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Preface to the
Second Edition

The primary changes in this second edition include the introduction
of many more applications, chosen from a variety of fields such as
statics, dynamics, statistical communication theory, fiber optics, heat
conduction in solids, vibration phenomena, and fluid mechanics,
among others. In many cases these applications appear in the
chapter in which the particular special function is introduced.
However, because applications involving Bessel functions and
hypergeometric-type functions are far more extensive than those of
the other functions, they carry over to separate chapters devoted
entirely to applications (Chaps. 8 and 12).

As in the first edition, the text is suitable for use either as a
classroom text in various courses dealing with higher mathematical
functions or as a reference text for practicing engineers and scient-
ists. To this end I have tried to preserve the readability of the first
edition, improving it where I could by the addition of further
examples or clearer exposition. For instance, I have rearranged the
order of topics in Chap. 1 so that asymptotic formulas follow the
discussion of improper integrals, and in addition to the chapter on
applications, the discussion of Bessel functions has been expanded to
two chapters—one chapter devoted entirely to Bessel functions of the
first and second kinds (Chap. 6) and one devoted to Bessel functions
of other kinds, such as modified Bessel functions and spherical Bessel
functions (Chap. 7). These discussions on Bessel functions also
include some new material such as the introduction of addition
formulas, Kelvin’s functions, and Struve functions.

I am grateful to a number of students and colleagues for their
helpful suggestions concerning this second edition. In particular, I
wish to thank B. K. Shivamoggi, K. Vajravelu, and M. Belkerdid for
their input concerning the choice of certain applications. I am further
indebted to B. K. Shivamoggi for reading most of the new material

xi



xii Preface to the Second Edition

and offering many useful suggestions. Finally, 1 wish to thank the
entire production staff of McGraw-Hill and, in particular, acknow-
ledge my editor, Robert Hauserman, for his continued support of this
project.

L. C. Andrews

Publishers’ note: This new printing of the Second Edition of Special Functions of
Mathematics for Engineers, originally published by McGraw-Hill in 1992, includes
known corrections to the text and formulas. Because of the importance of this material in
modern engineering, SPIE—The International Society for Optical Engineering and
Oxford University Press are republishing it to make it available to the engineering,
science, and mathematics communities. A Third Edition is planned, which will
incorporate widely used mathematics software to help the reader make the transition to
numerical calculations.



Preface to the
First Edition

Modern engineering and physics applications demand a more thor-
ough knowledge of applied mathematics than ever before. In particu-
lar, it is important to have a good understanding of the basic
properties of special functions. These functions commonly arise in
such areas of application as heat conduction, communication systems,
electro-optics, nonlinear wave propagation, electromagnetic theory,
quantum mechanics, approximation theory, probability theory, and
electric circuit theory, among others. Special functions are sometimes
discussed in certain engineering and physics courses, and mathemat-
ics courses such as partial differential equations, but, the treatment of
special functions in such courses is usually too brief to focus on many
of the important aspects, such as the interconnecting relations
between various special functions and elementary functions. This
book is an attempt to present, at the elementary level, a more
comprehensive treatment of special functions than can ordinarily be
done within the context of another course. It provides a systematic
introduction to most of the important special functions that com-
monly arise in practice and explores many of their salient properties.
I have tried to present the special functions in a broader sense than is
often done by not introducing them as simply solutions of certain
differential equations. Many special functions are introduced by the
generating-function method, and the governing differential equation
is then obtained as one of the important properties associated with
the particular function.

In addition to discussing special functions, I have injected through-
out the text by way of examples and exercises some of the techniques
of applied analysis that are useful in the evaluation of nonelementary
integrals, summing series, and so on. All too often in practice a
problem is labeled “intractable” simply because the practitioner has
not been exposed to the “bag of tricks” that helps the applied analyst
deal with formidable-looking mathematical expressions.

During the last 10 years or so at the University of Central Florida
we have offered an introductory course in special functions to a mix of

xiii



xiv  Preface to the First Edition

advanced undergraduates and first-year graduate students in mathe-
matics, engineering, and physics. A set of lecture notes developed for
that course has finally led to this textbook. The prerequisites for our
course are the basic calculus sequence and a first course in
differential equations. Although complex variable theory is often
utilized in studying special functions, knowledge of complex variables
beyond some simple algebra and Euler’s formulas is not required
here. By not developing special functions in the language of complex
variables, the text should be accessible to a wider audience. Natur-
ally, some of the beauty of the subject is lost by this omission.

The text is not intended to be an exhaustive treatment of special
functions. It concentrates heavily on a few functions, using them as
illustrative examples, rather than attempting to give equal treatment
to all. For instance, an entire chapter is devoted to the Legendre
polynomials (and related functions), while the other orthogonal
polynomial sets, including Hermite, Laguerre, Chebyshev, Gegen-
bauer, and Jacobi polynomials, are all lumped together in a single
separate chapter. However, once the student is familiar with Legen-
dre polynomials (which are perhaps the simplest set) and their
properties, it is easy to extend these properties to other polynomial
sets. Some applications occur throughout the text, often in the
exercises, and Chap. 7 is devoted entirely to applications involving
boundary-value problems. Other interesting applications which lead
to special functions have been omitted, since they generally presup-
pose knowledge beyond the stated prerequisites.

Because of the close association of infinite series and improper
integrals with the special functions, a brief review of these important
topics is presented in the first chapter. In addition to reviewing some
familiar concepts from calculus, this first chapter contains material
that is probably new to the student, such as the Cauchy product,
index manipulation, asymptotic series, Fourier trigonometric series,
and infinite products. Of course, our discussion of such topics is
necessarily brief.

I owe a debt of gratitude to the many students who took my course
on special functions over the years while this manuscript was being
developed. Their patience, understanding, and helpful suggestions
are greatly appreciated. I want to thank my colleague and friend,
Patrick J. O’'Hara, who graciously agreed on several occasions to
teach from the lecture notes in their early rough form, and who made
several helpful suggestions for improving the final version of the
manuscript. Finally, I wish to express my appreciation to Ken
Werner, Senior Editor of Scientific and Technical Books Department,
for his continued faith in this project and efforts in getting it
published.



Notation
Ai(x), Bi(x)

bei (x), ber (x), bei, (x),
ber, (x)

B(x,y)
B.(p,q)

b.(x)

C(x), Cy(x), Cylx)
Cix)

Ci(x)

cny, dnu
D,(x)

Ei (x), E,(x)
E(m)

E(m, ¢)
E(a,;c,5%)
E,(x)

erfx, erfcx
Elx)
F(a,b,c;x)=,F(a,b;c;x)
F(m, ¢)
qu(ap;cq;x)
I(x)

y(a,x), I'(a,x)
G(a, b;c;x)
Grin(x [2)

Notation for

Special Functions

Name of function
Airy functions of the first and second kinds
Kelvin’s functions

Beta function

Incomplete beta function

Bessel polynomial

Fresnel cosine integrals

Gegenbauer polynomial

Cosine integral

Jacobian elliptic functions

Parabolic cylinder function
Exponential integral

Complete elliptic integral of the second kind
Elliptic integral of the second kind
MacRobert E function

Weber function

Error functions

Riemann zeta function
Hypergeometric function

Elliptic integral of the first kind
Generalized hypergeometric function
Gamma function

Incomplete gamma functions
Hypergeometric function of the second kind
Meijer G function

Xv
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Notation
H,(x),H,(x)

H,(x)
HY(x), HP(x)

hf}’(x )’ hf)(x )
i,(x)

L(x)

dJi, (x)

Jna(x)

J,(x)

d,(x)

kei (x), ker (x)
K(m)

k,(x)

K, (x)
li (x)
L,(x)
Li(x), L (x)

L, (x)

M(a;c;x) =,F(a;c;x)
Mk,m(x)

P,(x), P,(x)

Pr(x)

PeV(x)
I(m, a)
I(m, ¢,a)
P(x)
'P(M)(x)
Q.(x)
Qrx)

Si(x), si(x)
S(x), Si(x), Sa(x)

Name of function
Hermite polynomial, Hermite function
Struve function of the first kind
Hankel functions of the first and second
kinds

Spherical Hankel functions of the first and
second kinds

Modified spherical Bessel function of the
first kind

Modified Bessel function of the first kind
Integral Bessel function

Spherical Bessel function of the first kind
Bessel function of the first kind

Anger function

Kelvin’s functions

Complete elliptic integral of the first kind

Modified spherical Bessel function of the
second kind

Modified Bessel function of the second kind
Logarithmic integral
Laguerre polynomial

Associated Laguerre polynomial, associated
Laguerre function

Modified Struve function

Confluent hypergeometric function
Whittaker function of the first kind
Legendre polynomial, Legendre function
Associated Legendre function of the first
kind

Jacobi polynomial

Complete elliptic integral of the third kind
Elliptic integral of the third kind

Digamma or psi function

Polygamma function

Legendre function of the second kind
Associated Legendre function of the second
kind

Sine integrals

Fresnel sine integrals
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snu
T.(x)
U.(x)
Ula;c;x)

W (x)
¥a ()
Y, (x)

Notation for Special Functions  xvii

Name of function
Jacobian elliptic function
Chebyshev polynomial of the first kind
Chebyshev polynomial of the second kind

Confluent hypergeometric function of the
second kind

Whittaker function of the second kind
Spherical Bessel function of the second kind
Bessel function of the second kind






Chapter

Infinite Series,
Improper Integrals,
and Infinite Products

1.1 Introduction

Because of the close relation of infinite series and improper integrals
to the special functions, it can be useful to first review some basic
concepts of series and integrals. Infinite products, which are
generally less well known, are introduced here mostly for the sake of
completeness, but in some instances they are also useful.

Infinite series are important in almost all areas of pure and applied
mathematics. In addition to numerous other uses, they are used to
define certain functions and to calculate accurate numerical esti-
mates of the values of these functions. In calculus the primary
problem is deciding whether a given series converges or diverges. In
practice, however, the more crucial problem may actually be sum-
ming the series. If a convergent series converges too slowly, the series
may be worthless for computational purposes. On the other hand, the
first few terms of a divergent series in some instances may give
excellent results. Improper integrals and infinite products are used in
much the same fashion as infinite series, and, in fact, their basic
theory closely parallels that of infinite series.

In the application of mathematics frequently two or more limiting
processes have to be performed successively. For example, we often
find the derivative (or integral) of an infinite sum of functions by
taking the sum of derivatives (or integrals) of the individual terms of
the series. However, in many cases of interest, performing two limit
operations in one order may yield an answer different from that
obtained using the other order. That is, the order in which the
limiting processes are carried out may be critical. It is of utmost

1



2 Chapter One

importance, therefore, to know the conditions under which such
interchanges are permitted, and that is one of the considerations of
this chapter.

Because we assume the reader already has some familiarity with
series and improper integrals, our treatment here is intentionally
cursory. In this regard, we state only the most relevant theorems,
generally without proof. For a deeper discussion of the subject
matter, the reader is advised to consult one of the standard texts on
advanced calculus.

1.2 Infinite Series of Constants

If to each positive integer n we can associate a number S,,, then the
ordered arrangement

81,8z, ...,8,, ... (1.1)

is called an infinite sequence. We call S, the general term of the
sequence. Should it happen that

limS, =8 (1.2)
where S is finite, then sequence (1.1) is said to converge to S; and
otherwise it is said to diverge.

An infinite series results when an infinite sequence of numbers
Uy, Ug,...,U, ... 1s summed, that is,

u1+u2+...+uk+...=2uk (1.3)
k=1

In this case the number u, is called the general term of the series.
Closely associated with the infinite series (1.3) is a particular
sequence

Sl=u1
Sz=u1+U2

: n (1.4)
S,,=u1+u2+---+u,,= Z 773

: k=1

called the sequence of partial sums. The relation between the
convergence of the partial sums and that of the series is contained in
the following definition.



infinite Series and Infinite Products 3

Definition 1.1. If the sequence of partial sums {S,} converges to a
finite limit S, that is, if

S,=> u, and limS,=8

k=1 n—>c

we say the infinite series
2 U,
k=1
converges, or sums, to the value S. In this case, we write
S= 2 Uy,
k=1

The series diverges when the limit of partial sums fails to exist, i.e.,
fails to approach a unique finite value.

Example 1: Determine whether the following series converges or
diverges:

s_1_

i1kl +1)

Solution: To show convergence or divergence, we need to find the
sum S, of the first n terms and examine its limit as n — «. To do so,
first we observe that

S

1 11
S"_,, 1k(/ve+1)',§1<2”k+1)

(D) Gt
h 2 2 3 n n+l

where only the first and last terms do not cancel. Thus,

lim S, = lim <1 —-——1-) =1
n— n— n+1

and we conclude that the series converges and, in particular,
converges to the value unity.



4 Chapter One

The key to solving Example 1 was obtaining a formula for the nth
partial sum S,,. In cases like this where S, can be readily found, it is
a relatively easy matter to then take its limit to decide the
convergence or divergence of the series. Situations for which S,
cannot be easily found will be discussed shortly. »

When a series diverges, it may do so for different reasons. For
example, let us first consider the infinite series

S k=1+2+8+---+k+--- (1.5)
k=1
Making use of the well-known formula from calculus
S,=> k=Yn(n+1)
k=1

it is clear that lim,_..S, =, and therefore the infinite series ¥ &
diverges.* In other instances the partial sums may not approach any
particular limit, as for the series

S(-11=1-1+1-1+---+ (=1 +... (1.6)
k=1

Here we find the partial sums S; =1, S;=0, S3=1,... so that in
general S, =1 for odd n and S, =0 for even n. Hence, because a
unique limit of S, does not exist, we say that ¥, (—1)*~! diverges.

1.2.1 The geometric series

The special series
1+r+r2+-+rk+...= > rk (1.7)
k=0

is called a geometric series. The value r is called the common ratio
since it is the ratio between the (k2 + 1)st term and the 2th term. This
series is important because it has a wide variety of applications, but
also because it can be summed exactly in those cases for which it
converges.

From elementary algebra we know that the sum of the first n terms

*We will occasionally find it convenient to use the symbol Y u, to denote
Lo U



Infinite Series and Infinite Products 5

of (1.7) is given by (see problem 1 in Exercises 1.2)

n-1 1_rn
Sn= k=
kgor 1-r

r+1 (1.8)

where we stop the summation at n —1 since the series begins at
k=0. Since (1.8) requires that r#1, let us consider that case
separately. Substituting r =1 into (1.7), we find that it reduces to the
series

>1=14+1+1+--
k=0

which clearly diverges (Why?). Also the case r = —1 leads to the
divergent series (1.6). For other values of r we simply take the limit
of (1.8) as n— x to find

1

limS,=y1-r
e no limit lri>1

Irj<1
(1.9)

where we are using the fact that r”— 0 for increasing n when |r| <1.
We deduce, therefore, that the geometric series (1.7) converges for
|r] <1 and diverges for |r|=1.

Based on the above results, we have established the important
formula

o 1
k:——- <1 .
§=‘, r=r—  Irl (1.10)

k=0

which, in addition to identifying the values of r for which the series
converges, provides the actual sum of the series.

Example 2: Test the series

4 8 2\*
) i T -=
3-24g-c4e+3(-3) +

for convergence.
Solution: By writing the series in the form

4 8 k
) B T (__)
3 379 3 +



6 Chapter One

we recognize it as a geometric series (multiplied by 3) with r = — %/,
Since r is less than unity in absolute value, we deduce that the series
converges and, moreover, converges to the value

3k20(‘§)k=r<35/:)=§

1.2.2 Summary of convergence tests

Generally speaking, the series that are most useful in practice are
those that converge. For that reason we attach a great deal of
importance to the task of deciding whether a particular series
converges. In the case of the geometric series we were able to get the
nth partial sum S, into a “closed form” and examine its limit directly
as n—o. By doing so, we not only answered the question of
convergence or divergence, but also summed the series. That is the
real power of Definition 1.1. Unfortunately, the geometric series is
one of the rare examples for which we are able to directly apply
Definition 1.1, since we generally cannot obtain S, for most other
series. What is required in these cases, then, is a “handful” of tests
that can be applied to the series in question from which its
convergence or divergence can be established independently of
Definition 1.1. A great many such convergence tests have been
developed over the years, some simple to apply and others quite
sophisticated. In virtually all cases, however, these tests tell us only
whether the series converges or diverges—they do not actually
provide the sum of the series as in Definition 1.1.

The development of various convergence tests is generally taken up
in calculus courses (both elementary and advanced). Our intention
here is to simply recall some of the more elementary tests for
reference purposes.

Remark: Any index such as & or n can always be used in writing a
series, finite or infinite, depending on which index may be convenient.
That is,

M s

Z U, =
k=1

Un
1

n

As a general rule, however, we will ordinarily use the index n when
the series is infinite and 2 when it is finite.

Let us first observe that if ¥ u, =S, where S is finite, then S,— S
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and S,_;— S as n— ». Hence, it follows that

lim (S, -S,-,)=8-S=0

n—oo

But since
n n—1
Sn_Sn—l= 2 Up — E Up = Uy,
k=1 k=1

we see that a necessary condition (but not a sufficient condition) for
the series ) u, to converge is that lim,_,. u, = 0. Thus, we have the
following theorem.

Theorem 1.1. If Y u, converges, then lim, ,.u, =0. On the other
hand, if lim,, ... u,, #0, then the series ¥, u, diverges.

Based on Theorem 1.1, the series %, n/(n + 1) diverges since

lim u, = lim =1+#0

n—sc n—wll + 1

However, testing the general term of the series Y._;1/(n + 1), we
have

1
limu, = lim 0

n—o o +1

so we cannot use Theorem 1.1 to draw a conclusion about the
convergence or divergence of this series.*

A series is called positive if the terms of the series are either all
positive or all negative. In general, the terms of a series may vary in
sign, some terms positive and others negative. If the consecutive
terms have opposite signs, we call the series an alternating series.
Series containing terms both positive and negative converge more
rapidly (when they converge) than do positive series, due to the
partial cancellation of the negative terms with the positive terms.
Because of these distinctions, we introduce notions of different kinds
of convergence,

* This series in fact diverges, as can be shown by the integral test (Theorem
1.2).
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Definition 1.2. The series } u, is said to converge absolutely if the
associated series of positive terms ¥, lu,| converges.

Definition 1.3. If the series ) u, converges but the related series of
positive terms Y |u,| diverges, then Y u, is said to converge
conditionally.

If a positive series converges, it necessarily converges absolutely.
Hence, the term conditional convergence applies only to those series
which have both positive and negative terms. When the general term
of a positive series is an integrable function of n, the following
integral test of convergence can be useful.

Theorem 1.2 (Integral test). Let f(n) denote the general term of the
series ), u,. If the function f(x) is positive, continuous, and nonin-
creasing for x = a, then the positive series ¥, u, converges or diverges
according to the convergence or divergence of the improper integral*

[afx) da.
To illustrate the use of Theorem 1.2, let us consider the p series?

- 1 1 1 1
27 1+— +3p+ +E+--- (1.11)

Here we take f(x) = 1/x?, and for any constant a >0, we find that

1—-p |

f 1= 1_ p*+1

lnxla p=1

from which we deduce that the series converges for p > 1 and diverges
for p = 1.1 The special value p =1 leads to

1 1 1 1
—=14+—-+=-+---+—+-- 1.12
,zln 2 3 n ( )

called the harmonic series. It plays an important role in the use of
comparison tests (see Theorem 1.3 below), and although it diverges,

* The convergence of improper integrals is reviewed in Sec. 1.5.
t For p > 1, the p series is also called the Riemann zeta function (see Sec. 2.5.4).

+ We follow the convention that logx means log,, x and Inx means log, x (Inx
is known as the natural logarithm).
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it does so at a very slow rate. For example, the total of the first
million terms is only slightly larger than 14.

In addition to the integral test, we have the following useful tests
for deciding convergence and divergence of a series.

Theorem 1.3 (Comparison test). A positive series ) u, converges
absolutely if each term (after a finite number) is less than or equal
to the corresponding term of a known convergent positive series ¥, a,,,
that is, if

u,=a, n>N

The positive series ) u, diverges if each term (after a finite number)
is greater than or equal to the corresponding term of a known
divergent positive series }, b,,, that is, if

u,=b, n>N

Theorem 1.4. If lim, .. n”u, =A, then

{a) ¥ u, converges if p >1 and A is finite.
(b) Y u, diverges if p =1 and A #0 (A may be infinite).

Example 3: Test the following series for convergence:

S 1 = logn
(@) ,gzn—l %) ,Zl Vn +1
Solution

(a) By observing that }, (1/n) diverges and
1 1

it follows from Theorem 1.3 that the given series diverges.
() Here we choose p ='/, and consider the limit

lim n'? logn

n—> Vn+1

Based on Theorem 1.4, we deduce that the series diverges.

=

If the series in question is an alternating series, then we usually
start with the following test.
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Theorem 1.5 (Alternating-series test). If u,>0, n=1,2,3,... and
lim, ,.u,=0, then the alternating series ) (—1)"u, converges
(conditionally at least). Also the sum of a convergent alternating
series always lies between the partial sums S, and S, ., for each n.

Unlike in Theorem 1.1, we can conclude (conditional) convergence
for an alternating series by showing that u,, — 0 as n— . However, if
we show that an alternating series converges by the alternating-
series test, we must further investigate the series to determine
whether it also converges absolutely. This we do by applying another
test to the related series of positive terms.

Example 4: Test for convergence:

oo(l)nl
2

Solution: Clearly, the general term of the series approaches zero as
n—». Hence, by the alternating-series test, the series converges.
However, since the absolute value of the general term is |u,|=1/n,
the related series of positive terms is ), (1/n), which is the divergent
harmonic series. We conclude, therefore, that the given series, called
the alternating harmonic series, converges conditionally but not
absolutely.

Theorem 1.6 (Ratio test). Let ). u, denote any series for which

Upt1
u,

lim

n—w

=L

(a) IfL <1, the series ¥, u, converges absolutely.
(b) IfL>1, the series }, u, diverges.
(¢) IfL =1, the test fails (no conclusion).

The ratio test is probably the most widely used test of convergence,
and it is a particularly useful test for those series involving factorials
or exponentials. However, it fails in those cases where the general
term is a rational function of n.

Example 5: Test the series for convergence:

= n?
25
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Solution: Forming the ratio

Uni1 (n + 1)2 2"
w. |- 2"t 2
1 <n + 1)2
"2\ n
we see that its limit is
u 1
L=lim |=2*| ==
nEIulo u, 2

Hence, since L <1, the given series converges.

1.2.3 Operations with series

In many applications the need arises to combine series by such
operations as addition (and subtraction) and multiplication. Al-
though the division of one series by another is sometimes required,
we do not address it here. To perform addition and multiplication, it
is usually important to establish the absolute convergence of all
series involved in the process, since such operations can then be
performed by the familiar rules of algebra or arithmetic. Specifically,
we have the following:

1. The sum of an absolutely convergent series is independent of the
order in which terms are added.

2. Two absolutely convergent series may be added termwise, and
the resulting series will converge absolutely.

3. Two absolutely convergent series may be multiplied (Cauchy
product), and the resulting series will also converge absolutely.

Remark: It is also possible to sum or multiply series under less
restrictive conditions than those listed above. However, in this review
chapter we usually do not state results in their most general forms.

The significance of property 1 above can be best realized by
considering what can happen if the series we wish to sum is not
absolutely convergent. The classic example of a series converging
conditionally, but not absolutely, is the alternating harmonic series
¥ (—=1)""!/n (recall Example 4). Let us assume that the sum of the
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series is some finite value S and write*

(1)"1 11111
2

=] -~ ———F——— - .
1 st3721; 6+ S (1.13)

However, if we rearrange the terms of the series according to
1_1_{_1_1*_ —(1_}_>_1+(.1.__1>_l+(1_1>
23 4 \" 2/ 4 \3 6 8 \5 10

_14(1_l>_l+
127 \7 14/ 16
_1 1,11 1 1
"2 46 8 10 12

STPREVE IR 0 08 T
223456

we may conclude that the sum of the series is '/,S. We arrive at this
conclusion not because we have cleverly omitted some terms of the
series. Indeed, each term of series (1.13) does eventually appear
exactly once, but in the final arrangement the whole series appears
multiplied by the factor .

What is being illustrated here is that by rearranging the terms of a
conditionally convergent series, that series may be made to converge
to any desired numerical value or even to diverge! Thus, it is clear
that conditionally convergent series must be handled very carefully if
they are to be meaningful.

Also if the series is not positive and diverges, we can sometimes
produce what appears to be a convergent series from it by rearrang-
ing or regrouping the terms. For example, if we write the divergent
series ¥, (—1)*"! in the form

S (-1 = - D+ A=)+
n=1

=0+0+0+---

we might conclude that the series converges to the value zero. On the
other hand, by writing

i (-1 1=14+(-1+1)+(-1+1)+---
n=1

=14040+---

* We will show in Sec. 1.3 that S =1In 2.
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we might conclude that the series converges to unity. However, if a
series is positive and diverges, it cannot be made to converge by any
rearrangement of its terms.

If two series are absolutely convergent, no rearrangement of their
terms will alter the sum or difference of the two series. But again, if
both of the series forming the sum or difference are divergent, it is
not clear what will happen. For instance, by writing

$1g 1 5
noi as1 ~

x 1
o ~.\n n+1) man(n+1)

we can interpret the series on the right as the difference of two
divergent series (both series on the left are harmonic series).
Although we may be tempted to say that the series on the right-hand
side diverges, because of its relation to the divergent series on the
left-hand side, we have actually shown that the series on the
right-hand side converges (see Example 1) and, in fact, converges
absolutely.

In forming the product of two series, we are led to double infinite
series of the form*

nM8

where the summand Am,k = ambk can be treated as a function of two
variables. We find that by making a change of index in (1.14), the

resulting double sum can often be simplified or even partially
summed. For example, suppose we introduce the change of index

ﬁMs
M s

Ak (1.14)

0k=0

m=n-k

or, equivalently, n =m + k. Now since m = 0, the index k& must satisfy
the condition n — & =0, or k =n. Also the new index n runs over the
range of values 0 <n <, since both m and % are nonnegative and m
can be infinite. Hence, for absolutely convergent series, we deduce
that

||b48

2 Y. (1.15)
k=0 n=0#k=0

Equation (1.15) illustrates that all absolutely convergent double
infinite series can be replaced by a single infinite series of finite

* Most of the infinite series that we encounter later on will start with the index
value zero. Also, double series are not always the result of a product.
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sums. This property is particularly useful in numerical computations.
If the two series forming the product are each absolutely convergent,
we can also interchange the order of the infinite sums and then apply
(1.15).

Equation (1.15) is related to the Cauchy product of two series, for
which we have the following theorem.

Theorem 1.7 (Cauchy product). If ¥ a, and } b, are both absolutely
convergent series, then so is their Cauchy product, defined by

Ean'zbnz

n=0 n=0

3
gMS
O

3

n

n
where Cn= D @b, =D, a,_sbs
k=0

Remark: Although we may use the same index n to illustrate that
we wish to form a product, as in Theorem 1.7, it is best in practice to
use two different indices as in (1.15) to avoid confusion.

The Cauchy product may still lead to a convergent series when only
one of the series converges absolutely and the other converges
conditionally. Also it is possible for both ) a, and ¥, b, to converge
(conditionally) while the product series ¥ ¢, diverges.

Example 6: Use the Cauchy product to find ST, where*

Solution: Using Theorem 1.7, we have

(1)n L l)n o
ST = Z‘ Z, 3 =>c

where ¢, is the finite geometric series

o= 2(2}.)7( -1 (- 1)"%()

k=0 3* k=0

* Notice that both S and T are geometric series which could be summed exactly.
We use them simply for illustrative purposes.
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or, upon summing the series,

o= G g1-(3) ]

Hence,

o108 (-4

3

the last step of which we leave to the reader.

On rare occasions we find it necessary to make a change of index in
the double sum (1.14) different from that leading to (1.15). For
example, if we set m =n — 2k in (1.14), or equivalently n =m + 2k, it
follows that & =<n/2. But since n/2 is not always an integer, it is
conventional to introduce the bracket notation

2 n even
2

[E] =4, (1.16)
n odd

Hence, with this index change we deduce that

© o [n/2]
Z =3 > Ay (1.17)
£=0 n=0k=0

||M8

and upon combining (1.15) and (1.17), it also follows that

S 3 Auai-

n=0k=0

||M8

2 I (1.18)

1.2.4 Factorials and binomial coefficients

Products of consecutive integers arise quite naturally in the study of
series. For a positive integer n, the product of all positive integers
from 1 to n inclusive is called factorial n and denoted by n!. That is,

=1-2-3--'n n=1,213,... (1.19)
The most fundamental property of factorials is given by

=nn-1)! n=234,... (1.20)
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If we want (1.20) to hold also for n =1, this would require 1! =1(0!),
suggesting that we define

ol=1 (1.21)

A particular combination of factorials that appears quite frequently
in practice is the binomial coefficient. To introduce it, let us consider
the expanded products (a +b)" for integral n=1. The first few
products lead to

(@a+b)'=a+b
(@ +b)*=a’+2ab +b?
(@ +b5)°=a®+3a% + 3ab? +b°
whereas in general
n(n-1)
2!

nin—-1)---(n—-k+1)
* Bl

(a+b)Y*=a”+na™ b+ a" 2%+

a” bk + .+ b (1.22)

We call (1.22) the binomial formula, or the finite binomial series.
It is customary to introduce a special symbol for the coefficient of
the general term in (1.22), i.e.,

(n)=n(n—1)---(n—k+1) E=12....n (1.23)

k k!

However, by the use of factorials we can write this also in the form

!
(:):k'(nn'_k)‘ n=0,1,2,...; E=0,1,...,n (1.24)

which we obtain by multipyling the numerator and denominator of
the right-hand side of (1.23) by (n —k)! and using Eq. (1.20). Note
that (1.24) is valid for 0 <k =< n while (1.23) is restricted to 1<k <n.
Adopting this notation, we can now write (1.22) more compactly as
2 (n
@+dy=" ( k)a"—kbk (1.25)

k=0

The symbol (:

its connection in (1.25) with the expansion of (a + 5)*, the binomial

) is what we call a binomial coefficient. Besides
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coefficient also occurs in combinatorial problems, probability theory,
and algorithm development. In these other applications, the upper
index is often not an integer or even a positive number. For such
situations we cannot use (1.24) to define the binomial coefficient;
rather we resort to the form given by (1.23). Hence, for general r we
define

Q>=1 c)=ﬂr_n';y_k+l) k=1,2,3... (1.26)

Remark: Notice that although r is unrestricted in (1.26), parameter
k is a nonnegative integer. In all relations given below involving the
binomial coefficient, it is understood that the parameter occurring in
the position of 2 in (1.26) must be so restricted.

As simple consequences of the definitions of binomial coefficient
and factorial, we have the following useful relations:

()= ()
(),
0)-(,m)
(2

(;:>=(—1V(r+:'_1) (1.31)

Verifying Eqgs. (1.27) to (1.30) is left to the exercises, while the proof
of Eq. (1.31) is given in Example 7.
Example 7: Show that
-r r+k—1
(k )=(—1)’z( b ) k=1,2,3,...
Solution: From (1.26), we have
-r\ -r(-r-1)---(-r—k+1)
<k)= k!
rir+1)---(r+k-1)
k!
)k(r+k—1)(r+k—2)-~-(r+1)r
k!

n
. (k) O<k=n-1 (1.30)

(-1)*

= (-1
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where in the last step we have reversed the order of terms in the
numerator. Using (1.26) once again, we obtain our result

(Z)=(—1)”(r+:—l) £=1,23,...

There are literally thousands of identities involving binomial
coefficients that have been discovered over the years. Fortunately,
only a few are required in most routine applications. In addition to
Egs. (1.27) to (1.31), the following summation formulas are very
useful:

>=2" (1.32)
i(r-’:k)=<r+n+1) (1.33)
) ) m=0,1,2,... (1.34)
)

= (" +s) (1.35)

kéo(_l)k<:)<s;:k)=(_l)"< * ) m=n (1.36)

m—n

Equation (1.32) follows directly from (1.25) with a =b = 1. Except
for (1.35), which is verified below (see Example 8), all others are left
to the exercises. However, we point out that one way to prove (1.33)
requires application of (1.30), whereas (1.34) follows from (1.33)
with two applications of (1.29).

Example 8: Show that

20650000

Solution: Although the identity is valid for all values of r and s, we
will restrict r and s to positive integers in our proof.
Starting with the obvious identity

1+x)YA+x)=0A+x)"* r,s=1,23,...
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let us replace each factor by its binomial series, which yields

2GS G- 200k

The left-hand side is simply the product of two (finite) series, and
hence we can rewrite it by using Eq. (1.15). By making the change of
index m =n —k, the new indices 2 and n are restricted to 0<k <=n
and 0 <n <r +s. Therefore, we obtain

S0 =50

both sides of which describe a polynomial in x of degree r + s. Clearly,
two polynomials are equal if and only if the corresponding terms of
each are identical. Hence, by comparing coefficients of like terms of
x", we get the desired result

2 ()G2)=(0)
i—o \B/\n —Fk n
Remark: In Sec. 1.3.2 we will show that when « is not a positive
integer, the binomial series for (1 +x)® becomes an infinite series,
and in this case x is restricted to the interval |x| <1. Hence, each of
the series appearing in the proof given in Example 8 is replaced by an

infinite series in the general case of arbitrary r and s, but the proof
remains essentially the same.

Exercises 1.2

1. Show that the nth partial sum of a geometric series satisfies

1-r
1-r

1+r+r®+.--+r"t= r#l

Hint: Observe that

S,=1+r+ri+..-+r"7!
rS,=r+ri+.. -+l

and subtract termwise.
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In problems 2 through 5, find the sum of the geometric series.
10 10 1 k
2. 3 2 4> (—)
k=0 k=2 \2
100 il T
3. > (1) 5. D sin®x, x| <=
k=0 n=0 2

In problems 6 through 12, use an appropriate test of convergence to
determine whether the given series converges absolutely, converges
conditionally, or diverges.

ol o (=17
6. Zznlnn 10. Eﬂn—l
- = Inn
7 2 (n+2)3’2 11. ,,g;nT
(2n)! —~ (=1)"
8. ngo (n!)? 12. 2 \/_ln (Inn)

9. ,21 (—1)"(1 +r—L-lz>

a+b

13. By using the Cauchy product, verify the identity e®e® =e
Hint: Recall that

®
<]
il
nMs
EIQ

N

14. Use the identity 2 sina cosa = sin 2a and the Cauchy product to

deduce that
S (2n+1 an
;0 <2k + 1) 2

Hint: Recall that

o —1)* ® (1)
sina = ), (—2(;:)Tﬁa2"“ and cosa= D, )

2n
a
n=0 n=o (2n)!

15. Show that

W (3)-(0)-
ORGRANE:
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16. Show that

(@) (:) - <n ik)

O () (oshens

17. Show that
@) (—1/2) _ (=1)*(2n)!
22n(n!)2
—2k -1 L(n+2R)
® (7=  rar R=0 L2
In problems 18 through 20, verify the given formula.

18, §0<r;—k>=<r+n+1>

n
Hint: Use Eq. (1.30).

z rk n+1
19, - ) ~0,1,2,...
9 k%o(ﬂ’l) <m+1 m 0 2

Hint: Use problem 18 and Eq. (1.29).

n )=, e

m-—n

1.3 Infinite Series of Functions

Of special importance to us are those series that result when the
general term u, is a function of x, that is, «, = u,(x). The nth partial
sum then defines the function

n

S,(x) =2, uy(x) (1.37)

k=1

The question of concern here is whether there exists any value of x
for which the limit of partial sums exists as n— . If, for a fixed value
of x, we find that

lim S, (x) =f(x) (1.38)

n—sw

we say the series ), u,(x) converges pointwise to f(x). The domain
of the function f is then the totality of all such values of x for which
the series converges.
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Example 9: Test the series for convergence:

o

x4+ D (@ -x") 0=x=1

n=1

Solution: The sum of the first n terms leads to
n—1
S,(x)=x+ > (x**1—x*)
k=1

=x+@?-x)+ (@ —x®)+- -+ @ —2"Y)
=x"

where all other terms cancel. Hence, we see that

lim S, (x) =

n—ao

{O 0=x<1
1 x=1

The given series converges pointwise, therefore, for every x in the
interval 0=x <1.

Pointwise convergence treats convergence of a series at individual
points in an interval. Although it is an important type of convergence
in some theoretical studies, it is inadequate for others. For example,
pointwise convergence is not adequate to permit termwise
differentiation or even termwise integration of a series. The simplest
notion of convergence that in turn implies pointwise convergence
throughout a closed interval is called uniform convergence (see Fig.
1.1).

Definition 1.4. If, given some € > 0, there exists a number N =N(e),
independent of x in the interval a =x < b, such that

Ifx)=S,(x)|<€e a=x<b

for all n >N, we say that S,(x) converges uniformly to f(x) in the
interval a =x <b as n— .

The usual test for establishing uniform convergence of an infinite
series of functions is the Weierstrass M test. There are other tests, of
course, but we do not discuss them.

Theorem 1.8 (Weierstrass M test). If Ju,(x)|=M, (n=1,2,3,...) for
all x in the interval a =x<b and Y M, is a convergent series of
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1
//M
e = \\ '———’f(x)+£
A 7 A
_+- \‘ — f(x)
/] Y.
| S~ f(x)—e
a b x

Figure 1.1 Uniform convergence.

positive constants, then the series Y u,(x) converges uniformly on
the interval ¢ =x <b.

Example 10: Show that the series Y,_, (sinn®t)/n® converges uni-
formly on the interval 0 =x = 7.

Solution: We first observe the inequality

sinn?

n2

1
== O=x=unm
n

Hence, if we choose M, =1/n? it follows from the p series that
Y (1/n?) converges; consequently, the given series converges uni-
formly on 0 =x < by virtue of the M test. Moreover, because the
above inequality holds for all x, the given series converges uniformly
on every closed interval.

1.3.1 Properties of uniformly convergent
series

The most basic properties of a uniformly convergent series are given
in Theorems 1.9 and 1.10.
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Theorem 1.9. If each term u,(x) of a series is continuous in the
interval a =x = b and the series

-3

fx)=> u,(x)

n=1
converges uniformly in a =x < b, then

{a) fis a continuous function in the same interval

b % b
(b) Jf(x)dx=§‘, u,(x)dx
a n=1"Ya

A series of continuous functions which converges to a function f(x),
but does not converge uniformly, need not converge to a continuous
function. To show this, let us consider the series

fx)=x+ D (x""1—x") O0=x=1
n=1

Clearly each term of the series is a continuous function. Also we
showed in Example 9 that the series converges to zero in the interval
0=x <1 and to unity when x = 1. Hence, the sum of the series is the
function

O0=x<1
x=1

f(x)={(1)

which is not continuous on the closed interval 0 =x <1.

Theorem 1.96 is particularly important in applications. In some
cases, however, it may be difficult to establish the conditions of the
theorem before integrating the series termwise. We might therefore
assume that the conditions are satisfied and proceed formally, but
then it becomes essential to attempt justification of the derived result
by some independent means.

The conditions stated in Theorem 1.9 are satisfied by many of the
series that commonly arise in practice, permitting termwise integra-
tion of the series. However, these conditions by themselves are not
adequate to permit termwise differentiation of the series. For
differentiation under the summation sign, we need the following
theorem.

Theorem 1.10. Let both u,(x) and u,(x) be continuous functions in
the interval ¢ <x =< b for each n. Then if

o0

fx)=> u,(x)

n=1
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converges (pointwise) in ¢ <x =b and the series ¥, u, (x) converges
uniformly in a =x = b, we have

o

flx)= 2 u,(x)

n=1

Based on Theorem 1.10, we see that any series of functions Y, u,,(x)
satisfying the given hypotheses can be differentiated termwise and
that the resulting series ), u,(x) represents the derivative of the
function represented by ), u,,(x). The basic requirement for this to be
true is uniform convergence of the differentiated series. To illustrate
its necessity, consider the series

w e 2
fx) = 2 sn;rzz X

n=1

which converges uniformly in every finite interval (recall Example
10). However, if we simply differentiate the given series termwise, we
obtain the divergent series (for all x)

f'(x)= D cosn
n=1
which therefore cannot represent f'(x).

1.3.2 Power series

A power series is an infinite series of the form

coteylx—a)+---+e(x—a)yt+---= 2 ¢, (x —a)* (1.39)
n=0

where ¢g,C1,..., C,, ... are called the coefficients of the series and a
is the center of the series.

Theorem 1.11. To every power series ), c,(x —a)"” is a number p,
0 = p <=, called the radius of convergence, with the property that
the series converges absolutely for |x —a|<p and diverges for
x —a|>p.

Notice that Theorem 1.11 does not include the values of x for which
|x —a| = p. Such points must be tested separately for convergence,
e.g., by one of the tests given in Sec. 1.2.

If p >0, then for every p, such that 0 < p, <p, it can be shown that
the power series ). c,(x —a)® converges uniformly on the interval
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lx —a| = p;. In such cases the results of Theorems 1.9 and 1.10 are
applicable. That is, a power series converges to a continuous function
and, moreover, can always be integrated and differentiated termwise.
To illustrate termwise integration, let us consider the power series
—L—i (-1)"=" 1<x<1 (1.40)
1+x B n=0 * )
which is just the geometric series with x replaced by —x. It follows
from above that it is uniformly convergent on every closed interval
contained within —1 <x <1. Termwise integration leads to

* dt = *

—= —l"ft"dt -1<x<1
o 1+¢ nE'—;O v ) ?

where we have introduced a dummy variable of integration. Complet-

ing the integration, we obtain the series

n+1

@ nx
1n(1+x)_n§0(—1) —

or, letting n — n — 1, we obtain the more familiar form

mh(l+x)= (-1)"—1% ~1<x<1 (1.41)

n=1

Notice that setting x =1 in (1.41) yields

5 (-1
In2=
" ngl n

where the right-hand side is the alternating harmonic series (see Sec.
1.2.3). It is interesting to observe that this result is valid even though
x =1 is outside the original interval of convergence [see Eq. (1.40)].
This example illustrates that the process of integration of an infinite
series can sometimes produce a new series whose interval of
convergence extends beyond that of the original series. By
differentiating a series, just the opposite may be true. For example,
the series

£d n

f(x)=Z—L—- -l=x=<1

n=2n(n - 1)

converges uniformly for all |x| <1, but the differentiated series

n—-1

M

x x"
— -1=x<1
n—1 ,=1n

flx)=2
n=2

1
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does not converge at x = 1. Moreover, the series

x” ~l1<x<1

f"(x) - 2 xn—l -
n=1

S
10M]e

does not converge at either endpoint.

A power series about x = a with a positive radius of convergence p
converges to some function f(x) in the interval |x —a|<p. In this
case we say that f is analytic at x = a. Conversely, if f is analytic at
x =aq, then it has a power series representation of the form

n)
flx)= Zf( (@)

for which ¢, =f™(a)/n!, n=0,1,2,.... We refer to (1.42) as the
Taylor series for the function f. The special case that occurs when
a =0 is known as a Maclaurin series, i.e.,

(x—a)* e —al<p (1.42)

n) 0
flx)= Ef(n( )x x| < p (1.43)

n=0

Most of the elementary functions that arise in calculus can be
represented by a Taylor series (or Maclaurin series). Familiar
examples are given by the following:

1

= n -1 <x < .
T gox 1<x<1 (1.44)
Z % < g <00 (1.45)
o x2n+1
smx=n§0(—1) m —0o <y <® (1.46)
2n
= 1)” —0<x < ]
cosx = ,,20( )(2 5 00 < x < oo (1.47)
> (= 1)" '
Z (x—-1 0<x=2 (1.48)

In addition, many of the special functions that we encounter in
subsequent chapters can be represented by this form of power series.

Example 11 (Binomial serles): Expand f(x) =(1+x)® in a Maclaurin
series, where « is not restricted to integer values. Also find the radius
of convergence of the resulting series.
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Solution: Repeated differentiation of the function f reveals that

f'x)=a(l+x)*"*
ffx)=ala—1)(1+x)*"2

and, in general,
fPE)=ala-1)---(@-n+DA+2)*™ n=1,23,...

Hence, we find that f(0) =1, f'(0) = a, f'(0) = a(a — 1), whereas in
general

fP0)=a(a-1)---(@~n+1) n=123,...

Thus, the series we seek is

Qrxemts § KO @z,
n=1

n!

or, by introducing the binomial coefficient, we can write this more
compactly in the form

A+x)*=3 (o’)x"
n=0
This series is called the binomial series. It is a generalization of the
binomial formula (1.22) to nonintegral powers and is important in
much of our work in subsequent chapters.
Finally, by application of the ratio test, we find that

" a(e—1)---(a—n) .., n! -
n—w® (n+1)! ala—-1)---(a—n+1)
=|x|'111_r)1°1° n+1i
= |x|

and thus we conclude that the series converges for |x| < 1, that is, the
radius of convergence is p = 1.

We previously used the notion that two polynomials are equal if
and only if their corresponding terms are identical (recall Example
8). To extend this concept to infinite series, we have the following
useful theorem.
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Theorem 1.12. If Y c¢,(x —a)” and Y b,(x —a)” both have nonzero
radii of convergence and Y c¢,(x —a)* =Y, b,(x —a)" wherever the
two series converge, then c¢,=0b, n=0,1,2,.... Moreover, if
Ye,x—a)*=0,thenc,=0,n=0,1,2,....

1.3.3 Sums and products of power series

We have already found out that power series can always be
integrated and differentiated termwise. In addition, we often need to
combine two or more series through addition and multiplication.
Suppose that

fx)= 2 ax" (1.49)
n=0
and
gx)= >, bx" (1.50)
n=0

both have a nonzero radius of convergence. Then the series for their
sum and product are defined, respectively, by

fx)+gx)= > (a,+b,)x" (1.51)
n=0

and

)

fag@) =3, (éﬁakbn-k)x" =§0 (éoan-kbk)x" (152)

and these series converge on the common interval of convergence. We
recognize (1.52) as simply the Cauchy product (see Theorem 1.7)
once again.

Example 12: Find the Maclaurin series for e* sinx.

Solution: By using Eqs. (1.45) and (1.46), we have

2n+1

= x" hd X
ol P e 1y
2 al ¥ Eo( ) an T

both of which converge for all x. However, since the series for sinx
involves only odd powers of x while that for e* involves both even and
odd powers, we cannot directly apply (1.52). To remedy this situa-
tion, we wish to rewrite the above sine series in consecutive powers of
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x. By recognizing the identity

(n—l)n_{O n even

cos 92 - (__1)(71.—1)/2 n odd

we can write

sinx = ), [cos w]x—n

n=0 2 n!

where all even terms are zero. The Cauchy product (1.52) now leads
to

e* sinx = », c,x"
n=0

& cos[(k-1)m/2]
where C, _k§=:0 B i )!

n=012,...

In many cases the expression for ¢, cannot be simplified, and so we
leave our answer in this form. However, in the present case we can
actually sum the finite series for c,. To do so, we use the Euler
formula

cosx = Yp(e® +e7%)

and the finite binomial series. Replacing the cosine function in ¢,
with complex exponential functions and multiplying and dividing the
series by n!, we obtain

c, _1 i <n>[ei(k—1)n/2 4 gitk—Dimi2)
YE
1 [ i< (n) ik i N (n) ~im/2 k]
= +
2n! [e kgo k (e ) ¢ k§=:0 k (e )

1 . . . )
= _2_; [e—z:t/2(1 +et:t/2)n +el.ﬂ/2(1 + e—m/Z)n]

Simplifying, we have

(1 + ei™2)r = ginnid(gint 4 g=in/dyn _ gneina/s cos”%[
or (1 + ein/Z)n — 2n/2eimt/4
Likewise, (1+ e—in/2)n = Qn/2,—inm/4

and we deduce that
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c, = _1.., [ei(n—Z)n/4 + e—i(n—Z)Jr/4]2n/2
2n!
7% (n-2)x
=——C0§————— n=0,12,...
n! 4

Hence, our final result is

) = 2¥2  nm
e*sinx = Y, —sin (T)x" —w<x <o
n=0 !

(Notice that the terms corresponding to n =0, 4, 8, ... are all zero.)

By generalizing the Cauchy product, we can obtain the power
formula

o p oo
(Z a,,x") =>ca® p=2234,... (1.53)
n=0 n=0
where
1 n
co=af c,=— O (kp—n+hklae,., n=123,... (1.54)
Nagr=1

We leave it to the reader to verify that this power formula is
equivalent to the Cauchy product for p =2. Then, by repeated
application of the Cauchy product for p = 3,4, 5, ..., the above result
can be readily obtained.

Remark: The results presented here involving sums and products of
Maclaurin series are readily extended to general Taylor series.

Exercises 1.3

In problems 1 through 4, use the ratio test to determine the radius of
convergence.

o« n @ '
1. 3% 3> Ly
n=1 n=02
= 1-3-5---(2n—-1) . .
2.512.5_8._.(3“1)@ 1) 4, Z,lnx

In problems 5 through 8, use the M test to test the series for uniform
convergence on the indicated interval.
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= COS NX o 1
,-10=x=<1 ( ) =
> n§=:1 0=x 0 2 nx+2 nx+x+2 O=x=1
, —l=x=1 8. 1+4x)™, 0=x=<1
g’zn(lnn)2 * n§=:1x( %) *

9. Use termwise integration to show that

[ (Z5)amems

In problems 10 to 13, state whether the series can be differentiated
termwise in the indicated interval.

o xn =] x n
10. ,—1=x=<10 12. ) , —4=x=<3
nglw ngl -1
I — © xn xn+1
<sx=< . —_— ,0=x=<
Zn(n+1)2’ x=10 13 El(n n+1) O=x=1

14. Start with the geometric series

=y x" -1<x<1
n=0

(a) Make a change of variable to derive the Maclaurin series for
1/(1+x2).

() Use the answer in (a) to determine the Maclaurin series for
tan™!x. State the interval of convergence.

15. Start with the binomial series

(1+x)*= ﬁ (“)x" —1<x<1

n=0 \It

(a) Find the Maclaurin series for (1 —x2)" Y2
(b) Use the answer in (a) to determine the Maclaurin series for

sin~!x. Give the interval of convergence.

In problems 16 to 19, use the Cauchy product to find the Maclaurin
series representation for the given function.

16. f(x)=(1—-x)"? 18. f(x) =sin’x
17. f(x) =cos®x 19. f(x)=e" cosx

20. Use Eqgs. (1.53) and (1.54) to determine the first four terms of
f(x)=cos®x.
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1.4 Fourier Trigonometric Series

The expansion of a function f in a power series requires (at least)
that f be infinitely differentiable. However, many functions of practi-
cal interest do not satisfy such strong differentiability requirements,
due to discontinuities, lack of smoothness, etc., and therefore cannot
be represented in a power series. For such cases there are other types
of series representations.

A particular type of series having a wide range of applications is
the Fourier trigonometric series (or simply Fourier series)*

f(x)—1a0+n21 (a cosnT+b s1n—pJEx—) (1.55)

where the constants a,, a,, and b, are called the Fourier coefficients
of the series. If the series representation is to be valid for all values of
x, then clearly f must be a periodic function with period 2p, since the
right-hand side of (1.55) has this property. In other cases, the series
(1.55) is useful for representing the function f only in the interval
—p <x <p, so that the periodicity is of no concern.

Formally identifying the Fourier coefficients depends on the eval-
uation of the integrals

J'cos——‘dx fsm————-dx j sm——xcos%{fdx 0

(1.56a)
and

P
f cos—wcos——dx f sm—nxsmlgfx—dx {0 k#n
- p p kE=n

(1.56b)

where n and k both assume positive integer values. The details of
verifying these integral relations are left to the exercises.
Assuming that termwise integration of (1.55) is permitted, we find

0 0

Jf(x)dx 390 dx+2( fcs—dx+bf )

* It is customary to write the constant term in (1.55) as ‘,a,.
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from which we deduce
1 ‘D
a0=—f f(x) dx (157)
DJp

If we now multiply (1.55) by cos (knx/p) and integrate once again,
we have

r f(x)cosL =-aof
—p -p
0(n+k)

( f cos cos——dx+bf sm cos——dx
-pP

This time all terms on the right go to zero except for the coefficient of
a, corresponding to n =k, and here we find

ff(x)cosli——dx akf cos %—dx

-P

=pay

1 P
or ak=—f f)cos ™™ dr  k=1,23,... (1.58a)
PJp p

By a similar process, the multiplication of (1.55) by sin (k7x/p) and
subsequent integration provide the final formula

1 P
=—f f)sin % dx k=1,2,3,....  (L58b)
P’ p

In summary, we have formally shown that if f has the
representation

1 -]
fx)==ao+ D (a,, cos 2= 4 b, sin’—lﬂ) (1.59)
27 a3 p p

then the Fourier coefficients are given by [changing the index back to
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n and combining (1.57) and (1.58a)]

‘P
=1f fx)eos®=dx  n=0,1,2,... (1.60)
PJ)—p P

v
and b,,=1] f@)sin™dx  n=1,28,... (1.61)
DJ, p

Example 13: Find the Fourier trigonometric series for the periodic
function

0 —-g<x<0Q
f(x)_{x O<x<m

} fx +2x) =f(x)

Solution: The Fourier coefficients computed from (1.60) and (1.61)
with p = 7 lead to

1" 1
a0=;j f(x)dx=;f0xdx=g

. 0 n=24,6,...
an=;J;xcosnxdx= _2_5 n=135...
an
and
7T __1n+1
bn=—1-stinnxdx=( ) n=123,...
7y n

Substituting these results into (1.59), we obtain

cos 3x cos dx >

T 2
f(x)—z—-;(cosx+ 32 + 52

or more compactly,

2cos (2n—1)x (—-1)" .
fx )—_“Z[n (2n —1)? + n smnx]

We might observe that the function f in Example 13 is not
differentiable at x = 0 and multiples of #. Thus, while it surely does
not have a power series expansion over any interval containing these
points, its Fourier series converges for all x, even at the points of
discontinuity (see Theorem 1.13).
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Theorem 1.13 (Pointwise convergence). If f(x + 2p)=f(x) for some p
and if f and /' are at least piecewise continuous in —p <x <p, then
the Fourier series of f converges pointwise to f(x) at all points of
continuity of f. At points of discontinuity of f, the series converges to
the average value "5[f(x*) +f(x7)].*

Remark: A function f is said to be piecewise continuous in an
interval if it has only a finite number of discontinuities and, further,
if all discontinuities are finite. This class of functions is discussed in
more detail in Sec. 4.5.1. Also f(x*) and f(x~) denote the limits of f at
x from the right and left, respectively.

Theorem 1.13 is also valid for nonperiodic functions which satisfy
the other stated conditions in some interval ¢ =x <c¢ + 2p, where c is
any real number. In such cases the convergence at the endpoints of
the interval will lead to the value Y/,[f(c*) + f(c + 2p~)]. The Fourier
coefficients are then computed by performing the integrations over
the interval ¢ <x <c +2p. Finally, we remark that if we add to
Theorem 1.13 the condition that f is also continuous, the Fourier
series will then converge uniformly.

1.4.1 Cosine and sine series

If f(—x)=f(x), we say that f is an even function, whereas if
f(—x) = —f(x), we say that f is an odd function. If the function f falls
into one of these two classifications, certain simplifications in hand-
ling Fourier series occur. Such simplifications are primarily con-
sequences of the following result (see problems 8 and 9 in Exercises
1.4):

i 4
2] f(x)dx if f(x)is even
0

P
flx)dx =
L” 0 if f(x)is odd (1.62)

If f is an even function, the product f(x) cos (nax/p) is an even
function while the product f(x)sin (nax/p) is an odd function.
(Why?) In this case, using (1.62), we see that the Fourier coefficients

*For a proof of Theorem 1.13, see L. C. Andrews, Elementary Partial
Differential Equations with Boundary Value Problems, Academic, Orlando, 1986,
pp. 159-163.
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satisfy
r
an=1f fx) cos = dx
DJp p
2 P
=—f £x) cos M d n=0,12..  (L63)
Do D
1 y 4
and bn=—f f@)sin 2 dx=0 n=1,23,... (1.64)
pl, p

Hence, for an even function f the Fourier series reduces to

1 oo
fx)==ae+ D a, cosz—Jrf (1.65)
2 n=1 P

wherea, (n=0,1,2,...) is defined by (1.63). We call such a series a
cosine series.

By using a similar argument, when fis an odd function, the Fourier
series reduces to the sine series

fx)=" b, sin 2> (1.66)
n=1 p
wherea,=0(n=0,1,2,...) and
2 P
bn=—f fa)sinody  n=1,2,3,... (1.67)
P Jo p

Exercises 1.4

In problems 1 through 6, determine the Fourier trigonometric series
of each function.

1 -p<x=0 _{x -2<x<0
L f(x)_{l/z 0<x=p 5 flx)= 2-x 0<x<2
x+ 7 —a<x<0
. =x, —A<x< 6. ={
2 f&)=x, ~m<x<m fx) xX—n 0<x<nm

3. fx)=|x|, ~a=x=nm

4. f(x)=x2% -1<x=<1
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7.

8.

9.

10.

11.

12.

13.

14.

15.

Chapter One

Verify the integral relations (1.56a) and (1.56b).
Hint: Use the trigonometric identities

sinA sin B = Y,[cos (A —B) — cos (A + B)]
cos A cos B=",[cos (A—B) +cos (A + B)]
sinA cos B = Y/,[sin (A — B) + sin (A + B)]

Prove that if f is an even function,

fpf(x)dx=2ff(x)dx

Prove that if f is an odd function,

fpf(x)dx=o

Prove the following.

(a) The product of two odd functions is even.

(b) The product of two even functions is even.

(¢) The product of an even and an odd function is odd.

To what numerical value will the Fourier series in problem 1
converge at

(a) x=0?
(b) x=-p?
(c) x=p?

A sinusoidal voltage E sint is passed through a half-wave
rectifier, which clips the negative portion of the wave. Find the
Fourier series of the resulting waveform: f(¢)=0, —n<t<O0;
f(t)=Esint, 0<t<m; and f(¢t + 2x) =f(¢).

Find the Fourier series of the periodic function resulting from
passing the voltage v(¢) = E cos 100x¢ through a half-wave recti-
fier (see problem 12).

A certain type of full-wave rectifier converts the input voltage
v(t) to its absolute value at the output, that is, [v(¢)|. Assuming
the input voltage is given by v(¢) =FE sin wt, determine the
Fourier series of the periodic output voltage.

From the Fourier series developed in Example 13, show that

1 1 1 w2
(a) 1+?+§+ﬁ+'“="é‘
1 1 1 /4

(6) 1-g+z—z+=g
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16. Starting with the Fourier series representation
x 3 ( - 1 )n -1

5= 2

2 n=1 n

sin nx —a<x<m

obtain a Fourier series for x? -—m<x<um, by integrating
termwise.

17. If f(x + 2p) =f(x), show that for any constant ¢
+p 4
[Trwas=] e ds
c—p -P
Hint: Write
+p -P +p
[Creras=["rwran+ [ " rara
c—p c—p ~p
and let x =¢ — 2p in the first integral on the right-hand side.

1.5 Improper Integrals

If the Riemann integral [2f(t)dt exists, it is said to be a proper
integral. This generally means that the interval of integration is
finite and that f is bounded on this interval. Integrals which have an
infinite limit of integration or an unbounded integrand between the
limits of integration are called improper integrals. If a certain
amount of care is not exercised in the evaluation of such integrals, we
may derive absurd results like

1/2

=-3

_, t2 t

fl/z dt 1

-1

Clearly, the integral of a positive quantity cannot be negative, so
there is something wrong with this result.

The general theory of improper integrals closely parallels that of
infinite series, and so our treatment of them will be somewhat brief.

1.5.1 Types of improper integrals

We say that a function f is bounded on the finite interval a <¢ < b if
there exists a constant B such that

If#)N<B ast=<bd

Otherwise, it is unbounded. For example, the function f(¢) =e™ is

bounded on 0<¢=<1 since [e”’|=<1 on this interval. On the other
hand, f(¢) = 1/¢ is unbounded on any interval containing ¢ = 0.

An improper integral of the first kind occurs when one or both
limits of integration are infinite. For example, let us assume that f is
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bounded on the interval a =¢ <. If f is integrable on every finite
interval a =<t <b, then we write

= b
J f@yde=tim [ f()ds (1.68)
If the limit on the right exists, we say the improper integral

converges, and it diverges otherwise. Other improper integrals of this
type are defined by

b b
ft)dt= liril ft)de (1.69)
and
0 c b
f f)dt= lilzl f(t)dt+ll)im f(t)dt (1.70)

Once again, we say the integrals converge when the limits on the
right exist, and otherwise they diverge.

Example 14: Evaluate the integrals (if possible).

=1
(a) J;;Edt

1
b f ——dt
(&) 1Vt+5
Solution

(a) Clearly, the function f(¢)=1/t> is bounded on the interval
1 =t < «. Therefore, we write

dt = hm dt = lim (1 - %)

b— b—o

“1
or fﬁdt:l
1

Thus, the integral converges to the value 1.

(b) The function f(¢)=1/Vt+5 is bounded on the interval of
integration, so that we write

* 1
1 _dr=1i f Tt =lim20V6 ¥ 5 -
L\/t 50 \/ Jim 2(
This time the limit does not exist; thus, we conclude that the
integral diverges.
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If £ is unbounded on the interval ¢ =t =<b, then the integral
ff(¢t)dt is an improper integral of the second kind. Let us
assume that f is unbounded at only one point on the interval, i.e., at
t=c, a =c <b. In this case we write

c—

b € b
f f@)de=lim | f@)dt + lim f Fyde  (LT1)
a e—0* €—0" Joye

If both limits on the right exist, we say the integral converges to the
sum of the limits; otherwise, the integral diverges. (When c is either
endpoint, then clearly only one limit is necessary.) If f is unbounded
at several points on the interval, we apply the above procedure at all
such points.

In some cases an integral may be classified as improper for more
than one reason. For example, the integral

fw e —tt_1/2 dt
0

is improper because of the infinite limit of integration, but also
because the integrand becomes unbounded at ¢ = 0. In such cases we
write (b >0)

o0

00 b
f e“t”1/2dt=f e"‘t_l’zdt+f ettt V2dt
0 (8]

b

and evaluate (if possible) each improper integral on the right.

Because there are differences in the behavior of improper integrals
for which the integrand f is always nonnegative and those for which f
may be both positive and negative, we find it convenient to distin-
guish between the notions of conditional convergence and absolute
convergence of improper integrals.

Definition 1.5. We say that [;f(¢)dt converges absolutely if
[21f(®)| dt converges. On the other hand, if [ f(¢)dt converges but
[Z1f(#)]| dt diverges, then [ f(t) dt converges conditionally.

If the integrand f is nonnegative on the interval ¢ =¢ <« and
[of(t) dt converges, it must necessarily converge absolutely. Hence,
conditional convergence applies to only those integrals where the
integrand can be both positive and negative on the interval of
interest. Similar definitions and comments also apply to other types
of improper integrals.
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1.5.2 Convergence tests

Thus far our discussion of convergence and divergence of improper
integrals has been based on direct evaluation of the related indefinite
integral (using standard calculus techniques). In this regard we have
chosen examples which could be integrated rather easily. This is not
always possible in practice, however, since many integrals of interest
are nonelementary. For instance, the improper integral

0 e—-t
dt
L t2+1

cannot be evaluated by any direct method of integration from
calculus (including integration by parts). Nonetheless, we may wish
to arrive at a conclusion regarding its convergence beforehand if we
are to use a numerical method. That is, it would be a waste of time
(and money) to attempt to evaluate such an integral numerically on
a computer if the integral in fact diverged. For this reason it is
important to establish various fests of convergence of improper
integrals that do not depend on direct evaluation of the integral.
Many such tests are available, most of which are very similar to those
used on infinite series. We refer the interested reader to any
standard text on advanced calculus for a discussion of them. Here we
simply state and illustrate the following two limit tests which are
applicable to a particular type of improper integral. Similar theorems
for other types of improper integrals have been developed.

Theorem 1.14. If fis continuous for all £ =a and if

limtf(t)=A p>1

t—x

where A is finite, then [ f(¢) dt converges absolutely.

Theorem 1.15. If f is continuous for all ¢ = @ and if

limef(¢) =A+#0

oo

where A can be finite or infinite, then [ f(¢) dt diverges. If A =0, the
test fails.
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Example 15: Test the following improper integrals for convergence:

i ~¢ dt
(a) Le

“ 1
(d) Lln—tdt

Solution
(a) By taking p =2 and applying the hypothesis of Theorem 1.14,
we see that

limt%e =0

t—>x

and thus conclude that the integral converges absolutely.
(b) Here we find that

.t
lim—=»
tInt

and thus by Theorem 1.15 the integral diverges.

1.5.3 Pointwise and uniform convergence
Frequently the integral of interest is of the form

F(x)=rf(x,t)dt (1.72)

where x is a parameter that can assume various values. Such
integrals may converge for certain values of x and diverge for other
values. If, for a fixed value of x, the integral in (1.72) sums to F(x),
we say the integral converges pointwise to F(x). The collection of
all such points constitutes the domain of the function F.

Remark: Integrals of the type (1.72) are similar to the series of
functions discussed in Sec. 1.3.

To differentiate or integrate under the integral sign in (1.72), we
need to establish a stronger type of convergence, called uniform
convergence. The notion of uniform convergence of improper integrals
can be introduced by analogy with that for infinite series. Cor-
responding to the concept of partial sums, therefore, we define the
“partial integral”

R
SR(x)=f flx,t)dt (1.73)
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Definition 1.6. If, given some €>0, there exists a number @,
independent of x in the interval ¢ =x =d, such that

[F(x)—Sgx)|<e c=x=d

whenever R > @, then the integral [Jf(x,t)dt is said to converge
uniformly in the interval c =x =d.

To test for uniform convergence, the following Weierstrass M test
(analogous to Theorem 1.8) is frequently used.

Theorem 1.16 (Weierstrass M test). Let M(¢) be a nonnegative func-
tion such that |f(x,t)]=M(¢) for all ¢ >a and all x in the interval
c=x=d. Then if the improper integral [ M(¢)dt converges, the
integral [ f(x, t) dt converges uniformly and absolutely in ¢ =x <d.

Example 16: Show that [Te “¢*"'dt converges uniformly in the
interval 1=x =<2,

Solution: If we select M(¢) =t% ¢, then clearly
le it <t%e " 1=x=2, t=1

Also
limt?M(£) =0

t—
so by virtue of Theorem 1.14 (with p =2) the integral {TM(¢)dt
converges. It now follows from the Weierstrass M test (Theorem 1.16)
that the given integral [Te “*~' dt converges uniformly in 1 =x = 2.

The following theorems, which are important in much of our work
in subsequent chapters, are simple consequences of having a uni-
formly convergent improper integral.

Theorem 1.17. If f(x,t) is continuous in c=<x=d, t=a, and
% f(x, t) dt converges uniformly to F(x) in ¢ <x <d, then

(@) Fis continuousinc=x=d.
d o ~d
®) [Feya=[ [ fended
Part (b) of Theorem 1.17 tells us that we can interchange the order

of integration when the improper integral converges uniformly. This
may not be valid under weaker conditions.
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Theorem 1.18. If f(x,¢) and (3f/dx)(x,t) are both continuous in
c<sx=d, t =a, the integral [;f(x,t)dt converges to F(x) inc=x =
d, and if the integral [ (8f/dx)(x,t)dt converges uniformly in the
interval ¢ =x =d, then

* g
F'(x)=f —<9—£(x’t)dt c=x=d

Notice that the conditions required to justify differentiation under
the integral sign (Theorem 1.18) are much more stringent than those
to justify integration under the integral sign. As with the infinite
series, we see that the basic requirement for differentiation under the
integral sign is uniform convergence of the integral of 9f/dx.

Example 17: Use the concept of uniform convergence to derive the
integral formula

e P —e q
————dt=In~> 0<p<
| = 2 o<p<q

Solution: Because the integral is not an elementary integral, we
cannot derive the result directly. An indirect approach relies on the
observation that the integrand above is obtained by integrating e ™
between p and g. That is,

—pt -qt
_eq

fqe"“dx _e yJ
o ) t

To use the above relation, we start with the integral

1 -
—=I e ™dt
X 0

which can be shown to converge uniformly in 0 <p <x =<gq. Hence by

integrating each side from p to ¢ and interchanging the order of
integration on the right, we arrive at

‘Il q ([ ©  ~g
f—dx=f J e""‘dtdx=f fe“‘dxdt
p X ' Jo o Jp

from which we now deduce
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Exercises 1.5

In problems 1 through 6, determine if the integrals exist; if so,
evaluate them by an appropriate method.

1 “dt
[ ‘|
1 fo =12 g e
ldt 2
2. — 5. f 4—-t3)"2dt
o t o
3. f t(t?+1)3dt 6. f sin ¢ dt
2 0

In problems 7 to 10, use the limit tests (Theorems 1.14 and 1.15) to
prove absolute convergence or divergence of the integrals.

OO 1 [ =}
. 9[ —ty—1/2

o0 5e-—t_3 4] s ;
-, (1+2t2)1’3dt 10. flt (1+¢t)e’ dt

In problems 11 to 15, use Theorem 1.16 to prove that the integral
converges uniformly in the indicated interval.

* xdt b —x22

11. J; W1 l=x=<2 14. L e ™" dt, 1=x=10
= gin xt = t

12.[ SM¥ g,  1=x=10 15 j T d, -10=x=10
o t 0 t +4

1
13. f et idt, 0l=x=<1
0

16. Use the integral relation

1
1+x2

=f e tcosxtdt
0

to deduce the function F'(x) represented by

o0

F(x)=f e

0

_,sinxt

dt

17. Use the integral relation

x
x%2+1

=f e “costdt x>0
0
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to deduce the value of the integral
I= I: te % costdt
18. Use the integral relation
(b2—x2)"1’2=J: (cosxt)Jy(bt)dt b>x=0

where Jy(x) is a Bessel function (see Chap. 6), to deduce the
relation

sin~1%=J' %”Jo(bt)dt b>1
(1]

19. Given that

T “ dt
—-x'1/2=j x>0
0

2 t2+x
show that (forn=1,2,3,...)
J'°° dt _ n(2n)! U
o (tz +x)n+1 22n+1(n!)2

20. Given that (forn=0,1,2,...)
DT e @7 e
Pn(x)—m e e (e~ dt
show that
xP,(x) — P, _,(x) =nP,(x)
[P,(x) is the nth Legendre polynomial. See Chap. 4.]

1.6 Asymptotic Formulas

In computational analysis we often seek to represent a given function
f(x) by some simpler function, say g(x), that accurately describes the
numerical values of f(x) in this vicinity of a particular point x = a. To
accomplish this, we require that

limﬁg—cl =

=1
x—»ag(x)

If this is true, we write

fix)~gx) x—a
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where the symbol ~ means “behaves like” or “is asymptotic to.”
Although in theory we could choose any value of x, generally we
confine our attention to either the case x — 0 or x — », also denoted,
respectively, by |x| <1 and x > 1.

Example 18: Find asymptotic formulas for the given functions for
x—>0and x —

bx
(a) f(x)=1+ax

(b) fx)=2%+Vx,x=0

Solution:
(a) We say that

fix)~bx x—0
because

TUA L.
-0 bx 01+ ax

Similarly, it follows that

f(x)~9 )
a

since

. fx) . ax
ll—lgb/a——alcl_{?ol+ax_l

(b) We see by inspection that

fx)~Vx x—0"
flx)~2x x—> 00

1.6.1 Small arguments

For x— 0 and functions more complex than those illustrated in
Example 18, we generally seek a representation of the form

flx)~ E cx" x—0 (1.74)
n=0

from which we can deduce asymptotic formulas such as

flx)~eo x—0 (1.75a)
f(x)~co+cx x—0 (1.75b)
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and so on. To illustrate, let us consider the sine series

. ® (_l)nx2n+1
= —_— —o0 < x < 1.7
sinx ;::o D) o <x <o (1.76)

from which we obtain the asymptotic formulas

sinx ~x lx] << 1 (1.77a)

x3
sinx ~x ~3 )<< 1 (1.776)

The choice between (1.77a) and (1.77b) will usually depend on the
particular application and on how close x is to zero, although (1.775)
will always give a more accurate result.

Like the sine series (1.76), we ordinarily obtain the representation
(1.74) from the Maclaurin series expansion of f(x). In such cases the
series converges about x =0 for all values of x in some interval
|x| < p. That is, if

S, (x)= 2 c;x* (1.78)
k=0

and the series converges, then it follows that

lim [f(x) —S,(x)]|=0 (1.79)

n—o

for each fixed x in the interval |x| < p. By taking a sufficient number
of terms in the asymptotic expression, our calculations for f(x) can be
made as precise as desired. However, the series representation (1.74)
does not have to be a Maclaurin series, nor is there any requirement
for the series to converge in order to be useful for computations! That
is, we say that (1.74) is an asymptotic series for f(x) asx — 0 if and
only if

tim &) = Sa ()l
im———=

x—0 |x |"

0 (1.80)

for each fixed n. By this condition we are requiring the difference
between f(x) and the sum of terms S,(x) to approach zero more
rapidly than jx|", as x itself tends to zero. This means that if the
series (1.74) diverges, the accuracy of computation for fixed x is
closely tied to the number n in a most peculiar way. Namely, after a
certain number of terms in this case, the accuracy of computation will
actually get worse instead of better with increasing n-—a sharp
contrast to convergent series.
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1.6.2 Large arguments

Given a function f(x), we may be able to find useful approximations
to it for large values of x by seeking a series of the form

f)~3 8 yow (1.81)
n=0%

called an asymptotic or semiconvergent series. A precise definition of
asymptotic series was first provided by J. H. Poincaré (1854-1912) in
1886. He stated that a series such as (1.81) is an asymptotic series
if and only if, for every n,

limx® |f(x) — S, (x)] = 0 (1.82)
where S,x)=3% (1.83)
E=0X

Asymptotic series like (1.81) are intriguing in that they usually
diverge for all values of x. Nonetheless, they may still be useful for
numerical computation if one does not take too many terms. As a rule
of thumb, one should stop just before the terms begin to increase. The
error incurred in most cases turns out to be less than the first term
omitted in the approximation.

Not all functions have an asymptotic series of the form (1.81). For
example, neither e* nor sinx has such a series. If the function f(x)
itself has no asymptotic series of the form (1.81), there may exist a
suitable function £ (x) such that an asymptotic series for the quotient
f(x)/h(x) does exist. In this case we write

ACO RS-
h(x) n=0xn

or fx)~h(x) 2% xX—>®© (1.84)
n=0

If f(x) has an asymptotic series, it may turn out that other
functions have the same asymptotic series. That is, an asymptotic
series does not uniquely determine the function from which it was
generated.

There are several ways in which asymptotic series can be derived.
For our first example, we consider the case where the function f(x) is
defined by an improper integral of the form

flx) =f g(t)dt



Infinite Series and Infinite Products

A simple and often effective way of developing the series in such

instances consists of repeated integration by parts. Each new integra-

tion yields the next term in the expansion, and the error committed

in stopping after n terms can be expressed by the remaining integral
for which error bounds can usually be deduced.

Example 19: Find an asymptotic series for the function defined by

f(x).—-f %dt £>0

Solution: Using integration by parts with

u=? dv=e'dt
dt
du=-—t—2 v=—e"*
we find
e—t o o —f
f(x)_"T x—J; t—zdt
e——x ooe—t
=——| —dt
x jx t2
Continued integration by parts leads to
1 1 1x2 1X2X---X(n—-1)
fla) =] =g g (<1 . ]
x x x x

+(—1)"(1x2><-~Xn)r

tn+1

from which we deduce

= = (_1)n!
f(x)~—2( rnl
X n=0
By use of the ratio test, we see that
+1
im [P L 4=
n—»o x" n! |x|n—->°°

and thus, the series diverges for all x. To show that this is indeed an
asymptotic series, we first observe that

n

1 1 1x2 1x2x---x(n—1)]
X

— x| - .. — n—1
S, (x)=e [x x2+ 3 +(-1)
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Next, we develop the inequality

o0 —~t
F@) = Su@) =1x2x-+xn [ Zode

and thus deduce that

!
limz" |f(x) — S, (x)| <lim = =0

x>0 x—o X

Hence, this is indeed an asymptotic series.

Finally, we mention that, based on the above result, it is clear that
the error E,(x) committed in approximating f(x) by S, (x) is bounded
by

n!
xn+

E,(x)|= x>1

When the function f(x) is defined by an integral of the form

f(x)=J' glx, t)dt

it may be advantageous to use another method besides integration by
parts to develop the asymptotic series, as illustrated by the following
example.

Example 20: Find an asymptotic series for the function defined by

X

13
e
sdt x>0
t

1+

f(x)=f:

Solution: Let us start by making the change of variable s =xt,
which leads to the expression

0

f(x)=ifo e"s<1 +;°i;)'1ds
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For x >s, we have the binomial series (see Example 11)

) -5

n=0 \ N /X

and using termwise integration, we obtain

< -1 1 ” —5,2n
f(x)’”Z(n)F;qLe‘szds Xx—®

n=0

This last integral can be evaluated by repeated integration by parts
to yield

f e %s™ds=(2n)! n=0,12,...

(o}

and so we deduce that

- 2n)!
f(x)~2(—1)"3(62—,’}+); x—> 00

n=0

where we have made use of the identity

()

The technique used in Example 20 is not rigorous and is even
somewhat incorrect in that the particular binomial series converges
only for s <x and we are allowing s to be arbitrarily large. Moreover,
it has led once again to a series that diverges for all values of x. In
spite of its apparent difficulties, we try to justify the use of this
method by noting that for large x the major contribution to the
integral exists for s <x.

