semi-simple, and 9,, (K) is
commutative, so gl,, (K) is reductive. The center 3(g[, (K) ) is the set of homotheties
gl,( (K) - gl,(K): X —» AX (A€ K).

Any product or quotient of reductive Lie algebras or center of a reductive Lie
algebra is a reductive Lie algebra. If g is a reductive Lie algebra and a is an ideal of g,
then a is a direct factor and is a reductive Lie algebra.

In the situation of section 6.3.4(III)), a Lie algebra g is reductive if and only if
p* (g) is reductive (exercise).

6.3.8. Real compact Lie algebras

Ever since H. Weyl, a real Lie algebra is said to be compact if it is reductive and
its Killing form is semi-definite negative ([BOU 82b], Chapter 9, section 1.3).
A reductive Lie algebra g is compact if and only if, for every X € g, the
endomorphism adX is semi-simple and its eigenvalues are purely imaginary. The
real compact Lie algebras are the product algebras of a commutative algebra and a
compact semi-simple algebra.

REMARK 6.54.— Some authors define a Lie algebra as compact if its Killing form
is negative definite. Any such algebra is semi-simple by Cartan’s criterion (Theorem
6.40). There exist non-commutative Lie algebras for which the Killing form is zero.
One example is Heisenberg’s algebra ([SAT 86], Chapter 4, section 13).

The following result is due to Weyl ([BOU 82b], Chapter 9, section 3.3,
Corollary 2):
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THEOREM 6.55.— Let a be a complex Lie algebra. The following conditions are
equivalent:

i) a is reductive;

ii) there exists a real compact Lie algebra g whose complexification g(c) is
isomorphic to a.

Furthermore (ibid., Corollary 3), if a;, az are semi-simple complex Lie algebras,
then the real compact forms of a; x as (section 6.3.1(II)) are the products g; X go
such that g, is a real compact form of a; for ¢+ = 1, 2. Hence:

COROLLARY 6.56.— A real compact Lie algebra g is simple if and only if its
complexification gc) is simple.

Thus, it is not ambiguous to speak of a simple real compact Lie algebra of type
Ap—1, B, (n>2),C, (n>3), D, (n>4),Gs, Fy, Eg, E7 or Eg. These are the
real compact forms of the corresponding complex Lie algebras. In particular (see
section 6.3.2), SU,_1,0,44; (N> 2) and 03, (n > 4) are real compact algebras
whose complexifications are sl,_; (C), 02,41 (C) and 02, (C), of types A, _1, B,
and D,,, respectively.

6.4. Relation between Lie groups and Lie algebras

In this section, every Lie group is Banach, real or complex, and of class C*, unless
otherwise stated.

6.4.1. Lie algebra of a Lie group

(I) INFINITESIMAL ALGEBRA OF A LIE GROUP Let G be a Lie group. The

convolution algebra ’Te(oo) (G) (section 6.2.1(V)), equipped with the Lie bracket
[T,S5] =TS —S*T isaLie algebra (Lemma 5.11).

DEFINITION 6.57.— Let P € Diff (G) be a differential operator (section 5.2.2(I)).
For every s € G and every function f € E(G), set (A(s)P).f = X(s)
(P. ()\ (s‘l) f)) The differential operator P is said to be left invariant if
A (8) P = P forevery s € G. Right invariance is defined similarly, replacing X by p.

LEMMA 6.58.—If s € G and P,Q € Diff(G), then A(s) (PoQ) = X(s)(P) o
A (8) (Q) (exercise).



274  Fundamentals of Advanced Mathematics 3

LEMMA-DEFINITION 6.59.— The subset of Diff (G) formed by the left invariant
differential operators is a subalgebra & of Diff (G), called the infinitesimal algebra
of G.

PROOF.— It is clear that & is a vector subspace of Diff (G). It is also a subalgebra by
Lemma 6.58. |

COROLLARY 6.60.— The mapping € : P — P (e) (section 5.2.2(Ill)) is an
isomorphism (of associative algebras) from & onto 7'6(00) (G).

PROOF.— By [5.5], €& is linear and surjective. If P.QQ € &, then
(Po@Q)(e) = P(e) ~Q(e), so & is an epimorphism of algebras. Any operator
P € & is uniquely determined by P (e), since, for every s € G,
(P.f)(s) =s.(P.(A(s7') f) (e)), so € is injective. [

(II) LIE ALGEBRA Let G be a Lie group and X € 7 (G). For every s € G and
every function f € £(G), set X.f = Lx.f (section 54.2) and (A(s) X).f =
A(s) (X. (A (s71) f)) (similar to Definition 6.57, mutatis mutandis).

DEFINITION 6.61.— A vector field X € T3 (G) is said to be left invariant if
(A(s) X) () = X (s.x) for every s,z € G.

Let X,Y € T3 (G) be left invariant vector fields. Then, [X, Y] is left invariant
(exercise). The Lie group G acts analytically on itself by left translation, so, if u €
T. (G), this tangent vector uniquely determines a vector field X, : s — s.u (with
the notation from [2.12] in section 2.4.2(I)) that is left invariant. Conversely, any left
invariant vector field X € 7' (G) uniquely determines the element X (e) € T, (G).
Hence, the mapping 7, (G) =T, (G) : X ~ X (e) is an isomorphism of vector
spaces, and so we obtain the following result:

THEOREM 6.62.— (Lie’s third fundamental theorem) T, (G), equipped with the
bracket [X (e),Y (e)] := [X,Y] (e) forall X,Y € Ty (G), is a Lie algebra.

DEFINITION 6.63.— The tangent space T, (G), equipped with the above bracket, is
called the Lie algebra of G and is written as Lie (G).

Suppose that the associative algebras & and 7'5(00) (G) are identified using the
isomorphism €&. The subset of 7¢ %) (G) formed by the differential operators of
order < 1 that vanish on constants is a subspace g of the K-vector space Te(oo) (G).
Furthermore, g is a Lie subalgebra of 7;(00) (G), since, if T, S € g, the mappings
fr—Tx%fand f — S x f from £ (G) into £ (G) are derivations of £ (G), so
[T, S] is a derivation of £ (G) (section 5.4.1(IIL)). If u € T, (G), then X, (e) € g.
Conversely, if S € g, then Xg : f — S« f (f € £(G)) is a derivation of £ (G) that
can be identified with an element of T, (G) by Theorem 5.15 whenever G is
finite-dimensional. This gives the following result:
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THEOREM 6.64.— There exists a monomorphism of Lie algebras Lie (G) — g that is
an isomorphism whenever G is finite-dimensional.

Lie (G) can therefore be identified with a Lie subalgebra of g and with g itself if
G is finite-dimensional. For a Banach Lie group, it is possible to show the following
result ((BOU 82b], Chapter 3, section 3.7, Proposition 25):

THEOREM 6.65.— The Lie algebra ’Te(oo) (G) is isomorphic to (and can be identified
with) the enveloping algebra U (Lie (G)) of Lie (G) (section 6.3.3(IV)).

(IIT) ADJOINT REPRESENTATION AND ADJOINT LINEAR MAPPING Consider the
adjoint representation Ad : G — GL (g) of G (section 2.4.1, Definition 2.88) and the
adjoint linear mapping ad : g — gl (g) (section 5.4.1, Definition 5.12).

LEMMA 6.66.— We have ad = T, (Ad) (exercise).

COROLLARY 6.67.— Let G be a Lie group, g = Lie (G) and s € G. Then, T, (G) =
s.gand T (G) = g x G (semi-direct product of G and g), so T (G) is a Lie group:
the tangent Lie group.

PROOF.— This follows from Lemma 2.89 and Definition 2.79. [ |

REMARK 6.68.— The tangent bundle (T (G) , G, ) of a Lie group G, where 7 is the
canonical surjection s.A — s (s € G, A € g), is a principal bundle with structural
group G and base G.

(IV) FUNDAMENTAL VECTOR FIELDS ON A PRINCIPAL BUNDLE Let P be a
principal bundle with structural group G and base B = G\ P. For every point g € P,
letge : G — P : g — q.g (section 3.5.1). The tangent linear mapping at the point e
(neutral element of G) is therefore T.(ge) : 7T.(G) — T,(P). But
T. (G) = Lie (G) = g; thus, T, (ge) sends each element X of g to a tangent vector
T. (go) (X) € T, (P), denoted Zx (q) = ¢q.X. Each vector X € g is therefore
associated with a vector field Zx : ¢ — ¢.X on P.

DEFINITION 6.69.— Zx € Tt (P) (Zx : q — q.X) is the fundamental vector field
(or Killing field) associated with X € g.

The vector Zx (¢) = ¢.X is tangent to the fiber G
precisely:

(q) and hence is vertical. More

LEMMA 6.70.— The set of fundamental vectors Zx (q) (X € g) on a principal bundle
coincides with the set V,, (P) of vertical vectors at the point ¢ € P.

(V) INDUCED MORPHISMS OF LIE ALGEBRAS Let G, G’ be two Lie groups with
neutral elements e, ¢/ and left translations X, X, respectively, and let ¢ : G — G/
be a morphism of Lie groups. Write ¢, : T. (G) — T (G') for the tangent linear
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mapping T, () of ¢ at the point e (Definition 2.33). We will show that p,. is a
morphism of Lie algebras.

Letu € T, (G) and u’ = ¢, (u). By the above, u and u’ uniquely determine
the left invariant vector fields Xy : s — suand X/, : s’ — s'.u’in 7' (G) and
T (G'), respectively.

LEMMA 6.71.— For every s € G, we have ... Xy (s) = X, (¢ (s)).

(s) . (t). s0 9o A(s) = N(p(s)) o
( auand X, (s) = A(5),. 0.

(), u=(N(p(s) o). =
[ |

PROOF.— For every s,t € G, ¢(s.t) = p(s
. Furthermore, by definition, X, (s) = A
Hence, p.s. Xy (5) = @us 0 A (5),, - u=(p

X (@ (s))-

THEOREM 6.72.— The mapping .. is a morphism of Lie algebras.

)¢
s)
A

PROOEF.— This follows from Lemma 6.71 and Remark 5.18. [ |

COROLLARY 6.73.— (Lie algebra of a Lie subgroup) i) Let G, H be Lie groups such
that H C G. Then, Lie (H) can be identified with a subalgebra of Lie (G).

ii) If Hy, Hy are Lie subgroups of a finite-dimensional Lie group G, then so is
H1 N H2, and Lie (Hl n Hg) = Lie (Hl) N Lie (Hg)

PROOF.— (i): Let ¢« : H < G be the canonical injection. By Theorem 6.72,
t«e (Lie (H)) is a subalgebra of Lie (G). Furthermore, H is a submanifold of G, so
T. (H) can be identified with the subspace t.. (T. (H)) of T, (G) (Section 2.3.3).
(i1): See ([BOU 82b], Chapter 3, Section 3.8, Corollary 2). |

Note that the hypotheses of Corollary 6.73(ii) are very different from those of
Theorem 2.64, even though they lead to an analogous conclusion.

THEOREM 6.74.— (Lie) If two Lie groups are locally isomorphic, their Lie algebras
are isomorphic.

PROOEF.— This follows from Lemma 2.83 and Theorem 6.72. |

(VI) LIE ALGEBRAS OF CLASSICAL GROUPS We will show that the Lie algebras
of the classical groups (in the sense specified in section 2.4.1(VI)) coincide with the
classical Lie algebras.

Let E be a Banach space. Then, 1 is the neutral element of GL (E). Since GL (E)
is open in the Banach algebra £ (E) ([P2], section 3.4.1(II), Corollary 3.49), for every
A € L (E), there exists ¢ > 0 such that 1g +¢A € GL (E), and hence T, (GL (E)) =
L (E). By Definition 6.63 and section 5.4.1(II), it follows that:
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THEOREM 6.75.— The Lie algebra of GL (E) is gl (E).

If E = K", then Lie (GL,, (K)) = gl,, (K). By [P1], section 2.3.11(VII):
det(lg +A)=14+Tr(A4)+o(||4]). [6.5]

The group SL,, (K) is the subgroup of GL,, (K) formed by the matrices X such
that det (X') = 1. Therefore, its tangent space at 1 is the set of matrices A € M, (K)
with zero trace, so Lie (SL,, (K)) = sl,, (K).

The group O,, (K) is formed by the matrices X € M, (K) such that X. X7 = 1,,.
Write X in the form I,, + . A. Then:

(In +e.A).(I, +e.4)
€
so Lie (O, (K)) = o0, (K). Similarly, Lie (Sp,,, (K)) = sp,,, (K), Lie (A,,) = a,, and
Lie (E,,) = Lie (SE,,) = se,,.

!
S =A+ AT+ O(fe])

We have SO, (K) = SL, (K) N O, (K), so by Corollary 6.73(2), setting
s0, (K) = Lie (SO, (K)), we have so,, (K) = sl,, (K) N o, (K) = 0, (K). Similarly,
Lie(U(C)) = u,(C) and SU,(C) = U,(C) n SL,(C), so
Lie (SU, (C)) = u, (C) nsl, (C) = su, (C).

The Lie algebras of D,, (K), T, (K), ST, (K) and N, (K) are 2, (K), t, (K),
st,, (K) and n,, (K), respectively (exercise).

Since Spin,, (K) and SO, (K) are locally isomorphic (section 3.3.3(IV)),
Lie (Spin, (K)) = o0, (K). Similarly, PGL, (K), PSL, (K) and SL, (K)
(respectively PO,, (K), PSO,, (K) and O,, (K), respectively PU,, (C) and SU,, (C))
are locally isomorphic (section 2.4.1(VI)), so Lie (PGL,, (K)) = Lie (PSL,, (K)) =
sl, (K) (respectively Lie (PO, (K)) = Lie(PSO,, (K)) = o, (K), respectively
Lie (PU,,) = su,, (C)). We have therefore established the following result:

THEOREM 6.76.— (Lie—Killing—Cartan classification) The simple complex projective
groupsO (respectively the simply connected classical Lie groups’) are as follows:

PSL,, (C) (respectively SU,, (C)), of type Ap—1 (n > 2);

PS03, 41 (C) (respectively Spiny,, 1 (R)), of type By, (n > 1; n > 28);

6 Lie’s classification.

7 Killing—Cartan classification

8 Here and below, the first value of n is the minimal index. The second value should be
considered if we wish to eliminate any isomorphisms between Lie algebras of different types:
see section 6.3.2(IT).
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PSp,,, (C) (respectively USps,,), of type Cy, (n > 1; n > 3);

PSOs,, (C) (respectively Spin,,, (R)), of type Dy, (n > 3; n > 4).

6.4.2. Passing from a Lie algebra to a Lie group

(I) CAMPBELL-BAKER-HAUSDORFF FORMULA Let E be a Banach space, f :
z = f(2) = Xiso ay.z® a power series with radius of convergence p > 0 and
A € L(E). Then, f (A) = 3,5, ax.-AF converges in L (E) for every A € L (E)
such that ||A]] < p (section 1.2.5(I)). We know that, if |z — 1| < 1, then In(z) =

In(1—(1-2) =>4 (1_;))6 and e™*) = 2, which leads us to the following

result, according to [P2], section 3.4.1(II), Theorem 3.46, and section 1.2.5(I):

LEMMA 6.77.— Let U = {B € L(E) : ||B — 1g|| < 1}. Then, U is a neighborhood
of 1g in GL (E) and the mapping In : B — 1n(B) is an analytic diffeomorphism
Sfrom U onto a neighborhood V' of 0 in gl (E) whose inverse diffeomorphism is the
exponential mapping exp : A — exp (A).

LEMMA 6.78.— Let A : R — L (E) be a mapping of class C'. Then, for everyt € R,
eA) L (e=AW) = —f (adA (t)) .A, where f (2) = (e* — 1) /=

PROOF.— Let B (s,t) = e*A1) 4 (¢=A1) By section 5.4.1(IID),

88—183 (s,t) =adA(t) (B (s,t)) — A(t), B(0,t)=0.

This differential equation is of the form 4 (s) = z.u (s) — w with z = adA (t) and
w = —A(t), and u (0) = 0. It follows that:

u(s)=—-("*—-1) . w=u(l) = f(2).w. |

1
z
THEOREM 6.79.— (Campbell-Baker—Hausdorff) There exists a neighborhood V of O
in L (E) such that, if A,B € V, then C = In (e?.eB) is the element of V uniquely
determined by the Campbell-Baker—Hausdorf{f formula:

C=B+ fotg (ehadd edB) Adt, g(z)= In(z), [6.6]

z—1

PROOF.— Let C (t) = In (e’*.e”). Then:

exp (C (1) (exp (=0 (1) = ~A,



Analysis on Lie Groups 279

since A and et commute, and, by Lemma 6.78,

A= f(adC (£)).C (t). [6.7]

It can be checked that exp (adC (t)) = exp (t.adA) . exp (adB) by differentiating
both terms of this equality. Therefore, there exists a neighborhood V' of 0 in £ (E)
such that the right-hand side of this expression is defined for A, B € V and
adC (t) = In (exp (t.adA) . exp (adB)). Since f (In(2)).g (z) = 1, we deduce that
f (adC (t)) = g (exp (t.adA) . exp (adB)) " and, by [6.7], C (t) = g (exp (t.adA).
exp (adB)) .A with C (0) = B. Integrating then shows [6.6]. |

By developing the power series of the analytic function g, we obtain the Hausdorff
series expansion (exercise):

In (eA.ef) = A+ B+ % [A, B] + % [A,[A, B]] + % (B, [B, Al + ...

The higher “degree” terms quickly become difficult to calculate (see [GOD 17],
section 6.6, (6.12)).

COROLLARY 6.80.—If g is a Lie subalgebra of gl (E) and A,B € g, then
In (e*.e?) € g.

PROOF.— The vector subspace g of £ (E) is stable under the operators adA and ad B
(section 5.4.1(III)), and hence also under the operator e‘244 ¢245  and so also under
g (et'adA.eadB ) Thus, on the right-hand side of the first equality of [6.6], we are
integrating in g. |

(II) FUNDAMENTAL THEOREMS

LEMMA 6.81.— Let g and ¢’ be the Lie algebras of the Lie groups G and G/,
respectively, assumed to be finite-dimensional over K, and let o : g — ¢ be a
morphism of Lie algebras. There exists a local morphism of Lie groups ¢ from G to
G’ (Definition 2.81) such that (with the notation of section 6.4.1(IIl)) .. = o.

PROOF.— By Ado’s theorem (Theorem 6.26), there exists an integer n such that g, g’
can be embedded in M, (K). We will show that ¢ (e?) = e’ in an open
neighborhood U of 0 in 9, (K). To do this, we must show that, if A, B € U and
C = AB, then ¢ (e?.e®) = ¢ (e?) .¢ (eP). But p (e2.e?) = o (C), where
C = In(e?.eP). Since o preserves brackets, o (C) = o (A).o (B) by the same
reasoning as the proof of Corollary 6.80. |

THEOREM 6.82.— (Lie) Let g and g’ be the Lie algebras of the Lie groups G and G/,
respectively, assumed to be finite-dimensional over K. If g and g’ are isomorphic, then
G and G’ are locally isomorphic. If G and G’ are also simply connected, then they
are isomorphic.
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PROOF.— This follows from Lemma 6.81 and Theorem 2.85. |

COROLLARY 6.83.— Let G be a finite-dimensional Lie group. There exists an open
neighborhood U of 0 in Lie (G) such that the exponential mapping expg : X + e~
of G is a diffeomorphism from U onto an open neighborhood of e in G.

PROOF.— This follows from Theorem 2.61(2) and Lemma 6.81. [ |

THEOREM 6.84.— (converse of Lie’s third fundamental theorem) Let g be a finite-
dimensional Lie algebra over K. There exists a local Lie group (Definition 2.81) whose
Lie algebra is isomorphic to g.

PROOF.— Again, this follows from Ado’s theorem. [ |

The connection to the global setting was established by E. Cartan in 1930
([CAR 52], Chapter 2, section 1.22; [BOU 82b], Chapter 3, section 6.3, Theorem 3):

THEOREM 6.85.— (Cartan) Let g be a finite-dimensional Lie algebra over K. There
exists a simply connected Lie group whose Lie algebra is isomorphic to g.

REMARK 6.86.— 1) The exponential mapping is not surjective in general for a
connected Lie group of matrices. In other words, if g is a subalgebra of gl,, (K) and
g = Lie (G), where G C GL,, (K) is a connected Lie group, it is not true that every
element g € G must be of the form exp(A) with A € g. For example,
diag (A, 1/)) € SLs (R) is not of the form exp (A) with A € sly (R) whenever A < 0
and A # —1 (exercise).

2) Similarly, the exponential mapping is not injective in general for a connected

0 2m
27 0 } € sly (R), then exp (A) = I = €.

Lie group of matrices: if A = [

3) Every finite-dimensional Lie algebra g can be identified with a subalgebra of
gl,, (K) by Ado’s theorem (Theorem 6.26) and is the Lie algebra of a Lie group G by
Cartan’s theorem (Theorem 6.85). By the proof of Lemma 6.81, there exist a
neighborhood U of 0 in g, a Lie subgroup G’ of GL,, (K) and a neighborhood V of
e’ in G’ (where €' is the neutral element of G') such that exp is an analytic
diffeomorphism from U onto V. Hence, G is locally isomorphic to the Lie group of
matrices G' by Theorem 6.82; however, G. Birkhoff showed in 1936 [BIR 36] that G

is not necessarily (globally) isomorphic to a Lie group of matrices.
Nevertheless, we have the following results:

LEMMA 6.87.— (E. Cartan) If G C GL,, (K) is compact and connected, then expg is
surjective from Lie (G) onto G.

PROOF.— See [GOD 17], section 3.11, Theorem 9. [ |
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The exponential mapping is also surjective from gl,, (C) onto GL,, (C) (ibid.,
Theorem 10).

LEMMA 6.88.— If G is connected and nilpotent ([P1], section 2.2.7(II)), then expg is
étale (Lemma-Definition 2.57) and surjective; furthermore, if G is simply connected,
then expg is bijective.

PROOF.— See [BOU 82b], Chapter 3, section 9.5, Propositions 13 and 14. |

The statement of Lemma 6.88 fails if G is assumed to be solvable instead of
nilpotent ([HOC 65], Chapter 12, Exercise 1).

Let G be a finite-dimensional Lie group and § a subalgebra of Lie (G). In general,
there does not necessarily exist a Lie subgroup of G such that Lie (H) = h. However,
it can be shown ([DIE 93], Volume 4, (19.7.4)) that there exist a subgroup H of G and
a connected Lie group structure on H such that the monomorphism ¢ : H < G is an
immersion and ¢, : Lie (H) — h (where e is the neutral element) is an isomorphism;
furthermore, H and ¢ are determined up to isomorphism.

DEFINITION 6.89.— H is said to be the integral subgroup of G corresponding to the
Lie algebra by C Lie (G).

The integral subgroup H of G is not necessarily closed in G, even if G is simply
connected ([DIE 93], Volume 4, Chapter 19, section 7, Exercise 2), in which case H
is not a Lie subgroup of G (Theorem 2.76(1)).

If p : G — GL (F) is a linear representation of G in a Banach space F (Definition
2.87), then p,. : Lie (G) — gl (F) is a representation of Lie (G) (section 5.4.1(II)).

6.4.3. Dictionary

In the following, every Lie group and every Lie algebra is finite-dimensional,
unless otherwise stated.

(I) THE LIE FUNCTOR FOR CONNECTED GROUPS The functor Lie : LieGrp —
LieAl is defined as follows: Lie (G) is the Lie algebra of the Lie group G; if ¢ :
G — G’ is a Lie group morphism, then Lie (¢) = ¢4, : Lie (G) — Lie (G’).

If G is a Lie group, its neutral component is a normal Lie subgroup (Corollary
2.77). Furthermore, if G, H are Lie groups, f : G — H is a morphism of LieGrp
and G is connected, then f (G) is a connected subgroup of H ([P2], section 2.3.8,
Theorem 2.46), and hence a Lie subgroup (Theorem 2.76(2)). Write cLieGrp for the
full subcategory of LieGrp whose objects are the connected Lie groups.
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Consider the diagram:

{13 — H > ¢ 5% GH — {1}
\ } i \ \

{00 — » = g 5 g — {0}

[6.8]

where e denotes the neutral element in each case, the top sequence is exact in
LieGrp, the vertical arrows denote the Lie functor and the bottom sequence is in the
category LieAl If G is connected, then G/H = ¢ (G) is connected; furthermore, if
H is connected, we say that the top sequence is exact in cLieGrp. The Lie functor
determines a subfunctor from cLieGrp into LieAl ([P1], section 1.2.1(V)) that we
will also write Lie.

THEOREM 6.90.— The functor Lie is faithful and exact from cLieGrp into LieAl
and, for this functor, the diagram [6.8] commutes.

PROOF.— (1) If G is a connected Lie group and K is a Lie group, the mapping f +— fi.
from the set of morphisms from G into K into the set of morphisms from Lie (G into
Lie (K) is injective ([DIE 93], Volume 4, (19.7.6)), so the functor Lie : cLieGrp —
LieAl is faithful ([P1], section 1.2.1(III)). Furthermore, Lie (f (G)) = f«. (Lie (K))
([DIE 93], Volume 4, (19.7.5)), and the Lie subgroup H of G is normal in G if and
only if Lie (H) is an ideal of Lie (G) ([BOU 82b], Chapter 3, section 6.6, Proposition
14), so, if the top sequence of the diagram [6.8] is exact in cLieGrp, then the bottom
sequence is exact in LieAl. Hence, the Lie functor is exact ([P1], section 1.2.9(I)). &

It is also possible to show the following result ([VAR 84], section 3.15): let G
be the semi-direct product H x.. K, where H is a normal subgroup of G and K
is a Lie subgroup of H (section 2.4.1(III)). Then, Lie (G) = Lie (H) &, Lie (K),
where 0 = 7. (section 5.4.1(IV)). Furthermore, ((BOU 82b], Chapter 3, section 9.2,
Corollary of Proposition 4):

THEOREM 6.91.— Let G be a connected Lie group and g its Lie algebra. The derived
subgroups D'G (respectively the central subgroups €'G) ([P1], section 2.2.7) are
the integral subgroups G- corresponding to the characteristic ideals D*g (respectively
C'g) (Definition 6.22); they are Lie subgroups if G is simply connected. Hence, G is
solvable (respectively nilpotent) if and only if its Lie algebra is solvable (respectively
nilpotent).

(IT) THE LIE FUNCTOR FOR SIMPLY CONNECTED GROUPS In section 3.3.3(IV),
we saw that every connected Lie group G is isomorphic to the quotient G /D of
a simply connected group G, the universal covering of G, by a discrete subgroup
D = 1 (G) contained in the center 3 (G) of G.

LEMMA 6.92.— Let G be a simply connected Lie group and H a Lie group. The
mapping (.),, : Hom (G,H) — Hom g,Y) is bijective, where g = Lie(G) and
h = Lie (G).
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PROOF.— Since G is connected, it is generated by every neighborhood of the neutral
element (Lemma 2.80(1)), and hence by exp (g) by Corollary 6.83. In other words, any
element g of G can be written in the form exp (A1) ... exp (4, ). We need to show that,
if f € Hom (g, b), then there exists ¢ € Hom (G, H) such that the following diagram
commutes:

G %5 H
expg T 1 expy
g L

i.e. such that ¢ (expg (A)) = expyy (f (A)) for every A € g, or alternatively ¢ (g) =
v (expg (A1)) ... (expg (An)). The graph [ = Gr (f) is a Lie subalgebra of g x b;
let L be the integral subgroup of G x H corresponding to the Lie algebra [ (Definition
6.89). The projection ¥ : L — G is a local isomorphism (Theorem 6.82) and an
epimorphism of Lie groups, so ker (1) is discrete, or alternatively ¢ is a covering
(section 3.3.3(I)); since G is simply connected, v is an isomorphism (Lemma 3.18)
and L is the graph of the desired mapping . |

Let scLieGrp be the full subcategory of LieGrp whose objects are the simply
connected Lie groups.

THEOREM 6.93.— The functor Lie : scLieGrp — LieAl is an equivalence of
categories ([P1], section 1.2.2(1l)).

PROOF.— By Theorem 6.90 and Lemma 6.92, the functor Lie : scLieGrp — LieAl
is fully faithful. It is also injective, and, by Theorem 6.85, essentially surjective. Il

(IIT) ALMOST SIMPLE, SEMI-SIMPLE, REDUCTIVE, COMMUTATIVE GROUPS A
connected Lie group is almost simple (respectively semi-simple, respectively
reductive) if its Lie algebra is simple (respectively semi-simple, respectively
reductive) (sections 6.3.6(I) and 6.3.7). By (I), (I) above and Theorem 6.40, we have
the following result:

THEOREM 6.94.— 1) Let G be a connected Lie group. Then, G is commutative if and
only if Lie (G) is a commutative Lie algebra.

Furthermore, the following conditions are equivalent:
i) G is almost simple.

ii) The only immersed Lie groups in G are {e} and G, and G is not
commutative.

2) Let G be a simply connected Lie group. The following conditions are
equivalent:
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i) G is semi-simple (respectively reductive).

ii) G is isomorphic to the direct product of finitely many almost simple Lie
groups (respectively the direct product of a semi-simple Lie group and a commutative
Lie group).

PROOF.— If G is commutative, it is clear that Lie (G) is commutative. Conversely,
if Lie (G) is commutative, then, by Theorem 6.82, G is locally isomorphic to the
additive Lie group Lie (G), since Lie (Lie (G)) = Lie (G) (exercise). Hence, G is
commutative by Lemma 2.80(i). The other claims follow from the results of (I), (I).H

Any connected Lie group that is a non-commutative simple group ([P1], section
2.2.4()) is almost simple. If G is an almost simple Lie group and C is its center, then
G/C is simple [TIT 62]. The Lie group GL,, (C) is reductive.

6.5. Harmonic analysis
6.5.1. Introduction

The harmonic analysis of a time signal studies the “frequency components” of
this signal. We can pass from a time-based representation to a frequency-based
representation using Fourier transforms (Remarks 6.99(1) and 6.108). However, it
would be extremely reductive to suggest that the applications of Fourier transforms
are restricted to this specific area.

As early as 1755, D. Bernoulli gave a solution to the problem of vibrating strings,
presented in terms of sums of trigonometric series we now call Fourier series. But it
was Joseph Fourier who made leaps and bounds in harmonic analysis in 1804 by
studying the propagation of heat in solids. A pragmatically minded man (the prefect
of the department of Iseére under Napoleon I), he was relatively uninterested in the
convergence of the series which bear his name; this convergence was later studied by
others including Dirichlet (1829), Riemann (1854), Dini (1880), Jordan (1881) and
Fejer (1900) drawing from work by Cesaro on series (1897)9. The fine convergence
of Fourier series and Fourier integrals is highly complex and preoccupied numerous
mathematicians for the best part of a century and a half (section 6.5.3(VII)). Two
approaches can be adopted to simplify the problem considerably: Schwartz
distribution theory (1947), which forms the basis of any modern presentation of the
subject, and the Hilbertian formulation, due to Plancherel (1910), which studies
mean square convergence (sections 6.5.2(VII) and 6.5.3(VI)). These two
formulations are presented in sections 6.5.2 and 6.5.3, which are dedicated to
“classical” harmonic analysis.

9 See Theorem 6.122, as well as the Wikipedia articles on the Dini criterion and Fejer’s
theorem.
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Harmonic analysis was developed on locally compact commutative groups by
A. Weil in 1938 [WEI38]. This generalization was made possible by the
Pontryagin—van Kampen duality theorem (established by Pontryagin in 1934 for
separable groups, then extended to arbitrary locally compact commutative groups by
van Kampen the following year). The theorem revolves around the fact that, on a
locally compact commutative group, every irreducible unitary component of the
regular representation is of degree 1 (see Corollary 6.148). This makes “abstract”
commutative harmonic analysis a relatively direct extension of classical harmonic
analysis; nevertheless, it plays an invaluable role in certain unexpected places, such
as number theory ([WEI 74], Chapter 7). A few details are given below to present
this field (without a proof of the duality theorem).

Non-commutative harmonic analysis, in the words of J. Dieudonné, is a theory
“hedged [...] with difficulties both conceptual and technical” ([DIE 93], Volume 6,
Chapter 22, p. 2). Despite its complexity, this field has found applications not only in
mathematics (number theory) and theoretical physics but also more recently in
engineering (signal and image process, robotics, automation, solid physics, etc.
[CHI 01]). We will also give a brief overview of this field in section 6.5.5. Frobenius
himself, as well as Molien independently, observed in 1897 that finite
non-commutative groups have irreducible unitary representations of degree higher
than 1, where the Fourier coefficients are therefore unitary matrices; Frobenius’ work
was continued by Schur and Burnside between 1904 and 1905 ([BOU 12],
Chapter 8). Weyl and his doctoral student Peter generalized these results to the case
of arbitrary compact groups in 1927, replacing the finite sums of unitary matrices by
convergent sums of such matrices ([WEI 38], Chapter 5; [DIE 93], Volume 5,
(21.2.3)). In the case of non-compact groups (e.g. non-compact connected
semi-simple groups), the theory is deduced from the structure of the von Neumann
algebras (section 6.5.5(I)), now working with irreducible unitary representations that
are no longer matrices but Hilbert—-Schmidt operators (Example 6.151(2)).
Nevertheless, everything remains relatively straightforward (and a brief presentation
will suffice in section 6.5.5) provided that we remain within the formal perspective
developed around 1950. The true difficulties lie in explicitly performing the
calculations. This daunting task was completed by Harish-Chandra for semi-simple
groups between 1965 and 1966 [HAR 66]. A representative special case — highly
relevant from a pedagogical perspective — is when the group is SLs (R) [LAN 85],
[VAR 84]; sadly, we cannot explore it here!0.

10 Readers can find some details in the Wikipedia article on Non-commutative harmonic
analysis.



286 Fundamentals of Advanced Mathematics 3

6.5.2. Harmonic analysis on R"

(I) NOTATION Henceforth, write £P (R"™) for L£P (R™,\"®), where \ is the
Lebesgue measure on R ([P2], 4.1.3(II)), also written as dt when f € L£P (R") is
written as ¢ — f(t). If v,t € R", write v.t for the usual scalar product
Y 1<i<nVi-ti. The Euclidean norm of ¢ is written as |[t|. The norm in
LP (R™) := LP(R"™) /N, where N is the subspace of L (R™) formed by the
Lebesgue-negligible functions ([P2], section 4.1.2(III)), is written as NN,
(1<p<oo). We do not need to distinguish between a Lebesgue-measurable
function f and its Lebesgue class f ([P2], section 4.1.1(IIT)) unless there is a risk of
ambiguity. Write Co (R™) for the space of continuous functions f : R" — C that are
zero at infinity (Definition 6.19) equipped with the norm N (f) = sup,egn | f ()]s
the space Cy (R™) is a Banach space ([P2], section 4.1.4(IL)).

(IT) FOURIER TRANSFORM OF AN INTEGRABLE FUNCTION Let f € L! (R™).
The integral

Flfllv) = f(t).e 2™t qt

R

converges for every v € R™ If f, g are equal \"®-almost everywhere, then
Ff] (v) = Flg] (v) for every v € R™, so the above integral can be written as F [f],
where f € L' (R").

LEMMA 6.95.— (Gaussian integral) Let ¥ = diag (01, ...,0,), 0; > 0 (j =1,...,n).
Then:

eI gp =1,

m/n e 3e S g /n

PROOF.— We can deduce the second integral from the first by performing the change
of variable = v/27.v/3.t, where VX = diag (\/E, e \/ﬁ) The second integral
is equal to I™, where [ = [, =™ .dt. We have I? = [, e~ ™" .dx. [, ™™ .dy =
Jge e_”(w2+y2).dx.dy. Setting x = pcosf, y = psiné gives I? = Ozﬂ do f0+°°
e‘””Qp.d,o = 1 (Lemma 4.39). |

THEOREM 6.96.— If f € L' (R™), then F [f] is uniformly continuous, bounded and
zero at infinity, and F : L' (R™) — Co (R™) is a continuous linear mapping of norm
1.

PROOF.— 1) By [P2], section 4.1.2(I), Lemma 4.8,

n

FAw+m - FA@I [ 17O - 1]dt = o).
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By the dominated convergence theorem ([P2], section 4.1.2(I)), if (nx) is a
sequence of elements of R™ that converges to 0, then the sequence ¢ (7)) converges
to 0, so F [f] is uniformly continuous.

2) We have Noo (F[f]) = sup,cgn | [gn f (1) €72t < Ny (f) and F is
clearly linear. As a linear operator from L' (R™) into L>° (R™), the norm ||F|| of F
is therefore < 1.

3) Let d be the function such that d (£) = e~™*"; then, N; (d) = 1 by Lemma
6.95 and, if n = 1, then F [d] (v) = e~™ [, e~ .dt, where z = ¢ + iv, since
—7t2 — 2mivt = —x (t +iv)? — 72 Replacing Jr by fv’ where + is a closed path
commonly used to compute integrals along the real axis (see the end of [P2], section
4.2.5), we deduce that F [d] = d (exercise). If n > 1, F[d] (v) is the product of
n integrals of this type, and we again have F [d] = d. Hence, N, (F[d]) = 1 and
IFl = 1.

4) We will show that lim|, |, F [f] (v) = 0. Together with (1), this is the

Riemann—Lebesgue theorem. To simplify the notation, consider the case n = 1
(extending to the general case is left to the reader); then, for |v| — oo,
/ f (t) .6—27”'1/.26 ——
R

5 /R<f(t)—f<t+;V)).e—m“.dt’

;/Rf(t)f(wr;y)’.dt%o. u

DEFINITION 6.97.— The operator F is called the Fourier transform. The operator F
from L' (R™) into Cy (R™) defined by

1

IN

Pl = [ o)

is called the Fourier cotransform.

Later, we will see (Theorem 6.105) that the Fourier transform (and similarly the
Fourier cotransform) is injective from L' (R") into Co (R™) and that, given certain
hypotheses, F is the inverse transformation of F.

If a € R™ and f is a mapping from R"™ into C, the left translation of vector a is
A(a): f—=X(a)f,where X(a) f : t — f(t — a) (section 6.2.1(IV)). Write x,, for
the mapping ¢ — exp (27ia.t), so that x_, = . Recall that f denotes the mapping
t — f (—t) (Notation 6.12). Then:
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LEMMA 6.98.— 1) The following three equalities are satisfied:

FA=FIf, FIN=FIA. Flfl=FIA.

2) The Fourier transform exchanges translation for multiplication by an
exponential. Specifically, for every T € R™,

FIXN@O) [1=x=FIf], Fhfl=x(r).FIf].
3)If f,o € L' (R™), then we have the transfer theorem:

Ffl ()¢ (v).dv = . f (). Flg] (t) .dt.

R’n
4) The Riesz formula holds for f,p € L' (R™):

FlflW).oW).x- (v).dv= - fr+1t) . Fle](t).dt.

R

PROOF.— The proof of (1) and (2) is a very straightforward exercise. (3): According
to [P2], section 4.1.2, Lemma 4.13, and Theorem 6.96, F [f] . and f.F [¢] belong
to £! (R™); we now simply need to apply the Fubini-Tonelli theorem to f ® ¢ €
Lt (R™ x R™) ([P2], section 4.1.3(III), Theorem 4.21). The details of the calculations
are left to the reader. (4) can be deduced from (2) and (3). |

REMARK 6.99.— 1) In signal theory, with n = 1, the variable t denotes the time, v
denotes the frequency and w = 2mv denotes the angular frequency.

2) Consider a compactly supported distribution T € &' (R™) ([P2], section
4.4.1(I)). Since ,, € £ (R™), we can set

FT(v) =(T,Xv) » [6.9]

and v — F [T] (v) is a function of class C°. In particular, F [0]) (v) = 1 and §, =
A(7)6, so F[6;] (v) = e ™7 =37 (v).

THEOREM 6.100.— (exchange theorem) If f, g € L' (R"), then f x g € L' (R™) and
Flfxgl=FIf.Flgl

PROOF.— We know that £! (R™) is a convolution algebra (Theorem 6.20) and

f*g / f t—T ( ) —2miv.(t— 7') —QTril/.T.dt.dT
n RTL

) -Flgl (). n
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(III) SOBOLEV SPACES For every p € [1,+00], write W*? (R") for the space of
functions f : R™ — R that belong to £? together with their partial derivatives 0¢ f
in the sense of distribution for the multi-indices & = (a1, ..., ;) such that |o| < k
([P2], section 4.4.1(IT)). The space W (R") is equipped with the norm

1/p
Nep(£)=1{ Y. (N, ()" if p < oo,
0<al<k
Nioo (f) = sup Noo (0°f).
0<al<k

The space WP (R") is called the Sobolev space of indices &, p. This is a Banach
space that coincides with the completion of £ (R™) N Wk? (R") for the norm Ny
(Meyers—Serrin theorem [MEY 64]); W2 (R") is a Hilbert space (exercise).

Let CF (R™) (respectively Cff (R™)) be the space of bounded (respectively zero at
infinity) functions of class C* in R” together with their partial derivatives of order
< k, equipped with the norm obtained by restriction of the norm of W*:> (R"). In
1938 and 1950, Sobolev showed the following result from Holder’s inequality ([P2],
section 4.1.2, Lemma 4.13) (exercise*: see ([ADA 03], Theorem 4.12; [KHO 72],
Volume 2, Chapter DC, section II1.3)); the argument R™ is omitted to lighten the
notation.

THEOREM 6.101.— (Sobolev embedding theorem) Let k be an integer > 0. If mp > n,
there exist canonical injections WFt™ P —; Cf and WkTmP s Wk ywhenever
p < q < oo. Forp = 2, there exists a continuous injection W +m-2 « Ck Ifmp = n,
there exist continuous injections Whtmp s Whp —y 7 wheneverp < g < r < .

The completion of D N WP for the norm Ny, is a closed subspace WéC P of

WHP; the spaces W*P and W, are separable for 1 < p < oo and reflexive for
1 < p < oo ([GIL 98], section 7.5).

Given any multi-index o« = (ag,...,a,), writt m® for the mapping

(tr,onta) — ] £

1<i<n

THEOREM 6.102.— (exchange theorem between differentiation and monomial
multiplication) Let k > 0.

i) Let f be a function such that m®.f € L' for every multi-index o such that
|a| < k. Then, F [f] € WF> N C* and

O* (F[f]) = Fl(—2mim)™ . f]. [6.10]
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ii) Let f € WR1 N CF. Then, mP. (F.f) € L™ for every multi-index (3 such that
18] < k, and

2rim)® F[f] = F [0°f] . [6.11]

PROOF.— To simplify the notation, consider the case n = 1. i) The function v —
—2miv.t.e~ 2™t is bounded above by the integrable function ¢ ~ 27 |t.f (t)|. We
can therefore differentiate under the | sign with respect to v according to [P2], section
4.1.2(II), Theorem 4.11, which establishes the result for & = 1 by Theorem 6.96. The
result follows by induction.

ii) For 8 = 1, the right-hand side of [6.11] is fRf(t) e 2mivt di which we
integrate by parts, then proceed by induction. |

Theorem 6.102 enables us to establish the relation 7 = F~! for a function
f € £ (R) on which a few additional conditions have been imposed (see Theorem
6.122(i) and Corollary 6.123, as well as (IV) below).

(IV) FOURIER TRANSFORM IN S (R™) The Fourier transform [6.9] has remarkable
properties in the space S (R™) of declining functions ([P2], section 4.3.1). Recall that
S (R™) is a Fréchet-Schwartz spacell (ibid., Theorem 4.72), and hence a Montel
space ([P2], section 3.4.6(II), Theorem 3.76). Its dual, the space S’ (R™) of
tempered distributions, is therefore also a Montel space ([P2], section 3.7.5, Theorem
3.123). The topology of S (R™) can be defined using the countable family of
seminorms (qa”@) from ([P2], section 4.3.1(II)), or alternatively using the family

(ds,m), where s m (f) = supg)<, ((1 + |m|2)m .8f”f) (exercise).

LEMMA 6.103.— Let d, (l‘) = ( 2;0)7,,67‘1'2/(202) and suppose that (Uk) is a

sequence of real numbers > 0 converging to 0. Then, the sequence of functions (d,,,)
converges to the Dirac distribution ¢ in the space of tempered distributions S’ (R™).

PROOF.— It suffices that to show that, for every test function ¢ € S (R™), the sequence
({dg,, p)) converges to ¢ (0) (Theorem 5.3). To simplify the notation, consider the
case n = 1. In this case:

1 2 2
dg, , ) = /e_m 1%k p (x .dx:/
(doy. 0) o ) ) A

e_”'t2.<p (\/ﬂok.t) .dt.

The sequence of functions gy, that appear under the [ sign converges pointwise to
t s e ™ 0 (0) for k — +oo, and |g (£)] < g (t), where g (t) = e~™ Nu. (¢)

11 Some authors call S (R™) the “Schwartz space”, which could potentially lead to ambiguity
with the category of Schwartz spaces ([P2], section 3.4.6(II)).
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and g is integrable, so the dominated convergence theorem ([P2], section 4.1.2(II))
implies that [, g (¢) .dt — [, e=™ . (0).dt = ¢ (0). [ |

THEOREM 6.104.— (automorphism theorem) The Fourier transform F is an
automorphism (of locally convex spaces) of S (R™) with inverse automorphism F
(reciprocity formula).

PROOF.— 1) Let f € S. Since m®.f € S for every multi-index 5, F [f] is of class
C*®° by [6.10]. Similarly, F [f] is rapidly decreasing by [6.11]. It can then be shown
by induction that F [f] € S.

2) By Theorem 6.102,

(2mim®) 0% (F.f) = (2mim®) . F ((—2m'm)ﬁ f) =F (aa (—2rim)” f) .

—-n
Now, observe that (1 + |m|2> € L' It is possible to find a constant c; ,

such that o, s4nt1 (f) < 1 implies §s . (F.f) < cs.m (exercise*: see ([DIE 93],
Volume 6, (22.16.10))), which proves the continuity of 7 : § — S.

3) We can show that F o F = ids(grn) by calculating the following integral for
fes:

FoR) )= [ FUw o) x: @) dv

where ¢ (v) = 1 = F [4]. By Riesz’s formula (Lemma 6.98(4)),
(? o ]—") [f] (1) = / [ ). dt @ dv
R xR"™

= Ff] v) .o (v).e*™™7 du.
RTL

Replacing ¢ by F [d,, ] and taking the limit gives (F o F) [f](7) = f (7). W
The same calculation as in part (3) of the above proof shows the following result:

)

THEOREM 6.105.—If f € L' (R") and F[f] € L' (R™), then (F o F)[f](r) =
T)=0

f (1) almost everywhere. In particular; if f € L1 (R™) and F [f] = 0, then f (
almost everywhere.

The above calculations also lead to the following result (exercise*: see ([DIE 93],
Volume 6, (22.18.2))), which is analogous to Theorem 6.100:
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THEOREM 6.106.— (exchange theorem) If f,g € S (R™), then f xg € S (R™) and
Ff~g] = F[f].Flg)- The bilinear mapping (f,g) — f x g is continuous from
S (R™) x S (R™) into S (R™).

We also have the following result:

COROLLARY 6.107.— (Plancherel-Parseval) Let g, h € S (R™). Then:

/n h(t).g(t).dt = F[h] (v).F 9] (v) .dv.

R™

PROOF.— Simply apply Riesz’s formula (Lemma 6.98(4)) with f = F [h],g = ¢ and
T=0. |

REMARK 6.108.— Instead of F, we often consider the ‘“normalized Fourier
transform” Fy [f] (w) = [g. f(t) .e7™".dt, where w = 27V can be interpreted as

an angular frequency. The reader is invited to check that F; 1 = @ ;)nfn

(V) CONVOLUTION BY A TEMPERED DISTRIBUTION The convolution product of
two tempered distributions is not defined in general. For example, the constant
function 1 : ¢ — 1 belongs to S’ (R™), but there is no non-trivial definition for its
convolution product with itself, since

a
/ 1(t—7).1(r).dr =2a
—a

tends to +-00 as a — +oo. If € S(R”) and T € S’ (R™), then, for every test
function ¢ € S (R"™), the convolution product 1) x ¢ belongs to S (R™). Thus, we
can set:

(Tx1p,0) = (T, o).

We have the following relations (exercise):

T = (Tx9)", Aa)(Txv) =N (@)T)xep, 9*(T*9) = (9°T)x¢.

The above still holds when 1) is replaced by a distribution U such that U x ¢ €
S (R™) whenever p € S (R™).

DEFINITION 6.109.— We say that a distribution U is a convolutor (for S (R™)) if the
mapping ¢ — U x ¢ sends S (R™) continuously into S (R™).
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A convolutor function ¢ — 1 (t) satisfies the property that, for any integer k& > 0,

k/2
the function ¢ — (1 + |t\2) 1 (t) is bounded. It is clear that the set of convolutors

for S (R™) forms a complex vector space. By Theorem 6.2 and Remark 6.4(1), this
vector space contains £’ (R™) and S (R™).

DEFINITION 6.110.— The space of convolutors is written as O., (R™) and is called the
space of rapidly decreasing distributions.

By the above,

& (R™) + S (R") C O (R") € S’ (R).

If U € O, (R"), then U, A (a) .U, 3°U, mU belong to O, (R") (exercise). In
Theorem 6.112(v) below, we will see that the space of convolutors O (R™) is
isomorphic to the space Oy (R™) of multipliers, i.e. the space of slowly increasing
infinitely differentiable functions ([P2], section 4.4.1(V)).