Although they often diverge, asymptotic series behave very much
like convergent power series. For example, the asymptotic series of two
functions can be added to form the asymptotic series for the sum of
the two functions. These same asymptotic series can be multiplied to
form an asymptotic series of the product of the two functions. Also

-the asymptotic series of a function can be integrated termwise, and
the result will be an asymptotic expansion of the integral of the
original function. Under more stringent conditions, asymptotic series
may even be differentiated termwise to produce series of the deriva-
tive of the original function.
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Exercises 1.6

In problems 1 to 4, find asymptotic formulas for the given function for
x—>0andx—>w

2
1 ) == 3. f(x)=Va + bx
1+ax
2. f(x)=lfzx2 4. f(x)=(a+bx)*

In problems 5 to 11, derive the given asymptotic series. Check
convergence.

o0 o ___1 n
5. f e”“costdt~2§c———)— x—>®©

(4]

2n+1 2
n=

[«2]

x2n

00 o _1 n—1
.fe"“sintdt~2( ) , X —> 00
0

n=1

-3

)

[ =,
&
l

| %

M
l
®
l
8

" Jo Int lnx,,:o(lnx)"’x_)
Hint: Letu=Int

i = (—1)"n!
. dt~ Q) ——,x>»
J:) 1+¢ n§=:0 x"”

10. J’me_tta“ldt,\,xa—le—xl:l_'_ Z (a-l)(a—z)(a_n)],

n
n=1 x

©

x—o, a>0

> e > 1x3x---x(2n-1)
1. ~df ~ [1+ -1) ]
1 jx e U dt o Zl( ) 2%y X— o

12. Given

—t
e
dt x=0
xt

f(x)=j:1+

show that

fx)~ > nl (=1  x—0*

n=0

Hint: Verify that Eq. (1.80) is satisfied by first establishing
S,(x)= D k! (—1)kx* =j et D (—1)*(xt)edt
k=0 0 =

k=0
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1.7 Infinite Products

Given the infinite sequence of positive numbers u,, us,..., u,,...
we can express their product by the notation

Uy XUg XUz X - Xty X---= ] un (1.85)
n=1
By analogy with infinite series, we define the partial product

P, =] u (1.86)
k=1

and investigate the limit

imP, =P (1.87)

n—»>o

If P is finite (but not zero), we say the infinite product (1.85)
converges to P; otherwise, it diverges. The product (1.85) may diverge
because the limit (1.87) fails to exist, but also because P =0, in
which case we say the infinite product diverges to zero. We do not
discuss infinite products that diverge to zero.

Because the infinite product will become infinite if lim,_,,, u, >1 or
diverge to zero if 0<lim, .. u, <1, we find it convenient to write
u,=1+a, and then discuss infinite products of the form II;_,(1 +
a,). Based on the above remarks, it is clear that a necessary (but not
sufficient) condition for the infinite product II;_,(1 + a,) to converge
is that (see problem 1 in Exercises 1.7)

lima, =0 (1.88)

Remark: Our original assumption was that the sequence u,, u,, ...,

U,,... was composed of positive numbers. Hence it follows that

a,>—1 for all n. However, should m of the original numbers be

negative, we can replace their product by (—1)™ times the product of
their absolute values.

Example 21: Find the value of the infinite product IT;_, (1 — 1/n2).
Solution: We first make the observation that

1
lima,=~lim—=0

n—s>o0 n—ol

which is required for convergence. To find the value of the product,
we try to obtain an expression for the partial product P, and take its
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limit. The product of the first n terms leads to

Rl

k=2

n (b —1)(k+1)
=HT

k=2

I1X2X3%x--X(n—1)X3X4X5X ---X(n+1)
2XAXIXIX4XAX - XnXn

_n+1
T o2n

where in the last step we have canceled all common factors. Thus, by
taking the limit

n+1

lim P, = lim

n-—w n—w 2n

_1
2
we conclude that

11-2)-

n=2

1.7.1 Associated infinite series

In many cases of interest we are unable to find an explicit expression
for the partial product P, and examine its limit as we did in Example
21. When this is the case, it is useful to have tests of convergence as
we did in studying infinite series. Although we could devise con-
vergence tests based directly on the product, there are related infinite
series whose convergence or divergence will settle the question in
regard to the infinite product.

For example, closely associated with all infinite products is the
infinite series of logarithms derived from

In ﬁ 1+a,)= i In(1+a,) (1.89)
n=1 n=1

where it is assumed that no a,, = —1. If we denote the partial product
and partial sum, respectively, by

P=]] Q+a) S,=> In(1+a;)
k=1 k=1
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then clearly

lim P, = lim exp S, = exp <1im Sn)

n—o n—w n—o0

through the properties of limits. Therefore we see that P, approaches
a limit value P (P #0) if and only if S, has a limit value S.

A result more useful than considering the associated series of
logarithms is contained in the following theorem.

Theorem 1.19 If 0=gq,<1 for all n>N, the infinite products
II;-,(1+a,) and II,-,(1—-a,) converge or diverge according to
whether the infinite series }.;,_, a, converges or diverges.

1.7.2 Products of functions

When the general term of the product is a function of x, we are led to
infinite products of the form

f@)=11 1 +a, )1 (1.90)
n=1

If, for a fixed value of x, the product (1.90) equals f(x), we say the
product converges pointwise to f(x). The general theory of represent-
ing functions by infinite products of the form (1.90) goes beyond the
intended scope of this text, and thus we treat only some special cases.

Remark: The notion of uniform convergence of infinite products
plays an important role in the theory of infinite products, much as it
does in the theory of infinite series and improper integrals. The usual
way in which uniform convergence is established for infinite products
is by (another) Weierstrass M test. The interested reader should
consult E. D. Rainville, Special Functions, Chelsea, New York, 1960,
p. 6.

Recall from algebra that an nth-degree polynomial p,(x) with n
real roots (zeros) can be expressed in the product form*

n

Pr@)=(x—x)x—2x5) - (x—x,)=]] x-x)  (1.91)

k=1

* For simplicity of notation we are assuming p,(x)=x"+---, where the
leading coefficient is unity.
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We might well wonder if functions with an infinite number of zeros
have similar product representations. This is sometimes indeed the
case. For example, the zeros of sinmx occur at x=1n (n=
0,1,2,...), and it can be shown that (see problem 9 in Exercises 1.7)

sin mx = nx ﬁ (1—£)<1 +§)

n=1 n
oo x2
or sin mx = mx || (1—;) (1.92)
n=1

whereas for the cosine function

- 4x?

= 1- —————] 1.9

Cos 7x "I;Il[ @ 1) (1.93)

An interesting result can be derived from (1.92) by setting x = /,.
That is,

2 n=1 (zn)Z

T 1 7 @2n-1D(2n+1)
1—2,,11 [1 (2n)2] H

and by solving for 7/2, we see that

:_r_2x2 4X4 6X6
2 1x3 3x5 5x7

(1.94)

which is Wallis’ famous formula for /2. In Sec. 2.2.3 we again use
(1.92) to derive another interesting relation between the sine
function and the gamma function.

Exercises 1.7

1. IfIT;_, (1 + a,) converges to the value P # 0, show that

limea, =0

n—»w

Hint: Consider the ratio

I (1+a,)
R k=1
lim

n—»o0

];[i(1+ak)

n
k



Infinite Series and Infinite Products 59

In problems 2 to 7, show that the infinite product converges by
finding its value.

10.

nrjl [1—(n+1;2(n+2)] 5 }1 :1+n(n1+2)]

,,Ul [1+ (n +1)f(;2n +9)] 6. ,,I;Il _1 +(4n —1)1(4n —3)]
o © — n+l

.}1(1—#) 7. n[=[1h1+( 1n) ]

. Use (1.92) and (1.93) to verify the identity

2sinx cosx = sin 2x

. You are given the function f(x)=coskx, —n <x <&, where k is

not an integer.
(a) Find its Fourier trigonometric series.
(b) Letting k=2 in (a), and substituting x =0 and x ==,
obtain the series expansions
1 228 (1)
cscme =—+ — "%
m2 a1z —n
1 223 1
cot mz = —+— R
nz W ao12°—n

(c)

Assume 0<2z <1 and integrate the series in (b) for cot nz
from 0 to x, 0 <x <1, and show that

sin x

In

so that

oo x2
sinwx = mx [ (1——2)
n=1 n

(d) From (c), deduce that
) xZ
o - _)
sinx =x }—:[1 ( 2.2
By using the results of problem 9, show that

0<zx1

J»oc xz—l 3 P

b 1+x sin mz
Hint: Express the integral as a sum of two integrals, the first
having (0,1) as the interval of integration and the second (1, «).

Then let x =1/t in the second integral, and use the geometric
series for (1 +x)7 %






Chapter

The Gamma Function and
Related Functions

2.1 Introduction

In the eighteenth century, L. Euler (1707-1783) concerned himself
with the problem of interpolating between the numbers

n!=f et"dt n=0,1,2,...
0

with nonintegral values of n. This problem led Euler in 1729 to the
now famous gamma function, a generalization of the factorial
function that gives meaning to x! when x is any positive number. His
result can be extended to certain negative numbers and even to
complex numbers. The notation I'(x) that is now widely accepted for
the gamma function is not due to Euler, however, but was introduced
in 1809 by A. Legendre (1752-1833), who was also responsible for
the duplication formula for the gamma function. Nearly 150 years
after Euler’s discovery of it, the theory concerning the gamma
function was greatly expanded by means of the theory of entire
functions developed by K. Weierstrass (1815—-1897).

Because it is a generalization of n!, the gamma function has been
examined over the years as a means of generalizing certain functions,
operations, etc., that are commonly defined in terms of factorials. In
addition, the gamma function is useful in the evaluation of many
nonelementary integrals and in the definition of other special
functions.

Another function useful in various applications is the related beta
function, often called the eulerian integral of the first kind. In 1771,

61
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some 43 years after discovering the gamma function, Euler found
that the beta function was actually a particular combination of
gamma functions. The logarithmic derivative of the gamma function
leads to the digamma function, while further differentiations produce
the family of polygamma functions, all of which are related to the
zeta function of G. Riemann (1826-1866).

2.2 Gamma Function

One of the simplest but very important special functions is the
gamma function, denoted by I'(x). It appears occasionally by itself
in physical applications (mostly in the form of some integral), but
much of its importance stems from its usefulness in developing other
functions such as Bessel functions (Chaps. 6 to 8) and hypergeometric
functions (Chaps. 9 to 12) which have more direct physical
application.

The gamma function has several equivalent definitions, most of
which are due to Euler. To begin, however, we use the definition

I'x) = lim nin” (2.1)
G+ +2) - (x+n) '

which was actually due to C. Gauss (1777-1855).* If x is not zero or
a negative integer, it can be shown that the limit (2.1) exists.t It is
apparent, however, that I'(x) cannot be defined atx =0, ~1, —2,...,
since the limit becomes infinite for any of these values. As a
consequence we have the following theorem.

Theorem 21. If x=—n ((n=012...), then |I'(x)|=«, or
equivalently,

1 —
T(-n)

0 n=012,...

By setting x =1 in Eq. (2.1), we see that

n'n
r'a) =1 =i
1) nl_rglx2><3><---><n(n+l) nl_rfcn+1

* A variation of (2.1), called Euler’s infinite product (see problem 43 in
Exercises 2.2), was actually the starting point of Euler’s work on the interpolation
problem for n!.

+ See E. D. Rainville, Special Functions, Chelsea, New York, 1960, p. 5.
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from which we deduce the special value
ra)=1 (2.2)

Other values of I'(x) are not obtained so easily, but the substitution
ofx +1 for x in (2.1) leads to

x+1

n'n
=¥
I'x+1) nl_f)lgo(x+1)(x+2)...(x+n)(x+n+1)

x

lim li nin
= -lim
n—eX+n+1 asex{(x+1) --(x+n)

from which we deduce the recurrence formula
I'x+1)=xT'(x) (2.3)

Equation (2.3) is the basic functional relation for the gamma
function; it is in the form of a difference equation. While many of the
special functions satisfy some linear differential equation, it has been
shown that the gamma function does not satisfy any linear
differential equation with rational coefficients.*

A direct connection between the gamma function and factorials can
be obtained from (2.2) and (2.3). That is, if we combine these
relations, we have

r2)y=1xra)=1
Ir'3)=2xI(2)=2x1=2!
I'(4)=3xI(3)=3x2!=3!

and through mathematical induction it can be shown that
I'n+1)=n! n=0,1,2,... (2.4)

Thus the gamma function is a generalization of the factorial function
from the domain of positive integers to the domain of all real
numbers (except as noted in Theorem 2.1).

It is sometimes considered a nuisance that n! is not I'(n), but
I'(n + 1). Because of this, some authors adopt the notation x! for the
gamma function, whether or not x is an integer. Gauss introduced the
notation I1(x), where II(x) = x!, but this notation is seldom utilized.

*See R. Campbell, Les intégrals Eulériennes et leurs applications, Dunod,
Paris, 1966, pp. 152--159.
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The symbol I'(x ), due to Legendre, is the most widely used today. We
will not use the notation of Gauss, nor will we use the factorial
notation except when dealing with nonnegative integer values.

2.2.1 Integral representations

Our reason for using the limit definition (2.1) of the gamma function
is that it defines the gamma function for negative values of x as well
as positive values. The gamma function rarely appears in the form
(2.1) in applications. Instead, it most often arises in the evaluation of
certain integrals; for example, Euler was able to show that*

00

I'(x)=f e ldt x>0 (2.5)
0

This integral representation of I'(x) is the most common way in
which the gamma function is now defined. Since integrals are fairly
easy to manipulate, (2.5) is often preferred to (2.1) for developing
properties of this function. Equation (2.5) is less general than (2.1),
however, since the variable x is restricted in (2.5) to positive values.
Last, we note that (2.5) is an improper integral, due to the infinite
limit of integration and because the factor £*~! becomes infinite at
t = 0 for values of x in the interval 0 <x < 1. Nonetheless, the integral
(2.5) is uniformly convergent for all a =x <5, where 0 <a=b <
(e.g., see problem 16 in Exercises 2.2).

Let us first establish the equivalence of (2.1) and (2.5) for positive
values of x. To do so, we set

o0

F(x) =f e 't*7ldt

0

n t n
= lim (1 ——) t*tdt x>0 (2.6)
0

n—»ow n

where we are making the observation

e~ = lim (1 —%) 2.7)

n—®

* Legendre termed the right-hand side of (2.5) the eulerian integral of the
second kind.
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Using successive integration by parts, after making the change of
variable z =¢/n, we find

1
F(x)=lim n"J (1-2)2""1dz
0

n—»

0

r x11 1
= lim n* (1—z)"%ff (l—z)"_lz"dz]
n—»o L o X Jo

(2.8)
T n(n-1)---2x1 1
=l x x+n—1 ]
nl_rgn _x(x+1)---(x+n~1)oz dz
= lim nin
x4+ 1)x+2)---(x+n)
and thus we have shown that
F(x)=f e it 1dt =T(x) x>0 (2.9)
0

It follows from the uniform convergence of the integral (2.5) that
I'(x) is a continuous function for all x >0 (see Theorem 1.17). To
investigate the behavior of I'(x) as x approaches the value zero from
the right, we use the recurrence formula (2.3) written in the form

1_,(x)zI‘(x +1)

Thus, we see that

lim F(x) = lim 58 _ 1o

x—>0" x—0"

(2.10)

Another consequence of the uniform convergence of the defining
integral for I'(x) is that we may differentiate the function under the
integral sign to obtain*

o0

l"’(x)=J e "t* 'Intdt x>0 (2.11)

0

* Actually, to completely justify the derivative relations (2.11) and (2.12)
requires that we first establish the uniform convergence of the integrals in them.
See Theorem 1.18 in Sec. 1.5.3.
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and

o0

I‘”(x)=J et '(Int)®dt x>0 (212)

0

The integrand in (2.12) is positive over the entire interval of
integration, and thus it follows that I'""(x) > 0. This implies that the
graph of y =I'(x) is concave upward for all x > 0. While maxima and
minima are ordinarily found by setting the derivative of the function
to zero, here we make the observation that since I'(1) =I'(2) =1 and
I'(x) is always concave upward, the gamma function has only a
minimum on the interval x > 0. Moreover, the minimum occurs on
the interval 1 <x <2. The exact position of the minimum was first
computed by Gauss and found to be x,=1.4616..., which leads to
the minimum value I'(x,) =0.8856.... Last, from the continuity of
I'(x) and its concavity, we deduce that

lim I'(x) = 4w (2.13)

X 00

With this last result, we have determined the fundamental char-
acteristics of the graph of I'(x) for x > 0 (see Fig. 2.1). Values of I'(x)
are commonly tabulated for the interval 1=x =2 (e.g., see Table

TI'(x)
\
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Figure 2.1 The gamma function.
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TABLE 2.1 Values of I'(x) for
1=sx=s2

x I(x) x F(x)

1.00 1.0000 | | 1.50 0.8862
1.05 09735 | |155 0.8889
110 09514 ((1.60 0.8935
1.15 0.9330|]1.65 0.9001
120 09182 || 1.70 0.9086
125 0.9064 | 1.75 0.9191
1.30 0.8975|:11.80 0.9314
1.35 0.8912 || 1.85 0.9456
1.40 0.8873 | |1.90 0.9618
145 08857 (|1.95 0.9799
1.50 0.8862 | |2.00 1.0000

2.1), and then other values of I'(x) can be generated through use of
the recurrence formula. For example, I'(2.75)=T(1.75+1)=
1.75I'(1.75) = 1.608.

The gamma function is defined for both positive and negative
values of x by Eq. (2.1), although generally it is more convenient to
use the recurrence formula (2.3) when dealing with negative values.
For example, if x is in the range —1 <x <0, we rewrite (2.3) as

1"(Jc)=Lxx_ilz x>-1, x#0 (2.14)

and we use the right-hand side for computational purposes. Also
using (2.14), we obtain the left- and right-hand limits

lim I'(x) = lim M= — (2.15)
x—0" x—0"
and lim Tx)= lim SV _ o (2.16)
x——17% x——17"

If x +1 is still a negative number, we can replace x with x + 1 in
(2.14) to get

I'x +2)

Tx+1)=
(x+1) 1

which, combined with (2.14), leads to

_T(x+2)

Iﬂ(x)_x(x +1)

x>-2, x#0, -1
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Using this last expression, we find the limiting values

. . Tx+2)
xEI—I}~ r(x)_xEI—Ii—x(x-t-l) B (217)
I'x +2)
d Ii = li = .
an x—}I—g* Fix) x—}I—I; x(x+1) (2.18)
Continuing this process, we finally derive the formula
I'x+£
I(x) = (x +k) E=1,2,3,... (219)

x(x+D{x+2)---(x+k—-1)

which defines the gamma function over the interval x > —k (except
x#0, -1, —2,...,—k+1) in terms of a gamma function with
positive argument. From (2.19) we see that the above pattern of
alternating infinite limits at the negative integers continues in-
definitely (see Fig. 2.1).

Example 1: Given that I'(Y,) = V7, evaluate I'(—%,).
Solution: Repeated use of (2.14) yields

r( 3>=I‘(—1/2)_ T ()

2/ =Y (Y)Y

which simplifies to
I'( —3/2) = 4/3\/5

In addition to

00

I‘(x)=f et l1dt x>0

0

there are a variety of other integral representations of I'(x), most of
which can be derived from that one by simple changes of variable. For
example, if we set £ = u? in the above integral, we get

F(x)=2 f e uxdy x>0 (2.20)
0

whereas the substitution ¢ =In (1/u) yields

1

T(x) = fo (lni—)x—ldu ©>0 (2.21)
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A slightly more complicated relation can be derived by using
representation (2.20) and forming the product

[x)(y)= 2f e u¥1dy - 2] e V' v¥1dy
0 0

= 4J@ Iwe—(u2+v2)u&—lv2y—1 du dv
(1] (1]
The presence of the term u? + v? in the integrand suggests the change
of variables
u=rcos 0 v=rsin 0

which leads to

/2 oo
Fx)(y)= 4[ f e " r¥ teos® 10 r? 1 sin¥ 'O rdrdo
(1] 0

7E/2

—r2 — — . _
=4f e ety ldr-f cosZ 1 9sin®? 1 0do
0

0

/2
=2 (x +y)f cos*™ ! @sin?"' 6dO
(1]

Finally, solving for the integral, we get the interesting relation

/2 Tx)I'(y)
Z-19gin® ' 0dO=——= ;
J; cos sin d T +y) x>0, y>0 (2.22)

By setting x =y =1/, in (2.22), we have

w2 T(YIT()
A 6 = 2r'(1)

from which we deduce the special value

() =Vn (2.23)
Example 2: Evaluate [§x% ™ dx.

Solution: Let ¢t =x>, and then

f x4e—x3dx = 1/3[ e—tt2/3 dt - 1/3r(5/3)
0 0
Example 3: Derive the asymptotic formula

IF'x+1)~V2mxx*e™ X —> 0
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Solution: By making the substitution ¢=x+s in the integral
representation

[ +1)= f Fet dt
0
we obtain
l"(x + 1) =xxe—xf ex ln(1+s/x)e—s ds

For large x, we use the approximation [see (1.41)]

ln(1+s) s_s —®
-~ x
x/ x 2«2

which leads to

I‘(x+1)~x”e‘xf e 5% dg
~\/§x"e""j e du

the last step following the substitution u = s/V/2x. Using properties of
even functions, and recalling Egs. (2.20) and (2.23), this last integral
yields

00

I e du= 2] e du=T()=Vn
© 0

Combining results, we deduce that
IN'x+1)~V2mxx*e™ x—»

known as Stirling’s formula.*

2.2.2 Legendre duplication formula

A formula involving gamma functions that is somewhat comparable
to the double-angle formulas for trigonometric functions is the
Legendre duplication formula

210 ()T (x + Y,) = VaT(2x) (2.24)

* See also Sec. 2.6.2.
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To derive this relation, first we set y =x in (2.22) to get

F(x)T(x) fm

- 2v-1 g o1 2c—1
T (2%) cos 0 sin 6de

0

/2
= 21_2"j sin®"120d6

0

where we have used the double-angle formula for the sine function.
Next we make the variable change ¢ = 26, which yields

FOOT(x) o o ™ . ey
or(zx) fosm $de

/2
=21—2*f sin® ¢ d¢

0

_21ET ()T (x)
T Tk + 1Y)

where the last step follows from (2.22). Simplification of this identity
leads to (2.24).

An important special case of (2.24) occurs when x=n (n=
0,1,2,...),1ie,

!
r<n +1> Oy T (2.25)

2]~ 2%n!

the verification of which is left to the exercises (see problem 39 in
Exercises 2.2).

Example 4: Compute I'(%/,).
Solution: The substitution of n =1 in (2.25) yields

ERRE

2 2) " 2%x11 2

2.2.3 Welerstrass’ infinite product

Although it was originally found by Schlomilch in 1844, thirty-two
years before Weierstrass’ famous work on entire functions, Weier-
strass is usually credited with the infinite product definition of the
gamma function

1 ] (1 4 _)e ~sin (2.26)
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where y is the Euler—Mascheroni constant defined by*

y=1lim (2 } n) = 0.577215. . (2.27)

n—»>x k=1k

We can derive this representation of I'(x) directly from (2.1) by first
observing that

1 _limx(x+1)(x+2)---(x+n)
[(x) now nln*
—xlimn‘x(x+1-x +2_Hx+n)
h n—w 1 2 n
= xlim exp [~ (Inn)x1]] (1 +3I:-) (2.28)
n—>w k=1

X

where we have written n™ =exp[—(lnn)x]. Next, relying on
repeated use of e *® = e®e®, we recognize the identity

n 1 n
wl($ 41
w1k k=1
Thus, if we multiply (2.28) by the left-hand side of this expression
and divide by the right-hand side, we arrive at

imen (- tmn)e] tim [ (145)e
———=xlim ex ——Innjx|-lim 1+ e "
ra ~*hmexe| (23 fim I1 (143
which reduces to (2.26).

An important identity involving the gamma function and sine
function can now be derived by using (2.26). We begin with the
product of gamma functions

f‘(;)rl(__xi =xe ’“nlcjl (1 + %)e —xin  (—x )e—w’ﬁl (1 _ %)e""‘

_ ! o _eTh-E
or reres - 11 (1-%) (2.29)

where we assume that x is nonintegral. Recalling Eq. (1.92) in Sec.
1.7.2, which gives the infinite product definition of the sine function,

*The constant y is commonly called (simply) Euler’s constant.
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we have

fl (1 _3_c;> _sinm
n=1

n X
Comparison of (2.29) and (2.30) reveals that

T

I'x)I'(—x)=— (x nonintegral)

x sin mx
Also by writing the recurrence formula (2.3) in the form
—xT(—x)=T(1-x)

we deduce the identity

I'x)r(1—x)= —f—— (x nonintegral)
sin 7mx

Example 5: Evaluate the integral [§ tan'?0d6.

Solution: Making use of (2.22) and (2.32), we get

/2 /2
J' tan? 0d6 =J sin'2 0 cos 2 0d6
0 0

RAGANGA
Tooor()

1o
" 2sin (n/4)

T

V2

(2.30)

(2.31)

(2.32)

Remark: An entire function is one that is analytic for all finite
values of its argument. Weierstrass was the first to show that any
entire function (under appropriate restrictions) with an infinite
number of zeros, such as sinx and cosx, is essentially determined by
its zeros. This result led to the infinite product representations of
such functions and, in particular, to the infinite product representa-

tion of the gamma function.

A list of some of the most important properties of the gamma

function can be found in the Appendix for easy reference.
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Exercises 2.2

1. Use Eq. (2.1) directly to evaluate

(@) T(2) (b) T@3)
In problems 2 to 7, give numerical values for the expressions.
r(e) L
2. r3) 5. T(—%)
3 I'(7) 6 L(—%,)
" T(4)1(3) © T(Yy)
7 T'(%s)
4. T("%) 7. )

In problems 8 to 14, verify the given identity.

8. T(a+n)=ala+1)a+2)---(a+n—-1)(a),n=12,3,...

I" —
0. 177 _ iyua-1)a=2)(@-n+1),n=123,...
I'(—a)
r
10. L9 (—1)@=2)--(@-n)n=123, ...
F(a —n)
(—1)*n! L
1 I'(k—n) =kl 0=k =n (k, n nonnegative integers)
[(=n) 0 k>n
Hint: See problem 9.
a\ Tla+1) _
12. (n>—n!r(a—n+1)’n—0’ L2...

Hint: See problem 10.

13. (‘1/2>=(_‘i)"_(_2_’9_’ n=012...

n 220 (nl)? ’

14.

_ _ !
( 2fn 1)=(~1)m(ﬁik)‘, Eom=012,...

(2k)!Im!

15. In problems in electromagnetic theory it is quite common to come
across products like

2X4X6X---X2n=(2n)!
and IX3IXEX---x2n+1)=2n+1)
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Use these definitions of the !! notation to show that

—_ non '

(@) (2n)lt=2"n! © (-2n-pu=E020
(2n)!

!
) (2n+1)!!=(2%:-;‘1—)' d) (D=1

Hint: See problem 10 for (¢) and (d).
16. Prove that j e~t*"1 dt converges uniformly in 1 =x <2,
0

In problems 17 to 20, verify the given integral representation.

17. I'(x) =s"j e " 1dt, x,s>0

0

18. T'(x) =J exp (xt —e')dt, x>0
Hint: Let u =€’

Q0 B _ -] (_l)n
— fyx—1
19. I‘(x)—J; e 't dt+'§0———————n!(x+n),x>0

20, r(x)=(1nb)xf £t dt x>0, b>1
0
Hint: Letu=tInb.

In problems 21 to 29, use properties of the gamma function to obtain
the result.

21. I e dy =Y \/me®

Hint: 20x —x*=-(x —a)?+a?

22. f e"z"xsdx=45/g
0

23. J:\/;e“"sdx=\/?;t
1
24 o\/—iﬁl_f
25. lek(lnx)"dx=—(-lg-_:]:%;:%,k>—l,n=0,1,2,...
26. meos's(9dt9=£%r
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/2
27. f sin® 0 cos® 0d0O =%,

28. f cos*xdx = 3”
)
22n(n!)2
29[ in?"*! 0d0 = f 0s>"*1 0dg=———,n=0,1,2,...
@ty t=0

In problems 30 to 35, evaluate the integral in terms of the gamma
function and simplify when possible.

o0 —st 1 L 1 y—1
30. f dt,s >0 33, f £ (1 —) ny>
\/— s 5 nt dt,x,y>0

B2
31.] 3 34.[ cot'? 0d6
0 1+x 0

Hint: Let x®=tan 6.
/2 oc .
32. f Vsin 2¢ dx 35. f et tdt,p,s, x>0
0 (1]

36. Using the recurrence formula (2.3), deduce
(@) Tx)=T"(x+1)—xI'"(x)

00

(b) I‘(x)=[ e tt—x)* Intdt,x >0

(1]
In problems 37 and 38, use the Euler formulas

st te L er—e™
2 2i

and properties of the gamma function to derive the result. Assume

that b, x >0 and —'pr <a < Y,m.

37. I'(x) cos ax = bxf t*le bt cosa oog (bt sina) dt
0

38. I'(x) sinax = b"J’ t*"lebtcosagin (bt sina) dt
0

39. Based on the Legendre duplication formula, show that (for
n=0,1,2,...)

!
@ 1(n+2)- BV
1\ _ (D2 -1)Wa
® T3 =G

(¢) TCh+n)TClh—n)=(-1)x
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40. Show that
1 1 2
[(88) = 5= 2r@)(x +5)r(x +3)
(3x) 2”3 (x)\x 3 x+3
41. Show that
'@)P=Tx)IMx) x>0
42. Show that
(@) T'Q+x)I'(1—x)=mx csc ax (x nonintegral)
(6) T(o+x)T(Yy—x)=nsecnx,x#*n+%,n=0,1,2,...
43. Derive Euler’s infinite product representation
1 = l+x/n
SR Yersy

44, Derive the recurrence relation I'(x + 1) =xI'(x) by use of the (a)
integral definition (2.5) and (b) Weierstrass’ infinite product
(2.26).

45, Use I'(x + 1) =xT'(x) and the result of Example 3.
(a) Deduce that, for fixed a,
x a—1/2
_F(x+a)~<1+g) (1+E) e % x>
x°T(x) x x

(b) Using the relation (from calculus)

(1+E) ~e® x—w®
x
show that
© _1 n
I‘(::c+a)~ » (a /2)(g) oo

x°T(x) ,=o\ n x

2.3 Applications

The gamma function arises naturally in a variety of applications
involving certain kinds of integrals that can be transformed to one of
the integral representations for I'(x) by appropriate changes of
variable, as well as in more novel applications like those involving
fractional derivatives.

2.3.1 Miscellaneous problems

Many standard problems in calculus, such as finding areas, arc-
length, volume, and so on, can lead to nonelementary integrals that
are simple variations of the gamma function. Consider the following
example.
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Example 6: For x >0, find the area between y = 4x*%~**2 and its
asymptote (see Fig. 2.2).

Solution: From the figure it is clear that the curve lies entirely
above the positive x axis with the x axis acting as an asymptote as

x— », Therefore, the area under the curve is given by the standard
formula

A= f ydx = 4[ %322 dx
0 (V]
By making the change of variable ¢ =x?%/2, we get

A = 29/4[ t1/4e -t dt — 29/4r(5/4)

0

Integrals that lead to the gamma function are also prominent in
computing statistical quantities. For example, the moments of a
random variable x are defined by the integral

Elx"] = (x") =f s'pex)dy  n=1,23... (233)
where p,(x) is the probability density function for x. The special case

)

| | -

1 2 3 X

Figure 22 Graph of y = 4x%% =2,
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corresponding to n =1 is called the mean value while the particular
combination of first and second moments

o= (x*) — (x)> (2.34)

is called the variance.
A density function prominent in many applications is the gamma
density function

1 x\* ! B
palx) = ﬁr(w)<ﬂ) e x>0
0 x<0

(2.35)

where a and § are positive parameters of the distribution. Other
important probability density functions are introduced in Exercises
2.3.

Example 7: Calculate the moments of the gamma distribution
defined by (2.35).

Soiution: From the definition, we find that

(x") =ﬁ—rt;5 J:xn(%)“-le_x/ﬁdx

1
BT (a)

I xn+a'—1e—x/ﬁ dx
(1}

By making the change of variable ¢ =x/8, this integral becomes

B (" nea-1 B T'(n + &)
X*)=—— | """ efdt=—-———— n=12013,...
x’) I'(a) Jo Ia)

Observe that the first and second moments are, respectively,
(x) = @B and (x*) = a(a + 1)B%, leading to the variance

ol=a(a+1)B%—(af)?= ap?

2.3.2 Fractional-order derivatives

Besides generalizing the notion of factorials, the gamma function can
be used in a variety of situations to generalize discrete processes into
the continuum. Such generalizations are not new, however; mathe-
maticians over the years have concerned themselves with this
concept. In particular, the question concerning derivatives of nonin-
tegral order was first raised by Leibniz in 1695, many years before
Euler introduced the gamma function.
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The general procedure for developing fractional derivatives is too
involved for our purposes.* However, we can illustrate the concept by
first recalling the familiar derivative formula from calculus

D%®=a(a—~1)---(a—n+1)x*" a=0 (2.36)

where D" =d"/dx", n=1,2,3,.... In terms of the gamma function,
we can rewrite (2.36) as (see problem 10 in Exercises 2.2)

Digs = I'a+1)
_F(a —-n +1)x

a—n

The right-hand side of this expression is meaningful for any real
number n for which I'(a —n + 1) is defined. Hence, we assume that
the same is true of the left-hand side and write

I'(a +
Dx* = (at1)

———#I‘(a—v+1)x a=0 (2.37)

where v is not restricted to integer values. Equation (2.37) provides a
simple method of computing fractional-order derivatives of
polynomials.

Example 8. Compute D %x?,
Solution: Directly from (2.37), we obtain

I'GQ) s

DV242 =
YA

the simplification of which yields

DVY2y2 = 8 o

3Vr~

Generalization of the differentiation formula for D"x ™% which
covers the case of negative exponents, is left to the exercises (see
problem 12 in Exercises 2.3).

Exercises 2.3

1. Find the area enclosed by the curve x* +y*=1.
2. Find the total arclength of the lemniscate 72 = a® cos 20.

* For a deeper discussion of fractional derivatives, see L. Debnath, “Generalized
Calculus and Its Applications,” Int. J. Math. Educ. Sci. Technol., 9(4): 399-416,
1978.
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3. Find the area inside the curve x*® + y*3=1.

4. Find the volume in the first octant below the surface
x1/2 +y1/2 +21/2 — 1

5. A particle of mass m starts from rest at r =1 and moves along a
radial line toward the origin r = 0 under the reciprocal force law
f=—k/r, where k is a positive constant. The energy equation of
the particle is given by

1 (dr\?
=m|—) +klnr=0
3(G) +4mr

(a) Show that the time required for the particle to reach the
origin is Vma/(2k).

(b) If the particle starts from rest at r =a (a > 0), the energy
equation becomes

1 /dr\?
§m<;i—£) +kInr=%kIna
Again find the time required for the particle to reach the

origin,
6. The Rayleigh distribution is defined by p,(x) =0, x <0, and

X L 2x0p2
px(x)=g§e x2/(2b2) x>0

(a) Calculate the moments (x"), n=1,2,3,....
(b) Find the variance o2.

7. The normal distribution with zero mean and variance o2 is

defined by

1
Px(x) =-—2e_"2/(2"2) —00 < x <0
oV2rn

Show that (a) all odd-order moments are zero and (b) the

even-order moments are given by

(2n)!

2"n!

8. The output of a half-wave rectifier is given by the random
variable y=0, x<0, y=x, x>0, where x is a normal random

variable whose density function is that in problem 7. Show that
the variance of y is given by

1 1
3=5(1-7)

(x*") = o n=1,23,...
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9. Calculate the variance for the output of a square-law device
described by y = x?, where x is a normal random variable whose
density function is that in problem 7.

10. Compute the fractional-order derivatives.
(@) D2, where c is constant
(b) DY(3x®>—-Tx+4)
( ¢ ) D3/2x2
(d) D", where v is not a positive integer
11. Show that
(a) D1/2(D1/2x2) =Dx2
(b) D-—1/2(D1/2x2) =x2
(c) D*(D*%*)=D"*#x°*
12. By generalizing the formula for D"x™*, n =1, 2,3, ..., show that
I'(v+a)

D% %=(-1)" —(a+v) >
x (-1) T@) * a>0

2.4 Beta Function

A useful function of two variables is the beta function*
1
B(x,y)=J- E - Nde x>0, y>0 (2.38)
0

The utility of the beta function is often overshadowed by that of the
gamma function, partly perhaps because it can be evaluated in terms
of the gamma function. However, since it occurs so frequently in
practice, a special designation for it is widely accepted.

If we make the change of variable u =1 — ¢ in (2.38), we find

1
B(x,y) =j Q-uyw 'du
(4]

from which we deduce the symmetry property

B(x,y)=B(y,x) (2.39)

Another representation of the beta function results if we make the

* This is called the eulerian integral of the first kind.
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variable change ¢t =1 /(1 + u), leading to

0 x—1

u
B(x,y)—fo mj;y‘du x>0, y >0 (2.40)

Finally, to show how the beta function is related to the gamma
function, we set ¢ = cos® 8 in (2.38) to find

/2
B(x,y) = 2] cos® 1 9sin?"1 0do
(1]

and hence from (2.22) we obtain the relation
T'x)T(y)
I'x +y)
Example 9: Evaluate the integral I = [5x "2(1 +x) 2dx.

B(x,y)= x>0, y>0 (2.41)

Solution: By comparison with (2.40), we recognize

I =B(1/2) 3/2)

T/ Ch)
)

Hence, we deduce that
f 221 +x) Pde =2
o 2
Example 10: Show that

“cosx T
dx = <p<
fo xP 2I(p) cos (pm/2) O<p<l

Solution: Making the observation (problem 17 in Exercises 2.2)

1 1 r‘ vtap—
— = | e™*P71ldt
xP T'(p) Jo

it follows that
“cosx —xtyp—1
fo e dx = F(p)J' cosx[ P dtdx

F(p).[ P lf = cosx dx dt

=F(p) 1+
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where we have reversed the order of integration. If we now let u = t2,
then

rcosxdx= 1 °°u("‘”’2du
o xP 2I(p) Jo 1+u
_ 1 B<1+p 1-—p>
2I'(p) 2’ 2

However (see problem 10 in Exercises 2.4),

1+p 1-p pr
B(-—,——)- i
2 2 T sec 2

and thus we have our result.

Example 10 illustrates one of the basic approaches we use in the
evaluation of nonelementary integrals. That is, we replace part of (or
all) the integrand by its series representation or integral representa-
tion and then interchange the order in which the operations are
carried out.

Exercises 2.4

In problems 1 to 4, evaluate the beta function.
1. B, ) 3. B(Y5, 1)

2. B4, ") 4. B(x,1-x),0<x<1
In problems 5 to 10, verify the identity.
5. Bx+1,y)+B(x,y+1)=Bx,y),2,y>0

6. Bx,y +1)=2B(x +1,9) =—2—B(x,y), £,y >0
x x+y
7. B(x,x) =2V"%B(x, Y,), x>0

_T@)(y)re)rw)
8. B(x,y)B(x+y,z2)B(x +y+z,w)= Tatytztw)

x5 2z w>0
9. B(n,n)B(n+Yo,n+Y)=n2""*"n"1,n=1,2,3,...

10. B(_l__—é—_p’l%p) =nsec%t, O0<p<l1
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In problems 11 to 18, use properties of the beta and gamma functions
to evaluate the integral.

1
11. J Ve =) dx
0

1
12. f x*(1 —x2%)"V2dx

]

* x
. ——dx
13 ]o (1+x°)?
Hint: Sett=x3/(1+x3).
1 1/2
. f (1 +x) de
-1 1 —X

Hint: Setx =2t —1.

1

W

b
15. f (b —x)" Yx —a)*"'dx, where m, n are positive integers

2
16. f x%(2-x)""dx

0

17. J xVa?—-x2dx
0

2
18. f *V8 —x°dx
0

In problems 19 to 30, verify the integral formula.

oexp——l
19. j dx=mescpx, 0<p <1
0 1+x

“sinx T
‘ - <p<1
?‘OL 7 =) sim (par2)’ 0P

* 1 \/;
s 2 g = 7
21. fo sinx” dx 2 V3

Hint: Use problem 20.

* 1 /=
22. j 2de==1\|7
A cosx s V3

T

/2 /2
23. f tan” dx=f tP x dx = ———,
o am o corx 2cos (pr/2)

0<p<i1



24,

25

26

27

28

29

30
31

32

Chapter Two
*xP"llnx 9
f dx =—n“cscpmcotpm, 0<p <1
0 1+x
ocxp—l
. = ,0<p<
o 1+x° a sin (prt/a) p=a
* n'l'(s)
. (1l -e ) dt = ——, wh >0,n=01,2,...
Le 1-e™) I,(s+n+1)weres 0,n=0,1,2

v e* 27T oy i3
f mdx=§—\/—§a b ,Wherea,b>0

> e 2
. dx = ——
f_m (e* +1)2 9Vv3
Hint: Differentiate with respect to b in problem 27.
1 tx—l + ty—l

-, Wdt =B(x,y), wherex,y >0
Ll (1 -yt B(x,y)
* = > 2 ) >
L t+pyT Atpr® where x,y,p >0
. Using the notation of problem 15 in Exercises 2.2, show that
1 g n=0
_L2\l2.2n .
(@) L(l ) Jen-nun
(2n +2)!! I
1 414 n=0
(b) f (1—-x2)"Y22"dy =< (2n - 1!
-1 J (2n)!! n—1,2,3,...
. Show that
! (n!)?
. am2\n = 92n+1 =
f_l(l x°Ytdx =2 —(2n+1)! n=012,...

33. The incomplete beta function is defined by

Bx(p,q)=ftp-1(1—t)q-1dt 0<x<1, p,g>0
0

(a) Show that
B.(p,q)=2"T(g) 3, — %
n=0I'(g —n)(p +n)n!
(b) From (a), deduce that
— (-1 _ I(p)
nool(g—n)p+n)n! B I'p+q)

0=x=<1
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2.5 Incomplete Gamma Function

Generalizing the Euler integral (2.5), we introduce the related
function

"X

via,x) = f e49ldt >0 (2.42)

(1}

called the incomplete gamma function. This function most com-
monly arises in probability theory, particularly those applications
involving the chi-square distribution. It is customary to also intro-
duce the companion function

I'(a,x) =f et ldt  a>0 (2.43)

x

which is known as the complementary incomplete gamma func-
tion. Thus, it follows that

y(a,x)+TI'(a,x)=T(a) (2.44)

Because of the close relationship between these two functions, the
choice of using y(a,x) or I'(a,x) in practice is simply a matter of
convenience.

By substituting the series respresentation for e™* in (2.42), we
get

V(a,x)=r[i (—_llt’”"_l]dt

o Lizo n!

and then, performing termwise integration, we are led to the series
representation

. @ (_l)nxn
yla,x)=x 2 n+a) a>0 (2.45)

It immediately follows from (2.44) that

iy e (21"
Ia,x)=T(a) x,gon!(n+a) a>0 (2.46)
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2.5.1 Asymptotic series
The integration of Eq. (2.43) by parts gives us

Ia,x)= J’we"t“'ldt
=—e "7+ (a — I)J::e"t"'2 dt
=e ™ x* 1+ (a— 1)I:e“t“‘2dt (2.47)
while continued integration by parts yields
I'a,x)=e*x* 1+ (@a—-1De ™ x* 2+ (a - 1)(a - Z)er"t"'3 dt

and so on. Thus we generate the asymptotic series*

— —1)a —
I(a,x)~e "x® 1[1+a 1+(a )ia 2)+...] x =5 00
x x
(2.48)
which can be expressed as
~ a— 1 —-x S 00
I'(a,x)~T(a)x 2 @B k)x a>0, x—>» (2.49)

Ifweseta=n+1(n=0,1,2,...)in (2.49), we find that

n x—k

I'n+1,x)= "
SR Y

(2.50)

where the series truncates because 1/T'(n+1-k)=0 for k>n
(Theorem 2.1). The change of variable j =n —k further simplifies
(2.50) to

n

r(n+1,x)=n!e"x2’,i: (2.51)

or I'(n+1,x)=nle %e,(x) n=012,... (2.52)

* The asymptotic series (2.48) or (2.49) diverges for all finite x.
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where e, (x) denotes the first n + 1 terms of the Maclaurin series for
e~.* By a similar analysis, it can be shown that
y(n+1,x)=n![l—-e"e,(x)] n=0,1,2,... (2.53)

Remark: It is interesting to note that both (2.52) and (2.53) are
valid representations for all x > 0, while the asymptotic series (2.49)
[from which (2.52) and (2.53) were derived] diverges for all x.

Exercises 2.5

1. Show that
(@) yl@a+1l,x)=ay(a,x)—x%"
(b) T@+1,x)=al(a,x)+x%"

2. Show that

X

(a) % [x™°I'(a,x)]=—x"*'T(a+1,x)

dm

(b) e x Ta,x)]=(-1Y"x"*"T(a+m,x),m=1,2,3,...
3. Show that
FNa)'(a+n,x)—T(a+n)(a,x)=T(a+n)ya,x)

~T(a)y(a +n,x)
4. Verify the integral formula

00

F(a,xy)=y“e"‘yf e (t+x)'dt x,y>0, a>1
0

5. Verify the integral representation

y(a,x) =x“/zf e t*? 4, (2Vxt)dt  a>0

0

where J,(z) is the Bessel function defined by (see Chap. 6)
3 © (_l)n(z/2)2n+a
Ja(2) = 20 n'T(n+a+1)

6. Formally derive the asymptotic series (2.49) by setting y =1 in
the result of problem 4 and using the binomial series

(=500 =

* For additional properties of the function e, (x), see problems 11 and 12 in
Exercises 4.2.

Ms
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2.6 Digamma and Polygamma Functions

Closely associated with the derivative of the gamma function is the
logarithmic derivative function, or digamma function, defined
by*

I'(x)

Ylx)= ——1 I'x) = )

x#0,-1,-2,... (2.54)

To find an infinite series representation of (x), we first take
the natural logarithm of both sides of the Weierstrass infinite
product

T lj(” )_m

which yields

—lnI‘(x)——lnx+yx+2[ln(1+ ) Z] x>0 (2.55)

n=1

Then, negating both sides of (2.55) and differentiating the result with
respect to x, we find

Plx)= —lnI‘(x)—~1_Y+2(l_ 1 )

n x+n
which we choose to write as

1
n+1 n+x

Yx)=—y+ 2 ( ) x>0 (2.56)

The restriction x > 0 follows from Eq. (2.54).1
Noteworthy here is the special value

r'a)
w(l)—r—l)——y (2.57)

* The function ¥ (x) is also commonly called the psi function.

t Actually, (2.56) is valid for all x except x =0, -1, —2,..., although we will
not prove it.
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and by recalling Eq. (2.11), we see that
F’(1)=~y=f e ‘Intdt (2.58)
0

Based upon Eq. (2.54), it is clear that the digamma function has
the same domain of definition as the gamma function. It has
characteristics quite distinct from those of the gamma function,
however, since it is related to the derivative of I'(x). For example,
unlike the gamma function, the function (x) crosses the x axis. In
fact, it has infinitely many zeros, corresponding to the extrema of
I'(x), that is, points where I'(x)=0. For positive x the only
extremum of the gamma function occurs at x,=1.4616.... Because
X, corresponds to a minimum of I'(x), it follows that I''(x) and y(x)
are both negative on the interval 0 <x <x, and both positive for
x >x,. For large values of x, the digamma function is approximately
equal to Inx [see Eq. (2.77)). The general characteristics of y(x) for
both positive and negative values of x are illustrated in Fig. 2.3.

The function 1(x) satisfies relations somewhat analogous to those
for the gamma function, which can be derived by taking logarithmic

¥(x)
?

-5

Figure 2.3 The digamma function.
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derivatives of the latter. As an example, let us consider the recur-
rence formula

[x +1)=xI'(x) (2.59)
By taking the natural logarithm we have
InTx+1)=Inx+InT(x)

which upon differentiation yields

d 1 d
a—xlnl“(x+1)—;+£lnl"(x)

Thus,
W +1) = px) +}C (2.60)

Also the logarithmic derivative of
I'x)'(1-x)=mncscax
results in the identity
Y(l—x)— yY(x)=m cot mx (2.61)

Finally, the logarithmic derivative of the Legendre duplication
formula (2.24) leads to

Yx)+yplx+ %) +2In2=2y(2) (2.62)

The details of deriving (2.61) and (2.62) are left to the exercises.
If n denotes a positive integer, it follows from (2.60) that

P(2)=yp(1)+1

1 1
w(3)—w(2)+—2-=w(1)+1+§

1 11
Y@ =y@) +=yp)+1+o+7

and so forth. By repeated application of (2.60), we finally deduce that

11 1
Y+ D=y +1+o+o+ 4
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Since y(1) = —y, we can write this as

n=123,... (2.63)

X | -

Yyr+1)=—y+ D
k=1

Example 11: Use properties of the digamma function to sum the
series

- 1
ngz nz—' ].

Solution: By use of partial fractions,

1 _1(1 ~ 1)
n?2-1 2\n-1 n+1

and therefore

SR

where we have introduced the change of index n — 2 =k. Now, from
Egs. (2.56) and (2.63), it follows that

S |
n§=:2 n2 -

="ly(3)+7]

=Y =y +1+Y2+7y)

1

ni-1_

oo
or z
n=2

&> w

2.6.1 Integral representations

Like the gamma function, the digamma function also has various
integral representations. Let us start with the known relation

00

I"(x)=j e ' t* Intdt x>0 (2.64)
0
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and replace Int with the Frullani integral representation (see
Example 17 in Sec. 1.5.3)

® —~u __ Ut
lnt=I €T Gu >0 (2.65)
0 u
00 ® U __ ,—ut
Hence, I"(x)—f e it (f g—————ﬁ—du) dt
0 u

f f e i*m 1( e _ut)dtdu

where we have reversed the order of integration. Next, splitting the
inside integral into a sum of integrals, and recalling the integral
relation (see problem 17 in Exercises 2.2)

® _ I'(x)
—t(u+1)yx—1 —_
Le " dt Y x>0 (2.66)
we see that
' °°1 —-u " —tgx—1 ” —tu+1)x—1
I'x)= —(e e 't* dt——fe A A dt)du
o U [} 0
< [Lervre- 1]
—L u[e I'(x) wrly du

Finally, division of this last result by I'(x) leads to the desired
integral relation

1P(x)=j:%[e'”—(u+1)"‘]du x>0 (2.67)

Another integral representation can be derived by first writing
(2.67) as

W(x)—r:du [ (u “)-x

and then making the substitution u + 1 = ¢’ in the second integral to
get
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Combining the last two integrals once again as a single integral
yields

w(x)=f (e—j—e“t(x_n) dt x>0 (2.68)

0 t e £ 1
Remark: Although (2.67) is a convergent integral, it is not techni-
cally correct to write it as the difference of two integrals, since each
integral by itself is divergent. We are simply using a mathematical

gimmick here in order to formally derive (2.68), which happens also
to be a convergent integral.

2.6.2 Asymptotic series

Our next task is to derive asymptotic series for both the digamma
and gamma functions. We begin with the integral representation

wix +1)=f: (?—efjtl)dt (2.69)

which comes from (2.68) with x replaced by x + 1. We then rewrite
(2.69) in the form

o0 e—z e—xt e-xt e—xt
+1 =f (—— 14 )dt
Y+ b \ ¢t t t e -1

0 =t __ %t o0 1 1
=I .e_._.e___dt_l_f <__ . )e—xtdt
0 t 0 t e—1

=lnx+171 (2.70)

where we recognize the Frullani integral (2.65) and define

=11\
I_fo <t_e‘—1)e dt x>0 (2.71)

To perform the integration in (2.71), we need to represent the
function (e —1)! in a series and to integrate termwise. Since this
function is not defined at ¢ =0, it does not have a Maclaurin series
about this point. However, the related function ¢(e* —1)* and all its
derivatives are well defined at ¢ = 0, so we write

t d t
-SBL < .
) EO oy <= (2.72)

n
!
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where
d» .,
B"=d_t"[t(e -1) ]|t=0 n=0,12,... (2.73)

The constants B, are called the Bernoulli numbers.* The first few are
found to be

By=1
By = -,

By=Y (2.74)
B,=0

B4 - —1/30

All Bernoulli numbers with odd index, except B,, are zero. To show
this, we simply replace ¢ by —¢ in (2.72) and then subtract the result
from (2.72) itself, finding

t —¢ - o
e‘—l—e"—l——t_zo[l_(_l) ]B";L—!

and by equating coefficients of like powers of ¢, we see that B, = —Y/,
andB3=B5=B7="'=0.
If we divide both sides of (2.72) by ¢, we get

and since all odd B, values are zero for n greater than 1, we replace n
by 2n in the sum to obtain the result

1 11 & g
11 2t 2B g, (2.75)

* The Bernoulli numbers are named after Jacob Bernoulli (1654-1705), who
first introduced them.
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Hence, the substitution of (2.75) into (2.71) gives us

111 & g2l

— ______+__ Bn_} —xt
I= o[t {57 2 Ban g e dt

1 w-t = BZ'L fm—tz—l
== x - =L dt
2Le dt= 2 Gnyi ), ¢

Evaluating the above integrals in terms of gamma functions, the
expression for I becomes

=232 (2.76)

and this in turn, substituted into (2.70), leads to the asymptotic
series

1 1&8B,1
w(x+1)~lnx+§x———2~n I%F Xx—® (2.7

Unlike many of the asymptotic series that we derive, (2.77)
converges for all x > 0.

In statistical mechanics, probability theory, and so forth, often we
are dealing with large factorials or gamma functions with large
arguments. To facilitate the computations involving such expressions,
it is helpful to have an accurate asymptotic formula from which to
approximate I'(x). Our approach to finding such a formula will be to
first find a suitable asymptotic relation for InT'(x +1) and then
exponentiate this result.

Since, by definition,

Plx +1)=%lnr(x+1)

it follows that the indefinite integral of (2.77) leads to the asymptotic
series

1
1 + ~ 1 e —
nr(x 1) C+(x /2)lnx X+ Zln(zn_l)xzn—l

(2.78)
where C is a constant of integration. To evaluate C, we would
normally need to know the exact behavior of series (2.78) for some
value of x. However, by allowing x — «, we can eliminate the series in
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(2.78), and thus we see that

C=lim[InT(x+1)~(x+Y) Inx +x]

xX—>x

T(x+1
= lim {1n [—ifﬂ,z )] +x} (2.79)
Now, by defining
T(x+1
K=eC=1im 5D (2.80)

we have the limit relation

Hm(x + 1) =K lim (e *x**12) (2.81)

x>0 x>0

The constant K can be determined by substituting (2.81) into the
Legendre duplication formula written as

2x—1 1
Vo o fim 2 TG + )

lim T2 (2.82)

The result is K=V2xr (see problem 21 in Exercises 2.6), and
therefore (2.81) leads to the asymptotic formula (recall Example 3)

MNx+1)~V2mxx*e™ x—> (2.83)

In particular, if we set x =n, where n is a large positive integer, we
get the well-known expression

n!'~\V2annte " n>1 (2.84)

called Stirling’s formula.*

It is interesting to note that Stirling’s formula is remarkably
accurate even for small values of n. For example, when n =6, we find
6!=1710.08, an error of only 1.4 percent from the exact value of 720.
Of course, for larger values of n the formula is even more accurate.

Our original intent was to find an asymptotic series for the gamma
function, and to do this, we substitute K = V/2x into (2.80), which
identifies

C=InK=%1In2x (2.85)

* Equation (2.84), which is a special case of the asymptotic series for the
gamma function, was published in 1730 by James Stirling (1692~1770).
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Then, returning to the series (2.78), we have

InTx+1)~YIn2x+ (x+Y) Inx —x

1 & 1
Egn(Zn 1)x2t x> (2.86)

This last expression is called Stirling’s series. It represents a
convergent series for In I'(x + 1) for all positive values of x. Moreover,
the absolute value of the error incurred in using this series to
evaluate InT'(x 4+ 1) is less than the absolute value of the first term
neglected in the series.

Although Stirling’s series is valid for all positive x, it is used
primarily for evaluating the gamma function for large arguments. We
can eliminate the logarithm terms by exponentiating both sides, to
get (retaining only the first few terms of the series)

1 1
Tx +1)~V2mx* % exp (———- + .- )

12x  360x°
or
Tx+1)~V2ma -x(1+i+ 1 ) S (2.87)
12x 2887 * :

In this final step, we have replaced the last exponential function by
the first few terms of its Maclaurin series.

Finally, if we set x =n, where n is a large positive integer, and
retain only the first two terms of (2.87), we get a more accurate
version of Stirling’s formula [Eq. (2.84)]:

n!~Vann n"e”"(l + i—) n>1 (2.88)
12n

Here we find for n =6 that 6!~ 719.94, which has an error of only
8.3 x 1072 percent. Perhaps even more remarkable is that if we let
n=1,23,..., we calculate from (2.88) the values

1!1=0.99898
=1.99896
3!=5.99833

and thus conclude that (2.88) is accurate enough for many applica-
tions for all positive integers.
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2.6.3 Polygamma functions
By repeated differentiation of the digamma function

P(x) =;—xlnl“(x) (2.89)

we form the family of polygamma functions

d
P™i(x) = o InT(x) m=12,3,... (2.90)
Recalling Eq. (2.56),
—~ 1 1
veor=-r+ 3 (55-053) @30

we readily determine the representation

w(m)(x)= (_1)m+1m!i 1

T meL23.. 2
n=0

Of special interest is the evaluation of (2.92) when x =1, that is,

= 1
(m) =(—=1)"*m! _
P (1) =(-1) m.n§=0, 17

O |
=0l Y

or w(m)(1)=(—1)m+1m!C(m+1) m=1,23,... (2.93)
where Ep)= > ni" p>1 (2.94)
n=1

is the Riemann zeta function (see Sec. 2.6.4). The evaluation of
Y™ (x) for other values of x also leads to the zeta function (see
problems 29 and 30 in Exercises 2.6).

Although (2.91) and (2.92) are valid representations of y(x) and
y™(x), respectively, for all values of x except x =0, —1, —2,...,
they are not the most convenient series to use for computational
purposes, particularly in the neighborhood of x = 1. Instead, it may be
preferable to have power series expansions for such calculations.

To begin, we seek a power series of the form

InT(x +1)= D cx" (2.95)

n=0
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where we choose InI'(x + 1) instead of InI'(x) so that we can expand
about x = 0. The constants in this Maclaurin expansion are defined by

co=InT(x +1),.o=InT(1)=0

d (2.96)
¢y =alnl"(x +1) x=0= yA)=-—vy
and for n =2,
1 d’* — 1 (n—1)
c,,——‘d?lnr(x+1) O—Ew (1)
which in view of (2.93), becomes
1 n
c, = (= ) t(n) n=23,4,... (2.97)

Hence, the substitution of (2.96) and (2.97) into (2.95) yields

+ i (—1)"C(n)xn

InT(x +1)=—yx -

-1<x=1 (2.98)

where the interval of convergence is shown.
Termwise differentiation of (2.98) is permitted and leads to

w(x+1)=%lnl“(x +1)

=—y+ 2 (=1)"¢(n)x""
n=2
or, by making a change of index,
Yr+D=—y+ D (-1 fn+1x" -1<x<1l (2.99)
n=1

This last series no longer converges at the endpoint x =1, as was the
case in (2.98). Continued differentiation of (2.99) finally leads to the
following relation for m =1,2,3,... (see problem 23 in Exercises
2.6):

Pk +1) = (— 1)m+12( 1)"Mé(m+n+1)x"

-1<x<1 (2.100)

which also converges for —1 <x <1.
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Both the digamma and polygamma functions are used at times for
summing series, particularly those series involving rational functions
with the power of the denominator at least 2 greater than that in the
numerator. In such cases, the infinite series can be expressed as a
finite sum of digamma or polygamma functions by the use of partial
fraction expansions (see Example 11). Of course, the values of the
digamma and polygamma functions must usually be obtained from
tables.*

2.6.4 Riemann zeta function
The Riemann zeta function

Ex)= f‘, lx x>1 (2.101)
n=11

first arose in Sec. 1.2.2 as a series that is useful in proving
convergence or divergence of other series by means of a comparison
test. We also found that the zeta function is closely related to the
logarithm of the gamma function and to the polygamma functions.
Although the zeta function was known to Euler, it was Riemann in
1859 who established most of its properties, which now are very
important in the field of number theory, among others. Thus it bears
his name.

An interesting relation for the zeta function can be derived by first
making the observation

1 1 1 1 1 1
— 2 YV =14 —F——F = —F == ...
E@(1-27) =1+ bt o+ <2x+4x+6x )
where all terms are eliminated from (2.101) in which n is a multiple
of 2. Therefore we deduce that
> 1

C(x)(1—2‘x)=’§1—(—2;—_1—)x (2.102)

One of the advantages of (2.102) is that, using it, {(x) can be
computed to the same accuracy as given by (2.101), but with only
half as many terms. Similarly, the product

ey gy _q, 1 1 1 /1 1 1
E)1-27)A-3) =1+ o+ o+ o+ ( )
(2.103)

*See M. Abramowitz and I. A. Stegun (eds.), Handbook of Mathematical
Tables, Dover, New York, 1965, chap. 6.
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eliminates all terms from (2.102) in which n is a multiple of 3.
Continuing in this fashion, it can eventually be shown that the
infinite product over all prime numbers greater than 1 leads to

{x)1-2)1-37%)---(1-P7™)---=1 (2.104)

where P denotes a prime number. Hence, we have Euler’s infinite
product representation

tx)=]] @-=P™' P prime (2.105)
P=2

It can readily be shown that the zeta function has the integral
representation (see problem 17 in Exercises 2.6)

tx—l

1 o
C(x)—mjo et—ldt x>1 (2.106)

Also by using complex variable methods, it can be shown that*
£l —x)=2"*7"" cos Ypomx T'(x){(x) (2.107)

which is the famous formula of Riemann. Other relations involving
this function, as well as some special values, are taken up in the
exercises.

The graph of {(x)—1 is shown in Fig. 2.4 for x >1. For com-
parison, the dashed line is the graph of 27*,

Exercises 2.6

1. Show that

= 1 1
Vi) - '/’(y)—;::o (y+n_x+n>

2. Take the logarithmic derivative of I'(x)I'(1 —x)=mcscax to
deduce the identity

Y(1l—x)— yx)=m cot mx

3. (a) By taking the logarithmic derivative of the Legendre dupli-
cation formula

2% 1P (x)I(x + Y,) = VaT(2x)

*See E. T. Whittaker and G. N. Watson, A Course of Modern Analysis,
Cambridge University Press, London, 1965, p. 269.
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10°

10°

1 £
X

10

Figure 24 The graphs of {(x) — 1 and 27*. (Note the
logarithmic scale on the vertical axis.)

deduce that
P)+ e + %) +21n2 = 29(2x)

(b) From (a), deduce that y(/;) =—y—2In2.
(¢) Forn=1,2,3,..., show that

Wyin +Yy) = —y—21n2+2i 2k -1)?
k=1

4, Derive the formula
3YBx)=yx)+ypx+Y)+ypx+%)+3In3

Hint: Recall problem 40 in Exercises 2.2.

In problems 5 to 8, verify the given relation.

n

L wn+1l)=—y+ =0,1,2,...
5.yt ==y+ 2 oy =0

6. lim{ypx+n)—Innl=0

n—so

7. y(p+p)= Y(Yo—p)+ n tan 7p



10.

11.

12.

13.

14.
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— = ___1_ —1/Ax+n})

. Show that

(a) y=—fln<ln%)dt

0
1 tdt
(6) y_§+2,[) (1 +2)(e?™ ~ 1)

Starting with Eq. (2.58), use integration by parts followed by a
change of variable to show that

ll_e—t_e-llt
p [ Loy,
o t

Derive the Maclaurin series expansion

3 o (2t)2m
tcotht = 2 B,,, o)

Hint: First show that
coth¢ =et +e—t= 1 + 1
et__e—t e2t_1 l_e-—2t
(a) Starting with the infinite product representation

oo x2
sinx =x H (1 ——ﬂ>

n=1 n-iw

show that the logarithmic derivative leads to

_ S x/(nm))?
xcotx=1-— 2,.21 1= 2/ (n?n2)
(6) From (a), deduce that

xcotx =1— 22 C(Zm)( )Zm

m=1

—n<x<nm

() By using the identity cothix = —icotx (i*=—1) and the
result of problem 11, deduce that

- (-1)™

xcotx =1+ 2 By, ——— @)l

(b) Comparing the result of (¢) with that of problem 125,
deduce the relation
(2n)2m(_1)m—-1
T ]

(zx)Zm

B2m m=1,2,3,...

Show that
(@) &(2)=n%6 () (4)=a%/90 (c) &(6)=m1945
Hint: Use problem 135.
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15.

16.

17.

18.

19.

20.

21.

22.

Show that

p=3 T )
n=2

n

The total energy radiated by a blackbody (Stefan-Boltzmann
law) is proportional to the integral

o0 x3
I=f dx
o 1

e —

Show that I = x*/15.
Hint: Observe that (1 —e™*)"'=Y>_,e™™ and use problem 14.

Starting with the observation

1 1 " tex—1
—_—=— nige—l d >1 =1,23,...
7 TG Jo e x n 3
sum over all values of n to deduce that
tx—l

1 =
C(x)—mjoe,_ldt x>1

Show that (p >1)
® 1 1
p—1 _ = 9l-p
Using the results of problems 17 and 18, deduce that (p >1)
1 00 tp—l @ (_l)n-—l

—— - = =(1-21"°7

I‘(p)J;e‘+1dt 21 n? (1=279¢p)
By expressing In (1 +x) in its Maclaurin series, show that

jl In (1 +x)dx L&

o x 12
Hint: See problems 14 and 19.
By substituting the limit expression
lmI'(x +1) =K lim (e ™*x**12)

into the Legendre duplication formula written in the form

e 25T (x + )
Var=lim T(2x)

deduce that K = V2.

Use problem 21 to establish that
lim x5 I'x+a+1) _
xro0 I'x+b+1)




23.

24.

25.

26.

27.

28.

29.

30.
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Show that the mth derivative of Eq. (2.99) leads to

= +
P (x+1) = (1) (—1)"(m n) Em+n+1)x"
n=0
Show that
x? (1 At
@ va=% © v(z)=%
! ][2 " _.77;4
b) ¢(2)—E—1 d) vy (2)—15 6
Write the sum of the series in terms of the digamma and

polygamma functions and evaluate.

oo 1 0 1
(a) n=1n(n+1) (C) ,Zln(n+l)2
= 1 — 1
®) ngo(n+2)(n+4) ) ,,gln(4n2—1)
Show that (m=1,2,3,...)
m —xt
'lp(M)(x) — ( 1)m+1J' . dt

Derive the asymptotic series
1
sz
Note: This series diverges for all x.

1
P'(x +1)~;— + 2 B,,x @D x—>

Use the first four terms of the series in problem 27 (including the
terms outside the summation) to approximate y’'(4), and com-
pare with the exact value y'(4) = 72/6 — *¥3.

Fork =2, 3,4, e show that

k-1
w(m)(k) — (_1)m+1m![§(m +1) - E n—,:l—l]

n=1

Fork=23,4,..., show that

fo-}

= (-1 ml] @ - DEm +1) - 2'"“2 e 1)m+1]






Chapter

Other Functions Defined
by Integrals

3.1 Introduction

In addition to the gamma function, there are numerous other special
functions whose primary definition involves an integral. Some of
these functions were introduced in Chap. 2 along with the gamma
function, and in this chapter we consider several others.

The error function derives its name from its importance in the
theory of errors, but it also occurs in probability theory and in certain
heat conduction problems on infinite domains. The closely related
Fresnel integrals, which are fundamental in the theory of optics, can
be derived directly from the error function. A special case of the
incomplete gamma function (Sec. 2.5) leads to the exponential
integral and related functions—the logarithmic integral, which is
important in analysis and number theory, and the sine and cosine
integrals, which arise in Fourier transform theory.

Elliptic integrals first arose in the problems associated with
computing the arclength of an ellipse and a lemniscate (a curve in
the shape of a figure eight). Some early results concerning elliptic
integrals were discovered by L. Euler and J. Landen, but virtually
the whole theory of these integrals was developed by Legendre over a
period spanning 40 years. The inverses of the elliptic integrals, called
elliptic functions, were independently introduced in 1827 by C. G. J.
Jacobi (1802-1859) and N. H. Abel (1802-1829). Many of the
properties of elliptic functions, however, had already been developed
as early as 1809 by Gauss. Elliptic functions have the distinction of
being doubly periodic, with one real period and one imaginary period.
Among other areas of application, the elliptic functions are important
in solving the pendulum problem (Sec. 3.5.2).

109
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3.2 The Error Function and Related
Functions

The error function is defined by the integral
erfx=ire“2dt —o<x <® (3.1)
Va Jo '

This function is encountered in probability theory, the theory of
errors, the theory of heat conduction, and various branches of
mathematical physics. By representing the exponential function in
(3.1) in terms of its power series expansion, we have

erfx =

\/— Z( Dntz"dt
0 n=0

from which we deduce (termwise integration of power series is
permitted)

( l)n 2n+1
onl(2n +1)

erfx =~ 2

o] <o (3.2)

Examination of series (3.2) reveals that the error function is an
odd function, i.e.,

erf(—x) = —erfx (3.3)

Also we see that

0

erf0 = e dt=0 3.4
\/— (3.4)

and by using properties of the gamma function, we find that (in the
limit)

2 (" e, TCR)
erf ~\/J—ILe dt = Y =1 (3.5)

The graph of erfx is shown in Fig. 3.1, and a list of values for
0<x =<2 is provided in Table 3.1.

In some applications it is useful to introduce the complementary
error function

erfox = %L e~ dt (3.6)
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Y

Figure 3.1 The error function.

Clearly it follows that

from which we deduce

erfcx—\/—f e dt — \/— “2dt

erfcx =1 —erfx 3.7)

Hence, all properties of erfcx can be derived from those of erfx.
Example 1: Find the Laplace transform of f(t) = erfc(1/V?).
Solution: The Laplace transform is defined by

Ef{erfc (%), s} = f:e’s‘ erfc (%) dt

= e"s’———f e “dudt
J; \/;F 1/Ve

TABLE 3.1 Values of erf xfor 0 <x =<2

x erfx x erfx
0.00 0.0000 1.00 0.8427
0.10 0.1125 1.10 0.8802
0.20 0.2227 1.20 0.9103
0.30 0.3286 1.30 0.9340
0.40 0.4284 1.40 0.9523
0.50 0.5205 1.50 0.9661
0.60 0.6039 1.60 0.9763
0.70 0.6778 1.70 0.9838
0.80 0.7421 1.80 0.9891
0.90 0.7969 1.90 0.9928
1.00 0.8427 2.00 0.9953




112 Chapter Three

=2

Figure 3.2

If we interpret this last expression as an iterated integral, we can
interchange the order of integration (see Fig. 3.2). Hence,

1 2 ™ .
.Ef{erfc(vZ);s}:WL e J;_ze's‘dtdu

-2 J'w e dy
S\/E 1}

and by calling upon the integral formula (see problem 18 in Exercises
3.2)

J’me_ai’x?—bzx‘zdx =[‘Ee—2¢b a>0, b=0
A 2a

we deduce that

3.2.1 Asymptotic series

An asymptotic series for the complementary error function can be
obtained through repeated integration by parts. To obtain this series,
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we first observe that integration by parts leads to

jme“zdt—e—ﬂ—l mﬁdt
. T % 2)

and by integrating by parts again, we get

2

2 2
= e™ e™ 1X%X3 (e
f e dt = 2% ——2—§P+-EZ_J’ -tTdt

Continuing this process indefinitely, we finally derive the
asymptotic series

2

e

~ 11+ S (-1
erfcx \/Ex[ ngl( )

3.2.2 Fresnel integrals

Closely associated with the error function are the Fresnel integrals

X

C(x) =j cos pmt® dt (3.9)

0

"X

and S(x) =f sin Y,mt2 dt (3.10)

0

These integrals come up in various branches of physics and engineer-
ing, such as in diffraction theory and the theory of vibrations.
From definition, we have the immediate results

Cc0)=80)=0 (3.11)
The derivatives of these functions are
C'(x)=cos Yomx?  S'(x)=sin Ypmx? (3.12)

and thus we deduce that both C(x) and S(x) are oscillatory. Namely,
C(x) has extrema at the points where x>=2n+1 (n=0,1,2,...),
and S(x) has extrema where x>=2n (n=1,2,3,...). The largest
maxima occur first and are found to be C(1)=0.77989... and
S(V2)=0.71397.... For x—», we can use the integral formulas
(see problem 27 in Exercises 3.2)

* . 1
f costzdt=f sint2dt ==+| = (3.13)
o o 2V2
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Y
1+
y=C(x)
0.5
y = 8(x)
| 1 | —
0 1 2 3 X

Figure 3.3 The Fresnel integrals.

to obtain the results
C(®) = 8(x) =", (3.14)

The graphs of C(x) and S(x) for positive x are shown in Fig. 3.3.
To derive the relation between the Fresnel integrals and the error
function, we start with

erfz =% fo e du (3.15)

where z may be real or complex.* Substituting 2z =xVix/2 and
u =tVin/2 into (3.15) leads to

ext (14 1) = v [ e
2 o
=V2 ( f cos Yomt? dt — i f sin Ypmt? dt)
(4]

0

from which it follows that

\/—12=ierf<x \/%') = Cx)—iS(x) (3.16)

Other properties of these functions are taken up in the exercises.

*For a discussion of the error function with complex argument, see N. N.
Lebedev, Special Functions and Their Applications, Dover, New York, 1972,
chap. 2.
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Exercises 3.2

In problems 1 to 10, use properties of the error function to develop
the given relation.
d 2 2

1. E;erfx =%e

2. f e’ dt =\Vrerfa

w

&
f e~ dt = Y,Vn(erfb —erfa) = Yo,Vr(erfca —erfc b)

4. f e"”2’2dt=\/—?r, a>0
) 20’

a 1 [m e b
_(at2+2bz+c)dt - \/:e(b ~ac)/a erfc——, a>0
f € 2 Va Va

f mdt— e * arfc Vsx, x >0, s >0

4

[=2]

~3

__tz
f =— = _Vmerfcx

8. f e "M dt =\/me* erfes, s >0
0
Hint: Write ¢t%/4 +st = (t/2+s)>—s? and make the change of
variable u =¢/2 +s.
” ~st 1 2/4 s
9. e Serftdt=—e"""erfc—-,s>0
o s 2

Hint: Reverse the order of integration.

* 2 x+b b4 a
. [ et () o= ot (o4 7).
0 J'_we e V2 dx ae b %01 a>0
11. Evaluate.

(a) erfcO
(b) erfce

12. Establish the relations (see Sec. 2.5)

(a) erfx =%y<%,x2>
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In problems 13 to 16, establish the indefinite integral relations,
where C is an arbitrary constant.

1 = b
—(ax?+2bx +x) == (b%—ac)/a f(\/ + _.) +C
13. f € =3 \ﬂe Ve

1 2
: =xerfx+——e™ +
14 ferfxdx zerfx +17=e C
Hint: Use integration by parts.

15. fe“zerfxdx =y4—geriﬁx +C

16. fe‘”‘ erf bx dx -1 [e‘"‘ erf bx — e 49 orf (b - i)] +C,
a 2b
a#0
17. Both F(x) and F'(x) are uniformly convergent integrals for all x,

where

o0

F(x) =f e~ cosxt dt

0
(¢) Use integration by parts to show that

)= %
F'(x)= 2F(x)

(b) Verify directly that F(0) = Vx/2.
(¢) Solve the differential equation (DE) in (a) subject to the
initial condition in (b) to deduce that

* T
f e P cosxtdt = V?_e_m
(1)

18. Consider the integral

00

I6) = j e g 050 =0
0

as a function of the parameter b.

(a) Show that I satisfies the first-order linear DE

dl
d—b‘ +2al =0
(b) Evaluate I(0) directly from the integral
(¢) Solve the DE in (a) subject to the initial condition in (b) to
deduce the result
\/"

Jr
I —_ " ,—2ab
®) 2a ¢
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19. Consider the integral
o —aZx?

e
I(a)=£mmdx a=0, b>0

as a function of the parameter a.
(a) Show that I satisfies the first-order linear DE

T
I _ bt = -2Vn
da
(b) Evaluate I(0) directly from the integral.
(¢) Solve the DE in (a) subject to the initial condition in (b) to
deduce that

Ze
b
20. Use the result of problem 19 to show that

I(a)==e** erfcab

/2 . /2 N T
— 2 - 2
f e“mdx=j e gy =—eerfca  a=0
0

2

0

In problems 21 to 23, derive the integral representation.
2 (™ in 2x¢

21. erfx =—J kil
T Jg t

Hint: Write sin 2xt in a power series.
4 (1 —x%(1+t%)
. I=1——| ——d
22. (erfx) 2 1 e t
Hint: Write the expansion on the left as a double integral and
transform to polar coordinates.

o0

4 2 2
23. (erfcx)2=v—;e‘2" e VBl ettt x>0

0
Hint: Use the result of problem 8.

24. Show that the Fresnel integrals satisfy
(@) C(-x)=-C(x)
() S(—x)=-S(x)

25. Obtain the series representations.

X (=D)M(a/2)*
(@) C(x)—20(2n)!(4n+1)

_ @ (_l)n(”/2)2n+1 ans3
&) 8= n§=:0 @n+ 1)i(4n +3)"

4n+1
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26. The Fresnel integrals are sometimes defined by

27,

28.