Recall that the following conditions are equivalent: (i) the linear mapping 1" —
¢.T is a continuous endomorphism of S (R™); (ii) the linear mapping T + ¢.T is a
continuous endomorphism of S’ (R"); (iii) g € Op (R™), ie. g € £ (R™) and, for
every multi-index «, |0%¢| is bounded above by a polynomial. The space Oy (R™)
can be equipped with a locally convex topology presented in ([SCH 66], Chapter 7,
section 5) for which the multiplication x : O (R™) x Op (R™) — Opn (R™) s
continuous and Oy (R™) is complete, thus giving a complete topological C-algebra
([P2], section 2.8.3).

Similarly, O, (R™) can be equipped with a locally convex topology presented in
[SCH 66], Chapter 7, section 5) for which the convolution product x : O/ (R™) x
O. (R™) — O/ (R™) is continuous.

(VD) FOURIER TRANSFORMS IN &’ (R™)

DEFINITION 6.111.— The Fourier transform from S’ (R™) into S’ (R™) is the
transpose of F : S (R™) — S (R™), again written as F.

If T € 8’ (R™), then, for any test function ¢ € S (R™), write:
(FIT],9) = (T.F[¢l), (FI,9)=(T.Flgl).

THEOREM 6.112.— i) The Fourier transform is an automorphism of S’ (R™) whose
inverse automorphism F is the transpose of F : S (R™) — S (R™).

i) If o, € S(R™) and T € 8" (R™), then (F [T x ], ) = (T x 1, F [p]).
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iii) O, (R™) is the space of convolutors for S’ (R™), i.e. the linear mapping T —
T x U is a continuous endomorphism of S’ (R™) if and only if U € O, (R™).

iv) Opr (R™) is a C-algebra and O, (R™) is a convolution algebra.
v) The Fourier transform F is an isomorphism of locally convex spaces

Oy (R™) SO (R™) whose inverse isomorphism is F. If T € S (R"),
U € O (R™), then the exchange theorem holds:

F x T | = FUu .F[T].
~ — =

U
~—

S € c c
O.(R") S R") ] 0y R &R

PROOF.— (i) and (ii): See [P2], section 3.5.3. (iii), (iv): exercise. (v): Let 7' € S’ and
suppose that U is a distribution. Then:

TxUeS & F[T«xUleS < F[T].F|U] €S

But, for any test function ¢ € S,
(FITT.FUL, @) = (FIT], F[U].¢)
and [V € S, F[U].¢ € §] <= F[U] € Oypy. Similarly,
(Tx8,0) =(T,px5)

and [Vp € S,p+U € 8’| += U € O, <= U € O.. Finally, a net (U,) converges
to 0 in O/, if and only if (F [U,]) converges to 0 in O). The rest is clear. [ |

EXAMPLE 6.113.— 1) By Remark 6.99(2), F [§] = 1, so F[0%6,] = (2mim)” X5 :
v (2miv)® e 2miwT,

2) We have F [x»] = 6x, since F [55] = (0x,Xt) = X 50 0 = F F[é,\]] =
F [x»]- In “abusive notation”, this equality can be expressed as follows:

/ 2Tt gt — 5 (v — \) .

3) Withn =1, letey : t — et and write Y for the Heaviside function ([P2],
section 4.1.1(II), Example 4.4(4)). If X > 0, Flex. Y] = 377 © ¥ = 5595
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If A\ = 1, then e)\.T = Y is a tempered distribution whose Fourier transform is
p.. (27}“), where p.v. denotes the Cauchy principal value, namely the tempered
distribution such that, for every test function ¢ € S (R),

1 o o) e (v)
<p.v. (2mo> ,<p> N Eli%{r {/_OC 2miv v +/E 2miv vy

(VII) FOURIER TRANSFORMS IN L? (R") It is possible to show the following result
([TRE 67], Chapter 15, Corollary 3 of Theorem 15.3):

LEMMA 6.114.— Let Q be a non-empty open subset of R™. If p € [1, 00|, then D (Q2)
is dense in LP (QY), and in particular, S (R™) is dense in LP (R™).

THEOREM 6.115.— (Plancherel-Parseval) The Fourier transform F : S (R") —
S (R™) can be extended to an isometry from L* (R™) onto L* (R") whose inverse
isometry is F. In other words, if f,g € L* (R™), then

FULFlay = )y = [ TOglt)a

PROOF.— This theorem follows from Corollary 6.107 and Lemma 6.114. |

REMARK 6.116.— Let f € £2 (R™) and suppose that (B},) is a sequence of bounded
measurable subsets of R™ satisfying By, € DBy41 and Uk By = R™ Let
gk (V) = fRn fi (t) .xu (t).dt, where fi, = f.1lk, 1y denotes the characteristic
function of By ([P2], section 2.3.3(IIl)). Since f, € L' (R™), g is uniformly
continuous, bounded and zero at infinity (Theorem 6.96). Thus, F (f] is the limit in
L?(R"™) of the sequence of functions (gi). This reasoning shows that
L' (R™) N L? (R™) is dense in L* (R™) and that the Fourier transform defined in
L? (R™) extends the Fourier transform defined in L' (R™).

(VII) FOURIER TRANSFORMS IN &’ (R™) The next result presents recent
developments in “time-frequency” approaches and the importance of wavelets
[FLA 98]:

THEOREM 6.117.—- &' (R") N F [€' (R™)] = {0}.

PROOF.—- If T € &' (R™), f := F[T] can be extended to an entire function in C”
by Remark 6.99. Hence, f is analytic in R™ ([P2], sections 4.3.2(I), (ID)). If f €
&' (R™), then f is compactly supported and hence zero by the principle of analytic
continuation!2. [ |

12 We can further specify F [’ (R™)] using the Paley—Wiener—Schwartz theorem (see the
Wikipedia article on the Paley—Wiener theorem).
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6.5.3. Fourier series and Fourier transforms on the torus

(I) FOURIER SERIES EXPANSION OF A FUNCTION Write (P (Z™) for the space
LP (Z™, myn) (with Convention (C3), section 6.2.2(IT)). Thus, [P (Z™) is a Banach
space equipped with the norm N, (a) = (3, czm |ak|p)1/p if p € [l,o0],
No (a) = suppegn |ag| if p = oo, and [? (Z™) is a separable Hilbert space ([P2],
section 3.10.2(VII)). Write ¢y (Z™) for the space of sequences of complex numbers
a = (ag)yezn such that lim) o ar = 0 this is a closed subspace of the Banach
space [>° (Z™) (exercise) and co (Z™)" = [* (Z™) ([YOS 80], Chapter 4, section 9,
Example 1). There are continuous canonical injections [P (Z") < 19(Z")
(1<p<g<oo)and? (Z™) — co (Z™) — 1> (Z"™) (1 < p < o) (exercise).

Leta € ! (Z™). The trigonometric series

=3, e ™ =3, a0

converges uniformly and is therefore a continuous function in R™.

LetT = (T1,...,T,) € (RY)". A function f : R” — C is said to be T-periodic if
X (T).f = f. After normalizing, the study of T-periodic functions can be reduced to
the study of (1, ..., 1)-periodic functions; the same is true for distributions. To simplify
the notation and the terminology, simply write 1 for the unit period (1, ...,1) and say
that a 1-periodic function is periodic.

If a € ['(Z"), then F[a] is clearly a periodic function. Writing I for the unit
hypercube [—1/2,1/2]" and Cj(R™) (respectively C/" (R™)) for the space of
continuous periodic functions (respectively periodic functions of class C™), we
therefore have F [a] € C1 (R™).

Write £} (R™) for the space of periodic functions f : R™ — C that are integrable
on I. For every k € Z", we can calculate the integral

Flfl, = /Hf(t) 2R gt = /f(t) Xk (1) .dt, [6.12]

I

and | F [f],| < Nix(f), where N1p(f) = [;|f ()| .dt. The same reasoning as the
proof of the Riemann-Lebesgue theorem (part (4) of the proof of Theorem 6.96)

shows that lim oo F [f], = O (Riemann summability theorem). Clearly, F [f],
only depends on the restriction f|; € L!(I). We have therefore obtained the
following result:

LEMMA 6.118.—Let f € Li(R") or f € L*(I). Then, F|[f] € co(Z") and
Noo (F[f]) < N1z (f)-
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In [6.12], we can of course replace the hypercube I by any other unit hypercube of
the form [—1/2 + a,1/2 4 a]”, @ € R. Analogously to Definition 6.97, consider the
following definition:

DEFINITION 6.119.— The operator F : I' (Z") — C1(R") : a +— Fa] is called
the Fourier transform in [! (Z™). The operator F : L} (R™) — co (Z") (respectively
L' (I) — ¢ (Z")) is called the Fourier cotransform in L (R™) (respectively L' (I)).

The F [f], (k € Z™) are called the Fourier coefficients of f € L] (R") (respectively
fe L)

By Theorem 6.20, I! (Z™) is a convolution algebra whose convolution product
¢ = axbis given by

Cr = Z ak,l.bl.

lezm

THEOREM 6.120.— Parts (1) and (2) of Lemma 6.98 remain valid in this new setting,
mutatis mutandis, as well as the statement of Theorem 6.100; furthermore, if f €
WL (T)13, then, for any multi-index 3 such that |3| < m, the following relation
holds, analogous to [6.11]:

(—2mim)” F[f) = F [0°f],
where (—2mim)” F [ f] denotes the sequence k — (—2wik)" . F e

DEFINITION 6.121.— Let f € L1 (R™). The (possibly non-convergent) trigonometric
series (F o F) [ f] is called the Fourier series expansion (or Fourier series) of f.

Inthecasen = 1, I = [—%, %] two of the most important results concerning
pointwise convergence are as follows ([KHO 72], Volume 2, Chapter CB, section IV.2;
Chapter CC, section 1V.6):

THEOREM 6.122.— i) (Fourier—Dirichlet) Let f € L' (R) be a function of locally
bounded variation ([P2], section 4.1.7(I1)). Then, for every t € R, the principal value
(Example 6.113(2))

+oo
D.v. Flflw) xy (t) .dv =

— 00

[f () + f ()]

N |

converges uniformly (with respect to T) on any compact interval where [ is
continuous.

13 The space W™ P (I) is the Sobolev space defined in section 6.5.2(II), replacing R™ by I.
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ii) (Jordan—Dirichlet) Let f be a periodic function of locally bounded variation
and write F [f], (k € Z) for its Fourier coefficients. For every t € R, the principal
value

[f (t4) + f (£-)]

NN

“+oo
pv. Y Flflyxe(t) =

k=—oc0

converges uniformly (with respect to t) on any compact interval where f is continuous
400 . k
(where pv.y ;=" =limp_qoe > 4)

COROLLARY 6.123.—i) If f € L'(R) (respectively L (R)) is continuous and
locally of bounded variation, and if F [f] € L' (R) (respectively F [f] € I' (Z)),
then (F o F) [f] = .

ii) In particular, if f € C? (R) (respectively f € CZ (R)), then (F o F) [f] = f.

PROOF.— We will give the reasoning in the case of a Fourier series expansion. (i):
Since F [f] € ' (Z), the series s = 3 °° __ F [f],. -xx is normally convergent, and,

by the Jordan—Dirichlet theorem, s (t) = ¢ for every t € L. (ii) We have f € W21 (I)
and the second derivative is continuous and hence bounded. Therefore,

7[f]:0<ﬁ) for |k| — oo, and F [f] € I* (Z). [ |
REMARK 6.124.— Let f : R — C be a T-periodic function (T > 0) that is integrable
on [=T/2,T/2]. Its Fourier coefficients and Fourier series are, respectively, given by:

T/2

Flfl, = %/ F(t).eFiktay NTF(f], e Fik

—-T/2 keZ

The reader is invited to generalize these expressions to the case of a T-periodic
. n
function on R™, where T = (T, ..., T,)) € (RY)".

(IT) PERIODIC DISTRIBUTIONS AND DISTRIBUTIONS ON THE TORUS Let U €
D' (R")and T = (T, ..., Tp,) € (RY)".

DEFINITION 6.125.— The distribution U is said to be T-periodic if \ (T) .U = U.

As above in (I), we normalize first to ensure that 7' = (1,....,1); this period is
denoted 1, and we say that U is periodic. Write Dj (R™) for the space of periodic
distributions on R™ and & (R™) (respectively & (I)) for the space of functions that are
infinitely differentiable and periodic in R" (respectively the space of functions that are
infinitely differentiable in the unit hypercube I (see (I))).

It can be shown that Dj (R™) is contained in the space S’ (R™) of tempered
distributions ([VLA 79], Chapter 2, section 7.1). Let T™ be the torus (R/Z)" and
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p : R™ — T" the canonical surjection. Every periodic distribution U € Dj (R™) is
the preimage (section 5.2.1(VIII)) p* (U ) of a uniquely determined distribution
U € D(T") on the torus T", said to be associated with U. We have
&' (T™) = D' (T™), and, since every compactly supported distribution is tempered,
D’ (T™) is once again the space S’ (T"™) of tempered distributions on T™; similarly,
S(T") = D(T"). Hence, the mapping U > p* (U ) is an isomorphism from
S’ (T™) onto D} (R™), and (p*)~" : U ~ U denotes its inverse isomorphism.
Likewise, there exists an isomorphism (p*) " & (R™) — E(T™) : f — f, where
f () = f (t) for i the canonical image of ¢ € R™ in T".

(ITI) THE SPACES S (Z") AND &' (Z™) Write S (Z™) for the space of “rapidly
decreasing” complex sequences a = (ax)jcyn. i.€. such that, for every j > 0,

|k:|j la,| — 0O for |k| — oo. This space, equipped with the increasing filtrant
sequence of seminorms

g (a) = D (14 [K)™ lax|

keznr

is a nuclear Fréchet space ([TRE 67], Chapter 51, Theorem 51.5). In light of Remark
2.40(5), S(Z") is precisely the space of declining functions on Z™ ([P2], section
4.3.1(11D)).

Write S (Z") for the space of “slowly increasing” sequences a = (a)jczn» i-€.
for which there exists j > 0 such that |a;| = O (|k\]) The space S’ (Z™) is the dual

of S (Z") (exercise); it is therefore the space of tempered distributions on Z™ ([P2],
section 4.4.1(I)); this is a Silva nuclear space equipped with the strong topology ([P2],
section 3.11.3(II)). In particular, S (Z™) and S’ (Z") are reflexive. The duality bracket
(—, =) : 8" (Z") x §(Z™) — Cis given by

(bya) = Y br.ay.

|k|<oo

(IV) FOURIER SERIES EXPANSION OF A DISTRIBUTION

LEMMA 6.126.— The series U = ), ;. ¢ Xk, converges in S’ (R™) if and only if
¢ = (ck)pegn belongs to S’ (Z™), in which case U is a periodic distribution
(belonging to Dj(R™)), which can be uniquely associated with the distribution
U = (p*) " (U) on the torus T™ given by U = > kez Ch-Xk-

PROOF.— Let ¢ € S (R™). Then, (X%, ¢) = F [¢] (k) by [6.9]. We know that F [¢] €
S (R™). The series Y c,.F [¢] (k) is therefore absolutely convergent if and only if
¢ € &' (Z™) (exercise). The sum U is therefore the tempered distribution ¢ +—
> . F ] (k). We have A (1) X% = X%, so U € Dj (R™). |
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THEOREM 6.127.— 1) Let U € S' (T™) and

F [U}k - <U,Xk>. [6.13]
Then
U= _F [U} X [6.14]

2) The correspondence F : U — (? [U ]k) in the expression [6.13] is an

isomorphism from S’ (T™) onto S’ (Z™) whose inverse isomorphism is

Filew) = >k Xn (6.15]
keZ

PROOF.— By Lemma 6.126, if ¢ € S’ (Z™), then Z ¢k X converges to a distribution
keZ
U € 8 (T™). Conversely, assume that every distribution U € S’ (T") is of this form

(see ([SCH 66], Chapter 7, section 1, Theorem I)). Now, let F [U } A be given by 6.13,

where U = Z ck-Xk- Then:
kEZ

F {UL - ZZEZ c /e%i(k_l)'tdt = Ck- "
I

DEFINITION 6.128.— The expression on the right-hand side of 6.14, namely
(]—' o 7) {U} is called the Fourier series expansion (or the Fourier series) of U, and

the F {UL are called the Fourier coefficients of U. The correspondence

F o 8(2Zr)>8'(T") is called the Fourier transform in S'(Z"), and
F : 8 (T™) 58’ (Z™) is called the Fourier cotransform in &’ (T"™).

EXAMPLE 6.129.— Consider the 1-periodic signal U : t — A.e™ ™, A € C. Its
Fourier coefficients cy, (k € Z) are given by:

1/

2 .
Cr = APkt gt — {A ifk =0

s 0ifk #0
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(V) POISSON SUMMATION FORMULA Consider the Dirac comb @ : S (R™) > ¢ —
(@, @) = > pezn v (k) ([P2], section 4.1.5(VII)). This is a periodic distribution, and

Flelw) =, . nX) =) e =3 W),

which gives the following equality in S’ (R™):

Flawl =), . X [6.16]

Furthermore, F [w0], = (w0, X&) = (0, X&) = 1, so
w = ZkEZ" 1Xk — w = ZkEZ" Xk
which gives us:

THEOREM 6.130.— (Poisson summation formula) We have F [w] = w. Equivalently,
for every function ¢ € S (R™),

SO Flel (k) =D e (k)

kezn keznr

The Poisson summation formula still holds if ¢ € W' (R) ([BOC 59], Chapter 2,
section 10, Theorem 10a). Other sufficient conditions for this formula to hold are given
by Theorem 6.150 below in a more general setting.

(VI) HILBERTIAN INTERPRETATION If a = (ag),czns 0 = (b)jczn belong to
the Hilbert space % (Z") of complex square-summable sequences on Z", consider
their scalar product ([P2], section 3.10.2(VID)) (a|b) = ", .. Gk.bx. According to
Theorem 6.127(2), with « = F [a] , B = F [b], by abuse of notation,

(alb) = > / a(t).6 (1) .2k Ttk gt dr,
kezn Y IxI

and, by [6.16], 3", . 2™ (T7t=R) =57 6 (t+k — 7). Hence:

(a|b) = (Fa] |F [B]) = /]I Fla]().F b (t) .dt. [6.17]

The Stone-Weierstrass theorem implies that the family {x} wezn 18 total ([P2],
section 3.2.2(II1)) in L2 (I) ([DIE 93], Volume 1, (7.4.3) and Volume 2, (13.11.6)).
It immediately follows that (xx|x;) = 1if k& = [ and 0 otherwise, which gives the
following result:
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THEOREM 6.131.—1) The Hilbert space L?(I) of Lebesgue classes of
square-summable functions on 1 is separable and admits the Hilbert basis { X1} czn;
furthermore, [6.17] is the Bessel-Parseval equality ([P2], section 3.10.2(VI)).

2) The Fourier transform F : I? (Z") — L?(I) is an isomorphism of Hilbert
spaces whose inverse isomorphism is F : L* (I) — 1? (Z") (Theorem 6.127(2)).

The reader is invited to formulate an analogous result for Remark 6.116.

(VII) REMARKS ON THE CONVERGENCE AND RECIPROCITY THEOREMS We
have seen that the Fourier transform is an isomorphism from S (R™) onto S (R™),
from S’ (R"™) onto S’ (R™), from L? (R™) onto L? (R"), from &’ (Z") onto S’ (T")
and from [? (Z") onto L? (I) whose inverse isomorphism is F in each case. We also
saw that the Fourier transform of a function f € £ (R™) is a uniformly continuous
function that is zero at infinity (Riemann-Lebesgue theorem).

Consider again I = [-1/2,1/2]. In 1926, A. Kolmogorov showed that there
exists a function f € £! (I) whose Fourier series diverges at every point ([KOL 77],
Chapter 8, section 1). L. Carleson showed in 1966 that, if f € L2 (I), then the
Fourier series (.7-' 0?) [f] of f converges to f almost everywhere [CAR 66]; this
result was extended by R. Hunt in 1967 to any function f € £? (I) for p € |1, +o0]
(Carleson—Hunt theorem) [HUN 67]. Conversely, J.P. Kahane and Y. Katznelson
showed in 1966 that, for every set ' with zero measure in I, there exists a continuous
function f on [ whose Fourier series diverges at every point of FE
(Kahane—Katznelson theorem) [KAH 66].

6.5.4. Fourier transform on a locally compact commutative group

(I) Let G be a locally compact topological group that is countable at infinity, equipped
with a Haar measure mg (Remark 6.15 and Convention (C3), section 6.2.2(II)). Write
L? (G) for L? (G, mg;C) (p € [1,0)).

(IT) REGULAR REPRESENTATION OF A LOCALLY COMPACT GROUP Let G be a
(not necessarily commutative) locally compact unimodular group (Lemma-Definition
6.11) and $) a Hilbert space. Write U ($)) for the group of unitary endomorphisms of
) ([P2], section 3.10.3(I)).

DEFINITION 6.132.— A unitary representation of G in ) is a homomorphism of groups
U: G — U(9) ([P2], section 3.10.3(I)) such that, for every x € $), the mapping
g — U (g) .x from G into $) is continuous. The (finite or infinite) dimension of ) is
said to be the degree of U.

DEFINITION 6.133.— A unitary representation U : G — U(9) is said to be
irreducible if $ is the only non-trivial closed subspace of $) that is stable under U.
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Two unitary representations U; : G — U ($1) and Uy : G — U (£)3) are said
to be equivalent if there exists an isomorphism of Hilbert spaces T' : £;—$)2 such
that Uy (g) = T.U; (g) .T~! for every g € G. The trivial representation of G in ) is
the constant mapping g — 1, and a scalar representation is a scalar multiple of the
trivial representation, i.e. a representation of the form ¢ — u (g) .15, whereu (g) € C
and [u(g)| = 1.

DEFINITION 6.134.— The regular (left) representation of G is the representation X :
z— X(z) of G in L? (G), where X (z) f -y — f (7 y).

The regular right representation p is defined in the same way; in the following,
every regular representation is a left representation.

Let (Z, 7) be a measure space ([P2], section 4.1.1(IT)) and, for every z € Z, let U,
be a unitary representation of G in a Hilbert space ... The family (U.), ., is called a
field of unitary representations. Suppose that the field (). ), , is m-measurable, and
consider the continuous sum of Hilbert spaces $ = f 7 9)2.dm (z). With the notation
from [P2], section 4.1.8, if the functions z — $),.c?, are all m-measurable, then there
exists a unique unitary representation of G in ) such that the relation g = U.f is
equivalentto [g, = U,.f,,Vz € Z]. We say that U is the continuous sum of the unitary
representations U, writing that

U= /ZUz.dw (2).

The central problem of harmonic analysis on a locally compact group G is to
study the continuous sum decomposition of the irreducible unitary components of the
regular representation of G.

This allows us to interpret the Fourier transform and Fourier series. Indeed:

1) If G = R"™ (case of a Fourier transform), then 7 = R", 7 :7>\®”, 9, =
Coxy 2 C,s0X(7).f =% (1) .fif f € H5,.If f € L2 (R") satisfies (F o F) (f) =
f, then

AD 0= [ () 0 0 F I 0)dv
€9y

SO\ = fRn Xv-dv, where the X, are unitary irreducible representations of R".

2) If G = T" (case of a Fourier series), then Z = Z", « is the Haar measure
on Z" such that = ({k}) = 1 for every k € Z" (Convention (C3), section 6.2.2(I)),
Ok =Coxx 2C, 50N (7).f =Xk (7).fif f € 9. If f € £L2(T") is equal to its
Fourier series, then

A )= X () xe () FLf] (k)

n
kEZ cHr
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SO X = ), czn Xk» Where the X are unitary irreducible representations of T".

(IIT) CHARACTERS OF A LOCALLY COMPACT COMMUTATIVE GROUP

DEFINITION 6.135.— A unitary character of a commutative locally compact group G
is a morphism of groups x : G — U, where U is the multiplicative group of complex
numbers with unit modulus.

__ In the following, the term character always denotes a unitary character. The set
G of characters of G is the commutative group US; equipped with the topology of
compact convergence, G is a locally compact group ([BOU 67], Chapter 2, section
1.1, Corollary 2)!4 that is metrizable, separable and countable at infinity if G is
metrizable and separable ([DIE 93], Volume 6, (22.10.3); [BOU 67], Chapter 2,
section 2, Exercise 1).

DEFINITION 6.136.— The locally compact commutative group G is called the dual
group of G.

The locally compact group G can be equipped with a Haar measure mg. It is
possible to show the following result ((BOU 67], Chapter 2, section 2.1, Corollary 2).

THEOREM 6.137.— Let G be a locally compact commutative group. The following
conditions are equivalent:

i) G and G are generated by compact neighborhoods of their neutral elements
(see Lemma 2.80 and the beginning of section 6.2).

ii) G is isomorphic to an “elementary group”, i.e. a product RP x Z2 x T" x &,
where ® is a finite commutative group (p, q,r are necessarily unique and ® is unique
up to isomorphism).

iii) G is isomorphic to an elementary group.

If the group G above is connected, then it is isomorphic to RP x T". If it is simply
connected, then it is isomorphic to RP.

LEMMA 6.138.— For any character x € G and every v € G, we have x (x_l) =
X (z).

PROOF.— For every z € G, we have 1 = x (e) = x (z7'.z) = x (z7!) .x (2), so
X (@)~ =X (@). u

14 This group should not be confused with the completion Gof G ([P2], section 2.8.1(I)).
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In the following, for every « € G and every character T € G, write (Z, z) for the
complex number T (x); we say that (—, —) : G x G 3 (Z,z) — (Z,x) € C* is the
duality bracket.

(IV) FOURIER TRANSFORM AND COTRANSFORM

DEFINITION 6.139.— The Fourier transform of a function f € L' (G) is

Flf]:G3F— /(;m.f(x).dmg(x),

and the Fourier cotransform of ¢ € L} (é) is

:fM:Gaxkéégﬁw4ﬂ®dma@)

This definition generalizes:

1) Definition 6.97 when G = G = R" and (%, z) = e2miv.e,

2) Definition 6.119 when G = Z", G = T" and (Z,z) = e2miva,
Theorems 6.100, 6.120, 6.105 and Lemmas 6.98, 6.118 can be (partially) generalized
as follows:

THEOREM 6.140.— 1) If f,g € L (G), then

Flfxgl=FI[f].Flgl, (6.18]
FX(@).fl= @ 2).F[f], z€G, [6.19]
Flf1=Ff- [6.20]

2) The Fourier transform is injective from L' (G) into C (é), where C (é) is

the algebra of continuous functions that are zero at infinity on G (Definition 6.19).
Writing ffor? :x —> f(xz~1), [6.20] can be rewritten as:

F m = F17]. [6.21]
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DEFINITION 6.141.— Let A be a C-algebra. An involution of A is a bijection x — x*
from A onto itself satisfying the following conditions:

(@) =2, (2+y) =2 +y, a) =a', (wy) =y ",
An algebra equipped with an involution is said to be an involutive algebra.

The bijection f — f from L' (G) onto L! (G) is an involution of the convolution
algebra L' (G) (exercise).

Plancherel’s theorem ([BOU 67], Chapter 2, section 1.3, Theorem 1) shows that, if

f €LY (G)NL%(G), then F[f] € L? (é) The Haar measure mg can be uniquely

chosen in such a way that the Fourier transform can be extended to an isometry from

L?(G) onto L? (é) (see Theorem 6.115 and Remark 6.116). If the measure m is

chosen in this way, we then have the following result, analogous to Theorem 6.115
and the Bessel-Parseval equality [6.22]:

THEOREM 6.142.— (Plancherel) If f, g € L*(G.), then Parseval’s equality holds:

/G f (2) g (@).dmg (x) = /afm @) Flgl @).dmg (). [6.22]

We will see that Plancherel’s theorem can be used to determine the inverse Fourier
transform.

LEMMA 6.143.— The vector space A(G) generated by the [ x §
(f.g€ L' (G)NL2(G)) is an ideal of the convolution algebra L' (G) that is
dense in L* (G).

PROOF.— If fig € L'(G) N L*(G), then § € L'(G) n L?(G) and
f*3 € L' (G)N L% (G) by Theorem 6.20(1). Let (V},) be a sequence of compact
neighborhoods of e in G such that V, € Vj41, ﬂ Vi = {e}; since the topological

space G is locally compact and countable at inﬁ];lity, it is paracompact, and hence
normal ([P2], section 2.3.11)), and there exists a sequence of continuous real
functions () such that vy (x) > 0, supp (vx) C Vi, vk (x) = 1 for every € Vj41;
leter = v/ (g (@) dmg). Then, [ ek () .dmg = 1,6, € L' (G) N L? (G),
(ex) — ¢ in the vague topology ([P2], section 4.1.5(IV)) (exercise) and, if
h € L?(G), then (exxh) — h ([DIE93], Volume 2, (14.11.1)). But
erxh € L' (G)N L% (G), and hence A (G) is dense in L? (G). [ |

DEFINITION 6.144.— The mapping 1 : = — [(—,z) :Z — (Z,z)] is called the

canonical mapping from G into its bidual G.
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THEOREM 6.145.— Let f € A(G); then f € Co(G) (Lemma 6.20(2)), F[f] €
Lt (G) and the Fourier inversion formula f (z) = F o F [f] (z),Vx € G, holds, so

f=(FIFf)en (6.23]

This formula also holds for every function f € L? (G) such that F [f] € L' (G),
in which case, the function f is mg-almost everywhere equal to the continuous and
bounded function on the right-hand side of [6.23].

PROOF.— Let f,g € L' (G) N L? (G) and suppose that b = X (z) (f x ), so that
h(z) = (f ) (e). By [6.19],

Fh] (@) = (@,2).F [fxg] (@) = Ff 3] (@) = (¥,2) .F[h](@)
= (@, 2) F[h] (&) = F[f 9] (¥) = (@, 2) .F[h] (Z).

The left-hand side of Parseval’s equality [6.22] is equal to (f x ) (¢) = h (x). By
[6.18] and [6.21],

Flfxgl (@) =F[fl().Flg] () = F[f] (@) .F[g] ().
Hence,
/]—" F@).dmg (7 /ff*g ) ding (7)

_ /a (7,2) F[h] (3) dmg (3). [6.24]

To conclude, it suffices to use the denseness of A (G) in L? (G) (Lemma 6.143).1

REMARK 6.146.— In the above, we deduced the Fourier inversion formula [6.23] from
Parseval’s equality [6.22]. Conversely, starting from [6.23] with h = f % g, we can
deduce [6.22] by explicitly finding h (e).

(V) THE DUALITY THEOREM It is possible to show the following fundamental result
([BOU 67], Chapter 2, section 1.5):

-~
=

THEOREM 6.147.— (Pontryagin—van Kampen) Let mx be the measure on G
G

associated with mg. The canonical mapping n from G into G (Definition 6.144) is
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an isomorphism of topological groups that transforms mg into m=. After identifying
G

G and G with this isomorphism, the Fourier cotransform from L? (é) onto L*? (G)

and the Fourier transform from L? (G) onto L* (é) are inverses of each other.

Examples

1) The group R™ is dual to itself under the “duality bracket” (—, —) : R” x R” —
C: (z,2) > iz,

2) The dual of a discrete group is compact and vice versa.

3) In particular, the groups Z" and T™ are dual to one another under the duality
bracket (—, —) : Z" x T — C : (Z, &) > €™ where i is the canonical image of
z € R"inT".

4) Any finite commutative group ® is a finitely generated Z-module that is
isomorphic to a direct sum of cyclic groups ([P1], section 3.4.2(III)). This group is

compact when equipped with the finite topology ([P2], section 1.1.12(IT)).

If @ is cyclic of order N, let g € ® be an element of order N and ( = 2™/ N;
if x € @, then x (g) = ¢}, for some unique integer j such that 0 < j < N, and
x (9™) = x (9)™, so x is determined by the value x (g). Conversely, if 0 < j < N,
we can define by x (g™) = ¢&™, and x (g) = 4. Hence, j + ¥ is a bijection from
{0,...,N — 1} onto ff), a group that must therefore be of order /N and isomorphic to

®. Thus, (z,2)" = 1.

In the general case, if & = @ ®,, where A is a finite set and each group ®,
A€EA
is cyclic, the direct sum (or coproduct) is an inductive limit, so Homy, (®,C*)

H Homy, (®5,C*) (where C* is the multiplicative abelian group GL; (C) of

AeA
non-zero elements of C), since the functor Homyz, (—, C*) is left exact ([P1], sections

1.2.8(I), (II)). Hence, P =~ ®, again with (7, m)N = 1, where N is the order of ®.
The group @ is equipped with the finite topology.

Let f: ® — C; then

> fx).e

zed

o~

27i

— Y Flf)@) ¥ =N.f(x),
Ted
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where mg ({z}) = 1, since ® is discrete (Convention (C3), section 6.2.2(II)) and
hence, given a function ¢ : & — C,

Flel(@) = [ (@0) o (@) g @),
where mz (&)) = 1, since ® is compact (Convention (C3)), so m ({z}) = 1/N15.

The characters of the group U (Z/mZ) (group of units of Z/mZ) are called the
Dirichlet characters modulo m; they play an important role in number theory
([IRE 90], Chapter 16).

Returning to the reasoning from section 6.5.3(III), we see that S (P) = S’ () =
CN'. Since this space is finite-dimensional, it is clearly nuclear.

Let us see how the above results can be interpreted according to (II):

Let Z = G, m = mg, 57 = C.(Z,.). so A(2).f = (@,2).f if f € H If
f € L2 (G) satisfies (F o F) (f) = f, then

Az).f () = /a G2). (@) Ff) @).dmg (@),
€N~

so X = [q (7, .).dmg (Z), where the (z,.) are irreducible unitary representations
of G.

This establishes the next result, explaining the simplicity of commutative harmonic
analysis:

COROLLARY 6.148.— On a locally compact commutative group, every unitary
irreducible component of the regular representation is of degree 1 (Definition 6.132).

THEOREM 6.149.— Let G be an elementary group [],.,., Gi, where G; = R?,
Gy =71 Gs = T" and G4 = P, and let G = H1<i<4(/}\i be its dual group.
Setting S' (G) = ®1/<7<4S’ (Gy), the Fourier transform F is an isomorphism from
S (G) onto S’ (é) determined by the four isomorphisms F : 8’ (G;) = S’ (C/}\Z)
presented in sections 6.5.2(VI), 6.5.3(IV) and Example 3 above. lIts inverse
isomorphism is F, which is determined by the four isomorphisms F : S’ (é:) —
S (Gy).

15 There is an ambiguity here: we assumed that ® is discrete and P is compact, but the reverse
is also possible. The key observation is that, for a finite group, duality works according to
compact <— discrete, and never compact <—> compact, nor discrete «— discrete.
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PROOF.— The expression S’ (G) = @48’ (G;) is similar to [5.3] (section
52.1(VID). An arbitrary element of &, ,,S (G;) is of the form

dies ®Z T/, where J is finite and 7/ € S’ (G;). Thus, F (®?:1 TZJ) = ®f:1
F (Tf ) (“Fubini-Tonelli theorem”), so F <Zje J ®?=1 Tij ) = > je J®?=1
F (7). Hence, (S (G)) = @, <ies (S (Gi). But F (S (Gi) = §' (G,
0 F(8'(G) = Qr,esS' (Gi) = 8 (G). u

(VI) GENERALIZED POISSON SUMMATION FORMULA Let G be a locally compact
commutative group and write G for its dual. We say that two elements z € G, T € G
are orthogonal if (z, x) = 1. If H is a subgroup of G, then the set H* of elements of
G that are orthogonal to every element of H is a subgroup of G, and (HL)L =H

(closure of H in G). The orthogonal complement of {e} is G and the orthogonal
complement of {€} is G (exercise).

Let H be a closed subgroup of G, write L = G/H, suppose that mg and myy are
Haar measures on G and H, respectively, and let my, = mqg/mpg (Theorem 6.14).

Then, G//T{ can be identified with H' and mp, can be identified with a Haar measure
on H'; we also have the following result ((BOU 67], Chapter 2, section 1.8,
Corollary):

THEOREM 6.150.— Let f € L' (G). Suppose that (i) the restriction of F [f] to H*
is integrable, (ii) for every g € G, the function h — [ (g.h) is integrable on H and
(iii) the integral fH f (g.h) .dmg (h) is a continuous function of g. Then, the Poisson
summation formula holds:

/ Fh) dmg ()= [ FLA(1) .dwg, (1),
H HL

6.5.5. Overview of non-commutative harmonic analysis

In this section, every group is a real, unimodular, metrizable, separable, locally
compact Lie group.

(I) VON NEUMANN ALGEBRAS Let $ be a complex Hilbert space and, if
u € End (), write u* for its adjoint ([P2], section 3.10.3(I)). The mapping u +— u*
is an involution of End () (Definition 6.141). An algebra A C End () is a von
Neumann algebra (or W¥*-algebra) if it is stable under the involution v ~— u**
and A = A ([SCH99], Chapter 6, section 4.3); we know that
u|® = |Ju.w*|| = |Ju*.ul| ([P2], section 3.10.3(IL)); we say that A is a star algebra
(or C*-algebra). If u € A, write u > 0 if u is positive self-adjoint (ibid.), and write
A for the set of such endomorphisms. Furthermore, write v < u if w — v > 0; this
determines an order relation in A .
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A trace of a von Neumann algebra A is a mapping Tr : A — [0, +0o0] (with the
convention 0. (4o00) = 0) such that

Tr{u+v}=Tr{u}+Tr{v}, Tr{lu}=ATr{u}, Tr{uvw*}="Tr{u"u}.

A trace is said to be faithful if Tr{u} = 0 = u = 0 (u € A,), finite if it only
takes finite values in A and semi-finite if, for every u € A,

Tr{u} =sup{Tr{v}:0 < v <u,Tr{v} < +oo}.

A von Neumann algebra A is said to be finite (respectively semi-finite) if there
exists a finite (respectively semi-finite) trace that is not identically zero on A,. It
is said to be a factor if its center 3 (A) reduces to the scalar operations ([SCH 99],
Chapter 6, section 8), i.e. 3 (A) = C.15. On a factor, the trace, if it exists, is uniquely
determined up to multiplication by a real number > 0 ([DIX 81], Chapter 1, section
6, Corollary of Theorem 3).

EXAMPLE 6.151.— 1) In the algebra M, (C), every matrix v € M,, (C) _ is of the
SJorm u*.u. The usual trace Tr on M, (C)) is faithful (Schur’s theorem), and 9, (C)
is a finite factor said to be of type I,.

2) If the Hilbert space $) is separable, we say that w € End(9) is a
Hilbert—Schmidt operator if. for a Hilbert basis (a,,), the series with terms ||u ()|
converges. If (by) is another Hilbert basis, then the series with terms ||u (b,)]?
converges. Write L ($)) for the set of Hilbert—Schmidt operators; this is an algebra
with the norm

1/2
ully == <Z ||u<an>||2> :

and L5 (9)) is an involutive Banach algebra for this norm. If u, v are Hilbert—Schmidt
operators, then u.v is a nuclear operator ([P2], section 3.11.2(Il)); conversely, every
nuclear operator is the product of two Hilbert—Schmidt operators, and every nuclear
operator T' > 0 can be written in the form u*.u, where uw € Lo (9)). Given such an
operator, the series

Tr(T) =Y (T.anlan)

n

converges; it is called the trace of T ([KOT 79], Volume 2, section 42.6; [DIE 93],
Volume 2, section 15.11, Exercise 7). If $) is infinite-dimensional, then the algebra
Lo (9), equipped with this trace, is a semi-finite factor, said to be of type 1.
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Factors of type I,, or I, are said to be of type I. There are other, more complicated
factors of type I or I11.

(IT) NON-COMMUTATIVE GROUPS OF TYPE / — PLANCHEREL MEASURE The
Fourier cotransform on a locally compact group G is related to the irreducible
components of its regular representation A. These components are no longer always
of degree 1. It is possible to show the following result ([GOD 15], Chapter 11,
sections 6.23 and 8.28):

LEMMA 6.152.— (Schur) Let U be an irreducible unitary representation of G in a
Hilbert space $. If T € End (%)) commutes with every U (g) (g € G), then T is
a scalar multiple of 1g. Let U, U’ be two irreducible unitary representations of G
in the Hilbert spaces $,9'. If T : $ — 9’ is an operator such that T.U (g) =
V (g9).T,Vg € G, then T is an isomorphism of Hilbert spaces, and U, U’ are therefore
equivalent.

A theorem established by Gelfand and Raikov in 1943 also shows that every locally
compact group has a complete system of irreducible unitary representations in the
sense that, for every element g # e, there exist a Hilbert space $) and an irreducible
unitary representation U : G — Aut () such that U (g) # 1 [HIS 49].

Let G be a locally compact group, ) = L? (G), X the regular representation of
G in $ and A the von Neumann algebra generated by the A (g) .9, g € G. Schur’s
lemma shows that A is a factor, and Mautner showed in 1950 that we can decompose
A into the continuous sum

)\:/ U,.dr(z), .V):/.V)Z.dﬂ(z), [6.25]
z z

where each U, is an irreducible unitary representation of G in §), and each
A, = End($),) is a factor [MAU 50]. We have A (z.y) = A(z).A(y), so
U, (zy) = U.(2).U,(y) and U, (z7Y) = U, (z)"" = U (x), since U, (z) is
unitary.

DEFINITION 6.153.— A locally compact unimodular group is said to be of type I (or
“tame”) if each factor A, (z € Z) is of type I.

The class of locally compact groups of type I contains the finite groups, the
commutative groups, the compact groups, the semi-simple connected groups, the
nilpotent connected groups (section 6.4.3(I)) and every algebraic linear group
(section 2.4.1(VI)). However, there also exist “wild” discrete groups and solvable
connected groups [KIR 76]; these groups are not considered below.

For a group of type I, each A, (z € Z) is therefore equipped with a trace Tr,
(unique up to multiplication by a real number > 0), and the representations U, are
said to be factorial of type I. Furthermore, the measure space (Z, ) can be identified
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with the set G of equivalence classes of the irreducible unitary representations of G;
a “natural” topology can be defined on this set, in which case, 7 is a canonical Borel
measure ([P2], section 4.1.1(II)), called the Plancherel measure. The topological
space G is called the dual space of G (it is the dual group if G is commutative, in
which case the Plancherel measure is the Haar measure on G).

(IIT) FOURIER COTRANSFORM It is relatively straightforward to define the Fourier
transform and cotransform abstractly on a tame group; this was accomplished by Segal
and Mautner in the early 1950s [SEG 50, MAU 55].

Let f € L? (G) N L (G); from [6.25], writing 7 (z) for Uz (x), we deduce that:

FU] @) = /G 7 (1) .f () .dmg (z).

Setting § (CA}) = ng G A~ leads us to the following definition:

DEFINITION 6.154.— The Fourier cotransform is the operator F : L? (G)NL' (G) —

3(@) f e FLfL

The Hilbert space L? (é) =/ g Az-dm (2) is the space of m-measurable families
® = (®;)-_g such that [5 [|®4]|> .dm (7) < oo, where |||, is the Hilbert-Schmidt
norm on A; (Example 6.151(2)) and, if Tr~ is the associated trace (see (II)), the scalar
product on L? (6") is

(2,9) 1, g) = /a Tr;{fl%.\llg} dr (7).

Parseval’s equality establishes that the Fourier cotransform can be extended to an
isometry from L2 (G) onto L? (G); this allows us to invert the Fourier cotransform,

and hence define the Fourier transform by repeating the steps of the proof of Theorem
6.145. Thus:

THEOREM 6.155.-If f € A(G) (see Lemma 6.143), then f € Co (G), and, for
every x € G, the Fourier inversion formula (or Plancherel’s formula)

f(z) = (FoF) [f] (z) holds, where, for every function ¢ € § (é), we set:

Flo] (x) = /a Tr-{z" (z) . (2)} .dm (2). [6.26]
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By the denseness of A (G) in L? (G), the Fourier cotransform can be extended to
an isometry from L? (G) onto L? (@) (“Plancherel’s theorem™).

The difficulties (resolved by Harish-Chandra in the case of semi-simple Lie
groups) lie in explicitly determining the Plancherel measure.

(IV) CASE OF COMPACT GROUPS When G is compact, the theory is more
straightforward, since the dual space G is discrete and the irreducible unitary
representations Z all have finite degree d (Z), so are unitary matrices in 91 a(3) (©

([DIE 93], Volume 5, (21.2.3))16. The measure 7 is given by 7 (Z) = d (Z), and the
relation [6.26] therefore becomes:

Flel@) =) - qd@) . Tr{@" () o @)},

where Tr denotes the usual trace of a matrix. The character of G associated with the
irreducible unitary representation 7 is the continuous function x> = Tr{z} : G — U.

If f € A(G), then its Weyl character is O~ (f) = Tr {F [f] (Z)}, which gives us
Plancherel’s formula for any function f € A (G):

F)=) - ad@.0;(A(=z7").f). [6.27]

When G is finite, the above sum is finite.

REMARK 6.156.— 1) In the case of a semi-simple Lie group, we can similarly define
the Harish-Chandra character O~ (f) = Tr{F [f] (Z)} of a function f € D(G),
which gives us another Plancherel formula, generalizing [6.27]:

f@) = [ Oz (A™).f) x @).

2) The Fourier cotransform is “covariant”, since the exchange theorem states that

Ff 9] = F[f] .F lg]. By contrast, the Fourier transform is “contravariant”, since
F[f xg] = Flg] . F[f] (exercise).

16 See also the Wikipedia article on the Peter—Weyl theorem.
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Connections

I must admit that I found the book!, like most of Cartan’s papers, hard
reading. Does the reason lie only in the great French geometric tradition
on which Cartan draws, and the style and contents of which he takes more
or less for granted as a common ground for all geometers, while we, born
and educated in other countries, do not share it?

H. WEYL [WEY 38]

The distinguished services that Ricci and Levi-Civita’s absolute
differential calculus have provided and will continue to provide must not
prevent us from avoiding excessively formal calculations whose
superabundance of indices obscures an often very simple geometry
reality.

E. CARTAN [CAR 51] (Preface to the first edition)

7.1. Introduction

A connection C on a manifold M is a rule that connects the tangent spaces of two
infinitely close points. More precisely, according to E. Cartan, an affinely connected
manifold is a manifold whose tangent spaces are affine spaces (section 3.5.7(I))
together with a collection of transformation formulas (similar to those of the affine
space itself) that allow us to pass from a coordinate system in the tangent space
Tp (M) at a point P of M to a coordinate system in Tp4qp (M), where P + dP is
infinitely close to P. The term “affine connection” is due to H. Weyl ([WEY 52],

1 The book in question is [CAR 51].
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section 12). It was adopted by E. Cartan in an article that generalized the idea, while
also introducing the concept of torsion [CAR 25]. If we view T'» (M) as the space of
translations of our affine space (section 1.3.1(I)), we could instead say that C is a
linear connection?.

The opening quotes of this chapter suggest that there are at least two possible
formalisms, and even two possible approaches, to the study of connections. The
“superabundance of indices” decried by Cartan can be traced back to Riemann’s
Pariserarbeit (1861) ([SPI199], Volume 2, Chapter 4, Part C) and a later article by
Christoffel (1869) [CHR 69] but perhaps most notably the foundational article of
tensor calculus by Ricci and Levi-Civita in 1900 [RIC 00] (mentioned earlier in
section 4.1); geometrically, this article was supplemented in 1920 by L. Bianchi’s
rediscovery of the crucial equalities that bear his name3. It was further extended by
Levi-Civita in 1917 with the introduction of the notion of parallel transport
[LEV 17]; the intrinsic formulation of this idea was established by H. Weyl the next
year ([WEY 52], Chapter 2, footnotes 9 and 10). Of the manifolds equipped with an
affine connection, the most important to date for physics are the pseudo-Riemannian
manifolds equipped with their Levi-Civitd connection, which is determined by the
metric of the manifold and is torsion-free. In Einstein’s theory of general relativity
(1915), massive objects acted upon by gravity alone follow a geodesic in space-time,
which is a four-dimensional pseudo-Riemannian space deformed by the gravitational
field; this field is in fact identified with the spatial curvature.

After Einstein’s revolution, which elevated gravity to a distinguished role as the
only force to be geometrized, there were numerous attempts to unify gravity and
electromagnetism in a way that could reduce both phenomena to spatial geometry.
This inspired people to consider connections other than the Levi-Civita connection:
as early as 1918, H. Weyl imagined a connection with a “homothety curvature”
where the “length” of a connection changes under parallel transport ([(WEY 52],
section 35). Five-dimensional manifolds with a projective (or quasi-projective)
connection were considered by Kaluza and O. Klein (1921, 1926), Veblen (1930)
[VEB 33], Pauli (1933), P. Jordan (1947), and many other physicists ([LIC 55],
Book 2), ([TON 65], Book 2). Around 1950, Einstein ([EIN 54], Appendix 2), after a
wide and diverse range of attempts spanning more than 30 years, like Schrodinger
before him, considered a four-dimensional space-time equipped with a linear
connection with torsion similar to the one considered by Cartan in 1923-1925
[CAR 25]. While highly interesting mathematically, these theories all failed in
physics, partly because the orders of magnitude of the two phenomena differ too

2 Affine connections and linear connections (whose fundamental groups are A, (K) and
GL, (K), respectively) are closely related ([KOB 69], Volume 1, Theorem 3.3).