Cl(x)—\/»f cost?dt Cylx)= \/—J’ COSt

smt

Sl(x)—\/‘f sin t? dt Sz(x)—\/-— \/-

Show that
(@) Clx)=Ci(xVn/2)=Cy(nx?/2)
() Sx)=8:xVr/2)=8,(7x?/2)

Set & =(1—i)/V2 in the result of problem 4, and separate into
real and imaginary parts.
(a) Deduce that

* °° 1 &
t2dt=f i tzdt=—\/:
Lcos A sin 2 V3

(b) Use (a) to evaluate
ffsin(x2+y2)dxdy
0 J0

Establish the integral formula

1
~a Jt =~ erfax
a

vl
Then, following the suggestion in problem 27 and using the
asymptotic series (3.8), derive the asymptotic formulas

1
C(x)~———%—[B(x)cos-l-nxz—A(x)sinlnxz] x—>
2 mx 2 2

1
S(x)~-——-1—[A(x)cos—l—nx2+B(x)sinlmc2] X —> 0
2 @ 2 2

where A(x) and B(x) are each asymptotic series related to (3.8).

3.3 Applications

In this section we briefly discuss some classical examples involving
probability theory, heat conduction, and vibrating beams which lead
to solutions in terms of error functions or Fresnel integrals.

3.3.1 Probability and statistics

The error function is prominent in problems involving the normal
distribution in probability theory. We say that x is a normal (also
called gaussian) random variable if it has the probability density
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function

—(x—m)*(20%)

1
Px(x) = 0\/2—”9 3.17)

where m is the mean value of x and o is the variance. Among other
applications, this density function appears in the analysis of random
noise, such as that found at the input to radar and sonar detection
devices.

In general, the probability that a random variable x <x is defined
by the integral

Prx=x) =r px(u)du (3.18)

This is also called the cumulative distribution function. For a normal
distribution, this probability integral leads to

1 "X
Pr(xsx)—o—\/2—n_ »

1
oVarn

1
oV2rn

- — 2 2
e (u—m)H20 )du

oy —m 22 o2
f e (u m)/(2a)du

(i —mV2HD o2
j- e (u—m)y/ (20 )du
x

1 x—m
=1 —Eel‘fca—\/—z- (3.19)

where the last step is obtained after making the change of variable
t=(u—-m)/(oV2). Using the identity erfcx =1-—erfx, we can
rewrite (3.19) in the alternative form

1 x—m
Pr(x=x) =3 (1 + erf m) (3.20)

Observe that Pr(x < -—«) =0 and Pr (x<=)=1, which follow from
the properties of the error funlction.

3.3.2 Heat conduction in solids

Another application involving error functions concerns the problem of
heat flow in a long homogeneous rod, one end of which is exposed to a
time-varying heat reservoir. If we assume the initial temperature
distribution is 0°C along the rod and that the lateral surface of the



120 Chapter Three

rod is insulated, then the problem we wish to solve can be mathemat-
ically described by*

u , Ou
—=a"2—"  0<x<o, >
pwe a Y x <® t>0
u(0,t)=1() ulx,t)—0 as x—oo (3.21)

u(x,0)=0 0<x <

Here u(x, t) denotes the temperature in the rod at time ¢ and position
x, f(t) is the prescribed time-varying end temperature at the finite
boundary, and a? is a physical constant called the diffusivity. The
governing equation is a partial differential equation called the
one-dimensional heat equation.

We assume the reader is familiar with the Laplace transform
method for solving (ordinary) differential equations. Because the
functions involved in solving a partial differential equation depend on
more than one independent variable, we define the Laplace transform
of u(x, t), for example, by the notation

Plulx, )t —s) =re"s‘u(x,t)dt= Uks) (322
0

Based on properties of the Laplace transform, it follows that

3%u 2 = _, _ U
55’{@(& t),tes}—é?‘[) e “ulx, t)dt= W (3.23)
and
ou
Sf{g(x,t);t—m}:sU(x,s)—u(x,O) (3.24)

If we also define F'(s) = £{f(¢);t— s}, then the problem described by
(3.21) is transformed to

U (s
EP—(?)U=O O<x <o
(3.25)

U,s)=F(s) Ulx,s)—>0 as x—>®

* See L. C. Andrews, Elementary Partial Differential Equations with Boundary
Value Problems, Academic, Orlando, 1986, chap. 6.
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We recognize (3.25) as a second-order linear differential equation
whose general solution is

Ulx,s) =A(s)e*V" + B(s)e > Ve
where A(s) and B(s) are arbitrary functions of s. However, to satisfy
the condition U(x,s)—0 as x—», we must choose A(s)=0. The

remaining boundary condition in (3.25) then demands that B(s) =
F(s), leading to the particular solution

Ux,s)=F(s)e =V (3.26)
To invert (3.26), we observe that (see problem 8 in Exercises 3.3)

1{e—éc\/—/a’ §—> t} - o \/_t3/2 —x2/(4a2t) (3.27)

and through use of the convolution theorem, we obtain the formal
solution

B f(z) S
ule, ) =5 \/—J(t %2 "p[ 4a2(t—t)]dT (328)

Example 2: Solve the problem described by (3.21) when f(¢) =T,
(constant).

Solution: The formal solution is that given by (3.28). Setting
f(t) =T, and making the change of variable

X

2= 2aVt—1
we find that (3.28) becomes

T() 2
t)= " dz
ulx, t) = \/— x/(za\/")e

Now recalling the definition of the complementary error function, we
get

u(x,t) =T,erfc

x
2a\t
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The physical interpretation of the solution suggests that for any
fixed value of x, the temperature in the rod at that point will
eventually approach 7, if we wait long enough (t— »). We also
recognize that the temperature remains constant along any member
of the family of parabolas in the x¢ plane defined by

x
% \/f= constant

3.3.3 Vibrating beams

Let us consider a uniform semi-infinite beam that is initially at rest
along the x axis and then at time ¢t=0 is given a transverse
displacement b at the end x = 0. We assume the beam is fixed at the
end x — . If u(x,t) denotes the subsequent displacement at time ¢
and position x, then u(x,t) is a solution of the boundary-value
problem

d'u 1\ 3%
—ax4+(;1—2')—at2=0 O<x <> t>0
3%u
u(0,t)=>5 ?(O,t)=0* u(x,t)—0 as x—o (3.29)

u(x,0)=0 %lf(x,O)=0 O<x<w

Once again we solve the problem by use of the Laplace transform.
Following the procedure used in Sec. 3.3.2, the transformed problem
becomes

84 2
—I,{+(i> U=0 0<x<w
ox a

2
U(O,s)=é —a—g(o,s)=0 (3.30)
s ox

U(,s)—0 as x—>

where U(x,s) = L{u(x, t);t—s}. The general solution of this fourth-

* The end condition 8%u/3x%(0, t) = 0 states there is no moment at the free end
of the beam.
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order equation is

Ux,s)=e* S’(Z‘”[A(s) cosx\/—s—+B(s) sinx\/i]
2a 2a
+e* s"z‘“[C(s) cosx\/i+D(s) sinx\/i]
2a 2a

where A(s), B(s), C(s), and D(s) are all arbitrary functions. To
obtain a bounded solution, we must set C(s) = D(s) =0. The remain-
ing boundary conditions in (3.30) lead to A(s)=b/s and B(s)=0;
thus, our solution of the transformed problem reduces to

b
Ux,s) =—e *Vs"2) co5 S (3.31)
s 2a

Next, by use of Euler’s formula cos z = /,(e” + e ") we may rewrite
(3.31) as*

Ulx, s) =2%(e-xv~is’“ + e *Visla) (3.32)

and using the inverse transform relation (recall Example 1, which is
the special case a = 2)

a

1
— eV ol il
4 {se ;S t} erfcz\/z (3.33)

we deduce that

u(x,t) =g [erfc (g —;—tf) + erfc (g \/g)]

[ R TNE R o e

Finally, with the aid of the identity (see problem 9 in Exercises 3.3)

erfVix + erf V=ix = 2[C<x \/’%> + s(x 3)] (3.35)

T

we can express our solution in terms of the Fresnel integrals

ul, £) = b[l B C(\/z%zt) - S(\/;znt)] (3.36)

*Note that 1 +i =V%2i.
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Exercises 3.3

1. Derive an expression for the cumulative gamma distribution
function in terms of the error function, where

x(x~le—x x >0

px(x =T®

and p.(x) =0, x <0 (a) for =/, and (b) for a =3,

2. The input to a limiter is a normal random voltage x with mean
zero and variance o°. The output is a random voltage y described
by

-1 x<-1
y=9x -1<x<1
1 x>1

Calculate the variance o2 in terms of the error function.

3. The temperature distribution in a uniform long slender rod is
described by the boundary-value problem

%u g2 du o< g <
CE_a2® o<y
x? ot

u(x,0)=f(x) —0 <y <®

Use the Fourier transform to find the formal solution

_# ” —(x—E¥N4a®)
w(e, ) =5 ch(f;)e dE

4. (a) Show that the formal solution in problem 3 for the special
case
T k<1
fx)= { x| >1
reduces to

wtor) =5 Bl nt () = ort (57

(b) Find a solution for the speclal case

x<0

5. (a) Show that
f e gy = l/z—-}—t e erfe (u + g)

(b) Use the result of (a) to solve problem 3 when
fix)y=e™
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6. (@) If the boundary condition in problem (3.21) is

[T 0<t<bd
won=fo={ =,
show that
T, erf (——x—) 0<t<b
1erie 2a\/f
u(x,t)=

x x
Tl[erf<2th —b) —erf<2a\/f>] t=b
(b) Verify that u(x, ¢) is continuous at ¢ = b, though f(¢) is not.
7. If the boundary condition in (3.21) is modified to

ou
5(0, t)=—f(t)

the formal solution becomes

_a [(f) 2
e, ) =372 [ e | g o |4

(a) For the special case f(¢) = K (constant), show that

¢ vz 2/(4a?t) x
, t = _ —x —
u(x,t) K[2a<n) e x erfc (2(1\/;)]

(b) What is the temperature in the rod at the end x =0 as a
function of time?

8. (a) Show that

1
,‘Z{We"‘";t—)s}= \/;Ee—z\/ﬁ k=0

Hint: Use the result of problem 18 in Exercises 3.2.
(b) By formally differentiating both sides of (a) with respect to
the parameter &, deduce that

__1__ —klt, }_\/E —2Vks
Z{t\/ze t—>st = ke k>0

9. Using the definition of the error function, show that
(@) erfVix=(1+i)[CxV2/n)—iSxV2/n)]
(b) erfV=ix=(1-i)[CxV2/n) +iSxV2/n))
(¢) erfVix+erfV—ix=2[C(xV2/n)+SxV2/7)]
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10. The free vibrations u(x, t) of a uniform beam are governed by the
boundary-value problem

' (1) %u

—t |5 ) === <x< >

At (az) at? 0 O<x<= >0

%u
u(0,t)=1() -a?(o,t)=o u(x,t)—0 as x—>©

b}
u(x, 0)=0 ?I:(x,O)=O 0<x <o

Given that the formal solution can be expressed in the form

1 x> v? v?
u(x, t)= v J;/\/éif<t - F)(COSE + sinE) dv
show that the special case f(¢) =b reduces to that given by Eq.
(3.36) witha =1.

11. (Stefan problem) Imagine the half-plane x > 0 filled with ice at
0°C with the wall at x =0 kept at constant temperature T,. As
the ice begins to melt, the interface boundary between ice and
water is described by x =s(¢), and the temperature u(x, ¢) in the
water satisfies the boundary-value problem

Pu_du
x? ot

o ds
u(@0,)=T,  uls(®),t]=0 a—;‘[s(;:),,f]=_a

0<x<s t>0

Assume a solution of the form

x
~A+Berf-—
u(x,t)=A erf2\/i

where A and B are constants to be determined.
(a) Show that s(¢) = 2k V¢, where k is unknown.
(b) Show that A=T, and B = —t,/erfk.

3.4 The Exponential Integral and Related
Functions

The exponential integral is defined by*

t

Ei(x)=f e?dt x#0 (3.37)

* Technically, Eq. (3.37) does not define Ei (x) for x > 0 unless we interpret the
integral as its Cauchy principal value, i.e.,

X et . —Eet xet
f_det—jirgl+ (L ?dt+f —t—dt)

€
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Another definition that is often given results from the replacement of
x by —x and ¢ by —¢, which leads to

—Ei(——x)EEl(x)=f g—t——dt x>0 (3.38)

The exponential integral (3.37) or (3.38) is encountered in several
areas, including antenna theory and some astrophysical problems.
Also many integrals of a more complicated nature can be expressed in
terms of the exponential integrals.

Comparison of (3.38) with Eq. (2.43) in Sec. 2.5 reveals that E,(x)
is related to the incomplete gamma functions according to

E'l(x)=I‘(O,x)=lin3 [I'(a) - y(a,x)] (3.39)

Thus, properties of E,(x) can be deduced from those of the incomplete
gamma functions. For example, from the series for y(a,x) [see Eq.
(2.45) in Sec. 2.5], we have

E(x)= lin; [F(a) —x° i L—_lﬁ_"_]

noonl(n+a)

= lim [M] -y (3.40)

a—0 a n=1 n'n

Using the recurrence formula for the gamma function and L’'Hépital’s
rule, it follows that*

lim [“—r(‘”;x] =lim [["(a +1) - x° Inx]
a—0 a a—0
=-y—Inx (3.41)

Hence we have derived the series representation

Ey)=—y-lnx - 3 S0

no1 nln

x>0 (3.42)

Equation (3.42) illustrates the logarithmic behavior of E,(x) for
small arguments, i.e.,

E (x)~-Inx x—0* (3.43)

* Recall from Eq. (2.58) in Sec. 2.6 that I'"(1) = —
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E\(x)

4

0 ' ! —~>

-"._

Figure 3.4 The exponential integral E,(x).

For large arguments, we can use Eq. (2.49) in Sec. 2.5 to deduce
that*

E\(x) ~‘ix- x> (3.44)
The graph of E,(x) for positive x is shown in Fig. 3.4.

3.4.1 Logarithmic integral

Closely related to the exponential integral is the logarithmic
integral

li(x)= i x#1 (3.45)
0 lnt

Setting u = In ¢, we see that (3.45) becomes

Inx ,u
li (x) = f ° du
u

—

and thus deduce that

li(x)=Ei(lnx)=-E,(-Inx) 0<x<1 (3.46)

* The complete asymptotic series for E,(x) was developed in Example 19 in Sec.
1.6.2.
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By using (3.46), we can immediately deduce properties of li (x)
from those developed for the exponential integrals. In particular, Eq.
(3.42) leads to

= (Inx)*

=1 nin

ix)=y+In(-Inx) + 0<x<1 (3.47)

The graph of li (x) is shown in Fig. 3.5.

3.4.2 Sine and cosine integrals

Another set of special functions that are related to the exponential
integral includes the sine integral and cosine integral defined,
respectively, by

Si(x)=f§-‘§—tdt x>0 (3.48)
0
and
Ci(x)=j5’f-fdt £>0 (3.49)

H(x)
A
2.—
1.—

1 L i | -
0 1 2 3 4 .,
-1
-2l

Figure 3.5 The logarithmic integral.
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To relate these integrals to the exponential integral requires complex
variable theory, and thus we omit the derivation.*

It is convenient in some applications to introduce another sine
integral defined by

si (x) = —f st o (3.50)

e L
which is related to (3.48) by (see problem 6 in Exercises 3.4)

Si (x)=J2—T+si (x) (3.51)

Special values of these functions include (see problem 7 in
Exercises 3.4)

Si(0)=0 Si () =g (3.52a)

Ci(0")=—-o  Ci(®)=0 (3.52b)
Taking derivatives, we obtain

Si'(x) =22 i (r) = 28% (3.53)
X X

which shows that both functions are oscillatory. We observe that
Si(x) has extrema at x=nax (n=0,1,2,...), while Ci(x) has
extrema at x =(n +Y)n (n=0,1,2,...). The graphs of these func-
tions are shown in Fig. 3.6.

Exercises 3.4

1. Show that (x >0)

oo —xt

e
Ew)=e™ [ S—ds
ilw)=e b 1+1
2. Derive the asymptotic formula
X @ '
E@~=3% x5«
X n=0

*See N. N. Lebedev, Special Functions and Their Applications, Dover, New
York, 1972, pp. 33-37.
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Y
oy =siw
n/2p
‘-.
y = Ci(x)
4 12

Figure 3.6 The sine and cosine integrals.

3. From the result of problem 2, show that

e & (=1)"n!
El(x)~?n§0 o x—®©
4. Derive the asymptotic formula
x & n!
hx)~— ), ——
O Ay 277
5. Let
f(t)=f Slntxdx >0
0

131

(a) By taking the Laplace transform of both sides, show that

L{f(t);s} = r x%+s) 1dx
0

(b) Evaluate the integral in (a), and by taking the inverse

Laplace transform, deduce the value f(¢) = /2.

6. Using the result of problem 5, show that

Si (x) =g+ si (x)
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7. Show that
T
(a) Si(°°)=§ (¢) Si(0)=0
(b) Ci(o)=0 (d) Ci(0%)=~o
8. Derive the series representation
®© 1 iy2n+1
Si)=3 — U=

o @2n+1)2n + 1)

In problems 9 to 14, derive the integral relation.

* 1
9. f e"s‘El(t)dt=;ln(1+s),s>0
0
—— 1 1
10. j e Si(t)dt=—tan"'-,s>0
Jo S S
” ~st 3 1 -1
11. | e SI(t)dt=—;tan $,8>0
o

12. f e *Ci(t)dt = —iln (1+s2),s>0
o 2s

13. f costi(x)dx=f sinxsi(.7c)d3c=—E
o ) ' 4

14. r [Ci ()12 dx =f [si (x)]2dx ==
0 ) 2

In problems 15 to 20, express the given integral in terms of Si (x)
and/or Ci (x).

t bsint
15. f sinf g 18. f s‘t’; dt
Hint: Use integration by parts.

b sin ¢2 b1 —cost
16. f S’ de 19. f 8% sin at de

a t ’ 0 t

Hint: Let t’=u.
1 fbcojtzdt 90. fcos2t

Hint: Start with partial
fractions.
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3.5 Elliptic Integrals

The parametric equations for an elliptic arc are given by (b >a)

x=acos 8

y=bsin8 =b=¢ (3.54)

Using the formula for arclength from calculus, we find the length of
the elliptic arc (3.54) leads to the integral

@
L= f Va?sin? 6 + b cos® 0dO (3.55)
0

which can also be expressed in the form

¢
L=bf V1—e®sin® 6d8 (3.56)
(1]
where e is the eccentricity of the ellipse, defined by
1
e=y VbZ—a? (3.57)

The integral in (3.56) cannot be evaluated in terms of elementary
functions. Because of its origin, it is called an elliptic integral.

There are three classifications of elliptic integrals, called elliptic
integrals of the first, second, and third kinds and defined,
respectively, by

F(m ¢)—J¢—-—‘—i—0———-—~ 0<m<1 (3.58)
*Y T e V1I—mZsin® 6 mn ’
¢
E(m,¢)=f V1-m®sin®6d8 0<m<1 (3.59)
0

and

B F do
" Jo VI—m?Zsin® 6 (1 +a?sin6) (3.60)

II(m, ¢, a)

0<m<l1 a¥m,0

The parameter ¢ is called the amplitude, and m is the modulus.
When ¢ =x/2, we refer to (3.58) to (3.60) as complete elliptic



134 Chapter Three

integrals, and they are often given the special designations

/2 de
K = ——— <m< )
/2

E(m)= V1-m?sin?0d0 0<m<1 (3.62)

0

and

de
V1 -m?sin® 0 (1 +a?sin? 9) (3.63)

0<m<1 a¥ m,0

I(m,a) = J:ﬁz

Sometimes these integrals are designated simply by the letters K, E,
and II.

Some of the importance connected with these integrals lies in the
following theorem, which we state without proof.*

Theorem 3.1. If R(x,y) is a rational function in x and y and P(x) is a
polynomial of degree 4 or less, then the integral

JR(x, VP@®)) dx
can always be expressed in terms of elliptic integrals.
3.5.1 Limiting values and series

representations

For the limiting case m — 0, we find that (3.61) leads to
/2 T
K(0) = f do =2 (3.64)
o 2

and similarly,

E(0) =g (3.65)

* For a proof of Theorem 3.1, see F. Bowman, Introduction to Elliptic Functions
with Applications, Dover, New York, 1961.
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In the other limiting case where m — 1, we obtain the results (see
problem 1 in Exercises 3.5)

K(1)=w (3.66)
E(1)=1 (3.67)

We can generate an infinite series representation for K and E by
first expanding the integrands in (3.61) and (3.62) in binomial series
and then using termwise integration. For example,

o 1
(1-m?sin® ) 2= 3 ( nz)(—1)nm2" sin™ 6  (3.68)
n=0

and hence, by using the integral formula (see problem 19 in Exercises
3.5)

f ™ gin® 046 = Z (-1)"(‘;/ ’) (3.69)

0

we deduce the series representation

__ﬂ_f < _1/2 g 2n
K(m)—2n§0< i} )m (3.70)

In the same fashion, it follows that

Em)="3 (1/2><_1/2>m2” (3.71)

2, 0\n n

3.5.2 The pendulum problem

A mass u is suspended from the end of a rod of constant length b
(whose weight is negligible). Summing forces (see Fig. 3.7) makes it
clear that the weight component ug cos ¢ acting in the normal
direction to the path is offset by the force of restraint in the rod.*
Therefore, the only weight component contributing to the motion is
ug sin ¢, which acts in the direction of the tangent to the path. If we
denote the arclength of the path by s, then Newton’s second law of
motion (F =ma) leads to

d?s

poE= THE sin ¢

* Here g is the gravitational constant.
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Figure 3.7 A swinging pendulum.

where the minus sign signifies that the tangential force component
opposes the motion for increasing s. The arclength s of a circle of
radius b is related to the central angle ¢ through the formula s = b¢,
and so the equation of motion (after simplification) becomes

2

‘Z?+k2 sing =0 (3.72)

where kZ=_g/b.
Equation (3.72) is nonlinear and cannot be solved in terms of
elementary functions. To solve it, first we note that it is equivalent to

1049V 12 e 0=
2(dt> kcos¢p=C (3.73)

i.e., (3.72) is the derivative of (3.73). (The constant C is proportional
to the energy of the system.) Solving (3.73) for (d¢/dt)? we have

2
(%‘t—") =2C + 2k? cos ¢ = 2C + 2k* — 4k sin® /¢

or

(%?)2=2(C+k2)[1~02f;sin2%¢] (3.74)
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If we now introduce the parameter

C+k?
and make the change of dependent variable
1 .1
y~;8m2¢ (3.76)
the chain rule demands that
d¢ _ d_y 2 N—1/2
at =2m dt (1-m*y) (3.77)

Upon making these replacements and taking the (positive) square
root, (3.74) becomes

d
d—3t'=k\/(1 A —m%?) (3.78)
If we assume the position of the pendulum is ¢ =0 at time ¢t =0

and position ¢ = ® at time ¢ =7, then the separation of variables
applied to (3.78) leads to [Y = (1/m) sin /,®]

_[ dy
kT = J:) V1 -yH(1 - m%?)

This integral is another form of the elliptic integral of the first kind
F(m,Y), as can be verified by making the substitution y = sinx (see
problem 4 in Exercises 3.5).

Equation (3.79) gives the total time of motion of the pendulum in
terms of an elliptic integral. If we wish to solve explicitly for the
angle of motion ® = 2sin"! mY, we need to define an inverse function
for F(m, Y). Such a function exists and is called a Jacobian elliptic
function. If in general we set

(3.79)

u=F(m, ¢) (3.80)

then we can define three elliptic functions by the relations
snu = sin ¢ (3.81)
cnu =cos ¢ (3.82)

and dnu=V1-m?sin® ¢ (3.83)
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These elliptic functions belong to the class of doubly periodic
functions with one real period and one imaginary period. In this
respect, they have characteristics of both the circular and hyperbolic
functions. Much of the theory of elliptic functions is couched in the
language of complex variables, and thus we do not pursue their
general theory. Some elementary properties, however, are taken up
in the exercises.

Exercises 3.5

1. Show that
(a) K(1)= by E(1)=1
2. Show that
th—E_:_r
m—0 m2 —4

3. Verify that
Fm,¢p+m)—-F(m, ¢p)=2K
In problems 4 to 12, derive the given integral relation.

2 dx = (1

4. fo Vsinx VZK(\@)
/2

5. f V1+4sinx dx = V5 EVY;)
0

= 1 (V3
6. 2_1—1/2 2+3—1/2dx=_K___
fl(x ) 1242 4 3) : (2)
dy _
7. o\/(l—yz)(l—m2y2)—F(m’x)
1-m?%
8. J LI TES

s1n X

10.J; m:%[}((\/%)—i‘(\/%g)]

2
11. f (4~ x2)"12(9 - x2)" 12 gy = Y. K(%,)
0
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13.

14.
15.
16.
17.
18.

19.

20.

21.

22,

23.
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1 1 1 1 7
2y-1/2 2\-12 3. . T V=

.J;(1+x) (1+26%) V2 dx VE[K(\/Q> F(VQ,4)]
Show that

1 ™ 6de b) 2 k?

"’f 2 3 COZS 1/2=(a ) [(1__>K"E]

21 Jo (@°+b°+2z°—2ab cos 6) kx 2

a__ 4ab
(@a+b)2%+22

Find the perimeter of the ellipse 8x* + 9y* = 72.

where

Find the area enclosed by one loop of the curve y>=1—4sin’x.
Find the arclength of the lemniscate r* = cos 26, 0 < 6 < 7/2.
Find the length of the curve y =sinx, 0 <x < a/3.

Find the surface area of a right circular cylinder of radius r
intercepted by a sphere of radius ¢ (a >r) whose center lies on
the cylinder.

Show that (n=0,1,2,...)
/2 1
f sin® 9de=f(—1)"( /2)
o 2 n

Hint: See problem 17q in Exercises 1.2.

Show that
(a) sn(0)=0 b) en(0)=dn(0)=1
Verify the identities.

(a) sn’u+cen®u=1
() m?sn’u+dnu=1
(¢) dn’u-m?cn*u=1-m?

Derive the derivative relations

(¢) —snu=cnudnu
du

(b) —ecnu=-snudnu
du

(¢) —dnu=-m2snucnu
du

Show that

(@) sn(u+4K)=snu
b) en(u+4K)=cnu
(c) dn(u+2K)=dnu
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24.

25.

26.

27.

Verify the addition formulas.

snucnvdnv+snvenudnu
1-m2sn?u sn®v

(@) sn(u+v)=

cnucnv—snudnusnvdnv

) enlu+v)= 1-m®sn®u snv

dnudnv—m?snucnusnvcnv

() dn(u+o)= 1-m?sn®u sn®v

Show that
(¢) limsnu=tanhu

m—1

(b) limenu=sechu

m—1

(¢) limdnu=sechu

m—1

Show that

(a) sn(—u)=-—-snu
(b) en(—u)=cnu
(¢) dn(—u)=dnu

A pendulum of length 2 ft is released from rest at an angle of 60°
with the vertical. Assume that acceleration due to gravity is
g =32ft/s.
(a) Determine the period of oscillation.
(b) Find the period of oscillation if the governing DE is
approximated by the linear equation
d?*¢
e 24
7 k=0
where k%2 =_g/b.



Chapter

Legendre Polynomials and
Related Functions

4.1 Introduction

The Legendre polynomials are closely associated with physical phen-
omena for which spherical geometry is important. In particular, these
polynomials first arose in the problem of expressing the newtonian
potential of a conservative force field in an infinite series involving
the distance variables of two points and their included central angle
(see Sec. 4.2). Other similar problems dealing with either gravita-
tional potentials or electrostatic potentials also lead to Legendre
polynomials, as do certain steady-state heat conduction problems in
spherical solids, and so forth.

There exist a whole class of polynomial sets which have many
properties in common and for which the Legendre polynomials
represent the simplest example. Each polynomial set satisfies several
recurrence formulas, is involved in numerous integral relationships,
and forms the basis for series expansions resembling Fourier trigon-
ometric series, where the sines and cosines are replaced by members
of the polynomial set. Because of all the similarities in these
polynomial sets and because the Legendre polynomials are the
simplest such set, our development of the properties associated with
the Legendre polynomials will be more extensive than similar
developments in Chap. 5, where we introduce other polynomial sets.

In addition to the Legendre polynomials, we present a brief
discussion of the Legendre functions of the second kind and associated
Legendre functions. The Legendre functions of the second kind arise
as a second solution set of Legendre’s equation (independent of the
Legendre polynomials), and the associated functions are related to
derivatives of the Legendre polynomials.

141
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4.2 Legendre Polynomials

Our introduction to Legendre polynomials will follow the historical
discovery of this important polynomial set, i.e., through expansion of
the generating function into a particular type of series. In turn, the
generating function is used to develop many of the properties
associated with these polynomials.

4.2.1 The generating function

Among other areas of application, the subject of potential theory is
concerned with the forces of attraction due to the presence of a
gravitational field. Central to the discussion of problems of gravita-
tional attraction is Newton’s law of universal gravitation:

Every particle of matter in the universe attracts every other particle
with a force whose direction is that of the line joining the two, and
whose magnitude is directly as the product of their masses and inversely
as the square of their distance from each other.

The force field generated by a single particle is usually considered
to be conservative. That is, there exists a potential function V such
that the gravitational force F at a point of free space (i.e., free of
point masses) is related to the potential function according to

F=-VV (4.1)

where the minus sign is conventional. If r denotes the distance
between a point mass and a point of free space, the potential function
can be shown to have the form*

V(r) _k (4.2)
r

where % is a constant whose numerical value does not concern us.
Because of spherical symmetry of the gravitational field, the potential
function V depends on only the radial distance r.

Valuable information on the properties of potentials like (4.2) may
be inferred from developments of the potential function into power
series of certain types. In 1785, A. M. Legendre published his “Sur
I'attraction des sphéroides,” in which he developed the gravitational
potential (4.2) in a power series involving the ratio of two distance
variables. He found that the coefficients appearing in this expansion
were polynomials that exhibited interesting properties.

* See 0. D. Kellogg, Foundations of Potential Theory, Dover, New York, 1953,
chap. 3.
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Q

Figure 4.1

To obtain Legendre’s results, let us suppose that a particle of mass
m is located at point P, which is a units from the origin of our
coordinate system (see Fig. 4.1). Let the point @ represent a point of
free space r units from P and b units from the origin O. For the sake
of definiteness, let us assume b > a. Then, from the law of cosines, we
find the relation

r’=a®+b%—2ab cos ¢ (4.3)

where ¢ is the central angle between the rays OP and 0Q. By
rearranging the terms and factoring out 5%, it follows that

a

2=2 _2
r b[l b

a 2
cos ¢ + (-5) ] a<b (4.4)
For notational simplicity, we introduce the parameters
t=— x=cos¢ (4.5)

and thus, upon taking the square root,
r=>b(1—2xt + )2 (4.6)

Finally, the substitution of (4.6) into (4.2) leads to the expression
k 2\—1/2
V=g(1—2xt+t) 0<t<1 (4.7)

for the potential function. For reasons that will soon be clear, we
refer to the function w(x,t)= (1 —2xt +t%)"*? as the generating
function of the Legendre polynomials. Our task at this point is to
develop w(x, t) in a power series in the variable ¢.
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From Example 11 in Sec. 1.3.2, we recall the binomial series

(1-u) = 2( /2>( D™ |ul<1 (4.8)
n=0

Hence, by setting u = ¢(2x —¢), we find that

wix,t)=(1—2xt+¢2)" 12

2( )( 1) (2 — ¢)* (4.9)

which is valid for |2xt — ¢t?| < 1. For |t| <1, it follows that |x| <1. The
factor (2x —¢)" is simply a finite binomial series, and thus (4.9) can
be further expressed as

wi,t) =3 ( /2)(—1)”t” 3 (Z)(—l)k(2x)"“ktk

n=0 k=0
or w(x,t)=§ 2::( 1/2)( )( 1)k (2 )Rtk (4.10)

Since our goal is to obtain a power series involving powers of ¢ to a
single index, the change of index n—n —% is suggested. Thus,
recalling Eq. (1.18) in Sec. 1.2.3,

we see that (4.10) can be written in the equivalent form

=[S0 el

w  [n/2]

—k,k = Z 2 An—2k,k

n=0 k=0

uM:

The innermost summation in (4.11) is of finite length and therefore
represents a polynomial in x, which happens to be of degree n. If we
denote this polynomial by the symbol

P.(x)= ;Z:] (n_i/i)(n;k)(—l)"(Zx)"—zk (4.12)

then (4.11) leads to the intended result

wx, t)=(1—-2xt +t2) 2= ZP(x)t" k=1 |t<1

(4.13)
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The polynomials P,(x) are called the Legendre polynomials in
honor of their discoverer. By recognizing that [see Eq. (1.31) in Sec.
1.2.4 and Eq. (2.25) in Sec. 2.2.2]

o/ L(n =
()=o)
I'(n+Y)
n!r(l/z)
_(=1)"2n)!

221 ()2

= (-1"

(4.14)

it follows that the product of binomial coefficients in (4.12) is

~Yo\(n—k\ _ (=1)"*(2n - 2k)!

and hence, (4.12) becomes

{n/2} (_1)k(2n _ 2k)!x”_2k
Pux)= ,Zo 2k (n — k)(n — 2k)! (4.16)

The first few Legendre polynomials are listed in Table 4.1.

Making an observation, we note that when n is an even number,
the polynomial P,(x) is an even function; and when n is odd, the
polynomial is an odd function. Therefore,

P,(—x)=(-1)"P,(x) n=0,1,2,... (4.17)

The graphs of P,(x), n =0, 1, 2, 3, 4, are sketched in Fig. 4.2 over
the interval —1=x<1.

Returning now to Eq. (4.7) with x = cos ¢ and ¢ = a/b, we find that
the potential function has the series expansion

k< "
v==T Pn(cos¢)<‘—’-> a<b (4.18)
b2 b
TABLE 4.1 Legendre
Polynomials
Pyx)=1
P(x)=x

Py(x) ="(8x%-1)

Py(x) = y(5x% — 3x)

P,(x) = Yo(85x* — 30x% + 3)
Py(x) = Y/3(63x° — 70x® + 15x)
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-1+

Figure 42 Graph of P,(x),n=0,1,2,3, 4.

In terms of the argument cos ¢, the Legendre polynomials can be
expressed as trigonometric polynomials of the form shown in Table
4.2 (see problem 3 in Exercises 4.2).

In Fig. 4.3 the first few polynomials P,(cos ¢p) are plotted as a
function of the angle ¢.

4.22. Special values and recurrence

formulas

The Legendre polynomials are rich in recurrence relations and
identities. Central to the development of many of these is the

TABLE 4.2 Legendre Trigonometric
Polynomials

Py(cos¢p)=1

P, (cos ¢p) =cos ¢

Py(cos ¢) = Yy(3cos® ¢ — 1)
=Y(3cos2¢+1)

Py(cos @) = /(5 cos® ¢ — 3 cos ¢)
=1.(5¢c08 3¢ + 3 cos ¢)
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-0.5[

Figure 43 Graph of P, (cos ¢), n=0,1,2, 3, 4.
generating-function relation
(1-2t+t)™2=> P,(x)t" |x|=1 |t|<1l (419)
n=0

Special values of the Legendre polynomials can be derived directly
from (4.19) by substituting particular values for x. For example, the
substitution of x = 1 yields

(1-2t+t3)V2=(1~¢t)'= D P(L)t" (4.20)
n=0

However, we recognize that (1 —¢)™! is the sum of a geometric series,
80 (4.20) is equivalent to

i t"= > P,(1)t" (4.21)
n=0 n=0

Hence, from the uniqueness theorem of the power series (Theorem
1.12), we can compare like coefficients of ¢* in (4.21) to deduce the
result

P,(1)=1 n=0,1,2,... (4.22)
Also from (4.17) we see that

P(-1)=(-1)" n=012,... (4.23)
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The substitution of x = 0 into (4.19) leads to

A +t%)"2=> P, (0" (4.24)
n=0
but the term on the left-hand side has the binomial series expansion
oo __1/
1+ 2= ( . 2)t2" (4.25)
n=0

Comparing terms of the series on the right in (4.24) and (4.25), we
note that (4.25) has only even powers of t. Thus we conclude that
P, (0)=0forn=1,3,5,..., or equivalently,

Py, ,,(0)=0 n=0,1,2,... (4.26)

Since all odd terms in (4.24) are zero, we can replace n by 2n in the
series and compare with (4.25), from which we deduce

“Y\ (=1)(2n)!
Pz,,(0)=( n/2)=% n=0,1,2... (427

where we recall (4.14).

Remark: Actually, (4.26) could have been deduced from the fact
that P,,,,(x) is an odd (continuous) function and therefore must
necessarily pass through the origin. (Why?)

To obtain the desired recurrence relations, first we make the
observation that the function w(x, t) = (1 — 2xt + t2)" V2 satisfies the
derivative relation

o
(1—2xt+t2)—§+(t—x)w=o (4.28)
Direct substitution of the series (4.13) for w(x, t) into (4.28) yields

(1—2xt +t2) >, nP,(x)t" '+ (t —x) i P,(x)t"=0

n=0 n=0

Carrying out the indicated multiplications and simplifying give us

=}

3 P, (x)t" 1 — 2 >, nP,x)i"+ >, nP,xx"+!

n=0 n=0 n=0
n—n-1 n—n-—-2

=3

< n+1 __ n_— 4
+ > P,(x)t anOP,L(x)t 0 (4.29)

n=0
n—sn—2 n—n—1
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We now wish to change indices so that powers of ¢ are the same in
each summation. We accomplish this by leaving the first sum in
(4.29) as it is, replacing n with n — 1 in the second and last sums,
and replacing n with n —2 in the remaining sums. Thus, (4.29)
becomes

oc

> nP,(x)" =2 > (n~1)P,_y(x)t"?

n=0 n=1

+ 2 (n=2)P, ()" + X P p(x)t" ~x X Py ()" =0

n=2 n=2 n=1

Finally, combining all summations, we have

> [nP,(x) = 2x(n — 1P, ,(x) + (n — 2)P,_,(x)
n=2

+P, _o(x) —xP, _1(x)1t" "+ P(x) —xPy(x) =0 (4.30)

But P(x) —xPy(x)=x —x =0, and the validity of (4.30) demands
that the coefficient of t*~* be zero for all x. Hence, after simplification
we arrive at

nP,(x)—(2n—-1)xP,_(x)+(n —1)P, _,(x)=0 n=23,4,...
or, replacing n by n + 1, we obtain the more conventional form
(n+1P, 1(x)—(2n +1)xP,(x) +nP,_1(x)=0 (4.31)

wheren=1,2,3,....

We refer to (4.31) as a three-term recurrence formula, since it
forms a connecting relation between three successive Legendre
polynomials. One of the primary uses of (4.31) in computations is to
produce higher-order Legendre polynomials from lower-order ones by
expressing them in the form

2n+1
P =
n+1(x) n+1

n
xP,(x) —mPn_l(x) (4.32)

where n=1,2,3,.... In practice, (4.32) is generally preferred to
(4.16) in making computer calculations when several polynomials are
involved.*

* Actually, to avoid excessive roundoff error in making computer calculations,
Eq. (4.32) should be rewritten in the form
xP,(x)—-P,_,(x)

Pn+1(x):2xpn(x)_Pn—l(x)_ n+1
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A relation similar to (4.31) involving derivatives of the Legendre
polynomials can be derived in the same fashion by first making the
observation that w(x, t) satisfies

5
(1—-2xt+t2)‘—95€u1—tw=0 (4.33)

where this time the differentiation is with respect to x. Substituting
the series for w(x, t) directly into (4.33) leads to

(1—2xt +t2) >, Pi(x)t" — >, P,(x)t""1=0
n=0 n=0

or, after carrying out the multiplications,

Y, Pi(x)t"
n=0

- 2x 2 Pt 4 S Pl (x)t™? - - ntt
s N ,Zo zoPn(x)t =0 (4.34)

n-»n—1 n—sn—2 n—sn—1

Next, making an appropriate change of index in each summation, we
get

> [P(x) — 2xP;_1(x) + P}, _5(x)—P,_;(x)1t"=0  (4.35)
n=2

where all terms outside this summation add to zero. Thus, by
equating the coefficient of ¢t” to zero in (4.35), we find

Pl(x)—2xP) _(x)+ P, _o(x)~P,_,(x)=0 n=2234,...
or, by a change of index,
Py i(x) — 2xP,(x) + P, _y(x) - P,(x)=0 (4.36)

forn=1,23,....
Certain combinations of (4.31) and (4.36) can lead to further

recurrence relations. For example, suppose we first differentiate
(4.31), that is,

(n+1)P, ,(x)—2n+1)P,(x)~ (2n + 1)xP.(x) +nP, _1(x)=0
(4.37)
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From (4.36) we find
P, (x)=P,(x)+2xP,(x)—P,,,(x) (4.38a)
P, (x)=P,(x)+2xP,(x) - P,_,(x) (4.38b)

and the successive replacement of P, _;(x) and P, ,;(x) in (4.37) by
(4.38a) and (4.38b) leads to the two relations

P, (x)—xP,(x)=(n+1)P,(x) (4.39a)
xP,(x)— P, _,(x)=nP,(x) (4.395)

The addition of (4.39a) and (4.39b) yields the more symmetric
formula

P, 1(x)—P,_i(x)=(2n +1)P,(x) (4.40)

Finally, replacing n by n —1 in (4.39a) and then eliminating the
term P, _,(x) by use of (4.395), we obtain

(1—-x*)P,(x) =nP,_,(x) — nxP,(x) (4.41)

This last relation allows us to express the derivative of a Legendre
polynomial in terms of Legendre polynomials.

4.2.3 Legendre’s differential equation

All the recurrence relations that we have derived thus far involve
successive Legendre polynomials. We may well wonder if any relation
exists between derivatives of the Legendre polynomials and Legendre
polynomials of the same index. The answer is yes, but to derive this
relation, we must consider second derivatives of the polynomials.

By taking the derivative of both sides of (4.41), we get

% [(1-x®P,(x)]=nP,_,(x) —nP,(x) — nxP,(x)

and then, using (4.39b) to eliminate P,_;(x), we arrive at the
derivative relation

%[(1~x2')P,’L(x)]+n(n+1)P,,(x)=0 (4.42)

which holds forn =0, 1, 2, .. .. Expanding the product term in (4.42)
yields

(1-x®P(x) — 2P, (x) +n(n + DP,(x)=0 (4.43)
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and thus we deduce that the Legendre polynomial y =P, (x) (n=
0,1,2,...) is a solution of the linear second-order differential
equation (DE)

1-xHy"—2xy'+n(n+1)y=0 (4.44)

called Legendre’s differential equation.*

Perhaps the most natural way in which Legendre polynomials arise
in practice is as solutions of Legendre’s equation. In such problems
the basic model is generally a partial differential equation. Solving
the partial DE by the separation-of-variables technique leads to a
system of ordinary DEs, and sometimes one of these is Legendre’s
DE. This is precisely the case, for example, in solving for the
steady-state temperature distribution (independent of the azimuthal
angle) in a solid sphere. We delay any further discussion of such
problems, however, until Sec. 4.8.

Remark: Any function £, (x) that satisfies Legendre’s equation, i.e.,
(1—2>f!(x) — 2fi(x) +n(n + 1)f,(x)=0

will also satisfy all previous recurrence formulas given above,
provided that f,(x) is properly normalized. Consequently, any further
solutions of Legendre’s equation can be selected in such a way that
they automatically satisfy the whole set of recurrence relations
already derived. The set of solutions @, (x) introduced in Sec. 4.6 is a
case in point.

Exercises 4.2

1. Use the series (4.16) to determine P,(x) directly for the specific
casesn =0, 1, 2, 3, 4, and 5.

2. Given that P,(x)=1 and P,(x) =x, use the recurrence formula
(4.32) to determine P,(x), P;(x), and P,(x).

3. Verify that
(@) Pycos¢)=1
(b) Py(cos ¢p)=cos ¢
(c) Py(cos ¢)="4(3cos2¢ +1)
(d) Ps(cos ¢)="/3(5cos3¢ + 3 cos ¢)

*In Sec. 4.6 we discuss other solutions of Legendre’s equation.
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. The function w(x, t) = (1 — 2xt + t%)"'2 is given.

(a) Show that w(—x, —¢t) =w(x, ).
(b) Use the result in (a) and the generating function relation

(4.19) to deduce that (forn=0,1,2,...)

P,(—x)=(-1)"P,(x)
Verify the special values (n =0,1,2,...)
(@) P,(1)="hn(n+1) (b) P,(-1)=(-1)""%n(n+1)]
Verify the special values (n =0,1,2,...)
-1)*(2n+1) /2

(@ Pu0)=0  (b) Ph.a(0) =(~——)—2(;,?———) (™)

Establish the generating-function relation
A-2t+t)71= > U,xn*  JtI<1  |x|=1
n=0

where U,(x) is the nth Chebyshev polynomial of the second
kind,* defined by
[n/2] (__1)k(n _ k)‘

Un(x) = ,EO El(n —2k)!

The generating function w(x, ¢) = (1 — 2xt + t2)™' is given.
(a) Show that it satisfies the identity

(Zx )n—2k

(1—2xt+t2)aa—l:)+2(t—x)w =0
(b) Substitute the series in problem 7 into the identity in (a)
and derive the recurrence formula (forn=1,2,3,...)
U,s1(x) —2xU, (x)+U,_1(x)=0

(a) Show that the generating function in problem 8 also
satisfies the identity

3
1-2t+2) 2 o =0
ox

(b) From (a), deduce the relation (forn=1,2,3,...)
U,ir(x) = 22U, (x)+ U, _1(x)—2U,(x)=0

(¢) Show that (b) can be obtained directly from problem 8b by
differentiation.

Using the results of problems 7 to 9, show that
(@) 1-x)ULx)=—nxU,(x)+ (n+1)U,_;(x)
() (1-x>Ul(x)-8xU.(x)+nn+2)U,(x)=0

* We discuss these polynomials further in Sec. 5.4.2.
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11.

12.

13.

14.

15.

16.

Using the Cauchy product of two power series (Sec. 1.3.3), show
that

ext 0
= " <1
1= 2 e
where ¢, (x) is the polynomial equal to the first n + 1 terms of the
Maclaurin series for e*, that is,

nxk

izok!

The generating function w(x, t) =e™/(1 —¢) is given.
(a) Show that it satisfies the identity

e,(x)=

3
1-) 2 [x(1-8)+ 1w =0
ot
(b) Substitute the series in problem 11 into the identity in (a)
and derive the recurrence formula (n=1,2,3,...)
(n+l)e,;1(x)—(n+1+x)e,(x)+xe,_1(x)=0
(¢) Show directly from the series definition of e, (x) that
e (x)=e,_1(x) n=1,23,...

Using the results of problems 11 and 12, show that y =e,(x) is a
solution of the second-order linear DE

xy"—(x+n)y' +ny=0
Make the change of variable x = cos ¢ in the DE

1 d/. . dy _
Sin¢d—(sm¢%)+n(n+1)y—0

and show that it reduces to Legendre’s DE (4.44).

Determine the values of n for which y = P,(x) is a solution of
(@) A-x2)y"—2xy'+n(n+1)y=0,y(0)=0,y1)=1
() (1—x%y"—2xy ' +nn+1)y=0,5(0)=0,y(1)=1

When a tightly stretched string is rotating with uniform angular
speed w about its rest position along the x axis, the DE governing
the displacement of the string in the vertical plane is
approximately

% [T(x)y']l +pw®y =0

where T'(x) is the tension in the string and p is the linear density
(constant) of the string. If T(x)=1-x? and the boundary
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condition y(—1)=y(1) is prescribed, determine the two lowest
possible critical speeds w. What shape does the string assume in
the vertical plane in each case?

Hint: Assume that pw®=n(n +1).

A

|

e

-©-
Y

XxX= —qa 0 XxX=a

17. An electric dipole consists of electric charges ¢ and —¢q located
along the x axis as shown in the figure above. The potential
induced at point P due to the charges is known to be (r >a)

1 1
V—kq(r—l—';2'>

where %k is a constant. Express the potential in terms of the
coordinates r and ¢, and show that it leads to an infinite series
involving Legendre polynomials. Also show that if only the first
nonzero term of the series is retained, the dipole potential is

k
szzzqcoscp r>a

18. The electrostatic potential induced at point P for the array of
charges shown in the figure below is given by (r >a)
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19.

20.

21.

22.

23.

24.

25.

where k is constant. Expressing V entirely in terms of r and ¢,
show that the first nonzero term of the resulting series yields

2

kqga
V= 2r?

(Bcos2¢+1) r>a

Show that the even and odd Legendre polynomials have the
series representations (forn =0,1,2,...)
(=1 & (-1)@2n+2k-1)
@ Pol®) =51 2 it 4 = Din k)1
S (-1*@r 42+ .
28 Lk + D + k) (n—R)

() Pppia(x)=

Derive the identity (n=0,1,2,...)
(1-x®P)(x)=(n +1D[xP,(x) —P,..(x)]

Show that
(@) 2, (2k+1)P(x)=P,.1(x) +P.(x)

k=0
(b) (1-x)2 (2k+1)P(x)=(n+1)[P,(x) =P, ,(x)]

k=0

Show that
(@) D, [xP,(x) —nP,(x)]t" =t3(1 — 2xt + 2)~¥2

n=0

o [n/2]

(B) D D (2n—4k +1)P,_,,(x)t" = (1 — 2xt + %)~ ¥2

n=0k=0
Using the result of problem 22, deduce that

[(n—2)/2]
xP.(x)—nP,(x)= D> (2n—4k —3)P,_5_5(x)
E=0
Show that
[(n—2)/2)
Pi(x)= 2 (2n—4k—1)P,_,_s(x)
E=0

Show that

i (2n + 1P, (x)t" = (1 —t3)(1 — 2t + %) ™32
n=0
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4.3 Other Representations of the Legendre
Polynomials

For each n, the Legendre polynomials can be defined by either the
series

=2 (~1)*(2n — 2k)!
P.(x)= J;—_-:o 2"kl (n — k)N (n — 2k)!x

n-2k (4.45)

or the recurrence formula

2n +
Poy(x) ==
n

1 n
1 xP,(x) — mPn_l(x) (4.46)

where Py(x)=1 and Py(x)=x. In some situations, however, it is
advantageous to have other representations from which further
properties of the polynomials are more readily found.

4.3.1 Rodrigues’ formula

A representation of the Legendre polynomials involving
differentiation is given by the Rodrigues formula

! g—[(xz-l)"] n=0,1,2,... (4.47)

P& =i

To verify (4.47), we start with the binomial series

2 _ 1\ & (=1)*n! 2n~2k
(== -1) “,Eok!(n—k)!

and differentiate n times. Noting that

'
d" M men n=<m
(-E;x'" =3 (m—n)!
0 n>m
we infer
", =21 (_1)n!(2n — 2&)!
—1)*1= n—2k
& D kgok!(n—k)!(n “oen”
=2"nlP,(x)

from which (4.47) now follows.
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4.3.2 Laplace integral formula

An integral representation of P, (x) is given by
1 JT
P.(x) == f [x+(x%2=1)"?cos p]"d¢ n=0,1,2,... (4.48)
0

which is called the Laplace integral formula. This relation is
easily verified for n =0 and n =1, but more difficult to prove in the
general case.

Let us call the integral I and expand the integrand in a finite
binomial series to get

I =% Lﬂ [x + (x%*—1)"2cos ¢1* d¢

=]—1r 3 i (;:>x"‘k(x2 —1)*2cos* pdo

0 k=0
SR W w2l [T 4
=> ( )x (x*—-1) ——f .cos* pdo (4.49)
k=0 k T Jo
The residual integral in (4.49) can be shown to satisfy

%f cos* pdp=0 k=1,85,... (4.50)

[

and for even values of & we set & = 2j to find

LMot pp =2 [ cos¥ pag
T —.71' A CO
(%N )
=22j(.;')2 .]=01 1’ 2: (451)

The verification of (4.50) and (4.51) is left to the exercises (see
problems 5 and 6 in Exercises 4.3). Thus, all odd terms in (4.49) are
zero, and by setting 2 = 2j and using (4.51), we see that

[n/2] n!x"_Zi(xz— 1)i
T A 29 (n — 23

4.52)

What remains now is to show that (4.52) is a series representation of
P, (x), and this we leave also to the exercises (see problem 7 in
Exercises 4.3).
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4.3.3 Some bounds on P,(x)

One of the uses of the Laplace integral formula (4.48) is to establish
some inequalities for the Legendre polynomials which furnish certain
bounds on them. Of particular interest is the interval |x|<1, but
since the integrand in (4.48) is not real for this restriction on x, we
first rewrite (4.48) in the form (i*= —1)

P,,(x)=lJ” [x +i(1—x2)"cos ¢1"d¢ x| =1 (4.53)
T Jo

‘Now, using the fact that the absolute value of an integral is less than
or equal to the integral of the absolute value of the integrand, we get

|P,,(x)|slr lx +i(1—x*)"2cos ¢|* d¢ (4.54)
T Jo

From the algebra of complex numbers, it is known that |a +ib| =
(a?+ 05?2, and thus for |x| =1 it follows that

lx +i(1—x%)"?cos ¢p|" = [x%+ (1 —x2) cos® 12
= (cos? ¢ +x? sin? ¢ )2
= (cos® ¢ + sin? ¢ )2

=1

Returning now to (4.54), we have shown that
1 T
PwI=- [ d¢
T Jo

or IP,(x)| =1 x| =1 n=0,12,... (4.55)

which is our intended result. The equality in (4.55) holds only when
x ==l

Another inequality, less obvious and more difficult to prove, is
given by

P, (x)] < ki<l n=1,238,... (456

T
2n(1 - x?)
Again the Legendre integral representation is used to derive this

inequality, although we will not do so here (see problem 10 in
Exercises 4.3).
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Exercises 4.3

1. Using Rodrigues’ formula (4.47), derive the identities (n =
1,2,3,...)
(a) (n+1)P,, 1(x)=02n+1)xP,(x) —nP,_,(x)
(b) P(x)=xP,_,(x)+nP,_,(x)
(¢) xP,(x)=nP,(x)+P,_(x)
(d) P, (x)—P,_(x)=2n+1)P,(x)

2. Representing P,(x) by Rodrigues’ formula (4.47), show that
1
f P,(x)dx=0 n=123,...
-1

3. Using Rodrigues’ formula (4.47) and integration by parts, show
that

1
2
2. _ 42 -
j_l[Pn(x)]dx P n=012,...

4, Define v = (x% - 1)".
(a) Show that

d
(1 —x2)£v— 2nxv =0
() Differentiating the result in (a) n +1 times and defining
u =v™, show that u satisfies Legendre’s equation
(1-x®u"—2xu'+n(n+1u=0
5. Verify that
lf cos™*19do=0 n=0,1,2,...
T Jo
6. (a) Verify that

/2

1" 2
—f c032”0d9=—f cos 0d6
T Jo 7T Jo

() Using properties of the gamma function, show that

2 = (2n)!

J_Ifo cos“" 0d6 =_22"(n!)2

7. (@) Show that the generating function for the Legendre polyno-
mials can be written in the form

n=0,12,...

2(x2 — ~1/2
(1—2xt+t2)‘1/2=(1_xt)-1[1_t(x 1)]

(1 —xt)?



10.

11.
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(b) Using the result in (a), expand the expression on the right
in powers of ¢. Then, by comparing your result with Eq.
(4.19) in Sec. 4.2.1, deduce that

[n/2] n!xn~2k(x2 _ l)k

F.x)= ,Eo 2% (1, — 2k)I(R1)?

(Jordan inequality) If 0 < ¢ < /2, show that
2¢

sin ¢ =—
7

Hint: Prove that (sin ¢)/¢ is a decreasing function on the given
interval by showing its derivative is always negative. Hence, the
minimum value occurs at ¢ = /2.

. Derive the inequality

1-y<e™ y>0

Use the Laplace integral formula (4.48).
(a) Show that for |x| <1,

2 /2 .
{P,,(x)|sj—tf [1-(1—2?) sin® 1" do

0

(b) Show that application of the Jordan inequality (problem 8)
reduces (a) to

|Pn(x)|s%£”2 [l_é(&,lrz_—@]mdq;

(¢) Making use of the inequality in problem 9 together with an
appropriate change of variables, show that

2 -
IP"(x)|<_mLe dt

and from this result, deduce that (n =1,2,3,...)

P, (x)} < je} <1

L
2n(1 —x2)
Starting with the identity

(1-x%)P.(x)=nP,_,(x) — nxP,(x)
show that

n
1-lx|

P (x)| = ki<l n=123,...



162 Chapter Four

12. Start with the identities
x2-1
n
P,(x)=xP,_;(x) +nP,_,(x)
(@) Show that (forn=1,2,3,...)

.2 .2
L P )12 4 [P )2 =
n

P, (x)=xP,_(x)+

Pr,z—l(x)

n? [Pr,z—l(x)]z + [Pn—l(x)]2

(b) From (a), establish the inequality
1—x2
n2
(¢) From (b), deduce that
@) =1 |x]=1

[Prx) P+ [P(x)P=1 |x|=1

4.4 Legendre Series

In this section we wish to show how to represent certain functions by
series of Legendre polynomials, called Legendre series. Because the
general term in such series is a polynomial, we can interpret a
Legendre series as some generalization of a power series for which
the general term is also a polynomial, that is, (x —a)”. However, to
develop a given function f in a power series requires that the function
f be at least continuous and differentiable in the interval of con-
vergence. In the case of Legendre series we make no such require-
ment. In fact, many functions of practical interest exhibiting (finite)
discontinuities may be represented by convergent Legendre series.
Legendre series are only one member of a fairly large and special
class of series collectively referred to as generalized Fourier series, all
of which have many properties in common. In Sec. 1.4 we en-
countered Fourier trigonometric series, which are perhaps the best
known members of this class, and in the following chapters we will
come across several other members of this general class. Besides
their obvious mathematical interest, it turns out that the applica-
tions of generalized Fourier series are very extensive—so much so, in
fact, that they involve almost every facet of applied mathematics.

4.4.1 Orthogonality of the polynomials

Although we have already derived many identities associated with
the Legendre polynomials, none of these is so fundamental and
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far-reaching in practice as the orthogonality property

1
f P,(x)P,(x)dx =0 k#*n (4.57)
-1

Remark: It is sometimes helpful to think of (4.57) as a generaliza-
tion of the scalar (dot) product of vector analysis. In fact, much of the
following discussion has a vector analog in three-dimensional vector
space.

To prove (4.57), we first take note of the fact that both P,(x) and
P,(x) satisfy Legendre’s DE (4.42), and thus we write

%[(l—xZ)P,;(x)]-i-k(k+1)Pk(x)=0 (4.58a)

%[(l—xz)P,’l(x)]+n(n+1)P,,(x)=0 (4.58b)

If we multiply the first of these equations by P,(x) and the second by
P,(x), subtract the results, and integrate from —1 to 1, we find

1
d 2 '
f_lpn(")a}“l"‘ Py (x)] dx
1 d
—j_IPk<x)£[(1—x2)P,;<x>]dx
1
+[k(k+1)—n(n+1)]f P.(x)P,(x)dx =0 (4.59)
-1

On integrating the first integral above by parts, we have

1
d 2 [
f_lpn(x%[(l—x Py (x)] dx
0
1
=P,,(x)(1%lv’,;(x)|l_l—f (1—x®)P,(x)Pi(x)dx (4.60a)
-1

and similarly for the second integral,

1 1
ka(x)%[(l—xz)P,ﬁ(x)]dx=—J' (1 - x2)P,(x)P}(x) dx
-1 —1

(4.60b)
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and therefore the difference of these two integrals is clearly zero.
Hence, (4.59) reduces to

1
[k(k+1)—n(n+ 1)]] P.(x)P,(x)dx=0
-1

and since k #n by hypothesis, the result (4.57) follows immediately.
When k = n, the situation is different. Let us define

1
A, =J [P (x)]? dx (4.61)
-1

and replace one of the P,(x) in (4.61) by the identity [replace n with
n—1in (4.32)]

-1

P.(x)=2" xPn_l(x)—E—’E—lP,,_z(x) (4.62)

to get

! on —1 -
An=f Pn(x)[ nlp )-" an_z(x)]dx
-1 n n

_2n—1

1
f P, (x)P,_(x) dx

0
41

_n lf P,L(mﬁx)dx (4.63)
n Ja

The second integral above vanishes because of the orthogonality
property (4.57). To further simplify (4.63), we rewrite (4.62) in the
form

1
xP,(x) ~on+1 [(n+ 1P, 1(x) +nP,_;(x)]

and substitute it into (4.63), from which we deduce

0

om—-1n+1 [t (z/)/
An_ n 2n+1 Pn+1 n—l(x)dx
2n—
P 2
+ +1J [P, x)]%dx
or A=y a—23.4... (4.64)

2n +1
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Equation (4.64) is simply a recurrence formula for A,,. Using the fact
that

1 1
Ao=f (Po)Pdx= | dx=2
-1 -1

1 1
and A= f [P,(x)]? dx = f ¥ dx =%,
-1 -1

Eq. (4.64) yields
Ay =3 x Y3 x2=2
Ay =" X x 3 x 2=7,
while in general it can be verified by mathematical induction that

_2n—1 2n—-3 2n-5 1

= X X X X=X2
2n+1 2n—-1 2n-3 3
-2 =0,1,2 (4.65)
=g+ 1 n=0,1,2,... .
Thus, we have derived the important result
1 . 2
P dx =—" =0,1,2,... 4,
f_l[n(x)] ——  n=012, (4.66)

4.4.2 Finite Legendre series

Because of the special properties associated with Legendre polyno-
mials, it may be useful in certain situations to represent arbitrary
polynomials as linear combinations of Legendre polynomials. For
example, if g,,(x) denotes an arbitrary polynomial of degree m, then
since Py(x), P,(x), ..., P,(x) are all polynomials of degree m or less,
we might expect to find a representation of the form*

gmx) =coPolx) + ¢ Pi{x)+ -+, P,(x) (4.67)

Let us illustrate with a simple example.

Example 1: Express x” in a series of Legendre polynomials.

*Two polynomials can be equated if and only if they are of the same degree.
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Solution: We write
12 =coPy(x) + ¢1Py(x) + coPy(x)
=co+¢1x + o[ Y5(8x% — 1)]
= (co — Ype2) + 1% + Hpcox?
Now equating like coefficients, we see that
o~ Yet2=0 ¢,=0  %ep=1
from which we deduce ¢, =5, ¢; =0, and ¢, = %,. Hence,

x% =3Py(x) +/3Py(x)

When the polynomial g,,(x) is of a high degree, solving a system of
simultaneous equations for the ¢’s as we did in Example 1 is very
tedious. A more systematic procedure can be developed by using the
orthogonality property (4.57). We begin by writing (4.67) in the form

m

@m @)= 2, ¢,Po(x) (4.68)

n=0

Next we multiply both sides of (4.68) by P,(x), 0=k =m, and we
integrate the result termwise (which is justified because the series is
finite) from —1 to 1 to get

0(n #k)
[ wr@a=3ec [ popla  @so)
-1 n=0 -1

Because of the orthogonality property (4.57), each term of the series
in (4.69) vanishes except the term corresponding to n =k, and here
we find

1 1
[ R d=c, [ B@rd
-1 -1

T Rop 41

where the last step is a consequence of (4.66). Hence, we deduce that
(changing the dummy index back to n)

1
c,,=(n+1/2)f g.x)P,(x)dx n=0,1,2,...,m (4.70)
-1
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Remark: If the polynomial q,,(x) in (4.70) is even (odd), then only
those ¢, values with even (odd) suffixes are nonzero, due to the
even—odd property of the Legendre polynomials (see problems 25 and
26 in Exercises 4.4).

As a consequence of the fact that a polynomial of degree m can be
expressed as Legendre series involving only P, (x) and lower-order
Legendre polynomials, we have the following theorem.*

Theorem 4.1. If g,,(x) is a polynomial of degree m and m <r, then

1

gm@)P.(x)dx =0 m<r
-1

Proof: Since ¢,,(x) is a polynomial of degree m, we can write

m

gn(x)= D c,P,(x)

n=0

Then multiplying both sides of this expression by P.(x) and integrat-
ing from —1 to 1, we get

0
1 m 1
j @m@)P.(x)dx= Y ¢, P&/)‘}r(/xv)dx
-1 n=0 -1

The largest value of n is m, and since m <r, the right-hand side is

zero for each n [due to the orthogonality property (4.57)], and the
theorem is proved.

4.4.3 Infinite Legendre series

In some applications we will find it necessary to represent a function
f, other than a polynomial, as a linear combination of Legendre
polynomials. Such a representation will lead to an infinite series of
the general form

3

fx)= 2 c,P,(x) (4.71)

n=0

* Theorem 4.1 says that P.(x) is orthogonal to every polynomial of degree less
than r.
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where the coefficients can be formally derived by a process similar to
the derivation of (4.70), leading to

1
Cn=(n+1/2)f fx)P,(x)dx n=0,12,... (4.72)
-1

Conditions under which the representation of (4.71) and (4.72) is
valid will be taken up in the next section. For now it suffices to say
that for certain functions the series (4.71) will converge throughout
the interval —1=x =<1, even at points of finite discontinuities of the
given function. Series of this type are called Legendre series, and
because they belong to the larger class of generalized Fourier series,
the coefficients (4.72) are commonly called the Fourier coefficients
of the series.

In practice, the evaluation of integrals like (4.72) must be per-
formed numerically. However, if the function f is not too complicated,
we can sometimes use various properties of the Legendre polynomials
to evaluate such integrals in closed form. The following example
illustrates the point.

Remark: Because the interval of convergence of (4.71) is confined to
—1=x =1, it really doesn’t matter if the function f is defined outside
this interval. That is, even if f is defined for all x, the representation
will not be valid beyond the interval —1=x=<1 (unless f is a
polynomial).

Example 2: Find the Legendre series for

~1=x<0
0<x=1

-1

f@={;
Solution: The function f is an odd function. Hence, owing to the
even—-odd property of the Legendre polynomials depending on the

index n, we note that f(x)P,(x) is an odd function when n is even,
and in this case it follows that (see problem 25 in Exercises 4.4)

1
c,,=(n+1/2)f FEP(x)di=0 n=0,24,..
-1

For odd index n, the product f(x)P,(x) is an even function, and
therefore

1
en=(n+%) f F()P, (x) da
-1

1
=<2n+1>an(x)dx n=135, ...
0
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Let us use the identity [see Eq. (4.40)]
P,(x) = ——— [P} 1(x) — Py (@)]
n\% _2n+1 n+1\%X n—1\%
and set n =2k + 1, thereby obtaining the result (for £=0,1,2,...)

1
Cop41 = (4k + 3)f P2k+1(x)dx
(V]

1
- j [Pye.a(x) — Py (x)] dx
0

= [Pap1a(x) _sz(x)]l(l)
=P, (0) — P 42(0)

where we have used the property P, (1) =1 for all n. Referring to Eq.
(4.27), we have

C(—DF@R) (~DFI(2% +2)!
Cop+1= 22k(k!)2 - 22k+2[(k+1)!]2

z(—l)k(Zk)! [ (2k +2)(2k+1)}

2% (k)2 2%(k +1)?
_(—l)k(2k)!( 2k+1)
T 9% (p1)2 2k +2

_(—=1)"(2k)\(4k +3)
T 221Nk 4 1)

and thus

& (“DR@R)N4R +3)
f<’”-,,§, 9% 1 + 1)1

Py 1(x) -1=x=1

Exercises 4.4

In problems 1 to 15, use the orthogonality property and/or any other
relations to derive the integral formula.

0 n#1l

1

1| xp)dr-|
—1x ) 2/3 n=1
! 2n

2. f_lxpn(x)P,,_l(x) dv=r—n=123,..
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1
3.[ P,(x)P, (x)dx=2,n=0,1,2,...
-1

2n
2n+1

1
4, f xP,(x)P,(x)dx = ,n=0,12,...
-1

1
5. f (1-x*P,(x)Pi(x)dx =0,k #n
-1

1 2tn
_ 2\-1/2 — -
6. L(l et + ) VP (0 i = =0, 1,2,
1 2V2
_ )l - =
7. f—1(1 x) P, (x) dx 2n+1,n 0,1,2,...
Hint: Let ¢—1 in problem 6.
1 2n(n +1)
2 - =
8. [ #PsB ) dr =t e =123,
1 2n(n +1)
. 2.1 P’ = =
9 f (6= DR a(0Py(a) de = 2B =133,
1 n 2n+1(n!)2
10. J:lx P,(x)dx = L n=0,12,...
Hint: Use problem 31.
11. Ifk =n,
n + k even

1
' ] - 0
j_lp"(x)P’“(x)d" “{k(k +1) n+kodd

) 0 k=<n
12, [ P,(x)P,(x)dx=40 k>n,k+n even
- 2 k>n,k+nodd

1
13. f P,(x)dx=0,n=1,2,3,...
0

_2n(n+1)

C 2n+1
2 (n+1)? n?

(2n+1)2[ m+3 an-1

16. Show that the orthogonality relation (4.57) for the functions
P,(cos ¢) is

1
14.f (1—x®[P.(x))?dx ,n=0,12,...
-1

1
15.f <[P, (x)]2dx = ] n=0,1,2,..
-1

fnP,,(cos ¢)P,(cos ¢p)singpdep =0 k#n
0
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In problems 17 to 21, derive the given integral formula.

1

-3

18.

o 2]

19.

©

20.

21.

22.

23.

24.

25.

4 2
[ Pateos 9rdo =2 (*) n=0,13,...
0

24n

24n—1

27 2 2
P, (cos ¢) dp = —2— ( :) n=0,1,2,.
0

27 1 /2n\/2n+2
; Pzn(cos¢)cos¢d¢——2—m<n)(n+1>,n—1,2,3,...

7T/2
J P,,(cos ¢)singpdep=0,n=1,23,...
0

JnPn(cos ¢)cosnpdp=B(n+Y,,%),n=0,1,2,...
0

Use Rodrigues’ formula (4.47) for P,(x).
(a) Show that integration by parts leads to

1 n—
[ Bwh@d= -2t P S i -1ras
-1
(b) Show, by continued integratlon by parts, that
1 1 n
f Pn(x)Bg(x)dx—( — ), ——-[Pk(x)] (x*=1)"dx
-1 2"n! 1

(¢) For k #n, show that the integral on the right in (4) is zero.
(a) For k =n, show that problem 22b leads to (n =0,1,2,...)
f [P (x)]2dx = 2 f (1-x%"dx
T 2l ),
(b) By making an appropriate change of variable, evaluate the

integral in (a) through use of the gamma function and
hence derive Eq. (4.66).

Starting with the expression

(-2t +971= 3 3 P(0)P ()t

n=0%k=0
use the orthogonality property (4.57) to deduce Eq. (4.66).
@ t2n+1
Hint: —=2
int ln =225

Show that 1f f is an odd function,
1

@ [ feR@d=0n=024,...
-1

1 1
®) jf(x)P,,(x)dx=2] F)P,(x)dx,n=1,3,5, ..
-1 (1)
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26. Show that if f is an even function,

1 1
(@) jf(x)Pn(x)dx=2f F@)P. () dx, = 0,2, 4, ..
-1 0

1
) f FOP,(x)dx =0, n =1,3,5, . ..
-1

In problems 27 to 30, find the Legendre series for the given
polynomial.

27. q(x) =x° 29. g(x)=12x*—8x2+7
3 9 x2 x3 x4
28. qx)=93%°—8*+Tx -6 30. q(x):l.g.x_}.a_*.a_}_;ﬁ

31. Using Rodrigues’ formula (4.47) and integration by parts, show
that

(-1n"

2"n!

1 1
[ rep@ = [ e -1
-1 -1

Hint: See problem 22.
32. From the result of problem 31, deduce that
1
f x"P,(x)dx =0 if m<n
-1

33. From the result of problem 31, deduce that

(n + 20Tk +Y,)
2"(2k)T(n +k +3,)

1
f " %P, (x) dx = k=0,1,2,...
-1

34. Show that

2 2% (4n +1)(2m)N(m + n)!
2m _
(a) « ‘Zo (2m +2n+ 1D(m —n)! Py, (x)

m 2n+1 1 ]
) xmi= S 27" (4n + 3)2m + D) (m +n + !

=0 2m +2n +3)(m —n)!
Hint: Use problem 33.

In problems 35 to 40, develop the Legendre series for the given
function.

Py i1(x)

1 -1=x<0
35. f(x) =Py(x) 38. f(x)_{o 0<x=1
0 -1=x<0

] =k, -l=x=<1 39. ={
36. f(x) = |x| x F®=1,  o<x=1
0 -1=x<0 1 —1=x<0
37'f(x)—{1 0<x=1 40'f(x)“{x 0<x=1
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41. Show that the Legendre series of a function f defined in the
interval —a =x <a is given by

flx)= i c,,P,,(E) —a<x=<a

n=0

where

¢ 2n+1f f )P() n=0,1,2,...

42, Making the change of variable x = cos ¢, show that the Legendre
series for a function f(¢) is given by

o

f()= >, c,P,(cos ¢) O=¢p=nm

n=0

where
cn=(n+1/2)fnf(¢)P,,(cos¢)sin¢d¢ n=0,1,2,...
0

Hint: See problem 16.
43. Using the result of problem 42, find the Legendre series for

[0 O0=¢<n/2
(@) f(¢)—{1 n/2<¢p=nm

44. (a) Show that

() f(¢p)=cos®’¢p, 0=¢p=n

arn(122)- 5 (1)

(b) Letting x— 1, use part (a) to derive the identity
z /n\* (2n
2,6 -
4.5 Convergence of the Series

Given the Legendre series of some function f, we now wish to discuss
the validity of such a representation. What we mean is—if a value of
x is selected in the chosen interval and each term of the series is
evaluated for this value of x, will the sum of the series be f(x)? If so,
we say the series converges pointwise to f(x).* To establish pointwise
convergence of the series, we need to obtain an expression for the

* See also the discussion in Sec. 1.3.
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partial sum*

n

S,(x) = 2, cxBy(x) (4.73)

k=0
and then for a fixed value of x show that

lim S,(x)=f(x) (4.74)

n—so

4.5.1 Piecewise continuous and piecewise
smooth functions

To be sure that the Legendre series converges to the function which
generates the series, it is essential to place certain restrictions on the
function f. From a practical point of view, such conditions should be
broad enough to cover most situations of concern and still simple
enough to be easily checked for the given function.

Definition 4.1. A function f is said to be piecewise continuous in the
interval a <x < b provided that

(a) f(x) is defined and continuous at all but a finite number of
points in the interval.

(6) The left- and right-hand limits exist at each point in the
interval.

Remark: The left- and right-hand limits are defined, respectively, by

lim f(x —e)=f(x") lirzl+f(x+6)=f(x+)

e—0*

Furthermore, when x is a point of continuity, f(x™) =f(x*) = f(x).

It is not essential that a piecewise continuous function f be defined
at every point in the interval of interest. In particular, it is often not
defined at a point of discontinuity, and even when it is, it really
doesn’t matter what functional value is assigned at such a point. Also
the interval of interest may be open or closed, or open at one end and
closed at the other (see Fig. 4.4).

* Although (4.73) has n + 1 terms, we still designate it by the symbol S, (x).



Legendre Polynomials and Related Functions 175

Figure 44 A piecewise continuous function.

Definition 4.2. A function f is said to be smooth in the interval
a =x =} if it has a continuous derivative there. We say the function
is piecewise smooth if f and/or its derivative f’ is only piecewise
continuous in @ <x <b.

Example 3: Classify the following functions as smooth, piecewise
smooth, or neither in ~l1=x=<1: (a) flx)=x, (b) flx)=lx|,
(¢) flx) = x|

Solution: In (a), the function f(x) =x and its derivative f'(x) =1
are both continuous, and thus f is smooth. The function in (b) is also
continuous, but because the derivative is discontinuous, i.e.,

-1<x<0

-
f(x)_{l 0<x<1

it is not smooth but only piecewise smooth. In (c), the function is once
again continuous, but |f'(x)|— « as x — 0, so it is neither smooth nor
piecewise smooth.

4.5.2 Pointwise convergence

Before stating and proving our main theorem on convergence, we
must establish two lemmas.

Lemma 4.1 (Riemann). If the function f is piecewise continuous in the
closed interval —1=<x =1, then

lim Vn + 1/2f f(x)P,(x)dx =0
n—w -1

Proof: Let the nth partial sum be denoted by

n

S,(x)= 2 c P (x)

k=0
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and consider the nonnegative quantity

1
f [f(x)—8,(x)]?dx =0
-1

1 1 1
or ffZ(x)dx—z f(x)sn(x)dx+f S2(x) dx =0
-1 -1 -1
1 n 1
Now f f(x>sn<x)dx=2ckj F(x)P,(x) dx
-1 k=0

—_ N ck
- g n

1 n n 1 O(J:#k)
and f S2x)dx=> S c,.ck[ Mpk(x)dx
-1 j=0k=0 -1

a

=0

ch [P, (x)]? d

%

Accordingly, we have

flfz(x)dx 2 2

n

k+% 2k+1/2

from which we deduce

n

P

—ok + 1/2

f F2(x) dx

Because this last inequality is valid for all n, we simply pass to the
limit to get

J' f2(x) dx

k=0 k + 1/2

The integral on the right is necessarily bounded, since f is assumed to
be piecewise continuous in the closed interval of integration. Hence,
the series on the left is a convergent series (because its sum is finite),
and therefore it follows that

2

Cr
lim—-=0
kl—{?ok A
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or equivalently (changing the index back to n)

1
lim Vn +1/2f fx)P,(x)dx =0
-1

n-—sw

Lemma 4.2 (Christoffel-Darboux). The Legendre polynomials satisfy
the identity

n+1
t—x

> (2 + )P, ()P, (x) = [P, 1(£)P,(x) — P, ()P, 1(x)]
k=0

Proof: We begin by multiplying the recurrence relation (4.31) by
P,(¢t) to get

(2k + 1)xP, (2)P,(x) = (k + 1)P,(£)P, 1 (x) + kP, (£)P, 1 (x)

If we now interchange the roles of x and ¢ in this expression and
subtract the two results, we obtain

(2k + 1)(t ~x)P, ()P, (x) = (k + 1)[P, 1 (£ )P (x) —~ P, ()P, 41 (x)]
s k[Pk(t)Pk_l(x) ~Pk_1(t)Pk(x)]
Finally, summing both sides of this identity as k& runs from 0 to n and

setting P_,(x) =0, we find

(t—x) 2, (2k + DP, )P, (x) = (n + D)[P,.;(t)P,(x) = P, ()P, ,,(x)]

k=0

and the lemma is proved.