3 These equalities were originally stated by Ricci in 1889, communicated to E. Padova,
published by the latter without proof the same year, then forgotten until rediscovered by Bianchi
([LEV 27], footnote 1, p. 182).
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strongly (e.g. for an electron, gravity is much weaker than the electromagnetic force),
as well as, and most importantly, because the advent of quantum mechanics revealed
that the desired unification was a false problem. The real problem — today more than
ever as research into quantum gravity continues — is to unify the theories of general
relativity and quantum mechanics, so that there are now four fundamental forces
instead of just two (adding the weak and strong interactions to the ranks of gravity
and electromagnetism), which requires the smooth space of relativity to be reconciled
with the discrete space implied by Heisenberg’s quanta and uncertainty principle.
Today (as of 2019), we still do not know whether this unification is possible. Pauli
himself, toward the end of his life, expressed his full skepticism with an ironic twist
on the words of the gospel: “What God has split apart, let no man unite”. If any such
unification ever should prove possible, it will no doubt heavily draw from the
geometric theories described above, which, according to the latest developments in
analysis, can all be viewed as variations on the theme of “principal connections”
(section 7.3.6) and, more specifically, “Cartan connections” (section 7.3.10).

Both types of connection were originally proposed in the work by E. Cartan in
1922-1926 [CAR 23, CAR 24, CAR 25, CAR 26]; they unify the notion of parallel
transport and the idea expressed by F. Klein in his Erlangen program* [SHA 97].
They offer a very general framework that includes linear connections (section 7.2.3),
Euclidean connections such as the Levi-Civita connection (section 7.4.1), projective
connections (section 7.3.10(I)), conformal connections and others as special cases.
A precise formulation was proposed by Ehresmann in 1950 [EHR 51], later extended
by a wide range of mathematicians, including Chern (1951-1953), Ambrose-Singer
(1953) [AMB 53], Lichnerowicz (1955), then Kobayashi-Nomizu in 1956-1963
([NOM 56], Chapter 2), [KOB 57], ([KOB 69], Volume 1, Chapter 2). Going any
further would require us to explore non-commutative geometry, which is beyond the
scope of this book [CON 95].

Throughout this chapter, every manifold is real, of class C'°°, pure and
finite-dimensional; every vector bundle is of finite rank and class C'*°; every vector
field, tensor field, differential p-form, etc., is of class C'°°. The reader is invited to
refine these hypotheses in each section.

7.2. Linear connections

7.2.1. Curvilinear coordinates

(I) NOTION OF CURVILINEAR COORDINATES In the affine space Ag ([P1], section
3.2.7(1); section 1.3.1(D)), let (O; ), f = (fy, ..., f,,) be an affine frame and consider
n functions y', ...,y of the coordinates b = (b, ...,b™), each of class C?, such that

4 See the Wikipedia article on the Erlangen program.
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o(y'y")

Jacobian 20T, does not vanish on any connected non-empty open subset €2 of

.....

R™ (section 1.2.2(IV)). Then, y = (y , y”) is said to be a curvilinear coordinate
—
system (or a Gaussian coordinate system) in the domain B = {A :0A € Q} C R™.

Consider a curve a : t — a (t) of class C? in B and set A (t) = a (to) a (t}

(IT) DIFFERENTIATION IN AN AFFINE FRAME In the frame (a (¢o),f), we have
At) =3 ciep, a fi, £; = 0/0b" (section 2.2.4(II)), so

.0
A(t) = Z oo [7.1]

1<i<n

Since the basis vectors 9/ Ob' are constant, this implies that:

dA | Al tA) Al g da’ D
dt ' T AR At - dt obi

1<i<n

[7.2]

In particular, in B, consider the j-th coordinate curve b/ = t, b = const. (i # j).
Then:

dA 0A

(III) DIFFERENTIATION IN CURVILINEAR COORDINATES. COVARIANT
DERIVATIVE Suppose now that the a* are the coordinates of the vector field A in the
coordinate system y = (yl, e y"). This gives us a similar relation to [7.1], namely
At) = Xicjcn @ .Oiyj, where the tangent vectors €; = 9/9y’ vary as a function

of ¢. Since 4 (%) is a tangent vector, there exists a matrix (MF) € GL,, (R) such
that

d
#(as)= 2 Wag 7

1<k<n

Hence, instead of [7.2], we have:

dA da® , 0
s _ = IMF L —=.
- 2 \at 2 M) g

1<k<n 1<j<n
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By [7.4],
Z g 0 _Z d <3bl) 0 _Z < 92p! dyi) ok
r e — ) 57 = — e
155%n dy ; dt \ 9yl ) "ob Py dyidyd " dt bl "oy
= MFb ek
ich gi B pkody'
which gives M = >, I'V,. <%, where
9%t oy*
rt = IRl 7
i zl:(“)yl(“)y-? bl [7.51

The expression [7.4] can be written in the form

de; =Y Y Tk .dy e, [7.6]
k 7
—
where
wh = Z I.dy'. (7.7]
Finally:

— | .ey. [7.8]
k

dA daF - dy?
g - Tk .
dt > dt +Zj AN

L

DEFINITION 7.1.— T%. also denoted {Z }, is called the Christoffel symbol of the

second kind.
REMARK 7.2.— 1) { k } is symmetric in i, j : { k} = { k }
) ) Je

2) ij} can also be defined in the case of a pseudo-Riemannian manifold
equipped with the Levi-Civita connection (section 7.4.1). The symmetry in i,j still
holds in this context.

3) Ffj can also be defined on a fiber bundle equipped with a linear connection

(section 7.2.2); this term, which is no longer symmetric in i, j in general, is then said

to be the coefficient of the connection. It should not be written as { Z }
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As before, consider the i-th (curvilinear) coordinate yi =1, yj = const. (j # 1),
and write:

dA

— =V,A.
dt v

This expression replaces [7.3], leading us to define the covariant derivatived as
follows:

VA=Y aak+ZF’f 7| e
2 p ayZ ] (N N I

where the k-th component is

(V-A)k:8“k+ZP’? i 7.9]
A =g+ T .

Let Z =5, zl£ be a vector field. The derivative of A in the direction of Z
(section 5.17(I)) is given by:

i da* k _j i
VzA= Z VA = ; a7 " ;rij_aﬂ 2 ey, [7.10]
where the k-th component is
(VZ2AF =3 0a" +ZF’?- AL [7.11]
VA i (9yl e ij* 20 .

Here, A and Z are vector fields (elements of 7, (B)). Later, we will see (Definition
7.7) that Vz A € 7ot (T (B)) ; in our case, T (B) can be identified with R".

(IV) CASE OF EUCLIDEAN SPACE. CHRISTOFFEL SYMBOLS OF THE FIRST

KIND In Euclidean space, there exists a scalar product (—|—). As we did in section
4.5.1, set
gij = (eilej) = ei.e;, [7.12]

5 Especially in physics, the term “covariant” has two entirely distinct meanings: one which
refers to the covariant components of a tensor, as opposed to its contravariant components, and
another meaning that is synonymous with intrinsic, or in other words invariant under change of
coordinates. For example, Maxwell’s equations are covariant relative to the Lorentz group but
not the Galilean group.
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and suppose that the frame (O; f) is orthonormal, i.e. (f;|f;) = 7. Then:

bk ov*
gw_<zk: bk|25yg (‘)bl> Zk:<ayi (9yJ>

Furthermore,

dg;; = e;.de; + de;.e; (; e;. Zw ek+Zw e .€j

k k'
= gnwf + > grjwh [7.13]
k k
—_——— ——
Wij Wi

Explicitly expanding w;; gives:

Wij = Zgzk erjdyl = Zzglkrzdyl
k ! Ik
“"; Tiji

DEFINITION 7.3.- T, = >, gij.l“;q is called the Christoffel symbol of the first
kind (also written as [pq, j]).

REMARK 7.4.— ', ; is symmetric in p, q.

Let g%/ be the component of the inverse of the matrix formed by the g;; :

(Qij) = (gij)_1~

The dual basis of (e;) consists of the €/ (j = 1,...,n) such that (e/, e;) = &7, so:

e =) gter [7.14]
k

Thus, we indeed have:

(e, e;) Zg]’“eke*zg grj = 0.

The next result summarizes the above calculations, with g = det (g;;).
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THEOREM 7.5.— The following relations are satisfied.:
AT o D G 7.15
[pg. ] Ei:gw {pq}, {pq} zj:g [pg. J] [7.15]
ae"—z Pl e =" lij k] e [7.16]
6yj - Z] Cr = Js . .

k k
01 (Ogpi | 094 Ogpq

i _ ‘ 7.17
[pQ? Z] 2 ( ayq + ayp ayz [ ]

) 1 . (0gy;  0gqsi Og
— . pJ 9 Pf] 7.18
{PQ} 22;9 <8yq T oy 7181
y_ ol (vin)
D= B [7.19]
PROOF.— We have already shown the relations in [7.15], as well as the first equality
in [7.16]. Next, observe that ), {ZIZ } ep = Y > g [ig, 1] e = > lig 1.

Dok g*le, = > lig, 1] .e!, which shows the second equality of [7.16] by [7.14]. By
[7.13],

agij

oyl

dgij = wij +wji = ¥ _ ([7g, 1] + [ig, j]) .dy” = [jq, ] + [iq, j] =
q

Applying a circular permutation to the three indices and combining the relations
thus obtained give us [7.17]. The equality [7.18] immediately follows by the second

equality of [7.15]. It also implies that Zl{zzh} = %Z” g7 0rgi; and

Ong = >, ; &7 Ingij, where '/ is the cofactor of indices (i, ) of the matrix (g;;)
([P1], section 2.3.11(II)). This is a symmetric matrix, so g/ = «*/ /g, and hence:

S {4} =32 a0 (n (VD) .

i

REMARK 7.6.— 1) The components a* of A in the coordinate system'y appear on the

right-hand side of [7.8], but the left-hand side of this equality is intrinsic

(independent of the choice of coordinate system). Therefore, the right-hand side is

also intrinsic, and so is the covariant derivative (VZ-A)k = 0;a* + Z I‘fj.aj , unlike
J
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0;a* (where 8; = 0/0y’). In physics, the quantities (ViA)k and 0;a* are often
written as af“i (or af“i ) and af“i, respectively (we will not use this notation). The
connection is characterized by the bilinear operator ¥V : T (B) x T(B) —
T(T(B)):(Z,A) — VzA. The mapping Z — NV zA is a tensor of type (1,1). The
Ffj are again called the coefficients of the connection; they depend on the choice of
coordinate system, because, in the affine coordinates b, they are all zero. Thus, they
are not the components of a tensor field.

2) Unlike the Ffj, the Christoffel symbols of the first kind Ty ; = [pg,j| are
defined using the scalar product. Therefore, they only have meaning in the Euclidean
space, not the affine space. Later, we will see that they can also be defined in a pseudo-

Riemannian manifold (section 4.5), for analogous reasons.

7.2.2. Linear connection on a vector bundle

(I) NOTION OF A LINEAR CONNECTION Let B be a manifold, £ a vector bundle
with base B and A € I' (B; E) (section 3.3.4, Corollary-Definition 3.21).

DEFINITION 7.7.— Specifying a linear connection C on the vector bundle E means
specifying a bilinear mapping
V:T(B)x E—T(E): (h,a)— Vp.a

such that, for every function o € Ty (B) = € (B), every vector field Z € T3 (M)
and every section A € T (B; E):

VU_Z.A =0 (VzA) 5 [720]
Vz.(0.A) = (Lz.0)A+0(Vz.A), [7.21]

where Ly denotes the Lie derivative along Z (section 5.17(I)).

The operator V is the covariant derivative determined by the linear connection C.
Conversely, V determines C®. The relation [7.20] expresses the fact that (Vz.A) b
only depends on Z; (and not on Z in a whole neighborhood of b). The relation [7.21]
can be interpreted as the Leibniz rule. The element Vz.A € T3 (T (E)) is said to be
the covariant derivative of A along the vector field Z.

Using suitable charts, we can reduce to the case where B is an open subset of R"
and E = B x RP; A is of the form B 3 b — (b,a(b)) € B x RP. Then, with
h, = (b, h), we set:

Vi, A = (b, Da(b) h+T (b) (h,a(b))),

6 Readers should take care to distinguish between the covariant differentiation operator V and
the gradient operator V from section 5.5.2.
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where I" (b) : R™ x RP — RP is bilinear and " : b — T'(b) is of class C°°. This
expression can be written explicitly as follows:

(Vn,-A)F =" 0ia® (b) + ng (b) .o’ (b) | b,

%

where 9; = 9/9b'. Note that the k, j range from 1 to dim (E}), and i ranges from 1
to dim (B). Replacing hy, by a vector field Z € T (B), we also obtain an expression
similar to [7.11]:

(Vz.A)F = Z diak + foj.aj 2 [7.22]
J

%

The Ffj are called the coefficients of the linear connection C on the vector bundle
7w : E — Brelative to a given chart of B (they are no longer called Christoffel symbols
of the second kind; in this more general context, there is no meaningful equivalent for
the Christoffel symbols of the first kind). Note that Ffj is not symmetric in ¢, j in
general.

COROLLARY 7.8.— 1) When Z = X, the k-th component of the covariant derivative
VA = Vx,.A satisfies the expression [7.9].

2) Ifadditionally E = T (B), then taking A = X; implies that a* = 5"“‘
(Vx,. X ) = I'F..0%, and hence Vx,. X; = ka X} In other words, with X =

379’

0.
dgi-

o 5l = ZFU - [7.23]

EXAMPLE 7.9.— The sections of class C'°° of the trivial bundle B x RP are the
mappings A : B — RP of class C*. For every b € B : dyA : T, (B) — RP?,
Xy, € Ty (B), dA.X = VxA : b— dyA. X}, : B — RP. The connection of this
bundle is Vo : (X, A) — dA.X, called the trivial connection.

(IT) PARAMETRIZATION OF LINEAR CONNECTIONS ON A VECTOR BUNDLE It
can be shown that any given vector bundle has a linear connection ([DIE 93], Volume
3, (17.16.8)). Below, we will see that this linear connection is not unique; however,
the linear connections can easily be parametrized.
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Let A € T'(B; E), where B is pure and finite-dimensional. Then, ([P1], section
3.1.5(1)),

Homg (T (B; T (B)), T (B, E)) “"%" 1 (B; TV (B) ® E)
so the mapping V.A : Z — Vz.A belongs to ' (B; T (B) ® E).

COROLLARY 7.10.— Any linear connection on the vector bundle m : EE — B is an
R-linear operator V : T'(B,E) — ' (B, TV (B) ® E) satisfying the Leibniz rule
V(cA) =do ® A+ o0.VA.

From this result, it is easy to deduce a parametrization of the set of all linear
12
connections on a vector bundle. Indeed, suppose that V, V are two connections on the

2 1
same vector bundle 7 : E — B. Let a = V — V. By the Leibniz rule, it immediately
follows that & (0.A) = 0. (A), which gives the following result:

12
COROLLARY 7.11.— 1) If V,V are two linear connections on the same vector bundle

2 1
7:E— B thena=V -V :TI'(B,E)— T (BT (B)®E) is an £ (B)-linear
operator.

1
2) Conversely, let m : E — B be a vector bundle and V a linear connection on E.

1
Then, the set of all linear connections on E is the set of V + «, where « ranges over

the space of all € (B)-linear operators from T (B, E) into T (B, TV (B) ® E).

In terms of coordinates, as before in [7.22], we have:

2 k 1 k 2 1 o
<VZ.A) - <VZ.A) =y (rfj - rg) al 2

2%

7.2.3. Linear connection on a manifold

(I) COVARIANT DERIVATIVE OF A VECTOR FIELD Consider the situation where
E = T (B). A linear connection on B is a linear connection on the tangent bundle
T (B), i.e. a B-morphism (section 3.3.1, Lemma-Definition 3.7) from 7' (B) x T'(B)
into T (T (B)) satisfying the conditions [7.20, 7.21].

The connection, or any related tensors, are said to be expressed “relative to the
natural frames” if, for every chart (U, £, n), we choose the frame consisting of the n

vector fields 8%1’“" %, the coframe consisting of the n differential forms

det, ..., d¢™ with local coordinates &7, ..., &™ (section 2.2.4, Definition 2.27), and if
we characterize the connection or these tensors by their coordinates in these bases.
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Let X,Y € T3 (U); the (Vx.Y)" are the components of V.Y in the basis (a‘zi)
of T (U), so, by [7.24],

_ . .9
VxY =) <ajyz + ngk.yk> X ® e
i,j k

and hence

, : 9
VY =Y (ajyl + ngk.y’f) A ® o6 [7.24]
k

,J

or in other words

(Vay)" = 0" + > T [7.25]

J

By Theorem-Definition 5.42, div (V) = 3, (V)"

(IT) COVARIANT DERIVATIVE OF A COVECTOR FIELD To define and calculate the
covariant derivative of a covector field o € T (B), it suffices to note that, for any
vector field Y € 7T, (B), the product (o, Y) = .Y is an element of £ (B), so
0; (oY) can be written in two equivalent ways:

81» (OéY) = Z ((aiozj) .yj + ozjﬁ,»yj) ,

0i () = 3 ((Via); 4 +a;. (Vig) ).

J

By [7.25], noting that Y was arbitrarily chosen, we deduce (exercise):

(Via), = dirj — Z I .. [7.26]
k

(IIT) COVARIANT DERIVATIVE OF A TENSOR FIELD More generally, we can
consider the covariant derivative of a tensor field U € T (B) along a vector field
X € T3 (B): the space T7 (B) (with the convention from section 4.3.3(III)) is a
vector bundle with base B, and so the remarks of section 7.2.2 are applicable; the
connection determines an operator

V:T(B)x T (B) = T%,, (B).
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The mapping (V*,X) — (Vx.U,V*) from 7 (B) x T (B) into & (B) is
& (B)-bilinear. It therefore determines a tensor field VU €7, (B), called the
covariant differential of U (for the connection C) according to the equality
(VU,V*® X) = (Vx.U,V*). Consider a tensor field T = U ® V. Then,
VT = (VU) ® V+U ® VV. We can use linearity to calculate the covariant
exterior differential of any tensor field from the relations [7.24] and [7.26]. The
general rule is that, for each contravariant (respectively covariant) index, we need to
add (respectively remove) an appropriate term I'y. This gives the following result:

THEOREM 7.12.— Consider the field of tensors of type (q,p) with components
Azllfz Then, the covariant derivative NV, A of this tensor is the tensor of type

(q,p + 1) given by

q n
Ji---Jdq __ Ji---Jq Js J1---Js—1VJs+1---Jq
Vi Ay = OnAy T+ E , E :FhV'Ail...ip
s=1v=1
V4 n

IO ART [7.27]

r=1v=1

Note that, if o € £(B) and U € 7,? (B), then Vo = do, and, by [7.21], the
Leibniz rule holds:

V (0.U) =0 (VU) + U®do.

Furthermore, the operator V commutes with the index contraction cZ (section
42.1(ID), ie. if U € T* (B) with r, s > 1, then V (CJ U) = ¢/V (U) (exercise).

7.2.4. Parallel transport and geodesics

(I) NOTION OF PARALLEL TRANSPORT Suppose that a Chinese explorer who
lived three millennia ago (according to legend) is located at the North Pole. The
explorer decides to move directly forward, indicating the direction taken (necessarily
south) by leaving an arrow attached to a post planted in the ground. Now, suppose
that the explorer is sitting in a south-pointing chariot’ (whose pointer is always
directed toward the celestial south). After reaching a certain latitude, such as the
equator, the explorer follows it around to the east for around 45° of longitude, then
returns north. Surprise: the direction of the chariot’s pointer is no longer the same as
the arrow left earlier; there is an angle 6 between them (Figure 7.1). Hence, the Earth
cannot be flat. The pointer of the chariot can be viewed as a vector field that was
transported parallel to itself throughout the entire journey.

7 See the Wikipedia article on the South-pointing chariot.
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N

S

Figure 7.1. Parallel transport on Earth

(I) FORMALIZATION

DEFINITION 7.13.— Let ¢ be a curve of class C? on the manifold B equipped with the
linear connection V. A vector field Y € T (B) is said to be transported parallel (to
itself) along c if, setting v = dc/dt € T (B), Y satisfies the differential equation:

See Definition 7.36 below for a more general setting. We sometimes write %’ =

\% de Y. In a system of local coordinates (U, &, n), the equation [7.28] can be written in

the form ), % % +3,, 0y % = 0, setting c* (t) = &¥ (¢ (t)). This expression

is equivalent to:

dy* w i dct
W Tk 3.2 .
dt +zj: i g

Thus, dd% = — Z” Ffj.yj .%. We sometimes define:

(dyk)H =— foj.yj.dfi.
0.

By section 1.5.2(II), we have the following result:
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LEMMA 7.14.— Given a curve c : [a,b] — B and a tangent vector 7 € T, (B),
there exists a unique vector field V such that V (a) = 7 and V is parallel to itself
along c.

Passing from the point M = b to an infinitely close point M’ = b = b + %
makes the vector field Y change from A =Y (b) € T, (B)to A’ =Y (V) € Ty (B).
A frame (e,) (respectively (e;)) is attached to the point M (respectively M’). This
connection associates the point M’ (respectively the vector A’, respectively the vector
e),) with the point m" = M + dM = b+ db (respectively the vector A + dA,
respectively e, + de,,) in T}, (B) (see Figure 7.2). If the transport of b to b + db is
parallel along a curve ¢, then V,Y = 0, where v = dc/dt.

Figure 7.2. Correspondence between M’ <— m’

(III) GEODESICS The curve c s said to be a geodesic if the “speed vector” v = de/dt
is transported parallel to itself along c, or in other words if

or, alternatively, in the system of local coordinates considered above,

d?c* p dct ddd
i

The equation [7.29] (or [7.30]) is known as the geodesic equation.
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It follows from the very definition that the geodesics of the plane are the straight
lines.

7.2.5. Covariant exterior differential

Consider the space QP (B;F) of p-forms on a manifold B taking values in a
Banach space F (section 4.4.3(VI)); any element w € QP (B;F) is a mapping of
class C*°

/p\T(B)—>F

such that w (X (b) A ... A X, (b)) € F for every vector field X3, ..., X, € T (B) and
every b € B.

First, let w € Q! (B;F), b € B, hy, k, € T, (B), and let dew € Q2 (B;F) be the
exterior differential of w (section 5.5.1(I)). Remark 5.23 still holds if we replace the
Lie derivative by the covariant derivative: the quantity

(Vo, X ANY) :=Vx.(w,Y) - Vy. (@, X) — (w, [X,Y]) [7.31]

evaluated at b only depends on the values of X and Y ar the point b; calculated in
this way, Voo € Q2 (B;F) is said to be the covariant exterior differential of w; it is
sometimes written as dz (as in section 7.2.4(I1))3. Unlike dzo, it is a tensor field (see
section 7.3.2).

This can be generalized as follows:

LEMMA-DEFINITION 7.15.— Let B be a manifold, E a vector bundle with base B and
w €OP (B; E) a differential p-form of class C* taking values in E (section 4.4.3(I)).
Let X, X1, ..., X, be a set of p vector fields € Ty (B) and consider

V. (XoAX1 A AXp) = zp: (1) Vy,. (w. (Xo A AXGA A X,,))
§=0

+ Z (-1 (w. ([Xi, Xj)AXoA e AXi A AXGA A Xp)> [7.32]
0<i<j<p
(see Theorem 5.22(iv)). At every point b € B, the left-hand side takes a value that
only depends on the values X (b) (0 < j < p); Vw is called the covariant exterior
differential (or absolute differential) of co; this is a differential (p + 1)-form of class
C™ on B taking values in E. Thus, V : QP (B; E) — QP (B; E).

8 Here, the reader should take care to distinguish between the symbols d and d.
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Writing Ail...ip for the components of w, in accordance with [7.27], we have:

P n
ViAi..i, = OnAii i, — Z Z Thi Aiy i vy [7.33]

r=1v=1

If we set p = 0, Q° (B; E) is the set of sections G of class C> of E (section
4.4.3(I), Remark 4.30(i1)); if we set w = G and Xy = X, we obtain the covariant
differential VG € Q! (B; E) defined by

(VG,X):=VG.X =Vx.G. [7.34]

Next, we can calculate the covariant differential of VG. In general, V2 .= VoV #*
0 (unlike d?). By [7.34] and [7.31],

(V o V) G (X A\ Y) =Vyx. (VyG) — Vy. (VXG) - V[X’y].G, [7.35]

and V (VQ) is a differential 2-form of class C'*° taking values in E. For every
hy, ky, € Ty, (B), (VoV)G (hy Aky) € Ep only depends on the value G (b) and
not on the values of G in the neighborhood of b ([DIE 93], Volume 3, (17.20.1)).

The mapping G — (VoV)G(h,Ak,) is linear, so there exists an
endomorphism Ry, (hy, A kp) of Ejp such that (Vo V) G (hy Aky) = Ry (hy Aky).
G (b). Furthermore, the mapping

r:hb/\kaRb(hb/\kb)

2
is a morphism of vector bundles from A 7' (B) into End (E') = EY @ E ([P1], section
3.1.5(I)); hence, r is a differential 2-form on B taking values in EV @ E.