We note that integration of the Christoffel-Darboux formula leads
to

n 1
> (2 + 1)Pk(x)f P,(t)dt
k=0 -1

P, ,(t)P,(x) = P,(t)P, (1(x) dt
t—x

=(n+1)£1

from which we deduce

Pn+1(t)Pn(x) —Pn(t)Pn+1(x) dt -

2 (4.75)
t—x

(n+1)f1
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where we are using the orthogonality property

1 0 E#0
P.()dt= 4.76
L (2) {2 o (4.76)

We are now prepared to state and prove our main result.

Theorem 4.2. If the function f is piecewise smooth in the closed
interval —1 <x =<1, then the Legendre series

@

fx)= 2 c,P,(x)

n=0

1
where cn=(n+1/2)f f@P.x)dx  n=0,12,...
-1

converges pointwise to f(x) at every continuity point of the function f
in the interval —1<x <1. At points of discontinuity of f in the
interval —1<x <1, the series converges to the average value
Yol f(x*) +f(x7)]. Finally, at x = —1 the series converges to f(—1%),
and at x =1 it converges to f(17).

Proof (for a point of continuity): Let us assume that x is a point of
continuity of the function f, and consider the partial sum (—-1<x <1)

n

S,,(x) = 2 CkPk(x)

k=0
n 1
= [(k + ) f(t)Pk(t)dt]Pk(x)
k=0 -1

where we have replaced the constants ¢, by their integral representa-
tion. Interchanging the order of summation and integration and
recalling the Christoffel-Darboux formula (Lemma 4.2), we obtain

1 1 n
s,,(x)=—2—f £6) S 2k + D)P()B,(x) dt
-1 k=0

Pn+1(t)Pn(xt) PP &) o,
-x

1 1
5(n+1)f_1f(t)

If we add and subtract the function f(x) (which is independent of
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the variable of integration), we get

Pn+1(t)Pn(xz _Pn(t)Pn+1(x) dt
—X

1 1
8,(0) =5 (0 + Df ) L

1 -
+—1-(n+1)j M[P,,H(t)Pn(x)—P,,(t)P,,+1(x)]dt
2 —1 t—x

For notational convenience we introduce the function

f@)—fx)
-~ X

git)= ;

and use (4.75) to obtain

1
S, (x) =fx) + Yy(n + 1P, (x) j 2P, ,.(t) dt
-1

1
— Yy + 1P,y (x) j g(t)P, () dt
-1

At this point we wish to show that g satisfies the conditions of
Riemann’s lemma, i.e., that g is at least piecewise continuous.
Because f is at least piecewise smooth, it follows that g is also
piecewise smooth for all ¢t #x. To investigate the behavior of g at
t=x, we consider the limit (remembering that x is a point of
continuity of f)

f@)—f&) _
t—x

g(x)=1lim f'(x)

t—x

Since by hypothesis /' is at least piecewise continuous (why?), we see
that g is indeed a piecewise continuous function.
Letting

1
b,=Vn+ 1/zf g(t)P,(t)dt
-1

we can express the partial sum in the form

Sn(x)—f(x)+_"“‘_2\/m; n+1 2_m b,

By recognizing that the Legendre polynomials are bounded on the
interval —~1 <x <1 [see Eq. (4.56)] and applying Riemann’s lemma,
it can now be shown that the last two terms in the expression for
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S, (x) vanish in the limit as n — « (see problem 10 in Exercises 4.5),
and hence we deduce our intended result

lim S, (x) = f(x)

n—o

at a point of continuity of f.

To prove that*
lim 8, (x) = ol f(x*) +f(x7)]

n—ow

at a point of discontinuity of f requires only a slight modification of
the above proof. Similar comments can be made about the points
x=z=1

Exercises 4.5

In problems 1 to 8, discuss whether the function is piecewise
continuous, continuous, piecewise smooth, smooth, or none of these in
the interval —1=x <1,

sinx

1. f(x)=tan2x 5. f(x)=T,x¢0,f(O)=1
2. f(x)=sinx 6. f(x)=Sl:x,x;&0
xZ— o1
3. flx)= ,x#1 7. flx)=sin—, x#0
x—1 x
_ {1 ifx isrational L im
4 fl)= {0 if x is irrational 8. flx)=xe™", x#0

9. Suppose that a piecewise smooth function f is to be approximated
on the interval —1 <x <1 by the finite sum

S,(x)= 2 bP(x) —l=x=1
k=0

Determine the constants b, so that the mean square error is
minimized, i.e., minimize

1
En=J’ [fx)=S,(x)Pdx
-1
Hint: Set 0E,/db,=0,k=1,2,...,n.

*For details, see D. Jackson, Fourier Series and Orthogonal Polynomials,
Carus Math. Monogr. 6, Math. Assoc. Amer., Open Court Publ. Co., LaSalle, Ill.,
1941.
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10. Given that

IP,(x)| < k] <1

T
2n(1 —x%)

and
1
b,=Vn+ 1/zf g(P,(t)dt
-1

where g(t) is piecewise continuous, deduce that

. (n+1)P,(x) _
@ e, T
(n+1)P,(x)

&) lim =y, =0

4.6 Legendre Functions of the Second
Kind

The Legendre polynomial P,(x) represents only one solution of
Legendre’s equation
(1-x%y"—2xy' +n(n+1)y=0 (4.77)

Because the equation is second-order, we know from the general
theory of differential equations that there exists a second linearly
independent solution @, (x) such that the combination

y=CiP,(x) + CyQ,(x) (4.78)

where C, and C, are arbitrary constants, is a general solution of
(4.77).

Also from the theory of second-order linear DEs it is well known
that if y,(x) is a nontrivial solution of

¥y +alx)y +bx)y=0 (4.79)
then a second linearly independent solution can be defined by*

exp |- [ ato) dx |

ya(x) =y, (x) f T dx (4.80)

* See Theorem 4.6 in L. C. Andrews, Introduction to Differential Equations with
Boundary Value Problems, HarperCollins, New York, 1991.



182 Chapter Four

Hence, if we express (4.77) in the form

o 2 n(n+l) ~0
y 1_x2y 1_x2 y_
and let y,;(x) =P, (x), it follows that
dx
yZ(x)—P"(x)f(1—x2)[P,,(x)]2 (4.81)

is a second solution, linearly independent of P,(x). Because any
linear combination of solutions is also a solution of a homogeneous
DE, it has become customary to define the second solution of (4.77),
not by (4.81), but by

dx
Q,(x) _P,,(x){A,, +B, f 3 —x2)[P,,(x)]2} (4.82)

where A, and B, are constants to be chosen for each n. We refer to
Q,.(x) as the Legendre function of the second kind of integral
order.

Accordingly, when n = 0, we choose Ay =0 and B, =1, and hence

dx

1 —x2

Quta) = |

which leads to
1. 1+
Qx)=-In—=  |x|<1 (4.83)
2 1-x
For n =1, we set A; =0 and B, =1, from which we obtain

dx
0= [

1 1
- f (1—x2+3?)dx

1 1+x
—éx lnl_x—l (4.84)
or Q.(x) =xQy(x) -1 x| <1 (4.85)

Rather than continuing in this fashion, which leads to more
difficult integrals to evaluate, we recall the Remark made at the end
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of Sec. 4.2.3 which stated that all (properly normalized) solutions of
Legendre’s equation automatically satisfy the recurrence formulas for
P,(x). Hence, we select the Legendre functions @,(x) so that
necessarily

2n+1
n+1

Qn+1(x) = xQn(x) _LQn—l(x) (486)
n+1

for n=1,2,3,.... With @,(x) and @,(x) already defined, the
substitution of n =1 into (4.86) yields

Qq(x) = 3/2xQ1(x) - 1/on(.’C)
=1,(8x% - 1)Qo(x) — %fox

which we recognize as
Q2(x) = P(x)Qo(x) —%x  |x|<1 (4.87)
For n =2, we find
Qs(x) =P3(x)Qo(x) —hx®+%; x| <1 (4.88)
whereas in general it has been shown that*

[(n—1)2] (2n — 4k — 1)

Q.(x) =P, (x)Qox) — 2,

k=0 mpn-zk_l(x)

x| <1 (4.89)

forn=1,2,3,....

Because of the logarithm term in Qy(x), it becomes clear that all
Q. (x) have infinite discontinuities at x = +1. However, within the
interval —1 <x <1 these functions are well defined. The first few
Legendre functions of the second kind are sketched in Fig. 4.5 for the
interval 0 =x <1.

In some applications it is important to consider ,(x) defined on
the interval x >1. While Eq. (4.89) is not valid for x>1, the
functions @,(x) can be expanded in a convergent asymptotic series
(see problem 16 in Exercises 4.6). Based on this series, it can then be
shown that all @,(x) approach zero as x — «, Such behavior for large
x is quite distinct from that of the Legendre polynomials P, (x), which
become unbounded as x — « except for Py(x) = 1.

* See W. W. Bell, Special Functions for Scientists and Engineers, Van Nostrand,
London, 1968, pp. 71-77.
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2,(x)
A

0,

O

Figure 45 Graphof @,(x), n=0,1,2,3,4.

4.6.1 Basic properties

We have already mentioned that the Legendre functions Q,(x)
satisfy all recurrence relations given in Sec. 4.2.2 for P,(x). In
addition, there are several relations that directly involve both P,(x)
and Q,(x). For example, if |¢| <|x|, then*
1
e 2 (2n +1)P,(£)Q, (x) (4.90)

n=0

From this result, it is eas1ly shown that (see problem 13 in Exercises
4.6)

Qn(x)——J P(t) n=0,1,2,... (4.91)

which is called the Neumann formula. Other properties are taken up
in the exercises.

Exercises 4.6
In problems 1 to 4, find a general solution of the DE in terms of P,(x)
and @, (x).

1 (1-x%)y"—2xy'=0 3. (1—x¥)y"—2y'+12y =0

2. (1-x%)y"—2xy'+2y=0 4. (1-x2)y"~2y' +30y =0

*See E. T. Whittaker and G. N. Watson, A Course of Modern Analysis,
Cambridge University Press, London, 1965, pp. 321--322.
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. Given Py(x) =1 and Q,(x) =", In (1 +x)/(1 —x)], verify directly

that their wronskian* satisfies

1

W (Po, Qo)) = 1=

. Use Eq. (4.82) for @,(x) to deduce that, in general, the wron-

skian of P,(x) and Q,(x) is given by

B
WP, Q,)x)=—= n=0,1,2,...
1—-x

. Show that @, (x) satisfies the relations (n=1,2,3,...)

(@) Qnii(x)—2xQ,(x)+Q,_1(x) —Q,(x)=0
(b) Quiilx)—2Q,(x)—(n+1)Q,(x)=0

() x@Q.(x)—Qn_1(x)—nQ,(x)=0

(d) Qrnii(x)—Qr1(x)=(2n +1)Q,(x)

(&) (1-x2)Q.(x)=nlQ,_1(x) —xQ,(x)]

Show that
(@) Qo(—x)=—Qx)
b) Q.(—x)=(-1)""'Q,(x),n=1,2,3,...

Show that (forn=1,2,3,...)
n{@,(x)P,_,(x) ~ @,_,(x)P,(x)]
=(n-DI[Q,-1(x)P,_5(x) — Q,_2(x)P,_;(x)]
From the resuit of problem 9, deduce that (n=1,2,3,...)

Q.(x)P,_1(x) —Q, 1 (x)P,(x) = —%

Deduce the result of problem 10 by using the wronskian relation
in problem 6 and appropriate recurrence relations.

Show that @, (x) satisfies the Christoffel-Darboux formula

2 n+1l

Z (2k + l)Qk(t)Qk(x) = ¢ x [Qn+1(t)Qn(x) - Qn(t)Qn+1(x)]
k=0 -

Use the result of Eq. (4.90) to deduce the Neumann formula

_1[ RO
Qn(x)—2£1x_tdt le|>1

For x > 1, use the Neumann formula in problem 13 to show that

: 1 1 (1_t2)n
Q”(x)—zn-!-l . (x_t)n+1dt

* Recall that the wronskian is defined by W(y,, y,) =y,55 — ¥12-
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15. Using the result of problem 14, deduce that (x >1)
* de
(@) @u(x)= Io [x + (x2 —1)*2 cosh 0]

eﬂ(x + 1)1/2 _ (x _ 1)1/2
eﬂ(x + 1)1/2 + (x _ 1)1/2

2" S (n+R)n+2k)N 1
®) Qulx) A G2k D 2 F T

16. Solve Legendre’s equation
(1-22)y"—2cy' +n(n+1)y=0

by assuming a power series solution of the form y =, _oc,.x™.
(a) Show that the general solution is

y =Ayi(x) + By,(x)
where A and B are any constants and
n(n + 1)x2+ (n-2)n(n+1)(n +3)x4— o

Hint: Sett=

N =1-— 41
and
yz(x)=x—(n_1)(n+2)x3
3!
+(n—3)(n—1;('n+2)(n+4)x5_“_
(6) For n =0 show that
Py(x) =§ if’l‘ ; Qo(x) =3 (1)ya(x)
(¢) Forn =1, show that
Pi(x) =§zg; Q.(x) = —y2(1y,(x)

4.7 Associated Legendre Functions

In applications involving either the Laplace or the Helmholtz equa-
tion in spherical, oblate spheroidal, or prolate spheroidal coordinates,
it is not Legendre’s equation (4.44) that ordinarily arises but rather
the associated Legendre equation

2
(l—xz)y"—ny’+[n(n+1)—-1m 2]y=0 (4.92)
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Observe that for m =0, (4.92) reduces to Legendre’s equation (4.44).
The DE (4.92) and its solutions, called associated Legendre functions,
can be developed directly from Legendre’s equation and its solutions.
To show this, we will need the Leibniz formula for the mth derivative
of a product

dm m dm—k dk
(=3 ('Z) ExT-l’:Exé m=1,2,3,... (4.93)
=0

If z is a solution of Legendre’s equation, that is, if
(1-xz"-22'+n(n+1)z2=0 (4.94)
we wish to show that

a2

____1_2m/2
y=(1-x% e

(4.95)

is then a solution of (4.92). By taking m derivatives of (4.94), we get

dm 2y " ii_’_n_ i'iz___
dxm[(l —x*)2"] 2dxm(xz)+n(n+1) 0

which, by applying the Leibniz formula (4.93), becomes

dm+22 dm+1 dm
(l—xz)dx’"”—zmxdx’"*l m(m — I)F
dm+1 dm m
-2<xEmTzl+ dx;’zl>-l-n(n-l‘1)E 0

Collecting like terms gives us
2 du
1-x ) —2(m +1)xa+[n(n+1)—m(m+1)]u=0 (4.96)

where for notational convenience we have set u = d™z/dx™. Next, by
introducing the new variable y = (1 — x%)™2u, or equivalently,

—-m/2

u=y(1-x2%
we find that (4.96) takes the form

1- xz) [y(l —x?%)Tm2] - 2(m+1)x£x—[y(1-x2)""’2]

+n(r+1)-mim+D]yQ-x*)""2=0 (4.97)
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Carrying out the indicated derivatives in (4.97) leads to

% [y(1—x2)""2]=5'(1 —x2) "2 + may(1 — x2)"1-m2

- (y’ + 2)(1 —x?) (4.98)

and similarly

2

gxz [y(1-x*)""]

[ , m(2xy +y) m(m+2)x%

— a0 ](1—x2)-m’2 (4.99)

Finally, the substitution of (4.98) and (4.99) into (4.97) and
cancellation of the common factor (1 —x%)"™?2 then yield

o[ . m2ey’ +y) m(m+2)’y
1 x)[y T (1-x2) ]
—2(m+1)x(y’+1n_z_xil2)+ [nn+D)-mm+1Dly=0

which reduces to (4.92) upon algebraic simplification.
We define the associated Legendre functions of the first and
second kinds, respectively, by (m=0,1,2,...,n)

Pr(x)=(1~—x*m"? d%Pn(x) (4.100)
and Qrx)=Q1 —xz)'"”%,;Qn(x) (4.101)

Since P,(x) and @, (x) are solutions of Legendre’s equation, it follows
from (4.95) that P;'(x) and @7(x) are solutions of the associated
Legendre equation (4.92).

The associated Legendre functions have many properties in com-
mon with the simpler Legendre polynomials P,(x) and Legendre
functions of the second kind @,(x). Many of these properties can be
developed directly from the corresponding relation involving either
P, (x) or @,(x) by taking derivatives and applying the definitions
(4.100) and (4.101).



Legendre Polynomials and Related Functions 189

4.7.1 Basic properties of P;(x)
Using the Rodrigues formula (4.47), we can write (4.100) in the form

n+

d
G (1= G211 (4.102)

Pl x)=

Here we make the interesting observation that the right-hand side of
(4.102) is well defined for all values of m such that n + m =0, i.e., for
m = —n, whereas (4.100) is valid only for m = 0. Thus, (4.102) may
be used to extend the definition of P;’(x) to include all integer values
of m such that —n=m =n. [If m >n, then necessarily Py'(x)=0,
which we leave to the reader to prove.] Moreover, using the Leibniz
formula (4.93) once again, it can be shown that (see problem 5 in
Exercises 4.7)
(n—m)!

P;'"(x)=(—1)mmPn (x) (4.103)

Last, we note that for m = 0 we get the special case
PY(x)=P,(x) (4.104)

The associated Legendre functions P}'(x) satisfy many recurrence
relations, several of which are generalizations of the recurrence
formulas for P,(x). But because P,'(x) has two indices instead of just
one, there exist a wider variety of possible relations than for P, (x).

To derive the three-term recurrence formula for P7(x), we start
with the known relation [see Eq. (4.31)]

(n+ 1P, 1(x)—(2n +1)xP,(x) +nP,_;(x)=0 (4.105)

and differentiate it m times to obtain

m

(n+1)d P,.(x)- (2n+1)xd —P,(x)

m—1 m

P.(x)+n dm P,_,(x)=0 (4.106)

~m(2n+1)dxm T dx

Now recalling [Eq. (4.40)]

@2n+ 1P, (x)=P, (x)—P,_,(x)

we find that taking m — 1 derivatives leads to

m—1 m m

d d d
m2n+1) =P, (x)= dme,,H(x)—md—x;Pn_l(x) (4.107)

dxml
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and using this result, (4.106) becomes

m

d dm
(n—m+ 1)d7n-Pn+1(x) - (2n + l)xng"P"(x)
+(n+m)£P x)=0
dxm n-1\X) =
Finally, multiplication of this last result by (1 —x%)™? yields the
desired recurrence formula

(n—-—m+1)P? (x)—2n+1)xP(x)+(n + m)P7_(x)=0 (4.108)

Additional recurrence relations, which are left to the exercises for
verification, include the following:

_ w2Z12Dm — 1 m+1 _ pm+1
1-x% Pn(x)—2n+1[Pn+1(x) Prii(x)] (4.109)

(1 -x2)"?P7(x) = [((n+m)(n+m—1)Pr(x)

2n+1
—(n-m+1)n-m+2)P7 x)] (4.110)
Pt (x) =2ma(1 —x%) VP2 (x)

—[n(n+1)—m(m -1IP? x) (4.111)

By constructing a proof exactly analogous to the proof of or-
thogonality of the Legendre polynomials, it can be shown that

1
f Pr)Pr(x)dx =0  k#n (4112)
-1
Also the evaluation of
1 2(n + m)!
m 2 —
f—l [Pr@)) de = 2n+1)(n-—m)! (4.113)

follows exactly our derivation of (4.66) given in Sec. 4.4.1. The details
of proving (4.112) and (4.113) are left for the exercises.

As a final comment we mention that although it is essentially only
a mathematical curiosity, there is another orthogonality relation for
the associated Legendre functions given by

0 E#+m

1
[ Proptoa-di=] memt - @ine
- m(n —m)!
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Exercises 4.7

1.

Directly from Eq. (4.100), show that

(@) Pi(x)=(1-x*)"? (d) Pix)=2(5x*-1)(1 —x*)"?
(b) Pix)=3x(1-x*" (e) P3(x)=15x(1—x?)

() P3x)=3(1-x%

. Show that

(@) Pp(—x)=(-1)""P}(x)
(b) PR (£1)=0,m>0

. Show that (forn=0,1,2,...)
(-1 2n +1)!
(a) P3,(0)=0 () P%n+1(0)=W
Show that

(a) P2(0)=0,n+modd
(n+m)!

2" [(n —m) /21 [(n + m)/2]

Applying the Leibniz formula (4.93) to the product (x + 1)"(x —

1)" and using (4.102), verify that
(n—m)!
(n+m)!

Derive the generating function relation

(2m)N(1 — x%)y™2 5 .
2"ml(1 — 2xt + t2)m+1/2 - ngopn+m(x )7

(b) PT(O) = (_1)(n—m)/2

;» 1t +m even

P.mx)=(-1)" Pr(x)

In problems 7 to 11, derive the given recurrence formula.

7. 1 =xHP™ (x) = (n + m)P7_,(x) — nxP™(x)
8. 1-xHP™(x)=(n+1)xP?(x)— (n —m + 1)P7,,(x)

1
_ 2\12pm —_— m+1 _ pm+1
9. (1 —x3"2P™(x) 2n+1[Pn+1 (x) - Py (x)]

10. (1 -x®)"2Pr(x) =

1 m—1
P —— [((n+m)n+m—-1)PrHx)

—(n—m+1)(n—m+2)P7x)]

11. P (x) =2mx(1 —x2)"V2P™(x) — [n(n + 1) —m(m — 1) I1P™ (x)
12. Prove the orthogonality relation

1
f P x)PP(x)dx =0 k+#n
-1
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13. Prove the orthogonality relation
fllpr'f(x)Pﬁ(x)(l—x2)_1dx=0 kE#+m
14. (a) By defining
A, =fll [Pr(x)]?dx n=0,1,2,...

show that

_(2n-1D(n+m)
" 2n+1)(n—-m)

An—l n=2,3,4,...

(b) Evaluate A, and A, directly and use (a) to deduce that
2(n +m)!

et Domy  TOL2.
15. Show that
' !
| reora-wa _(ntmt
- m(n —m)!

4.8 Applications

It was during the nineteenth century that problems of heat conduc-
tion and electromagnetic theory were first formulated in terms of
partial DEs, the solutions of which often led to one or more special
functions. Since that time the study of special functions has been
closely linked with the study of DEs. It turns out that the geometry of
the problem, rather than the DE itself, has the greatest influence on
which special function will arise in the solution process. For example,
Legendre polynomials and the associated Legendre functions are
prominent in applications featuring spherical geometry, such as
finding the electric potential inside a spherical shell or the steady-
state temperature inside a homogeneous solid sphere. On the other
hand, Bessel functions (see Chaps. 6 to 8) are common in the solution
of problems featuring circular or cylindrical domains, and Hermite
polynomials (Chap. 5) arise in parabolic cylindrical domains.

The most important partial DE (or PDE) in mathematical physics
is Laplace’s equation, also known as the potential equation. Its
general form is given by

Viu=0 (4.115)
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where the laplacian V?u in rectangular coordinates is defined by

. Ou du Fu
Vu 8x2+ 8y2+ 52 (4.116)
Laplace’s equation arises in steady-state heat conduction problems
involving homogeneous solids. This same equation is satisfied by the
gravitational potential in free space, the electrostatic potential in a
uniform dielectric, the magnetic potential in free space, and the
velocity potential of inviscid, irrotational flows.

4.8.1 Electric potential due to a sphere

Problems involving spherical domains are usually formulated in
spherical coordinates (r, 0, ¢), as shown in Fig. 4.6. Recall that the
relation between a point (x, y, z) in rectangular coordinates and that
in spherical coordinates is

x=rcosf@sing y=rsinfsin¢g z=rcos¢

Suppose that on the surface of a hollow sphere of unit radius a
fixed distribution of electric potential is maintained in such a way
that it is independent of the polar azimuthal angle 6, shown in Fig.
4.6. In the absence of any further charges within the sphere, we wish
to find the potential distribution within the sphere. Laplace’s equa-
tion (4.115) is the governing equation for this problem which,
formulated in spherical coordinates independent of 6, becomes (see
problems 11 and 12 in Exercises 4.8)

If the electric potential on the spherical shell is described by f(¢),
then we impose the boundary condition

u(l, ¢)=f(¢) 0<o¢p<nm (4.118)

>y

[ SRS

Figure 4.6 Spherical coordinates.



194 Chapter Four

The solution of (4.117) subject to the boundary condition (4.118) is
known as a Dirichlet problem, or boundary-value problem of
the first kind.

To solve (4.117), we start with the assumption that the solution
can be expressed in the product form

u(r, @) =R(r)®(¢) (4.119)

(this is called the method of separation of variables). The direct
substitution of (4.119) into Laplace’s equation (4.117) leads to*

£ PR (B(p)] + 1¢d¢ [sin ¢ R(r)®'(¢)] =0
which, by rearranging and dividing by the product R(r)®(¢),
becomes

d_,., 1
GrEOL o 2 (sin ¢ (9]

R @(9)

We now make the observation that the left-hand side of (4.120)
involves only functions of r and the right-hand side only functions of
¢. Thus we have “separated the variables.” Because r and ¢ are
independent variables, it follows that the only way (4.120) can be
valid is if both sides are constant. Equating each side of (4.120) to
the constant A and simplifying, we obtain two ordinary DEs:

(4.120)

rzR"(r)-i-er’(r)“A‘R(r):O o0<r<i1 (4121)

and 1¢d¢ [sin ¢ ®'(P)] +AD(p)=0 O0<¢p<m (4.122)

Our problem has now been reduced to solving (4.121) and (4.122).

By setting x = cos ¢ in (4.122), we get the more recognizable form
(see problem 14 in Exercises 4.2)

%[(l—xz)%]+/ld)=0 -1<x<1 (4.123)

Physical considerations demand that the potential u everywhere on
and inside the sphere remain bounded. The only bounded solutions of

* All partial derivatives become ordinary derivatives under the assumption
(4.119), and thus we can resort to the prime notation for derivatives when
convenient.
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(4.123) occur when A assumes one of the values (called eigenvalues)
A,=n(n+1) n=0,1,2,... (4.124)

and in this case we recognize (4.123) as Legendre’s equation. Hence,
the bounded solutions are given by the Legendre polynomials*

®,(¢p)=P,(x)=P,(cos ¢) n=0,1,2,... (4.125)

With the separation constant A defined by (4.124), Eq. (4.121)
becomes

r’R"(r)+2rR'(r)—n(n + DR(r)=0 (4.126)

This DE is a Cauchy-Euler equation with general solution (see
problems 4 and 5 in Exercises 4.8)

R,(r)=a,r"+b,r Y  n=0,1,2,... (4.127)

where a, and b,, denote arbitrary constants. To avoid infinite values
of R,(r) at r =0, we must select b, = 0 for all n. Therefore,

R,(r)=a,r" n=0,1,2,... (4.128)

and by forming the product of (4.125) and (4.128) we generate the
family of solutions

u,(r, ¢)=a,r"P,(cos ¢) n=0,1,2,...
Finally, summing over all possible values of n (superposition
principlet), we get
u(r, )= 2 a,r"P,(cos ¢) (4.129)
n=0

Equation (4.129) represents a bounded solution of Laplace’s equa-
tion (4.117) for any choice of the constants a,. To satisfy the
boundary condition (4.118), however, we must select constants a,
such that

u(l,p)=f(¢)= Y a,P.cosp) O0<¢<m  (4.130)
n=0

* Recall that the Legendre functions @, (x) are not bounded at x = +1, that is,
for ¢ =0 or ¢ = (see Sec. 4.6).

t The superposition principle states that if u,, u,,..., u,,..., are all solutions
of a homogeneous linear PDE, then u = }, u, is also a solution.
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This last expression is recognized as a Legendre series for f(¢), and
therefore the Fourier coefficients of (4.130) are given by (see problem
42 in Exercises 4.4)

a,=((n+%) Iﬂf(gb)Pn(cos ¢)sinpdy¢ n=0,1,2,... (4.131)
0

Example 4: Find the electric potential inside a unit sphere when the
boundary potential is prescribed by

u(l, ) =f(¢)=

Solution: The solution is given by Eq. (4.129), where the constants
are determined from (4.131), which yields

a, = (n +~;~)U0[ mPn(cos ¢)sinpdo — J'J;P,,(cos ¢) sin ¢d¢]

0 T
=(n+%)U0[L1Pn(x)alx—flP,,(x)dx]

The last step follows from the change of variables x = cos ¢. Owing to
the even—odd character of the Legendre polynomials, we see that the
replacement of x by —x in the last integral leads to the conclusion

a,=0 n=0,24,...
1
and an=(2n+1)UOI P,(x)dx n=1,3,5,...
0

Recalling Example 2 in Sec. 4.4.3, the evaluation of this integral
yields (setting n =2k +1)

(—=1)*(2k)!1(4k + 3)
22 +1p1(k + 1)1

k=0,1,2,...

a1 =Up

Hence the solution we seek becomes

= (—1)%(2k)!(4k + 3)

ulr, $)=Uo ,20 9F L1 + 1)

r?* 1Py +1(cos ®)
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For problems involving electric potentials it is also natural to
inquire about the potential outside the sphere (r >1). To determine
the potential in this region, we must again solve Laplace’s equation
(4.117) subject to the boundary condition (4.118). In this case,
however, our boundedness condition is not prescribed at r = 0 (which
is outside the region of interest), but for r — «. Hence, this time we
seta,=0(n=0,1,2,...) in Eq. (4.127) and obtain

R, (r)= b, n=0,1,2,... (4.132)

rn+1

Combining (4.125) and (4.132) by the superposition principle leads
to

Y

b
u(r, o) =, rnjlp,,(cos ®) (4.133)

n=0

The determination of the constants b, from the boundary condition
(4.118) leads to the same integral as before [see (4.131)].

4.8.2 Steady-state temperatures in a
sphere

Let us now consider the case where the temperature distribution on
the surface of a homogeneous solid sphere of unit radius is main-
tained at a fixed distribution independent of time. Assuming the
sphere is void of any heat sources, we wish to determine the
(steady-state) temperature distribution everywhere within the
sphere. The general form of Laplace’s equation in spherical coor-
dinates is given by (see problem 12 in Exercises 4.8)

3 28u) 1 9 ( Su) 1 &%
22 —= V=2 _0 (4134
or (r or/ sin ¢ 3¢ Sm¢8¢ sin® ¢ 562 0 (4134)

and the temperature on the surface of the sphere is prescribed by the
boundary condition

u(l,0,)=F(0,¢) -n<O8<m O0<¢<nu (4135)

To solve (4.134) by the separation-of-variables method, we initially
assume the product form

u(r, 8, ¢) =P(r, $)O(6) (4.136)

The substitution of (4.136) into (4.134) and subsequent division by
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the product P(r, ¢)O(6) lead to*

sin® ¢ — 9 (r 213) + sin ¢ (sm o— op ) .
ol o > %% o¢ % (4.137)

In (4.137) we have separated the variables r and ¢ from 6, and thus
by equating both sides to the constant A, we obtain

@ +10=0 -—m<0<n (4.138)
E 28_P) 1 3 ( aP) Ao
and or (r or) “sngap "¢ snfgl 0 4139

To preserve the single-valuedness of the temperature distribution
u(r, 6, ¢), we must require that ©(0) be a periodic function with
period 27. Hence, we impose the periodic boundary conditions

O(—m)=0(x) O'(-m)=0'(r) (4.140)

The solution of (4.138) satisfying the periodic conditions (4.140)
demands that A be restricted to the values

/1,,,=m2 m=0,12,... (4.141)
and thus we obtain the solutions

m=0
a,, cosm6 +b,, sinm@ m=123,...

©,.(0) = { (4.142)

Equation (4.139) is still a PDE, and so we apply the separation-of-
variables method once more in the hopes of reducing (4.139) to a
system of ordinary DEs. Writing A = m? and setting

P(r, ) =R(r)®(¢) (4.143)
we find that
d , 1
o ¢d¢(sm"’q’)+ m?
R o sinqu_u

* For notational convenience, we will no longer display the arguments of the
functions involved in the separation of variables.
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and consequently,

r’R"+2rR' ~uR =0 0<r<l1 (4.144)
and 2
i(sin¢<1>')+( _m )<1>=0 0<p<m (4145)
sin ¢ d¢ # sin” ¢ '

where u is the new separation constant.
The change of variable x = cos ¢ in (4.145) puts it in the form

AP z‘ﬁ_’] (-_’_”_2_> - _
dx[(l x)dx +lu g ®=0 I1<x<1 (4.146)

The temperature distribution throughout the sphere must remain
bounded, and this condition requires that u be restricted to the set of
values

U, =n(n+1) n=0,12,... (4.147)

However, for these values of u we see that (4.146) is the associated
Legendre equation (Sec. 4.7), and its bounded solutions are the
associated Legendre functions defined by

D,..(¢)=P7(x)=P;(cos ¢) mn=0,1,2,... (4.148)
For u =n(n + 1), the bounded solutions of (4.144) are of the form
R,(r)=c,r"

and thus we see that u,,,(r, 6, ¢) =R, (r)0,(6)d,,,(¢) gives us the
family of solutions
Unn (T, 6, @)
_ {AO,,r"P,,(cos o) m=0
(A,,, cosm6 + B, sinmO)r"P;(cos ¢) m=1213,...
(4.149)
where Ay, =aqc,, A,n = QpC,, and B, = b,,c,. Finally, summing over

all such solutions by invoking the superposition principle, we arrive
at

u(r, 8, ¢)= i Aq,r"P, (cos ¢)
n=0

+ > 2 (4,,,cosmO +B,,, sinm6)r"P>(cos ¢) (4.150)

m=1n=0
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The constants A,,,, 4,.,, and B,,, have to be selected in such a way
that the boundary condition (4.135) is satisfied, which leads to

f(8,9)= > Ag,P,(cos ¢)
n=0

+ 2 > (A, cosm8 + B, sinmO)P(cos ¢p) (4.151)

m=1n=0

This last relation is what is known as a generalized Fourier series in
two variables. Although the theory associated with such series follows
in a natural way from the theory of one variable, it goes beyond the
intended scope of this text. As a final observation here, we note that
for the special case where the prescribed temperatures are in-
dependent of the angle 6, the temperatures inside the sphere will
also be independent of 6. This condition necessitates that we allow
only m =0 in the solution (4.150), and in this case our solution
(4.150) reduces to the result (4.129).

Exercises 4.8

1. Find the electric potential in the interior of the unit sphere,
assuming the potential on the surface is
(@) f(¢)=1 (¢) f(¢)=cos®¢
(b) f(¢)=cos¢ (d) f(¢)=cos2¢

2. Find the electric potential in the exterior of the unit sphere,
assuming the potential on the surface is prescribed as given in
problem 1.

3. The base ¢ =,m, r <1, of a solid hemisphere r <1, 0 =< ¢ <,
is kept at temperature u =0, while u =T, on the hemisphere
surface r =1, 0< ¢ <'/om. Show that the steady-state tempera-
ture distribution is given by

e gae(4n+ 3\ (2n)!
u(r,¢)—T0n§::0( D (2n+2) 2°"(n!)?
4. The DE

2" Py, +1(cos ¢)

ax®" +bxy' +cy=0
where a, b, and ¢ are constants, is called a Cauchy-Euler
equation.
(a) Show that the change of variable x = ¢’ leads to
d

xy'=Dy x*"=D(D —1)y D=a
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11.
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(b) Using the result of part (a), show that the Cauchy-Euler
equation can be transformed to the constant-coefficient DE

[aD®>+ (b—a)D +cly=0

. Use the result of problem 4 to verify that (4.127) is the general

solution of the Cauchy-Euler equation
r’R"+2rR' —n(n+1)R=0

. Solve the electric-potential problem in Sec. 4.8.1 for a sphere of

radius c.

. If the potential on the surface of a sphere of unit radius is that in

Example 4, show that at points far from the sphere surface the
potential is (approximately) given by

u(r,¢)=3—q29cos¢ r>1
2r

For a long time, the temperature u(r, ¢) on the surface of a
sphere of radius ¢ has been maintained at u(c, ¢)=TH(1 -
cos® ¢), where 7T, is a constant and ¢ is the cone angle in
spherical coordinates. Find the temperature inside the sphere.

A spherical shell has an inner radius of 1 unit and an outer
radius of 2 units. The prescribed temperatures on the inner and
outer surfaces are given, respectively, by

u(l, ¢)=30+10cos ¢ u(2, ¢)=50—-20cos ¢

Determine the steady-state temperature everywhere within the
spherical shell

The temperature on the surface of a solid homogeneous sphere of
unit radius is prescribed by

T 0<¢p<a

u(1’¢)={0 v<op<m

Show that the steady-state temperature distribution throughout
the sphere is described by

u(r, @)= 1/2To{1 —cos o — i [P, ..(cos a)

n=1

-P,_,(cos «)]r"P,(cos ¢)}

Show that the laplacian V?u in spherical coordinates defined by

x=rcosfsingg y=rsinfsing z=rcos¢
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is given by

Pu 20u 13% cot¢du 1 %
=gt tao et St a e e

or® ror r°d¢ r° 3¢ r°sin”“¢ a0
12. Show that the laplacian in problem 11 can also be expressed as

& *1[£<r2§y~)+ L —a—<sin¢§2)+————l a_zu_]
““r2lar\" o) Tsingag 3¢/ " sin® ¢ 36°

Vau




Chapter

Other Orthogonal
Polynomials

5.1 Introduction

A set of functions {¢,(x)},n=0,1,2,..., is said to be orthogonal on
the interval a <x < b, with respect to a weight function r(x) >0, if*

b
f rix)¢,(x)pp(x)dx=0 k#n

Sets of orthogonal functions play an extremely important role in
analysis, primarily because functions belonging to a very general
class can be represented by series of orthogonal functions, called
generalized Fourier series.

A special class of orthogonal functions consists of the sets of
orthogonal polynomials {p,(x)}, where n denotes the degree of the
polynomial p,, (x). The Legendre polynomials discussed in Chap. 4 are
probably the simplest set of polynomials belonging to this class.
Other polynomial sets which commonly occur in applications are the
Hermite, Laguerre, and Chebyshev polynomials. More general poly-
nomial sets are defined by the Gegenbauer and Jacobi polynomials,
which include the others as special cases.

The study of general polynomial sets like the Jacobi polynomials
facilitates the study of each polynomial set by focusing on those
properties that are characteristic of all the individual sets. For
example, the sets {p,(x)} that we will study all satisfy a second-

* In some cases the interval of orthogonality may be of infinite extent.

203
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order linear DE and Rodrigues’ formula, and the related set
{(d™/dx™)p,(x)} (for example, the associated Legendre functions) is
also orthogonal. Moreover, it can be shown that any orthogonal
polynomial set satisfying these three conditions is necessarily a
member of the Jacobi polynomial set, or a limiting case such as the
Hermite and Laguerre polynomials.

5.2 Hermite Polynomials

The Hermite polynomials play an important role in problems involv-
ing Laplace’s equation in parabolic coordinates, in various problems
in quantum mechanics, and in probability theory.

We define the Hermite polynomials H,(x) by means of the
generating function*®

exp(zxt—t‘/l)=}‘,Hn(x)m lt) <o, |x|<w (5.1)
=0 .

By writing
exp (2t —t2) =% .7

(5,56

ko k!
3 © [n/2 1)k(2x)n —2k
-2 go Rln 2k © (5.2)

where the last step follows from the index change m =n — 2k [see Eq.
(1.17) in Sec. 1.2.3], we identify
[n/2] ( - 1)kn'

—_ : n—2k
Ho (=)= 2 ooy (2%) (5.3)

Examination of the series (5.3) reveals that H,(x) is a polynomial
of degree n and, further, is an even function of x for even n and an
odd function of x for odd n. Thus, it follows that

H,(—x)=(-1)"H,(x) (5.4)

The first few Hermite polynomials are listed in Table 5.1 for easy
reference.

*There is another definition of the Hermite polynomials that uses the
generating function exp (xt — Y/,¢%). This definition occurs most often in statistical
applications.
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TABLE 5.1 Hermite Polynomials

Hyx)=1

H (x)=2x

Hyx)=4>-2
Hy(x)=8c*—12¢
H,(x)=16x*~48x% + 12
Hy(x) = 32c° ~ 160x® + 120x

In addition to the series (5.3), the Hermite polynomials can be
defined by the Rodrigues formula (see problem 3 in Exercises 5.2)

Hn(x)=(—1)"e"2(—g—n(e"‘2) n=0,1,2,... (5.5)

and the integral representation (see problem 5 in Exercises 5.2)

(_i )nznex“’ %

Hn(x)=——\/—1—r— e Y g n=0,1,2,... (5.6)

—o0

The Hermite polynomials have many. properties in common with
the Legendre polynomials, and in fact, there are many relations
connecting the two polynomial sets. For example, two of the simplest
relations are given by (n=0,1,2,...)

i/?r f e t"H,(xt)dt =P, (x) (5.7)
0

n!
and gn+1g5" f e“zt"‘“lP,,G) dt =H,(x) (5.8)

the verifications of which are left for the exercises.

Example 1: Use the generating function to derive the relation

. [n/21 n!Hn—Zk(x)

= A TRn—2ky "TOLZ

x
Solution: From (5.1) we have

oo k
exp (2t — %)= S Hy(x) -~
PRty

o tk
or e =e¢"Y H,(x)—
k=0 k!
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Expressing both exponentials in power series leads to
k

2 (x)—

_ [n/2] Hn«zk(x)t"
n=0 k=0 k!(n —2k)!

where we have interchanged m and % and set m =n — 2k. Finally, by
comparing the coefficients of ¢” in the two series, we deduce that

' _nlH, g (x)
2 2"k N(n — 2k)!

5.2.1 Recurrence formulas
By substituting the series for w(x, t) = exp (2xt — ¢t?) into the identity

Sw
—87—2(3\2 —tHw=0 (5.9)

we obtain (after some manipulation)

n

i (H, .. () — 2H, (x) + 2nH, _ 1(x)] -+ Hy(x) — 26Hy(x) = 0
) (5.10)

But H,(x)—-2xH,(x)=0, and thus we deduce the recurrence
formula

H,, (x)—2xH,(x)+ 2nH, _;(x)=0 (5.11)

forn=1,23,....
Another recurrence relation satisfied by the Hermite polynomials
follows the substitution of the series for w(x, ¢) into

3
gx‘w‘ %tw =0 (5.12)

This time we find

n

S ¢
> [H,(x)~2nH, ;(x)] ==
n=1 n

which leads to
H,(x)=2nH,_,(x) n=123,... (5.13)
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The elimination of H,,_,(x) from (5.11) and (5.13) yields
H, ,x)-2xH,(x)+H,(x)=0 (5.14)

and by differentiating this expression and using (5.13) once again, we
find

H,(x)—2xH,(x) +2nH,(x) =0 (5.15)

forn=0,1,2,.... Therefore we see that y =H,,(x) (n=0,1,2,...) is
a solution of the linear second-order DE

y'—2xy'+2ny =0 (5.16)

called Hermite’s equation.

5.2.2 Hermite series

The orthogonality property of the Hermite polynomials is given
by*

r e"H. (OH,(x)dx =0  k#n (5.17)

We could construct a proof of (5.17) analogous to that given in Sec.
4.4.1 for the Legendre polynomials, but for the Hermite polynomials
an interesting alternative proof exists.

Let us start with the generating-function relations

Py t—,Hn(x) =~ (5.180)

2 Hk(x) =25 (5.18b)
and multiply these two series to obtain

2 2 —@H (x)Hy(x) =exp [—(t2+5%) + 2¢(¢ +5)] (5.19)
Next, we multiply both sides of (5.19) by the weight function e ** and
integrate (assuming that termwise integration is permitted), to find

> o> == J e *'H,(x)H,(x) dx =e‘(’2+32)j e Hr ) gy

n=0 k:on!k! — e

e e2ts

*The function e™* in (5.17) is called a weight function. In the case of the
Legendre polynomials, the weight function is unity.
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where we have made the observation (see Example 2 below)

J. e—x2+2bx dx = \/E.ebz (520)

2ts

Finally, expanding e“” in a power series, we have

i >t
> EIEL =} (x)H, (x) dx = \FnZ

2ntn n

(5.21)
and by comparing like coefficients of ¢"s*, we deduce that
f e ™ H,x)H,(x)dx=0 k#n

As a bonus, we find that when k2 =n in (5.21), we get the additional
important result (forn=0,1,2,...)

j " e H, ()P dx = 2'n V7 (5.22)

Based on relations (5.17) and (5.22), we can generate a theory
concerning the expansion of arbitrary polynomials, or functions in
general, in a series of Hermite polynomials. Specifically, if f is a
suitable function defined for all x, we look for expansions of the
general form

fx)= 2 c,Hy(x) —oo<x<w (5.23)
n=0
where the (Fourier) coefficients are given by*

1 e -
cn_m e f&x)H,(x)dx n=0,1,2,... (524)

Series of this type are called Hermite series. We have the following
theorem for them.

Theorem 5.1. If f is piecewise smooth in every finite interval and

f:o e 12 x) dx <o

*The constants ¢, can be formally derived through use of the orthogonality
property analogous to the technique used in Sec. 4.4.2.
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then the Hermite series (5.23) with constants defined by (5.24)
converges pointwise to f(x) at every continuity point of f. At points of
discontinuity, the series converges to the average value ,[f(x*) +

fx™)]

The proof of Theorem 5.1 closely follows that of Theorem 4.1 (see
N. N. Lebedev, Special Functions and Their Applications, Dover, New
York, 1972, pp. 71-73).

Example 2: Express f(x) =e?* in a Hermite series, and use this
result to deduce the value of the integral

f e—x2+2ben(x)dx

Solution: In this case we can obtain the series in an indirect way.
We simply set ¢ = b in the generating function (5.1) to obtain

exp (2bx — b%) = >, b—Hn(x)
n=0 n'

and hence we have our intended series

n

. oo b
2bx _ b __>-
e =¢e “~ !Hn(x)

The direct derivation of this result from (5.24) leads to

1 1o o]
n = V).

However, we have already shown that

e (Ydx  n=0,1,2,...

and thus it follows that

r e (n)de = Vi (26 n=0,1,2,...
In particular, for n = 0 we get the result of Eq. (5.20).
5.2.3 Simple harmonic oscillator

In wave mechanics, the basic equation for describing the (one-
dimensional) location of a particle attracted by an energy potential
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V(z) is Schrodinger’s (time-independent) equation

&y, gt
dz?  h?

[V(z)-EJy=0 (5.25)

where m is the mass of the particle, E is the total energy, and % is
Planck’s constant. The unknown quantity vy is called the wave
function, i.e., the amplitude of the wave whose intensity gives the
probability of finding the particle at any given point in space. A
fundamental problem in wave mechanics concerns the motion of a
particle bound in a potential well. It has been established that
bounded solutions of Schridinger’s equation for such problems are
obtainable only for certain discrete energy levels of the particle
within the well. A particular example of this important class of
problems is the linear oscillator (also called the simple harmonic
oscillator), the solutions of which lead to Hermite polynomials.

If the restoring force on a particle displaced a distance z from its
equilibrium position is —kz, where k& can be associated with the
spring constant of the classical oscillator, then its potential energy is
V(2) = Y/,k2® Substituting this expression into (5.25) and introduc-
ing the dimensionless parameters
m _4gk

" b VE ho

dmkm?\ V4 4nE
x=z< X ) “h

where w = Vk/m is the angular frequency of the classical oscillator,
we find that Eq. (5.25) becomes

where the primes denote differentiation with respect to x. In addition
to (5.26), the wave function vy must satisfy the boundary condition
lim ¢(x)=0 (5.27)
x>
In looking for bounded solutions of (5.26), we start with the
observation that A becomes negligible compared with x? for large

values of x. Thus, asymptotically we expect the solution of (5.26) to
behave like

Plx)~e™?  |g|>o

where only the negative sign in the exponent is appropriate in order
that (5.27) be satisfied. Based on this observation, we make the
assumption that (5.26) has solutions of the form

Y(x) =y(x)e =" (5.28)
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for suitable y. The substitution of (5.28) into (5.26) yields the DE
y' —2y'+(A-1)y=0 (5.29)

The boundary condition (5.27) suggests that whatever functional
form y assumes, it must either be finite for all x or approach infinity
at a rate slower than e 2 approaches zero. It has been shown* that
the only solutions of (5.29) satisfying this condition are those for
which A —1=2n, or

A=A,=2n+1 n=0,12,... (5.30)
called eigenvalues. In terms of E, we find
+ )k
g, =0rhhe o1 a (5.31)
2n

with E, = hw/(4x) being the lowest or minimum energy level. With A
so restricted, we see that (5.29) becomes

y'—2xy'+2ny=0

which is Hermite’s equation with solutions y =H,(x). (The other
solutions of Hermite’s equation are not appropriate in this problem.)
Hence, we conclude that to each eigenvalue 4, given by (5.30) there
corresponds the solution of (5.26) (called an eigenfunction or
eigenstate) given by

V. x)=H,(x)e*? n=0,1,2,... (5.32)

Exercises 5.2

1. Show that (forn=0,1,2,...)
2n)!
@ H0=0EE @) HL©=0
, _ . (2n +2)!
(b) H,,,,(0)=0 (d) Hj,+1(0)=(-1) i

2. Derive the generating-function relations
2n

(@) e cos2xt= 2 (—1)"H2n(x)—t~— ] <o

n=0 (2n)V
(b) etzsin2xt= i (—l)nHz .;.1(.'X)_‘2—nL |t|<00
ne0 " (2n +1)V

*See E. C. Kemble, The Fundamental Principles of Quantum Mechanics with
Elementary Applications, Dover, New York, 1958, p. 87.



212 Chapter Five

3. Derive the Rodrigues formula (forn=0,1,2,...)
H,(x) = (-1 2 (=)
"
4. Start with the integral formula

o0
42 2
] e Ut gt = \/re®
—00

(a) Show that differentiating both sides with respect to b leads
to

f ) te 2 gt =\ be®”

(b) Forn=1,2,3,..., show that
Va d”

” " ~t2+2bt PN S

L e =

5. Set b=ix in the result of problem 4b to deduce that (for
n=0,1,2,...)

(e®)

(_i)nznexz 0

H,,(x) — __\/_;t__ _me—-t2+2ixttn dt
6. Using the result of problem 5, show that (forn=0,1,2,...)
(_1)n22n+1

(a) H2n(x)=_"_\/—7’_’exzj' et cos 2xt dt
0

) Hyoal)= 2277 f " e~ gin 2xt dt
2n+1 \/—J; 0
7. Derive the Fourier transform relations.

(a) —\/%;f e—t2/2+ixtHn(t) dt = ine—x2/2Hn(x)
(b) \[J-%f e "2H,,(t) cos xt dt = (—1)"e *"2H,, (x)
0

2 (% _p . 3
(c) \/;L e t?H,, . ,(t) sinxtdt = (—=1)"e " "?H,, ,1(x)
In problems 8 to 11, verify the integral relation.

8. f weH,(x)de =0,k =0,1,...,n—1

9. f i x% ' [H,(x)12dx = Va2"n!(n +Y,)
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% !
10. f t"e“zH,,(xt)dt=\/—Z—'—l—'P,,(x)
0

11. f “2t"“P< )dt—2n+1e"‘2Hn(x)

12. Use the result of problem 5 to deduce that

_ (42 242 @ n
@) (1—t2)‘1’2exp2xyt l(ft;ry )t _ 2 H,()H.(y )(t/2)
_ $2y-1/2 _ 2(t/2)n
(&) (1-t? 1+t nZO[H()]

13. Use problem 12 to show that (n =0, 1,2, .. .)
j e ' [H (x)dx = 2"V I(n + Y,)

14. Derive the Hermite series relations.

o (2k)' Hy, (x)
(@) 2(2n)'(k n)!
(b) x2k+1=(2k + 1)! 2 H2n+1(x)

9%+ = (2n + DIk —-n)!
15. For m <n, prove that

d™ 2"n!
g ) =

In problems 16 to 19, derive the series relationship.

H,,(x)
2_9gn |2 ___L____
17 iH,,(x)Hku):Hn(x)Hnﬂ(y)—Hn+1(x>Hn<y>
& 2R 2"l (y —x)

H,_..(x)

1 n
18. H,(x +y) =g 2 > (")Hn_k(x\/E)Hk(y\/é)

H2k+p(x)
0 2°k\(k +p)(n —k)!
20. Show that the functions v, (x) = e *"2H, (x) satisfy the relations
(@) 2ny,_(x)=xy,(x) + yP,(x)
(b) zx'/’n(x) ~2ny, _1(x) =Y, ,1(x)
(€) Yn(x) =29, (x) = ¢r1(x)
21. Show that the functions v, (x) = e **2H, (x) satisfy

19. H,(x)H,,,(x) =2"n!(n +p)! 2

fxzw,.(x>]2dx=\/?r2nn!(n+l/z) n=012...
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22. By writing ,(x)=c,e *"?H,(x), show that the normalized
eigenfunctions, that is, [~ [y,(x)]1*dx =1, assume the form

V() = [Va2n!] e *"H,(x) n=0,1,2,...

23. Ladder operators, called creation and annihilation operators, are
defined by

Lol Ewlrd)
Ve e Ve T
For the normalized eigenfunctions defined in problem 22, show
that
(@) L_[yox)]1=0
(b) L+['lpn(x):I = Vn + 1 wn+1(x)1 n= 0, 1: 2) LRI
(¢) L_[y,@)]=Vny, ,(x),n=1,23,.

5.3 Laguerre Polynomials

The generating function

(1—t) exp(—1—> ZL(x)t" [t|<1, O=x<o (5.33)
n=0

leads to yet another important class of polynomials, called Laguerre
polynomials. By expressing the exponential function in a series, we
have

a-t)y exp(—-—) 2 k' (xt)"(l ¢) k1

= R s AW
g (xt) 2( " )( 1)y"™  (5.34)

m=0

but since [see Eq. (1.27) in Sec. 1.2.4]

M

) o k
t ) 2 VAR Am L o

_ x
1-t) exp(——l— 2 2 &1oml

where we have reversed the order of summation. Finally, the change
of index m =n — k leads to (5.33) where the Laguerre polynomials
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are defined by

i(l)k'x

L,(x)= A% — )1

(5.36)

In Table 5.2 we have listed the first few polynomials L, (x).
The Rodrigues formula for polynomials L, (x) is given by

x n

d
L (x)=-—;w(x"e”") n=0,1,2,... (6.37)

which can be verified by application of the Leibniz formula

4 n (n\ A
=2 (k> dx”"’:ﬁ n=1,23,... (538)
=0

5.3.1 Recurrence formulas

It is easily verified that the generating function

14
8 =(1—-p)"1 (_x_>
wix, t)=( ) T exp 1—:
satisfies the identity
o Ow
1-1¢t) —é-t—+(x-—1+t)w=0 (5.39)

By substituting the series (5.33) for w(x, t) into (5.39), we find upon
simplification that

> [(n+ 1L, 1(x)+(x —1—2n)L,(x) +nL,_,(x)}t" =0 (5.40)
n=1

TABLE 5.2 Laguerre Polynomials

L) =1
Lix)=-x+1
Lz(x)=%(x2-4x +9)
L3(x)=%(—x3+9x2—18x +6)

L(x) =%(x" — 1603 + 72¢% ~ 96x + 24)
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Hence, equating the coefficient of ¢ to zero, we obtain the
recurrence formula

(n+1)L, (x)+(x-1-2n)L,(x)+nL,_;(x)=0 (5.41)
forn=1,2,3,....
Similarly, substituting (5.33) into the identity

3
1-00¥ =0 (5.42)
ox

leads to the derivative relation
L,(x)—L,_y(x)+L,_,(x)=0 (5.43)

wheren=1,2,3,....
If we now differentiate (5.41), we obtain

(n+1L, . x)+(x—-1-2n)L,(x)+L,(x)+nL,_1(x)=0 (5.44)
and by writing (5.43) in the equivalent forms
L, . (x)=L.(x)—L,(x) (5.45a)
L, x)=L,(x)+L,_,(x) (5.45b)
we can eliminate L,,,,(x) and L,_,(x) from (5.44), which yields
xL,(x)=nL,(x)~nL,_(x) (5.46)

This last relation allows us to express the derivative of a Laguerre
polynomial in terms of Laguerre polynomials.

To obtain the governing DE for the Laguerre polynomials, we begin
by differentiating (5.46) and using (5.43) to get

XLy (x) + Ly (x) = nL,(x) — nL, ,(x)
=—nL,_,(x)
We can eliminate L,_,(x) by use of (5.46), which leads to
all(x)+ (A —x)L,(x)+nL,(x)=0 (5.47)

Hence we conclude that y =L,(x) (n=0,1,2,...) is a solution of
Laguerre’s equation

xy"+(1-x)y'+ny=0 (5.48)
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5.3.2 Laguerre series

Like the Legendre polynomials and Hermite polynomials, various
functions satisfying rather general conditions can be expanded in a
series of Laguerre polynomials. Fundamental to the theory of such
series is the orthogonality property

f oL (L) dc=0 k+#n (5.49)
0

Our proof of (5.49) will parallel that given for the Hermite
polynomials.
We begin by multiplying the two series

3 L@ =1 -0" exp (—Tx_%) (5.50a)
S L(x)s* = (1—5) exp (—ﬁ—) (5.500)
k=0 1-s
to obtain
.- o <7545
S S #75*L, (x)La(x) = 1-t 1-s (5.51)
n=0 k=0 (1-1)A-5s)

Next, multiplication of both sides of (5.51) by the weight function e ™
and subsequent integration lead to (see problem 29 in Exercises 5.3)

>N t"skf e L, (x)Ly(x)dx=(1—ts)™!
0

n=0 k=0
= > " (5.52)
n=0

By comparing the coefficient of ¢"s* on both sides of (5.52) we deduce
the result (5.49), while for 2 = n, we also see that (forn=0,1,2,...)

f e *[L,(x)Pdx =1 (5.53)
0

By a Laguerre series, we mean a series of the form

00

fxy=Y ¢,L,(x) 0<x<oo (5.54)

n=0
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where
¢, = f e FL,x)dx  n=0,1,2,... (5.55)
0

Without proof, we state the following theorem.

Theorem 5.2. If f is piecewise smooth in every finite interval x, <x <
xg, 0<x, <x5<, and

f:e"fz(x)dx<oo

then the Laguerre series (5.54) with constants defined by (5.55)
converges pointwise to f(x) at every continuity point of f. At points of
discontinuity, the series converges to the average value “,[f(x*) +

f(x7)1.

5.3.3 Associated Laguerre polynomials

In many applications, particularly in quantum mechanical problems,
we need a generalization of the Laguerre polynomials called the
associated Laguerre polynomials, i.e.,

Li:"’(x)=(—1)"‘zm[L,,+m(x)] m=0,1,2,... (5.56)

By repeated differentiation of the series representation (5.36), it
readily follows that (see problem 4 in Exercises 5.3)

no(=1)(n +m)k*
(m) _
Latx) kgo(n—k)!(m+k)!k!

=0,1,2,... (6.57)

A generating function for the Laguerre polynomials L{™(x) can be
derived from that for L, (x). We first replace n by n +m in (5.33) to
get

t o
(l—t)'lexp<—fx:—t)= S L. )

and then differentiate both sides m times with respect to x, that is,

o dm
(—1)"™(1 — )L™ exp (—1—’%) = 3 L@l
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The terms of the series for which n=-1, —2,..., —m are all zero,
since the mth derivative of a polynomial of degree less than m is zero,
and hence we deduce that

— #)"i-m T (m) n
(1-1t) exp( = t) ZL @t*  Jt<1  (5.58)

The associated Laguerre polynomials have many properties that
are simple generalizations of those for the Laguerre polynomials.
Among these are the recurrence relations*

(n + LT (x)

+(x-1-2n-m)L™(x) + (n + m)LI™(x) = (5.59)
xL{™ (x) —nLT(x) + (n + m)L{™; (x) = (5.60)
and the Rodrigues formula
1 dar
(m) _— -m 2 (,—X.n+m
L,V (x)= n'ex e (e™*x™*™) (5.61)

The polynomials L™ (x) also satisfy numerous relations where the
upper index does not remain constant. Two such relations are given

by
L (x)+ L V(x) - L™ (x)=0 (5.62)
and LI (x) = ~L™4V(x) (5.63)

The second-order DE satisfied by the polynomials L{™(x) is the
associated Laguerre’s equation

x"+m+1—x)y +ny=0 (5.64)

To show this, first we note that the polynomial z=1L, ., (x) is a
solution of Laguerre’s equation

x2"+(1-x)2"+(n+m)z=0 (5.65)

By differentiating (5.65) m times, using the Leibniz rule (5.38), we
obtain

dm+2z dm+1 m+1 dmz

xdxm+2+mdxm+l+(1—x)(zx‘m+nd—x;n‘=0

* Note that for m =0, (5.59) reduces to (5.41).
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or equivalently,

42 (dms d (dmz\  d"z
1o ()t 1-0 2 () +nm=0 666)

Comparing (5.64) and (5.66), we see that any function y=
C,(d™z/dx™) is a solution of (5.64) where C, is arbitrary. In
particular, y = L{™(x) is a solution.

Example 3: Prove the addition formula

LD (x+y)= 3 LP@LP(y)  a,b>-1
k=0

Solution: From the generating function (5.58), we have

exp [—(x +y)t/(1-1¢)]
(1 __t)a+b+2

i L§f+b+l)(x +y)tn =
n=0

_€xp [—xt/(1—1¢)] _exp [—yt/(1—18)]
(l_t)a+1 (l_t)b+1

L(a)(x)tk 2 L(b)(y)tm

m=0

I i
1 MS Trbﬂf‘

E (a)(x )Lﬁ,l:)(y Ytk
Next, making the change of index m =n —k leads to

S L+ (g 4 y)gn = > 2 LP(x)LY (3 )t™
n=0

n=0 k=0

and by comparing the coefficient of ¢ in each series, we get our
intended result.

Remark: The associated Laguerre polynomial L{*(x) can be
generalized to the case where m is not restricted to integer values by
writing

2 (-1)I'(n +a +1)x*

(a) — —
L) Eon—k)!r(k+a+1)k! a>-1

Most of the above relations are also valid for this more general
polynomial.
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5.3.4 The hydrogen atom

In Sec. 5.2.3 we solved the one-dimensional Schrodinger equation for
the linear oscillator problem, the solutions of which led to Hermite
polynomials. An important application involving the Laguerre poly-
nomials is to find the wave function associated with the electron in a
hydrogen atom. This problem involves the notion of central forces and
leads to the form of Schridinger’s equation given by

8um?®
hz

V2 + [V(r)-Ely=0 (5.67)
where u denotes the mass of the electron, £ is Planck’s constant, V(r)
is the potential energy of the electron, and E is its total energy. Here
we assume that V(r) =k/r, where & is a positive constant [recall Eq.
(4.2)]. In spherical coordinates, Eq. (5.67) takes the form (see
problem 12 in Exercises 4.8)

r% [—aa; <r2%> * sii ¢-8%> (sin ¢g—;l>}) + sin12 ¢g%]

8umn?

+h2

(I; - E>1p =0 (5.68)

To obtain bounded wave functions, we begin by looking for
solutions of (5.68) having the product form

Y(r, 6, ) =R(r)0(0)®(¢) (5.69)

By following the approach used in Sec. 4.8.2, it can be shown that
O(6) and ®(¢) satisfy the DEs, respectively (see problem 31 in
Exercises 5.3),

O +u0=0 -m<O<n (5.70)

and

1 d U

—— = (sin g @)+ (v =
sin ¢ d¢ (sin @ &) +{v sin® ¢
where ¢ and v are separation constants. For physical reasons, we
must require ©(0) to be a periodic function with period 2x. This
requirement leads to u=m? m=0,1,2,..., from which we deduce
that ©(0) is any multiple of*

O.(0)=e™" m=0,1,2,... (5.72)

)<I>=0 0<¢p<m (571)

* It is customary here to use ¢"° rather than cos m8 and sin m®.
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For u=m? it follows that Eq. (5.71) has bounded solutions only
when v=10(l+1),1=0,1,2,..., and in this case the solutions are
multiples of

D,,,(¢) =P7*(cos ¢) m,1=0,1,2,... (5.73)

where P*(cos ¢) is an associated Legendre function. The products of
these solutions, denoted by

Y76, ¢) =P (cos ¢)e™° (5.74)

are called spherical harmonics and are important in a variety of
applications beyond the hydrogen atom.

Based on the above results, the radial part R(r) of the wave
function then satisfies

1d/,dR\ 8un® (k ) l(l+1)
r2dr< dr)+ h® \r E)R k=0 (5.78)
By introducing the new parameters
32un’E
p=ar o?=- ‘;:2’ (E<0)
2
and o =r(%) 1=
o ah
Eq. (5.75) becomes
ld( dx) [A 1 l(l+1)]
— HE-c -5y =0 (5.76)
p*dp\P dp) Tlp 4T p2 T

the solution of which is given by (see problem 32 in Exercises 5.3 and
problem 22 in Exercises 10.4)

X(p) — e—p/2 lL(2l+1)(p) (5.77)

However, to satisfy the physical constraint

limR(r)=0 (5.78)

r-—»w

we must restrict A to integral values, that is, A=n, n=1,2,3,...,
where n >1[. Such a restriction on A has the effect of restricting the
energy to certain discrete values described by

2ukn®

E,=- nin?

n=123,...(n>1) (6.79)
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The corresponding wave functions are given by

YT, 6, ¢) =€ " 2(ar ) L&, (ar)PT(cos ¢)e™®  (5.80)

Exercises 5.3

1. Show that (forn=0,1,2,...)
(a) L,(0)=1
() L,(0)=-n
(¢) Lj(0)="n(n—-1)

2. Derive the Rodrigues formula.

ex d" n, —x
(a) L"(x)___ad?(x e ™)
1 dr
(m) —_ amm =X n+m,_—x
(b) L (x)—n!x e (x""me™*)
Hint: Use the Leibniz formula (5.38).

3. Derive the recurrence formulas.
(@) L(x)-L,_(x)+L,_,(x)=0

n—1
() Lix)=- L,(x)
k=0

4. By repeated differentiation of the series (5.36), show that
% (—1)(m +n)kx*

L{M(x) = = ...
w (%) ,Eo(n—k)!(m TR 0.1,2
5. Show that
k
n! o [ex™L{™(x)] = (n + k)le “x™ LT3 (x)
6. Show that
t
Le(0) = (n+m)!

n!m!

In problems 7 to 10, verify the given recurrence relation.
7. (n + DL (x) + (x —1—2n —m)L™(x) + (n + m)LI™,(x) =0
8. xLI™ (x) = nL™(x) + (n + m)L™,(x) =0
9. L™ (x) + LI" P(x) - Li™(x) =0

10. L& (x) = —L 1P (x)
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In problems 11 to 18, verify the integral formula.

0 k<n

B —x..k —
ll.Le xL,,(x)dx—{(_l)nn! ben

1

[SS]

. f Lu(t)L,(x ~ ) dt = f Lor(8) dt = Ly sy(®) = Ly spsa(2)
0 0

13. f e 'L™(t)dt =e*[L{™(x) —L{™(x)],m=0,1,2,...

* m _ m!n! m4+17 (m+1) _
14. fo (x—-1t) Ln(t)dt———~—--( +n+1)!x L (x),m=0,1,2,...
1 ré)yrn+a+1)
. a(] — b-17 (a) — (a+b) > —
15 Lt (1=t 'L¥(xt) dt F(n+a+b+1)L" x), a 1,

b>0
16. f e LY%)L(x)dx =0,k #n,a> -1
(1]

'n+a+1)
=,

17. f e~ [L(x) ]2 dx : >-1
(1] n!
- In+a+1

18. f e"‘x“*l[LL")(x)]"’dx:ﬁ—n—?—-—)(Zn ta+1),a>-1
0 .

In problems 19 to 23, derive the given relation between the Hermite
and Laguerre polynomials.

(-1)"
22"p!

(-1)"
20. LY?(x) = mH2n+l(\/x_)

19. LSV (x) = H,,(Vx)

21. f e “[H,(t)12cos V2x tdt = Va 2" 'nle L, (x)
0

1
99, f (1— 2~ 2H, (Vxt) dt
-1

I'(a + Y3)(2n)!
\/J—r I'nh+a+1)

(-1)” i Hy, (x)H,,, 2 (y)
22 = Rkl (n—k)!

=(-1)" L®x), a>~"%

23. L, (x®*+y® =
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In problems 24 and 25, derive the Laguerre series.

24.

25. ¢

26.

217.

28.

29.

30.

31

32.

= p! 2 ( )( 1L, (x)

=(a+1)" 12( )L (x),a> -,

Hint: Sett=a/(a +1) in the generating function.
Show that (x >0)
oc —xt =)
[ g3
[} n=0

Hint: Use problem 25.
Show that (x >0)

(m)
et(xt) ™2, (2Vat) = E L) . m=0,1,2,...
noo(n+m)!
where ¢, (x) is the Bessel function defined by (see Chap. 6)
®© ¢ 13k 2k+m
g =3 (=1)*(x/2)

E=0 k'(k + m)'
Show that for m > 1,

J’ tn+m/2Jm(2\/;c't)e—t dt = n!e—xxmlzL;m)(x)
4]

Hint: See problem 27.
Show that

(—1?{)171‘—?)[“"[_’“(1 l—t—t lis)]dx_—-l—}ts

Show that the Laplace transform of L, (¢) leads to

f e_“Ln(t)dt=l<1—1> s>0
) s s

Verify that by assuming y(r, 8, ¢) =R(r)0(6)®(¢), Eq. (5.68)
reduces to the system of equations given by (5.70), (5.71), and
(5.75).

Assume (5.75) has solutions of the form
x(p) =e""?ply(p)

(a) Show that y(p) is a solution of the associated Laguerre
equation

'+ Q2L+2-p)y'+(A-1-1)y=0
(b) From (a), deduce that y(p) =LY (p).
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33. By assuming R,;(r)=C,e “"?(ar)L'?tY,(ar), show that the
normalized radial functions require the choice

(n-1-1)
-2,
C.=a omnn 7 D) n>l1

34. Using the normalized radial functions found in problem 33, show
that

fo r3[R,(r)1%dr ="%ae3n%—1(l +1)]
0

where a,=h?/(4n%uk) is the radius of the innermost circular
electron orbit known as the Bohr radius. (This result gives the
average displacement of the electron from the nucleus.)

5.4 Generalized Polynomial Sets

The many properties that are shared by the Legendre, Hermite, and
Laguerre polynomials suggest that there may exist more general
polynomial sets of which these are certain specializations. Indeed, the
Gegenbauer and Jacobi polynomials are two such generalizations.
The Gegenbauer polynomials are closely connected with axially
symmetric potentials in n dimensions and contain the Legendre,
Hermite, and Chebyshev polynomials as special cases. The Jacobi
polynomials are more general yet, since they contain the Gegenbauer
polynomials as a special case.

5.4.1 Gegenbauer polynomials

The Gegenbauer polynomials* C}(x) are defined by the generating
function

(1-2xt+t)7*= > Craxy  Jt|<1,jx|=<1 (5.81)
n=0

where A > —Y,. By expanding the function w(x,t)= (1 — 2xt +¢>)~*
in a binomial series and following our approach in Sec. 4.2.1, we find

@

wx, t)=> (;A)(—l)"t"(2x —t)r

n=0
= éo é:o <;A)<Z)(—1)n+k(2x)n—ktn+k
=n§::0 in:] (n_—lk)<n ; k>(—1)"(2x)"‘2kt" (5.82)

* The polynomials C2(x) are also called ultraspherical polynomials.
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and thus deduce that

Ci(x) = (—1)”[22: ({_’;)(n ;k)(zx)""z’“ (5.83)

By substituting the series (5.81) into the identity
2\ OW
(1—2xt +¢ )—(—9?+2/1(t-x)w=0 (5.84)

where w(x,t)=(1—-2xt+t>)"% we obtain the three-term
recurrence formula (n=1,2,3,...)

(n+1)Ci, (x) - 2(A+n)xCi(x) + 2A+n - 1)Ci_1(x)=0 (5.85)

Other recurrence formulas satisfied by the Gegenbauer polynomials
include the following:

(n+1)C*, 1 (x) — 2AxCA 1 (x) + 2ACA 3 (x) =0 (5.86)
(n + 20)CA(x) — 2ACH+ (x) + 2AxCA*i(x) = 0 (5.87)
CY(x) =2AC*1(x) (5.88)

The orthogonality property is given by (see problem 13 in
Exercises 5.4)

1
[ (1= 2220 (x)Cix)dx =0  k#n (5.89)
1

and the governing DE is
(1-x%)y"—(2A+1xy' +n(n+20)y =0 (5.90)

which can be verified by substituting the series (5.83) directly into
(5.90).

One of the main advantages of developing properties of the
Gegenbauer polynomials is that each recurrence formula, etc., be-
comes a master formula for all the polynomial sets that are generated
as special cases. For example, when A ='/,, we see that (5.81) is the
generating function for the Legendre polynomials, and thus

P,(x)=CY?*x) n=0,12,... (6.91)

By setting A = '/, in (5.85), (5.89), and (5.90), we immediately obtain
the recurrence formula, orthogonality property, and governing DE,
respectively, for the Legendre polynomials.
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The Hermite polynomials can also be generated from the Gegen-
bauer polynomials through the limit relation

H,(x)=n!lim )L""%ﬁ(%) n=01,2 ... (5.92)

Ao A

To show this, we start with the series representation

A_nlchz(%) _ (_1)n[§::] (n———lk)(n ; k) %);;f (5.93)

From Eq. (1.31) in Sec. 1.2.4, we obtain the relation

(=1)"/ =2\ _ (=1 (A+n—-k-1

Ank (n—k)— Ank ( n—k )
_(=1T(A+n—k)
AR (n - k)

and thus establish that (see problem 3 in Exercises 5.4)

jm CL () _ (1

Fsoo ln—k n ““k = (n —k)' (594)

Hence, from (5.93) we now deduce our intended result

/2] {1k
.. x (-1)"n!
n!lim A~"2C%

paes <W> Skl n - 2k)!
=H,(x)

(2x )n —2k

Properties of the Hermite polynomials can be obtained from
properties of the Gegenbauer polynomials, although most such
relations are more difficult to deduce than for the Legendre
polynomials.

5.4.2 Chebyshev polynomials*

An important subclass of Gegenbauer polynomials is the Chebyshev
polynomials of which there are two kinds. The Chebyshev polyno-
mials of the first kind are defined by

A
To(x) =1 Tn(x)=glimM

A—0 A.

n=123,... (595)

*There are numerous spellings of Chebyshev that occur throughout the
literature, e.g., Tchebysheff, Tchebycheff, Tchebichef, and Chebysheff, among
others.
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TABLE 5.3 Chebyshev Polynomials
of the First Kind

Tyx)=1

Ti(x)=x
Tyx)=2c2~1

Ty(x) =4x° - 3x

Ty(x) =8x*—8x%+1
Ty(x) = 16x° — 20x% + 5x

Because the Gegenbauer polynomials vanish when A =0, we cannot
just simply define the polynomials T,(x) by C2(x). The choice
To(x) =1 is made to preserve the recurrence relation (5.99) given
below. By following a procedure similar to that used to verify the
relation (5.92), it can be established that (see problem 15 in
Exercises 5.4)

R G DGRt T D1 D
T,,(x)—zkgo W2 ) (5.96)

The Chebyshev polynomials of .the second kind are simply*
U/@x)=Clx) n=0,12,... (5.97)
and thus by setting A =1 in (5.83) we immediately deduce that

[n/2] -k
.-

k=0

)(—1)’“(2x)""2” (5.98)

The first few polynomials of each kind are tabulated in Tables 5.3
and 5.4.

By using properties previously cited for the Gegenbauer polyno-

TABLE 5.4 Chebyshev Polynomials
of the Second Kind

Uyx)=1

Uy(x) =2«
Uyx)=4x%~1

Us(x) =8> — dx
Ux)=16x*-12¢%+ 1
Us(x) = 32¢° — 32¢% + 6x

*Some authors call (1 —x2)"2U (x) the Chebyshev functions of the second
kind.
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mials, we readily obtain the recurrence formulas

T, x) = 2T, (x)+ T, ,(x)=0 (5.99)
U,..(x)—2U,(x)+ U,_;(x)=0 (5.100)
orthogonality properties

1
f (1-x2)"2T (x)T,(x)dx =0 Ek+#n (5.101)

-1

1
f (122U, (), (x)dx =0  k#n (5.102)

-1

and governing DE for T, (x)
(1—-22)y"—xy' +n%y =0 (5.103)
and for U,(x)
(1—x2)y"—8xy' +n(n+2)y=0 (5.104)

There are also several recurrence-type formulas connecting the
polynomials 7, (x) and U,(x), such as

T,x)=U,(x) —xU,_,(x) (5.105)
and (1 =2, 1 (x) =xT,(x) = T, 14(x) (5.106)

the proofs of which are left for the exercises.
By making the substitution x = cos ¢ in (5.108), we find it reduces
to

2
Y 2
— 4 -
e ny=0
with solutions cos n¢ and sin n¢. Thus we speculate that
T,(cos ¢)=c, cosn¢o

for some constant c,. But since 7,,(1) =1 for all n (see problem 26 in
Exercises 5.4), it follows that ¢, =1 for all n. It turns out that this
speculation is correct, and in general we write

T,(x)=cos n¢ =cos (n cos ' x) (5.107)
Similarly, it can be shown that

. -1
U,y =R Do ]

(5.108)
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The significance of these observations is that the properties of sines
and cosines can be used to establish many of the properties of the
Chebyshev polynomials.

The Chebyshev polynomials have acquired great practical impor-
tance in polynomial approximation methods. Specifically, it has been
shown that a series of Chebyshev polynomials converges more rapidly
than any other series of Gegenbauer polynomials, and it converges
much more rapidly than a power series.*

5.4.3 Jacobi polynomials

The Jacobi polynomials, which are generalizations of the Gegen-
bauer polynomials, are defined by the generating function

2a +5

R

(1=¢+R)™*(1+t+R)" =3 P@O(x )
n=0
a>-—1, b>-1 (5.109)
where R=(1-2xt+t*Y? (5.110)

The Jacobi polynomials have the following three series representa-
tions (among others), which are somewhat involved to derive:

Peb)(y) = i (n +a><n + b><£:‘l)k<x + 1)"“’e (5.111)

io\n—k/\n—k 2 2
@By — n+a)<n+k+a+b)(x—1>k
Pr7(x) kgo (n _h N . (5.112)
(@b — S _q\n—k n+b)<n+k+a+b)<x+1>k
P&®(x) go( 1) (n_k N o) (5113)

By examination of the generating function (5.109), we observe that
the Legendre polynomials are a specialization of the Jacobi polyno-
mials for which a = b =0, that is,

P, (x)=P%%x) n=0,1,2 ... (5.114)

whereas the associated Laguerre polynomials arise as the limit (see
problem 37 in Exercises 5.4)

9%
L) = lim Pﬁf””(l - —) n=012...  (5115)

b—>c0 b

* For theory and applications involving the Chebyshev polynomials, see L. Fox
and 1. B. Parker, Chebyshev Polynomials in Numerical Analysis, Oxford Univer-
sity Press, London, 1968.
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In addition to the Legendre and Laguerre polynomials, the Gegen-
bauer polynomials are a special case of the Jacobi polynomials. To
derive the relation between the Gegenbauer and Jacobi polynomials,
we start with the identity

2 - 1)]“

_ 2Y—A_ (1 $)-24
(1-2xt+t3) " =(1-¢) [1 e

(5.116)

and expand the right-hand side in a series. This action leads to

_ = (—=A\ (—1)F(28) (x — 1)k
(1-2t+t5)*=> (k ) TN

k=0

—_ . < _A’ _2k _2A' m+kok kam+k
m§=:0 k:o( k )( m >( 1) 2 (x 1) t
(5.117)
where we have expanded (1 —¢)~2*** in another binomial series and
interchanged the order of summation. Next, replacing the left-hand
side of (5.117) by the series (5.81) and making the change of index
m=n —k, we get

S i S x [—A —2k—2)t_nk_kn
Seciwr=3 3 ()7, Jrurte-n
from which we deduce
FRUEPIPIR < -2 —2k—2/1k_k
ciw=c1ry (V)7 -1 Gus)

Recalling Eq. (1.31) in Sec. 1.2.4 and the Legendre duplication
formula, we see that

(_l)n(;l>(—ik:k2/1> _ <A+Il: - 1)(n +I;+_2k)L - 1)
_ TA+R)T(n+E+21)

T T(AMRN2A + 2)(n — k)

N T'(A+Y5)I(n + k +24)
TTEATA+E + Yo)k!(n — E)I12%

and hence (5.118) can be expressed in the form

. DA+'L)(n +24)
) = @i + 2+ %)
mnA A= Yo\ R+ 20— 1)\ (x — 1\*
xkgo‘( n—=k )( k )( 2 ) (5.119)
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or, by comparing with (5.112),

T(A+)T(n +24)

A —
G = ot T A% )

PO12A-D (1) (5.120)

The basic recurrence formula for the polynomials P{%(x).is

2n+1)@+b+n+1)a+b+2n)P%%(x)
=(a+b+2n+1)a®-b*+x(a+b+2n+2)(a+b+2n)P>"(x)
—2(a+n)b+n)a+b+2n+2)P%(x) (5121)

forn=1,2,3,.... Also the orthogonality property and governing
DE are given, respectively, by

1
f (1—-2)*(1 +x)°PeP(x )PP (x)dx =0  k+#n (5122)
-1

and

(1-2%)y"+[b—a-(a+b+2)xly’ +n(n+a+b+1)y=0 (5.123)
Some additional properties concerning the Jacobi polynomials are
taken up in the exercises.
Exercises 5.4

1. Show that (forn=0,1,2,...)
CA(—x)=(-1)"Ci(x)
2. Show that (forn=0,1,2,...)

—i —2A
(a) an(0)=(n) (c) Ci(l)=(—1)"( " )
—921
(6) Ch.1(0)=0 d) cz(—1>=( )
n
3. Show that
i P+ —k) _

e APTRT(A)
In problems 4 to 8, derive the given recurrence relation.
4. xCY(x)=nCi(x) +CY_,(x)
5. 2(A+n)Ch(x) = Cyy(x) — Ci_y(x)
6. xCL(x)=CL, 1(x) — (2A+n)CA(x)
7. 2= 1DCY(x) =nxClx) - (2A -1+ n)C?_,(x)
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8. nCi(x)=2x(A+n—-1)Ch_(x)— (2A+n —2)C}_5(x)

9. Use any of the results of problems 4 to 8 and the recurrence
formula (5.85) to show that y = CX(x) is a solution of

1-x2)y"—(2A+1xy' +n(n+21)y=0
10. Show that (for£=1,2,3,...)
a I‘(/l+k)
dx"C (x)= T
Hint: Use Eq. (5.88).
11. Verify that (fork=1,2,3,...)*
1 d*
@ — D gt ®)
12. Derive the recurrence relation
(n+2M)CA(x) — (n + 1)C*, 1 (x)
2(1-x)

—5 Chk@)

Cti%(x) =

> (n+A)Chx) =
k=0
13. Verify the orthogonality property
1
f (1 —x)*2C4(x)Ci(x) dx =0 kE#n
-1

14. Show that (forn=0,1,2,...)

2122y T(n + 21)
" (n+ 1) [T
15. By using Eq. (5.83) and the definition

1
j (1 - %2 2[C(x)] dx
-1

A
T()—ﬁl Cl®) o _1as,..
A——»O A

show that
nE(-1)* (n -k - 1)!
2 kZ k!(n —2k)!
16. Using the recurrence formula (5.85), deduce the relations
(@) T,1(x)—2xT,(x)+T,_1(x)=0
() U,1(x)—-2xU,(x)+U,_(x)=0

In problems 17 to 22, derive the given relation for the Chebyshev
polynomials.

17. T,x)=U,(x) - xU,_,(x)
18. (1 -x>U,_,(x)=xT,(x)— T, ., (x)

T,(x)= (2c)" "%

* See problem 15 in Exercises 2.2 for definition of the symbol !!.
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19. T,(x)=nU,_;(x)

20. 2[T,(x)1? =1+ Ty, (x)

21. [T,x)1? =T,y (x)T,_y(x) =1 — %7
22. [U, ()P~ U,y (x)U,_1(x) =1

23. By making the substitution x =cos ¢ in the orthogonality rela-
tion (5.101), show that

I cosng coskpdp =0 k#n

0
In problems 24 and 25, derive the generating-function relation.

1-1¢2 d
24, ——— =T, +2 T, t*
1— 2xt + t2 olx) El n(®)
1-—-xt _

—— =), T, (x)t"

1—2xt +1t2 ,,20 n®)

26. Show that T,(1)=1,n=0,1, 2, ..., by using (a) problem 24 and
(b) problem 25.

27. Verify the special values (forn =0,1,2,...)
(@) T,(-L)=(-1)"
(b) Tp,(0)=(-1)"
(€) Tpn4a(0)=0

28. Verify the special values (forn=0,1,2,...)
(a) U,Q)=n+1
(b) Up,(0)=(-1)"
(¢) Uszsa(0)=0

29. Show that

25.

1
f (1—x2)""2[T, (x)]? dx =
-1

MR

30. Show that
1 7
f (1= (U, ) P ds =
-1

In problems 31 to 38, verify the given relation for the Jacobi
polynomials.

31. P@¥(—x)=(-1)"PL¥(x)
a+n+ 1)

32. Pﬁf"b)(l) = (
n

b+n+1
33.P£:‘”’(—1)=(—1)"( " )



236 Chapter Five

34. P&¥(x )—(— ) (1-x)"(1+x)" bd—[(1 ) (1 +x)2*"]
d* plas r(k+n+a+b+1) plokb+h)
35. dxk ()= *T(n+a+b+1) ®)

36. Pﬁ;”” 1)(x) _ P;a 1, b)(x) =P(a b)(x)

2%
37. L@(x) = lim Pﬁ,“"”(l - 3)
b

27 () s -2
38. T,,(x) =—(ZL—)!_P'I (x)
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Bessel Functions

6.1 Introduction

The German astronomer F. W. Bessel (1784-1846) first achieved
fame by computing the orbit of Halley’s comet. In addition to many
other accomplishments in connection with his studies of planetary
motion, he is credited with deriving the differential equation bearing
his name and carrying out the first systematic study of the general
properties of its solutions (now called Bessel functions) in his famous
1824 memoir. Nonetheless, Bessel functions were first discovered in
1732 by D. Bernoulli (1700-1782), who provided a series solution
(representing a Bessel function) for the oscillatory displacements of a
heavy hanging chain (see Sec. 6.7.1). Euler later developed a series
similar to that of Bernoulli, which was also a Bessel function, and
Bessel’s equation appeared in a 1764 article by Euler dealing with
the vibrations of a circular drumhead. J. Fourier (1768—1836) also
used Bessel functions in his classical treatise on heat in 1822, but it
was Bessel who first recognized their special properties.

Bessel functions are closely associated with problems possessing
circular or cylindrical symmetry. For example, they arise in the study
of free vibrations of a circular membrane and in finding the
temperature distribution in a circular cylinder. They also occur in
electromagnetic theory and numerous other areas of physics and
engineering. In fact, Bessel functions occur so frequently in practice
that they are undoubtedly the most important functions beyond the
elementary ones.

Because of their close association with cylindrical domains, the
solutions of Bessel's equation are also called cylinder functions.
Bessel functions of the first and second kinds (studied in this
chapter) are special cases of cylinder functions, as are modified

237
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Bessel functions of the first and second kinds, Hankel functions, and
spherical Bessel functions, among others (studied in Chap. 7).

6.2 Bessel Functions of the First Kind

Although Bessel functions frequently arise in practice as solutions of
certain DEs, we wish to begin our discussion of them from the same
point of view that we adopted in introducing the orthogonal polyno-
mials in Chaps. 4 and 5, i.e., by a generating function.

6.2.1 The generating function

The function

w(x, t) =exp [%x(t—%)] t#0 (6.1)

is called the generating function of the Bessel functions of integral
order J, (x) since by expanding w(x, ¢) in a particular series involving
powers of ¢, it can be shown that

W)= S, Ju@)e"

n=-00

To derive this relation, we begin by writing w(x, ¢) as the product of
two exponential functions and expand each in a Maclaurin series to
get

w(x, t) = ext/2 i e—x/(2t)

S @t/2Y & =/
",;, 7! ,Eo k!

= = (-1 k 2 j+k )
=>3 (1 /2y )J'(’;{ A (6.2)

Our goal is to obtain a single series in powers of ¢. Thus, we make the
change of index n =j — k&, and because both j and 2 have an infinite
range of values, it follows that —o <n <. Consequently, Eq. (6.2)
becomes

R O e
we, )= 3 X st (6.3)

The inside series in (6.3) is a function of x alone, which we define by
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the symbol

o (_l)k(x/2)2k+n
J,,(x)_g0 Gt —w<x <o (6.4)
called the Bessel function of the first kind of order n. It can
readily be shown by the ratio test (Theorem 1.6) that the series (6.4)
converges for all x. Finally, replacing the inside series in (6.3) with
the symbol J, (x), we are led to the generating-function relation

w(x,t) =exp [%x(t—%)]= i J,x)*  t#0 (6.5)

n=—wo

Observe that (6.5) involves both positive and negative values of n.
Therefore, we may wish to separately investigate the definition of
J,(x) when n <0. By first writing (k + n)!=T(2 +n + 1), the formal
replacement of n with —n in (6.4) leads to

S (CDF@/2)* i (=D (x/2)*"

Jon(x) =,§0k! F(k-n+1) S kIT(k—n+1)

where we have used the fact that 1/T(k—-n+1)=0 (k=
0,1,...,n—1) by virtue of Theorem 2.1. To start the series at zero
once again, we make the change of index & = m + n, which yields

o (_1)m+n(x/2)2m+n— (_1)m+n(x/2)2m+n

J_,,(x)-_—m2=0 mIC(m +n+1) _m o m!(m +n)!

M s

[

This last series is a multiple of (6.4), from which we deduce
J x)=(-1D)"J,x) n=0,12,... (6.6)

Thus, J._,(x) equals either J,(x) (when »n is even) or —J,(x) (when n
is odd).
The Bessel functions that arise most frequently in practice are
Jo(x) and J,(x), whose series representations are
oS (—1)F(x/2)*
Jolx)= D), —————
° ,2:0 (k!)?

x2 x4 x

T2 o PaEnt
& (CDra/2)%
and Jl(x)‘kgo El(k+1)!

x x3 x° x’

o T @na T gt

=1

(6.7a)

(6.75)
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At x =0, we see that J,(0)=1 while J;(0)=0, and from (6.4) it
follows that J,(0) =0, n =2, 3, 4, . ... For x near zero, the 2 =0 term
of (6.4) yields the asymptotic formulas*

Jolx) ~1 x—07" (6.8a)

(x/2)"

o (x) ~——
n:

— 07, n=123,... (6.8b)

The graphs of Jy(x), J,(x), and J,(x) are shown in Fig. 6.1. Observe
that these functions exhibit an oscillatory behavior somewhat like
that of the sinusoidal functions, except that the amplitude (maximum
departure from the x axis) of the Bessel functions diminishes as x
increases and the (infinitely many) zeros of these functions are not
evenly spaced. The location of these zeros is of great theoretical and
practical importance, but the theory goes beyond the scope of this
text.t For reference purposes, however, the first few zeros of some of
the Bessel functions are listed in Table 6.1,

6.2.2 Bessel functions of nonintegral
order

Thus far we have only discussed Bessel functions of integral order
defined by the series (6.4). However, we can generalize this series
definition of /, (x) to include nonintegral values of n by again writing
(B +n)!'=T(k +n +1) and then formally replacing n with p, where p

4, (%)
A

-1

Figure 6.1 Graph of J, (x), n=0,1, 2.

* Asymptotic formulas for large x are developed in Sec. 7.6.

t For an introductory treatment of this topic, see chap. 5 in L. C. Andrews,
Introduction to Differential Equations with Boundary Value Problems, Harper-
Collins, New York, 1991.
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TABLE 6.1 Zeros of Bessel Functions: J,(x,) =0

k 1 2 3 4 5
n
0 2405 5.520 8.6564  11.792  14.931
1 3.832 7.016 10173 13324 16471
2 5136 8417 11.620 14.796  17.960
3 6.380 9.761 13.015 16.223  19.409
4 7588 11.065 14373 17616  20.827

is any nonnegative real number. This action leads to

o (=D /2)*P

J,(x)= 2,

ArTh+prny PO (6.9)

called the Bessel function of the first kind of order p. The replacement
of p with —p in (6.9) then yields

< (-1 (x/2)%* P
J_p(x)= kg{)m p>0 (6.10)

Observe that J,(x) and J_,(x) have asymptotic formulas

(x/2)

Jp(x)~r(p e —0 (6.11a)
(x/2)7P .
J_I,(x)fvl_‘(1 ~ ) -0 (6.115)

For p not integral, it follows that the function J_,(x) becomes infinite
as x— 0" while J,(x) approaches zero. Hence, J_,(x) cannot be a
multiple of J,(x), as in the case of J,(x) and J_,(x).

The cases where p is half-integral are of special interest because
these Bessel functions are actually elementary functions. In particu-
lar, the case p = '/, leads to the interesting results (see problem 13 in
Exercises 6.2 and Sec. 7.4, too)

Jiplx) = \/—2—sinx (6.12a)
X
/2

J_1olx) =1/—cosx (6.12b)
X
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6.2.3 Recurrence formulas

Because the generating-function relation (6.5) is restricted to Bessel
functions of integral order, we will develop properties of Bessel
functions of arbitrary order p without its use. Fortunately, many of
the properties of J,(x) and J_,(x) can be developed directly from
their series definition. For example, suppose we multiply the series
for J,(x) by x* and then differentiate the result with respect to x.
This gives us

L (_l)kx2k+2p
=0 2%*PRIT(k +p +1)
2 (=1)*2(k +p)x*rPt

=2

o 22*PRIT(RE+p +1)
% (__1)}2 (x/2)2k+(p—1)

=x"2

k=0 kI T(k +p)

d » _a
dx[x J,,(x)]—dx

or %[x"Jp(x)] =xP,_1(x) (6.13)

Similarly, if we multiply J,(x) by x 7, we find that (see problem 14 in
Exercises 6.2)

d
O [x 7P, (x)] = —x 7P, 1 (x) (6.14)
If we carry out the differentiation on the left-hand sides in (6.13)

and (6.14) and divide the results by the factors x” and x7,
respectively, we deduce that

J3(x) +§—Jp(x) =d,_(x) (6.15)

and J)(x) —‘;-’J,,(x) =, (x) (6.16)

Setting p = 0 in (6.16), we obtain the special case
Jolx) = —dJ1(x) (6.17)

Finally, the sum and difference of (6.15) and (6.16) yield,
respectively,

25 (%) =1 (&) ~ Jp 1y (x) (6.18)

and 2IpJp(ac) =, 1 (x) + 1 (x) (6.19)
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This last relation is the three-term recurrence formula for the
Bessel functions. Observe that it is not restricted to integer values
of p.

6.2.4 Bessel's differential equation

By using the above recurrence formulas, we can find a derivative
relation which involves only the Bessel function J,(x). To start, we
rewrite Egs. (6.15) and (6.16) as

xd(x) —xd,_y(x) + pd,(x) =0 (6.20)
21 @) = (p = D, (&) ~xJ,(x) (6.21)

and differentiate (6.20) to find
xJp(x) + (p + D (x) —adp,_1(x) —J,_1(x) =0 (6.22)

Next we multiply (6.20) by p and subtract it from (6.22), multiplied
by x, which yields

x2J0(x) +xedy (x) — p%,(x) + (p — Va1 (x) — 2%, _,(x) =0

Finally, using (6.21) to eliminate J,_,(x) and J,_;(x) from this last
expression, we obtain the desired relation

x2J0(x) + 2 (%) + (1% — p)J,(x) =0 (6.23)

From (6.23), we deduce that y; =¢J,(x) is a solution of the
second-order linear DE

nyn +xyl + (xZ _pZ)y =0 p > O* (6.24)

called Bessel's equation. It can be shown that y, =J_,(x) is also a
solution of Bessel's equation (see problem 17 in Exercises 6.2).
Moreover, for p not an integer, we have shown that J,(x) and J_,(x)
are not proportional and hence are linearly independent. Therefore,
under these conditions a general solution of Bessel’s equation (6.24)
is given by

y=Cd, ) +Col_,(x) p#n(n=0,1,2...) (625

where C, and C, are arbitrary constants.

Among other areas of application, Bessel’s equation arises in the
solution of various partial differential. equations of mathematical
physics, particularly in problems featuring either circular or cylindri-
cal symmetry (see Sec. 8.4).

* Since only p? appears in (6.24), it is customary to assume p = 0.
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Exercises 6.2

1. Show that the generating-function relation (6.5) can also be
written in the form

exp [1x<t—l)]=Jo(x)+ > T, @)+ (~1)"t "] t#0
2 t n=1
2. Show that J,,(—x) = (-1)"J,(x),n=0,1,2,....

3. By using the series representation (6.4), show that
(@) J1(0)=Y, (b) J,(00=0,n>1

4. It is given that w(x, t) = exp [Yox(t — 1/8)].
(a) Show that w(x +y,t) =w(x, )w(y,t).
(b) From (a), deduce the addition formula

J,x+y)= D Jy(x),_n(y)

k=—ow

(¢) From (b), derive the result
Jo(2x) = [Jo(x) ] + 2 2 (1) [, (x)]?
k=1

5. The generating function (6.1) is given.
(a) Show that it satisfies the identity

ow 1 1
E—‘Ex(l +i—2>w—-0

() Use (a) to derive the recurrence relation
2
;n-J,,(x) =dpi@) +d(x)  n=1,23,...

6. The generating function (6.1) is given.
(a) Show that it satisfies the identity

(b) Use (a) to derive the relation
2J, (x)=d,_1(x)—, 1(x) n=123,...
7. Show that (2 #0, t#0)
oxp {“%(" "1)] > @kt = Y J, ()t
8. (a) From the product w(x, t)w(—=x, t), show that

k n=-—ow n=—o

1=[J®)2+2 > [J,(x)1?

n=1
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11.

12.

13.
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(b) From (a), deduce for all x that
|fo(x)]=1 and |J,,(x)|s% n=1,23,...
Use the generating function to derive

(a) eixsine= Z Jn(x)eine

n=-—o

(B) e*=Jy(x)+2 D i"J,(x)cosnb

n=1

Use the result of problem 9a to deduce that

(@) cos(xsinB)=dyx)+2 E Jo,(x) cos 2n0

n=1

(b) sin(xsinf)=2 i Jon_1(x) sin (2n —1)0
n=1

(¢) cosx=dJy(x)+2 i (—1)J,, (x)

n=1
(d) sinx=22 (—1)" J,,_,(x)
n=1

Use the results of problem 10 to deduce that

(@) x=2 E (2n — 1)z, —1(x)

n=1

Hint: Differentiate the result of problem 105.

(b) zsinx=2 2, (~1)"(2n)%s(x)
n=1

Set t =e? in the generating function and deduce that

(@) cosh (x sinh 8) =dy(x) +2 D, J,,(x) cosh 26
n=1

(b) sinh (xsinh ) =2 Y, J,,_,(x) sinh (2n —1)6
n=1

Establish the following identities:

(a) Jl,z(x)=\/—?2;sinx
. 2

() J_yplx)=+/—cosx
X
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14.

15.

16.

17.

18.

19.

20.

(©) T ) ppla) = 222

(d) [Jie(@))?+ [J_1px))*= 2
Jx

Show that
d
Ix [x 7P, (x)] = —x P, 11 (x)
Show that
d
aJp(kx)=—ka+1(kx)+§Jp(kx) k>0
Show that

(a) % [, ()l +1(%)] = 2 {[J, (x)1? = [, 41 ()17}

d
(b) o 2, 1 (x)ef, 1+ 1(x)] = 262, (x)T (x)
Use the series (6.10) to show directly that y =J_,(x) is a solution
of
x2y" +xyl + (x2 _p2)y - 0
If y; and y, are solutions of the second-order linear DE
¥y +alx)y' +bx)y=0
their wronskian W(y,, yo) =y1¥3 — ¥1Y2 is given by Abel’s formula

Wy, y2)(x)=C exp [—fa(x) dx]

for some constant C. Use this result to deduce that the wronskian
of the solutions of Bessel’s equation is

W (31, y2)(x) =§

From the result of problem 18, show that
9 i
Wy, d_p)@) = —=2P8 pan (n=0,1,2,...)

Hint: Use C =lim, - xW(J,, J_,)(x).
Use problem 19 to derive Lommel’s formula

2sinpm

Jp @)y _p(x) +J_, (), 1 (x) =
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21. Use the Cauchy product to deduce that
a 1)"2n)! 2n
(@) o= 5—)(—"-)—(’5‘)

no (mD)*

e 3,0 =(2)

(-1)"T(2n +1)

(b) Jox)cosx = Z (2 (2x)*"
= 22"T(2n + Y,)
k
Hint: kEO( -1 (2k)< k )‘ Va (2n)!

In Problems 22 to 25, derive the given identity.

22, Jy(VaT—2Zt) = S J,,(x)—t,;
n=0 .

— -p/2 o n
23, (x 2t) (Ve D) = 3 JpM(x)%

24. e %J,(t sin ) = Z P,(cos ¢>) , where P,(x) is the nth
Legendre polynomzal

25. e‘(xt)"™2J, (2Vxt )—EL‘"”(x)( ey

where LI (x) is the nth associated Laguerre polynomial

;»m=0,1,2,.

26. A waveform with phase modulation distortion may be repre-
sented by
s(t) =R cos [wyt + €(t)]

where K is the amplitude and e(¢) represents the “distortion
term.” It often suffices to approximate e(¢) by the first term of its
Fourier series, i.e.,

€(t) =a sin w,,t

where a is the peak phase error and w,, is the fundamental
frequency of the phase error. Thus, the original waveform
becomes

s(t) =R cos (wet + a sin w,,t)

(a) Show that s(¢) can be decomposed into its harmonic
components according to

s(t) =Rdy(a) cos wot + R Y, J,(a)lcos (wot + nw,t)
n=1
+ (=1)" cos (wet — nw,,t)]
Hint: Use problem 10.
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(b) Whenever the peak phase error satisfies a < 0.4, we can use
the approximations

Jola) =1 Jl(a)Eg J(@)=0 n=234,...

Show that under these conditions the phase modulation
error term produces only the effect of “paired sidebands”
with a frequency displacement of +w,, with respect to w,
and a relative amplitude of a/2.

6.3 Integral Representations

In many situations an integral representation of J,(x) is more
convenient to use than its series representation. There are several
such representations, but foremost is one involving Bessel functions
of integral order. To derive it, we start with the generating-function
relation

1 1 i

exp [—x(t——)]= > d(x)tk t+0
2 t PR

and set £ =e*% to get

e st =% J (x)e ** (6.26)

k=—m

where we have made the observation
1 - . o
t-S=e —e'?=—2isin¢

Next we multiply both sides of (6.26) by ¢*¢ and integrate the result
from O to &, which yields

f ei(mp—x sin ¢)d¢ - 2 Jk(x)J ei(n—k)4> d¢ (627)
0 k=—oo 0

assuming that termwise integration is permitted. By use of Euler’s
formula e* =cosx +isinx, we can separate (6.27) into real and
imaginary parts, i.e.,

jﬂcos (np—xsin¢)do +1i fnsin (np —xsin¢p)d¢

(1} 0

= i Jk(x)rcos(n—k)¢d¢+i S Jk(x)rsin(n—k)¢d¢
0 0

k=—co k=—
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Equating the real parts of this last expression and using the result

k#n

E—n (6.28)

J;”cos (n—k)¢d¢={2

we find that all terms of the infinite sum vanish except for the term
corresponding to %k =n; thus, we are left with the integral
representation

J,,(x)=—71;rcos(n¢—x singp)d¢ n=0,1,2,... (6.29)

()]

Using properites of the trigonometric functions, we can also write

1 (2 .
J,,(x)—%J; cos (ngp —x sin @) d¢ n=0,1,2,... (6.30)

and the special case n = 0 leads to

J()—lf”cos( in¢)d¢——1~fznc (xsing)dé (6.31)
olx = xS =ox ), 08 (x sin ¢) do .

0

Another representation of Bessel functions, due to S. D. Poisson
(1781-1840), is given by

_Mj___ ! _ $2\p—1/2 ixt _1
B =TT 10 L(l 2P Veitds  p>-Y, x>0

(6.32)

where p is not restricted to integral values. To verify (6.32), we start
with the relation

1 1
f (l—tz)"—l/zeix‘dt=ZI (1 -2 Y2 cosxtdt
-1 (1]

@ l)k 2k
_gy LT e f(l 2P g (6.33)

k=0

where we are using properties of even and odd functions and have
expressed cos xt in a power series. The residual integral in (6.33) can
be evaluated in terms of the beta function by making the change of
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variable u = t?, from which we get

1 1
J' (1 _ t2)p—1/2t2k dt = 1/2f (1 _ u)pvllzuk~1/2 du
0 (1]

=Bk + )5, p + ')

_ Ik + 1/2)F(P + )
2r(k +p +1)

_ NV (2R)!T(p + )

2%*1RIT(k+p +1)

(6.34)

the last step of which follows from the identity
!
r(k +1> =\/52i2k).
2 2%k!
Finally, by substituting the result of (6.34) into (6.33), we obtain

. o 1\ & (=DF(x/2)%
_$2\p- L2 ixt g, - T L 3N
L(l £2yp~2pixt gy \/Er(p+2),§0k!r(k+p+1)

k=0,1,2,...

= \/Er( +1)(’f>_pJ (x)
PTa\a) »
from which we deduce (6.32).
By making the change of variable ¢ = cos 8 in (6.32), we obtain still
another representation

_ (x/2)° g . 9 | 1
Jp(x)_wﬁr(p+l/2)L cos (x cos 8) sin”” 0d0O p>="x>0

(6.35)

which was originally due to Bessel. The direct verification of (6.35) is
left to the exercises (see problem 7 in Exercises 6.3).

6.3.1 Bessel's problem

During the early 1800s, the French physicist J. Fourier presented
basic papers to the Academy of Sciences in Paris concerning the
representation of functions by trigonometric series. This new concept
intrigued many of the researchers of the era who subsequently tried
to use Fourier’s series representation in their own work. For example,
in 1824 Bessel was working on a problem associated with elliptic
planetary motion and found that an astronomical quantity ¢, called
the eccentric anomaly, could be represented by an infinite series of
trigonometric functions.
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The problem solved by Bessel was actually one proposed by Johann
Kepler (1571-1630). In ideal planetary motion, a planet P moves in
an elliptic orbit with the sun S situated at one of the foci (see Fig.
6.2), and the area swept out by the radius vector r =SP during any
interval of time is proportional to that interval. The ellipse A'PA in
Fig. 6.2 has major axis A'A, which is also the diameter of an auxiliary
circle A'QA, the center of which is denoted by C. A line drawn
through P perpendicular to A’A defines the point @ on the circle. Let
M define a point on the circle such that the radius CM rotates with
constant angular speed and M coincides with P at A and A’. The
angles ¢, ¥, and 0 are defined by the major axis A’A and the line
segments CQ, CM, and SP.

We assume that time ¢ is measured from an instant when P is at A.
In this case the eccentric anomaly* of P is angle ACQ, which we
denote by ¢, the true anomaly 0 is angle CSP, and the mean
anomaly vy, which is proportional to ¢, is angle ACM. Kepler's
problem was to express the variables r, 8, and ¢ in terms of time ¢,
where r = |r| = SP.

Bessel’s approach to solving Kepler’s problem was to use Fourier’s
method of trigonometric series. By using Kepler's principles of
planetary motion, it can be shown that the mean anomaly v is
related to the eccentric anomaly ¢ according to

Yy=¢ -esin¢ (6.36)

where e is the eccentricity. Clearly, the difference ¢ — ¢ is an odd
periodic function of ¢, and so based on Fourier’s work, Bessel was led

Q

1/;
A’ C S A
Figure 6.2 Planetary orbit.

* A polar angle is sometimes called the anomaly or azimuth.
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to consider the sine series
=y + D Aysinky (6.37)
k=1

To determine the constants A,, A,, 43, ..., we begin by forming the
differential of each side of (6.37), which yields

do = (1 + 121 kA, cos k’(/)) dy

Next we multiply each side by cos ny and integrate over an interval
of length s. (Notice that 1y varies from 0 to & as ¢ varies the same.)
This action leads to

f cosnzpd¢=f cosnypdy + D, kAkJ’ cos ny cos ky dy
0 k=1

0 0

(6.38)
but since
j cosnydy=0 n=1,2,3,... (6.39)
0
- 0 Ek#n
I cosny coskydy=4n (6.40)
0 5 k=n
it follows that (6.38) reduces to
f cosnyde = EZEA,, (6.41)
0

Writing ¢ = ¢ — e sin ¢ and solving for A,,, we find
2 (" .
A,l=—-j cos (n¢ —nesin ¢)d¢ n=1,23,... (642)
ni Jo

The integral in (6.42) was Bessel’s original definition of the
function now bearing his name. By comparing (6.42) with Eq. (6.29),
we can write

2
A,,=;J,L(ne) n=1,23,... (6.43)
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Finally, by substituting this result into (6.37), we obtain the series
representation

J,(ne)
n

p=vp+2> sinny O<y<nx (6.44)
n=1
6.3.2 Geometric problems

There are numerous problems similar in nature to Bessel’s problem
which relate Bessel functions to Fourier trigonometric series. Some of
these, such as Example 1 following, are simple problems of a
geometric nature. Additional problems of this type are taken up in
the exercises.

Example 1: Find a Fourier series for the semicircle

y=\/Jr2—x2 —A=EX=TR

Solution: Because the function y =f(x) = Va® —x2 is an even func-
tion, we seek a cosine series, i.e.

fx)="hao+ D a,cosnx —g<x<m

n=1

2 T
where an=J_—rJ’ Va?-x%cosnxdx n=0,1,2,...
0

By making a change of variable x = & cos 8, we obtain

0

ap=— (7t sin 6) cos(nz cos B)(—mr sin 6) dO
/2

/2
= 2nf cos (n cos 0) sin® 6d6
o

= Jl’f cos (nxr cos Q) sin® 8d6
0

where we are using symmetry of the integrand to obtain the last
result. By comparing this last expression with (6.35), we see that

_ Varéh)
LY LCh)

a, = /2 Ji(nm)

=$Jl(nn) n=1,23,...
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whereas

2

a0=nf sin?df ==
o 2

Hence, the series we seek takes the form

f(x)—-—+ Z J1( ﬂ?)

08 nx —n<x<mx

Exercises 6.3

In problems 1 to 4, use Eq. (6.29) to deduce the given integral
representation forn =0,1,2,....

1.

2.

k4

[1+(—1)"]J,,(x)=gf cos nB cos (x sin ) dO
T Jo

[1—(—1)"]J,,(x)=gj sinn0 sin (x sin 8) d6
T Jo

T

1
o, (%) =J—[I cos 2n8 cos (x sin 6) d@
0

1
Jon1(x) =—J;J' sin (2n +1)0 sin (x sin 8) d6

0

. Use problems 1 and 2 to deduce that

(a) f cos(2n +1)8cos(xsin8)df=0,n=0,1,2,...
0

(b) J sin2nfsin(xsin9)d6=0,n=0,1,2,...
0

. By writing cosxt in an infinite series and using termwise

integration, deduce that
2 [ cos xt

Jo(x)—" \/——?

. By setting ¢ = cos 6 in (6.32), show that

Jy(x) = (e/2) ) Jm cos (x cos ) sin® 6d0 p> -, x>0

\/_F(P + ) Jo

. Replacing J,, (xt) by its series representation and using termwise

integration, deduce the integral relation

2(x/2)”
T(p—m) f (-

Jp(x) = t2yp-m-Lgmtly (xt) dt

p>m>-1,x>0



9.

10.

11.

12.

13.

14.
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Show that

T

(a) J,’l(x)=%f sin (n6 — x sin 8) sin 6d6

0

T

(b) J;{(x)=—%f cos (n8 —x sin ) sin? 6d6

(4]
(¢) J(x)=————f cos (n@ —x sin 0) cos 8d0O

The amplitude of a diffracted wave through a circular aperture is

given by
2n
U=krf ereinb. Jg dr
o Jo

where £k is a physical constant, a is the radius of the aperture, 6
is the azimuthal angle in the plane of the aperture, and b is a
constant inversely proportional to the wavelength of the incident
wave. Show that the intensity of light in the diffraction pattern is
given by

4%2»732 2

=|Uf*= [J:(ab)]?

Given that r =a(1 —e cos ¢ ), where 2a is the length of the major
axis of the ellipse in Fig. 6.2, deduce that

1 o0
L1422 > Ji(ne) cosny
a 2 n=1
If ¢ is the eccentric anomaly in Bessel’s problem, show that
1 oo
— =1+
(a) —ccos o 221Jn(ne)cosnw

®) (1-e)2=1+23 [J,(ne)]?

n=1
A light spot dancing around is described parametrically by

x=mcoswt y=qasin2wt

This is known as a Lissagjous figure (i.e., a figure eight). Show
that it has the Fourier series representation

Jo(
y =2 2 2th) nnx —a<x<m

A circle of unit radius rolls along a straight line, the original
point of contact describing a curve called a cycloid. Given that the
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parametric equations of a cycloid are
x=60—-sinf@ y=1-—cos8

show that the Fourier series representation of y is given by the
Fourier cosine series

Cos nx

3 oo
y==—2> Jin)
2 4
Hint: See problem 9.

n

6.4 Integrals of Bessel Functions

Integrals whose integrands involve Bessel functions arise in a variety
of applications. These may appear in the form of either indefinite or
definite integrals. We discuss each case separately.

6.4.1 Indefinite integrals

Many of the indefinite integrals that arise in practice are simple
products of some Bessel function and x raised to a power. In such
cases the identities [previously (6.13) and (6.14)]

d
dx [xPe, (x)] =xPd,_1(x) - (6.45)

and % [x P, (x)] = —x P, 41 (x) (6.46)

may prove useful. For example, we find that direct integration of
them leads to the integral formulas

f 2P,y (x) dx =xPd,(x) + C (6.47)

and f £, 1y (&) dx = —x P, (x) + C (6.48)

where C denotes a constant of integration. These integral formulas
are valid for any p = 0.

Example 2: Reduce [ x%J,(x) dx to an integral involving only J,(x).

Solution: The given integral does not exactly match either (6.47) or
(6.48). However, by writing

fszz(x) dx = fx3[x“1J2(x)] dx
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we can use integration by parts with

u=x3 dv =x"'Jy(x) dx
du=3xdx v=—x"1Ji(x)

where we have used (6.48). Thus, we have
[ 2@ dv = —22,0) +3 [ 2w s
and a second integration by parts finally leads to
[ #0) s = 2,0~ 3do) +3 [ Juta)

The last integral involving Jy(x) cannot be evaluated in closed form,
and so our integration is complete.

As a general rule, if m and n are any integers such that m + n >0,
then every integral of the form

I=Jx"‘J,,(x)dx

can be integrated to a closed-form expression when m + n is odd, but
will ultimately depend on the residual integral [ Jo(x) dx when m + n
is even. Since it cannot be evaluated in closed form, the integral
[gJo(t) dt has been tabulated.*

Other integral relations can be derived from the identities

xPe (0)eJ3(x) = 2P 4 [x " () 1 [x ~35(x)]
1Py )4 (x) = xP [T (x) x4 ()]

the derivatives of which yield
L i ()0)] = (p + 40,0 (x)
P Ly )y(x) + )y ()]
L PR = (p — O ()

+ 2P [Jo(x)eJ5(x) + J1 (% )edy(x)]

* See, for example, M. Abramowitz and 1. Stegun (eds.), Handbook of Mathe-
matical Functions, Dover, New York, 1965.
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where we have used (6.45) and (6.46). Upon addition, we get

% {oP [y (x )32 ) + I )eJ o ()1}

=x?7(p + D)1 (x)d5(x) + (p — 6)dp(x)e4(x)]

which, for p =6, reduces to
% {8y (x)eJ5(x) + Jo(x) 4 (%) ]} = 10x%J, (x )5 (x )
Finally, direct integration of this last expression leads to
Istl(x )eJa(x) dx = 10x®[Jy (x)J5(x ) + Ja(x )y (x)1 + C  (6.49)
The choice p = —4 yields the similar result
fx‘5J2(x Yy (x) dox = 1o "4y ()5 (x ) + Jp(x)J(x)]1 + C  (6.50)

Integral formulas of the type given by (6.49) and (6.50) are called
Lommel integrals. Some additional integral relations of this
general type appear in the exercises.

6.4.2 Definite integrals

In practice we are often faced with the necessity of evaluating
definite integrals involving Bessel functions in combination with
various elementary functions or, in some instances, other special
functions. The usual procedure is to replace the Bessel function by its
series representation (or an integral representation) and then in-
terchange the order in which the operations are carred out.

To illustrate the technique, let us consider the integral

I =f e PAL (2VE)dt  p>-Y, §>0 (6.51)
0

which is important in the theory of Laplace transforms. To start, let
us replace the product t”2J,(2V¢) with its series representation, i.e.,

tp/2J (2\/2) = tp/2 i (‘“l)ktk+p/2
i okIT(R+p +1)

_ i (_l)ktk+p

TS RIT(R+p +1)
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By substituting this series into the integrand in (6.51) and in-
terchanging the order of integration and summation, we find

= (_1)k =~
I“,Z:Okvr(k +p+1)J

=§: (-1)* Ik+p+1)
ok!T(k+p+1) sktp*t

—sttk +p dt

where we are using properties of the gamma function to evaluate the
above integral. Finally, simplifying this last expression leads to

1 (1)k(1/s)k 1 .
ZO e

+1 +
TP T ghtl

and we deduce that

- 1
J eV dt=—re™  p>=Yp,  s>0 (652)
(1]

Along similar lines, suppose we replace J,(bx) with its series
representation in the integral

I =f e “xPdJ,(bx) dx p >, a,b>0 (6.53)
0

and integrate the resulting series termwise. This action leads to

IR ) il aUR
I_k=0k!r(k+p+1) e TR dx

g i (=1)*T(2k +2p + 1)
T & 2% PRIT(k +p +1)

( 2)——(p+1/2)—k(b2)k

where the integral has again been evaluated through properties of
the gamma function. This time the resulting series is more difficult to
identify, but it is actually a binomial series. Recalling the Legendre
duplication formula and Eq. (1.31) in Sec. 1.2.4, we see that
( > _1/ 2)

(=1T(2k +2p +1) (—12°T(p +k + %)
22+ PEIT(k+p +1) Vrk!

WA

_2T(p+h) <—(p + 1/2))
Va k
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and thus

I= (26T (p +'5) i (‘(P +Y2)

Vo S\ k

Finally, by summing this binomial series, we are led to*

)(az)—(p+1/2)—k(b2)h (654)

J;we“”‘x”Jp(bx) dx = gzzzr_'(_i:):ﬁ),z p>="%, a,b>0
(6.55)
By setting p =0 in (6.55), we obtain the special result
[[e=brde=omr—y  a,b>0 (6.56)
0 Va* + b2

Strictly speaking, the validity of (6.56) rests on the condition that
a >0 (or at least the real part of a positive if a is complex). Yet it is
possible to justify a limiting procedure whereby the real part of a
approaches zero. Thus, if we formally replace a in (6.56) with the
pure imaginary number ia, we get

f e " J,(bx) dx = a,b>0
0

1
b%—a?

The separation of this expression into real and imaginary parts leads
to

1

T

f cosaxJo(bx)dx —i | sinaxJy(bx)dx =
0 0 _ l b<
a2_b2 a

and by equating the real and imaginary parts, we deduce the pair of
integral formulas

1
) — b>

f cos ax Jy(bx) dx =4 VI —a? @ (6.57)
0

0 b<a

* Summing the series (6.54) requires that a # b, although the result (6.55) is
valid even when a = b. :



Bessel Functions 261

and

- 0 b>a
f sin ax Jy(bx) dx = 1 b<a (6.58)
0 Va® — b2

These last two integrals are important in the theory of Fourier
integrals. Both (6.57) and (6.58) diverge when b =a.

Example 3: Derive Weber’s integral formula

22m—p—1r(m)

— <m<} > -1
r(p__m+1) O m /2) P /2

[ w0 e =
0

solution: Replacing J,(x) by its integral representation (6.35), we
have

f 2P LT (x) dx
0

27F
\/’ ['(p+ /2)

2m -1
\/—F(p+1/2)f sin BJ cos (x cos 8)dxd@

where we have reversed the order of integration. By making the
substitution £ =x cos 6 in the inner integral and using the result of
problem 37 in Exercises 2.2, we obtain

f 2m - lf cos (x cos 0) sin® 0d0 dx
0

f 22" 1 cos (x cos ) dx = cos™?™ 0 f t*1cost dt
0 0

=cos 20T (2m) cos mx

= 7~ 1292m =10 (;m [ (m + Y,) cos mar cos 2"

The last step follows from the Legendre duplication formula. The
remaining integral above now leads to

/2

f sin% 0 cos 2™ 0d0 =2 I sin® 0 cos 2™ 0d6O
0

=F(p +1/2)r(1/2‘"
I'p-m+1)
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and hence, we deduce that

22PN (m)I'(m + Y,)T'Y, —m) cos mn

| wmr g, de =

0 al(p-m+1)
‘22m—p—1r(m)
"I(p-m+1)

where we are recalling the identity (problem 42b in Exercises 2.2)
'Yy + m)I'(Y;—m)=a secmn
(Although we won’t show it, Weber’s integral is valid for a much

wider range of values on m and p than indicated above.)

Exercises 6.4

In problems 1 to 12, use recurrence relations, integration by parts,
etc., to verify the given result.

1. foo(x)dx —xdy(x) +C

S

. fx2J0(x)dx = x2J,(x) + 2Jy(x) —fJo(x)dx

w

. Ix3J0(x) dx = (x® — 4 )J1(x) + 2c%Jy(x) + C

N

. le(x)dx = —Jyx)+C

4

f () dic = —xdo(x) + f Jo(x) da

(=2}

. Iszl(x) dx = 2xJ, (x) — x%Jo(x) + C

-3

} fstl(x) dx = 3x2J,(x) — (x® — 3x)Jy(x) — 3 J Jo(x) dx

o 2]

. fJ;;(x) dx = —dJp(x) — 271y (x) + C

©

. fx-lJl(x) dx = —Jy(x) + on(x) dx

1
10, fx’sz(x)dx - —%Jl(x) —%Jl(ao +§i—Jo(x) = fJo<x)dx



11.

12.

13.

14.

15.
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fJO(x) cosx dx =xJy(x) cosx +xJ;(x) sinx + C

fJo(x) sinx dx = xJy(x) sinx —xJ,(x) cosx + C

Verify the identity

a% (s (17 + 1)) =2~ ((p + D)

+(p — 6)[J3(x)]?
and use it to deduce that

@) f 2 [dy(x) 12 dx = Yyox8{[dp@) % + [J4(x) 1%} + C

() |2 1@ dx = <o {100 + ) ) + €
Show that
[ £, = [y 201 i =220, (), 102 + €

Hint: Use problem 16a in Exercises 6.2
Using repeated integration by parts, derive the recurrence
formula (n=1,2,3,...)

Jz(x)+176'2—33J3(x)+...

fJo(x)dx=Jl(x>+

X

(2n — 2)! @)t [ d,(x)
T Dl S T T | e

In problems 16 to 34, derive the given integral relation.

16.

o 1
j Jo(bx)dx==, b>0
o b
Hint: Let a— 0" in Eq. (6.56).
a

17. fo e‘axxJO(bx)dx=Ea_2+—b2)3W’ a,b>0
*© 1

18. fo e‘s‘tJl(t)dt=w,S>0
T o styn @n)! o aen1e

19. f e (at) dt =T (P +a) T 0,530, n=0,12,...
0 -

20. f e "t J (at)dt =
0

2n +1)!
(—,21,171“")—8(82 + a2)—n—3/2, a,s > 0’

n=0,1,2,...
Hint: Differentiate problem 19 with respect to s.
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2a% - b?
( a2 + b2)5/2 ’
Hint: Differentiate Eq. (6.56) with respect to a.

21. j e “x2J(bx) dx = a,b>0
0

P g b* 2
22. fo e'“"x””J,,(bx)dx=(2a)p+1e"”/(4“), p>-1, a,b>0

0 bp b2
23. —ax?,.p+3 dx = ( +1 __) —bz/(4a)’
3 L e " xP T, (bx) 22ay i \P 1)
p>-1, a,b>0
Hint: Differentiate problem 22 with respect to a.

o ¢ 1
24.f SN (bx)dx =sin'~,  b>1
o X b

Hint: Integrate Eq. (6.58) with respect to a.

S (Va®+b%*—ay
25.J;e Bt =g p>ol a,b>0

/2 :
26. f Jolx cos ¢) cos pdop = s1;1x
(V]
1—cosx

/2
217. J' Ji(xcos ¢p)d¢p =
0

28. FJO(2x cos ¢) do = n[Jy(x)]?
0

Hint: See problem 21 in Exercises 6.2.

™2 [J,(x sin ¢)1? _1r Ji(2x)
29. J; sin ¢ d¢_2[1 ]

S e . _ sin (ka sin ¢)
30. J; x(a® —x*) V2Jy(kx sin ¢) dx Thsmo ?

31. f e' 5% J (¢t sin ¢) sin pd¢p =2

0

Hint: Use problem 24 in Exercises 6.2.

32. J' e 29 J (¢t sin ¢)t"dt = n!P,(cos ¢), 0=<¢ <m, where P,(x)
0

is the nth Legendre polynomial.
Hint: Use problem 24 in Exercises 6.2.
33. J e~ 2] (2Vxt) dt =nle *x™2L™(x), where L™ (x) is the

0
nth associated Laguerre polynomial.

Hint: Use problem 25 in Exercises 6.2.
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* 1
34. f x(x?+a?) V%), (bx) dx =ge"’”, a=0, b>0
0
Hint: Use the integral representation

1 (* g
(xZ + a2)—1/2 ____f e—(x +a )tt—1/2 dt
Va Jo
and then interchange the order of integration.

6.5 Series Involving Bessel Functions

There are a variety of applications that lead to series involving one or
more Bessel functions. These usually appear in the form of addition
formulas or orthogonal expansions.

6.5.1 Addition formulas

By recognizing that w(x, t) = exp [',x (¢t — 1/t)] satisfies the identity
wx+y,t)=wx, t)w(y,t), it can be shown that the Bessel function
of order n satisfies the simple addition formula (see problem 4 in
Exercises 6.2)

Jyx+y)= D Jyx)d,_1(y) (6.59)

kh=—x

We wish now to develop the more general addition formulas

Jo(R)= 2 Jk(a)Jk(b)eike

h=—x
=dJo(a)dy(b) +2 D, Jy(a)d,(b) cos kb (6.60)
k=1
and
cos ny cos kO
( ){sm ’(/J k_E_ka(a)Jn+k(b){ sin k@ (6.61)

where R = Va®+ b% — 2ab cos 6, sin ¢ = (a/R) sin 6, and a and b are
any positive constants (see Fig. 6.3).
A further generalization of these last two formulas is given by

J.(R) Jn+2(@)r 12 (D)

—pn=2'T(n) 2 (n+k) @b)

Ci(cos 8) (6.62)

where n#0, -1, —2,... and where Ci(x), 2=0,1,2,... are the
Gegenbauer polynomials (see Sec. 5.4). We do derive (6.60) and
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Figure 6.3

(6.61), but for the derivation of (6.62) we refer the reader to G. N.
Watson, A Treatise on the Theory of Bessel Functions, 2d ed.,
Cambridge University Press, London, 1952, It can be shown that both
(6.61) and (6.62) are also valid for nonintegral values of n, but in
this case we must impose the additional condition b > a.

Addition theorems such as (6.60) to (6.62) play an important role
in a number of applications in mathematical physics. To prove them,
let us start with the identity (see problem 7 in Exercises 6.2)

: 1 o had
exp [—%(k - E)] S L@kt = J(kx)t”  (6.63)
and make the substitutions x =a, k =e'® and x =b, k =¢'Y. This
action leads to the equations

exp ( - f—? sin qb) > (@)™t = > J,(ae’?)"

'b . . (6.64)
exp (—%sin w) > J(b)emvtn = >, J,(be'V)t"
Forming the product of the expressions on the left-hand sides in

(6.64) gives us

exp [—:—(a sin ¢ + b sin w)] i J,(a)e?em . i J. (b

n=-—o n=-—w

=] -]

= exp [— Lz(a sin ¢ + b sin w)] > > d(@)em?d, (bemvtntm

n=—o0o m=—w

o a0

= exp [— ;;(a sin ¢ + b sin 1/;)] S du(@)d,_y(b)e* @ Vginvn

n=—wk=—w
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where the last step follows a change in index. Recognizing that the
product of the series on the right-hand sides in (6.64) yields [based
on the development of Eq. (6.59)]

S J(aet) - Y J,(be'V)tr = > J,(ae'? + be'¥)t”

n=—w n=——w n=—w

we can equate like terms in these last two expressions to deduce that
. . i, . ;
J,(ae'? + be'?) = exp [— ;(a sin ¢ + b sin w)]e”“"

X S dyla)d,_4(b)e® Y (6.65)

kh=—x

If we now require that ae‘? + be’¥ be a real number, say R, then we
set

acos¢p+bcosy=R
asing+bsiny=0

and find that R%2=a®+b%+ 2ab cos (¢ — ). If we further set ¢ —
Y=m-6, then R?=a%+ b%— 2ab cos 6, and hence (6.65) takes the
form

J,(R)e ™ =Y J(a)d,_,(b)(—1)e ** (6.66)

h=—wx

Last, by replac¢ing & with —& and using J_,(x) = (-1)"/J, (x), we
finally obtain Eq. (6.61). The special case n = 0 reduces to (6.60).

6.5.2 Orthogonality of Bessel functions

Among other applications, the solution of certain partial DEs involv-
ing radial symmetry requires the expansion of a given function in a
series of Bessel functions. Such series belong to the class of
generalized Fourier series.* Their theory closely parallels that of
Legendre series and rests heavily on the orthogonality property

b
f xdy(Rpx ), (kox)dx =0 m#n (6.67)
0

* See the discussion in Sec. 4.4 on generalized Fourier series.
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where %, and k&, are distinct roots of
J,(kb)=0 (6.68)

To prove (6.67), first we note that since y =¢J,(x) is a solution of
Bessel’s equation

x®y"+xy' + (x2—py =0

it follows that y =J,(kx) satisfies the more general equation (see
problem 1 in Exercises 6.5)

2yll+xyl+(k2 2_p2)y=0 (6.69)

For our purposes we rewrite (6.69) in the more useful form
xi (xy") + (B*x2—-p2y =0
dx

and hence J,(k,x) and J,(k,x) satisfy, respectively, the DEs

x%[in(k x)]+(k PO kax) =0 (6.70)
d[ d
5o [anp(k,,x)] + (k%% - pOd, (k) =0 (6.71)

If we multiply (6.70) by x 'J,(k,x) and (6.71) by x 'J,(k,.x),
subtract the resulting equations, and integrate from 0 to b, we find
upon rearranging the terms

(kZ—kz)be(k W, (k )dx—ij(k )i[iJ(k )]dx
m n Oxp mX p nX _0 b mX dx xdx » nX

_ fo ’ Jp(k,,x):—x[x %Jp(kmx)] de

Performing integration by parts on the right-hand side and dividing
by the factor k2, — k2 lead to

b
f xel, (k2 ), (kpx) dx
0

x=b

(k) 2 J(knx) T, (o) = J(k x)] (6.72)

TRZ k2 k2[

x=0
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By hypothesis, &, #k, and J,(k,,b)=J,(k,b)=0, and thus the
right-hand side of (6.72) vanishes, which proves the orthogonality
property (6.67).

When k,, =k, the resulting integral

b
1=f %[, (ko) J? dx
0

is also of interest to us. To deduce its value, we take the limit of
(6.72) as k,,—k,. Because the right-hand side of (6.72) approaches
the indeterminate form 0/0 in the limit, we need to employ
L’Hopital’s rule, which leads to (treating %, as the variable and all
other parameters constant)

x d x=b
I= [dx Ty ) - J(k %)~ J, (k x)dk AN x)] 6
Now, using the recurrence relations (see problem 15 in Exercises 6.2)
d
AL =‘;—’Jp(kx) ~kd, 1 (kx)
d

25Ttk = J (kx) — x, ., (kx)

we find that (6.73) reduces to

1 x=b
I- {2;:2 [y ) P+ 550t P = - Jy Myl |
or finally
b
[ty ) e = 871 k)2 (6.70)
0

6.5.3 Fourier—Bessel series

Having the orthogonality property (6.67), we now consider the
representation of a given function f in a series of the form

@

f@)=2 c,J,(kx) 0<x<b, p>-Y, (6.75)

n=1
where J,(k,0)=0 (n=1,2,3,...). Such a series is called a
Fourier-Bessel series or simply a Bessel series. Let us assume

that such a representation is valid and attempt to identify the
constantsc,, (n=1,2,3,...).
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To begin, we multiply both sides of (6.75) by xJ,(k,x), where
Jy(k,b) =0, and we integrate the resulting series termwise from 0 to
b. Doing so, we find that

b ®© b
f f @I, (k) dx = S ¢, [ ad, (o), (ko) dx
0 n=1 0

b
=c,,,j £, ()12 dx

(V]

where all terms in the series vanish except for that which cor-
responds to n = m. This last integral is simply (6.74), and so solving
for ¢,, and changing the index back to n, we obtain

2 b
= T [ st mrde n=1,23,... ©76)

Theorem 6.1. If f and f' are piecewise continuous functions on
0=x =b, then the Bessel series (6.75) with constants defined by
(6.76) converges pointwise to f(x) at points of continuity of f and to
the average value Y,[f(x*) + f(x )] at points of discontinuity of f on
the interval 0 <x <b.*

Example 4: For the function

x 0=x<1
0 1<x<2

f(x)={

find a Bessel series of the form

%

fx)=2 c.dilk,x) 0<x<2

n=1

where J;(2k,)=0(n=1,2,3,...).
Solution: The series we seek is

fE)= codilk,x) 0<x<2

n=1

* The series always converges to zero for x = b, and it converges to zero at x =0

if p>0.
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1 2
where Cp = W J; xf (x)Jy(k,x) dx

___I__II 2J(k )dx
BT AT R I it

In this last integral we make the change of variable ¢ =k, x, which
yields

1 1 kn
f 22, (k) di = f £27,(¢) dt

o ke Jo
1

=EJ2(kn)

where we have made use of the integral formula (6.47). From this
result we see that

Jo(k,)

 — =1
= 2k b2

and hence the desired series is given by

1 i Jo(ky,)

F&) =3 2 @k

Jy(k,x) 0<x<2

Generalizations of the Bessel series can be developed where the k&,
satisfy the more general condition

hd,(k,b) + k,J,(k,b) =0 (h constant) (6.77)

The theory in such cases requires only a slight modification of that
presented here and is taken up in the exercises.

Exercises 6.5
1. Show that y =J,(kx) is a solution of

x%y" +xy' + (B%%—p2y =0
2. From Eq. (6.60) deduce the following:

(a) Jo(Vx§+y2)=Jo(x)Jo(y)+2k2 (—1)*d (%) (3)
-1

(b) J0<2x cosg> = [Jo(x)1?+ 2 i (—=1)* [, (x)]% cos kO
k=1
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) J0<2x sme) [Jo(x)]2+22 [, (x)]? sin k6

(d) Joy(VaZ+ b2+ 2ab cos 6)
=do(a)dy(b) +2 D, (=1)*J,(a)dy(b) cos kO
k=1

3. Show that the special case #=x in Eq. (6.61) reduces that
addition theorem to the simple result given by (6.59).

4. By setting n =/, in (6.62), deduce that

R
Sm 2\7’3 2 (2k + 1)Jk+1/2(a)Jk+1/2(b)Pk(COS 0)

where P,, (x) is the kth Legendre polynomial.

In problems 5 and 6, verify the series relation given that Jy(k,) =0
(n=1,2,3,...).

Jo(k,x)

= <x<1
5 1-x2 szkaJl(k) 0<x
6. Inx=-2 2 Jolknt) 0<x<1

ke (BT

In problems 7 to 9, find the Bessel series for f(x) in terms of the set
{Jo(k,x)}, given that Jo(k,)=0(n=1,2,3,...).

7. Flx) = 0.1Jy(ksx), 0<x<1

8. flx)=1, 0<x<1

9. fx)=x% O<x<1

10. f p=-" and J,(k,) =0 (n=1,2,3,:..), show that

~ Jp(k,x)
=2 O<x<1
2 hdy ) *
11. If p=-", and J,(k,) =0 (n=1 2,3,...), show that
(@) 2P*'=2%p+1) 2 Jiﬁ?c—) 0<x<1
Spr1(kn)’
(k,x)
p—+—2__ 3 +2\%n <
(b) x 2%(p+1)(p+2) Zk————3J AL 0<x<1

12. Given that J,(k,) =0 (n=1,2,3,...), p=0, express f(x) =x"7,
0<x <1, in a series of the form

xP= 2 c Jdp(k,x), 0<x<1

n=1
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13. Given that J,(k,0)=0(n=1,2,3,...) for p > —/,, show that
b
(a) I xeJp (R ), (k,x)dx =0, m#n
: k2b2 — p?
2k2

14. Given that hJ,(k,b) +k,J,(k,b)=0 (n=1,2,3,...) for con-
stant  and p > —'/,, show that

b
®) [ %, ()1 = [, (knb) T2
0

b
(a) f xeJ, (Rpx)d,(kox)dx =0, m #n

b (k% + h?)b% - p?
2 — n
(b) Jox[Jp(k,,x)] dx = o%?

15. It is given that J;(k,) =0(n=1,2,3,...) for p >0.
(@) Use the result of problem 13 to derive the Bessel series

i k.S, .1(k,)
e _p;’;[lJ 7 )]ZJ,,(k,,x), 0<x<1
n= n p\vn

(&) Is the expansion valid when p = 0? Explain.

[, (k,b)1?

6.6 Bessel Functions of the Second Kind

We have previously shown that y, =<J,(x) and y,=J_,(x) are both
solutions of Bessel’s equation

x2y17+xyl+ (x2_p2)y =0 P =( (6.78)

Moreover, for p not an integer, these are linearly independent
solutions so that the general solution of (6.78) in this case can be
expressed by

y=Cid,(x)+Cod_p(x) p#n(n=012,...) (6.79)

where C, and C, are arbitrary constants.
For p=n (n=0,1,2,...), the solutions J,(x) and J_,(x) are
related by [see Eq. (6.6)]

J_n(x) = (=1)"J,(x) n=012,...

and hence are not linearly independent. For purposes of constructing
a general solution of (6.78), it is preferable to find a second solution
y, whose independence is not restricted to certain values of p. Such a
solution is defined by

(cospr)d,(x) —J_,(x)
sinpn

Y, (x)= (6.80)
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which is called the Bessel function of the second kind of order p.
Because it is a linear combination of solutions of (6.78), the function
Y,(x) is also a solution for all p. However, when p=n (n=
0,1,2,...), it requires further investigation since the right-hand
side of (6.80) assumes the indeterminate form 0/0 in this case.

Nonetheless, the limit as p —n does exist (see Sec. 6.6.1), and we
define

Y, (x)=limY,(x) n=0,1,2,... (6.81)

p—n

The wronksian W(J,, Y,)(x) =2/(ax) for all p (see problem 7 in
Exercises 6.6) and hence J,(x) and Y, (x) are linearly independent for
all values of p. We conclude, therefore, that the general solution of
Bessel’s equation (6.78) for all values of p is given by

y=C1d,(x) + CoY,(x) (6.82)

6.6.1 Series expansion for Y,(x)

We wish to derive an expression for the Bessel function of the second
kind when p takes on integral values. Because the limit (6.81) leads
to the indeterminate form 0/0, we must apply L’Hopital’s rule, from
which we deduce

Y.(x) = lim (cospn)Jf,(x) —dJ_,(x)
p—n sSmmprw

. 3 3
(—n sinpm)d,(x) + (cos pr) ng(x) - 5J_p(x)

= lim
p—n JT COSpIT
. 172 . 0
_},l—»mnn[apJ"(x) (-1) 8pJ_"(x)] (6.83)

For x >0, the derivative of the Bessel function with respect to order
yields

2 pw=3 {(x/2)2k+p1n (1/2) /2**T'(k+p + L)
op p\X —k=° k! I'k+p+1) [‘(k+p+1)]2

Q=D /2*PT x
_gok!l“(k +p+1) [lng“'l’(k +P+1)]

where y(x) is the digamma function (see Sec. 2.5). We can further



Bessel Functions 275

write this last expression as

(=1 (x/2)**?

—J (x) J(x)l ——2 m

yk+p+1) (6.84)

and by a similar analysis, it follows that

(-1)*(x/2)*7
o kIT(E—p +1)

3

——-J_,,(x)— -J_,(x)In —+2 y(k—p+1) (6.85)

At this point, let us consider the special case p — 0. From (6.83),
we obtain

p—0JT

. 172 3
Yolx) = llm—[%Jp(x) —gJ_p(x)]

and by using the results of (6.84) and (6.85), we get (x >0)

x (—=1)%(x/2)%*
Yo(x) =—J0(x) 1n§_—k§,_(T!)2__

Yk +1) (6.86)
Another form of (6.86) can be obtained by making the observation

> (—1)(x/2)*
’ZO e Yk +1)

- 1)k(x/2)2k 1 1
kgl (k)2 ("V“+5+'“+,;)
LEDRER* & DM@ 1L

ykgo (R))? +,§1 (B2 (1+“2‘+"'+g)

where y is Euler’s constant. Hence, combining this last expression
with (6.86), we have (x >0)

2
Yo(x) =7—vJo(x)<ln§+ y)

(=1)*(x/2)%*
__2 _.._x_<

- Gz (gt +1) (6.87)
k=1

2 k

The derivation of the series for Y, (x) (n=1,2,3,...) is a little
more difficult to obtain. Proceeding as before and taking the limit in
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(6.83), using (6.84) and (6.85), we find

Y,() = 1,) + (~1_ @)1 In
T 2

1[& (—1)F(x/2)**"
—;[k=omw(k +n+1)
o (D /2%

+(=1" >

2 TGy Y=+ 1)] (6.88)

Next, recalling that
IFk~n+1)]—> k=0,1,...,n-1
and lp(k —n +1)|—>» k=0,1,...,n-1

we see that the first n terms in the last series in (6.88) become
indeterminate. However, it can be shown that (see problem 9 in
Exercises 6.6)

lim yk-p+1)

= (1% b _ 1 — _
p—>nr(k_p+1) ( 1) (n k 1)' k 011"'-:n 1 (6.89)

and therefore we can write

n = (=1 (x/2)% " it (n =k = 1) (x\%"
U 3 Ve =3 (5)
= (—1) 2k—n
+(_1)n E ( 1) (x/2) 1[)(k—n+1)

t-n B! T(k—n+1)

Finally, by making the change of index m =%k —n in the last
summation in this last expression, (6.88) reduces to (x > 0)

2 x 1"'1(n—k—1)!<x)?*""
Yn(x)—an(x)ln2 Ti-o k! 2

_l w© (_l)m(x/2)2m+n
Koo m!(m+n)!

[ym+n+1)+ym+1)]  (6.90)

Graphs of Yy(x), Y;(x), and Y5(x) are shown in Fig. 6.4. Observe the
logarithmic behavior as x—0" (see Sec. 6.6.2). Also note that
these functions have oscillatory characteristics similar to those of

J.(x).
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Figure 6.4 Graph of Y, (x), n=0,1, 2.

6.6.2 Asymptotic formulas for small
arguments

To obtain asymptotic formulas of the Bessel functions Y,(x) for
x— 0", we start with the series representation (6.87) for Yy(x), and
retaining only the most significant terms, we see that

Yo(x)~gJo(x)(ln£+ y) x—0*
b4 2

However, since Jy(x) ~1 and |Inx|> y —In2 for small x, we deduce
that Y,(x) has the logarithmic behavior

2
Yo(x)~;1nx x—0" (6.91)

In the general case where p >0, we start with

(cos prt)ed,(x) —J_,(x)

Yo(e)= sinpx

Here we make the observation that J,(x)~0 for x—0* [recall Eq.
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(6.11a)], and thus
_dJ_px)
sinpx
/2y
I'l-p)sinpr

Y, (x) ~

p>0, x—0*

By use of the identity ['(x)['(1 — x) = &/sin nx, we finally arrive at the
asymptotic relation

T(p) (2 .
1;(x)~——”——(;) p>0, x—0 (6.92)

6.6.3 Recurrence formulas

Because Y,(x) is a linear combination of J,(x) and J_,(x) for
nonintegral p, it follows that Y,(x) satisfies the same recurrence
formulas as J,(x) and J_,(x). For example, it is easily established
that (see problems 10 and 11 in Exercises 6.6)

gx— [xPY, (x)] =xPY,_;(x) (6.93)

d _ -

dx [xPY,(x)] = —x 7Y, .. (x) (6.94)
and that

Y,,_l(x)+Y,,+1(x)=2x—pY},(x) (6.95)

Y, 1(x) = Y, ., (x) = 2Y;(x) (6.96)

For integral p the validity of these formulas can be deduced by
considering the limit p — n, noting that all functions are continuous
with respect to the index p. Furthermore, it can be shown that (see
problem 12 in Exercises 6.6)

Y_(x)=(-1)"Y,(x) r=012,... (6.97)

Exercises 6.6

In problems 1 to 4, write the general solution of the DE in terms of
Bessel functions.

1 x%y"+xy' + (x2=Y,)y=0
2. xy"+y' +xy=0



10.

11.

12.

13.
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. 16x%y" + 162y’ + (1622 — 1)y =0

. x%y"+xy' + (e~ 1)y =0

Hint: Let ¢t =2x.

. Show that the change of variable y = u(x)/Vx reduces Bessel’s

equation (6.78) to

1-4p?
u"+(1+ 4x2p )u=0

. Use the result of problem 5 to find a general solution of Bessel’s

equation (6.78) when p ="/, that does not involve Bessel
functions.

. From the results of problems 18 and 19 in Exercises 6.2, deduce
that
2
W(d,, ¥,)(x) = -
. Use problem 7 and appropriate recurrence relations to show that
2
Jp @)1 () = Jpa (@)Y, (x) = — —
. Based on the identities I'(x)I'(1 —x) =7 csc ix and y(1—x) —
P(x) = m cot 7x, show that
. W(k —p + 1) —k
= (-1) —k-1) = R
,l,l-lgl“(k—p+1) (-1)*"*(n 1) k=0,1,...,n-1
Show that
d
(a) dx [xPY, (x)] = xPY,_,(x)
d —pP -p
(b) ax [x7PY,(x)] = —x7PY, 41 (x)
From the results of problem 10, deduce that
2
@) Y, 1(x)+Yp.(x) =7PY,,(x)
b)) Y, 1(x) = Ypu1(x) =2Y,(x)
Verify that
Y_ . (x)=(-1)"Y, (x) n=0,12,...
By making the change of variable ¢ = bx, show that (5 > 0)

y= ClJp(bx) + Csz(bx)
is a general solution of
ny!l+xyl+(b2 2_p2)y=0 pZO
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14. Show that the boundary-value problem (p = 0)
Oy +xy' + (R%2—-p2y=0 |y(0)|<», y(1)=0
has only solutions which are multiples of J,(k,x), where the %’s
are chosen to satisfy the relation

Jlk,)=0 n=12.3,...
15. Assume a power series solution of the form (Frobenius method*)
y =x° Z c,x"
n=0
(a) Show that Bessel’s equation (6.78) has one solution cor-
responding to s =p that leads to y, =, (x).
(b) For p =0, show that the method of Frobenius leads to the
general solution

2 (=)™ (x/2)*
y=(@A+B lnx)rgo—~————(n!)2

oo _—1y—-1 2n
+B ZM<1+1+...+1)

n=1 (n!)z 2 n

where A and B are arbitrary constants.

6.7 Differential Equations Related to
Bessel’s Equation

Elementary problems involving DEs are regarded as solved when
their solutions can be expressed in terms of elementary functions,
such as trigonometric and exponential functions. The same can be
said of many problems of a more complicated nature when their
solutions can be expressed in terms of Bessel functions.

A fairly large number of DEs occurring in physics and engineering
problems are specializations of the form

2"+ (1-2a)xy’ + [b%*™ + (a®~cpP)ly=0C p=0, b>0
(6.98)

the general solution of which, expressed in terms of Bessel functions,
is

y =x°[C1d, (bx°) + C,Y, (bx°)] (6.99)

where C, and C, are arbitrary constants.

* For an introductory discussion of the Frobenius method, see chap. 7 in L. C.
Andrews, Introduction to Differential Equations with Boundary Value Problems,
HarperCollins, New York, 1991.
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To derive the solution formula (6.99) requires two transformations
of variables. First, let us set

y=x% (6.100)

from which we obtain

a+l_

xy' =x"z' +ax°z
nyu =xa+220 + 2axa+lz/ + a(a . l)xaz

Substituting these expressions into (6.98) and simplifying the
results, we get

x%2" +xz' + (b%*x* —c?p?z =0 (6.101)
Next we make the change of independent variable
t=x° (6.102)
from which it follows, through application of the chain rule, that

dz
xz' =cx—

dt

dz 2
x%2"=c(c —1)x° 7 + %% (—;-tg

Hence, Eq. (6.101) becomes

d*% dz
Rt Daid 2,2 2y, _
gttt (b*t*—p*)z=0 (6.103)
whose general solution is (see problem 13 in Exercises 6.6)
z(t) = CJ,(bt) + C,Y,(bt) (6.104)

Transforming this result back to the original variables x and y leads
us to the desired result (6.99). For those cases when p is not integral,
we can express the general solution (6.99) in the alternative form

y=x°[Cid,(bx°) + Cad _,(bx°)]  p#n (n=0,1,2,...)
(6.105)

Example 5: Find the general solution of
x2y" + Bxy’ + (4x%+ 3)y =0
Solution: This DE is of the form (6.98) with
1-2a=5 2c=2 b%%*=4 a%’-c%p?=3
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These conditions are satisfied if a = -2, b=2, ¢ =1, and p = 1. Thus,
the general solution we seek is

1
=x—2 [ClJl(zx) + Czyl(zx)]

Example 6: Find the general solution of Airy’s equation
y'+xy=0

Solution: To compare this DE with (6.98), we must multiply
through by x2 (x #0), putting it in the form

%" +x% =0
Here we find that a =%,, b =%, ¢ =¥,, and p = /;. Hence we obtain
¥ =V [C1s(Fsx¥?) + C3Yya(Yx¥?)]
or since p is nonintegral, we can also write

y= Vx [C1J1s(*sx*2) + Cod _15(¥5x¥*)]

6.7.1 The oscillating chain

One of the classical problems of oscillation theory concerns the small
oscillations of a flexible hanging chain. This problem was first
discussed in 1732 by D. Bernoulli and later in 1781 by Euler, both
many years prior to Bessel's legendary paper in 1824 on the
properties of Bessel functions.

Consider a uniform heavy flexible chain of length L, fixed at the
upper end and free at the lower end (see Fig. 6.5). When the chain is
slightly disturbed from its position of equilibrium in a vertical plane,
it undergoes “small” oscillations. Let p denote the constant mass per
unit length and y the horizontal displacement of the chain at time ¢.
Taking the origin at the bottom of the chain as shown in Fig. 6.5, the
resultant force per unit length x is

8/, 9y

2 (r2)

ox ( ox
where T is the tension in the chain. Equating this resultant force to
p 3%y/at%, which represents the product of the mass (per unit length)
and the acceleration, we obtain the equation of motion (Newton’s
second law)
3 32

(r3)-r5

a ™ =p? (6.106)
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x Figure 6.5 Oscillating chain.

Let us suppose the tension 7 is due entirely to the weight of the
chain below a given point x. In this case T = pgx, where g is the
gravitational constant, and (6.106) takes the form

2
_a_< @)= 9y (6.107)

gax xax a2

Since the chain is fixed at the top where x =L and free at the bottom
where x = 0, the accompanying boundary conditions are given by

ly(0)j<e  y(L)=0 (6.108)

The first condition merely requires that the displacement remain
bounded at x = 0.

Although (6.107) is a partial DE, we can reduce it to an ordinary
DE by making an assumption regarding the variation of y with
respect to time ¢. That is, if we assume the oscillations y are
essentially sinusoidal with (angular) frequency w, then we can find
the normal modes of vibration by making the substitution
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y =R cos (wt — ¢) (6.109)

into (6.107), where the amplitude R is a function of x alone and ¢ is a
phase angle. After doing so, and dividing the resulting equation by
cos (wt — ¢), we obtain the ordinary DE

xR"+R' +k*R=0 (6.110)

where k%= w?/g. We recognize (6.110) as a specialization of (6.98)
for which @ =0, b = 2k, ¢ ='/,, and p = 0. Hence, the general solution
is

R(x) = C1Jo(2k Vx) + C,Yo(2kVx) (6.111)

where C; and C, are arbitrary constants.

To satisfy the boundary condition at x =0, we must select C, =0,
since Y, becomes unbounded for small arguments [recall Eq. (6.91)].
The remaining boundary condition at x = L leads to

Jo(2EVL) =0 (6.112)

To satisfy this last relation, we can select values of k, say
ki, ko, ks, ..., k,, ... s0that 2kVL always corresponds to a zero of J,
(see Table 6.1). These values of £ in turn determine the allowed
frequencies of vibration through the relation

w,=k,Vg n=1,23,... (6.113)
Hence, the corresponding normal modes of vibration are of the form
Yo, t) =A,Jy(2k, Vx) cos (w,t — ®n) n=123,... (6.114)

where the A’s and ¢’s are arbitrary constants.
For example, if the chain is 10ft long, the lowest frequency of
oscillation is determined by first solving

2k, V10 = 2.405

where 2.405 is the first zero of J,. Thus, k;=0.380, and using
g = 32ft/s% we find for the lowest frequency

W, =k1\/§5 2.15Hz

Exercises 6.7

In problems 1 to 12, express the general solution in terms of Bessel
functions.

1. 4xy"+4y'+y=0

2. dx%y" + dxy' + (x2—nZy =0



10. y
11. 4x
12. x
13.