7.2.6. Curvature and torsion of a linear connection

Consider the case where E = T' (B).

(I) CURVATURE

2
DEFINITION 7.16.— The mapping r : NT (B) — T (B)" ® T (B) is called the
curvature B-morphism (or simply the curvature) of the linear connection C (section
3.3.1, Lemma-Definition 3.7(iv)).

This morphism r determines a bilinear B-morphism
(hb, kb) =T (hb AN kb)

from T (B) x T (B) into T1 (B) that can be identified with a tensor fieldr € 73! (B),
called the curvature tensor (or the Riemann—Christoffel tensor) by abuse of language.
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THEOREM 7.17.— i) Given any vector fields X,Y, 7 € T (B) and any 1-form w €
T (B), the curvature tensor r is defined by:

I‘(X,KZ,W) =w (VX.Vy.Z - VY.V)(.Z - V[X7y].Z).

ii) Let (U,§,m) be a chart of B and (X;),<;<,, the basis of T¢ (U) on € (U)
associated with this chart, namely X; = 6(2‘1' (Corollary-Definition 2.30). Then:

(r (X; AXp).X; =Y RL.Xo,
l

where the components Ré’ ji are given by

R gy = T — 0T + 5 (0T, =T8T, ). [7.36]

Thus, r = (rﬁ) , where, by [4.12] (section 4.2.4),

1<i,i<n
v, = Rl ,.d¢ AdgF
jok
(where r is viewed as a twice covariant antisymmetric tensor field taking values in
T(B) @ T (B))°.
PROOF.— This immediately follows from Definition 7.16 and [7.35]. [ |

(IT) TORSION In the same situation, the identity mapping 17(p) can be viewed as a
differential 1-form on B taking values in T (B). Its covariant exterior differential t =

2
V (17(p)) is therefore a B-morphism from AT (B) into T (B), called the forsion
B-morphism (or simply the forsion) of the linear connection C. Hence:

DEFINITION 7.18.— Given any vector fields X,Y € T (B), the torsion B-morphism
t is defined by:

t.(XAY)=Vx.Y — Vy.X — [X,Y].

This morphism t defines a bilinear B-morphism (hy, k;) — t. (hy A k) from
T (B) x T (B) into T (B) and may therefore be identified with a tensor field t €
73! (B), called the torsion tensor field (or the forsion tensor, by abuse of language) of
the linear connection C.

9 The purpose of the comma in Ré’ jk 18 to indicate that r is a twice contravariant tensor (with
indices j, k) taking matrix values (matrix with indices 1, [).
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THEOREM 7.19.— Let (U, &, m) be a chart of B and (Xi)1<i<pm the basis of Tt (U)

on € (U) associated with this chart, namely X; = Then:

85"

t.(X; A Xp) = ZTJ,CXZ,

where the components T;k are given by

Th =T% =T, [7.37]

(a quantity that is antisymmetric in the indices j, k). Hence, t = (ti)1<i<n, where, by
[4.12] (section 4.2.4), o

Z ede? A dg” [7.38]

(where t is viewed as a twice covariant antisymmetric tensor field taking values in
T (B)).

PROOF.— Let (&;),<;<,, be a system of local coordinates and write x*,y* for the
coordinates of two arbitrary vector fields X, Y in the basis (0/9¢;), ,,,- By [7.22],

(Vx.Y)' =3, (Oy') a* + 32, Tiy.2? y* and, by [5.15], [X,Y]" = 32, (9;97).
wl =37, (95a") .y’ It therefore follows that:

: N o O
VxY = Vy X - [X,Y] =) (T} —T})) .xj.yk.agi
5,k
Tk,xj e .
R

7.3. Method of moving frames

The codomain of a frame mapping » (section 3.1(II)) is a principal bundle R (B)
with base B and structural group GL,, (R) (section 3.5.1(I), Lemma-Definition 3.51)
on which we know how to define a principal connection since Ehresmann. This is the
modern perspective adopted by differential geometry. It has the advantage of being
extremely general and the disadvantage of being extremely abstract; rather than
tackling it directly, it might be more insightful to retrace the path from Cartan’s
original ideas to those of Ehresmann, starting with the method of moving frames
[CAR 35]. According to this method, we keep the same base B, and any given frame
mapping determines a linear connection C on B.
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7.3.1. Moving frame and gauge potential

(I) BUNDLE OF FRAMES A frame r, € R(B) is an n-tuple [hyy -+~ hy | (the
row formed by the vectors h; ;, of a basis of the tangent space T}, (B)). The mapping
r: b 1y was called a moving frame by E. Cartan, generalizing the notion introduced
by Darboux for surfaces [DAR 13]. The group GL,, (R) acts on r on the right, since
any matrix g € GL,, (R) sends the frame 7}, to the frame

ry=7p.9:=[h1p.9 - hny.g] [7.39]

(the row formed by the h; ;.g). Write Az, for the elements of g and (hyp), ., ,, for

the new frame. Then, we have the relations h;/ , = Z hi’b.Aﬁ, Jhiy = Z higb.Aﬁ/,
where (Af) denotes the inverse matrix g ! of g = (A} ) (section 1.2.1(II)).

(II) BUNDLE OF G-FRAMES We can add constraints to the change-of-frame matrices
g. This is equivalent to replacing the Lie group GL, (R) by a Lie subgroup G of
GL,, (R) (section 2.4.1(VI)) and replacing the Lie algebra Mat,, (R) of GL,, (R) by
the Lie algebra g C Mat,, (R) of G.

For example, in the case of a differential manifold:

- G = SL,, (R) to define an orientation, again giving g = Mat,, (R);

-G = 0, (R) to define a Riemannian structure (section 4.5.1), giving g =
0, (R);

- G = SO, (R) to define an oriented Riemannian structure, again giving g =
0, (R), etc.

We say that the manifold B is equipped with a G-structure. The corresponding
connection is called a G-connection (see (V) below); the corresponding moving frame
r : b — rp is said to be a moving G-frame, and each r;, is said to be a G-frame.
The bundle of moving G-frames is denoted Rg (B), or just Rg when the base B is
implicitly clear. This informal definition of these concepts is made precise in section
7.3.8 (using the notion of principal connection), where we also show that arbitrary
manifolds cannot be equipped with arbitrary G-structures.

In the following, the manifold B is equipped with a G-structure.

(IIT) SOLDERING 1-FORM ON B Now, consider the cotangent space 7,” (B) of the
base B at the point b and let (o}) (respectively (ag/)) be the dual basis of (h;;)
(respectively (h; p)), which is therefore a coframe with origin b. Then,
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. . Y3 -/ -/ 2 . ..
o, =Y. Ao}, o, =, Al .o}. Alternatively, writing ¢, and g}, for the columns

of the o and the o7 respectively,

a, = g.0;, [7.40]

where g = (A}). Each ¢’ : b+ o} is a field of covectors, i.e. a 1-form, so o is a
vector-valued 1-form on B taking values in R™ (section 4.4.3(VD)): ¢ € Q! (B;R")10,

DEFINITION 7.20.— The vector-valued differential 1-form o is called the soldering
form of C.

(IV) GAUGE POTENTIAL Let (U, &, n) be a chart of B and, for every b € U, let
gff be a coframe with origin b over U; suppose that the mapping b — gg] is of class
C*°. By duality, from each gg, we deduce a frame 7, with origin b. Given a chart
(V,¢,n) such that U NV # &, we do the same. For every b € U NV, there exists a
matrix AY (b) € G such that

Qll)] = Ag (b) .g[‘)/, TVJ, = TU,b-A\({' (b) . [741]

Repeating the above for a chart (W, v,n) such that U NV N W # & yields the
relation AY, = AV AY,.

LEMMA 7.21.— Let
Apv = Ay .dAY, [7.42]
where AE = (Ag)_l. Then, Ayv is a differential 1-form on B taking values in g

and, setting w' = Ayw, w = Ayy, and g = (AI‘,/V) we obtain:

1

W =glwg+gldg [7.43]

PROOF.— We have A‘[,]V = A‘L/T.A“//V, SO dA‘[,]V = dAg.AI‘//V + Ag.dAI‘//V by the Leibniz
rule. Furthermore, dAY, = AY.Ayy by [7.42]. Hence, dAY, = AV Ayv.AY, +
AY.dAY,,, and applying [7.42] once again gives
—— ——
NG AW
showing [7.43]. |

The following definition is commonly adopted in physics ([COQ 02], section
4.1.5):

10 The underlined symbols (here ) denote forms on the base B (similarly, we will introduce the
forms w and ® on B). The non-underlined symbols o, w, ® will later denote the corresponding
forms “lifted” onto the bundle of G-frames.
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DEFINITION 7.22.— The differential 1-form (or Pfaff form: see section 4.3.2,
Definition 4.20) w on B taking values in g is called the gauge potential with
structural group G.

—
The most classical example of a gauge potential is the vector potential A of the

— — —
electromagnetic field B, which satisfies B = curl A (Example 5.53(iii)) with G =
U; (O)IL,

REMARK 7.23.— Writing g and w, respectively, for the matrices (Aﬁ,) and (wf) the
relation [7.43] becomes

Wi =Y AP Wl AL+ AF Al [7.44]
i,k i

(V) COEFFICIENTS OF THE CONNECTION C The Pfaff form w taking values in g
is a matrix of Pfaff forms (wf) taking values in R. Set

wh = k.ot [7.45]

this expression replaces [7.7], and the %kj are the connection coefficients of the
G-connection C in the coframe ¢V 12. By duality,
vl = wh h;. [7.46]

These coefficients transform straightforwardly under change of frame. By [7.44]
and [7.45],

’ v ’ , . ’ .
il jk‘ 7
. . ., . . v
dal, =N 0,467, ot =S Al ol
i’ i’

Hence,

= Ay ALALAE + Z Al 0y AL, [7.47]

0,3,k

11 See the Wikipedia article on Gauge theory.

12 The notation Ffj is reserved for the case where o¥ is a natural coframe (section 7.2.3(I)). In

this case, wf = ZZ Ffj .d§i, which shows that the w}‘ determine the connection C by [7.27].
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showing that the 'yfj are not the components of a tensor (field) (compare with Remark
7.6(1)).

By contrast, consider two (-connections C, C on the manifold B with coefficients
’yf; and ’yg , respectively, in the coframe U . By [7.47], setting Afj = ’yzkj — ’yfj

K pi A3 Ak
l,j/— E Ag i,Aj,.Al-j.
5,k

Thus, the Afj are the components of a once contravariant and twice covariant
tensor (field).

7.3.2. Curvature, torsion and covariant exterior differential of a
G-connection

(I) TORSION By [7.41],
do" = A.da¥ + dAY; AoV = AV .da¥ + dAY A AY oY

But I = Ag.Ag, SO AE.dAg + dAg.Ag = 0 and hence, by [7.42],
Apy = AL .dAY = —dAY . AY [7.48]
and also

= Ap.da? — A} .dAS .0V = Al .daV — Apy A g [7.49]

Set wy, = w’ and wy; = w; by [7.43] and [7.42], it follows that
wy = A wy AY + Ay, [7.50]
which gives

Wy ANgV = AE.QU A Ag.gv +Ayy Ag¥ = AE.@U AoV + Ayy AaV.

Furthermore, by [7.49], doV + wy A v = AE (ng +wy A QU).

OV .=vgl :=doV + wy AoV [7.51]

is a twice covariant and once contravariant antisymmetric tensor (field);
eV = [© ... ©"], where

k_ k _ia j
= g S0t Nal.
4,3

U ; Uk _ k j
Note that wy; A oV is the column of 2-forms (wy; A o¥)" = S Wi Aol
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THEOREM 7.24.— If C is a linear connection, then, over U, QU = %t, where t is the
torsion tensor of C.

PROOF.— It suffices to show the result when o is a natural frame. Then, o = det, so
do’ = 0, and »}; = T'};. Hence, by [7.51] and [7.45],

. 1 _ .
k k i k k 7
oF = ZFM.U Aol = 52 (Fij —sz‘) o' Ao,
] ,J
and therefore (see [7.37])
sk = Lk _pry Ly n 7.52
ij—§(ij—jz‘)—§ij~ [7.52]

(IT) CURVATURE By differentiating [7.50], noting that [5.22] holds (section 5.5.1(I))
and [7.42], we obtain:

dwy = A .dwy AY + dAY A wy AY — AY wy ANdAY + dApy . [7.53)

dAY NdAY
Similarly, setting [wy,, wy] = wy A wy,
wyswy] = A wy Awy AV + Ay (wp- AV A Auv)
gu.Ag/\AEAAUV
+Ayy A (AEQUA\g) +Ayv ANAyy.
AUVAAE/\QUAAE
Thus, by [7.48],
wy,wy] = A wy Awy AV + Ay wy A dAY
—dAl Nwy Ay — dAY A dAY. [7.54]

Adding both sides of [7.53] and [7.54] together gives that 2, = AE.QU.A‘%
where

THEOREM 7.25.— If C is a linear connection, then, over U, Qy; = %r, where t is the
curvature tensor of the connection C.
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PROOF.— We proceed in the same way as the proof of Theorem 7.24 after choosing
a natural frame. Then, by [7.45], w; = (wF), where w} = 3, rjg.dgk. Hence, by
[7.36] (exercise), Q;; = (€2!), where

1 ,
=3 > R .dg A dgh. B [7.56]
3k
DEFINITION 7.26.— 1) The 2-forms ©Y and Qy; (taking values in R™ and g) are,

respectively, called the torsion form and the curvature form of the G-connection C
(over U).

2) Let C be a G-connection. Its curvature tensor r and its torsion tensor t are
defined over U by the relations r = 282;; and t = 20Y.

(III) COVARIANT EXTERIOR DIFFERENTIAL Let B be a pure n-dimensional
manifold and

There exists a multiplication B-morphism B? (B) @ B (B) — BZI: (B) that

sends each section (o ® u)® (8 ® v) to the section (a A 5)®(u A v). The direct sum
= @ B? (B) is an algebra bundle on B (section 4.4.3(II)). Write 8% (B)

q9,p
(respectively B (B)) for the C* (B)-module (respectively the C>° (B)-algebra) of
sections of B? (B) (respectively B (B)) of class C*°. The elements of BY (B) and
the elements of B} (B) can be identified with the differential ¢-forms on B taking
values in R and T (B), respectively (section 4.4.3(I), Definition 4.29).

We have the following result (exercise*: see [DIE 93], Volume 4, Chapter 20,
section 6, Exercise 2):

LEMMA 7.27.— There exists a unique diﬁ”erential operator (section 5.2.2(I)) d from
B (B) into itself that satisfies d (‘Bp (B)) C BV, | (B), coincides with the exterior
differentiation d in each of the BY (B) = Q4 (B), coincides with covariant exterior
differentiation <7 in each of the %C{ (B) = Q4 (B; T (B)) (section 7.2.5) and satisfies
the following relation for v € BY ( ), w € BL(B):

d(v.w) = (dv) . w+ (-1)7v. (dw) . [7.57]

This result is straightforward to extend to the case where v and w take matrix
values, in which case the number of columns of v must be equal to the number of rows
of w.

In the following, the differential operator from Lemma 7.27 is denoted /.
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7.3.3. Quasi-parallelogram method

(I) THE QUASI-PARALLELOGRAM On the manifold B, consider a coordinate system
(y’)1<i<n (section 7.2.1), where each y* : R — B is of class C'*°, and, for every 1,
consider a curve of class C*®

it (y1 (@), .,y @),y ),y (@), . y™ (a)) .

SM(t) = [0,..,0,4 (¢).dt,0,...,0 | ,6M (t) = [ 0,...,0,47 () .d¢,0,...,0

i—th place j—th place

This defines two differentiation symbols & and 3. Below, the quantities M and 5 M
are assimilated with infinitely small increments, as is common practice in physics.

DEFINITION 7.28.— The differentiation symbols 6 and $ are said to be interchangeable
ifdod=2000.

The first of the next two lemmas is due to E. Cartan ([CAR 45], section 2.1(27)),
and the second is due to H. Weyl ([WEY 52], section 13, (25)):

LEMMA 7.29.— The interchangeability of the two differentiation symbols is a

“covariant” property, i.e. a property that is invariant under change of variable (see
footnote 5, p. 320).

PROOF.— Let (:vl) be the old variables and (yz) the new ones. Then:

1<i<n 1<i<n

i ot . = i %y < sk 0y' = k
5y zzw.&u 505y=28$h8xk.5x Sz +Zwéoéw,
k k,h k

i Ay’ k < &’y k $.h Ay’ <k
oy :;Wﬁm , 0ody :kz;axkaxh.éx Oz +%:W506x ,

which gives the stated result by Schwarz’s theorem (section 1.2.3, Theorem 1.16(i)).l

LEMMA 7.30.— Given a coordinate system (yi)1<i<n, let My be the point with
coordinates (y1 RN (ao)), M, = My + 6My, M; = M; + 6M;,
My = My + gMO, M} = My + 0Ms (see Figure 7.3). Assuming that the increments

are infinitely small, M| = M}, if and only if the two differentiation symbols 4, S are
interchangeable.



Connections 341

PROOF.— We have M] = (Mg + 6Mg) + 6 (Mg + 6My) = Mo + 6Mo + 6 My + 6 o
§My. Similarly, M} = My + 6Mo + 6 My + 6 0 6 M. ]

If the two differentiation symbols J, 5 are interchangeable, the curve in Figure 7.3
is closed, defining a quasi-parallelogram P.

M1=M,

Q>

M,

M,

>

Figure 7.3. Quasi-parallelogram on the manifold B

(II) TORSION INTERPRETED AS TRANSLATION Every point M of P is located at
the intersection of two curves ¢!, ¢’ 5 (i # j). Identifying M with the element (M, 1)
of Q¥ (B;T (B)) = B x R (section 4.4.3(I), Remark 4. 30(ii)) write M € Q!
(B;T (B)) for the differential element M along ¢, and 6M for the differential
element along c’ v M is therefore a differential 1-form on B. If 4, 5 are
interchangeable, as is assumed to be the case below, then Lemmas 7.29 and 7.30,
respectively, show that 5/ is a covariant exterior differential (which justifies the
notation) and that the quasi-parallelogram P and its boundary 0P are well defined;
suppose that OP is equipped with the orientation induced by the orientation of P
(section 4.4.7(VI)). The covariant exterior differential <7 determines a linear
connection C on B (section 7.2.3).

Let us evaluate f op VM. By Stokes’ formula (section 5.6.1, Theorem 5.24),

/avaz/pd(VM)’

and this quantity is non-zero if <yM 1is not an exact differential. To evaluate
/. ap VM, we can (provided that the quasi-parallelogram P is infinitely small and we
may neglect infinitely small quantities of higher order than the desired quantity)
associate M/ (respectively MJ}) with the point m/ (respectively mj) of the tangent
space T, (B), as we did in section 7.2.4(II) (see Figure 7.2). Similarly, we
associate m; with M;, mo with Mo, set my = M (see Figure 7.4) and integrate
over Ty, (B).
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o
S

my

mo
Figure 7.4. Image of the quasi-parallelogram P on T, (B)

We now need to account for the fact that m and m/ do not necessarily coincide.
Indeed, the vertices of Figure 7.4 satisfy the following relations:

mo = mo
-
m1:m0+5m1 mQ:m0+§m0

— —~ — = b
m'1:m0+5m0+5(m0+5m0> mg—m0+5m0+§(mg+5mo>

— . — ~ —
Write dmo = S.d¢'e], omg = Y.0¢'e and de; = S wh(0).er.
i i h
‘_)

de; =S wh
h

PN

5) .e_h> , as well as (in accordance with the right-hand side of [7.6]):

Sorl0).0¢', wl (8) = Yorh () o [7.58]
J J

/X

wj (8)
With the hypothesis Ffj (0) = F?j (g) , it follows that:

myms :3\((%0)) —) (3—771;) :3(25@,@) ) Zggj.e_;

=Y dodsciel+ Y o @Il .0¢ &

.5,k

=Y sodele) = o @ Tl oe e,
J

.5,k
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- Z (FZ - F;lz) 8w o8 &,
= STl - Th) . (8¢ @ 0¢! - o¢l @3¢’ &
4,4,h

:Z@h (S7%
h

The infinitely small higher-order quantities that we neglected integrate to zero.
Since mim4 = d (sy M), by [7.38], we have the relation

M = / o".e;, [7.59]
~/<9P V P ; 4

which is an infinitesimal translation.

(IIT) CURVATURE INTERPRETED AS A ROTATION We can proceed in the same way
for the tangent vectors /. Thus:

5(53) - :3< ) _5<zw OF )
! 5).el+§k:wf(5)®5ek

wf(j e — Zw <)®5ek

= Z <ajréci — 0T, + Z (T T, — rgi.rgh)>
I 4.k h

L
ijk

88 @ o¢k e

h =
= Zﬂi -€h,
h
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which gives that d (Ve;) = >on QP& By Stokes’ formula,

vel = / S ah .
Py

The / Q" (i,j = 1,...,n) are the components of an infinitesimal change-of-basis
P
matrix (and more precisely an infinitesimal rotation if G = O,, (R)) and Z Q! is said
i

to be the homothety curvature ((CAR 25](3), p. 394).

7.3.4. Fundamental equalities

(I) STRUCTURE EQUATIONS By [7.55] and [7.51], the covariant exterior differential
of a 1-form o is \ya = da + w A a. The first and second structure equations are as
follows:

Q=vw [7.60]
and

0 = yo. [7.61]

(IT) BIANCHI IDENTITIES

First Bianchi identity By [7.61],

which gives the first Bianchi identity:

Second Bianchi identity By [7.55],

dQ =dw,w] =dw Aw—wWwAdw=(Q - wWAWAw—wWwA (R -wAw).
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We thus obtain the second Bianchi identity:
dQ2=QANw—-wAQ.
We can express this identity in terms of the covariant exterior differential. Observe
that:

Q= A A\
vV =V [w, ](757)W W — WA Vw.

Hence,

Expressions in terms of the components We can express these identities as a function
of the components R! ;1 and Tk of the curvature and torsion tensors (exercise®: see
[SPI 99], Volume 2, Chapter 5, Proposmon 9) as follows:

Rl + Ry + Rl = (VT + Vi) + vlT;’k)

-5 (i T ).

ViRl + ViRl + ViRl = =3 (T;;Rwl +TERE, + T"ka)
nw

Note that these identities become much simpler in the case where the torsion is
zero. In this case, they can be rewritten as follows for any vector fields X,Y, Z of
class C* on B:

(r. (XAY) Z+(x.(YNZ) X+ (r.(ZAX)).Y =0,
(Vx.r) (Y AN Z) + (VX.I') (Z AN X) + (Vz.r) (XAY)=0

(for the case of non-zero torsion, see ([DIE 93], Volume 3, section 20.6, Exercise 3)).

7.3.5. Connection form on the bundle of G-frames

The gauge potential is a 1-form on B. Below, we will find an expression for a
1-form w on the bundle of G-frames Ra (B) taking values in g that is related to
this potential. To do this, consider a local section s : U — Rg, where U is a non-
empty open subset of B. If v € T'(B) and b € U, then T}, (s) .v € Ty (R). Thus,
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5" (w) 1 (b,v) = wy(py (T (8) .v) is a 1-form on U taking values in g, which leads us
to set

§* (w) = w. [7.64]

By [7.43], the 1-form w must satisfy the relation
(5.9)" (W) =g 15" (w).g +9g '.dg, [7.65]

where s.g is the section b — s(b).g and g7'.s* (w).g = Ad(g7!).s" (w)
(Definition 2.88).

DEFINITION 7.31.— The form of a connection on the bundle of G-frames Rg (B) is a
I-form of class C™ on Rg taking values in g = Lie (G) that satisfies [7.65] for every
local section s : U — Rg (where U is an open subset of B).

In section 3.5.2, we saw that the vertical tangent vectors (tangent to the fibers
Gg,q € Rg) are independent of the connection. Hence, if Zx is the Killing field
associated with X € g (section 6.4.1, Definition 6.69), then, for every ¢ € Rg,

we- (Zx (q)) = X, [7.66]

which implies that w, |Vq( Re) 18 an isomorphism from the space of vertical tangent
vectors V, (Rg) onto g. In particular, wy : T, (Rg) — ¢ is surjective.

If g is a constant matrix, then, by [7.65],

w(g.9).(h.g) =Ad(g7). (w(qg) h) [7.67]

for every h € T, (Rg). The tangent linear mapping of pg : ¢ — ¢.g is Ty (pg) :
T, (Rg) — Ty.g (Rg) : h — h.g13, 50 [7.67] can alternatively be written as follows,

setting pg. = Ty (pg):

w (pgeh) = Ad (g1 w0 (). ‘ [7.68]

Since wy is surjective, T, (P) = H, & V, (P), where H, := ker (w,) and, if
g = s(b), then H, = T} (B) by Definition 3.54.

By [7.68], we have the so-called equivariance relation

Hyg = pg«-H,. [7.69]

13 The mapping pg : ¢ — g.g acting on Rq is not the same as the right translation p (g)
(section 2.4.1(V)), which acts on G.
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Finally, suppose that H is a subbundle (or a contact distribution) of class C*° of
T (Rg) (section 5.7.5(II), Definition 5.78).

The elements of the tangent space T, (R) are the infinitesimal displacements that
are possible for a G-frame ¢ (section 3.1(II)). The equivariance condition means that
a change-of-basis matrix g € G acts globally on the whole fiber H, over the origin
b = 7 (q), or in other words that the subbundle (of class C>°) H : ¢ — H, is stable
under the action of G.

7.3.6. Principal connections and parallel transport

(I) NOTION OF A PRINCIPAL CONNECTION We are now faced with the task of
summarizing which of the above results remain valid when the bundle of G-frames is
replaced by an arbitrary principal bundle (P, B, G, w). The vertical tangent vectors
are parallel to the fibers G; ideally, we would like to define the vertical tangent
vectors as parallel to the base B (section 3.1(II)). However, this is impossible
because B is not a submanifold of P. Ehresmann’s idea was to “lift everything up to
the principal bundle”, which leads to Lemma-Definition 7.37.

DEFINITION 7.32.— ) We say that P is a principal connection on a principal bundle
(P, B, G, ) if, for every g € P, we have a subspace H, of T, (P) that satisfies the
following three conditions:

)T, (P) =V, (P)& H,;

ii) pg«.Hy = Hgg, Vg € G (equivariance condition of H, under the action
of G);

iii) H is a subbundle of class C*>° of T (P). The elements of H, are called
horizontal tangent vectors.

2) Given a principal connection P on the principal bundle (P, B, G, ), the form
of this connection is the 1-form w on P taking values in g that is uniquely determined
by the following two conditions:

i")wy (Zx (9)) = X (X € 9,9 € P);
ii’) wy (Y:z) =0 (Y:z € Hq)-

COROLLARY 7.33.— Specifying a principal connection P on P is equivalent to
specifying a connection 1-formw : P — g.

PROOF.— If P is given, we can determine w by part (2) of Definition 7.32, and the
equivariance condition [7.69] is automatically satisfied by (i). Conversely, if w is
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given, we can determine P by setting H; = ker (w,), and w is the connection 1-form
determined by P. |

We can complete Figure 3.6 as shown in Figure 7.5. It is possible to show the
following result (exercise*: (see [DIE 93], Volume 4, (20.2.5))):

Va(P)

b=m(q)w ) B

Figure 7.5. Principal bundle (P), vertical tangent spaces
(V4 (P)), and horizontal tangent spaces (H,)

THEOREM 7.34.— A I-form of class C* on P taking values in g is the 1-form of a
connection on P if and only if it satisfies the following two conditions:

1) w, viewed as a mapping from T (P) into g, is invariant for the right action of G
on T (P) induced by the action of G on P and for the right action (u, s) — u.Ad (s)
of G on g (section 2.4.1, Definition 2.88). In other words, for every h € T, (P) and
s € G, we have:

w(q.s).(h.s) =Ad (s™").(w(q).h). [7.70]

2) The equality [7.66] is satisfied (replacing Rg by P).

REMARK 7.35.— The condition [7.70] can also be written as follows (see Definition
4.27):

pi(w)=Ad(s'w), VseG. [7.71]

(IT) PARALLEL TRANSPORT Let (P, B, G, ) be a principal bundle on which a
principal connection P is given. If ¢ : ¢ — ¢ (¢) is a curve that is piecewise of class
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C! in B, write by,by for its first and last points; we can define a mapping
¢ : Gy, - Gy, as follows: given ¢ € Gy, , there exists a unique curve ¢, in P with
initial point ¢ satisfying the following two conditions ([KOB 69], Volume 1,
Chapter 2, section 3):

@ m(cq) = ¢
(b) every tangent vector of ¢, is horizontal.

The curve ¢, is the horizontal lifting of ¢ (Definition 3.6) with initial point . If p
is the final point of ¢;, set ¢ (¢) = p. Then, ¢;.4 = pg (¢q), S0 ¢q commutes with the
transformations induced by the elements of G.

DEFINITION 7.36.— The mapping o is the parallel transport along c.

This situation is represented graphically in Figure 7.6. Given a tangent vector X, €
Ty, (B), where b = 7 (gq), let A, (X}) be the element of H, uniquely determined by
the condition T, () (A; (X3)) = Xj.

Figure 7.6. Parallel transport in a principal bundle

LEMMA-DEFINITION 7.37.— 1) The mapping \; : Ty (B) — Hy is a linear
bijection.

2) This bijection is called the horizontal lifting (considered at the point q in this

case).

PROOF.— Let ¢ € P. Then, T, (1) : T, (P) — Tr(q) (B) is a linear surjection and
Vq (P) = ker (T, ()) (section 3.5.2, Definition 3.54). Hence, pq = Ty (%) |m, :
Hy — Tr(q) (B) is a linear bijection and Ay = p; " n
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REMARK 7.38.— 1) The horizontal lifting of a vector field X € T (B) is the unique
vector field X* € Ti! (P) obtained by setting Xg =X (X,,(q)) for every q € P. The
mapping X —— X* is an R-linear isomorphism that meets the objective described
above at the start of (I).

2) The horizontal lifting of f € € (B) is f* € € (P) such that f* = fom.

3) The horizontal component of [X*,Y™*] is the horizontal lifting of [X,Y]
(exercise).

4) Consider the bundle of G-frames Rg (B), where the base B is a pure
n-dimensional manifold. Each frame q = 1, € Rg (B) determines an isomorphism
from R™ onto T4 (B), namely e; — q;, where (e;), -;,, is the canonical basis of
R™ and q; € Ty (B) is the i-th vector of q. We will write q : R" =T, (B) for
this isomorphism.

7.3.7. Covariant exterior differentiation on a principal bundle

Consider again the remarks of sections 7.2.5 and 7.2.6(I), this time working on
the principal bundle (P, B, G, m) rather than the base B. The principal connection is
denoted P.

(I) HORIZONTAL AND VERTICAL FORMS Let o be a vector-valued differential
n-form of class C'°° taking values in a Banach space F (section 4.4.3(VI)):
a € Q" (P;F).

DEFINITION 7.39.— We say that « is vertical (respectively horizontal) if
a(q).(hy A...Ah,) = 0 whenever one of the tangent vectors h; € T, (P) is
horizontal (respectively vertical).

The 1-form w is therefore vertical by definition. The same is true for [w,w] :=
wANAw.

(I COVARIANT EXTERIOR DIFFERENTIATION For every ¢ € P, let 7,
(respectively v,) be the projection V,(P) & H, —» H, parallel to V,(P)
(respectively the projection V, (P) ® H, — V, (P) parallel to H,). The mapping

(h1,....,h,) = a(q) (ngh1 A ... Ang.hy)
belongs to Alt"” (P; F), so can be written as
(hy,...,h,) — ap(q)(h; A...Ahy,),

where ap : ¢ — ap (q) is a differential n-form on P of class C'*° taking values in F
that is clearly horizontal.
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If «v is invariant for the right action of G on /\ T (P) and a given right action of
GonF,ie. forevery g € G,

a(q.g).(hy.gAN..ANh,.g)=a(q) (hy A...Ah,).g,
then the same is true for ap (exercise).

DEFINITION 7.40.— The covariant exterior differential of the differential n-form o

relative to the principal connection P is the horizontal differential (n + 1)-form (see
section 5.5.1(I))

Da = (da)p.

REMARK 7.41.— If « is invariant in the sense specified above, then so is Da. If o is
vertical and n > 2, then Do = 0.

7.3.8. Characterization of a G-connection

Let B be a pure n-dimensional manifold and R (B) its bundle of frames. Suppose
that G is a closed subgroup of GL,, (R). A G-structure is a restriction Rg (B) of the
principal bundle R (B) to the group G (section 3.5.6(II)). From any given connection
P on Rg (B), we can deduce a connection 1-form w : P — g in the same way as
Corollary 7.33, and thus a gauge potential w on an arbitrary non-empty subset U of B
by [7.64], as well as a linear connection C on B according to [7.45]. This connection
C is said to be a G-connection associated with the G-structure of R (B) (the notion
of G-structure was introduced by Chern in 1953). A moving G-frame is a section of
class C* of Rg (B).

Conversely, every linear connection C on B uniquely determines a principal
connection P on R(B), again by Corollary 7.33. This connection P is fully
determined if the space H,. of horizontal vectors is known at each point r of R (B),
giving the following result:

THEOREM 7.42.— C is a G-connection associated with the G-structure of R (B)

if and only if H, is contained in the tangent space T, (Rg (B)) for every frame r €
Rg (B).

PROOF.— This condition is satisfied if and only if condition (iii) from Definition 7.32
is satisfied. |

It follows that every differential manifold can be equipped with an
O,, (R)-structure, or in other words, a Riemannian structure ([DIE 93], Volume 3,
(20.7.13)). A differential manifold B can be equipped with an SL,, (R)-structure or
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an SO,, (R)-structure if and only if it is orientable ([DIE 93], Volume 3, (20.7.5)).
Furthermore, the next result follows from section 3.5.5 (exercise: see [COQ 02],
section 3.4.3):

THEOREM 7.43.— Let m : P — B be a principal bundle with structural group G. The
choice (when it exists) of a restriction of this bundle to a subbundle Tg : Q — B
with structural group H, where H is a closed subgroup of G, is not unique in general
(section 3.5.6(II)). This choice is characterized by the choice of a global section on the
fibration P x& G /H whose fibers are vector spaces isomorphic to the homogeneous
space G /H (section 3.5.5, Corollary 3.59).

For example, we can pass from the structure of an arbitrary orientable
n-dimensional differential manifold B to an oriented Riemannian manifold structure
by reducing the bundle of frames R (B) to the bundle of orthonormal frames
Rso, () (B). This is equivalent to selecting from the set of all frames only the
orthonormal frames, which transform via a change-of-basis matrix g € SO,, (R),
thus preserving orientations. The dimension of the homogeneous space
GL, (R) /SO, (R) is

dim (GL,, (R)) — dim (0, (R)) =n? —n(n—1)/2 =n(n+1) /2.

There are multiple possible reductions, corresponding to the multiple Riemannian
metrics that can be chosen on B.

7.3.9. Curvature and torsion forms of a principal connection

@

DEFINITION 7.44.— The curvature form of the principal connection P is the
differential 2-form taking values in g defined as the covariant exterior differential of
the connection 1-form w (Definition 7.32(2))

772

The connection P is said to be flat if Q = 0.

REMARK 7.45.—The forms w and $2 are invariant for the right action
(u,g) — u.Ad(g) of G on g (Theorem 7.34(1) and Remark 7.41).

(II) IMPORTANT IDENTITIES As in section 7.3.4(I), we have the first structure
equation (see [7.60]):

Q =dw+ [w,w]. [7.73]
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The second Bianchi identity [7.63] can be stated as D2 = 2 A w. Since w is
vertical and €2 is horizontal, 2 A w = 0, so:

(IIT) CASE OF THE BUNDLE OF G-FRAMES If P is the bundle of G-frames R,
U is a non-empty open subset of B, ¢ is a soldering foormon U and s : U — Rg
is a local section, we can once again define the soldering 1-form o on Rg such that
s* (o) = o (where s* (o) is defined as the 1-form on U with components s* (o)), as
well as the forsion 2-form, which satisfy the second structure equation (see [7.61]):

®:=Do=do+wAo.

The first Bianchi identity [7.62] may now be written as

REMARK 7.46.— i) We saw earlier that the 1-form w is vertical (section 7.3.7()).

ii) The 1-form o is horizontal (exercise), and so are the 2-forms €2 and © by
Definition 7.40.

iii) The forms o and © are invariant under the canonical right action (g,u)
g L. uof G onR™. Furthermore, o is invariant under the right action of G on Rg (B)
(exercise).

iv) Choosing the exterior product N instead of N (section 4.2.4, Remark 4.11)
modifies D and <7 in the same way that it modifies d (section 5.5.1, Remark 5.23(2)).
Thus, the two structure equations become 2 = dw + % [w,w] and © = do + %w Ao
([KOB 69], Volume 1, p. 120) (exercise). Similar changes need to be made to the
relation [7.74] stated below.

(IV) CASE OF A LIE GROUP Let G be a Lie group, and view G as the principal
bundle 7 : G — {b}, where {b} is the manifold reduced to the single point b.
There exists a unique principal connection on this principal bundle. Its 1-form w taking
values in g is determined by the conditions:

D) we = 1g;

2) the relation [7.71] is satisfied.

DEFINITION 7.47.— This connection is known as the Maurer—Cartan connection of G,
and w is said to be its Maurer—Cartan form.
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Maurer—Cartan’s formula [5.26] reduces to:

dw + [w,w] =0 < Dw = 0, [7.74]

so the Maurer—Cartan connection is flat.

(V) “BASIC” VECTOR FIELDS Let w be a connection 1-form on the bundle of
G-frames 7 : Rg — B, where the base B is an n-dimensional manifold. If £ € R™,
we define the “basic vector field” b () corresponding to & by the following
condition: b (&) ; 1s the unique horizontal vector at the point ¢ € Rg such that

Ty (b (g)q) = ¢ (&) (Remark 7.38(4)). Using the notation from section 7.3.7(II) we

obtain the following:
PROPOSITION 7.48.— 1) o (b (§)) =&
2) pgi (6()) =b(g71.£), Vg € G (see section 7.3.5).

3) If Y1, Ys are horizontal vector fields, then (see section 7.3.7(I1))
v ([Y1,Y2]) (@) = =@ (Y14 A Yq) g,

where 2 (Y14 A Yaq) .q is the Killing field associated with Q (Y14 A Ya,) € g at the
point q (section 6.4.1(IV), Definition 6.69).

4) If b1, by are “basic vector fields”, then

7 ([b1,6] (g)) = 6 (— (b1, A b,),

PROOF.—- 1), 2): exercise. 3): Since Y7, Y5 are horizontal and w is vertical, the first
structure equation implies that

0 (Yig A Yog) = do (Yi A Vo), = ([0, Ya)) 4)
which implies (3) by Definition 7.32(2).
4) Since b1, by are horizontal, the second structure equation implies that

® (blq A qu) =do (bl A bg) (q)
Ly, .0 (b2) (q) — Le,-0 (b1) (q) — o ([b1,b5]) (9)

—0o (1 ([b1,b2])) (¢) -

(536)

Remark 7.46(ii)

There exists a unique & € R™ such that 7 ([b1,b2])(q) = b(&) (¢), so

b(=© (big Abyy)) = b(o(n([bi,b2])(q))) = b(£(g)) by (1), which finally
implies that b (—© (b1, A bay)) = 1 ([b1, b2]) (q). |
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7.3.10. Cartan connections

(I) G-connections (section 7.3.8) are special cases of so-called Cartan connections
[EHR 51, KOB 57]. Some Cartan connections are not (G-connections: most notably
projective connections and conformal connections.

(I) For example, consider a projective connection. In the words of E. Cartan
[CAR 24]:

“A projectively connected manifold (or space) is a numerical manifold that, in the
immediate neighborhood of each point, has all the characteristics of a projective space,
while also being equipped with a rule that connects the two small pieces surrounding
two infinitely close points into a single projective space. [...] This rule defines the
projective connection of the manifold. [...] Analytically, we arbitrarily choose a frame
defining a system of projective coordinates in the projective space attached to each
point a of the manifold. [...] The connection between the projective spaces attached
to two infinitely close points a and a’ is expressed analytically by a homographic
transformation”.

This citation is worth comparing with the remarks of section 7.1 on affine or linear
connections.

We will once again use the notation from section 3.5.7(III). It can be shown that
the center Z;, , ; of PSL,, ;1 (R) is

7 I,+1ifn+1isodd
n+l +1,,1if n+ 1iseven

The stabilizer ([P1, section 2.2.8(I)) of the origin [(1,0,...,0)] of {1} x R™ is

G'= {g’ €PSL,11 (R): g' = (g Z) m0d~Z;+1} ;

where the diagonal blocks z and a have dimensions 1 x 1 and n X n, respectively.
Indeed, we have:

[(1voa ,O)] 'g/ = [(2707 70)} = [(LO? ,0)] :

The mapping G — P, : g — [(1,0, ...,0)] .g therefore induces a diffeomorphism
G /G’ =P, by taking quotients, allowing us to identify P,, with the homogeneous
space G/ G’. According to Cartan, a projectively connected n-dimensional manifold
B is a differential manifold whose tangent space at each point is isomorphic to the
projective space P,,. Any such manifold can be equipped with a “bundle of projective
frames” (where each fiber is a base of P,,) and is a principal bundle 7 : P — B with
structural group G = PSL,, ;1 (R).
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(IIT) Now, let us generalize: let B be an n-dimensional differential manifold, G a
Lie group and G’ a closed subgroup of G (and hence a Lie subgroup by the Cartan—
von Neumann theorem (Theorem 2.76)), and suppose that the homogeneous space
F = G/G’ is n-dimensional. Let 7 : P — B be a principal bundle with structural
group G and consider the vector bundle F' = (P xS F B, F) with fibers of type F
and structural group G associated with P (Lemma-Definition 3.58(ii) and Corollary
3.59).

Next, reduce the structural group of P from G to G’ (section 3.5.6(II)), write
7' . P’ — B for the reduced principal bundle thus obtained, and write j : P’ < P
for the canonical injection. Suppose that a principal connection P is given in P, and let
w be its 1-form taking values in g (Definition 7.31(2)). The induced form w’ = j* (w)
(Definition 4.27, section 4.4.2(I)) is a differential 1-form on P’ taking values in g.

DEFINITION 7.49.— The differential 1-form w' is called a Cartan connection on B with
fiber ¥ if, at every point ' € P', w,, is a linear isomorphism Ty (P') =g.

Equivalently, we can define w’ as follows: it is a 1-form on P’ taking values in
g = Lie (G) that satisfies the following conditions (see [7.71]):

Hho'(Zx)=X (Xeg);

) p*(g)w =Ad(g') W (g €G);

3) w; : Ty (P') — g is an isomorphism (Cartan’s condition).

Unlike a principal connection in a principal bundle 7 : P — B with structural
group G, a Cartan connection on B taking values in g is only equivariant under the
action of G’ (condition 2 above); condition 3 or Cartan’s condition is expressed by
saying that w’ is an absolute parallelism on P.

The curvature Q' of the Cartan connection (taking values in g) is given by:
Q' =Duw i=dw + W, W]
(see [7.72] and [7.73]).

Consider the induced 1-form @’ : T (P') — g/g’ : K’ — W' (k') 4+ ¢ for which
the following diagram commutes:
TP g
N
!/
9/9

where 1 is the canonical surjection. By condition 1, @’ (Zx) = 0, so @’ is

horizontal. Condition 2 implies that o’ is equivariant and defines a morphism of
bundles T (M) — P x© g/g’ (Definition 3.44) that is in fact an isomorphism by
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condition 3. The vector space g/g’ has dimension n’ = n — dim(G’), so
g/g’ = R™ . The 1-form @’ satisfying all of these conditions is said to be a soldering
form, which generalizes the definition given in section 7.3.9(III).

The Cartan connection is said to be reductive if the Lie algebra g is a direct product
g = ¢’ X b (section 5.4.1(I)), where h = g/g’. If so, we can uniquely write w’ =
wo + @(, where wy (respectively <)) is a 1-form taking values in g’ (respectively b);
we can identify ), with @’, and wy is a principal connection on the bundle 7’. The
1-form =’ is often interpreted as a field of frames (see (IV) below).

EXAMPLE 7.50.— Let G be a Lie group and G’ a closed subgroup of G, and
consider the principal bundle m = G x¢' G G > G /G’ with structural
group G’ (Lemma-Definition 3.58). This principal bundle is trivializable
(Lemma-Definition 3.53). The Maurer—Cartan form w of G (Definition 7.47) can be
uniquely extended to the connection 1-form of a Cartan connection (again written as
w) for G on G xC" G. This connection, again said to be the Maurer—Cartan
connection, is flat, and therefore satisfies the Maurer—Cartan formula [7.74].

By definition, the torsion of the connection is ®" = y (£2') [AMB 53, TAK 55],
([SHA 97], Chapter 5, section 3). Thus, the Cartan connection is said to be torsion-free
if (and only if) €’ takes values in g’.

In particular, we can define the torsion of a projective connection. In the words of
E. Cartan [CAR 24]: “A projective manifold is said to be torsion-free if the
infinitesimal displacement associated with an arbitrary, infinitely small, closed
contour that starts from an arbitrary point a of this manifold and returns to this point
leaves the point a (geometrically) invariant”. This can be compared with the relation
[7.59].

(IV) A Cartan connection can be conceptually illustrated as follows [WIS 10]:
imagine a hamster in a ball that moves around on a torus B (Figure 7.7). The ball has
symmetry group G = SOz (R). Let G’ = SO (R) be the stabilizer of the point of
contact between the ball and the torus (which is a two-dimensional manifold). The
hamster can orient itself within the ball according to the group G’. A change of
orientation of the hamster translates to a rotation (condition 1), but the direction taken
by the hamster is not absolute, since it needs to be anchored to a frame (equivariance
condition 2). The homogeneous space G/G’ (the fiber) is the ball (mathematically,
the sphere S?). The Cartan connection takes values in g = so (3) and the principal
bundle 7’ : P’ — B has structural group G’. The configuration space of the hamster
on the torus is the principal bundle 7’. Any point of this space is a direction toward
which the hamster can move, together with the position of the contact point.
Mathematically, this is translated by the isomorphism so03 (R) 2 s05 (R) @ R2. If we
assume that the ball rolls without slipping on the torus (“soldering”), the movement
of the ball is fully determined by that of the hamster (condition 3). The connection
taking values in so3 (R) describes the “infinitesimal rotation” of the ball when the
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hamster moves by “infinitesimal displacements” belonging to g’ = so05 (R). This is a
reductive Cartan connection (see (III)).

Figure 7.7. The hamster in its ball. For a color version of this figure,
see www.iste.co.uk/bourles/fundamentals3.zip

7.4. Riemannian geometry
7.4.1. Levi-Civita connection

On a pure n-dimensional pseudo-Riemannian manifold equipped with a metric
g = Z?jzl Gij dE'®dET (section 4.5.1, [4.41]), we can define the Christoffel symbols

Ffj = {ZZ } and [i7, k] by the relations [7.15, 7.16, 7.17, 7.18]. Since g;; = g, these
symbols are symmetric in (4, j). Hence, the connection thus obtained is torsion-free

by [7.37]. The symbols zk; determine a linear connection C on B (Definition 7.7)
by the relation [7.22]

DEFINITION 7.51.— The linear connection C above is called the Levi-Civita
connection.

THEOREM 7.52.— (Levi-Civita) On any pseudo-Riemannian manifold B, there exists
a unique torsion-free connection, the Levi-Civita connection.

PROOF.— We have already established the existence of this connection constructively.
Uniqueness can be shown as follows: let C’ be a torsion-free linear connection on B,
Fi?j its coefficients in the local coordinates ¢&Y,...,6" and [ij, k] the
Riemann—Christoffel symbols of the first kind of the Levi-Civita connection.
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The Lie derivative along

52 of the scalar field (52| 5% ) coincides with the

covariant derivative along a%“ SO

Ogjr _ 9O <38>_v <35>
oci — ogi \ogi'ogk |~ s \ ogi ' ogk

g 0 0 0

Since the connection C’ is torsion-free, V 2 a£ ==V & 651 . Applying a circular

permutation to the indices, we therefore deduce from [7.17] that <V o a—fj | W> =
EX
[ij, k]. Furthermore, by [7.23],

D 0N s (00
<Va?ia§j'afk>‘Erij'<afk'a£l>’
—_——

gkl

which implies that [ij, k] = >, 't .gr. so Th = 37, g™ [ij, k] = {le } [
LEMMA 7.53.— (Ricci) Let B be a pseudo-Riemannian manifold, g its metric and V
the covariant exterior differential of a linear connection C on B (section 7.2.2). Then,
C is a G-connection if and only if Vg = 0. In particular, this equality is satisfied
when C is the Levi-Civita connection.