14.

15.

16.

cooo_q;ncnuxoa
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L x%y"+xy' + 4t —kYy =0
Lxy' =y +xy=0
Lxy"+ (1 +2n)y' +xy=0

2 n+ (x +1/4)y 0
x%y" — Txy' + (36x° +176)y =0

.y'+y=0
.y”+k y 0
+ k%

dx2y" + (1 + 4x)y 0
2y" + 5xy’ + (922~ 12)y =0
You are given the DE
¥y +ae™y =0 m>0
(a) Show that the substitution t =e™ transforms it to

(b) Solve the DE in (a) in terms of Bessel functions, and use
this to find the general solution of the original DE.

This DE is given:
x%y"+x(1 —2x tanx)y’ — (x tanx +n%)y =0

(@) Show that the transformation y =u(x)secx leads to an
equation in u solvable in terms of Bessel functions.
(b) Find the general solution of the original DE.

For the second mode (n=2) of the oscillating-chain problem,
there is a node (stationary point) located on the interval
0<x<L. Show that this node always occurs at the point
x=0.190L.

The complete solution of the oscillating-chain problem consists of
the superposition of all vibration modes, i.e.,

o

ylx, t) = Z a,,JO(an\/Jz) cos (w,t — ¢,)

n=1
(a) If the initial velocity is Jy/dt(x,0)=0, show that a
sufficient condition is ¢, =0(n=1,2,3,...).
(&) 1If also the initial displacement is y(x, 0) = €(L —x), where ¢
is a small constant, show that

= Jo(2k, V)
ylx, t)= \/—2 m w,t






Chapter

Bessel Functions of
Other Kinds

7.1 Introduction

The Bessel functions of the first and second kinds studied in Chap. 6
are often referred to as the standard Bessel or cylinder functions. In
addition to these, there are a host of related functions also belonging
to the general family of cylinder functions, the most notable of which
are the modified Bessel functions of the first and second kinds.
Although similar in definition to the standard Bessel functions, the
modified Bessel functions are most clearly distinguished by their
nonoscillatory behavior. For this reason, they often appear in ap-
plications that are different in nature from those for the standard
functions.

The general family of cylinder functions also include spherical
Bessel functions, Hankel functions, Kelvin’s functions, Lommel
functions, Struve functions, Airy functions, and Anger and Weber
functions. Of these, Hankel functions have special significance in that
they enable us to obtain asymptotic formulas for large arguments for
all the other types of Bessel functions.

7.2 Modified Bessel functions
In Chap. 6 we found that the general solution of

2y +xy' + (%% -pHy=0 p=0 (7.1)
is given by

y =C,d,(bx) + C,Y, (bx) (7.2)

287
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where C,; and C, are any constants. The related DE

2%y +xy — (x2+p2y=0 p=0 (7.3)
which bears great resemblance to Bessel’'s equation, is Bessel’s
modified equation. It is of the form (7.1) with 4= —1, and so we
formally write the solution of (7.3) as*

y =Cydp(ix) + C Y, (ix) (7.4)

The disadvantage of the general solution (7.4) is that it is
expressed in terms of functions with complex arguments, and in most
situations we prefer real functions. The problem is similar to stating
that

y=C.e" + Coe™™

is the general solution of y"+y=0. To avoid the imaginary ar-
guments in (7.4), let us first formally replace x with ix in the series
for J,(x) to obtain

& (<D )%
I (i) -,Zo ET(k +p+1)

S /2
k=0k!l"(k +p + 1)

where we have used the fact that i{%* = (—1)*. Next, observing that
the above series itself is a real quantity multiplied by i*, we are
motivated to define the real function

Y 2k +p
L) =i+, ()= 5, /2

ArTk+p+n PO (7.5)

This is called the modified Bessel function of the first kind of
order p. Since y = J,(ix) is a solution of Eq. (7.3), it follows from (7.5)
that y =1,(x) is also a solution.

Except that the alternating factor (—1)* is missing, the series (7.5)
is identical to that of J,(x). Thus each term of the series (7.5) is
positive for x >0 and so continues to increase the sum with each
additional term. We conclude, therefore, that I,(x) cannot have a
positive zero and so cannot exhibit an oscillatory behavior like that of
J,(x). In Fig. 7.1 we show the graphs of I,(x), I,(x), and I,(x), which

* Equation (7.3) also can be derived directly from Bessel’s equation by replacing
x with ix (see problem 1 in Exercises 7.2).
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£,(x)

o 1 2 3
Figure 7.1 Graph of I (x), n=0,1, 2.

are characteristic of all I,(x). Notice that I,(0) =1 while in general
1,(0)=0(p>0).
For negative p we define

o /2
I“’(")‘gok!r(k p+n P70 (79

It is easy to verify that y,=1_,(x) is a solution of Bessel’s modified
equation (7.3) in addition to y, =1I,(x). Moreover, by using an
argument similar to that in Sec. 6.2.2 to show that J,(x) and J_,(x)
are linearly independent for p not an integer, it follows that I,(x) and

I_,(x) are linearly independent functions for nonintegral p. Hence for
p not an integer, a general solution of (7.3) is

y=CLx)+Cl ,x) p#n(n=0,1,2...) (17

Recall that the Bessel functions ¢J,,,(x) and J_,,,(x) are special in
that they are actually elementary functions [see Eq. (6.12)]. In the
same manner, we find that (see problem 10 in Exercises 7.2)

Iip(x) = \/—%sinhx (7.8a)
X
/2

I_i(x)=+/—coshx (7.8b)
X

Last, when p=—-n (n=0,1,2,...), we find that negative-order
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functions lead to
I_,(x)=1i"J_,(ix)
=i"(=1)"J,(ix)
= (=1)*I,(x)

from which we deduce

I, (x)=I,(x) n=0,12,... (7.9)

7.2.1 Modified Bessel functions of the
second kind

Rather than use Y,(ix) to define a second linearly independent
solution of (7.3) for general p, it is preferable in most applications to
introduce the modified Bessel function of the second kind of
order p (or Macdonald’s function)

_al () -L,(x)
K,(x)= 2 sinpn (7.10)

It follows directly from the definition that
K_,(x)=K,(x) (7.11)

for all values of p. Because it is a linear combination of solutions, the
function K,(x) is also a solution of (7.3), which can be shown to be
linearly independent of I,(x). Thus, for all values of p (p =0), we
write the general solution of Eq. (7.3) as

y=Ci(x) + C,K, (x) (7.12)
For integral p we define

K,(x)=limK,(x) n=0,1,2,... (7.13)

p—n

Then, following a procedure analogous to that in Sec. 6.6.1, we show
that for x > 0 (see problem 15 in Exercises 7.2)

© (x/2)2k

X
K,(x) = —Io(x)<y + ln§> +3 T

(1+—;-+.--+%) (7.14a)
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while forx >0and n =1, 2, 3,... (see problem 16 in Exercises 7.2)

K, (x)= (-1, () 1n§

+lnil (-1D*(n-k-1)! <£)2k—n

25> k! 2

(__1)n © (x/2)2m+n

2

2 Somlim+n)!

[ym+n+1)+ypim+1)] (7.14b)

Here y is Euler’s constant and y(x) is the digamma function.

The graphs of Kq(x), K,(x), and K,(x), characteristic of all K,(x),
are shown in Fig. 7.2. Observe the exponential decay of K,(x) as
x—», while the graphs of I,(x) appear to grow exponentially (see
Fig. 7.1). Because of this behavior, the functions I,(x) and K,,(x) (for
general p =0) are sometimes referred to as the hyperbolic Bessel
functions.

7.2.2 Recurrence formulas

The recurrence formulas for the modified Bessel functions are very
similar to those of the standard Bessel functions. By using techniques

K, (x)
A

1 I |

0 1 2 3
Figure7.2 Graph of K (x),n=0,1, 2.

=Y
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analogous to those in Sec. 6.2, first it can be shown that
d P = P
o [xPL,(x)] = x"I,_,(x) (7.15)
d -P =P
Ix [x7PL,(x)] =x7%L,,,(x) (7.16)

From these basic formulas, it readily follows that

I(x) +‘;—’Ip(x) =1 _,(x) (7.17)

L) -CL@) =L @) (7.18)

L_yx) +1 1 (x) = 2I)(x) (7.19)
)

L_yx) =L, (x) =—;”I,,(x) (7.20)

the details of which are left to the exercises.
Similarly, by using the relation (7.10) and the above recurrence
formulas for I,(x), we find

d

7K, ()] = —"K, 1 (x) (7.21)

d -P -pP
o [ PR @)] = ~x 7K, 1 (x) (7.22)
K)(x) +i-’K,,(x) =K, ,(x) (7.23)
Ky0) ~ L K, ) = Ky a(x) (7.24)
K, 1(x) + K, (x) = -2K,(x) (7.25)

2

K,,_l(x)—K,,H(x):'—fK,,(x) (7.26)

7.2.3 Generating function and addition
theorems

Replacing x with ix and ¢ with —it in the generating-function relation

exp [%x(t——%)]= i J,(x)* t#0

n=—w



Bessel Functions of Other Kinds 293

leads to

>, dJ,Gx)(—1)%m

1 1 i
exp [ix(”;)]

i L (x)(-1)"%¢"

n=-—w

from which we deduce

exp[%x(t+-:-)]= S Lt t#0 (7.27)

n=-x

The function w(x, t) =exp [Yox (¢ +1/t)] is called the generating
function for the modified Bessel functions.

By recognizing the identity w(x +y,t) =w(x, t)w(y, t), we can use
the above generating-function relation to obtain the result

2 L+ =3 Lt 3 L

n=—ow n=-—cw n=-—ow

I'IMS

_Z ), 4 (y)t"

n

the last step of which is a Cauchy product. Hence, comparing
coefficients of ¢” on both sides of the equation, we arrive at the simple
addition formula

Lx+y)= D LI, 4(y) (7.28)

k=—

More general forms of the addition formula are given by

cosny ® cos k6

LR ){ o ,,_E_w( 1) Ik(a)In+k(b){ e, (129)
IL(R) n+k(@ ), 1 (b)

—R———znr(n)z( ~1¥(n +k)—k(—‘zl))~,f+cg(cos 6) (7.30)

cosny cos mo
K.(R ){ nny ,,,_E_wl (a)K,,+,,,(b){ b (7.31)

and
I—{ﬁ(—fQ= 2"T(n) > (n +m)I'”+"(a)K'"*’”(b)C;(cos 6) (1.32)
R m=0 (ab)m



294 Chapter Seven

where R = Va®+ b%— 2ab cos 6, sin ¥ = (a/R) sin 6, and a and b are
any positive constants (see Fig. 6.3 in Sec. 6.5). In Egs. (7.30) and
(7.32) we have the restriction n#0, -1, -2,..., and Cl(x),
m=0,1,2,..., are the Gegenbauer polynomials (see Sec. 5.4).

Exercises 7.2

1. Replace x by ix in Bessel’s equation

2.,

x%y"+xy + (x®>—py =0
and show that it leads to Bessel’s modified equation
x%y"+xy' — (x®+py=0

In problems 2 through 5, write the general solution of the DE in
terms of modified Bessel functions.

2. x%"+xy' —(x2+1)y=0
xy'+y' —xy=0

. Ax%y" +4xy' — (dx*+ 1)y =0
CxYy"+xy' — (x%+1)y=0

. Develop the asymptotic formulas.

[=2 S L~

@) I )~—1—(5)P #-1,-2, -3 -0t
a p (X F(p+1) 2 > P ’ R yeees X
() Kyx)~—Inx, x—0"

r 2\?
(c) K,,(x)~-—%’—2(;) ,p>0,x—0"

7. If y, and y, are any two solutions of Bessel’'s modified equation
(7.3), show that for some constant C, the wronskian is

Wy, y2)(x) = ¢

x
Hint: See problem 18 in Sec. 6.2.
8. Use the result of problem 7 to deduce that

(@) W(I,1,)x)=—250nPT

1
(b) W, K,)(x)= 2

9. Show that
(@) K_,(x)=K,(x) for all p

1
(0) LK, (%) + 11 (0)K,(x) = z



10.

11.

12.

13.

14.

Bessel Functions of Other Kinds

Show that

(@) L) =1/~ sinhx
X
2

b) I-l/z(x)=\/——coshx
JX

() Kl,z(x)=\/§e—x

2
(d) [I—x/z(x)]z - [11/2(x)]2 =

JTX
Show that

(a) d%[x"lp(x)]=x"lp_1(x)

d
(b) d—x[x"’lp(x)]=x“’lp+1(x)
Using the results of problem 11, show that

@ L+ L@ =],

®) I;,(x)—’fl,,(x)=1,,+l(x)
(€) L_y(x)+L,,.(x)=2I}x)
) I,,-I(x>—1,,+1(x>=?fz,,(x)

Verify that
4

(a) o

[x7K,(x)] = —a"K,_(x)

d
(b) I [xPK,(x)] = —x"PK, (x)
Using the results of problem 13, show that

(@) K;(x)+i—)Kp(x)=—Kp_l(x)

®) Ky) PR, ()= K, 1)
(©) K, 1(x) +K,.,(x) = —2K}(x)

d) K,,_l(x)—K,,+1(x)=—%9K,,(x)

295
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15. Show that
.0
Ko(x) = —})ﬂgﬁlp(x)
and use this result to deduce that for x >0

Kox) = —Io(x)<y +1n g)

= (x/2)2"< 1 1)
+ T+=4-- 4>
i1 (R1D? 2 k
16. Forn=1,2,3,..., show that
(-1)" 2] 3
K ()= im | < _c
@)= E[apz_,,(x) apIp(x)]

and use this result to deduce that for x >0

K,(x)=(=1)""I,(x) 1n§

1% (=D —k = 1)! 2\ *"

22 k! (5)
(_1)n £ (x/2)2m+n
2 pZoml(m+n)!

X[y(m+n+1)+yim +1)]
17. Use the Cauchy product to show that
oo 13\ 2 n
e-Az,b,O(mvE) -3 A L<E>

b n=0 n!

b
where L, (x) is the nth Laguerre polynomial.
18. Use the result of problem 7 in Exercises 6.2 to deduce that

o0 m

La)="3 im—'JHm(x) n=0,1,2,...

m=01:

19. Show that

xlj(x) =4 E nl,,(x)
n=1
Hint: Use problem 12d.

20. By expanding the function w(x, t) = e*%**’ in a double series,
deduce directly the generating-function relation

exp [%x(t+%>]= i L(x)* t+#0

n=—x
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21. Use problem 20 to show that

(@) €= > I,(x)cosnb

n=—w

(b) e* =Iyx) +2i L, (x)

n=1
(¢) e™=ILx)+2) (-1)",(x)
n=1
22. Use problem 21 to verify the identities

(@) 1=Ix)+2D (1)1, (x)
n=1

(8) coshx =Io(x)+2 I, (x)

n=1

(¢) sinhx =2 I,,_(x)
n=1

23. If b in the DE
x%y" + (1 - 2a)xy’ + [b%*%® + (a®—c%p®)]ly=0 p=0
is allowed to be pure imaginary, say, b =i (f >0), show that
the general solution can be expressed as
y=x[CL,(Bx) + CoK,(Bx°)]
In problems 24 through 28, use the result of problem 23 to express
the general solution of each DE in terms of modified Bessel functions.

24, y'~y=0

25 y'—xy=0

26. x%"+xy' — (4+36x*)y =0

27. xy"—8y' — x5y =0

28. y"~k** =0

29. Replace a by ia and b by ib in Eq. (6.11) to deduce the addition
formula (7.29).

30. Replace a by ia and b by ib in Eq. (6.12) to deduce the addition
formula (7.30).

In problems 31 and 32, use addition theorems to derive the given
result.

31 (Va2 +y%) = Iy(x)Io(y) + 2, L (x ) (y)
k=1

32. L,(2Vx —y) = > Lu(2Vx)dp(2Vy)

k=—oc
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7.3 Integral Relations

Integral representations and integrals of modified Bessel functions
are very similar to those involving the standard Bessel functions. In
fact, results for ,(x) can often be formally obtained from correspond-
ing results for J,(x).

7.3.1 Integral representations

The replacement of ¢ =e™*® in the generating-function relation (7.27)
leads to

= > I (x)e ™ (7.33)

n=-—w

If we now follow the technique of Sec. 6.3, it can be readily shown in a
similar manner that

JT

1
In(x)=’];f e““*%cosnpdy n=0,1,2,... (7.34)

0

Also by starting with the integral representation [recall Eq. (6.32)]

__(x/i_ ! _ s2\p—1/2_ixt 1
Jp(x)—ﬁr(p+1/2)f_1(1 ey V™t dt p>—%, x>0

we can replace x with ix and multiply both sides by i™” to obtain

- (x/2y ! _ 42\p—1/2 —xt 1
Ip(x)———~——————\/1—rl_‘(p+1/2)f_1(1 Y e dt p>—f, x>0 (7.35)

An integral representation for K,(x) similar to (7.35), but more
complicated to derive, is given by

Vr (x/2)
r(P + 1/2)

while for arbitrary p, it can be shown that

K (x)= f (1P V%= dt p>-Y x>0 (7.36)
1

LN E AN (R
K, =3 (3) f eI gy x50 (7.37)
2\2/ J
The derivations of (7.36) and (7.37) without the use of complex
variable theory are quite involved and therefore are omitted.*

*The derivations of Eqs. (7.36) and (7.37) are discussed in N. N. Lebedev,
Special Functions and Their Applications, Dover, New York, 1972, pp. 116-120.
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7.3.2 Integrals of modified Bessel
functions

Based on Egs. (7.15) and (7.16), we obtain the indefinite integral
relations

fx”Ip_l(x) dx =xFI,(x)+C (7.38)
f 7L 1(x) dx =x L, (x) + C (7.39)
while (7.21) and (7.22) lead to the similar results
f 2K, _\(x) dz = —2"K,,(x) + C (7.40)
j 7K, 1 (x) dx = —xPK, (x) + C (7.41)

If we formally replace b with ib in the integral formula [recall Eq.
(6.55)]

= (26 ¥T(p + )
L e”“utd, (bx) dx ~Vr(a? +I;)2)P+21/z p>-",a>0
we can deduce the result
» 26T (p +1
f eI, (bx) dx =&<.):z fiz)p@& P> a,b>0 (7.42)
0

Other integral formulas can be derived in a similar manner, some of
which appear in the exercises.

Example 1: Derive the integral formula

i 27t 1+p+ 1+pu-
J;x“Kp(ax)dx=au+1F< g p)F( ; p) p-p>-1,a>0

Solution: In this case we replace K,(ax) with its integral repre-
sentation [see Eq. (7.37)]

K,(ax)= (a_x)”f T mt-a Ay —p+D gy
(]

2

DN =
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This action leads to

I=f K, (ax) dx

o
1 /aNP (™ * 2.2

—_ u P, —t—a’x/4ty~(p+1)
2<2)J;xJ;xe t dt dx

1N (™ i utp, —a%as
=—|= e 4'® xHFPe dx dt
2\2/ Jo o

where we have reversed the order of integration in the last step.

Next, letting a*?/4t=y in the innermost integral and using
properties of gamma functions, we obtain

© a V.
12 (& [ e (27 (L1 E2R) g,
0

21\2 2\a 2
_1 o0
0

but this last integral is simply I'[(1 + u — p)/2], and hence we have
our intended result.

Exercises 7.3

In problems 1 to 10, derive the given integral representation.
1 " +x cos 0 1 * +x cos 8
1. ix)=—1] e do=—1| e de
T Jo 2z )_,
(x/2)P

\/JTKF(P + 1/2)

(x/2) J’Jr +xcos 0 i 2p 1
. [ A cos 6 0, > — s >
3. L(x) VT + ) Jo e sin®? 0d6, p /2, x>0

1
2. I(x)= f (1= 22 coshxtdt, p > Yy, x>0
-1

—____("_C._/_Zi_._ " in2? 1
4. Ip(x)—\/]—rr(p+1/2)f_”cosh(xcos9)sm 0d6, p>—, x>0

5 K(x)—\/i—e—_x——re-sP—1’2(1+i)p_1/2ds >V x>0
- Dp - 2xI‘(p+1/2) A 2% s P 2, X

Hint: Use Eq. (7.36).

6. Kp(x) — l/zf“e_x(t+1/t)/2t—(p+1) dt, x>0
0



Bessel Functions of Other Kinds 301

7. Kp(x) — 1/2f e—x(t+1/t)/2tp—1 dt, x> 0
(4]

o0

8. Kp(x)=j e " %coshpOdo, x>0

0

I'( +1/ cos ¢
9. K (x)=—2 1172 p 2) )Pf Fraagdt, p > Y, x>0
\/:_r(x/Z)" * he 2
= —x cos| 320 1
10. K, (x) To+%) bk e sin” 6d0, p > -, x>0

In problems 11 to 14, perform the integration, leaving at most the
residual integral [ I(x) dx.

11. f xly(x) dx 13. f xI,(x) dx

12, f ?o(x) 14, f *,(x) dx
15. Show that if p > ~1,

1 = ) [ a8, G2 () e =~ [, ()T ) = A () ()
16. From the result of problem 15, deduce that

fx[IP(Ax)]zdx - —’i; {[I,’,(}Lx)]z (1 +-‘i)}

)\,2 2
In problems 17 to 20, verify the given integral relation.
xP+1J (bx) aP—mpm
17. f (x? +a2)"‘+1 2mF(m + l)Kp—m(ab ), a, b>0,

xJo(bx) 1 .
. 75— =—e ¢ = >
18 [mdx be ,a>0,b 0

Hint: Use problem 17.

o0 2
19 J‘ K, (aVx +y)
(]

p 2 2\m-p—1
EnlaVr 437 5 (b 1P+ dx = b (Va +b_>

(x2 +y2)m/2 y
><Km-p_1(y\/a2 +6%,a,b,y>0,p>-1
90 °°exp(—an2+y2)J(b ) dx_exp(—y\/a2+b2) -0
) Va? +y2 olw X ax = Va?+ b2 &Y

Hint: Use problem 19.
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7.4 Spherical Bessel Functions

Spherical Bessel functions are commonly associated with solving the
Helmholtz equation in spherical coordinates.* In the solution of this
DE we are often led to an ordinary DE in the radial variable which
has the form

%"+ %y + B2 -n(n+1)]y=0 n=0,1,2,... (7.43)

where the constant & enters directly from the Helmholtz equation
and the integer n is a separation constant which often has the
physical interpretation of angular momentum. We recognize (7.43) as
a special case of (6.98) for which

a=—1/2 b=k C=1 and p=n+1/2
Hence the general solution of (7.43) can be expressed as
y =x_1/2[ClJn+1/2(kx) + C3Y, 1 12(kx)] (7.44)

where C, and C, represent arbitrary constants.

Since n takes on integral values, all Bessel functions in (7.44) are
of half-integral order. We previously found that the particular
half-integral order Bessel function J,,(x) is an elementary function
given by [recall Eq. (6.12a)]

J12(x) = / —2—— sinx
X

Moreover, it turns out that all half-integral order Bessel functions
reduce to elementary functions. To combine the multiplicative factor
-1/2

x appearing in front of (7.44) with the half-integral order Bessel
functions, it has become customary to introduce functions defined by

@)= /%Jnﬂ,z(x) n=0,1,2,... (7.45)

, JT
yn(x) = gYn+1/2(x) n= 0, 1, 2, e (7.46)

called, respectively, spherical Bessel functions of the first and
second kinds of order n.

* See, for example, Sec. 8.4.3.
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By using the series representation

@ (_l)m(x/2)2m+n+1/2

Jnr12(x) = m§=:0 m!T(m +n +3,)

(7.47)

together with the Legendre duplication formula
Val(2x0) =27 "T(@)I(x + s)

it can be shown that (see problem 1 in Exercises 7.4)

> (—1)™(m +n)x®"

Jn(x)=2'x ,,,2:0 ml(2m + 2n + 1)!

n=0,1,2,... (7.48)

For instance, by setting n =0 in (7.48), we find
i _ o (_1)mx2m
Jo®) = 2 (o 1]
and thus deduce that [see also Eq. (7.45)]

) sinx

]o(x) = (749)

X
Through repeated application of the recurrence formula
2
YANEOES SHORESAC)

and Eq. (6.12), it can be shown that

. sin cos
i) =55 22 (7.50)
x x

3 1 3
Jolx) = (x_3 — —) sinx —— cosx (7.51)
x x

and so on. Similarly, recognizing that Y,,(x) = —J_;,(x) and using
the recurrence formula for Y,(x), we find

Cos x

Yolx) = ——— (7.52)
X
cosx sinx
»nkx)=— 2 X (7.53)
3 1 3
yolx) = —<x—§—-;> cosx — =5 sinx (7.54)

The details of deriving Egs. (7.50) to (7.54) are left to the exercises.



304 Chapter Seven

Jn(X)

A

0.4

0.2

w ¥

\Xu

-0.2

Figure 7.3 Graph of j,(x), n=0,1, 2.

Ya(x)

Figure 7.4 Graph of y,(x), n =0, 1, 2.
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The graphs of some of the spherical Bessel functions are shown in
Figs. 7.3 and 7.4. Observe that the general behavior of these
functions is that of the standard Bessel functions.

7.4.1 Recurrence formulas

Recurrence relations for the spherical Bessel functions, analogous to
those of the standard Bessel functions, can be derived directly from
the corresponding relations for J,(x) and Y,(x). This leads to (see the
exercises)

% [x"* Y, ()] =2, _1(x) (7.55)
D e ()] = —x 1) (7.56)
dx X Jn X ==X Ju1\X .

1

) =juy(x) — ﬁz—jn(x) (157)

Jal) = @) =fnea @) (7.58)

@Cn+1),x)=nj,_1(x)—(n+1)j,1(x) (7.59)
1

J‘H(x)+j,,+1(x>=2”x+ @) (7.60)

The function y, (x) satisfies the same identities, so we do not list them
separately.

7.4.2 Modified spherical Bessel functions

The modified Bessel functions of half-integral order also reduce to
elementary functions. For example, when p ='/,, we obtain

2
I;5(x) = y/—sinhx
X
F 1
Kijp(x) =1/ ze_"

whereas in general it can be shown that

1 [ & (—1fn+k)
Lorn(®) =5 [" ,gck!(n (2% )
R (n+k)

_ty—1,—=x
DT e 2 i — B2

| e
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n !
and K, 1p(x) = %e—xz (n+k)

SR -k (%) (7.62)

the details of which we leave to the exercises.

Based on the above results, we are motivated to introduce the
modified spherical Bessel functions of the first and second
kinds, respectively, by

in() = \| =L ex)  n=0,1,2,... (7.63)
%%
[2
and kn(x) = -J—E‘I_Kn+1/2(x) n= 0’ 1: 2; R (7-64)

In particular, when n =0, we obtain

i) = Smhx (7.65)
ko(x) = (7.66)
X

while higher-order functions lead to other combinations of hyperbolic
and exponential functions. Some of the properties associated with
these modified spherical Bessel functions are taken up in the exercises.

Exercises 7.4

1. From the series representation (7.47), show that
. = (=1)"(m +n)x®"
=2"x" =0,1,2,...
T e ey mrn s A R
2. Show that (forn=0,1,2,...)
(x/2)"
2n!

In problems 3 to 8, verify the given recurrence relation.

Jalx)= f cos (x cos 8) sin®**' 6d8 x>0
0

d .
3. —~ ™Y, ()] =x"*Y, 1 (x)

d )
4. dx [x 7Y, (®)] = =2 p1(x)

1
5. (&) =nes(6) = o (x)
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6. ju(x) = %jn(x) a1 ()

7.

8. Jn-1(®) +jp1lx) =

9.

10.

11.

12.

13.

@Cn+1),.x)=nj,_1(x)—(n+1),.1(x)
2n +1

Jn(x)

By use of any of the recurrence relations, show that

sinx cosx
(@) Jjilx)= o

x
(B) Jjalx)= (x%—-l> sinx —%cosx
x x

Show that

@ yox)=-2%
X

®) yy(x)= cosx sinx

x
3 1 3

() »(x)= _(x—__) cosx — 5 sinx
x x

Show that

1
(a) Jn(x )yn—l(x) —jn—l(x)yn(x) =;_2

2n+1

(0) Jrs1®)Yn-1(x) —jpo1(x)yps1(x) =

Develop the generating-function relations

1 o 4n
(a) ;costQ—Zx = Z E—'j,l_l(x)

(b) ism X%+ 2x 2 1) ! Yn-1(x)

Show that

inh
@) il(x)__:_sn;zx coshx

X

() ixx)= (;33+%) sinhx —%coshx

(c) kl(x)=(§+%)e-x
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14. Verify Eq. (7.61).

15. Verify Eq. (7.62).

16. Verify the recurrence relations
2n+1

i,(x)

(a) in—l(x) - in+1(x) =

®) ni,_ix)+(n+1),,(x)=02n+1)i(x)
17. Show that the wronskian satisfies the relations

(@) W(nya)x) ==

B) Wiy, k) x) = —%

18. Show that
(@) e*==?=Y>_,(2n +1)i,(x)P,(cos 8), where P,(x) is the nth
Legendre polynomial

!
(b) Jo(xs1n0)—2(4 +1) (2n)!

2% (n ,)2J2n(x)P2,,(cos )

7.5 Other Bessel Functions

In this section we briefly introduce some additional functions belong-
ing to the general Bessel family, some occurring only in the exercises.
For a more detailed discussion of these functions, consult G. N.
Watson, A Treatise on the Theory of Bessel Functions, 2d ed.,
Cambridge University Press, London, 1952.

7.5.1 Hankel functions
The usefulness of the Euler formulas

e**=cosx +isinx

in a variety of applications suggests that linear combinations of J,(x)
and Y, (x) of the form

HO(x) =, (x) +i¥,(x) (7.67)
HP &) =d,(x) —iY, (x) (7.68)

may also be useful. We call these functions Bessel functions of the
third kind, or Hankel functions. These functions are indeed useful
in various applications, but perhaps their most useful property is
that they enable us to readily develop asymptotic formulas for J,(x)



Bessel Functions of Other Kinds 309

and Y,(x) as x—> (see Sec. 7.6). Because J,(x) and Y,(x) each
satisfy the same set of recurrence relations, it follows that H"(x) and
HP(x) also satisfy these same recurrence relations.

It is common to likewise introduce the spherical Hankel
functions

hP(x) =, (x) + iy, (%) (7.69)
hP(x) =j,(x) — iy, (x) (7.70)

These functions, of course, satisfy the same recurrence relations as
the spherical Bessel functions j,(x) and y,(x).

An important relation between the modified Bessel functions of the
second kind and the Hankel functions can be derived through
relations between I,(x) and K, (x) and the standard Bessel functions.
We start with the relation

HP(ix) =, (ix) + Y, (ix)

1 . .
sinp [(cos pr)d,(ix) —J_,(ix)]
_J_,(ix) — e~ P, (ix)

B isinpa

e—ipn/ZI_p(x) — e-—ipn/ZIp(x)

=dJ,(ix) +

isinpn

= ‘ze—ipn'IZKp(x)
1274

from which we deduce
K, (x) = YomiP **"HP(ix) (7.71)
Similarly, it can be shown that

K, (x) = —Yomi PH®(—ix) (7.72)

7.5.2 Struve functions

Struve functions are important in certain problems in optics and in
loudspeaker design. Let us recall the integral representation [Eq.
(6.32)]

(x/2)°

Jp(x) =\/,7_tr(p + 1/2)

1
j (1 - t2)p—1/2eixt dt
-1

p>~Y,, x>0 (7.73)
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If the above integral is multiplied by 2 and the integration performed
over only the interval 0<¢ =<1, we are led to the result

2(x/2) ! —1/2 ixt
Valo 2 +1/2)fo (1 -2y~ V2e=t gy
1
=_\/—EEI—(‘%2+)F)_1/—5J’ (1—t2PV2cosxtdt

2/ Y0

1

;%I (1 -2 Y2gsinxtdt (7.74)
2/ 70

Using properties of even and odd functions, we see by comparison
with (7.73) that the real part of (7.74) is once again J,(x). The
imaginary part, however, can be used to define a new function

__ 2/2y ! 212
Hp(x)_\/y_rl“(p+1/2)fo (1—-¢t*P " sinxtdt

p>-Y%, x>0 (7.75)

called the Struve function of order p. By a change of variable, it
can also be shown that

2(x/2  (** . .
H,(x) =mjo sin (x cos 6) sin® 6d6  (7.76)

The series representation of H,(x), obtained from either (7.75) or
(7.76), is readily found to be

@ _ 1)k 2k+p+1
)= Y, /2

STk +3,)T Rk +p +3,) (7.97)

which is valid for all p. It can be shown that for p >'/,, the Struve
function H,(x) has no zeros in the range x >0. Nonetheless, this
function has an oscillatory behavior because it is an alternating
series.

The related function

0 2k +p+1
L,(x) =i ®*VH,(ix) = >, (/27"

k=0 'k + 3/2)1"(]3 +p+ 3/2) (7.78)

is called the modified Struve function of order p. Because its series
is not an alternating series, this function is positive and hence has no
zeros in the range x > 0. When p is half-integral, the function H,(x)
may be expressed in terms of circular functions and L,(x) may be
expressed in terms of hyperbolic functions.
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7.5.3 Kelvin’s functions

In obtaining the current density in a wire carrying an alternating
current, it is sometimes necessary to solve DEs of the form

xy"+y' —ik®xy =0 (7.79)

in which x is real. We recognize this equation as similar in form to
that appearing in problem 23 in Exercises 7.2. Thus formally we can
write the general solution as

y = Cyly(kxi'®) + CoKo(xxi*’?) (7.80)

The particular modified Bessel functions appearing in (7.80) with
complex arguments are used to define four real functions known as
Kelvin’s functions (named in honor of Lord Kelvin). For example,
directly from the series definition of I(x), we find that

i m(x/2)2m

172
bolw™ = 2y (m)?

and by splitting this series into real and imaginary parts, we obtain

Io(xiY®) = ber (x) + i bei (x) (7.81)
where
- (—1)*(x/2)*
ber(x)—k}::O (2T (7.82)
w 1)k 4k +2
and bei (x) = Y, CU /2”7 (7.83)

iZo [(2k+1)N?

The notation for these functions is based on Kelvin’s notation; i.e., ber
is “Bessel real” while bei is “Bessel imaginary.”* Using the series
(7.13a) for K,(x), we can define two additional functions for which

Ko(xi'?) =ker (x) +i kei (x) (7.84)

The functions ber (x) and bei (x) oscillate about the x axis with
increasing amplitude and therefore have real zeros on the interval
x>0. In fact, because they are even functions, their graphs are
symmetric about the vertical axis.

* Although we used the modified Bessel functlon I,(xiV®) to define ber (x) and
bei (x ), they can also be obtained from J(xi**
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Generalizations of these functions to functions of order p are also
possible by using Bessel functions I,(xi"?) and K, (xi?), although we
do not pursue it here.

7.5.4 Airy functions

Solutions of the second-order DE
y'—xy=0 (7.85)

are important in a variety of applications in mathematical physics,
including the diffraction of radio waves around the earth’s surface
and the construction of asymptotic results near a two-dimensional
caustic in the study of optical fields. By comparing (7.85) with the
general equation form given in problem 23 of Exercises 7.2, we find
that @ =Y, =%, c =%,, and p ='/;. Hence the general solution of
(7.85) can be expressed in the form

y= \/—-"E [C1I1/3(2/3x3/2) + 021—1/3(2/31”3/2)] (7.86)
It is customary, however, to introduce the solutions

Al () = YsVx 10z — L (hox™)]

1
=; \/§K1/3(2/3x3/2) (787)
and Bi(x)= \/§ [1_1/5(¥x%2) + I,,5(Y52%2)] (7.88)

called, respectively, Airy functions of the first and second kinds.
In terms of these functions, the general solution of (7.85) can be
expressed in the equivalent form

y=C;Ai(x)+C,Bi(x) - (7.89)
Some basic properties of the Airy functions are taken up in the
exercises.
Exercises 7.5

1. Show that both Hy(x) and HP(x) satisfy the identities [where
Z,(x) represents either function]

(a) % [xPZ,(x)] =xPZ,_,(x)



Bessel Functions of Other Kinds

() gx— (x™PZ,(x)} = —x""Z, 1 (x)

2
@) Zpos(x) +Z, @) =T 2, )

(d) Z,\(x)—Z,,,(x)=2Z,(x)
. Show that
K,(x)= —1/2ni1‘PH§,2’(—ix)
. By substituting ¢ = cos 8 into (7.75), show that
2 /2
20x/2)" )f sin (x cos @) sin® 0d6

Val(p+') Jo
. Use Eq. (7.75) to develop the series representation

3 o (_1)k(x/2)2k+p+1
H, () _k§=:o T(k +3L)TC(k +p +3)

H,(x)=

. Show that

/2
f e % %c0sdf =2 — a[H,(x) + i, (x)]

— /2

. Verify that H,(x) is a particular solution of the DE

x2y" _ .2 (/2" 1
+xy' + (x2-piy = \/_I‘(p+1/2 p>—"y

. Show that
2
(@) H, ;(x)+H +1(x)— H( )+\_/:(;C(—/)__:?/“
2
() Hp_l(x)—Hp+1(x)=2H;(x)—7—£§)£%
2

2
() Holx)=—-H,(x)
/4

. Show that

(@) H_,nx)= \/ 2 sinx
(b) Hl,z(x)—\/ (1—cosx)
(c) L_1/2(x) = (Slnhx

nx

313
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9.

10.

11.

12.

13.

14.

15.

Show that

(@) H_gimx)=(—1)",1x),n=0,1,2,..
() L) =I,15kx),n=0,1,2,...
Show that

o 2x/2p (™R -
L,(x)= ——————v—r(p+1/2)J; sinh (x cos 6) sin® 8d6

Show that
(x/2)
VaT(p +%)
(x/2)

() Ly_i(x)+ L, (x)=2L,(x )—m
2

@) Lps®) ~Lpa) = L) +

() Lolx)= —+L1(x)

Verify that

y =C,[ber (x) + ker (x)] + Cylbei (x) + kei (x)]
is a solution of Eq. (7.79).
Show that
© 4k
ber? (x) + bei? (x) = k§=:o ———__(k!)(:(/zzk)+ O
Kelvin’s functions of order p are defined by

L (xi'®) =ber, (x) + i bei, (x)

Show that

(a) ber; (x)=-

x (x/2)% (x/2)* (x/2)¢
22 [H 1121 2131 314l +]

(x/2)® (x/2)* (x/2)®
(5) bel() = 2\f [1— 12! 213 T 3wl +]

The integral Bessel function of order p is defined by
3, @)= [ "L;th

Verify that

(@) pdi,(x)= pr(t) -1

®) pdi, (x)=] (8 dt — J, (x) ~ 1
0



16.

17.

18.

19.

20.

21.

22.
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Referring to problem 15, show that

N/ S (=DF/2)*
(@) Jl(,(ac)—ln2+y+k§=:1——~———~—2k(k!)2

o1& (SR
(6) Jl"(x)—_n+k2=:0(2k+n)k!(n+k)!’

The Anger function is defined by

T

Jp(x)=%J cos (pf—-xsinf)dfd x=0

(o}

Show that
(@) Jpo1(x) —dpi(x) =2d,(x)

2p 2 .
(b) Jp_i(x) +d,.1(x)= —x—Jp(x) ~ o smp
The Weber function is defined by
Ep(x)=})f sin(pf—xsinf)dd x=0

0

Show that
(@) E,_1(x)—E,;(x) =2E,(x)

) 2
(®) E,_yx)+E, () =?pEp(x) -~ (1~ cospr)
Show that

(a) A¥(x) =n—“\%Km(2/3x”)

() Bi' @)= % U aya(%sx32) + L (Yax¥2)]

Show that the Airy functions satisfy the initial conditions

(@) Ai(0)=3"%3/T(¥,)
(b) Bi(0)=3"Y6/T(%,)
(¢) Ai'(0)=-3"*/T'(,)
(d) Bi' (0)=3758/T(Y,)

Develop the wronskian relation

WIAi (x), Bi ()] =}t

Hint: Use problem 40 in Exercises 2.2.
Show that a general solution of y” +xy = 0 is given by
y=C1Ai(~x)+C;yBi(~x)

n=1,23,...

315
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where
Ai(—x)= 1/3\/; [J—1/3(2/3x3/2) + J1/3(2/3x3/2)]

Bi(-x)= \/% [J_1/s(¥ax¥?) — 15 (¥fsx ™) ]
23. Referring to problem 22, show that

(@) Ai'(—x)= —% (- 03(Y5x®2) — T o5 (Pax>?)]

(b) Bi' (—x)= % [ s(%a2®2) + 52 ¥2)]
24, Verify the integral representations
: 2\/‘; ” 2 3/2 _: ¢
(a) A1(x)=——f cos(—x smht) cosh—dt, x>0
3 J 3 3

(b) Ai(x)=lf cos<1t3+xt)dt,x>0
JT Jo 3

7.6 Asymptotic Formulas

For numerical computations it is usually convenient to use simplified
asymptotic formulas when the argument of the Bessel function is
either very small or very large. In fact, it can be shown that almost
all computations involving Bessel functions can be performed with

the use of these asymptotic formulas.*

7.6.1 Small arguments

For small arguments (x — 0%), we simply utilize the first term or so
of the series representation for the given function. Doing so, we have
previously shown that the standard Bessel functions have the

asymptotic formulas

(x/2)

% F 1)

Yo(x)~%lnx x—0"

~_r(p)<g)P .
Le~-—>(2)  p>0 z—0

p#-1,-2,-3,..., x—0"

* For example, see chap. 11 in G. Arfken, Mathematical Methods for Physicists,

3d ed., Academic, New York, 1985.
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Similarly, the modified Bessel functions have the asymptotic
formulas

(x/2y .
Ip(x)'vm p¥-1,-2,-3,..., x—0 (7.93)
Kyx)~-Inx x—0" (7.94)
I'(p) (2\?° .
Kp(x)~T(;) p>0, x—0 (7.95)

We leave it to the exercises to obtain the following results:

nl(2c)”

jn(x)”'m n=0,1,2,..., x—>0" (7.96)
yn(x)"_%;)‘% n=0,1,2,..., x—0 (797
i"(x)~(’;—!n(% n=0,1,2,..., x—0" (7.98)
kn(x)~;% n=012..., x—0" (7.99)

7.6.2 Large arguments

To derive asymptotic formulas for large arguments, we start with the
integral representation [recall Eq. (7.36)]

Vo (/27 (*

—xt(42 -1/2 > 1
T + 7y 1e @-1y"dt p fa, x>0

K,(x)=

and make the substitution ¢ =1 + u/x, which leads to

K(ﬂ_v%umw(

2 p—1/2 e—x
P —Hp+%)_>

X X

o u\P-12
Xf e““<1+—> uP Y2 du  (7.100)
o 2x

Now, for large x, we use the approximation

u p—-1/2
(1 + 5;) ~1 x>u
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and (7.100) reduces to

= f____e_—t__ ) ~u,,p—1/2
K ) szr(p+1/2)fo e du

from which we deduce

K,(x)~ %e"‘ p=0, x—ow (7.101)

Based on the asymptotic formula (7.101), we can develop asympto-
tic formulas for the other Bessel functions through interconnecting
relations. For example, by starting with the relation [recall Eq.
(7.71)]

K, (x) ="fmi? "' HP (ix)

it follows through the replacement of x with —ix that
Wy = 2 —(p+D) ;
H(x)=—i"P*" K,(~ix) (7.102)
7

Under the assumption that (7.101) is valid also for complex ar-
guments, we are led to

2. b
HYP(x) ~=i~®* Py [——e™
¥ 1 —2ix
2 - —(p+1/2) ix
~Al—1 e xX—>®
X

in/2 we obtain

and by writing i =e
/2 . (p+'h)n
HP(x)~ Eexpz[x—————z 2 ]
/2 { [ (P+1/2)7t]
~Aa/—1{cos |x ————
X 2

+i sin [x - pt h)m +21/2)n]} x—>

Finally, recalling the relation

HO() = J,(x) +iY, (x)
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and equating real and imaginary parts of these last two expressions,
we obtain the set of asymptotic formulas

2 (p +Yo)m
Jp(x)~\/;x—cos[x—~————2——2——-] p=0, x—x (7.103)

and

2 . (p+'%)
Y;(x)~\/—n;sm[x—¥] p=0, x—» (7.104)

By using the relation
I(x) =i"Pd,(ix)
we also find that

X

I,,(x)~\/;% p=0, x—>w (7.105)

Similarly, it can be shown that (see the exercises)
. 1. nwy
Jn(x)~;s1n< —-§—> n=0,1,2,...,x—>x (7.106)

1
yn(x)~—;cos<x—zg~t> n=0,1,2...,x—>o (7.107)

X

in(x)~§; n=0,1,2,...,x— (7.108)

X

k,,(x)~e7 n=012.. . x—> (7.109)

Exercises 7.6

In problems 1 to 8, derive the given asymptotic formula for small
arguments.

1. (a) Kyx)~-Inx, x—>0"

I'(p) /2V° .
) K,,(x)~——§—(;) ,p>0,x—0
. _ n!(2xc)" _ +
2. (@) j,(x) ————(2n+1)!,n—0, ,2,...,x—0
2(2n)!

(b) yn(x)~_m,n=0,1’2"..’x__>0+
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. nl(2x)" .
3. (a) ln(x)~(—2m,n=0,1,2,...,x—->0
2(2n)! .
(b) kn(x)~m:i,n=0,1,2,...,x—>0
(1) 2 +
4. (a) Hy (x)~;lnx,x-——>0
I‘ p
(m.mﬂm~—%§%9,wew
5. (a) I‘Io(ac)~%x,x—>0+
2(x/2p" .
(b) Hp(x)~m,x—>0
2(x /21 N
(c) Lp(x)~m,x—>0
6. (a) ber(x)~1,x—0*
(b) bei(x)~Yx? x—0"
. x
7. (a) Jlo(x)~1n§,x—->0+
(b) Ji,,(x)~—-%,n=1,2,3,...,x—>0+
rl 1/6
8. (a) Ai(x)~;\;%)<§) x—0"
2 1/6
w)Buw~ﬁ§§@),w»W
3

In problems 9 to 14, derive the given asymptotic formula for large

arguments.

1
9. (a) jn(x)~;sin( —%[),n=0,1,2,...,x—>oo

1
(b) yn(x)~—;cos (x _n?n)’ n=0,1,2..., x>

X

10. (a) in(x)~—ez;, n=0,1,2,...

X

3 X—>®

@)kﬁﬂ~%ﬂn=QLZ“qxﬁw



11.

12.

13.

14.

15.

(a)
(b)

(c)

(a)

(b)

(a)

(b)

(a)
(b)
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2
Hyx) - Yo(x) ~—, x>
JIX

Hl(x)—Yl(x)~%,x—>°°

(2/x)t*

B =5~ T+ 7y

Lo(x) = Io(x) ~ —1, xX—>
X

@
Val(p+ %) "

1 s x
ber(x)~\/%e cos(W——g-),x—wo
bei(x)~\/-21—n;e""/§sin(%—g),x—>oo

Ai (x) —~ l/zn.—l/2x—1/4 exp (_2/3x3/2)’ X —> 00
Bi (x) —_ ”—I/Zx—1/4 exp (2/3x3/2)’ x —> 00

L, (x) - I,(x) ~

321

By expressing the factor [1+ x/(2x)}*~'? in a binomial series in
Eq. (7.100), show that

o |m e = (p="\T(p+n+p)
Ky (x) \/;F(P"‘l/z);::o( n ) (2x)"

p> =1, x>






Chapter

Applications Involving
Bessel Functions

8.1 Introduction

Bessel functions are prominent in a variety of applications, some of
which were discussed in Chaps. 6 and 7. Now we wish to consider
some additional examples typical of those occurring in more than one
field of application. To provide some variety in our discussions, we
have chosen examples from the fields of mechanics, wave propagation
and scattering, fiber optics, heat conduction in solids, and vibration
phenomena. (A working knowledge of each subject is generally
sufficient to follow the discussion.)

8.2 Problems in Mechanics

We begin this chapter on applications with some examples chosen
from the fields of particle dynamics and the static displacements of
beams and columns. Additional problems of a similar nature are
taken up in the exercises.

8.2.1 The lengthening pendulum

In the absence of frictional forces, the angle of oscillation ¢ of a
swinging pendulum of fixed length and mass u is governed by the
equation (see Sec. 3.5.2)

2

¢ :
r:it—2+gsm¢=0 (8.1)

323
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L

Hg

Figure 8.1 A swinging pendulum.

where r is the length of the pendulum rod and g is the gravitational
constant (see Fig. 8.1). Suppose now we consider a variation of that
problem in which the length r is not constant, but increases linearly
with time from an initial length b at time ¢ = 0. Thus the length of
the rod for all £ = 0 is described by

r¢)=at+b (8.2)

where a is a constant equal to the rate of increase.

Let e, and e, denote orthogonal unit vectors, where e, always
points in the direction of the position vector r(¢) and e, is in the
transverse direction, as shown in Fig. 8.1. These base vectors are
related by
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The position vector of the mass is therefore simply
r(t)=r(t)e, = (at + b)e, (8.3)

the derivative of which yields the velocity vector

dr de,
v(t) —E—aer +(at+b) r
d
=ae,+(at+b)—c-$e¢ (8.4)

Differentiating once more, we obtain the acceleration vector

dr
a(t) = W

d 2 2
= —(at+ b)(f) o + [(at + b)‘flT‘f+ 2a%i;’]e¢ (8.5)

The transverse acceleration component of the mass is the coefficient
of e, in (8.5), and the particular term 2a d¢/dt is called the coriolis
acceleration component. By equating the mass times this transverse
acceleration component to the gravitational force component in the
transverse direction, that is, —ug sin ¢, we obtain the nonlinear
equation of motion*

d*¢ do .
(at+b)dt2+2a-c—l;+gsm¢—0 (8.6)

Here we consider only the case of “small oscillations” for which we
may replace sin ¢ by ¢. If we also make the change of variables
at + b = ax, then Eq. (8.6) reduces to the linear equation

x¢"+2¢' + k2 =0 (8.7)

where k% =g/a and the primes denote differentiation with respect to
x. Multiplying (8.7) by x and comparing the resulting equation with
the general form given by (6.98), we see that

1-2a=2 b%*=k®> 2=1 a®-c?p%=0

* Since the mass u of the pendulum bob is constant, it drops out in the final
equation. Hence, it is sufficient to simply equate acceleration components.
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from which we deduce @ = ~Y,, b =2k, ¢ =Y/, and p = 1. Therefore,
the general solution of (8.7) is given by

o) =% [C1,(2kVE) + CoY(2kVE)] (8.8)

To determine the arbitrary constants C; and C,, we must impose
initial conditions on the solution. For instance, suppose that at time
t =0 the pendulum has angular displacement ¢, with zero angular
velocity. We then have the initial conditions

d
20=9, L@©=0 (8.9)
dt
which, in terms of variable x, become
b (b
o(2)=90 ¢(2)=0 (8.10)
The derivative of ¢(x) leads to (see problem 4 in Exercises 8.2)

6'(x) = —f [C1dy(2kVE) + CoYy(2EVE)] 8.11)

so that, upon imposing the initial conditions (8.10), we obtain

b
¢<a) = \/% [C1d1(A) + C Y1 (A)] = ¢
X \ (8.12)

where A = 2kVb/a. The simultaneous solution of (8.12) leads to

C.= PoVb/a Yy(R)
1T L (AWY(A) = Jy(A)Ya(A) ©13)
oo ¢oVb/a dp(4) '
)=

T LMY — (WY, (M)

However, by virtue of the relationship (see problem 8 in Exercises
6.6)

JLNY5(0) — Ty (WY, (A) = ——% (8.14)
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the constants C; and C, take the simpler form

Ci=-3 7M¢o \/ng(}») -2 \/>ﬂ¢01’2(x)

Thus, the angular displacement of the pendulum at any time ¢ is
given by

(8.15)

b
¢(t) =%\@b [J2(A)Yi(s) — Ya(A)ei(s)] (8.16)

where A =2Vbg/a and s = 2Vg(at + b)/a.

8.2.2 Buckling of a long column

Vertical columns have been used extensively in Greek and Roman
structures throughout the centuries. One of the oldest engineering
problems concerns the buckling of such columns under a compressive
load. Euler developed the first truly mathematical model that can
rather accurately predict the critical compressive load that a column
can withstand before deformation or buckling takes place.

Consider a long column or rod of length b that is simply supported
at each end and is subject to an axial compressive load P applied at
the top, as shown in Fig. 8.2. By “long” we mean that the length of

P

Figure 8.2 Buckling column. VLZLZL/A
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the column is much greater than the largest dimension in its cross
section. From the elementary theory of small deflections of beams
and columns, the departure y from the vertical x axis for such a beam
or column is governed by the equation

Ely'=M (8.17)

where M is the bending moment, E is the modulus of elasticity, and I
is the moment of inertia of the cross section of the column. When the
column is deflected a small amount y from the vertical due to the
loading P, the bending moment is M = —Py. Since the column is
assumed to be simply supported, there can be no displacement at the
ends. Thus, Eq. (8.17) together with the boundary conditions takes
the form

Ely"+Py=0 y(0)=0 y(b)=0 (8.18)

Clearly, the problem described by (8.18) has the trivial solution
y =0, corresponding to the column not bending away from the x axis.
However, if P is large enough, there may exist nontrivial solutions of
(8.18). That is, if P is sufficiently large, the column may suddenly
bow out of its equilibrium state, called a state of buckling. The
smallest value of P that leads to buckling is called the Euler critical
load, and the corresponding deflection mode is called the
fundamental buckling mode.

The classic example of a buckling column involves the case when E,
I, and P are all constant, and then it is easy to show that the Euler
critical load P, and corresponding fundamental deflection mode are
given, respectively, by*

a’El . X
P = b7 y—Csm?

where C is an arbitrary constant. The constant C remains un-
determined in this analysis (because we chose a linear model). It can
be determined only from a more exact nonlinear analysis, but the
value of C is often of little concern in practice, i.e., usually only the
critical load is of interest.

Suppose now we consider the case where the column is tapered so
the moment of inertia is not constant, but is given by I(x) = ax,

*For example, see chap. 2 of L. C. Andrews, Elementary Partial Differential
Equations with Boundary Value Problems, Academic, New York, 1986.
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where « > 0. In this case Eq. (8.18) becomes
Eaxy"+Py=0 y(0)=0 y(b)=0 (8.19)
In solving the DE, first we rewrite it in the form
x%y" +k*xy =0 (8.20)

where k2= P/E«. Then, by comparing this DE with the general form
given by (6.98), we see that a =,, b=2k, ¢ ='/,, and p =1, from
which we deduce the solution

y = Vx [C11(2kVx) + C, Y, (2kVx)] (8.21)

where C, and C, are arbitrary constants.
To apply the first boundary condition y(0)=0, we use the
asymptotic forms for both /; and Y;; hence

y(0) =lim Vx [C,d;(2k Vi) + C,Y;(2k V)]
x—>0

x—0

— lim Vx [Clk\/a? —c, E/EIW]

1

=-Co—

(8.22)

which can vanish only if C; = 0. The second boundary condition then
requires that

y(b)=CVbdi(2kVb) =0 (8.23)

There are infinitely many solutions of J,(2k'Vb) = 0, the first of which
vields the Euler critical load P,. That is, if we let 2, denote the
smallest value of & for which (8.23) is satisfied, the corresponding
Euler critical load is

P, =Eak? (8.24)
leading to the fundamental deflection mode
y =CVx Jy(2k,Vx) (8.25)

where C, remains undetermined.

Example 1: Given that 6=400cm, a=10"*cm3? and E=2x
10° g/cm?, calculate the Euler critical load given by Eq. (8.23) and
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determine the point along the vertical x axis where the maximum
displacement occurs.

Solution: With b = 400, we first determine &, by solving
J 1(40k1) =0

From Table 6.1, the first zero of J; occurs when 40k, =3.832, or
k =0.0958. Hence, the Euler critical load is

P, =Eak?=(2x10°)(107*)(0.0958)* = 1836 kg

The maximum displacement of the column takes place at the point
where ¥’ =0, which from (8.25) leads to (see problem 5 in Exercises
8.2)

y'=Ck,Jy(2k,;Vx) =0

The first admissible zero of J, occurs when 2k,Vx=2.405. Thus,
using %, =0.0958, we find that x =158 cm, which is closer to the
bottom (more tapered end) of the column.

Exercises 8.2

1. Assuming that a «< 1, use asymptotic formulas to show that the
solution of the lengthening pendulum (7.16) assumes the ap-
proximate form

3/4
¢(t)5¢o< ) cos (s —A) a1

at+b

2. Use the solution in problem 1 to show that the pendulum is in
the vertical position at times

b([(2n+1)x ]2 }
t=—1|—-+1]| -
a {[ 24 1 1
where n assumes integer values.
3. By writing
1/2
-2 )" ]

expand the factor (1+at/b)"? in a binomial series and deduce
that in the limit a — 0, the solution in problem 1 reduces to the

classic result
¢(t) = ¢, cos \/%t
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4, Use the identity
d
I w7y (w)] = —u""p(u)

(a) Show that

dl1 k
?J;I:WJI(2k\/;)iI = —;J2(2k\/§) k>0

(b) Show that the identity in (a) also applies to the Bessel
function of the second kind.

5. Using the identity
d
— [udy(u)] = udy(u)
du
show that
d
= [VaJ (2kVe)] =kdo(2kVx) k>0

6. A particle of variable mass m = (a + bt)™", where a and b are
constants, starts from rest at a distance r, from the origin O and
is attracted by a force always directed toward O of magnitude
kZmr (k constant). Given that the equation of motion is given by

d ( dr
Zlm=
dt\ dt
find a solution in terms of J, and Y; that satisfies the prescribed

initial conditions.
Hint: Make the change of variable bx =a + bt.

) = —k%mr

7. A particle of variable mass m = (a +t)/a, where a is a constant,
is initially ejected from the origin O with velocity v. If it is
repelled from the origin with a force per unit mass proportional
to the distance r from O, the equation of motion is given by

4 dr
dt\" dt

Find a solution in terms of modified Bessel functions of order zero

that satisfies the prescribed initial conditions.

) =k2%mr

8. Prove that, regardless of the values of a and E, the ratio of the
point of maximum displacement x to the length of the column b is
always x/b =0.395 for the particular column discussed in Sec.
8.2.2 (i.e., it is independent of the material used to make the
column).
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9. When I(x) = aVx, show that the solution of the buckling problem
in Sec. 7.2.2 is

¥ = CyVix Jos(2kx®?)

10. In a problem on the stability of a tapered strut, the displacement
y satisfies the boundary-value problem

dxy"+ k> =0 y'(@)=0 y'Bb)=0 (a<b)

Show that the determination of the positive constant k for which
nontrivial solutions exist leads to the relation

Jo(kVa)Yy(kVB) = Jo(kVB)Y,(kVa)

11. The small deflections of a uniform column of length b bending
under its own weight are governed by

0"+ k*%6=0 0'(0)=0 0(b)=0

where 0 is the angle of deflection from the vertical and % is a
positive constant.
(a) Show that the solution of the DE satisfying the first
boundary condition 6'(0) =0 is
0= Cl\/; J_1/3(2/3kx3/2)

where C, is any constant.

(b) Show that the shortest column length for which buckling
may occur (denoted by b,) is b, = 1.986% %3,
Hint: The first zero of J_,5(u) is u = 1.866.

12. An axial load P is applied to a column whose circular cross
section is tapered so that the moment of inertia is I(x) = (x/a)*.
The buckling modes are described by solutions of

xty"+ k% =0 y(1)=0 y(@)=0 (a>1)

where 2% =Pa*/E.
(a) Show that the Euler critical load is

n°E
a*(a—1)°
(b) Show that the fundamental buckling mode is

. [ a 1
y =x sin —(1—-—)]
a—1 X

8.3 Statistical Communication Theory

P1=

Statistical communication theory is basically the application of
probability and statistics to problems in the communication process.
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This includes such areas as the transmission and reception of
messages, the measurement and processing of data, design of
decision systems, and so on. Qur primary interest here, however,
concerns only the propagation and detection of electromagnetic
radiation.

Theoretical studies prior to 1960 concerning the propagation of
electromagnetic radiation involved the propagation of starlight
through the atmosphere, propagation of sound waves through the
atmosphere and ocean, and propagation of radio waves through the
ionosphere. With the introduction of the laser in 1960 new theoretical
investigations were begun that included related phenomena such as
microwave sea scatter and speckle patterns from optical waves
scattered off rough surfaces.

8.3.1 Narrowband noise and envelope
detection

In the general study of communication systems, it is important to
understand the statistical properties of random noise at the input
and output of various linear and nonlinear devices. Let us consider
noise at the output of a narrowband linear filter with center
frequency f, = wo/27 Hz and bandwidth B «f,. In such cases the
output noise n(¢) is called narrowband noise and is expected to
appear almost as a sine wave of frequency f,, but with slowly varying
and randomly modulated phase and amplitude. In general, therefore,
we write

n(t) = x(t) cos wet — y(t) sin wet (8.26)

where x(¢) and y(¢) are independent gaussian {(or normal) random
processes with zero means and mean-squared values given by the
expected values

(x*(8)) = (y*(#)) =N = (n*(t)) (8.27)

where ( ) denotes an ensemble average. Hence x(¢) and y(¢) have
the probability distributions

1 .

px(x)= ——~,—ane‘x 72N (8.28a)
1 )

py(y) = f—ane‘y /2N (8.28b)

and because x(¢) and y(¢) are independent, their joint distribution is
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given by

Pxy(%,¥) =px(x)py(y)

. (8.29)

" 2aN

In high-frequency communications we usually also have a sinu-
soidal signal at or near frequency f,. For example, this signal could be
a carrier in either AM (amplitude modulation) or FM (frequency
modulation) transmission, or one of two transmitting states of an
FSK (frequency-shift keying) binary transmission system. In most
cases the signal is taken as additive to the noise, and it is the
statistical properties of the envelope of the composite signal plus
noise that we wish to investigate.

Let us assume the signal is an unmodulated carrier of amplitude A
and frequency fo = wo/27. Because the phase of the signal is purely
arbitrary and does not affect our results, we assume it is zero. The
composite signal plus narrowband noise at the output of a linear
device then has the representation

v(t) =A cos wot +n(t)
= [x(¢) + A] cos wyt — y(t) sin wyt
=r(t) cos [wet + 0(2)] (8.30)

where r(¢) and 0(¢) represent the random envelope (or amplitude)
and phase, respectively, of the composite signal and noise. Clearly,
r(t) and 0(¢) are related to the quadrature components x(¢) and y(¢)
by the transformation

x(t)=r(t)cos0—A
y(t)=r(t)sin®

(8.31)

The joint density function of r(¢) and 0(¢) is obtained from (8.29) by
solving

Pro(r, 0)drd6 =p,y(x,y) dx dy

Thus, by substituting Eqs. (8.31) into (8.29), we get

Pro(r, 8)drd8 = T exp

{_ [(r cos @ —A)2+ (r sin 0)?]
2N

N }drdB
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where we have used dx dy =rdrd6. Simplifying the terms in the
above exponential function, we obtain the joint distribution

0 [_ (r2+ A% - 2Ar cos 6)]

oN (8.32)

r
0)=—
prﬂ(r) ) 2.7'[Ne

The marginal distribution of the envelope r(¢) is found by integrat-
ing (8.32) over 6 (modulo 2;r) whereas that of the phase 0(¢) is found
by integrating over 0=<r <. Performing integration over the in-
terval —r <0 =7z (or over 0= 0 <2x), we have

pr(r) =f p,—o(", 9)d6

which reduces to

2442 A
pr(r) =§e—(r +A )/ZNIO(_NI) r> 0 (8.33)

where we have used the Bessel function relation (see problem 1 in
Exercises 7.3)

1 TT
IO(x)=_J‘ excosﬂde
2rJ)_,

The distribution (8.33) is known in the literature as the rician
distribution, or sometimes the Rice-Nakagami distribution.

The marginal phase distribution is likewise determined by eval-
uating the integral

p.,(e)=f Pro(r, 8) dr
0

1
=——¢

2aN

=<}

—A2 —_(r2—

A/2Nf e (r 2Arcos9)/2Ndr
(4]

To perform the integration, we complete the square in the argument
of the exponential to find

1 P 2
po(e) =2nNe—ses cos’ Of re—(r/@—\/;cos )] dr (834)
0

where s = A%/2N is the signal-to-noise ratio (SNR) of the power of
the sinusoidal signal to that of the noise. Next we make the change of
variable ¢ = r/V2N — Vs cos 0 and integrate the resulting expression
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to obtain (see problem 8 in Exercises 8.3)

Po(0) =§t—re’s{1 + Vs e 9 cos O[1 + erf(Vs cos 6)1}

—-n<60=nx (835

where erfx is the error function (see Sec. 3.2).

8.3.2 Non-Rayleigh radar sea clutter

The performance of microwave sea echo over the open sea, which is
often limited by the presence of sea clutter (unwanted returns) in the
return signal, has been the subject of a large number of investiga-
tions since World War II. When large areas of the sea are illuminated
by radar, the return signal behaves as narrowband gaussian noise.
Hence, the envelope r(f) of the return signal can usually be well
approximated by the Rayleigh distribution [obtained from (8.33)
by setting A = 0]

pe(r) = ;’Ee—'w r>0 (8.36)

where o®=N = (r*t))/2. However, when the sea is viewed at low
grazing angles with a high-resolution radar, the envelope r(¢) shows
significant deviations from Rayleigh statistics.

Experimental evidence in the case of low grazing angles suggests
that the envelope r(¢) of the return radar signal can be represented
by the product of two independent random processes with differing
correlation times, i.e.,*

r(t) =x(t)y(t) (8.37)

where x(¢) has a long correlation time compared with y(¢). The
probability density function of r(¢) can then be determined by
evaluating the integral

(1) =f Px@)p(r|x)dx (8.38)
0

where p.(r | x) is the conditional density function of r(¢) given x(¢).
From basic probability theory it is known that p.(r | x) is related to

* See K. D. Ward, “Compound Representation of High Resolution Sea Clutter,”
Electronics Lett., 17: 561563, 1981.
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the distribution p,(y) according to

x) = |x|_1py(£) (8.39)

where we are using the fact that x(¢) and y(¢) are independent. For
modeling purposes, we assume that the density function for x(¢) is
the chi-squared distribution

pelr )= ol by -

Px(x) =%x2”"1e“"2 x>0 (8.40)

where v is a positive parameter dependent upon range, height, aspect
angle, and sea state. We further assume that the distribution of y(¢)
is Rayleigh, i.e.,

py(¥) =;yi e y>0 (8.41)

and thus (8.39) becomes

r

pe(r |x)=——5e 7% r>0 (8.42)

o*x

Finally, the substitution of (8.40) and (8.42) into the integral in
(8.38) yields

pe) = [ peaIpalr | 0) ds
0

_ 2r
" T'(v)o?

o0
J x2u—3e —x2—r%20%? dx
0

and by making the change of variable ¢ = x2, this becomes

-
I'(v)o*

pr) = f o2 T RO% gy (8.43)
0

We recognize this last integral as that given by (7.37), and hence we
obtain

P e

rw)o?\ o

px(r) = r>0* (8.44)

which belongs to the general family of K distributions.

* We are using the fact that K_,(x) =K, (x).
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Exercises 8.3

1. (@) Show that in the absence of a signal (that is, A =0) Eq.
(8.33) reduces to the Rayleigh distribution

per)=Fe™™  r>0
(b) Show that the statistical moments of the Rayleigh distribu-

tion are given by

(r") =f r'p.(r)dr
0

- (2N)V’2F(1 + g) v>—Y,
2. The joint distribution of the envelopes and phases of two
correlated narrowband processes is
rre
(2aN)*(1 - p*)
[r2+rZ—2pr,rycos (8, — 01)]}
2N(1 - p?)

—-m <0y, 0=, 0=<r,rp<w

pZ(rl, Tg; 01; 62) =

Xexp{—

where p is a normalized correlation coefficient. Show that

pa(ry, 12) =f f p2(ry, ra; 64, 6,)d6, dO,

__nn {_ r2+rd) ] [ prirs ]
N2 1= p2 P aNa - B NG - p?)

Osr,rp<w

3. Show that when v =%,, the K distribution (8.44) reduces to

2
pe(r) = —:e‘ﬁ”" r>0
o
4. The intensity of a radar signal is defined by E = r?, where r is the
amplitude or envelope. If r is governed by the K distribution
(8.44), show that E satisfies

gl-v (@>U-IKU_1(\/2—E

I'v)o?\ o o ) E>0

pe(E)=
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5. If E is governed by the distribution in problem 4, find the
normalized moments of E defined by (E")/(E)", where

(E™) =j E'pe(E)dE n=1,23,...
0

Hint: See Example 1 in Sec. 7.3.

6. If both x and y are zero mean gaussian variates with unit
variances, show that the distribution of r = xy is given by

1
P+(r) =—Kq(Ir})

7. If the intensity E of a radar signal is governed by the modified
rician distribution

1 _,. 2A
pe(E) =7 e +E>/b10(—5— VE)  E>0
show that the statistical moments are given by
2

(E")=b"n!Ln<—%> n=1273,...

where L, (x) is the nth Laguerre polynomial.
8. Derive Eq. (8.35) from (8.34).

8.4 Heat Conduction and Vibration
Phenomena

The fundamental problem in the mathematical theory of heat
conduction is to determine the temperature in a homogeneous solid
when the distribution of temperature throughout the solid is known
at time ¢ = 0 and the temperature (or temperature gradient) at every
boundary point is known. In vibration phenomena the correspond-
ing problem is to describe the wave motion of a natural or mechanical
system, such as a vibrating membrane, subject to certain initial and
boundary conditions.

The governing equations for a wide variety of applications involv-
ing vibration phenomena, diffusion processes, and potential theory are
primarily the wave equation

a2
V2 = c—2a—;2‘ (8.45)
heat equation
3
Viy=q2% (8.46)
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and Laplace’s equation
Viu=0 (8.47)
where the laplacian V?u is defined in rectangular coordinates by

u u u

vy =ou, ok, ot
" % 8z2*

(8.48)

8.4.1 Radial symmetric problems
involving circles

We wish to begin by determining the small displacements u of a thin
circular membrane (such as a drumhead) of unit radius whose edge
is rigidly fixed (see Fig. 8.3). The governing equation for this problem
is the wave equation (8.45), where c is a physical constant having the
dimensions of velocity.

If the displacements u depend only upon the radial distance r from
the center of the membrane and on time ¢, then (8.45) reduces to the
radial symmetric form of the wave equation given by (see problem 1
in Exercises 8.4)

% 15u u
— + ———— -2 <r< 1 > .
> 75 c P o<r<il, t>0 (8.49)

where u =u(r,t). Since we have assumed the membrane is rigidly
fixed on the boundary, we impose the boundary condition

u(l,t)=0 t>0 (8.50)

If the membrane is initially deflected to the shape f(r) with velocity
g(r), we also prescribe the initial conditions

u(r, 0) =£(r) %(r,0)=g(r) 0<r<1 (851

Figure 8.3 A circular membrane.



Applications Involving Bessel Functions 341

By expressing the unknown function u in (8.49) in the product
form u(r,¢t) =R(r)T(t), the separation of variables technique leads
to

R"+(1/r)R' _T" _
R == A (8.52)

where —A is the separation constant. (The choice of the negative sign
is conventional, not necessary.) Hence (8.52) is equivalent to the
system of ordinary DEs

rR"+R'+ArR=0 O0<r<i (8.53)
T+ Ac?T=0 t>0 (8.54)

Under the assumption u(r,t)=R(t)T(t), the boundary condition
(8.50) becomes

u(1,$)=R(1T(#)=0
from which we deduce
R(1)=0 (8.55)

Equation (8.53) is recognized as a generalized form of Bessel’s
equation of order zero. By writing A =%?> 0,* the general solution is

R(r) = C Jylkr) + C Y (kr) (8.56)

To maintain finite displacements of the membrane at r =0, we must
set C, =0 since Y, becomes unbounded when the argument is zero.
The remaining solution R(r) = C,Jy(kr) must then satisfy the bound-
ary condition (8.55), i.e.,

R(1)=C,do(k)=0 (8.57)

The Bessel function J; has infinitely many zeros (see Table 6.1) on
the positive axis, but they are not evenly spaced. Thus, for C, #0, we
can satisfy (8.57) by selecting 2 as one of the zeros of J;, which we
denote by &, (n=1,2,3,...). With & so restricted, we set A =£k2
(n=1,2,3,...)in (8.54) to obtain

T" + k%°T =0

*For =0, Eq. (8.53) has no bounded nontrivial solutions satisfying (8.55)
(see problem 15 in Exercises 8.4).
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which has the general solution
T.(t)=a, cosk,ct + b, sink,ct n=1,23,... (8.58)

where the a’s and b’s are arbitrary constants.
Combining our results, we have the family of solutions

u,(r,t)=(a, cosk,ct + b, sin k,ct)Jo(k,r) n=1223,... (8.59)

These solutions are called standing waves, since each can be viewed
as having fixed shape Jy(k,r) with varying amplitude 7,(¢). The
zeros of a standing wave, i.e., curves for which Jy(k,r)=0, are
referred to as nodal lines. Clearly the number of nodal lines depends
on the value of n. For example, when n = 1, there is no nodal line for
0<r<1. There is one nodal line when n =2; there are two nodal
lines when n = 3; and so forth (see Fig. 8.4).

By forming a linear combination of the solutions (8.59) through the
superposition principle, we obtain

u(r,t)= 2, (a, cosk,ct + b, sin k,ct)Jo(k,r) (8.60)
n=1

The constants a, and b, are selected in such a way that the initial
conditions (8.51) are satisfied. Therefore, we find

)

u(r,0)=f(r)= > a,Jolk,r) o<r<i1 (8.61)
n=1
and
% (r,0)=g(r)= i k,cb,Jdo(k,r) 0<r<l1 (8.62)
n=1
— T~ PN
\/1l ll\_/
Q ‘

n=1 n=2 n=13

Figure 8.4 Nodal lines for a circular membrane.
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which are recognized as Bessel series for f(r) and g(r), respectively,
where

a, =

T )]Zf frokar)dr  n=1,2,3,... (863)
1

and

k,chb rg(r)do(k,r)dr n=123,... (8.64)

2 1
" [Jl(kn)]zj;)

8.4.2 Radial symmetric problems
involving cylinders

Let us now consider a solid homogeneous cylinder with unit radius
and height 7 units (see Fig. 8.5). If the temperatures on the surfaces
of the cylinder are prescribed in such a way that they are a function
of only the radial distance r = Vx% +y2 and height z, the temperature
inside the cylinder will approach a steady-state distribution that
depends only on r and 2. In this case the governing DE is Laplace’s
equation which, in cylindrical coordinates, takes the form (see
problem 1 in Exercises 8.4)

u 10u u

R 0 0<r<1, O0<z<nm (8.65)

Let us assume for the sake of illustration that the boundary
temperatures are prescribed by

u(r,0)=0 u(r,7)=0 u(l,z)=f(z) (8.66)

Figure 8.5 A solid cylinder.
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If we set u(r,z) =R(r)Z(z), then separation of variables leads to

rR"+R'—irR=0 o0<r«i (8.67)
and
2"+ A2 =0 O<z<wm Z0)=0 Z(n)=0 (8.68)

where A is again the separation constant and where we have utilized
the first two boundary conditions in (8.66). By assuming A =£%%>0,
the general solution of (8.68) is

Z(z)=C coskz +Cysinkz (8.69)

Imposing the first boundary condition in (8.68) requires that C; =0,
whereas the second boundary condition leads to

Z(n)=Cysinkx =0 (8.70)

For C,#0, we can satisfy this last relation by choosing k=n
(n=1,2,3,...). Hence, we find that

A=k*=n®> n=1,23,... (8.71)
and consequently
Z,(z)=sinnz n=123,... (8.72)

where we set C,=1 for convenience. For A =0 there are no further
(nontrivial) solutions of (8.68), the proof of which we leave to the
exercises (see problem 16 in Exercises 8.4).

For values of A given by (8.71), we see that (8.67) becomes

rR"+R' —n*rR=0

which we recognize as Bessel’s modified equation of order zero, with
general solution

R, (r)=a,ly(nr)+b6,Ky,(nr) n=1,273,... (8.73)

However, because K, is unbounded at r =0, we must choose b, =0
for all n. Then, combining solutions (8.72) and (8.73) through use of
the superposition principle, we obtain

oc

u(r,z)= ", a,ly(nr)sinnz (8.74)

n=1

The remaining task at this point is to determine the constants a,,,
and this we do by imposing the last boundary condition in (8.66).
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Thus we have

0

ul,z)=f(z)= D, a,ly(n)sinnz 0<z<um (8.75)

n=1

from which we deduce (see Sec. 1.4)

anIO(n)=J%J fe)sinnzdz n=1,2,3,...  (876)
0

8.4.3 The Helmholiz equation

Bessel functions, in combination with the Legendre functions, are
also prominent in the solution of the Helmholtz equation

Vi + k%Y =0 (8.77)

in spherical coordinates (r, 8, ¢). This partial DE is of particular
importance in various problems in mathematical physics featuring
both the heat equation and the wave equation (see problems 18 and
19 in Exercises 8.4).