PROOF.— We will show that Vg = 0 if C is the Levi-Civita connection (for the other
claims, see ([DIE 93], Volume 4, (20.9.5)). By [7.27],

9gi
Vigij = 85’5 _ngj'{lfi} —ng{]gj}
p q

9g; ,
= Ger —likd1 = ik,

as aresult of [7.15]. Thus, Vg;; = 0 by [7.17]. |
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7.4.2. Geodesics

(I) GEODESIC EQUATION If ¢ : [t1,t2] — B is a curve of class C! in B (equipped
with the Levi-Civitd connection), then it has length sy — s1, where s; = s(t;)
(i = 1,2) and s is the arclength defined by:

ds\? d§1 dgﬂ ;
(dt) a zz: v dt dt <:> notatlonzglj d§ d§ [775]

)

THEOREM 7.54.—In a pseudo-Riemannian manifold B, consider a curve
¢ : [ti,ta] — B of class C? with endpoints sy, ss. The following conditions are
equivalent:

i) cis a geodesic.

ii) 0E (c) = 0, where E is the “energy”

€)= /: ;gwéz (t).&7 (t).dt = /: <(j;>2 dt.

iii) The curve c is traveled at constant speed and §L (¢) = 0, where L is the length:

/ Z 9i;-E1 (1) €3 (t).dt = / ds.
iV)

PROOF.—Letp = 3, ; gij £ (t) € (t). If ¢is traveled at constant speed (i.e. ds/dt =
const.), then its parametrization is affine, i.e. t = as + b, a # 0. Therefore, ¢ = a for
x = c. The Euler-Lagrange equation for the stationarity of L is (section 1.3.2(II))

1 590_d< 1 &p)
2,/p o0& dt 2\/5'8& ’
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so (ii) is equivalent to (iii) and to (iv). Now, write

289'51.517_51122525.5”.5"+2;9m-5k

p.q p.q
dp/oEi d/dt(dp/0i?)
i cp ca | 99 ip iq ¢k
= £PE9 4 1 gp, 23 g £F.
;(8@5 §t G S Ekjgkg

In light of [7.17], this is equivalent to ), gikgk + vaq I‘pq’i.ép.éq = 0, and by
[7.15], setting v = 4, it is also equivalent to £ + Z ng.ép.éq =0,orto V,v =0,

p,q
which shows that (ii) is equivalent to (i) by section 7.2.4(I1I). |
(IT) MINIMAL GEODESICS ON A RIEMANNIAN MANIFOLD

DEFINITION 7.55.— We say that a geodesic is minimal (respectively locally minimal)
if it minimizes (respectively locally minimizes) L.

A minimal geodesic, and similarly a locally minimal geodesic, can only exist in a
Riemannian manifold, since this is the only type of manifold where the weak Legendre
condition (Theorem 1.46) is satisfied (exercise).

In Euclidean space, every geodesic is minimal: the geodesics are the straight lines.
On a sphere, the geodesics are arcs of great circles. An arc along the equator is only a
minimal geodesic if it extends over at most 180° of longitude.

Consider the cylinder with parameters (6, z), where x = R.cosf, y = R.sind.
On this cylinder, consider the curve § = 0 (t), z = z (). Then, ds*> = dz? + dy? +

dz* = (92 + z'2> dt?, so (%)2 = 62 4 2. The Buler-Lagrange equation implies that

0 =%2=0,s06 =at+b, z = ct—+ d The geodesics are therefore the circular
helices, the circles obtained by cutting the cylinder with a horizontal plane and the
generating lines of the cylinder.

7.4.3. Flat pseudo-Riemannian manifolds

THEOREM 7.56.— (Riemann) Consider a pseudo-Riemannian manifold equipped with
its Levi-Civita connection. This manifold is locally isometric to R™ equipped with its
pseudo-Euclidean metric if and only if its Riemann—Christoffel curvature tensor is
zero.
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PROOF.— (A) Necessary condition: the coefficients of the connection are given by
[7.5].

1) Let us evaluate the quantity 9,1, — 9T} ; this can be written as

ij?

83ba a2ba (92 l
Z Dy Oy dyt aba Z OyFdyt Obdyi L2,

Ly

where Lo is obtained from L; by permuting the indices j and k. The first term of L,
therefore cancels with the first term of Ls. The second term of L, is equal to

3 g
Oy* oyt obe 7
and therefore cancels with the second term of L.

2) The quantity in.Fé 5, can be written as

o o
5 Aytoyk Ob> Oyhdyi ob’

an expression that is symmetric in the indices j, k. Hence, the same is true for
> (Fﬁiféh - I‘?i.Fﬁch), a quantity that must therefore be zero.

B) Sufficient condition:

1) If © = 0, Proposition 7.48(3) shows that the bracket of two horizontal vector
fields is horizontal. Hence, the contact distribution H is involutive (section 5.7.5,
Definition 5.81(3)), and therefore integrable by the Frobenius theorem (Theorem
5.87). At a point b € B, choose an orthonormal frame ¢ € 7~ (b) and let ® be the
leaf of H passing through g (section 5.7.5(VII)). This leaf ® is locally the image of a
section s : U — Rg (B) (G = SO,, (R)) such that s (b) = gq.

2’) Consider the “basic vector fields” b (e;) (i = 1,...,n), where (e;),-,,, is the
canonical basis of R™. The b (e;) are horizontal, so each bracket [b(e;), b (e;)] is
horizontal (see (1°)). But the Levi-Civita connection has zero torsion (Theorem 7.52).
Hence, by Proposition 7.48(4), n ([b(e;),b(e;)]) = 0, so [b(e;),b(e;)] = 0. Let
X, (b) = m. (b (e;)) (s(b)); then [X;, X;] = 0 by the functor nature of the bracket
(section 5.4.4(I), Remark 5.18). Furthermore,

e (b (ei) (s (b)) = 5 (b) (ei) = i)

s0 s = (X1, ..., Xpn), where [X;, Xg} = 0. By Theorem 5.77, there exists a coordinate
system £1, ..., £ such that X; = T
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3’) To show that this coordinate system is as required, we still need to show that
5 (b) is orthonormal for every b, or alternatively that s (bs) can be obtained by parallel
transport from ¢ = s (by) along a curve ¢ : [0,1] — U, where U is an open subset of
R™, by = ¢(0), b = ¢(1). However, we can perform a parallel transport along ¢ from
q by choosing a lifting ¢ of ¢ such that ¢ (0) = ¢, in which case the point transported
from ¢ is now ¢ (1). It is clear that ¢ = s o ¢ is an appropriate lifting to do this. |

7.4.4. Ricci tensor and Einstein tensor

These two tensors (or more precisely tensor fields) play a fundamental role in
general relativity. Consider an n-dimensional pseudo-Riemannian manifold B
equipped with its Levi-Civita connection.

(I) RiccI TENSOR Consider the Riemann—Christoffel tensor r with components
Rﬁ,jk. Contracting (section 4.2.1(II)) the indices [,; yields the twice covariant
antisymmetric tensor with components

Ry =Y Rl .
J

This tensor is symmetric by [7.36] and [7.19]. It is called the Ricci tensor, denoted
Ric. We can write this tensor in mixed form (applying the rule (R) from section
5.6.5(I@)) as follows:

k

The invariant
R=) R

is called the Ricci curvature. In two dimensions, it can be shown that R = 2K, where
K is the Gaussian curvature, which is equal to T% for a sphere of radius r > 014,

Furthermore, by lowering the contravariant index [ of the Riemann—Christoffel r
(again applying the rule (R)), we obtain the tensor of type (0,4) whose components
Ry; ;1 can be expressed in terms of the Riemann—Christoffel symbol of the first kind
according to the following relation, deduced from [7.36]:

Ry ji = 0Lk, — Okl + Z (Tki-Tojn — T L) -
)

14 See the Wikipedia articles on Scalar curvature and Gaussian curvature.
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It can easily be checked (exercise) that R;; j;. satisfies the following relations (and
no others):

Ry ik = Rjkas = —Ra ik = — R kg,
Ry i + Rij ki + Rig,iy = 0.

n?(n?— . n(n
Therefore, I2y; ;1. has % independent components, and R;; has % The
Riemann—Christoffel tensor r is therefore fully determined by the Ricci tensor Ric if

n2 ’n,2— .
and only if (12 Y < "("2+1),1.e.n < 3.

DEFINITION 7.57.— The pseudo-Riemannian manifold is said to be flat if v = 0 (see
Definition 7.44) and Ricci-flat if Ric = 0.

The above shows that every flat pseudo-Riemannian manifold is Ricci-flat, but the
converse only holds if the dimension is < 3.

(IT) EINSTEIN TENSOR When the torsion is zero, the second Bianchi identity (section
7.3.4(IT)) is given by:

ViR jj, + ViR! + ViR = 0.

Suppose that k = h. The antisymmetry in (¢, k) of Ril ;1 implies that:

~ViRij + V;Ry+ Y ViRl =0.
h

By multiplying by gf and contracting the indices i, j, we deduce that:

~ViR+Y R/ +) R} =0,
h

J

and by Ricci’s lemma (Lemma 7.53), it follows that

D VS =0, [7.76]

where

1
Sik = R, — igik-R~
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The tensor field S with components S;, is called the Einstein tensor. By section
5.5.2(I@), [7.76] can be rewritten as a conservation relation (Remark 5.29)

div (S) =0,

where div (S) is the tensor of type (0, 1) whose k-th component is div (S).
E. Cartan showed the following result in 1922 ([CAR 22b], section 40):

THEOREM 7.58.— On an Einstein manifold (section 4.5.1), consider a twice covariant
symmetric tensor field Q whose components Q. only depend on the g; and their
partial derivatives of first and second orders, with a linear dependence on the second-
order partial derivatives. The following conditions are equivalent:

i)div(Q)=0;
ii) the Q;i are of the form
Qir. = 1 (Sik + A-gir) ,

where 11 and A are constants.

Einstein’s equation can be stated as follows!5:
Sik + N.gir = x-Tir, [7.77]

where A is the cosmological constant, x > 0 is a constant and the T;; are the
components of the momentum-energy tensor T; the latter is conservative, so
div (T) = 0; it is a symmetric tensor of type (0,2) that characterizes the energy
distribution!6. The cosmological constant A (introduced at a very late stage by
Einstein who then abandoned the idea) is necessarily zero if the Einstein manifold is
required to be Ricci-flat when T = (. However, as we saw above, this does not
necessarily imply that this manifold must be flat (we could imagine an empty — and
hence Ricci-flat — Einstein manifold traversed by a gravitational wave that imprints a
curvature upon it).

(IIT) NEWTONIAN APPROXIMATION To understand the Einstein equation [7.77], it
is useful to consider its Newtonian approximation. When A = 0, by the rule (R) from
section 5.6.3(II)), [7.77] is equivalent to:

1 .
R = 561 = x.T). [7.78]

15 Einstein announced this equation on November 25, 1915 at the Prussian Academy of
Sciences in Berlin and published it in an article dated 1916 [EIN 52c]. Hilbert (after lengthy
discussions with Einstein) had presented an equivalent formulation based on a variational
principle to the Royal Academy of Sciences Gottingen on November 20, 1915 ([SAU 09],
Chapter 1, p. 28-46), without however claiming priority ([PAI 82], section 14d).

16 See the Wikipedia articles on the Cosmological constant and the Energy-momentum tensor.
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(o) CASE OF A REGION {2 WITHOUT MATTER In any such region, T;; = 0, so
[7.77] becomes S; = 0. Suppose that the gravitation field is sufficiently weak in €2
to ensure that g;; = n;; + h;;, where the 7);; are the normal components of the metric
tensor of Minkowski space-timel7, i.e. (n;;) = diag(1l,—1,—1,—1), and where
|hij] < 1.1In €2, consider a particle with coordinates z* (0 < i < 4), where z° = ct,
and assume that its speed is small relative to light, so that

dzt
ds

<1(1<i<3).

With these assumptions, (ds/davo)2 = 3, 9ij (da?/dxo) (da? /dzo) ~ goo by
[7.75], and, by [7.18],

oo o [ T2 X8 0kg00 2~ 50900 it (0,5) = (0,0) 7791
e = 0 otherwise .

where 9; := 0/0x;. Therefore,

9z0\° 1
Myl—=— ) =—=—29 .
00 < 0s > 2g()0 »900

d2 P ~ d2 D o 1 d2 P . .
; 31:)1]1rl§hermore, dsx2 ~ 7 d;;)2 = ?ﬁ’ so, for 1 < p < 3, the geodesic equation
. ecomes:
d?zP 2
az g v

P . 2 . 2
This is Newton’s equation ZTf = E, ﬁ = —?U with U = 5 hoo + const., or,
up to an additive constant:

2U
goo = 1“!‘072-

REMARK 7.59.— Questions of priority regarding the theory of relativity have been
under discussion for many years. Lorentz ([LOR 21], p. 298) said in 1914 that
Poincaré “has obtained a perfect invariance of the equations of electrodynamics [i.e.
the Lorentz equations] and formulated the ‘special relativity postulate’, an
expression that he was the first to use.” This postulate was stated in 1904 as follows
[POI 04]: “The laws of physical phenomena must be the same for a stationary

17 This could be called Poincaré—Minkowski space-time, since [POI 06] preceded [MIN 52].
See Remark 7.59 below.
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observer as for one carried along in a uniform motion of translation.” Poincaré, in
his Note de Comptes Rendus at the French Academy of Sciences of June 5, 1905
[POI 06], corrected the Lorentz transformations and showed that they form a group
under which the quadratic form with coefficients n;; is invariant. Einstein formulated
the principle of relativity as follows in his famous article [EIN 52a], submitted on
June 30, 1905: “The laws by which the states of physical systems undergo change
are not affected, whether these changes of state be referred to the one or the other of
two systems of coordinates in uniform translatory motion.” In order to derive the
Lorentz equations as rectified by Poincaré (of which Einstein later claimed to be
unaware when he wrote his first article in 1905; his rigorous proof eventually
appeared in [EIN 07]), Einstein added the principle of independence of the speed c
of light with respect to the motion of the source, and specified in [EIN 52b] that this
second principle is a consequence of Maxwell’s equations. It was shown in 1968 that
the principle of relativity and the hypotheses of the homogeneity, isotropy and
causality of space-time are necessary and sufficient (without the postulate of
invariance of c) to establish the kinematic equations of special relativity (i.e. the
Lorentz—Poincaré equations) if they are assumed to form a group (see [LEV 76]).

(/) MOMENTUM-ENERGY TENSOR DUE TO A MACROSCOPIC SYSTEM OF
PARTICLES IN MOTION If p is the specific mass of the system (the sum of the mass
per unit volume of each particle at rest), this symmetric tensor of type (2, 0) has the
contravariant components 7% = pc?uiu/, where u' := da'/ds (0 <i<4). If
|ui| < 1forl < i< 3, thenT% ~ 0if (i,5) # (0,0) and T = T¢ = pc?; this is
the famous Poincaré—Einstein equation!8 E = mc? considered per unit volume. The
approximations of () remain valid and show that, for p > 1, '}, ~ —C%ﬁpU ,
R~ =3 o1 0T = é?QU and R} ~ 0if (4, ) # (0,0). By index contraction,
Einstein’s equation [7.78] implies that

1
§R8 = XTOO = ?QU = 2¢*xp,

and we recover Poisson’s formula ([5.48], section 5.6.4) by setting x = 87rG/c4,
where G is the universal constant of gravitation, as done in ([EIN 52c], equation 69).

18 See ([POI 00b], p. 260), ([EIN 52b], p. 641) and [IVE 52] for a comparison of these two
articles.
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infinitely differentiable, 88
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(structure constants of an —), 188
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de Rham, 149, 153
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of the second kind, 319
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codifferential, 210
codistribution, 234
coefficients

Fourier, 297, 300
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of a vector bundle, 115

of an algebra, 257
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Cauchy, 37

Euler, 29
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Maurer-Cartan, 353, 357

principal, 347

trivial, 324
continuous sum, 303
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(C2), 58
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convergent power series, 17
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curvilinear, 318
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of a Lie group, 106
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tempered, 299
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Hodge, 208
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E, F
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Euler-Lagrange, 30
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Maurer—Cartan, 353
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real, 257
soldering, 335, 353, 357
torsion, 339, 353
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G-connection, 334, 351
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gauge potential, 336
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gradient, 7, 198
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special orthogonal, 87
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orthogonal, 85
(general, special), 86
projective
general, 86
special, 86
special orthogonal, 87
unitairy, 87
special
linear, 86
unitary, 86
spinor, 106
structural, 121
(extension), 127
(restriction), 127
symplectic, 87
tame, 312
unimodular, 251
unitary, 85
symplectic, 87
Weyl, 270
wild, 312
homologous currents, 216

1,J,K
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characteristic, 190
derived, 261
differential, 238
proper, 188
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identity(ies)
Bianchi, 344
Jacobi, 187
image
(measure), 157
of a morphism of fiber bundles, 117
preimage of a manifold structure, 69
immersion, 24, 69
index contraction, 134
infinitesimal generator, 227
integral
Gaussian, 286

generalized Riemann, 12
maximal, 42
of a differential p-form, 161
of a vector function, 13
interchangeable (differentiation symbols),
340
interior automorphism, 88
involution, 163, 306
Jacobian, 8
kernel of a morphism of fiber bundles, 117

L,M

Lagrangian, 30
regular, 31
Laplacian
Beltrami, 199, 212
de Rham, 212
law
Coulomb’s, 213
Newton’s, 213
leaf, 242
Leibniz rule, 11, 323, 327
lemma
du Bois—Reymond, 30
five, 220
fundamental — of the calculus of
variations, 30
Poincaré’s, 218
Ricci’s, 359
Schur’s, 312
Levi (subalgebra), 265
Levi-Malcev decomposition, 266
Lie algebra, 187
commutative, 188
compact, 272
nilpotent, 263
of a Lie group, 274
roots of a —, 269
semi-simple, 267
semi-simple split, 269
simple, 267
solvable, 265
symplectic, 260
Lie bracket, 187, 192
Lie group, 81
almost simple, 283
local, 84
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reductive, 283
semi-simple, 283
tangent, 275
lifting, 100
horizontal, 349
line
affine, 128
at infinity, 128
locally isomorphic (Lie groups), 84
Mackey convergence, 12
manifold
(FN), 53
(KM), 53
(SN), 53
analytic, 54
Banach, 53
differential, 54
Einstein, 171
étale, 73
Fréchet, 53
Hilbert, 53
holomorphic, 54
immersed, 69
implicit representation, 74
integral, 234
locally finite-dimensional, 52
locally pure, 52
Lorentzian, 171
of finite type, 219
of orbits, 89
orientable, 155
oriented, 155
parallelizable, 110
pseudo-Riemannian, 171
pure, 52
Riemannian, 171
topological, 51
mapping
(expression in a pair of charts), 58
c-holomorphic, 34
differentiable
Fréchet, 5
Gateaux, 28
¢étale, 20
exponential, 229, 278
G-differentiable, 28
holomorphic, 18

homogeneous polynomial, 137
linear
cotangent, 80
tangent, 65
of class ¢*°, 33
of class ¢¥, 33
of class C*, 17
of class C?, 10, 56
proper, 70, 178
tangent to 0, 5
matrix
Cartan, 270
Hessian, 11
Jacobian, 8
transition, 44
measure
defined by a form of odd type, 165
Haar, 251
Lebesgue, 160
Plancherel, 313
Radon point, 250
volume form, 161
metric, 171
minimal type of a manifold, 219
minimum
relative (or local), 15
modulus function, 251
morphism
étale, 73
B-, 124
canonical, 102
G-, 124
G-B-, 124
local — of Lie groups, 84
locally direct, 117
of fiber bundles, 120
of fibrations, 100
of manifolds, 56
tangent, 58
of vector bundles, 110
transition, 125
transversal, 77

N,O,P

Noether’s isomorphisms, 189
normalizer, 268
operator
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differential, 181
differentiation, 6
evaluation, 12
Hilbert-Schmidt, 311
Hodge, 208
Nemytskii, 11
nuclear, 311

order

of a differential operator, 182

of a tensor, 133
orientation, 155
associated, 162
canonical, 156, 162, 163
of a boundary, 170
of a morphism, 162
opposite, 155
p-covector, 140
p-field, 233
p-form, 140
p-vector, 139
parallel transport, 327, 349
Poincaré half-plane, 91
point
critical, 71
regular, 71
singular, 71
polyhedron, 167
preimage
of a differential form, 149
of a fiber bundle, 120
of a fibration, 102
of a section, 107
of a tensor field, 151
of a vector field, 191
product
direct
of Lie algebras, 190
of Lie groups, 83
exterior, 138
interior, 141
interior — of sections, 153
of fibrations, 102
of Lie algebras, 189
of manifolds, 75

semi-direct — of Lie groups, 83

tensor, 114
vector, 143

wedge, 138

Q,R,S

quasi-parallelogram, 341
radical, 265
radius of convergence, 17
rank

of a mapping, 6

of a vector bundle, 108

regularization of a distribution, 253

representation
adjoint, 88
linear, 190
completely reducible, 263
faithful, 188
irreducible, 302
linear, 87, 190, 257
of a Lie algebra, 188
scalar, 303
unitary, 302
resolvent, 44

restriction of a differential operator, 182

Riemann surface, 103
section
of a fibration, 107

of an induced fibration, 107
semi-simple endomorphism, 257

sequence
Mayer-Vietoris, 217
rapidly decreasing, 299
slowly increasing, 299
series
central
ascending, 261
descending, 261
derived, 261
Fourier, 297, 300
Taylor, 17
sheaf of sections, 108
signature of a metric, 171
simplex
even, 167
odd, 166
smooth, 166
slice, 242
space, 49
(FN), 36
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(KM), 33
(SN), 36
affine, 27
locally convex, 27
C**°-normal, 35
C°°-paracompact, 35
¢>°-paracompact, 36
C*°-regular, 35
convenient, 33
cotangent, 79
dual of a locally compact group, 313
homogeneous, 90
homology, 216
Minkowski, 366
of a fiber bundle, 95
of a fibration, 99
projective, 128
Riemann, 132
Sobolev, 289
tangent, 59
transversal, 68
spray, 229
stabilizer, 89
stationary germ, 61
structure
constants, 188
fibration, 101
of a manifold, 56
principal bundle, 124
vector bundle, 110
subbundle, 113
split, 119
subgroup
integral, 281
Lie, 82
subimmersion, 26, 72
submanifold(s), 68
transversal, 77
submersion, 25, 71
subspace
root, 269
totally isotropic, 258
sum
direct — of Lie algebras, 190
Riemann, 13
semi-direct — of Lie algebras, 190
Whitney, 114

system
irreducible root, 270
Pfaff, 235
reduced root, 270

TV

tensor, 144
antisymmetric, 135
antisymmetrization, 136
curvature, 331
Einstein, 365
of type (p, q), 133
Ricci, 363
Riemann-Christoffel, 331
symmetric, 135
symmetrization, 136
torsion, 332
theorem
Ado’s, 263, 264
automorphism, 291
Banach-Caccioppoli fixed point, 19
Boman’s, 34
Campbell-Baker—Hausdorff, 278
Carathéodory
(existence of a solution), 38
(uniqueness of the solution), 40
Carleson—Hunt, 302
Cartan’s, 196
Cartan—von Neumann, 82
Cauchy-Lipschitz, 41
de Rham, 216, 222
duality, 222
Engel’s, 264
Euler’s, 29
exchange, 288, 289, 292, 294
flux-divergence, 204
Fourier—Dirichlet, 297
Frobenius, 237, 238
Gauss’, 203, 214
generalized
Goursat, 18
Hartogs, 34
Green'’s, 204
Hartogs’, 18
Hopf’s, 205
implicit function, 22, 76
inverse mapping, 20
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Jordan-Dirichlet, 298
Kahane—Katznelson, 302
Kelvin—Stokes, 206
Kuiper’s, 110
Kuranishi—Yamabé, 82
Levi-Civita, 358
Levi-Malceyv, 266, 276, 279
Lie’s, 266, 276, 279

(third fundamental theorem), 274,

280

Lie—Killing—Cartan

(classification), 277
Liouville’s, 18
maximum modulus, 18
Mayer—Vietoris, 217
mean value, 8, 13
Meyers—Serrin, 289
Omori’s, 91
Ostrogradsky’s, 204
Peano’s, 39
Plancherel’s, 306, 314
Plancherel-Parseval, 295
Poincaré duality, 220
Poincaré—Birkhoff—Witt, 262
rank, 26, 72
Riemann’s, 361
Riemann summability, 296
Riemann-Lebesgue, 287
Rolle’s, 6
Sard’s, 71
Schur’s, 311
Schwarz’s, 10
Sobolev embedding, 289
Stokes’, 200

straightening
for fields of frames, 232
for vector fields, 231
Taylor’s, 13
transfer, 288
Weyl’s, 273
(complete reducibility), 269
Whitehead’s, 216
Whitney embedding, 70
torsion, 332, 357
torus, 82
trace
faithful, finite, semi-finite, 311
of an endomorphism, 256
transition homeomorphism, 51
translation
left, 85
right, 85
tubular neighborhood, 184
vector
cotangent, 79
fundamental, 275
p-, 139
root, 269
tangent, 59
horizontal, 347
kinematic, 64
operational, 64
vertical, 100, 123

W,Y

W*-algebra, 310
Witt index, 258
Young’s inequality, 254
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