By assuming that (8.77) has solutions of the form

y(r, 6, ) =R(r)0(6)®(¢) (8.78)

the separation of variables technique leads to the system of ordinary
DEs (see problem 21 in Exercises 8.4)

©+10=0 -n<6<nm (8.79)
d (., d® A
sin¢d_¢(sm"’a$)+(““—smz ¢)¢—0 0<p<x (880)
and
4 2@) 22 \p_
d,.(r dr +REr*-upR=0 0<r<1 (8.81)

where A and p are both separation constants. If we require that the
solutions be bounded and periodic with period 27, we arrive at the
conclusion that the separation constants must assume the restricted
values

A=m? m=0,12,... (8.82)
and
u=nn+1) n=0,12,... (8.83)
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With the restrictions given by (8.82) and (8.83), we see that (8.79)
has the solutions

a m=0

a,cosmf+b,sinmb m=1,23,... (8.84)

0,(0)={

where the a’s and b’s are arbitrary constants, and (8.80) is the
associated Legendre’s equation with bounded solutions

Prn(@P) =Py (cos ¢p) m,n=0,1,2,... (8.85)

Finally, with y =n(n + 1), we recognize Eq. (8.81) as a generalized
form of Bessel’s equation for which the bounded solutions are given
by the spherical Bessel functions of the first kind (recall Sec. 7.4)

R, (r)=j,(kr) n=012,... (8.86)

We conclude, therefore, that all bounded periodic solutions of the
Helmholtz equation (8.77) in spherical coordinates are various linear
combinations of the family of solutions

Wmn(r’ 9’ ¢)
_ {Ao,,j,.(kr )P, (cos ¢) m=0
~ (A, cos m8 +B,,, sin m®8)j, (kr)Py(cos ¢) m=1,23,...

(8.87)

where n =0, 1,2, ... and the A’s and B’s are arbitrary constants.

Exercises 8.4
1. Polar coordinates are defined by
x=rcosf y=rsinf
(a) Use the chain rule to show that
Pu u u 16u 13%
oy o ror 1256
(b) If u does not depend upon 8, deduce that
Pu *u u 13du
a Ty e v
2. If the initial conditions (8.51) are given by
u(r,0) =AJdy(ksr) (A constant)

ou
— = 0
r (r, 0)
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where Jy(k;) =0, show that the subsequent displacements of the
membrane are described by

u(r, t) = Ady(ksr) cos ksct

. If the initial conditions (8.51) are given by f(r) =0 and g(r) =1,
show that the subsequent displacements of the membrane are
described by

2 & sink,ct

=0 2 )

where Jy(k,)=0(n=1,2,3,...).

. Solve the problem described in Sec. 8.4.1 for a circular membrane
of radius p.

JO(knr)

. The temperature distribution in a circular plate, independent of
the polar angle 8, is described by solutions of
Pu 1ou _, du

e ——= 0<r<1 >
a? rar ¢ a =5 t>0

%(l,t)=0 u(r,0)=f(r)
ar

where a® is a physical constant. Show that solutions are of the
form

u(r,t)=co+ 2 C Jo(k,r)e o

n=1
where J{(k,)=0(n=1,2,3,...).

. Solve explicitly for the c¢’s in problem 5 when the initial
temperature distribution is prescribed by (see problem 13 in
Exercises 6.5)

(@) f(r)=dJyk,r), where Jy(k,)=0

(b) f(r)=T, (constant)

() fry=1-r*

. Over a long, solid cylinder of unit radius at uniform temperature
T; is fitted a long, hollow cylinder (1 <r =< 2) of the same material
at uniform temperature 7,. Show that the temperature distribu-
tion through the two cylinders is given by

= Ji(k,)
ngl kn [Cll(zkn)]2

where Jy(2k,)=0 (n=1,2,3,...). What temperature is ap-
proached in the limit as ¢ — ©?

1 2,2
ulr,t)=Ty+ 2 (T, -T) Jo(k,re okt
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8.

9.
10.

11.

12.

13.

The temperature distribution u(r, t) in a thin circular plate with
heat exchanges from its faces into the surrounding medium at
0°C satisfies the boundary-value problem

—t=——bu=—  0<r<1, t>0

where b > 0. Show that the solution is given by
> Jo(k,r) Jare
n=1 knJ l(kn)
where Jy(k,)=0(n=1,2,3,...).
Solve the problem described in Sec. 8.4.2 when f(z) = sin 3z.

u(r,t) =2

A right circular cylinder is 1 m long and 2m in diameter. One
end and its lateral surface are maintained at a temperature of
0°C, and its other end is at 100°C. Calculate the first three terms
in the series solution giving the temperature distribution at an
interior point.

Show that the solutions of

Pu 10u %
o= <r<1 <z<
or: ror 822 0 0<r<i, 0<z<a

u(r,0)=0 u(r,a)=f(r) u(l,z)=0
are given by

o

sink,2
u(r,z)= Zl ¢, Jo(k,r) Sohk.a

where Jo(k,)=0 (n=1,2,3,...). Find an expression for the
constants c,,.

Find the solution forms for the boundary-value problem
Fu 1o, P
or® ror &z?
u(r,0)=f(r) u(r,a)=0 u(1,z)=0
Suppose a cylindrical column of unit radius is considered to be of
infinite height extending along the z axis. If the lateral surface is
maintained at zero temperature and the initial temperature
distribution inside the column is prescribed by f(r, 8), show that

the subsequent temperature distribution of the column has the
form

=0 o0<r<«i, 0<z<a

u(r, 6,8)= 2, > (G €08 10 + by, 5in n0)J, (k,,,, 1o~ Hnt

m=1n=0

where J,(k,,,)=0(m=1,2,3,...,n=0,1,2,...).



14.

15.

16.

17.

18.

19.
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A long hollow cylinder of inner radius a and outer radius f is
initially heated to a temperature distribution u(r, 0) =f(r). If
both the inner and outer surfaces are maintained at zero
temperature, show that the temperature distribution throughout
the cylinder has solutions of the form

o

u(r’ t) = 2 cﬂ[Yo(kna)JO(knr) _Jo(kna)}’()(knr)]e_azk%t

n=1
where Yy(k,a)Jo(k,B) = Jo(k,a)Yo(k,B) (n=1,2,3,...).
Given the boundary-value problem
rR"+R'+ArR=0 R(Q1)=0

show that R(r) =0 is the only bounded solution when
(a) A=0
(b) A=-k%<0

Given the boundary-value problem
2'"+A=0 Z(0)=0 Z(n)=0

show that Z(z) = 0 is the only solution when
(@) A=0
(b) A=-k%<0

Show that the laplacian V?z in spherical coordinates defined by
x=rcos 0sin ¢, y =rsin 0 sin ¢, z =r cos ¢ is given by
Pu 20u 18u cotgdu 1 du

Viu=—S+-—+5——+ + —
@ Vu= et 5 2502 2 39 Pain? ¢ 502

(b) 1[92 du 1 3/,  du 1 3
D) s e D)
““r2or\” o) " sin ¢3¢ sin ¢ d¢/ sin® ¢ 367
Show, by assuming the product form u(r, 0, ¢,t)=
w(r, 8, )T (t), that the heat equation

du
VZ — 2
u=a ot

reduces to the system of equations
VY + Ay =0
T' +4a®T=0
Show, by assuming the product form u(r, 6,¢,t)=
Y(r, 6, )T (¢), that the wave equation
%%

V2u =c -5?
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20.

21.

22.

reduces to the system of equations
Vi +Ap=0
T+ Ac*T=0
Let u(r, ¢,t) denote the temperature distribution (independent

of 0) in a sphere of unit radius, whose surface is maintained at
0°C and whose initial temperature is described by

u(r, ¢,0)=£(r, ¢)

(a) Show that the temperature distribution throughout the
sphere at all later times is of the form (see problem 18)

u(r, ¢,8)= 2, X CpnnPr(cos @), (kpnnr)e @bt
m=1n=0
where j,(k,,)=0(m=1,2,3,...,n=0,1,2,...).
(b) If the initial temperature distribution is f(r, ¢) =T, where
Tp is constant, show that the solution in (a) reduces to

u(r’ t) =%T0 2 (_l)m—l(snl mnr>e_azmz,,z,
m=1

Verify that the separation of variables technique applied to the
Helmholtz equation (8.77) by the substitution (8.78) leads to the
system of equations (8.79) to (8.81).

The velocity potential u(r, 8) of an acoustic wave scattered by a
cylinder of radius b is a solution of

Fu 1ou 1%

py> ;ar ’3:9?+k2u=0 b<r<w

) a
u(b, )= —e*bcos® lim\/;(a—l:—iku> =0

where the last condition is the Sommerfeld radiation condition.
(@) Show that the separation of variables leads to

u(r, 8) =CoHP (kr) + D, C,HY(kr) cosnd
n=1
Hint: H{(kr) denotes an outgoing wave.

(b) To satisfy the finite boundary condition, show that

_ Jo(kb) C = - J,(kb)
°"  HP(kb) "7 HP(kb)

Hint: Use problem 9¢ in Exercises 6.2.

n=123,...
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8.5 Step-Index Optical Fibers

An optical fiber used in light wave communication systems is a
waveguide made of a transparent dielectric whose function is to guide
the light over long distances. The fiber consists of an inner cylinder of
glass, called the core, surrounded by a cylindrical shell of another
material of lower refractive index, called the cladding. If the core has
a uniform refractive index, it is called a step-index fiber. For such
waveguides, the homogeneous wave equation can be solved in the
core and cladding of the guide to obtain expressions for the electric
and magnetic field intensities.

If we assume that the electric field has a sinusoidal variation in
time at (angular) frequency o, the wave equation reduces to the
Helmholtz equation

VE+k’E=0 (8.88)

where k”=w’ue — * and E=(E,,E,,E,) is the time-independent
electric field intensity. Here u, ¢, and § are medium constants known,
respectively, as the permeability, permittivity, and propagation con-
stant. The related time-independent magnetic field intensity H=
(H,, H,, H,) satisfies the same partial DE. Let us assume that the
direction of propagation is the z direction. It can be shown in this case
that both E, and H, satisfy the two-dimensional form of (8.88) given
by

°E, J°E,

et K%E, =0 (8.89)
and

&°H, &°H,

ax2z+?22+ K2H2=0 (890)

If the core and cladding of the fiber are circular (see Fig. 8.6),
then the proper coordinate system in which to express (8.89) and
(8.90) is cylindrical coordinates. By making the change of variables
x=rcos 6, y=rsin 6, z =z, we find that (8.89) becomes (see prob-
lem 1 in Exercises 8.4)

&E, 15E, 13,
ar? r or r?96?

+x’E, =0 (8.91)

with an identical equation for H,.

Let us assume that the core occupies the domain 0 =r <a and that
the cladding occupies a <r <b. Also we assume that b is large
enough to ensure that the cladding field decays exponentially,
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A

Figure 8.6 Geometry of a circular
Core Cladding  step-index fiber.

approaching zero at the cladding-air interface. The core and cladding
are made of different materials, and the behavior of the fields is
different in each part of the waveguide. Thus, we need to solve
separate problems in each domain. However, the two solutions must
agree at the core-cladding interface at r = a.

Due to circular symmetry in the fiber, we assume that (8.89) has
solutions of the form

E.(r, 8)=R(r)e™*? (8.92)

where n is a constant restricted to integer values. The direct
substitution of (8.92) into (8.89), followed by division by e*?, leads to
the ordinary DE

r’R"+rR'+ («*r>—n®>R =0 (8.93)
the general solution of which is
R(r)=Cd,(xr) + C,Y, (kr) (8.94)

Energy considerations demand that the field be finite in the core of
the fiber. Hence since Y, (xr) becomes unbounded at r =0, we must
select C, = 0. In the core, therefore, we have the solution

E,=Ad,(kr)e™® 0=r<a (8.95)

where A is an arbitrary constant.

The solution (8.94) does not lend itself to an exponential solution
form for real x. However, if we assume that x =iy, where y®=
B%— w?ue, then the general solution of (8.93) becomes

R(@r)=CsL,(yr)+ C.K,(yr) (8.96)
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Of the two solutions, only K,(yr) has an exponential behavior that
tends to zero for large arguments. Therefore, we choose C3 =0, and
the solution in the cladding takes the general form

E,=BK,(yr)e"® a<r<b* (8.97)

where B is an arbitrary constant. Similar solutions for the magnetic
field component are found to be

H,=CJ,(kr)e™® 0=r<a (8.98)

and
H,=DK,(yr)e"® a<r<b (8.99)

where C and D are arbitrary constants.
It can be shown that the transverse components E,, E,, H,, and H,
are related to E, and H, according tot

E,=—i( S§Z+ 1?(;) (8.100a)

%(ﬁ%i@ - ag ) (8.1005)
H. = —K%(-— aaffz + we% 2%) (8.100¢)
H, =—-—< ia:g eaal”;") (8.100d)

In the core we write € = €;, and hence these equations reduce to

E, = —I:—[AﬁxJ (kr) +iCon ™ J(Kr)] (8.101a)
E,= é[zAﬁ J(Kr)—cKan(Kr)] (8.101b)

é[ LAa)engn(Kr)+CKﬁJ,’L(Kr)]ei”9 (8.101c)
9=—;L2-[AxwelJ (xr) +iCBZ J(Kr)] (8.101d)

* An alternate choice to (8.97) is E, = BH(iyr)e™®, where this is a Hankel
function of imaginary argument.

t See, for example, A. H. Cherin, An Introduction to Optical Fibers, McGraw-
Hill, New York, 1983.
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The derivation of similar expressions for the cladding where € = €, is
left to the exercises (see problem 1 in Exercises 8.5).

At this point constants A, B, C, and D are still unknown. To
determine them, it is necessary to apply boundary conditions to the
two tangential components of the electric and magnetic fields at the
core-cladding interface r = a (see the exercises).

Exercises 8.5

1. Show that the transverse components comparable to (8.101) for
the solution in the cladding (r >a) of the waveguide are given by

E = —# [BﬁyK;,(yr) + tiugK,,(yr)]eine

E,= —;% iBﬁgKn(yr) —Dyqu;,(yr)]eine
H= _# —iBwengn(yr) + DyﬁK;,(yr)]ei""
H,= _é ByoeK, () + iDﬁ%Kn(yr)]e""’

2. (@) For the special case where n =0 (corresponding to only
meridional rays propagating in the waveguide), show that
Eqgs. (8.1015) and (8.101d) for the core reduce to

E,= % Coudy(kr)

H,=— éAwelJ()(Kr)

(b) Show that comparable equations in the cladding are

E, =%Dqu6(yr)

H,= —-:;BwszK()(yr)

3. The boundary conditions at the core-cladding interface for the field
components E, and H, are simply

E,(core) = E,(cladding) atr=a
H,(core) = H,(cladding) atr=a
Show that these conditions lead to, respectively,
J.(ka)A—K,(ya)C=0
J,(ka)B —K,(ya)D =0
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4. Referring to problem 3, the transverse components E, and H,
must satisfy the additional boundary conditions

(a)

(b)

E4(core) = Ey(cladding) atr=a
Hy(core) = Hy(cladding) atr=a

For the case n =0, use the result of problem 2 to show that
the boundary conditions lead to

Jo(ka)B —Ky(ya)D =0
€,YJo(ka)A — e;xkKo(ya)C =0
Set n =0 in the results of problem 3, and show that the

simultaneous solution of the resulting equations with those
in (a) leads to the conditions

v (ka)Ko(ya) — kJo(ka)K,(ya) =0
€,vJ1(ka)Ky(ya) — ezxdy(ka)K (ya) =0
[The first of these equations corresponds to the transverse
electric (TE) mode for which the longitudinal component

E,=0. The second equation corresponds to the transverse
magnetic (TM) mode for which H, =0.]






Chapter

The Hypergeometric
Function

9.1 Introduction

Because of the many relations connecting the special functions to
each other, and to the elementary functions, it is natural to inquire
whether more general functions can be developed so that the special
functions and elementary functions are merely specializations of
these general functions. General functions of this nature have in fact
been developed and are collectively referred to as functions of the
hypergeometric type. There are several varieties of these functions,
but the most common are the standard hypergeometric function
(which we discuss in this chapter) and the confluent hypergeometric
function (Chap. 10). Still, other generalizations exist, such as
MacRobert’s E function and Meijer’s G function, for which even
generalized hypergeometric functions are certain specializations
(Chap. 11).

The major development of the theory of the hypergeometric
function was carried out by Gauss and published in his famous
memoir of 1812, a memoir that is also noted as being the real
beginning of rigor in mathematics.* Some important results concern-
ing the hypergeometric function had been developed earlier by Euler
and others, but it was Gauss who made the first systematic study of
the series that defines this function.

*C. F. Gauss, Disquisitiones Generales circa Seriem Infinitam..., Comment.
Soc. Reg. Sci. Gottingensis Recent., 2 (1812).

357
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9.2 The Pochhammer Symbol
In dealing with certain product forms, factorials, and gamma func-
tions, it is useful to introduce the abbreviation
(a)g=1 (a),=ala+1)---(a+n-1) n=1,23,...
(9.1)

called the Pochhammer symbol. By properties of the gamma
function, it follows that this symbol can also be defined by

_F(a+n)

(a)n——'r(—aj‘— n=0, 1, 2,... (9.2)

Remark: For typographical convenience the symbol (a), is some-
times replaced by Appel’s symbol (a, n).

The Pochhammer symbol (a), is important in most of the following
material in this text. Because of its close association with the gamma
function, it clearly satisfies a large number of identities. Some of the
special properties are listed in Theorem 9.1, while other relations are
taken up in the exercises (see also the Appendix).

Theorem 9.1. The Pochhammer symbol (a), satisfies the identities:

(@) (1),=n!
(b) (a+n)a),=ala+1),

© (-,

n n!

(d) (@)pir=(a)la+k),=(a),(a+n), (addition formula)
(e) (@h-n=(=1D"(a)/(1~a—k),
(f) (@) =22(Ya),("/3+ 2a), (duplication formula)

Partial proof: We will prove only parts a, b, and c. The remaining
proofs are left to the exercises.
From the definition, it follows that

(a) 1),=1X%X2%X---xXn=n!
(b) (a+n)@a),=al@+1)---(a+n—-1)a+n)
=a(a+1),
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©) (—a)z—a(—a~1)--~(—a—n+l)

n n!

_(=1)"
Y
(="

= (a),

a(a+1)---(a+n-1)

From the definition, we see that the parameter a can be either
positive or negative, but generally we assume a # 0. An exception to
this is the special value (0),=1. If ¢ is a negative integer, we find
that (see problem 17 in Exercises 9.2)

(—-1)"R! —n<h
(~k), =3 (k—n)! S (9.3)
0 n>k

Theorem 9.1e can be used to give meaning to the Pochhammer
symbol for negative index; by setting £ = 0 we obtain

(="
(a)—n_ (1 _a)n

n=123,... (9.4)

Like the binomial coefficient, the Pochhammer symbol plays a very
important role in combinatorial problems, probability theory, and
algorithm development. In developing certain relations it is more
convenient to use the Pochhammer symbol than the binomial
coefficient. The use of this symbol (and the hypergeometric function)
in the evaluation of certain series and combinatorial relations is
illustrated in Sec. 9.5.

The Pochhammer symbol and binomial coefficient are related
directly by the formula given in Theorem 9.1c. A more complex
relation between these symbols is developed in the next example.

Example 1: Based on the properties of the Pochhammer symbol
listed in Theorem 9.1, show that
(a +k— 1) _(=D*(A—-a),(a)

n n!(a—n)

£k=1,2,3,...

Solution: From Theorem 9.1c¢ and e, we first obtain

<a +k -l)z(—l)"

n n!

(l_a—.k)n

_ (@)
_n! (@)p-n



360 Chapter Nine

Replacing n by —n in Theorem 9.1d, we find

(@h—n=(a)-_nla—n),
_(-1r@-n)
(1 _—a)n

where the last step is a consequence of Eq. (9.4). Combining the
above results leads to the desired relation

(a +k— 1) _=1)"A-a)(ak

n n'(a—n),

Exercises 9.2

In problems 1 to 16, verify the identity.

1. (-n), = (~1)"n! 4. (@)psr=(ak(a +k),

2. (e-n)=(-1"1-a), 5 (a+1),—nl@+1),_,=(a),
3. (a)pr1=ala+1), 6. (a—1), +n(a)-,=(a)

7. (n+k)!=n!(n+1),

8 T(a+1-n)= STt
(~a),
9 (a+n)_,(a+k),_=1
10. (@ +k),p=(-1"*1-a—n),
11. (a )k_,,=———((1__1:f“k);‘n 13. (2n)!=2%"(Y,),n!
12. (@)gn =22 (%0 )n (Yo + Yoa), 14. (20 + 1)1 =22(3)y),n!
<2a> _ ("'a)ln(l/z —a),
2n ( /2)nn!
16. (@), = 3% (Yaa), (M5 + 5a), (%5 + Ysa),

17. Show that (£ =1,2,3,...)

15.

(—1)k! -
(~k), =3 k—n)! =n=
0 n>k

18. Show that

1+n),= 4"(1/2),;
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19. Show that
(n +a— 1) _@

n n!

9.3 The Function F(a, b; c; x)

The series defined by*
ab  a(a+1)b(b+1)x? = (a),(b),x"
1+cx+ clc+1) 2!+”'_n=0 (c), n!
is called the hypergeometric series. It gets its name from the fact

that for a =1 and c¢=b the series reduces to the elementary
geometric series

(9.5)

1+x+x+...=> x" (9.6)
n=0

Denoting the general term of (9.5) by u,(x) and applying the ratio
test, we see that
un+1(x )

u,(x)

(@1 ®asrx™ (€)yn!

(€)psr(n+1) (a),(b)x"
(@a+n)b+n)
(c+n)n+1)

where we have made use of Theorem 9.1d. Completing the limit
process reveals that

lim

n—»>w n—>

= x| lim

n—»o

Up+1(x)
U, (x)
under the assumption that none of a, b, or ¢ is zero or a negative
integer. Therefore, we conclude that the series (9.5) converges under
these circumstances for all |x| <1 and diverges for all |x|>1. For
|x| =1, it can be shown that a sufficient condition for convergence of
the series isc —a —b>0.1

The function

lim

n—«

= x| (9.7)

F(a, b;c;x)= D, (@), (b)nx"

n=0 (C )n n"

defined by the hypergeometric series is called the hypergeometric
function. It is also commonly denoted by the symbol

oFi(a, b;¢c;x)=F(a, b;c;x) (9.9)

where the 2 and 1 refer to the number of numerator and denominator
parameters, respectively, in its series representation. The semicolons

lx] <1 (9.8)

* Throughout our discussion the parameters a, b, ¢ are assumed to be real.
t See E. D. Rainville, Special Functions, Chelsea, New York, 1971, p. 46.
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separate the numerator parameters ¢ and b (which are themselves
separated by a comma), the denominator parameter ¢, and the
argument x.

If ¢ is zero or a negative integer, the series (9.8) generally does not
exist, and hence the function F(a, b;c;x) is not defined. However, if
either a or b (or both) is zero or a negative integer, the series is finite
and thus converges for all x. That is, if a=-m (m=0,1,2,...),
then (—m), =0 when n>m, and in this case (9.8) reduces to the
hypergeometric polynomial defined by

oy D Emy @
F(-m, b;c;x) = ngo ol <x< (9.10)

9.3.1 Elementary properties

There are several properties of the hypergeometric function that are
immediate consequences of its definition (9.8). First, we note the
symmetry property of the parameters a and b, that is,

F(a,b;c;x)=F(b,a;c;x) (9.11)

Second, by differentiating the series (9.8) termwise, we find that

S (@), (), x™71
21 (¢), (-1

I

%F(a,b;c;x)=

ne=
\—.

n—-n+1
_ & (@na () a”
n=0 (c)n+1 n'

S (@+1),(b+1),x"
,Z.:o c+1), n!

a
Cc

hence

gdx—F(a,b;c;x)zgéF(a+1,b+1;c+1;x) (9.12)
c

Repeated application of (9.12) leads to the general formula (see
problem 1 in Exercises 9.3)

k
d—F(a b,c;x)=(a—()kﬂ()bJF(a +k btk;ctk;x)
C

£=1,2,3,... (9.13)
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The parameters a, b, and c in the definition of the hypergeometric
function play much the same role in the relationships of this function
as the parameter n or p did for the Legendre polynomials and Bessel
functions. The usual nomenclature for the hypergeometric functions
in which one parameter changes by +1 or —1 is contiguous functions.
There are six contiguous functions, defined by F(a +1,b;¢;x),
F(a,b+1;c;x), and F(a,b;c+1;x). Gauss was the first to show
that between F(a, b;c;x) and any two contiguous functions there
exists a linear relation with coefficients at most linear in x. The 6
contiguous functions, taken 2 at a time, lead to a total of 15

6
recurrence relations of this kind, that is, ( 2) =15*
To derive one of the 15 recurrence relations, we first observe that

x%F(a,b;c;x)-FaF(a, b;e;x)

2 (@) (b)), nx" & ala),(b),x”
Z n§=:0

n=0 (C) n! (C)n ;l_i

_ i (@a+n)a),(b),x"

n=0 (c)n n"

i (a+1),(b),x"

n=0 (C) n'

from which we deduce

x%F(a, b;c;x)+aF(a,b;c;x)=aF(a+1,b;e;x) (9.14)

Similarly, from the symmetry property (9.11),

x%F(a, b;c;x)+bF(a,b;c;x)=bF(a,b+1;c;x) (9.15)

and by subtracting (9.15) from (9.14), it follows at once that

(a—b)F(a,b;c;x)=aF(a+1,b;c;x)—bF(a,b+1;c;x)
(9.16)

* For a listing of all 15 relations, see A. Erdelyi et al., Higher Transcendental
Functions, vol. 1, McGraw-Hill, New York, 1953, pp. 103-104.
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which is one of the simplest recurrence relations involving the
contiguous functions. Some of the other recurrence relations are
taken up in the exercises.

9.3.2 Integral representation

To derive an integral representation for the hypergeometric function,
we start with the beta-function relation (see Sec. 2.4)

1

B(n+b,c—b)=f YA - dt e>b>0 (9.17)

0

from which we deduce (forn=0,1,2,...)

(®),__ T
(). T(B)(c-

1
It'””‘l(l—t)c‘b_ldt (9.18)
b) Jo

The substitution of (9.18) into (9.8) yields

I'(c) 2 (a), o

€5 = n+b-1 b1
F(a,b;c;x) TG —b) 2 Tl It (1—1¢) dt
S A CORMY e S o] o @ o,
~F(b)F(c—b)Jt (1-¢) [,,20 | = (xt) ]dt (9.19)

where we have reversed the order of integration and summation.
Now, using the relation (from Theorem 9.1)

(@), _ <_na>(_1)" (9.20)

n!

we recognize the series in (9.19) as a binomial series which has the
sum

o«

°°(a) n_ —a\, .,
2 (t) Z(n)( xt)" = (1—xt) (9.21)

n=0

provided |xt|<1. Hence, (9.19) gives us the integral
representation

i I'(c) S pye=b-171 _ . 1\—a
F(a,b,c,x)——————————r(b)r(c_b)J;t (1-1) (1—xt) *dt

c>b>0 (9.22)
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Although (9.22) was derived under the assumption that |x¢| <1, it
can be shown that the integral converges also for x =1.* The
convergence of (9.22) for x =1 is important in our proof of the
following useful theorem.

Theorem 9.2. Fore+#0,-1,-2,...andc—a—-56>0,

T'(c)I(c ~a—b)
I'lc —a)T(c—b)

F(a,b;c;1)=

Proot: We prove the theorem only with the added restriction
¢ >b >0, although it is valid without this restriction. We simply set
x=1in (9.22) to get

ctve T [Nty b1 _ y-a
F(a,b,c,l)-—r(b)r(c_b)Lt (1—1¢) (1-¢t)*dt
_ I'(c) et _ ye~a—b-1
_waw—b)Lt (-1 d

which, evaluated as a beta integral, yields our result
_ T {c—-a->b)
') —-b)(c—a)

_T()(c-a-b)
" T(c—a)l(c—b)

F(a,b;c;1)

9.3.3 The hypergeometric equation

The linear second-order DE
x(1—x)y"+lc—(a+b+1)x]y' —aby=0 (9.23)

is called the hypergeometric equation of Gauss. It is s0 named
because the function

ynw=F(a,b;c;x) c#0,-1,-2,... (9.24)

is a solution. To verify that (9.24) is indeed a solution, we can

substitute the series for F(a, b;c;x) directly into (9.23).
Examination of the coefficient of y” reveals that both x =0 and

x =1 are (finite) singular points of the equation. Therefore, to find a

* See E. D. Rainville, Special Functions, Chelsea, New York, 1971, pp. 48—49.
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second series solution about x =0 would normally require use of the
Frobenius method.* Under special restrictions on the parameter c,
however, we can produce a second (linearly independent) solution of
(9.23) without resorting to this more general method. We simply
make the change of dependent variable

y=x'" (9.25)

from which we calculate
y =x'"2'+(1-c)x "z (9.26a)
y'=x"2"+2(1—c)x "2 —c(l-c)x™ 72z (9.26b)

The substitution of (9.25), (9.26a), and (9.26b) into (9.23) leads to
(upon algebraic simplification).

x(1-x)2"+[2—c—(a@a+b—2c+3)x]z'
—(14+a—-c)1+b—-clz=0 (9.27)

which we recognize as another form of (9.23). Hence Eq. (9.27) has
the solution

z=F(1+4+a—-c¢,1+b—-¢c;2—c;x) c#2,3,4,... (9.28)
and so we deduce that
yo=x""F(l+a-c,1+b—-c;2—c;x) c+#23,4,...(9.29)

is a second solution of (9.23). For ¢ =2, 3, 4, .., the hypergeometric
function in (9.29) does not usually exist, while for ¢ = 1 the solutions
(9.29) and (9.24) are identical. However, if we restrict ¢ to ¢ #
0, 1, £2,..., then (9.29) is linearly independent of (9.24) and

y=CF(a,b;c;x)+Cox' F(1+a—-c,1+b—c;2—c;x)
(9.30)

is a general solution of Eq. (9.23).

To cover the cases when ¢ =2, 3,4, ..., a hypergeometric function
of the second kind can be introduced (see problem 28 in Exercises
9.3). However, beyond its connection as a solution to the hyper-
geometric equation of Gauss, the hypergeometric function of the
second kind has limited usefulness in applications.

* For an introductory discussion of the Frobenius method, see L. C. Andrews,
Introduction to Differential Equations with Boundary Value Problems, Harper-
Collins, New York, 1991, chap. 7.
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Remark: Actually y, =F(a,b;c;x) and yo=x'"F(1+a—c,1+b—
¢;2 —c;x) are only two of a total of 24 solutions of Eq. (9.23) that can
be expressed in terms of the hypergeometric function. For a listing of
all 24 solutions, see W. W. Bell, Special Functions for Scientists and
Engineers, Van Nostrand, London, 1968, pp. 208—209.

Exercises 9.3
1. Show that (fork=1,2,3,...)

d* . _(a)k(b)k
dxkF(a) € 9x)_ (C)k

2. Show that (fork=1,2,3,...)

Fla+k b+k;c+k;x)

(a) 4 [x“F(a, b;c;x))l=ax* "F(a+1,b;c;x)

k
) ;xk [x*"1**F(a, b;c;x)] = (a)px* 'F(a +k, b;c;x)

k
(c) dci* [x°"F(a, b;c;x)]1=(c —k)px* ' *F(a, b;c — k;x)
In problems 3 to 6, verify the differentiation formula.

3. x%F(a,b;c;x)+ (c—1)F(a,b;c;x)=(c—1)F(a,b;c —1;x)

4, x%F(a -1, b;¢;x)=(a—1)F(a, b;c;x)

~(a—1)F(a—1,b;c;x)

5 (1 —x)x%F(a, bie;x)=(a+b—c)xF(a, b;c;x)

+c Y c—a)c—b)xF(a,b;c+1;x)

6. x%F(a -1, b;¢c;x)=(a—1xF(a,b;c;x)

- Ha—-1)c—-b)xF(a,b;c+1;x)

In problems 7 to 13, verify the given contiguous relation by using the
results of problems 3 to 6 or by series representations.

7. (b-~a)1-x)F(a,b;c;x)=(c—a)Fla—1,b;c;x)
—~(c-b)F(a,b—-1;¢c;x)
8. (1-x)F(a,b;c;x)=F(a—1,b;c;x)
—¢ Ye-b)xF(a,b;c+1;x)
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9. (1-x)F(a,b;c;x)=F(a,b—1;¢;x)
—c e —a)F(a,b;c+1;x)
10. c—a—b)F(a,b;c;x)+a(l —x)F(a+1,b;c;x)
=(c—b)F(a,b—1;c;x)
11. (c—a—-b)F(a,b;c;x)+b(1—-x)F(a,b+1;c;x)
=(c—a)F(a—1,b;c;x)
12. (c—b—-1)F(a, b;c;x) +bF(a,b+1;c;x)
=(¢~-1)F(a,b;c—1;x)
13. [2b—c+(a—b)x]1F(a,b;c;x)=b(1—-x)F(a,b +1;¢;x)
—(c—-b)F(a,b—-1;c;x)

In problems 14 and 15, verify the formula by direct substitution of
the series representations.

14. F(a, b +1;c;x)—F(a,b;c;x)=ac—xF(a +1,b+1:c+1;x)

15. F(a,b;c;x)—F(a,b;c—1;x)
=- abx Fla+1,b+1,c+1;x)
cle—1)

In problems 16 and 17, use termwise integration to derive the given
integral representation.

I OO N P
F(d)[‘(c—d)fot (1-¢)°"*""F(a, b;d;xt) dt,

16. F(a, b;c;x) =
c>d>0
1
17. F(a,b;c +1;x) =c J' F(a, b;c;xt)t° 1 dt, c >0
0

18. Show that (s >0)
(a) f e_“F[a,b;1;x(1-—e")]dt=§F(a,b;s+1;x)
0

I'(s)I'(s+1—a-b)
INs+1—-a)T(s+1-0)

b) f e F(a,b;1;1—e dt=
0

Hint: Setx =1 in (a).
19. Show that (forn=0,1,2,..)

(@) F(-nbse;1)=C"0)
(c),

®) F(“n;a+n;0;1)=(;1)nw
(c),

1By ETO~1)s

© Fomizbrma =t v,
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20. Show that

2"(b),
F(—llzn,1/2—1/2n;b+1/2;1)=(2b)n n=0,1,2,...
21. Using the result of problem 19a, show that (forp =0,1,2,...)
0 O=n=p-1
(@) F(-p,a+n+1l;a+1;1)=14 (~1)p! B
@+n, 7P
(b) F(-p,a+n+2;a+1;1)
0 O<n=p-2
= (=1 + 1)
n=p_1:p

(a+1),(n+1-p)!
22. Given the generating function
wx,t)=1-t)! A -t +xt)"® ¢#0,-1,-2,...
show that

w(x, t)= Z (c)

n=0

where F(—n, b;c;x) denotes the hypergeometric polynomials
defined by Eq. (9.10).

23. Show that for |x| <1 and |x/(1 -x)| <1,
(1—x)‘“F<a,c b;c; ) F(a,b;c;x)
24. By substituting y =x/(x — 1) in problem 23, deduce that

(a) F(a,c—b;c;x)=(1—x)b‘°F(c—a,c b; ST xx)

) F<a, ~ b5 )-(1 X tF(c —a,c —bieix)
—X

(¢c) F(a,b;c;x)=(1—x)"F(c—a,c—b;c;x)
25. Show that
111 —4x
(1-%)F|Fa 3 +ga-bil+a—bi s
=F(a,b;1+a—b;x)
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26.

217.

28.

29,

30.

Use problems 23 to 25 to deduce that

I'l+a—-56)L(1+%%a)
Ir1+a)r(1+Ya -5)

1) _ T(Ye)T (e + )

(¢) F(a,b;1+a—-b;-1)=

b) F(a, 1-a;c;

5 - r(l/za + 1/20 )F(l/z - 1/20 + 1/20)
11\ T@+b+Y)Vn
+b+>5- )=
© F (2“ 2b5a+b+5; 2) T(a + Y)L(b + Yp)
By assuming a power series solution of the form
y=2 Ax"
n=0

show that y =F(a, b;c;x) is a solution of the hypergeometric
equation

x(1—x)y"+lc—(a+b+1)xly —aby=0
The hypergeometric function of the second kind is defined by

L Ta-o N
G(a, byc,x)—r(a_c+1)r(b_c+1)F(a,b1c’x)
I'c—-1)

“T@r®)
(a) Show that G(a, b;c;x) is a solution of the hypergeometric

equation in problem 27, ¢ #0, £1, £2,.
(b) Show that G(a, b;c;x)=x1"G(1+a—-c,1+b—-c;2—c;x).

Show that the wronksian of F(a, b;c¢;x) and G(a, b;c;x) is given
by (see problem 28)

2 F(l+a—-c,1+b—-c;2—c;x)

— F(C) —-c _ c—a—-b—1
W& O = rore® ¢
Derive the generating-function relation
e 1 t2(x? - 1)] (a)nP (x)
(1-xt) F[2 2a+ 11, 1= 2

where P,(x) is the nth Legendre polynomial.

9.4 Relation to Other Functions

The hypergeometric function is important in many areas of mathe-
matical analysis and its applications. Partly this is a consequence of
the fact that so many elementary and special functions are simply
special cases of the hypergeometric function. For example, the
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specialization

F(1,b;b;2)= >, £—1~)'1x”= > x"
n=0 N n=0

reveals that
F(1,5;8;x)=(1—x)"! (9.31)

Similarly, it can be established that

arcsinx = xF (Yy, Y/s; ¥a; 2%) (9.32)
and

In(1-x)=—xF(1,1;2;x) (9.33)
Example 2: Show that arcsinx = xF (Y, Ys; ¥; x2).

Solution: From the calculus, we recall that

arcsinx = i @)t
5 AP (2n 1 1)

To recognize this series as a hypergeometric series, we need to
express the coefficient of x>**'/n! in terms of Pochhammer symbols.
Thus, using the results of problems 13 and 14 in Exercises 9.2, we
have

(2n)! = 22*(Y,),n!
@+ (),
@t D) == = ),

and making these substitutions leads to

N AN
arc51nx—xn§0~————~(3/2)n —

from which we deduce
arcsinx = xF (*/,, Y3; 323 x%)

The verification of (9.33) along with several other such relations
involving elementary functions is left to the exercises.

A more involved relationship to establish is given by

P.(x) =F(—n, n+1; 1;1-27—") (9.34)
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where P,(x) is the nth Legendre polynomial. To prove (9.34), we first
observe that

Q-2 +t3)"2=[(1—-¢t)?~2t(x —1)]712

2(x — 1)1~ V2
-a-o1-2E=2 035
and thus deduce the relation

i Px)}t"=(1-2xt+ t2)—1/2
n=0

Cr e[y 2 -D]

=(1-1) [1 e ]

& (=) (1% (28)F(x — 1)
=k20 ( k 2) (1 _ t)2k+1 (9.36)

Our objective now is to recognize the right-hand side of (9.36) as a
power series in ¢ which has the coefficient F[—n,n +1;1; (1 —x)/21].
To obtain powers of ¢, we further expand (1—¢)"2*"! in a binomial
series and interchange the order of summation. Hence,

gopn(x)t” -3 3 (—;/2)(42" 1)(—1)’"*’@2’*@ — 1)k

m=0k=0

B i no<_1:/2>(_3k_;1)(—1)"2k(x -k (9.37)

where the last step is a result of the index change m =n — k. Next,
from Theorem 9.1c we can write

=\ (—2k =1\ (=1)"(/p)s(2k +1),_,

( k )( n—k >" k' (n—k)! (9.38)

but from problems 7 and 13 in Exercises 9.2, we further have

(n+k) nl(n+1),
2k +1),_,= = .
@k Dk =00 = 25 (! (9.39)
Finally, setting ¢ =1 in problem 11 in Exercises 9.2 leads to
—1)n!

(n— k=2 (9.40)

(_n)k
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so by combining the results of (9.38), (9.39), and (9.40), we find that
(9.37) becomes

& p_ o [& (mnh(n+1), (1-x\*],,
Srwe=3 |3 a7 b

=3 F(—n, n+1;1; ;x)t (9.41)
n=0

from which (9.34) follows by comparison of like terms.

9.4.1 Legendre functions

The relation (9.34) between the nth Legendre polynomial and the
hypergeometric function provides us with a natural way of introduc-
ing the more general function

P.(x) =F(—v, V1 1;%) (9.42)

where v is not restricted to integer values. We call P,(x) a Legendre
function of the first kind of degree v; it is not a polynomial except
in the special case when v=n (n =0,1,2,...). A Legendre function
of the second kind, denoted @, (x), also can be defined in terms of the
hypergeometric function, although we do not discuss it.*

The function P,(x) has many properties in common with the
Legendre polynomial P,(x). For example, by setting x =1 in (9.42),
we obtain

P(1)=F(-v,v+1;1;0)=1 (9.43)
The substitution of x = 0 in (9.42) leads to
P,(0)=F(-v,v+1;1;Y,) (9.44)

and by using the relation (see problem 265 in Exercises 9.3)

e _1_ — r(1/2c )r(llzc + 1/2)
F(a,l a,c,z)—r(l/za+1/zc)r(1/2_1/2a+1/2c) (9.45)
we deduce that
P,(0)= Va (9.46)

r(l/z - 1/2V)(r(1/2v +1)

* See T. M. MacRobert, Spherical Harmonics, Pergamon, Oxford, 1967, chap. 6.
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Recalling the identity

Il —x) =—>— (9.47)
sin Ix

we can express (9.46) in the alternative form

r(1/2V + 1/2) v

EO =i+ 2

(9.48)

When v is a nonnegative integer, we find that (9.48) reduces to the
results that we previously derived for the Legendre polynomials (see
problem 22 in Exercises 9.4).

Various recurrence formulas for P,(x) can be derived by expressing
this function in its series representation or by using properties of the
hypergeometric function. For example, it can be verified that

(v+ 1P, 1(x) — 2v+1)xP,(x) + vP,_;(x) =0 (9.49)
Pl (x)=xP.(x)=(v+1)P,(x) (9.50)
xPl(x) = P!_i(x) = vP,(x) (9.51)

and so forth.

The Legendre functions P,(x) are important for theoretical pur-
poses in the general study of spherical harmonics. Their properties
are important also from a more practical point of view, since these
functions are prominent in solving Laplace’s equation in various
coordinate systems, such as toroidal coordinates.

Exercises 9.4
In problems 1 to 8, compare series to deduce the result.
1. 1=F(0,b;¢c;x)
2. 1-x)""=F(a,b;b;x)
3 In(l-x)=—xF(1,1;2;x)
1+x 1 .3
nl_x=2xF(§, 1;§;x2>
5. arctanx =xF (Y,, 1;%; —x?)
6. 14+x)(1—x)"21=F(2a,a+1;a;x)
o1+ V)2 4+ (1 = Va) ™ = F(a, a + o o3 )
)
) 2

4.1

-3

o

a —%,a;Za;x)
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1 (1+Vi-x\'™> 1
9. \/1—x< 2 ) —F(a,a+§,2a,x)

10. You are given
/2
Kix)=] ((1-x%sin®¢)"?d¢
0
/2

E(x) =f (1 -x%sin® ¢)"?d¢

0

Show that

(@) K@x)="%aF (Y, Y5 1;x%)
(b) Eix)= 1/2JTF("'1/2, 1/2; l;xz)

11. Show that the associated Legendre functions

Prx)=(1 —xz)'"/zc%c;Pn(x)
satisfy the relation
(n+m)! '(1-—x2)'"/2

LAy ——

xF(m—n,m+n+1;m+1;1;x>

12. Show that the Chebyshev polynomials of the first kind
[n/2] (_1)k(n —k— 1)'
L&) = 2 =it 2]

satisfy the relation

(2x)" 2% n=1

1 1—x
(x) n,n 2 3

13. Show that the Chebyshev polynomials of the second kind

2l ., _
U,(x)= D, (nk k

k=0

)1y (ey2

satisfy the relation

3 1—x
= 1 _ .9,
U,x)=(n+ )F< n,n+2,2, 5 )

14. Show that the Gegenbauer polynomials

Cf.(x)=[n§]( 4 )(";k)(—l)"(w-%

k=0 \ -k

375
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satisfy the relations

(@) Ch@) =(- 1)"(“ #(- "’“"‘%”‘2)

(0) Chrn(x)=(-1)"—= (A)"“

424~ _
(c) C?.(x)=(" 2 1)F<—n,2z+n;z+l;l—f)
n 2° 2

F(—n, A+n;g;xz>

15. Show that the Jacobi polynomials

P b)(x) _-27‘!2) (: +Z)(n +b>( +1) R (x — 1)

satisfy the relations

(@) P@¥(x)=(— 1)"(n+b)F(—n,n+a+b+1;1+b;1+x>

+ _
(b) Pfi‘"”(x)=(naa)F<—n,n +a+b+1;1+a;1 2x>

16. Given the incomplete beta function
Bp,a)=[ #71-0dt  p,g>0
0
show that
xp
(@) B:(p,q) =;F(p, 1-q;1+p;x)

['(p)I'(q)

(b) By(p,q)= Tp+q)

17. Show that
n—-1
2 (:)xk =(14+x)* - (:>x"F(n —a,l;n+1;—x)
k=0

18. Verify that

L (mvR(v 1) (1 —x\F
P”(x)"go g ( 2 )

In problems 19 to 21, use the series representation in problem 18 to
deduce the given recurrence formula.

19. (v+1)P,,(x) - (2v+ 1)xP,(x) + vP,_;(x)=0
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20. P, (x) —xP)(x) = (v+1)P,(x)
21. xP,(x) —P,_,(x)=vP,(x)

22. Using the relation (9.48), show that (for£=0,1,2,...)
(@) Py1(0)=0

om0

23. Show that
Aoy +1) . v
VaTWyy + ) °

24. Show that P,(x)=P_,_,(x).
Hint: Recall that F(a, b;c;x)=F(b,a;c;x).

25. By making the substitution x = 1 — 22 in the generalized form of
Legendre’s equation

P (0)=

(1-x%y"— 2y’ +v(v+1)y=0

show that it transforms to Gauss’ hypergeometric equation and
thus deduce that y =F[—v,v+1;1;(1~x)/2)] is one solution of
the generalized Legendre equation.

26. Show that

/2
%=mfo sin*¢pd¢ k=0,1,2,...
. 2

and then, by expressing P,(x) in its series representation
(problem 18), deduce that

/2

1 x
F(— v+ 1= in? )
v, v 2 9 sin® ¢ |d¢

Pv(x)=gf

T Jo

9.5 Summing Series and Evaluating Integrals

The hypergeometric function obviously has many areas of application
because of its connection with other functions such as the inverse
trigonometric functions, logarithmic functions, and the Legendre
polynomials. However, it is also a useful tool in the evaluation or
recognition of various series, both finite and infinite.

Example 3: Prove the combinatorial formula

S () )=, 0,) mmonz

=0 m-—n
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Solution: From Theorem 9.1¢ and Example 1,
ny (-1
(k) =R T

(a +k) _=D"(a)nla+ 1),
m ml(a+1-—m),

and therefore

Byt e e

=(—1)m(—a>m

' F(-n,a+1;a+1—-m;1)
m!

Recalling Theorem 9.2,

I'Na+1-m)I'(n—-m)
Fa+1+n-m)I'(-m)
_ -1)'m!

" (m—n)! (a+1-m),

F(-n,a+l;a+1-m;1)=

where the last step follows from Eq. (9.1) and problem 11 in
Exercises 2.2. Theorem 9.1e leads to

(=a)p=(-1)*"(—a)p-nla+1—m),

and thus by combining results, we obtain

2") -0} )(‘”k) D"

m (m —n)!

-r(, )

following another application of Theorem 9.1c.

The hypergeometric function is useful also in the evaluation of
certain integrals, as illustrated in the next example.

Example 4: Show that for a > -1

I'p+a+1)

f xa[L;,a)(x)]Ze—-xdx = '
() b

p=0,1,2,...

where L®(x) is the associated Laguerre polynomial.
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Solution: By writing
L(a)(x) - i (_l)n(p +a)lx.:j
? n=0 P —n n!

(%) 2avnm

we have

mea[L‘ga)(x)Fe—x dx
0

— p+a z (_p) 3 (_p)k a+n+k -x
_< p ) ,120(G+1) n'kzo(a+1)kk‘J' * dx

This last integral can be evaluated by using properties of the gamma
function and two applications of problem 7 in Exercises 9.2, to get

f e dy =Ta+n+k+1)
0

=Ma+n+1)a+n+1),

=T(a+1)a+1),(a+n+1),
Hence

[ TR ILO ) e d
0

(Pt (=plp & (=phla+n+1),
_< P )F( “)E n! 20 (@ + 1) k!

=(p;“)r( +1)2(p a+n+lia+1;1)

and by using the result of problem 21a in Exercises 9.3, see that

0 O0=n=p-1
F(-p,a+n+la+1;1)=1 (~1)p!

(a+1),

Finally, substitution of this last expression for the hypergeometric



380 Chapter Nine

function leads us to our intended result,

Y et @12 gy — (P T @ z (~p)p(—1)p!
[[ewpwresan=(? ) s R
=<p +a)2I‘(a+1)p!

p (a+1),
=F(p+a+1)

p!

9.5.1 Action-angle variables

Action-angle variables are introduced in periodic motions of con-
servative hamiltonian systems in order to simplify the solution.
Consider, for example, the specific hamiltonian

p’
H(p,Q)=2—+V(q) (9.52)
m

in which ¢ and p denote the position and momentum, respectively,
and V(g) is the potential energy. If the total energy of this system is
equal to E, the momentum is then given by

p(q,E)=+V2m[E - V(g)] (9.53)

and this in turn leads to the action integral defined by [V(q;) =E, i =
1, 2]

]_ q2
I(E)=2 f VemiE —V{g)1dq (9.54)
q1

4

Example 5: Evaluate the action integral (9.54) for the special case
in which V(g) = U tan®q (U >0).

Solution: Here we find that tan®q, =E/U, q, = —q,, so

q2
I=lj V2m(E — U tan®q) dq

q1

tan"la

=%V2mU Va®—tan®qdq

0

where a = E/U. To evaluate the above integral, first we assume that
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a <1 and make the change of variable ax = tan ¢, which leads to

11__2
VoI

b 1+a%?

tan~la
] Va®—tan®qdq =a’
0

fd 1
— a2 2 (~1)na2n J' x2n\ /1 _xzdx
n=0 (4]

where we have expanded (1+a%%) ™! in a binomial series and

interchanged the order of integration and summation. By substitut-
ing ¢t =x2 in this last integral, we can use properties of the beta
function (Sec. 2.4) to deduce that

1 1
[[wvi=ax=1, [ e -na
0 0

_T(n + )T (%)
T T(n+2)

Expressing all terms of the above series in terms of Pochhammer
symbols, we obtain

tan—‘am(lq =_'7t_a_2_i (1/2)71(1);1(_0‘2)"

o 4 =0 (2), n!
ma? (1
=—F<—, £ — 2)
4 2 1;2-a

2 o)
4 \1+V1+a?

where the last step follows from problem 8 in Exercises 9.4. By
simplification of this last expression, we get
tan~la

Va®—tan 9d0=52—’(\/1+a2— 1)

(1]
and finally returning to the original expression, we deduce that
I=V2m (VE +U-VU)

Although we made the assumption E < U, the final result is valid
also for E=U.
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Exercises 9.5

1.

2.

3.

Show that
i n)k(b)k__(C—b)n
k=0 C)kk' (c),
Show that
e (@)3(B)ni _(a+b),
i—o (n —k)E! n!
Show that

2”: (@)p(b)p_s at(a+b+1),,_1
icin—kN (k- N (n-1!

In problems 4 to 21, verify the given identity.

4.

10.

11.

12.

13.

14.

»

56)-C7)

Z (2n+1) g2n

2

k=0

SG)-0)
S (- 1)k< )—(—1)”('”,:1), m>n

ax

[

. zk(:)z 2n - !

[(n—1)!1?
o=
> (W)in)=(in) r=0
G-
St TG )= net
SCBEM-(2), hamors

m+qg+1

a
-

(1)
50
|

>

0

k=0

("
(
)

L

Z( )(r+k)( =0 T ) osm=n

k=0 -



15.

16.

17.

18.

19.

20.

21.

22,

23.

24,
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% (2n
2 ( ) = 22n—1’ n>0
k=0 \2k

3,0 (y) =)

Hint: Use problem 26 in Exercises 9.3.
" (n n (2n)!

= 5 O==p=<
kzo(k>< +k> (n—-p)(n+p) p=n

“ =Y\ 2%T(2n +Y,)
Z‘ 1)k<2k>< k )= Va (2n)! n=0,12...
= 1x3x5x---x(2n—1) (1 "_\/E
,Zo 2X4X6X--+X(2n) (5) ~ Vs

> (n)?2" =&

,ZO(Zn T2

Hint: Use problem 26 in Exercises 9.3.

< [(2n)11? 1 ”_n\/§
,Z:o(znu)! (n!)? (é) T4
Hint: Use problem 26 in Exercises 9.3.

Show that
1 (=1)"T(2n + 1) "
(a) Jo(x)cosx-T 2 (21T (2x)?
_1 & =D'T@n + %») 2nt1

(b) Jy(x)sinx \/—2 [(2n+ DI (2x)
Hint: See problem 18.
Show that (a > -1)

f L) e~ d = ['(a +p +1) (2 +a+1)

0
Show that* (m=0,1,2,...)
[(emtbpere=de =1~ (P ™)e= $ OB
(] p n=0

P (—ph(m+n+1),
x a
kgo (m + 1)gk!  omintk

where eX = ¥.2_, (x*/k!).

*The evaluation of this integral is important in determining the total energy
contained within the spot size of a Laguerre gaussian beam. See R. L. Phillips
and L. C. Andrews, “Spot Size and Divergence for Laguerre Gaussian Beams of
Any Order,” Applied Optics, 22(5): 643-644, March 1983.
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In problems 25 to 27, verify the given identity.

< (=1D)*(ax/2)* L,.b7
25 Jo(ax)Jo(bx) = ngo (n!)z F(—n; —n; ]-’az)
u
26. J, (ax)d, (bx) =(ax§—:f’%2—)—
2 (1) (ax/2)* _ b?
X,:S;“on!I‘(u+n+1)F<_n’ —p——u-n,u+1,?)

2 _ —~ (—‘1)"1"(2p+2n+1)(x/2)2n+2p
27. [J,(x)) _Eon!r(zp+n+1)[r(p+n+1)]2

28. Show that o 2
[F(a, b;c;x)]2 — Z ( /Z)n(a)n(b)n(c —a)n(c __b)n .x

o (©aO)plctn="%),  n!
XF(2a+2n,2b+2n;2c +4n;x)

29. Show that

7t/2 1 J(2x)
Jy(x sin 0)1%csc 6d6 = - — =
L {Ji(x sin 8)]“csc 0d 2 ™

Hint: Use problem 27.

30. Show that (n =0,1,2,...)
}IJ’ Jo(2x sin ¢) cos 2np d¢ = [J,(x)]?
(1]

Hint: Use problem 27.
31. Show that fora>b6>0,p —u+1>0.

* b\a* 'I'(p-u+1)
—ax,. —p ==
foe x ', (bx) dx (2a) T(p+1)
p-u+lp-p+2 _éf)
XF( g+ g PtLTg

32. For u = —p, show that the result of problem 31 reduces to
< b\* I'(2p+1)
ax,.p ==
L e "xr, (bx) dx (2> T(p +1)(a®+ b2yP 2
33. For u =1, show that the result of problem 31 reduces to
Va®+ b* - a)”
b

f e~ %1, (bx) =1(
0 b

Hint: Use problem 8 in Exercises 9.4.
34. For u =0, show that the result of problem 31 reduces to

2 1(Va®+b%—ay
L e Jp(bx)dx-;W

Hint: Use problem 9 in Exercises 9.4.



Chapter

10

The Confluent
Hypergeometric Functions

10.1 Introduction

Whereas Gauss was largely responsible for the systematic study of
the hypergeometric function, E. E. Kummer (1810-1893) is the
person most associated with developing properties of the related
confluent hypergeometric function. Kummer published his work on
this function in 1836,* and since that time it has been commonly
referred to as Kummer’s function. Like the hypergeometric function,
the confluent hypergeometric function is related to a large number of
other functions.

Kummer’s function satisfies a second-order linear differential
equation called the confluent hypergeometric equation. A second
solution of this DE leads to the definition of the confluent hyper-
geometric function of the second kind, which is also related to
many other functions. At the beginning of the twentieth century
(1904), Whittaker introduced another pair of confluent hyper-
geometric functions that now bears his name.t The Whittaker
functions arise as solutions of the confluent hypergeometric
equation after a transformation to Liouville’s standard form of
the DE.

*E. E. Kummer, “Uber die Hypergeometrische Reihe F(a;b;x),” J. Reine
Angew. Math., 15: 39-83, 127-172, 1836.

t E. T. Whittaker, “An Expression of Certain Known Functions as Generalized
Hypergeometric Series,” Bull. Amer. Math. Soc., 10: 125-134, 1904.

385
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10.2 The Functions M(a; ¢; x) and U(a; c; x)

Perhaps even more important in applications than the hyper-
geometric function is the related function

o«

L (a)nx_"
M@;e:2)= 20

—o<x <o (10.1)

called the confluent hypergeometric function.* It is related to the
hypergeometric function according to

M(a;c;x)=ll,imF(a,b;c;%c> (10.2)

To see this, we note that

. AN < (@),(8), (x/b)”
zl,li?oF<“’b’c’b>"zl,liﬂzo ©, nl

_$ @t )
n=0 (C)nn!b—wo bn

where clearly (6),/6"=b(b+1)---(b+n—1)/b"—>1 as b— .

Remark: The function M(a;c;x) is also designated by ®(a;c;x) or
1Fi(a;c;x), and commas are sometimes used in place of semicolons.

As was the case for the hypergeometric function, the series (10.1)
is normally not defined for ¢ =0, —1, —2,..., and if a is a negative
integer, the series truncates. By application of the ratio test, it can be
shown that the confluent hypergeometric series (10.1) converges for
all (finite) x (see problem 1 in Exercises 10.2).

10.2.1 Elementary properties of M(a; c; x)

Because of the similarity of definition to that of F(a, b;c;x), the
function M(a;c;x) obviously has many properties analogous to those
of the hypergeometric function. For example, it is easy to show that

iM(a;c;x)=gM(a+1;c+1;x) (10.3)
dx c

*The term confluent refers to the fact that, due to the transformation (10.2),
two singularities in the hypergeometric differential equation (at 1 and infinity)
are merged into one singularity (at infinity) in the confluent hypergeometric
differential equation. See Sec. 10.2.2.
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whereas in general

El—k—M( 'c-x)—gg)—'fM(a+k° +k;x) k=1,2,3 (10.4)
dx" a;c, _(c)k 3 C ) y iy Dy .

The function M(a;c;x) also satisfies recurrence relations involving
the contiguous functions M(a £ 1;¢;x) and M(a;c £1;x). From
these four contiguous functions, taken two at a time, we find six
recurrence relations with coefficients at most linear in x:

(c—a-1)M(a;c;x)+aM(a+1;c¢;x)
=(c—1)M(a;c—1;x) (10.5)
cM(a;c;x)—cM(a —1;¢;x)=xM(a;c + 1;x) (10.6)
(@a—1+x)M(a;c;x)+(c—a)M(a —1;c;x)
=(c—-1)M(a;c—1;x) (10.7)
cla+x)M(a;c;x)~acM(a +1;c¢;x)
=(¢c—a)xM(a;c+1;x) (10.8)
(c—a)M(a—1;¢;x)+(2a~c+x)M(a;c;x)
=aM(a +1;c;x) (10.9)
clc~1M@a;c—1;x)—clc—1+x)M(a;c;x)
=(a—c)xM(a;c+1;x) (10.10)

The verification of these relations is left to the exercises.
To obtain an integral representation of M(a;c;x), we first recall
the identity [Eq. (9.18) in Sec. 9.3.2]

(a),,= C(e)
(¢), T(a)l'(c-—

1
j A -tr e dt e>a>0 (10.11)
(1) 0

forn=0,1,2,.... Thus it follows from (10.1) that

I'e) = x™ [t
- . i ta+n—1 1-— t c—a—1 t
F@)'(c —a), =on! ) ( ) d

_—-—-r(—cz— ' a-1¢q _ s)c—a-1 (x_t)_’f
_T(a)l"(c—a),’;t 1-2) [EO — ]dt (10.12)

M(a;c;x) =

where we have interchanged the order of integration and summation.
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Recognizing the infinite sum in (10.12) as that of an exponential, we
deduce the integral representation

. e — P(C) ! xtga—1 _$)c—a-1
M(a,c,x)—l,(a)r(c_a)f0 et (1 —t) dt c>a>0
(10.13)

The integral formula (10.13) can now be used to derive a very
important result concerning confluent hypergeometric functions. We
simply make the change of variable ¢ =1 —u to get

v pe — F(C) x ! —xu,,c—a—1 — a—1
M(a,c,x)—r(a)r(c_a)efoe u 1—-u)X"du (10.14)

which implies
M(a;c;x)=e"M(c —a;c; —x) (10.15)

known as Kummer’s transformation. Even though (10.13)
requires that ¢ >a >0, the result (10.15) is valid for all values of the

parameters for which the confluent hypergeometric function is
defined.

10.2.2 Confluent hypergeometric equation
and U(a; c; x)

The hypergeometric function y = F(a, b;c;t) is a solution of Gauss’
equation

d% dy
tA-8) =5 +le—(a+b+1)t]——aby=0 (10.16)

By making the change of variable ¢ =x/b, (10.16) becomes

x\ , a+1 y
x(l——l;)y +(c x b x)y ay =0
and then allowing b— «, we find

xy"+(c—x)y'—ay=0 (10.17)

Now since
. x
M(a;c;x)= hmF(a, b;c;—)
b—x b

it follows that y, = M(a;c;x) is a solution of Eq. (10.17), which is
called the confluent hypergeometric equation.
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By making the change of variable y =x'~°z, we find that (10.17)
becomes (after simplification)
2'+(2-c-x)2'-(1+a—-clz=0 (10.18)
Thus, by comparing (10.18) with (10.17), it is clear that
z2=M(l+a—-c;2—c;x) c#+2,3,4,...
is a solution of (10.18), and hence
yo=x""M(1+a—-c;2—c;x) c#2,3,4,... (10.19)

is a second solution of Eq. (10.17). Furthermore, if ¢ is not an integer
(positive, zero, or negative), then y, is linearly independent of
y1=M(a;c;x), and in this case the general solution of (10.17) is

y=CiM(a;c;x)+Cox'“M(1+a—-c;2—c;x)
c#0, 11, +£2,... (10.20)

where C, and C, are any constants.
To remove the restriction ¢#1,2,8,... in the general solution
(10.20), we introduce the function (¢ #0, -1, -2, ...)*

T [ M(a;c;x) x1‘°M(1+a~—c;2——c;x)]

Ula;c;x) = Fl+a—c)lc) [(a)[(2—c)

sincx
(10.21)

called the confluent hypergeometric function of the second
kind. For nonintegral values of ¢, U(a;c;x) is surely a solution of
(10.17), since it is simply a linear combination of two solutions. For
c=1,23,..., we find that (10.21) assumes the indeterminate form
0/0, and in this case we define (analogous to Bessel functions of the
second kind)

Ula;n+1;x)= lim U(a;c;x) n=0,1,2,... (10.22)

c—n+1

which can also be shown to be a solution of (10.17).
To investigate the behavior of U(a;c;x) when a is a nonpositive
integer, we seta=—-n (n=0,1,2,...) in (10.21) to find

@ M(-n;c;x)
U( n,C,x)—Sianr(l_n-—c)F(C)

* See also problem 20 in Exercises 10.2.
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which, by use of the identity I'(x)I'(1 — x) = zz/sin 7x, becomes
U(-n;e;x)=(—1)"(c),M(~n;c;x) n=0,1,2,...(10.23)

Hence, the functions U(e;c;x) and M(a;c;x) are clearly linearly
dependent for ¢ =0, —1, —2,... and therefore do not constitute a
fundamental set of solutions of (10.17) in this case. Nonetheless, for
both a, ¢#0, —1, —2,..., it can be shown that U(a;c;x) and
M(a;c;x) are linearly independent functions, and in this case the
general solution of (10.17) is (see problem 22, in Exercises 10.2)

y=CiM(a;c;x)+ CyU(a;c;x) a,c#0,-1,-2,... (10.24)

The function Uf(a;c;x) has many properties like M(a;c;x).
Directly from its definition (10.21), we first note that (see problem 21
in Exercises 10.2)*

Ua;e;x)=x""U(l+a—c;2-c;x) (10.25)

while the derivative relations are readily found to be (see problem 23
in Exercises 10.2)

%U(a;c;x)=—aU(a+1;c+1;x) (10.26)

and

k

% Ua;e;x) = (-1)*(a)U(a +k;c +k;x) k=12, 3,... (10.27)

Although more difficult to show, it has the integral representation
1 o0
Ula; c;0) =—— f eI (L4+e " dt a>0,x>0 (10.28)
F(a) [\}
Some additional properties are taken up in the exercises.

10.2.3 Asymptotic formulas

From the series representation (10.1) of M(a;c;x), it follows directly
that for small values of x

M(a;c;x)~1 x—>0 (10.29)

* From (10.25), it follows that U(a;c;x) is defined also forc =0, -1, -2, ....
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For U(a;c;x) it can be shown that

fe-1) 1 c>1

Ula;c;x) ~ @) x ,

x—0"  (10.30a)

U(a;l;x)~———1—[lnx+1p(a)] x—0" (10.305)
I'(a)

the details of which we leave to the exercises (see problem 27 in
Exercises 10.2).

To derive an asymptotic formula for M(a;c;x) that is valid for
large x, we begin with the integral representation [see (10.14)]

“pe — F(C) x ! —xu, c—a—1 a—-1
M(a,c,x)———-————r(a)r(c_a)ej;e u A1-u)"'du

This integral can further be expressed as the difference of two
integrals by writing

o0

1
f e—xuuc—-a—l(l _ u)a—l du =J e—xuuc—a—l(l _ u)a—l du

(] 0
___J. e—xuuc—a—l(l _ u)a—l du
1

Next we make the substitution s =xu in the first integral on the right
and the substitution ¢ =x(u — 1) in the second integral on the right.
This action yields

00

1
f e—xuuc—a—l(l — u)a—l du =xa——cf

0 V]

—x (% t c~a—1 a—-1
—e—f e*(1+2)  (-3) @ o3
X Jo X

X

a—1
e‘ss”_"ﬂ(l - E) ds

X

Hence, for x >>s and x — «, we make the approximations

a—1 —x
X X

and find that (10.31) leads to

o0

1
f e—-xuuc—a—l(l - u)a—l du Nxa——cj e—ssc—a—l ds

0 0

~x°"T'(c ~a)
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Substituting this result into (10.14), we deduce the asymptotic
formula

. e ~m a—c, x o0
M(a;c;x) I‘(a)x e x— (10.32)

for a, ¢c#0, —1,-2,.... If, instead of approximating the term
(1 —s/x)*! by unity, we choose to expand it in the binomial series

(=3 -2 e e

then we obtain the full asymptotic series given in problem- 28 in
Exercises 10.2. Finally, by using Kummer’s transformation (10.15), it
readily follows from (10.32) that

I'(e)
F(c—a)x

—-a

M(a;c; —x) ~

x—>®© (10.33)

Last, if we utilize the integral representation (10.28) for U(a;c;x),
it follows in a like manner that (see problems 29 and 30 in Exercises
10.2)

a

Ula;c;x)~x~ x—> (10.34)

Exercises 10.2

1. By applying the ratio test to Eq. (10.1), show that the confluent
hypergeometric series converges for all x.

2. Show that
d a
(@) —M(a;e;x)=—M(a+1;c+1;x)
dx ¢
d* (@
6) dka(a,c,x)—(c)kM(a+k,c+k,x),k—1,2,3,...

In problems 3 to 7, verify the differentiation formula.

3. x%M(a;c;x)+aM(a;c;x)=aM(a +1;¢;x)

4, x%M(a;c;xH—(c —a—x)M(a;c;x)=(c—a)M(a—-1;c;x)

5. c%M(a;c;x)-cM(a;c;x)= (@a—c)M(a;c+1;x)
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6. x:—x—M(a;c;x)+ (c—1)M(a;c;x)=(c—1)M(a;c ~1;x)

7. x%M(a;c;x)"’(C -1-x)M(a;c;x)
=(c—1)M(a—-1;c-1;x)

In problems 8 to 13, verify the contiguous relation by using the
results of problems 3 to 7 or by using series representations.

8. (c—a—-1)M(a;e;x)+aM(a+1;c;x)={(c—1)M(a;c —1;x)

9. cM(a;c;x)—cM(a—1;¢c;x)=xM(a;c +1;x)

10. (a—1+x)M(a;c;x)+(c—a)M(a—1;c;x)
=(¢c—-1)M(a;c—1;x)

11. c(a +x)M(a;c;x) —acM(a + 1;¢;x)=(c —a)xM(a;c + 1;x)

12. (c ~a)M(a ~1;c;x)+ (2a —c +x)M(a;c;x)=aM(a +1;c;x)

13. clc—1)M(a;c —1;x)+clc—1+x)M(a;c;x)
=(a—chxaxM(a;c+1;x)

14. Show that

M(a + 1;c;x)—M(a;c;x)=Z—cM(a +1;c+1;x)
15. Show that
M(a;c;x)=c—;qM(a;c + 1;x)+%M(a +1;e+1;x)

In problems 16 to 18, derive the integral relation.
[(c)2'

16. M(a;c;x) =me

1
x/ZJ e—xt/Z(l + t)c—a—l(l - t)a—l dt,
-1

c>a>0

I'(e)
I'c —a)
c>a>0,x>0

17. M(a;c;x) = e"x(l_c’/zf e item2ma g (2Vxt) dt,
- 0

18. j e M(a;c;t)dt = F(a, 1;c;—),s>1
b s s

19. By substituting its series representation, show directly that
y=M(a;c;x) is a solution of

xy"+(c—-x2)y —ay=0
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20. Show that for ¢ #1, 2, 3, ... the confluent hypergeometric func-
tion of the second kind (10.21) can be written as

. TQ-e) .
U(a,c,x)————r(1+ — )M(a,c,x)
Ic-1) ,_, 3
+—r(';')-—— M(1+a c;2—c;x)

21. Verify the Kummer relation
Ua;e;x)=x"U(l+a—-c;2—c;x)
22. Show that the wronskian of the confluent hypergeometric func-
tions is given by
I'(c)

WWM, U)x )—-—m x %

Hint: See problem 7 in Exercises 6.6.
23. Show that

(@) %U(a;c;x)=—aU(a+1;c+1;x)

k

(b) %,;U(a;c;x) =(-1@)hUla+k;c+k;x),k=1,2,3,...

24. Show that U(a;c;x) has (among others) the contiguous relations
(a) Ula;e;x)—aU(a+1;¢;2)=Ula;c—1;x)
(b)) (c—-a)U(a;e;x)+Ula—1;c;x)=xUla;e+1;x)

25. From the well-known result of calculus

fx+y)= E f‘")(x)— lyl<p

n=0

derive the addition formulas

(@) M(a;c;x+y)= 2 E—a—))—"‘y——M(a+n c+n;x)
n=0
o (@),
®) UGicix+y) =
n=0 n
26. From the result of problem 25, deduce the multiplication

formulas

oo n _1 n
(@) Mla;c;xy)= D, @—)'i%(y—L
n=0

i (a) x"(l )"

M@+n;c+n;x)

b)) Ula;e;xy)= Ua+n;c+n;x)

n=0
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27. For small arguments, show that

I'c-1
(C )xl—c

(@) Ula;c;x)~ @)

,e>1,x—0"

(b) Ula;1; x)~—m[lnx+tp(a)] x—0"

28. Starting with Eq. (10.31), show by expanding (1 —s/x)*'in a
binomial series that

(C) e x (1—a),(c—a), o
M(a;c;x) ~ T@)* ¢ 'zo w0 x—

29. Using the integral representation (10.28), show that

Ula;e;x)~x™* x—>w

30. Following the technique suggested in problem 28, derive the
asymptotic series
=S (-1)%a),(1+a-—c)

—a n
e -~ —> 00
Ula;c;x)~x n§=0 o x

10.3 Relation to Other Functions

Specializations of either M(a;c;x) or Ula;c;x) lead to most of the
other special functions introduced in earlier chapters. For example, it
can readily be verified by comparing series or integral representa-
tions that

e*=M(a;a;x) (10.35)
_i —x2 ll 2
erfcx—\/ge U<2,2,x> (10.36)
1
Hy,(x) = (- 1)"(2") (—n;é;xz) (10.37)
L,(x)=M(—n;1;x) (10.38)
Ei(x)=-eU(1;1; —x) (10.39)
K,(x)=Vm (2c)e™U(p + ; 2p +1; 2x) (10.40)

among many other such relations (see the exercises).
The validity of (10.35) follows directly from

M(a;a;x) = Z (@), x” iz—=

(@), n!
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while (10.36) and (10.37) are proved in Examples 1 and 2. Verifying
(10.38), (10.39), and (10.40) is left to the exercises.

Example 1: Show that erfcx = (1/Vr)e " U(Ysy; Yo; x2).

Solution: By introducing the substitution ¢ =xV1 + s, we find

2 .
erfcx=ﬁj e Vdt
Vr o

Comparing this last integral with the integral representation (10.28)
identifies the parameters a =1 and ¢ =?,, and hence

1 2 3
erfcx =er‘x U(I;E;x2>

However, using the identity U(a;c;x) =x"U(l+a —c;2—c;x), we
can also write

1 Lo a2
erfcx—\/f_{e U( : ,x)
Example 22 Show that
!
How) = (-1 2 (s 2 2)
n! 2

Solution: From the series definition of the Hermite polynomials, we
have

& (=1)*(2n)!

—_ 2n—2k
Hon(x) = Z‘ok!(2n —apy (&)
n _1 ] 2%
=(=1)"(2n)!1D (=17(2)

j=0 (n —_])!(2])!

where the last step has resulted from the index change j =n — k. In
terms of Pochhammer symbols, we write

(2))! = 29 (),

(=1Yn!
(_n)j

(n ==
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and therefore it follows that

w2 & (—n)a® n(2n) 1,
H,,(x)=(-1) i JZO ) .—( 1) . M( n,z,x)

Example 3: Use the relation (see problem 34 in Exercises 10.3)

(1—t)'“M<a1 1= ) Z(a)L(x)—-

to deduce that

o (_1)n _ x!‘—l
aZon!l(u — n)L"(x) T [T()]1?

Solution: Let t =1 and a =1 — u in the given series to obtain

u>0

S (1= L) = lim (1= 00~ M(1 - s 1 - )
n=0 . t—1 -

xt!
YD)

the last step of which follows use of the asymptotic formula [Eq.
(10.33)]

xt 1 xt \* xt
i) )
b5 T8 T \1—¢ 1-t

Finally, by recalling the identity (see problem 8 in Exercises 9.2)

(=1)"T'(u)

1— =
1-p), T(i—n)

we get the relation

® (_l)n 3 x}t—l
zon'T(u —n)L"(x) T T(p)]?

uw>0

10.3.1 Hermite functions
The DE

y'—2xy'+2vy=0 (10.41)

arises in the solution of Laplace’s equation in parabolic coordinates.
For v=n(n=0,1,2,...), this is just the DE satisfied by the Hermite
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polynomials studied in Chap. 5. Therefore, in the general case where
v is arbitrary we refer to the solutions of (10.41) as Hermite
functions.

To find a general solution of (10.41), we start with the change of
variable ¢ =x%, which converts the DE to the confluent hyper-
geometric form

d% (1 )dy v

— —— —_ + — = .
tdt2+ 2 t Rt 0 (10.42)
Hence, (10.42) is just a special case of (10.17) for which a = —v/2
and ¢ =Y,. Recalling Eq. (10.20), we see that a general solution of
(10.42) is

1
y(t) = CIM(—Z

1-v 3
L. 12 .9,
2,2,t)+02t M( 2 ,2,t> (10.43)

and so the general solution of (10.41) is

v1 1-v 3
(o5 oo
y(x) M 23 x*)+ CoxM 5 ,2,x (10.44)
It is customary to choose constants C, and C, to be
21'% 3 2v+1-\/]_t

CEmasva T TR

and then define

ﬂw_ .

v/ _
T - v)/2] ) . M(l V'g;"z)

v1
H,(x)= 29 % ) TT(=v/2)""\ g

(10.45)

which is called the Hermite function of degree v.

Various properties of the Hermite functions can be derived directly
from the definition (10.45) in terms of confluent hypergeometric
functions. For example, we can immediately deduce that

2v\/5 , N 2v+1\/;
fta=wa 0=t

H,(0)= (10.46)

Also by expressing the confluent hypergeometric functions in (10.45)
in series form, a series for H,(x) can be derived for v not zero or a
positive integer (see problem 49 in Exercises 10.3).
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By comparing (10.45) with the definition of the confluent hyper-
geometric function of the second kind, it follows that the Hermite
function can also be expressed as

1
H,(x)= 2VU(—1'; —;xZ) (10.47)
Hence, recalling the result of Example 1, we see that, for example,

H_,(x) =\/71_te"2 erfcx (10.48)

The basic recurrence formulas for the Hermite polynomials are
satisfied as well by the Hermite functions; the proofs are left to the
exercises.

10.3.2 Laguerre functions

The associated Laguerre polynomials are related to the confluent
hypergeometric function by (see problem 6 in Exercises 10.3)

L&(x) = (a+1),

n!

M(—n;a+1;x)

_ I'n+a+1)
"T(n+1)I(a+1)

M(—n;a+1;x) (10.49)

If we choose to replace the index n by the more general index v (not
restricted to nonnegative integer values), we have

I'(v+a+1)
v+ 1)I(a+1)

L®(x)= M(—-v;a+1;x) (10.50)

called the Laguerre function of degree v.

For v#n (n=0,1,2,...), it is clear that the Laguerre function is
not a polynomial, since the series for M(—v;a + 1;x) will be infinite
in this case. Nonetheless, the basic recurrence formulas for the
associated Laguerre polynomials (Sec. 5.3.3) continue to hold for the
more general Laguerre function. In the case where v is a negative
integer, some immediate consequences of the defining relation
(10.50) are

L%(x)=0 n=1,23,..., a>-1, a+#0,1,2,... (10.51)
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and (form=1,2,3,...)

0 n=123...,m
L™(x)=1 (-1)™(n),, (10.52)

n=m+1l,m+2,...
m!

the proofs of which are left to the exercises.

Exercises 10.3

In problems 1 to 14, verify the given relation.
1. y(a,x) =%M(a;a +1; —x)

2. I'(a,x)=e*U(1l—a;1—a;x)

3. Ei(x)=-e"U(1;1; —x)

4. li(x)=—-=xU;1;-Inx)

5. Hyp 11(x) = (—D"QEJ:—D!ZxM(—n;g;xz)
n! 2

6. L,(x)=M(—n;1;x)

7. Lﬁ{”(x)=(a—::-'l—)ﬁM(—n;a +1;x)

_ 2y, 1 .9
8. Jp(x)—r(p+1)e M<p+2,2p+1,2zx>

Hint: Start with the integral representation (6.32) in Sec. 6.3
and make the change of variable ¢ = 2s — 1.

(x/2)

% L) =rH 1D

e”"M(p+%;2p+1;2x>
10. K,,(x)=\/’:i(2x)*’e‘xu<p +~;—;2p +1;2x)
_*[y (131, 2) (l.§.__1_- 2>]
11.cxx)-2[A4(2,2,2znx M55 i
1 1
g

12. S(x) =~.[M(—;—;—inx2> —M<§;§;
13. Ci(x) = —% [e_i"U(l; 1;ix) +e*U(1; 1; —wx)]

i

14. Si(x) =g+2l [e™™UQ1;1;ix) —e*U(1; 1; —ix)]
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In problems 15 to 30, verify the special cases.
15. M(1;2; —x) =%(1 —e™)
16. M(2;1;—x)=(1—x)e™

2
17. M(1; 3; —x)=;§(x +e™*-1)

18. M(3;2; —x) = (1 -g-)e"‘
19. M(Yy; oy —x%) =™

20. M(—;—; —x
21. M(—Yy; Yo; —x2) ="+ Vrx erfx

22. M(—l;ﬁ; —x2> =%e"‘2+—£—r(l + 2¢2) erfx
23. M(1; Yo;2%) =1 4+ Vi xe™ erfx

.3, 2)_\/_"‘—‘ x2
24. M<1,2,x —er erfx

1 x

3+ x) =< h(3)

1 x x
5; 1; —x) =e""’2[(1 +x)Io(§) +xI1(§>]

X X
12 x) =e{u(3) +4() |

25. M
26. M

(
(
27. M(
(
(

: )
2
28. M(2;2; —x)=e1(3) - L(3)]
. 2’ 3 O 2 1 2
3o \_4 e (’_‘)
29. M(533; x)—xe 1,2
30. M<2,4, x)—~xe oz)+(1- 23

31. Show that (x >0)

(@) lim M(a; c; —Z) =T(c)x*"2J,_,(2Vx)

a—»x®

®) lim M(a; o 2) = T(c)x ™2, _(2Vk)

a—x



402 Chapter Ten

In problems 32 and 33, use properties of the confluent hyper-
geometric function to sum the series.

@

n! x
32. 2n+1 _ x%/4 >
2t = Vaeet;

33 z (nl(-;|k)l ( 1)k k=e—an(x))n=0’ 1’ 2"“

34. Use the Cauchy product to show that
(1—t)“’M<a L-1o t) Z (@).L, (x)—

n=0

In problems 35 to 37, verify the integral relation.

35. f x2"*1cos bx e "2 dx = n!M(n+1'—1-'—b—2> a>0
n+l 2’ 2a/’

. —ax? 3 b?
36] " sinbxe 2 dx = n+1bM( 2;—%),a>0

T'(u)
2b%

a2

4%/

37, f Jo(a)? ey =SB M (15— 2), a2 0,5 >0,

0

u¥0,-1,-2,...
In problems 38 and 39, use the result of problem 28 in Exercises 10.2
to derive the asymptotic formula.

38. erfx~1, x>
x © 1 1 +
39. 1 (x)~f2 (fe 5')(2%2 Ph o

In problems 40 to 43, use the result of problem 30 in Exercises 10.2 to
derive the asymptotic formula.

e & (1)),
—= —_— x>

xVr =, x2n ’

40. erfcx ~

xou

n!
41. E ~— ,
ix) xngoxn xX—>®

r « n!
2@~
2 H® g 2 ey 7

-1 1 N 1y _ n
43. K,(x) ~ ge”‘z ) (/ZT(;;)),,( f=p) ,X—>

44. By expressing the confluent hypergeometric functions in (10.45)
by their series representations, deduce that

- (2x)*
2r(—)2(1) ( =) h
v¥#n (n=0,1,2,...)

H,(x)=
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In problems 45 to 47, use the result of problem 44 to deduce the given
relation.

45. H (x) =2vH,_;(x)

46. 2vH,_,(x) =2xH (x) — 2vH,(x)
47. H,, ,(x)—2xH,(x) + 2vH,_;(x)=0
48. For v <0, show that

00

1 2
H,x)=———| e >t 'dt

[(=v) Jo
49. Using the result of problem 48, deduce the asymptotic series (for
v<0)
v (21 (=v)y,
H,(x)~ (2x) EOW X —> 0

50. Show that

[x x?
H_yp(x) = 2—”ex /2K1/4<5>

51. Derive the series representation (@ > —1)
[(v+a+1l) & Tk-v) «*
M(-v)I(v+1); STk +a+1)k!

In problems 52 to 54, use the result of problem 51 to deduce the given
relation.

52. L@ (x) = - L@ (x)
53. xL'(x) — vL®(x) + (v +a)L?@,(x) =0
54, (v+ 1L x)+(x-1-2v—a)L®(x)+(v+a)L?@,(x)=0
55. Show that

L9x)=0 n=1238,..., a>-1, a#0,1,2,...
56. Show that (form =1,2,3,...)

0 n=1,2,3,...,m
L%(x) =14 (-1)™(n),,
m!

L(Va)(x) -

n=m+1l,m+2,...

10.4 Whittaker Functions

For purposes of developing certain theories concerning DEs, it is
sometimes helpful to transform the equation to what is called the
Liouville standard form.* To derive this form, we first write the DE

* Sometimes called the normal form, not to be confused with (10.53).
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in normal form
¥ +A@R)y' +Bx)y=0 (10.53)
Next we set y = u(x)v(x), for which
y' =uv'+u'v
y'=uv"+2u'v' +u'v
and when these expressions are substituted into (10.53), we get
vu"+ (2v' +Av)u’' + (vV"+Av' +Buvu=0 (10.54)

By selecting 2v’ + Av = 0, the coefficient of u' can be made to vanish.
A function v which gives this result is

v(x) = exp [—VJA(x)dx] (10.55)

and thus (10.54) reduces to the Liouville standard form

w+Qx)u=0 (10.56)
where Qx)=B(x) — Y J[A@x)]1> - YA'(x) (10.57)

If we rewrite the confluent hypergeometric DE
xy"+(c-x)y'—ay=0

in normal form, i.e.,
y"+(§—1)y'—sy=0 (10.58)
we can then identify the functions

Ax)=5-1 Bx)=-% (10.59)
X X

Hence, the Liouville standard form of the confluent hypergeometric
DE is

) 1 ¢c—2a 2 -c?
u+( it o T )u—O (10.60)

From (10.55), we calculate

v(x)=exp [——;—f(z— l)dx] = /2y /2 (10.61)
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and since y =u(x)v(x) (or u =y/v), it follows that one solution of
(10.60) is given by

u; =e *x?M(a;c;x) c¢+0,-1,-2,... (10.62)

It is customary to introduce new parameters m and k by means of
the transformations

c 1
E—-m+§ (c=2m +1)
) (10.63)
%—a=k <a=-2-+m—k)
so that in terms of these parameters, Eq. (10.60) becomes
1 k Yy-m?
u”+<——+—+ L )u=0 (10.64)
4 x x

with solution u, =M, ,,(x), where

M, (x)=e 2" 2M(Yy+m ~k; 2m + 1;x)

2m #-1,~-2,-3,... (10.65)

We call M, ,,(x) a Whittaker function of the first kind.
We have previously shown (Sec. 10.2.3) that when ¢ #2, 3,4, ...,
the function

yo=x1"M(1+a—c;2—-c;x)

is a second linearly independent solution of (10.58). Using the
parameters m and k, and the relation u =y/v, it follows that when
2m is not an integer, the function

Ug=e 2x "t VM (Yo —m —k; —2m + 1;x) (10.66)

is a second linearly independent solution of (10.64). However,
comparison of (10.66) with (10.65) identifies u,=M, _,,(x), and
therefore a general solution of (10.64) is

u=CiM,,.(x)+CoM, _.(x) 2m#0,+1,+2,... (10.67)

The solutions M, ., (x) of (10.64) are not always the most con-
venient ones to use in forming a general solution, because of the
restriction that 2m not be an integer. Therefore, in certain situations



406 Chapter Ten

we find it preferable to introduce the Whittaker function of the
second kind

Wm(x) =e 2™ 12U (Yy + m —k;2m + 1;x) (10.68)

It can be shown that W, ,,(x) is a solution of (10.64) that is linearly
independent of M, ,,(x), even when 2m =0, 1, 2, .... That this is so
follows from the linear independence of the confluent hypergeometric
functions of the first and second kinds. In terms of W, ,(x), the
general solution of (10.64) reads

u=CyM,,(x)+CoWy n(x) 2m#-1,-2,-3,... (10.69)

The Whittaker functions clearly have many properties which follow
directly from those of Kummer’s functions, some of which are
discussed in the exercises. In most applications the choice of using
Kummer’s functions or Whittaker’s functions is mostly a matter of
convenience. Both sets of functions commonly occur in reference
material, although the functions of Whittaker are somewhat less
prominent.

Exercises 10.4

1. You are given Bessel’s equation

2%y +xy' + (x%2—p2y =0

(a) Find the Liouville standard form.
(b) For p="1/,, use (a) to deduce that the general solution of
Bessel’s DE for this special case can be expressed as

—-1/2 1

y=Cx Y2 cosx + Cox 2 sinx

2. It can be shown that oscillatory solutions of u” + Q(x)u =0 exist
only if @(x) > 0. Use this criterion to deduce that

my"+cy' +ky=0
has oscillatory solutions only if ¢? — 4mk < 0.

3. Use the criterion stated in problem 2 to deduce that Bessel’s
modified equation

2%y +axy' - (x> +p2y=0
has no oscillatory solutions.
In problems 4 to 8, verify the given relation.

2 2
4. exfx =me_x PM_14,14(x%)
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1 2
5. erfcx = \/——ze"‘ PW_va1a(x?)

6. y(a,x)=T(a) —x“ 2 *2W,_1y50n(x)

7. Mo, (2¢) =T(m + 1)22"*V\/xI,.(x)

8. Won(2x) = \/%Kmm

9. Show that
(a) Wk,m(x) = Wk,——m(x)
(b) W—k,m( —x) = W—k,—m(_x)

10. Show that (n=1,2,3,...)

(a) a—i—n[e"&x"“”“Mk,m(x)]

- ( -1 )n( _2m )nxm—nlz—llzex/ZMk —n/2,m—n/2(x )

(b) j—i;[e"’zx""”zwk,m(x)]
= (=1)"(Yy—m — k)nxm—nlz—l/zexlzwk—n/2,m—n/2(x)
In problems 11 to 13, derive the asymptotic formula.

11. My (x) ~x™ 412 x> 0"
r(2m+1)
I'(Yo+m—k)
18. W, .(x) ~x*e ™2, x > oo

14. Show that the parabolic cylinder function defined by

—kx/2
y X—>®

12. M, (x) ~

2
D,(x)= 2"/2+1/4x*1/2Wn/2+1/4,—1/4<x_) n=0,+1,12,...

2
satisfies the DE

2
y'+ (n +l—x—)y =0
15. Verify that (see problem 14)
| o de=vam

16. Verify that (see problem 14)

N L *
b) D_l(x)—\/;e erfc(\/é)

407
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17. Show that (for v+ Y +m >0,k — v>0)

* Itk —vIIMo+m+v)I'(2m +1)
—~bt/2,v—1 = —v
L e My m(b) dt IT'Yo+m+RCHo+m —v)

18. Evaluate the integrals

(@) f (M, . (x)]? dx
0

) f £ My (x) ]2 de
0
19. Show that the wronskian of Whittaker’s functions is

r2m+1)
M, =
W( k,ms Wk,m)(x) r(m — k + 1/2)
20. Using the integral representation for U(a;c;x), show that
k_—x/2 t)m+k—1/2

2m+#-1,-2,-3,...

. x€ Y m—k—1/2( 12
(@) W) F(m—k+1/2)Jo e 't 1+x
m — k + 1/2 > 0
(b) From (a), deduce the asymptotic series
S (-1)"(m—k+Y),(fo—m —k),

“] —x/2,.k E:
k’m(x) ¢ * n=0 nlkx” x

dt

21. Given the set of polynomials*

Grix) = i (m +n—k>g

k=0
show that

(@) G™(x) =-:—’x"‘+"“U(m +1;m+n+2;x)

m-+n n—-m
,b=
2 2

22. In solving for the wave function associated with the hydrogen
atom (see Sec. 5.3.4) we are led to the radial wave equation

14 (i) [1 1 1e0]

p AL
pldp\" dp/ lp 4 p?

1
b) G™(x)= ;x"e"’ZWb,aﬂ,z(x), a=

* The polynomials G7(x) arise in the problem of finding the probability density
function for the output of a cross correlator. For example, see L. E. Miller and J.
S. Lee, “The Probability Density Function for the Output of an Analog Cross
Correlator,” IEEE Trans. Inform. Theory, IT-20: 433-440, July 1974, and L. C.
Andrews and C. S. Brice, “The PDF and CDF for the Sum of N Filtered Outputs of
an Analog Cross Correlator with Bandpass Inputs,” IEEE Trans. Inform. Theory,
IT-29: 299-306, March 1983.
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Show that this DE has the standard form
vy A1 Eﬂjﬁ] -
u"+ [p 1 pe u=0
From (a), deduce that one solution for x(p) is

1
x(p)= ;MA,1+1/2(P)

Show that the solution in (b) can also be expressed in the
form :
(21+1

x(p)=e "2p'LZ 11 (p)
where L (p) is the generalized Laguerre function.
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11

Generalized
Hypergeometric Functions

11.1 Introduction

The special properties associated with the hypergeometric and
confluent hypergeometric functions have spurred a number of in-
vestigations into developing functions even more general than
these. Some of this work was done in the nineteenth century by
Clausen, Appell, and Lauricella (among others), but much of it has
occurred during the last 70 years. Even the most recent names are
too numerous to mention, but MacRobert and Meijer are among the
most famous.

The importance of working with generalized functions of any kind
stems from the fact that most special functions are simply special
cases of them, and thus each recurrence formula or identity
developed for the generalized function becomes a master formula
from which a large number of relations for other functions can be
deduced. New relations for some of the special functions have been
discovered in just this way. Also the use of generalized functions
often facilitates the analysis by permitting complex expressions
to be represented more simply in terms of some generalized
function. Operations such as differentiation and integration can
sometimes be performed more readily on the resulting gener-
alized functions than on the original complex expression, even
though the two are equivalent. Finally, in many situations
we resort to expressing our results in terms of these generalized
functions because there are no simpler functions that we can
call upon.

Our treatment of generalized hypergeometric functions is brief. For

411
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a deeper discussion the interested reader should consult one of the
many publications devoted entirely to functions of this nature.*

11.2 The Set of Functions ,F,

In general, we say that a series Y u,(x) is a hypergeometric-type
series if the ratio u,,,(x)/u,(x) is a rational function of n. A general
series of this type is

$ @ @)t

n=0 (cl)n (cq)n n! (11.1)

Py, ..., a,5¢, ..., c05%)=

where p and g are nonnegative integers and noc, (k=1,2,...,q) is
zero or a negative integer. The function defined by (11.1), which we
denote simply ,F,, is called a generalized hypergeometric
function. Clearly, (11.1) includes the special cases o F; and .F,,
which are the hypergeometric and confluent hypergeometric functions,
respectively.’

Applying the ratio test to (11.1) leads to

(@ay+n)---(a, +n)

U@ im
(ca+n)--{cg+n)1+n)

u, (x) n—w

lim

n-—»w

(11.2)

Hence, provided the series does not terminate, we see that

1. If p <q + 1, the series converges for all (finite) x.
2. If p=q+1, the series converges for |x|<1 and diverges for
x| > 1.

3. If p >q + 1, the series diverges for all x except x =0.

The series (11.1) is therefore meaningful when p >q +1 only if it
truncates [see (11.9) below].

Because of its generality, the function ,F, includes a great variety
of functions as special cases. Some of these special cases are given
byt

2 %* ofo(—; = %) (11.3)

* For example, see A. M. Mathai and R. K. Saxena, Generalized Hypergeometric
Functions with Applications in Statistics and Physical Sciences, Lecture Notes in
Mathematics, Springer, New York, 1973.

1 The absence of a parameter in F, is emphasized by a dash.
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(1-x)"°= 2 (a) =,Fy(a;—;x) (11.4)
cosx—nzo ((l/j)n%x—m(—;%;—’;) (11.5)

Jolx) = 20 (;11)) (xZ?)n ~ 0F1<—; 1 —’9 (11.6)

F(a, b;c;x) 20 @n6nx" _ b (a,bye;x) (11.7)
M(a;c;x)—nzo E“)) ¥ _ Fi(a;c;x) (11.8)

An important terminating series for the case p >q + 1 is the Hermite
polynomial

H,(x)= (2x)"[2F0(—%,1—;—";—; —é)] (11.9)

11.2.1 Hypergeometric-type series

The general series (11.1) has been extensively studied over the years,
and many of the important properties associated with the related ,F,
functions have been developed. For this reason it is often advan-
tageous to express a given series whose sum is unknown in the form
of (11.1), since it provides a standard form by which to classify the
series. In this standard form one may then be able to identify the
function that the series defines; if not, at least some general theory
concerning the specific function ,F, is probably available.

Not all series, of course, are specializations of the generalized
hypergeometric series (11.1). Only those series for which the ratio of
successive terms is a rational function of n are hypergeometric-type
series. Forming the ratio of successive terms is also helpful in
identifying the numerator and denominator parameters of the
hypergeometric-type series and the argument of the function. That is,
by writing the ratio of successive terms in the form

Upii(x)  (ay+n)---(a, +nk"
u,(x)  (c;+n)-- (cg+n)1+n)

(11.10)

we can easily identify the parameters a,,...,q,, ¢;,...,¢,, and the
argument x”, where u is a real number. If the particular factor 1 +n
is not in the denominator, it can be introduced by multiplying both
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numerator and denominator by it. Note, however, that all hyper-
geometric series of the form (11.1) are defined so that the first term
of the series is unity. Thus, if #,(x) # 1 in the given series, we need to
multiply the resulting ,F, series by u(x). Let us illustrate the
technique with an example.

Example 1: Express f(x) in terms of a ,F, function, where

i (=1)"(2n)! (x/2)*
o mD?(n+p + D2

Solution: We first observe that the n = 0 term of the series is

flx)=

1

wol®) = T DR

Next, using properties of factorials and the gamma function, we find
Upiax) (204 2)! (x/2)%"+2 . (n)3[T(n +p +1)]1?
u,(x) [+ DIPTr+p+2)]1% (20 (x/2)*>

() (=x?
T(p+1+n)¥(1+n)

and thus deduce that

® ( 1) (1/2 x2n

fla)= [r(p+1)]2 2 @+, (p+D), n!

or

f(x)‘[r(—i:r]z[le(l,p+l p+1;—x )]

Example 2: Show that
o~ (4x)
n=1 n(2n - 1)!

Solution: Because the given series does not start with n =0, we
begin with an index shift to obtain

=4sinh®?Vx x>0

o (4x)” < (4x)”
2 “n(2n — nl- ,go(n+1)(2n+1)!
® (1) x™

=4x
2 5 (2), ), n!
=4x,F5(1; 2, 3/2;96)
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where we have used the identities (see Sec. 9.2)

m+1)! (@),
n!l (1),

(2n + 1)1 =22"(%%,),n!

n+l=

The special case of Ramanujan’s theorem (see problem 4 in Exercises
11.2)

b b+1 x?
2F3(a, b _a;b,é,%;%> = 1F1(a;b;x) 1F1(a;b; "‘x)

with a =1 and b = 2 leads to
2F3(1, 152, 1, %5 %) = 1Fo(1;2; %55 1)
=,Fi(1;2; 2Vx) 1Fi(1; 2; ~2Vx)
This relation, coupled with Kummer’s transformation, yields

L ()
2 ion D1

yn(2n—1)! — = 4x,F,(1;2;2Vx) 1 Fy(1;2; —2Vx)

= 4x[,F\(1;2; 2Vx))% 2"

Finally, with the aid of the identities (see problem 9 in Exercises 10.2
and problem 10a in Exercises 7.2)

Fy(1;2;20) = r(g)(g)mevmu)

Il/z(x) = \' "Z_Sinhx
X

it follows that

,:1 r—t(_.‘;f?x% - 4"(%) <%><3?2%) sinh? Vx = 4 sinh? Vx

The above method of summing the given series in Example 2 may
not represent the easiest approach to this particular problem. We are
using it merely as an illustrative procedure that may prove useful in
dealing with more complex series.
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Exercises 11.2

1. Show that

d
Ex—[l’lil'](al: .. "ap;clx . .,Cq;x)]

=

ay
1

Jlar+1,...,a,+ e, +1,...,¢c,+ ;%)

.
=
O

2. For a + b #1, show that
of1(=a;x) oFi(—; b;x)
a+b-1 a+b
- F( ,
24°3 2 2
3. Use the result of problem 2 to deduce that
o) = 1 Fo(Yp; 1, 1; —x7)

4. Verify Ramanujan’s theorem

;a+b—1,a,b;4x)

2
1Fila; b;x) 1Fi(a; b; —x) = st(a, b-a;b, -, b—;—l;%)

N o

5. Show that (forn=20,1,2,...)
oFp(—n,a;—;x)= (a)n(—l)"x"lFl(—n; 1—-a—n; —%)
6. Use the result of problem 5 to show that (n=0,1,2,...)

@ 100 =R, o -a -2

®) H@)=@or[oR(-2, 20 -]

7. Verify Kummer’s second formula [2a#-(2n+1),n=
0,1,2,...]

— 1 x2
e 1F1(a;2a;2x)=oFl<_;a+§;Z)

8. Use the result of problem 7 to show that (x >0)

1 x2 x 1/2—a 1
OFI("'; a+ 97 Z) = <§> F(a +§)Ia—1/2(x)
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9. Show that (forn=20,1,2,...)

(c—a),(c—b),
(c)n(c —a "‘b)n

Fy(—n,a,b;¢c,1—-c+a+b—n;1)=

Hint: Expand the relation
Fc—a,c—b;c;x)=(1—~x)*"""F(a, b;c;x)
in series form and compare like coefficients.
10. Show that

x 1 3 2 x
=L -—tlx—t)|di= (—;—;——-)= in
LOFI[ 1 4t(x t)] xoF 216 2s1n2
11. Show that
x n 13 x«*
f tY2(x — ) 72[1 - t2(x — £)2] "2 dt =§x[2F1(Z, g 1;—)]

0

12. Show that (s >1)

f et [Fas,...,a5c1,...,¢i5t)]dt
0

I'(v+1) 1
=_—ST+I— [P+1Fq(v + 1’ Q1,...,05,C1,...,Cq; ;)]
In problems 13 to 16, express the series as a function ,F,.
&S (2n) (2n + 1)) n (2n) .
18. O, — 7" 15. k!
ngo 24" (n ! ) 4 * kgo 2k x
® 1xX3x---X —1)x2n+1 (/21 (__1Yep! n—2k
4. x+ Y 3 (2n - 1)x 16 S . )'n! ()
n=1(2n+1)(2n+3)(4n+1) k=0 (/2)]‘,(77;—2k)t

17. Bessel polynomials are defined by*

b,(x) = 2Fo<"n, 1+n;-; —g)
Show that

(@) K,i1px)= %e-xb"(.%>

n 2
() Gix) =%bn <;), where the polynomials G7*(x) are defined
in problem 21, Exercises 10.4

* Bessel polynomials were first studied by H. L. Krall and O. Frink, “A New
Class of Orthogonal Polynomials: The Bessel Polynomials,” Trans. Amer. Math.
Soc., 65: 100-115, 1949. See also E. Grosswald, The Bessel Polynomials, Lecture
Notes in Mathematics, Springer, New York, 1978,
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18. For the polynomials defined by*
Z,(x)=3F(-n,1+n;1,1;x)
show that
(@) nZ,(x)—nZ,(x)=-nZ,_ ,(x)—xZ,_,(x)

) (1—t)-1[1Fl(%;1;(1;fxti)2)]=éozn(x)t"
(¢) (1-t)'exp [ (;fxttf]l"{ (l"f‘xtt)z] = n}:‘,o Z,(x)t"

In problems 19 to 22, verify the formulas for products of Bessel func-
tions.

(x/2pP
I'(p+1)I'(v+1)

+v+1 +v+2
x[2F3(p 2 £ 2

19. J,(x)d, &) =

sp+L v+ p+v+1; —x2>]

(x/2)% 1
2 _ - 2
20. {Jp(x)] -*[F(p+1)]2[1F2<p+2’p+1’2p+1’ X )]

9 2p+1 3
2. I (), r(x) = 12 [1F2<p +2ip+2,% +2; —xz)]

I'(p+1)(p+2) 2’

22. J,(x)L,(x) S 11l [oFa("$B+_1’I’)'+_2’p +L ‘ZC:)]

(C(p +1)]? 2 2 64
23. Show that
oFi(=;a;px) oFi(=5 b3 qx) = 2, QL),zE(—n, l-a-n, b;e)
n=o(@),n! q

24. For p =q =1, show that the result of problem 23 reduces to that
of problem 2.

25, Show that

- . _ (a)n(px)n
iF(a;e;po) Fibidign) = 3, (ot

X3F2<-n,b,1~c—n;d,1—a_n;_.f1_>
p

* These polynomials were introduced by H. Bateman, “Two Systems of Polyno-
mials for the Solution of Laplace’s Integral Equation,” Duke Math. J., 2: 569-577,
1936.
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11.3 Other Generalizations

In the first half of the twentieth century new theories concerning
generalized functions began to flourish. Most of this work followed
Barnes’ use of the gamma function in 1907 to develop a new theory of
the hypergeometric function ,F;. In the 1930s, both the E function of
MacRobert and the G function of Meijer were introduced in an
attempt to give meaning to the symbol ,F, for the case p >q + 1. The
E function is actually a special case of the G function and for that
reason is less prominent in the literature.

11.3.1 The Meljer G function

In 1936, C. S. Meijer introduced the G function*

T'T(c; — ) T T(L +c; — a)x
=1 j=1

al,...,ap>=§ j=

Cl,...,Cq k=1 ﬁ r(1+ck_cj) ﬁ r(aj_ck)

j=m+1 J=n+1

m,n
Gy (x

XpFgall+cp—ay,...,1+c,—a 1t —cq,e )%, 0,
1+c,—cy; (1P "] (11.11)

wherel=m=q,0=n<p=qg-1,notwoofthec,’s(k=1,2,...,m)
differ by zero or an integer, and a; — ¢, ¥1,2,3,... forj=1,2,...,n
and k=1,2,...,m. If p=q, we restrict {x|<1. For notational
convenience, we often write

m.n a — imn ay, ..., 04
Gr <x c:’) =Gr (x o c:) (11.12)

or if confusion is not likely, we simply write G.;'(x).
Because of its relation with the ,F, functions given by (11.11), it is
clear that the G function incorporates a great many other functions

as special cases. Some of these special cases are given by the

*C. S. Meijer, “Einige Integraldarstellungen aus der Theorie der Besselschen
und der Whittaker Funktionen,” Akad. Wet. Amst. Proc., 39: 394—403, 519-527,
1936. The prime in the product symbol [I' denotes the omission of the term when
Jj=k. Also in the parameter set of ,F, , the parameter corresponding to
1 +¢ — ¢, (indicated by *) is to be omitted. Last, an empty product is interpreted
as unity.
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following:
Gi(x |a) =x"%* (11.13)
11 l1-a _
Gu(x 0 )=F(a)(1 +x)° (11.14)
G |a,b) =x“*"%d,_4(2Vx) (11.15)
1/ x
11 2 —_ —x/27 [
G12<x o, _p)-\/?re Ip(z) (11.16)
GR(x |a, b) = 22K, _,(2Vx) (11.17)
l1-a I'(a)
11 - et —
Gii(x | o 1 %) =T LFitaici o)) (11.18)
1-a,1-b\ [(a)I(b)
12 4 _— o
Gzz(x' o ) e LR b 0] (119)

Meijer redefined the G function in 1941* in terms of a Barnes
contour integral in the complex plane that ultimately led to an
interpretation of the symbol ,F, when p >¢ + 1. In particular, as a
consequence of his more general definition, we have the important
property

m,n 1
i

aP>= n,m( \I—C‘I> 112
c, Gop\x 1-a, (11.20)

which allows us to transform from a G function for which p > g to one
for which p <q (and vice versa). This property, combined with
(11.11), is particularly useful in developing asymptotic formulas for

certain ,F, functions with large arguments. For instance, see the
following example.

Example 3: Use the Meijer G function to derive the asymptotic
formula

T'(e)
F(c—a)x

—a

Fila;e;—x)~ x—> 0

*C. S. Meijer, “Neue Integraldarstellungen fiir Whittakersche Funckionen,”
Proc. Ned. Akad. v. Wetensch., Amsterdam, 44: 81-92, 1941.
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Solution: Based on (11.18) and (11.20), we have

e ey T€) gy l-a

iFile;e; x)—l“(a) 12(36 O,l—c)
_I) 11(1 l’c)
I'(a) Nx| a

Finally, we use (11.11) to obtain

_ I'(¢)
F(c—a)x

e X—>®

The basic properties of the G function are far too numerous for us
to discuss in any detail. Also the proofs of many of these properties
(and any real understanding of this function) require knowledge of
complex variable theory. Hence, for our purposes, we will be content
to merely list a few of the simplest properties without justification.

If one of the parameters in the numerator set coincides with one of
the parameters in the denominator set, the order of the G function
may decrease. For example, if a;=c, for some j=1,2,...,n and
somek=m+1,m+2,...,q, then

al,...,aj_l,aj+1,.. .,ap

m,n
Gpy (x

“”) =Gg;';;1_1(x ) (11.21)
cq

CiseeesCh_1,Ch4p15-- » Cq
An analogous relationship exists if a;=c, for some j=n+1,n+
2,...,pand some k =1,2,...,n. In this case it is m, and not n, that
decreases by one unit in addition to p and g decreasing by one unit.

Multiplication of the Meijer G function by powers of x leads to the
simple relation

r m,n
Gy <x

a
Dy __ m,n
¢ )"Gp,q (x

q

+
@ r) (11.22)
cgtr

where the implication is that each numerator and denominator
parameter is increased by the power r. Differentiation of this function
is also easily performed, although there are several varieties of
formulas. A particularly simple differentiation formula is given by

d a
P) —_ _x_l_CIG:;]n(x
cq

Zeleomis

a,...,a

P 11.23
cl+1,02,...,cq) ( )
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As an illustration of the use of the last two properties, consider the
special example

4 (x| a,0)=—x7'G2(x | a, 1)

dx
=-GRx|a-1,0) (11.24)

To check this result and to emphasize the efficiency of the G function
notation, we note from (11.17) above that

G¥(x | a, 0) = 202K, (2x1?)

Thus, (11.24) is equivalent to the formula
% [2xa/2Ka(2x1/2)] = _Zx(a—l)/ZKa_l(2x1/2) (1125)

Of course, we can derive this result directly through application of
the product formula and chain rule, which yields

i [Zxa/2K (2x1/2)] = 2xa/2Kr(2x1/2)x—1/2 + ax—1+a/2K (2x1/2)
dx a a a

=2x"’2[—x‘1’2Ka_1(2x”2)] (1126)

where the last step is obtained through application of the identity
' ~ b
K, (x)=— p_l(x)*;Kp(x) (11.27)

Further simplification of (11.26) yields the same result as (11.25).

This last example gives some hint of the power and economy
in using the G function as a tool of analysis. The difficulty
that often exists in working with this function is the recog-
nition of the particular Gj'(x) as one of the elementary or
special functions. However, there are countless instances in
which the G function of interest is not related to any known
function.

Owing to the generality of the G function, any integral involving
this function serves as a master integral formula for a whole class of
special cases. Two such integrals, which are essentially Laplace and
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Hankel transform relations, are given by

B ~Px . —Aym,n al""’ap> — AA-1 m,n+1<_c_v A”al""’aP>
Le * G”"’(” CrseensCq dx=p prlLa\g CisennsCy
(11.28)
B>0 p+g<2m+n) ¢-A>-1 j=1,...,m
and
J'xz"Jv(ﬁx)G,’,’f’q"(cwc2 al""a">dx
0 1,...,cq
2% (im0, ... ,a,, O
=ﬁ21+1 piz,q(‘ﬁg C1en )€y )
g>0 __1—v_)L 0~1+V-—A (11.29)
=73 )

p+qg<2(m+n) cj+A+—;—>—1/2 ji=1...,m

a+A<¥, j=1,...,n

Example 4: Use the Meijer G function to evaluate

I= j 2%, (0)d, (x)d, (Br ) dx
0

Solution: Integrals of this type are prominent in wave propagation
problems. To start, we use the identity (recall problem 19 in
Exercises 11.2)

(x/2)€+m
f+m+1
><2F3< ’; ,€+r;+2;€+1,m+1,€+m+1;—xz)
which we can further write in terms of the Meijer G function as
Jo(x)e, (x) =
x/2)™(€+m +1) of 2 +m-1 —€-m
F<t’+m+1)r(€+m+2) 24 2 2
2 2 0,~¢,~m,—€—m
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Next, using the Hankel transform relation (11.29), we obtain:

I_l<g>a+€+m 2—(’-—mr(€+m +1)
T B\B (£+m+1) f+m+2
r r( )
2 2
4 l-a—f-m—-n l1—-€-m _€+m l-a—€—-m+n
X Gy B—é 2 ’ 2 ’ 2’ 2

0,—¢,—m,—€—m

For 8> 2, we use (11.11) to obtain

r<n+a/-%-4f-l—m-i-1)
2

I =l 2_(_m(—2_>a+é’+m

A B r(£+1)r(m+1)r<"_“_g‘m+1)
f+m+1 €¢+m+2 a+fé+m+n+l a+f+m—-n+1
X4F3( 2 g 2 ’ 2 ;

4
€+1,m+1,€+m+1;—’ﬁ>

When § <2, we use (11.20) to write

1 (2)““’" 27 ¢mT(€+m+1)

B\B r<£+rg+1)r<£+rg+2>

p? 1,¢+1,m+1,¢+m+1
XGU| T | et ftman+l f4m+l £4m+2 at f4m—n+t]
2 o2 72 7 2

We can, of course, rewrite this G function in terms of ,F, functions by
use of (11.11) once again. Doing so leads to a sum of three ,F;
functions in this case which we leave to the reader to finish.

One of the major areas of application where the G function has
proved effective is probability theory. For example, the probability
density function associated with the product of n random variables of
the same distribution has been found in terms of G functions.* While

*M. D. Springer and W. E. Thompson, “The Distribution of Products of Beta,
Gamma and Gaug¢sian Random Variables,” SIAM J. Appl. Math. 18(4) (June
1970).
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certain special cases of the G functions associated with such products
can be expressed in terms of simpler functions, the general case most
likely cannot. In such instances, the G functions must be dealt with
directly for computational purposes.

11.3.2 The MacRobert E function

In the late 1930s, T. M. MacRobert also made an attempt to give
meaning to the symbol ,F, when p >q + 1.* For the values p =q + 1,
he introduced the function (called the E function)

1
[PFq<a1, vy @p3Ch, .., Cyl -—;)]

(11.30)

E(a,,...,ap;¢1,...,C58) =————

firee

where x #0 if p<q and |x|>1 if p =q + 1, while for the values
p=q+13

P
kll’l r(ak —an)
E(ay,...,ap¢1,...,65%)= , —— (g, )x*
i I'(c;—a,)

j=1

Ll

X gr1bpila,, 0, —c1+1,...,a,—c, +1;
@, —=0y,...,%...,8,—0a,+1;(=1»"x] (11.31)

where [x|<1ifp=q+1.

MacRobert’s E function never gained wide acceptance in the
literature, mostly because it was found to be a special case of the
Meijer G function,

ley,...,cq

E(al,...,ap;cl,...,cq;x)=G§’+11,p<x ‘ ) (11.32)

ay,...,a,

Hence, all properties of the E function are simple consequences of
properties of the G function.

*T. M. MacRobert, “Induction Proofs of the Relations between Certain
Asymptotic Expansions and Corresponding Generalized Hypergeometric Series,”
Proc. Roy. Soc. Edinburgh, 58: 1-13, 1937-1938.

t See the footnote at the beginning of Sec. 11.3.1.
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Exercises 11.3
1. From the definition (11.11), show that

pFalay, ..., a55¢1, ... ,¢45%)

T(c.
_Jl;_ll (CJ) . ( . 1—a1,...,1—ap)
= pg+1l T
0,1-c¢,...,1—¢
ﬁ r(aj) ! ?
j=
T(c;
_j£11 (¢)) 1 1|1,cy...,¢
a G a a

In problems 2 to 15, use the result of problem 1 and properties of the
G function to deduce the given relation.

2. GP(x|0)=e*

3. Gi¥(x|a)=x%""x=0

+b+1\ x2*(1-x)
a+b ) =u- ,0<x <1

10
4. G“(x TG +1)

) T(a)(1+x)™ x| <1
1 > 1

=—=ginx, x =0
7

0, 1) ico

9 \/— S X
8. G(l)(z)(xz I Yep, ~'2p) =d,(2¢), x=0
9. Gp3(x*| @, b) =x**J,_,(2¢), x =0

1,1
1,0
l—a) I‘(a)
0,1-c/ T(e)
1-a,1-b

12 s -
12. G22<x 0, 1—c )

10. Gég(:x >=ln 1+x), x|<1

11. G{;(x —2 [ Fia;¢; ~x))

I(a)I'(d)
" T()

1/ x
e 2 )= Vme =" (—) =
13 G]_z(x D __p) ﬁe p 2 s X = 0

[Fi(a, b;c; —x)], x| <1




Generalized Hypergeometric Functions 427

1 a Tl-a+b) £ _ . o
14. G12<x b,c) T LR =a+b1+b—c; =]
1
15. G{é(x 2 )=\/E[Jp(\/§)]2,xzo
p,0,-p

In problems 16 to 21, verify the relation.
2

16. J(x) = G} (

)
Yolp = 1), =Ya(p + 1), /2>
17. K,(2Vx) = 3 P?G§(x | p, 0)
Hint: Use problem 8 in Exercises 11.2.

1
18. K,(x) = \/:_te"G ‘ fo
b, p

19. L9 )—( 1) G2 ( _”—“)
0, —a
r2m+1) o2 11(
Tmtk+1y)¢ Cm\®
e~ 2 21( 1+k
12{ X )
T(Yy—k+m)I(f—k—m) Yotm,Yo—m

22. Use the results of problems 6 and 8 to deduce that (x >0)

/2 .
Jipx) = Esmx

23. Verify that (p =g +1)
d

aE(al, e @301, ..., Cq3X)

20. Mk,m(x ) =

1-k )
1/2+m, 1/2_"7'

21. Wk,m(x) =

=x%E(a;+1,...,a,+Le1+1,..., ¢, + 1;%)
24. Show that
. rdre-a)
2F2(a)b,c;d) x) F(b)]"(c._a)l"(d_a)x
I'(c)I'(d)(a—-5)
T @) —b)d-b)"

25. Use Egs. (11.11), (11.20), and the result of problem 13 to deduce
that

-b

X —>

X

I(x)~—2 x—>
L V2er
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26. (@) Use problem 8 and Eq. (11.28) to show that

® 1| -p/2
e—sttp/ZJ N dt = s—(1+p/2)G11(__
jo H(2VE) \s |p/2, —p/2

(b) By use of Eq. (11.21) and problem 3, show that

) s>0

1
-1/ 1
s"“e = p>=Y,, §>0

f e P2 (2Vt) dt =

0

27. (a) Use problem 2 and Eq. (11.29) to deduce that

f e~ tP2],(2V) dt=G;;<s _‘(’)’0
0

(b) By use of Eq. (11.20) and problem 14, show that

f e 2], (2Vt) dt = !

b sp+1

28. Use the technique of problem 27 to deduce that

) s>0

e—l/s p >__1/2, s>0

b‘"I‘(p +u+ 1)
J, =0 e = e
p+u+l ﬁz)
X I S o — > —
1F1< 2 ;p+1; yy a>0, pt+u>-1

In problems 29 to 32, use (11.28) or (11.29) to derive the given
integral formula.

o0 1 1 n
29. f e_“L,,(t)dt=—(1~—) ,$>0,n=0,1,2,...
0 S S
(-1)*"Vr

30. J; e "t?" cos 2xt dt = 2t e *H,, (x),n=0,1,2,...
31. J e “t"H, (xt)dt =Y,Vrn'P(x), n=0,1,2, ...
0

32. f e~ 42 (2Vxt)dt =nle x™? L (x), m>0,n=0,1,2,...
0
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12

Applications Involving
Hypergeometric-Type
Functions

12.1 Introduction

In this final chapter we illustrate the use of the general family of
hypergeometric functions in various applications. Although we have
chosen specific examples from the fields of statistical communication
theory, fluid mechanics, and random fields, the techniques we use are
sufficiently general that they apply to a wider range of applications.
As before, we assume only a working knowledge of the subjects in
order to follow the exposition.

12.2 Statistical Communication Theory

Communication systems may be broadly classified in terms of linear
operations, such as amplification and filtering, and nonlinear
operations, such as modulation and detection. Random noise, which
appears at the input to any communications receiver, interferes with
the reception of incoming radio and radar signals. When this noise is
channeled through a passband linear filter whose bandwidth is
narrow compared with the center frequency w, of the filter, the
output is called narrowband noise and has the representation
(recall Sec. 8.3.1)

n(t) =x(t) cos wet — y(t) sin wet (12.1)

where x(¢) and y(¢) are independent gaussian (or normal) random
processes with zero means and equal mean-squared values N. If the

429
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incoming signal embedded in the noise process is a simple sinusoid
A cos wgt, the output of the linear filter then takes the form

v(t) =A cos wot +n(t)

=r(t) cos [wet + 0(2)] (12.2)
where r(t) = VIA +x()1% + y3(t)
o y® (12.3)
0(¢t) =tan A+ =)

The joint distribution for the envelope r(t) and phase 0(t) is given
by [recall Eq. (8.30)]

2 2 _
__(r +A 2Arcos0)] (12.4)

r
DPro(r, 8) ———exp[ N

2aN

By integrating (12.4) over 6 (modulo 27) we previously found that
the marginal density function of the envelope r(¢) was the rician
distribution [see Eq. (8.34)]

Ar

pu(r) = I%e—“”“)’”’zo( N) r>0 (12.5)

where I;(x) is the modified Bessel function of the first kind and order
zero. Similarly, the integration of (12.4) over 0 <r <« leads to the
marginal phase distribution [see Eq. (8.35)]

De(0) =%{e‘s{1 + Vs e* % cos O[1 + erf (Vs cos 6)1}

—a<0=n (12.6)

where erfx is the error function and s =A%/2N denotes the input
signal-to-noise ratio (SNR). By relating the error function to the
confluent hypergeometric function through use of (see problem 21 in
Exercises 10.3)

e+ Vrx erfx = 1 Fi(—Yo; Yoy - x2) (12.7)
we can also express (12.6) in the form
1 .o
po(0) = ﬁe’s sin” 0 \/71s cos 0 + 1Fy(—Ya; Ya; —5 cos? 0)]

—nx<08=x (12.8)
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The form given by (12.8) is particularly useful for developing
asymptotic relations. For instance, if the input SNR s is very small
(s < 1), then clearly

Fo(—Yoy Yoy —s c0s20)~1  s«1

and (12.8) reduces to the uniform distribution
1
Po(a)"‘é} -n<f=n (12.9)

On the other hand, if s >> 1, the density function (12.8) can be closely
approximated by a gaussian or normal distribution. That is, under
this condition the variance of 0(¢) is necessarily small, and we can
make the approximations

sin80~6 cosf~1 10l k1
and also
1F1(—1/2; 1/2; bt} (:OS2 0)~ \/E s>1

Hence (12.8) reduces to the gaussian density function

po(0) ~ \/ge-sez (12.10)

which has mean value zero and variance 1/2s.

12.2.1 Nonlinear devices

We now wish to briefly discuss the output of certain nonlinear devices
such as rectifiers, detectors, and nonlinear amplifiers. Let us suppose
the narrowband waveform

v(t) =A cos wot +n(t)
=1r(t) cos [wet + 8(2)] (12.11)

representing a sinusoidal signal plus noise, is fed to a memoryless
nonlinear device whose output w(¢) =g[v(¢)] is a function of the
input v(z) at the same instant of time, say, at ¢t =¢,. The output
function g(r cos ¢), where ¢ = wt, + 6, is therefore not a function of
t. It is an even periodic function of ¢ which has the Fourier cosine
series representation (recall Sec. 1.4)

g(rcos ¢)=",g,(r) + i g.(r)cosng (12.12)
n=1
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where the Fourier coefficients are defined by
g,l(r)——-f g(rcos ¢)cosndpdo n=0,1,2,... (12.13)
(1]

Each term of the series (12.12) can be thought of as the output of a
zonal filter centered at the nth harmonic of w, (see Fig. 12.1). For
example, the first term of the series ‘/,g,(r), which represents the
low-pass component of the output called the audio or video output, is
the only term used in detection devices. The next term of the series
g1(r) cos (wet, + ), which has the same frequency as the input
waveform, is the only significant term in the case of a nonlinear
amplifier or limiter. Notice that the term g,(r) cos (wt, + 6) repro-
duces the input phase exactly, but distorts the input amplitude.

The so-called vth-law device, which falls into the categories of
half-wave, full-wave even, or full-wave odd, is a common nonlinear
device. In the case of a full-wave even power-law device, the output
wi(t) is related to the input r(¢) cos ¢(¢) by

wi(t) = |r(t) cos ¢(t)|” (12.14)

where v is a nonnegative constant not necessarily restricted to
integer values. The cases v =1 and v = 2 represent a linear rectifier
and square-law rectifier, respectively. If we follow the nonlinear
device (12.14) by a low-pass zonal filter, the resulting configuration is
known as an envelope detector. In this case we obtain

1 1 (" v v
Sgor) = [ r*|cos ¢|"do

2 /2
=]—rrf cos* pdo

0

which, from properties of the gamma function, reduces to

2I'[(v +1)/2]

go( )= m rY (12.15)

Hence, the random output z of the zonal filter (at a particular instant

Input Bandpass v(t) vth Law w(t) Zonal Output
Filter 1 Device ' Filter >

Figure 121 Block diagram of nonlinear system.
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of time) is
_2l(v+1)/2]

z—mr" (1216)

The output signal power S, can be defined as the square of the
mean output minus the mean value when the signal is absent. Thus,
when the output signal is described by (12.16), we write

So=[(z) — (z|A=0)1? (12.17)

where ( ) denotes a statistical expectation. For example, let us
consider the case where z is defined by (12.16) and the distribution of
r is given by the rician density function

2 2 A
pur) = I%e_(' +A ”2”10<ﬁr> r>0 (12.18)

In this case we find that (see problem 3 in Exercises 12.2)

1 yon [ vl —r2 Ar
Ne_A IZNL r +1e mNIO(ﬁ) dr

() =

A?
- v/2r( l’) ( v, ; ) —A%2N
(2N) 1+2 11;1 1+2,12Ne

2

where ,Fi(a;c;x) is the confluent hypergeometric function and we
have used Kummer’s transformation (10.15) in the last step. Based
on Eq. (12.17), therefore, the output signal power is

Sy = % (2N)”F2(V ; 1)[@(—%; 1; —s) - 1]2 (12.20)

where s = A%/2N is the input SNR.
In a similar manner we define the output noise power by

Ny=(2*) — (z)? (12.21)

Thus, for the case where z is defined by (12.16), we first obtain

1 2 " v+1l, —r2 Ar
(r2V)=Ne'A’2NJO r2vtle /ZNIO(ﬁ>dr

=(2N)'T(1 +v) F1(-v;1; —s) (12.22)
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where the integration follows from (12.19). The total noise power at
the output is therefore given by

()
» [ Ir'l+v)

T e 1e ey w2 _Yiq. Y
(14 vy VL) 1F1< 2 1 S)] (12.23)

The output SNR as a function of the input SNR is obtained by
forming the ratio Sy/N,, which leads to the expression

So r2(1+ v/2)[ Fi(-v/2;1; —s) — 1]?

N, T(A+v) . F(—v;1; —s) - T2(1 + v/2) F2(—v/2; 1; —s)
(12.24)

When the input SNR is either very small (weak-signal case) or very
large (strong-signal case), we can simplify (12.24) by the use of
asymptotic formulas for the confluent hypergeometric functions. For
example, if s < 1, then (12.24) reduces to (see problem 8 in Exercises
12.2)

So T2(1 + v/2)v2s2
N irarv-rarwvn <t (12.25)
whereas if s > 1, then
Se 2s
Ny s> (12.26)

Exercises 12.2

1. Expand e in a Maclaurin series, where i%= -1
(a) Show that the characteristic function {¢™~) of the Rayleigh
distribution p,.(r) = (r/N)e "N, r >0, leads to

o (iu )n

ey = 3 = ()
=5 @) ey
_n=0 n! (ZN) r<1+2)

(b) Splitting the series in (a) into even and odd terms, show

that
. 1 Nu?\ . |Nm _,.
(e"")=1F1<1;—2-;—-——2 )+zu\/-—-—2 e Nu2



Applications Involving Hypergeometric-Type Functions 435

2. (a) For the joint distribution p,(ri, ;) given in problem 2 in
Exercises 8.3, show that, for v, u > —'/,,

(rirh) = (2N)<v+mr(1 + %)r(1 N E)

2
x(1- pz)(v*’")’zZFl(l + —;—’, 1+ g; 1; p2)
= (2N )‘”"”21“<1 + -;f)r<1 + g)

(b) For p—1, show that the answer in (a) reduces to
(riet) = (2N rr(14+ 2 E)
{¢) For the special case v = u = 2, show that
(rir3) = 4N*(1 + p?)

3. The rician distribution (12.5) is given.
(a) Show that the statistical moments are given by

2
(r) = (ZN)V/ZF<1 +%>1Fl(—§; 1; "%) v> -1,
(b) Show that the case v =1 leads to the result

o= Vel o)

where s = A%/2N.
Hint: Use problem 26 in Exercises 10.3.

4. (a) Based on Eq. (12.22), show that
(r*) = (2N)*klL,(-s) k=0,1,2,...

where L, (x) is the kth Laguerre polynomial.
(b) Fork =1 and k =2, show that (a) becomes

(r’) =A?+2N
(r*) =A%+ 8AN + 8N?
5. For rA/VN > 1, show that the rician distribution (12.5) can be
approximated by (for r=A)
1

—(r—AY2N —(r—AY2N

o=

Pr(")E e e

g
2

2nAN
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6.

10.

Starting with the joint density function (12.4), show that the
marginal phase distribution can be expressed in the form

n/2

Po(0)=§“ Z ens—r(1+2)

1F1( in+1; —s)cosne -x<0=nm

where s =A%/2N and ;=1 and €, =2, n = 1.
Hint: Use problem 21a in Exercises 7.2.

. For the joint distribution py(ry, ry; 6,4, 6;) given in problem 2 in

Exercises 8.3, show that the joint distribution of the phases is
given by

p2(6y, 65) =f f P2(ry, ra; 61, 65) dry dry
0

ny2
(2n)2,,20n' € r(1+ )2F1(2 gnth ”)
X COs [n(ez— 01)] —”< 61, 62—<_ﬂ

where e,=1and ¢, =2, n=1.
Hint: Use problem 21a in Exercises 7.2.

. Show that

(@) Fors«1, Eq. (12.24) reduces to (12.25).
(b) Fors>1, Eq. (12.24) reduces to (12.26).

. For the case of a square-law envelope detector (v =2), show that

the output SNR given by (12.25) reduces to

A full-wave odd power-law device is defined by

_[v(®)” v=0
(”‘{—|v(t)|v v<0

where v =r cos ¢. Show that the output SNR is given by

1-
e )

I+ v),Ff(-v;1; -s)—FZ(v;-:;)IFZ( v'2; —s)s
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11. The case v =0 in problem 10 is called an ideal limiter (clipper).
Show that when v =0, the output SNR becomes

So ws[ly(s/2) + L(s/2)1?

N, 4e® —ms(Iy(s/2) + L (s/2)1
Hint: Recall problem 27 in Exercises 10.3.
12. Referring to problem 11, derive the asymptotic cases

Se 1
(a) Nq s, s 1

(b) 1%—9~2s,s>>1

[}

12,3 Fiuid Mechanics

Fluid mechanics is the theory of the motion of liquids and gases.
Although fluid motion is generally three-dimensional, a fluid flow in
three-dimensional space is called two-dimensional if the velocity
vector V is always parallel to a fixed plane (xy plane), and if the
velocity components v and v parallel to this plane along with the
pressure p and fluid density p are all constant along any normal to
the plane. This situation permits us to confine our attention to just a
single plane which we interpret as a cross section of the three-
dimensional region under consideration. Our brief discussion here is
limited to only two-dimensional flow problems.

An ideal fluid is one in which the stress on an element of area is
wholly normal and independent of the orientation of the area (also
called a perfect or inviscid fluid). In contrast, the stress on a small
area is no longer normal to that area for a viscous fluid in motion. If
the density is constant, we say the flow is incompressible. Of course,
the notions of an ideal fluid or incompressible fluid are only
idealizations that are valid when certain effects can be safely
neglected in the analysis of a real fluid.

12.3.1 Unsteady hydrodynamic flow past
an infinite plate

Viscous fluid flow past a continuous moving surface like a flat plate is
a basic problem in the study of hydrodynamics. Suppose that x
denotes the distance along a two-dimensional porous plate and y is
the distance normal to the plate. The variables u and v correspond,
respectively, to the velocity components in the x and y directions. Let
us assume that decelerated fluid particles are removed from the
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boundary layer through the porous plate by suction. We further
assume that the velocity component u will equal zero at the surface of
the plate for all time, approach a function f(¢) as y — «, and equal
f(0) at time ¢ = 0. Under these conditions, it can be shown that the
velocity component u(y,t) is a solution of the boundary-value
problem*

2 au _of, Fu
—+v_—
3t Vo e Yoy

u(y, 0)=£(0) O<y<ow (12.27)
u(0,t)=0 u(y, t)—f() as y—o, t>0

O<y<wo, ¢t>0

where v, is the (constant) suction velocity and v is the kinematic
viscosity of the fluid.
To solve (12.27), we use the Laplace transform defined by

${u(y,t);t—>p}=f e Pu(y, t)dt=U(y,p) (12.28)
0

Hence it follows that

d
3{5% (3 t);t—>p} =pU(y,p)—u(y, 0)=pU(y,p) - f(0)

55{—82 (y,t);t—»p}=%](y,p)

3
33u 3*U
{8y2 (y, 1); t-—>p} EAtR)
S v 1_ _
and 5L’{-5t-(t),p}— pF(p) —f(0)

So by applying the Laplace transform termwise to the partial DE in
(12.27), we arrive at the transformed problem

82U U
+0,5~pU=—pF
8y2 v, p pF(p) (12.29)

U0,p)=0 U(y,p)—»F(p) as y—ox

*See J. T. Stuart, “A Solution of the Navier-Stokes and Energy Equations
Illustrating the Response of Skin Friction and Temperature of an Infinite Plate
Thermometer to Fluctuations in the Stream Velocity,” Proc. R. Soc. (Lond.) A231:
116-130 (1955) and K. Vajravelu, L. C. Andrews, and R. N. Mohapatra, “Exact
Solutions of the Unsteady Hydrodynamic and Hydromagnetic Flows Past an
Infinite Plate,” Acta Mech., 74: 185-193, 1988.
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For a fixed value of p, we can treat (12.29) as an ordinary DE subject
to prescribed boundary conditions. Its solution by elementary meth-
ods is readily found to be

Uly,p)=F(p){1~exp[—(a+Vb+cplyl} (12.30)

where a, b, and ¢ are constants defined by

v v\ 2 4
=l b=(-i) .
¢ 2v v ¢ v

To calculate the inverse transform of (12.30), we first write
exp [—(a + oVb +cply] = e Ve Vo

and then through use of some standard properties of the Laplace
transform given by*

4.4 2
@1 e—a\/;;;t — {2 —aPlat
¢ FeavEt e

and L7HG(b +cp);t} =%e‘b"g(£) c>0
where g(t) = £ *{G(p); t}, we find that
o fos|- (e 5p} -1
=§ \/% et~ MI%  (12.31)

Then, by making use of the Laplace convolution theorem, we obtain
the solution of (12,27) in the form

uly, t)=ft)~% \[ﬁe—w (12.32)
4 Vnr

t
where I =f f(t — 1)1~ V2 b~ 16T gp (12.33)
0 .

* For example, see L. C. Andrews and B. K. Shivamoggi, Integral Transforms
for Engineers and Applied Mathematicians, Macmillan, New York, 1988.
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For the special case f(¢) = u,, it can be shown that I has the series
representation (see problem 1 in Exercises 12.3)

I= :‘/ft)_ -cyz/xstz( 1)n('bt/C) U(l o %) (12.34)
n=0 -

where Uf(a;c;x) is the confluent hypergeometric function of the
second kind (see Sec. 10.2). By use of the Kummer transformation

Ua;c;x)=x""U1 +a—c;2—-c;x)
we can write (12.34) in the equivalent form

4uy e (-1 (by?*/16)" ( 1 1 cyz)
= —— +_. +_-____ .
I= y e’ nzo n! Un 2" T 916t (12.35)

Thus the solution we seek now takes the form

—ay, —cy?/16¢

1
u(y,t) =u0[1 -ﬁe

= (=1)*(by?*/16)" ( 1 l_cyz)]
xgo oy Un+2,n+2,16t (12.36)

Asymptotic cases corresponding to y*<<16/b, t <cy?/16, and t—
are taken up in the exercises.

12.3.2 Transonic flow and the Euler-
Tricomi equation

A basic problem in aerodynamics involves the calculation of the air
disturbance caused by an airfoil moving at a steady speed U through
otherwise undisturbed air. Neglecting viscosity, the velocity V of the
air is related to a velocity potential function ¢ by V= Ui+ V¢, where
we are assuming the airfoil is moving in the x direction with i the
unit vector along that axis. It has been shown that, for subsonic and
supersonic flows, ¢ satisfies (approximately) the linearized partial
differential equation
2 2
a-mn2tit (12.37)
oy
where M, called the Mach number, is the ratio of U to the speed of
sound. (Subsonic flow is characterized by M <1 and supersonic flow
by M >1.) The transition between subsonic and supersonic flows for
which M =1 is called transonie flow. The investigation of properties
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of a two-dimensional flow corresponding to the transition from
subsonic to supersonic is of fundamental interest. Unfortunately, Eq.
(12.37) is not valid for transonic flow since in this case a nonlinear
term, neglected in the derivation of (12.37), must be retained. That
is, for transonic flows we must solve the nonlinear equation
5 3°p _ 5%
2a,, %t oy (12.38)

where «, is a constant depending on properties of the air.

Through a hodograph transformation, which leads to taking the
velocity components # and v as the independent variables, (12.38)
can be written as the linear Euler-Tricomi equation

3%d 3%d
'é?—nw=0 (12.39)

where 7 and 6 are essentially polar coordinates in the uv plane and ®
is a function of the velocity components u =V cos 8 and v =V sin 6,
related to the potential function ¢ by ¢ = —® + V 5®/3V. Equation
(12.39) is classified as hyperbolic in the half-plane n >0 and elliptic
in the half-plane 1 <0. Fundamentally these classifications reflect
the fact that transonic flow is “mixed” in the original xy plane,
subsonic in some regions, and supersonic in others.

In many cases of physical interest, the origin of the 78 plane has
special significance since it is a singular point of the solution.
Particular integrals of (12.39) possessing certain properties of homo-
geneity may be obtained by making the transformations

4n®

E=1-—9—05 ® = 0%w(§)

where k is a constant equal to the degree of homogeneity of the
function ®. Making this transformation, we find that (12.39) becomes

EQ-Ew"+ ¥ —2k — Cly—2R)EIWw' —k(k—Y)w =0 (12.40)

We recognize (12.40) as the hypergeometric equation [see Eq.
(9.24)] for which a=-k, b=",—k, and c=5s—2k. Hence, if
2k +Ys#0, £1, £2,..., it follows that a general solution of (12.40)
is given by
w=AlLF(—k, Yfo—k; 5/6 —2k; §)]

+BE* LR (k + o, b + %53 2k + g £)] (12.41)
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where A and B are arbitrary constants. Finally, in terms of the
variables @, 1, and 6, this solution takes the form

1 4n® )]
— 2k -
®=0 {A[zFl( k- k2 -2k1-3

i) LR(rgregaeg-g])
+B(1 57 ik s,k +si2k 1= | (12.42)

Other forms of the solution are also possible (e.g., see problem 11 in
Exercises 12.3). ,

For additional details concerning transonic flow problems, the
reader should consult chap. 12 in L. D. Landau and E. M. Lifshitz,
Fluid Mechanics, 2d ed., Pergamon, New York, 1987.

Exercises 12.3

1. (@) By expressing e®” in a Maclaurin series followed by the

change of variables 7 =1¢/(s + 1), show that when f(¢) = u,,
the integral (12.33) assumes the form

I= Yo —-cyz/lﬁt 2 (=1)"(bt/c)" = e—cyZS/lst
I n! b (s +1)"+12
(b) By recognizing the mtegral in (a), show further that

= Yo —cyer (=1)"(bt/c)" 3 cy2
I=1re Z U<1 )

t n! 2 ﬁ

2. Under the assumption y% « 16/b, use the n = 0 term of the series
(12.36) to show that

c 16
u(y,t)~u0[1—e“‘yerfc (% \/;)] y2<<—b—

3. Under the assumption ¢ << cy?/16, use the asymptotic relation

ds

-a

Ula;c;x) ~x
to show that (12.36) reduces to

2
__t__e—ay—bt/c——cyzllﬁt) ¢ <<__y_

e 16

4. To determine the steady-state solution for the problem described
by (12.27), first show that

X —> 0

4
u(y,t)~u (1——
ATy

o0

. _ _ —ev2
llmI = T 3/2e bt/ce cy /161:d.r

t—>0

=f1_ﬁe—\/b‘y‘/2
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and use this result to obtain the classic expression

lim u(y, t) = uoll —e 7]

t—xo

Hint: Recall problem 18 in Exercises 3.2.

Use the technique of Sec. 12.3.1 to show that the solution of the
hydromagnetic flow problem

du_du 3%u

a oy mu +-a'.'y—§
u(0,t)==k u(y,t)—0 as y—ox, t>0
u(y,0)=0 0<y<ow

0<y<o, t>0

where m is a constant proportional to the magnetic field and & is
another constant, is given by

—y/2—y?/4t

k
u(y,t) =We

= (=1)"(1 + 4m )*(y/4)® ( 1 1,3'_2)
XEO n' Un+2,n+274t

. For the case t<«y?/4, show that the solution in problem 5

reduces to

2k \/? [ y y? (1+4m)t]
~ —_ A AR il >
uy.8) ¥ 2P T2 Ty 4 y>0

. For the case y << 4, show that the solution in problem 5 reduces to

u(y,t)~ke‘y’2erfc(#) t>0

For the steady-state case ({— =), show that the solution in
problem 5 reduces to

uly,t)=k exp[— 1+v1 +4m)%]

For 6 = +2n*?%/3, show that the solution (12.42) reduces to
d=An*
where A, is an arbitrary constant.
For n =0, show that the solution (12.42) reduces to
®=A,6*+B,

where A, and B, are arbitrary constants.
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11. By making the transformation & =4n3/96%, ® = 0%w(E&), show
that another solution of (12.39) is given by

1,241
q):B%{A[ZFl( ki3 992)]

n 1 5 4 49®
+B(9%)[2Fl(§‘k’a‘k;g;‘zﬁ)]}

where A and B are arbitrary constants.

12. For the solution in problem 11, show that
(@) ®=A6% when n=0
(b) ®=A;n*+B, when 6=21%%/3, where A, and B, are
arbitrary constants

12.4 Random Fields

Random functions of a vector spatial variable r, such as velocity
fluctuations, temperature fluctuations, or index of refraction fluctua-
tions, are called random fields. In general, the study of random
fields is completely analogous to that of random processes wherein
the random function depends on time f. Because the probability
distribution function associated with a particular random field 7'(r)
is often quite difficult to obtain in practice, we study the statistical
characteristics of such a field through its average or expected value,
or through its autocovariance function B(ry,r;)=(T(r)T(x,)),
where r, and r, are two points in space and ( ) denotes a statistical
average.

We say a random field is homogeneous if its mean value is constant
and if its autocovariance function depends only on the difference
r, — Iy, that is, if B(r,, ry) = B(r, — r,). Further, if B(r; — r,) depends
only on the scalar distance r =|r; —r;|, we say the homogeneous
random field is isotropic, and in this case we write simply B(r,, ry) =
B(r).

The three-dimensional Fourier transform of the autocovariance
function of a random field is called the power spectral density, which
for statistically homogeneous and isotropic fields reduces to the single
integral

1 0
) =g | (12.43)

where k is the magnitude of the wavenumber vector (spatial
frequency) measured in radians per meter. By the properties of
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Fourier transforms, it can also be shown that
4 (™ .
B(r)=TI ®(k)k sin krdk (12.44)
0

In practice, it is often the related structure function D(r) of the
random field that is of greatest interest. In terms of the auto-
covariance function, this function is defined by

D(r)=2[B(0) - B(r)] (12.45)

12.4.1 Structure function of temperature

The structure function Dr(r) associated with random temperature
fluctuations in a turbulent medium, such as the atmosphere, is
defined by

Slanr>(I)T(K)K2 dx (12.46)

DT(r)=8nJ:<1—

where ®,(x) is the power spectral density associated with the
temperature fluctuations. A model for ®,(x) commonly used in
optical wave propagation is

s €xp (—k?/k%)
(K(2) + K2)11/6

1
@r(k) = Pre (12.47)

where g is the Obukhov-Corrsin constant, x is the rate of dissipation
of the mean-squared temperature fluctuations, and € is the rate of
viscous dissipation of the turbulent kinetic energy per unit of mass of
the fluid. The remaining parameters k, and k, are basically
reciprocals, respectively, of the inner scale [, and outer scale L, of the
temperature fluctuations, that is, k,, =5.92/1, and x,=2n/L,. The
inner and outer scale parameters [, and L, are characteristic length
scales associated with the smallest and largest scale sizes, respec-
tively, in the turbulent flow that cause random fluctuations in the
temperature field. The inner scale is generally on the order of
millimeters while the outer scale is on the order of meters.

To evaluate the integral in (12.46), first we expand the sine
function appearing in the integrand in a Maclaurin series, which
leads to

Dy(r) =2Bye™ 13

e X
0

no1 Cn+1)! W
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Then, by making an appropriate change of variable, we deduce that

Dy(r) = Bre ;s 3, I F(" +§)<xor>2"
Zen+ 1) 2
3 2 g2
« U(n +35m +§;§) (12.49)

where we have used Eq. (10.28) to evaluate the integrals in terms of
the confluent hypergeometric function of the second kind discussed in
Sec. 10.2.2 (see problem 1 in Exercises 12.4). To simplify this last
result, we consider separate cases.

For small separation distances r <<l,, we can approximate (12.49)
by the first term of the series to obtain

5 2
Dr(r) ~\—/—J_rﬂxe‘”31<3’3U<—; §; L;)rz r<l, (12.50)
8 2°3 'k,
Under most conditions of atmospheric turbulence we find that
k3/k% « 1, so by making the further approximation [recall Eq.
(10.30a)]

U(a;c;x)~¥(;T1) == ¢>1, 0<ax<«1l (12.51)

we obtain
Dr(r)~CH*?r? r<li, (12.52)
where C%=241By¢e" 1" (12.53)

is the temperature structure constant.

For r > 1,, a more useful form of the structure function (12.49) can
be derived by expressing the confluent hypergeometric functions in
(12.49) in terms of the confluent hypergeometric function of the first
kind by use of the formula (recall problem 20 in Exercises 10.2)

rd-ec)
I'l+a—-c)

I'(c—-1)
I'(a)

Ula;c;x) = [1Fi(a;c;x)]

2 Fil+a-c;2—c;x)] (12.54)

Then, representing each of the confluent hypergeometric functions in
(12.54) in a series and interchanging the order of summation of the
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resulting double series, we find
o Cla)n (kG/KE)
n=0 (2/ 3 )n n'

S (n+¥)r (k34
2 Chn+7%), k!

& (Medn (x3/K5)"

Dy(r) = —1.05C%ky%3

_ 2 ..—2/3
1.685C K n=0 (4/3 n!
i (—n — Yo)i (—kZr3/4)*
2 G k!

Next, summing the innermost summations, we get

o Cladn (k3/K2)"

n=0 (2/3 n!

33 2 xir
<[rmam(ns GG 5]

(11/6) (Ko/K >

Dy(r) =1.05C3x*?

+1.685C%k ;%3

T " n=0 (4/3 n'
13 «ir
X [1F1(—n T3y T g4 ) - 1] (12.55)

where Fy(a;b,c;x) is a generalized hypergeometric function. If we
restrict r <L,, then both remaining series in (12.55) can be ap-
proximated by their respective first terms (n = 0), which yields

2
Dyp(r) ~ 1.05C§~K62/3[1 - OFI( Ker )]
3 4
13 —Kk2r?
3 2 4

+ 1.685C%xk ‘2’3[114’1( ) - 1] r<L, (12.56)

Still further simplification in the form of the structure function is
achieved if we restrict our attention to the range of values [, << r «
Lo, called the inertial convective subrange. Here we use the asympto-
tic formulas

2 Kir
3 4
§. _Kmr >~ r(3/2)
2 4 I'(*Ye)

OFl( >~1 r<«L, (12.57)

1/3
(":’ ) r>l,  (12.58)

1
1F1(_§,
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from which we obtain the classic result
Dyp(r) ~C&H%3 lo<<r <L, (12.59)

When r>L,, we approximate the second series in (12.55) by a
different method. In this case we start with the asymptotic formula

13 - 2 2 I“(3/) K’anz n+1/3
11;'1(_n_5 i3 4 ) T +2u/6)( n ) r>»1, (12.60)

and sum the resulting series to obtain

Dp(r) ~ 1.050%K52/3[1 - 0F1< g "Z’ )]

r 3 2/3 4 2.2
+1.685C%x "2’3[—( ) (%r) oFl(—;g;K"r

s )-1] ror

(12.61)

Finally, by observing that (recall problem 8 in Exercises 11.2)

A2 ) T 2
A () e e

we find that (12.61) can be expressed in the form

(4K0r)1/3

Dy (r) ~1.05C3x -%’[ )

Kl,a(xor)] r>L, (12.64)

where I,(x) and K,(x) are modified Bessel functions of the first and
second kinds, respectively.

Exercises 124

1. Make the change of variable ¢ = (x/k,)? in the integral (12.48) to
show that

- 2/.2
an+2 €XP (—K°/K) 1 K28 ( 3)
fo K 1 e dk = 3K T{n +5

on

3 2
X ( +_’ +_
Uln n

)

A3
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2. Under the assumption x,— 0 (infinite outer scale), show that Eq.
(12.49) reduces to

13 —kZr?
Dr(r) ~1.685Ck;*"| (- 5555 =2 ) -1

3. Under the condition kor << 1, show that Eq. (12.64) reduces to the
inertial convective range form

Drp(r)~C2r??® |, &r<«L,
4, For VAL «l,, the phase structure function associated with an

optical plane wave propagating through locally isotropic and
homogeneous atmospheric turbulence is computed by evaluating

Ds(p) = 872k°L f [1 — Jo(kp)1®, (k) dic
0
where & is the wavenumber of the optical wave, A =2x/k is the

wavelength, L is the propagation path length, and

, €xp (—k%/k2)
(T—?)Tf/?

®,(x)=0.033C;

Show that

(=1)" Nxop/2)*"

Ds(p) =1.303k2LC2%k ~5/32 5

1, kg)
U(n+1’n+6’1<,2,,}
5. For ko— 0, show that the first term of the series in problem 4

reduces Dg(p) to the asymptotic result
Ds(p) ~0.33T(Y)k2LC2kRp?  p <,

6. (a) For x,—0, use the asymptotic formula for U(a;c;x) to
show that the series in problem 4 sums to

1 5 . —xk2p?
escieal (3175
(b) From (a), deduce that

Ds(p) ~2.91k2LC2p%3  la«<p

7. For a plane wave propagating through locally isotropic and
homogeneous turbulence, the variance of log amplitude of the
wave is defined by the integral

VAL

lo

where all parameters are defined in problem 4. Under the
additional assumption x2/x2 <« 1, show that

0%~ 0.054T (") C2L3K 3

Ds(p)~ 1.561"(

1 00
=§n2sz ®,(k)k®dx «1
0
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8. Under the same conditions as stated in problem 7, the covariance
function of log amplitude of an optical plane wave is defined by the
integral

B.(p)= 1/311:2L3f Jo(kp)®, (x)K° dx
0

Show that

b, (p) =

B,(p) _ F(Z. .—K?..pz)
Bx(O) 141 6, ’ 4
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Appendix

A List of Special Function
Formulas

For easy reference, the following is a selected list of formulas for
many of the special functions discussed in the text.

Gamma Function

o

1. F(x)=f e " tdt, x>0
o
2. F(x)"—'ZI e =t x>0
0

1 1 x-1
3. F(x)=f (ln;) dt, x>0
o

4 T(x) =i nin*
) R G A D& +2) - x+n)

1 i X
- = e it —x/n
5. ) xe ,,.=|1 (1 + n)e
6. ['(x +1)=xI(x)

7. T(x)I(1 —x) = —=

sin sx

8 (343 2) =

9. VaT(2¢) = 2% 'T(x)['(x + Y,)
10. T(1)=1
11. T(Y) = V=
12 I'(n+1)=nL,n=0,12,...

453
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1\ (2n)!
13.F<n+2) 22n‘\/_n 0,1,2,.

T'x)I'(y)

7t/2
14.J 2-19gin?1 0do = s
5 cos sin d T +y)

x>0,y>0

1
15. T'(x + 1)~ V2nx x"e"’(1+E+ )x—>°°

16. n!'~V2ann"e™, n>1

Beta Function
1
17. B(x,y) = J N1 -ty idt, x>0, y>0
0

18. B(x,y) =

t 1
fo Wdt,x>0,y>0

7t/2
19. B(x,y) =2f cos™ 1 9sin? 1 0do,x>0,y>0
(]

20. B(x,y)=B(y,x)
I'(x)I(y)

21. B(x,y)= Tx+y)’

x>0,y>0

Incomplete Gamma Function

"X

22. y(a,x)=f et dt, a>0

0
23. I'(a, x) =f et dt,a>0

24. y(a,x)+T(a,x)=T(a)

N =) (_l)nxn

25. y(a,x)=x ,Zon!(n+a)
2 ™ (F1)%™

26. I'(a,x)=T(a) —x 2 .

27. yla+1,x)=ayla,x) —x%*

28. I'a+1,x)=al(a,x)+x%*

29. y(n+1,x)=nlll1—-e%,{x)],n=0,1,2,...

30. '(n+1,x)=nle™,(x),n=0,1,2,...
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o —-n

31. I'(a,x) ~T(a)x* e 2 r(a ot

,a>0,x—>»

Digamma and Polygamma Functions

32, w(x)——-—lnI‘( )= ((;‘))
1
33, w(x)—_y+,,20(n+1 n+x)

4. yx+1)= 1p(x)+;

35. y(1—-x)— y(x)=mcot mx
36. Y(x)+yx+)-2In2=2y(2)
37. y(1)=—vy

n ]
38 y(n+1l)=—y+ > -,n=1,23,...
k=1

39. yx+1)=—-y+ i (1) e(n+1)x", —1<x<1

n=1

1 B,,
40. w(x+1)~lnx+§——2 —2n 27T x>

nln

m+1

41. y™(x) = d

dxm+llnr(x) m=1,23,.

_r
( +x)m+1
43. v (1) =(-1)""'m! {(m + 1)

42 lp(m)(x) _._( 1)m+1m' 2

4. Y™(x+1) = (=1 * EO( 1 (m:") E(m +n+ 1",
-1<x<1 "
Error Functions
5. erfx=——2——re“2dt
\/_
46. erfx = 2 S Vi —w<x <o

Valon'2n+1)’
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47 erf0=0
48. erfe=1
2 (° _p
49, erfcx=~—nf e “dt
50. erfcx=1—erfx
e™ i 1X3x---x(2n-1)
51. erfcx Vax [1+n§=)1( 1) 2z ]
x—>®

Exponential Integrals

t

59. Ei(x)=f e?dt,xaéo

<  —f
53. E,(x)= —Ei(—x)=j ert, x>0

54, E(x)=T(0,x)

£ (_l)nxn
. =—y-Inx- , x>0
55. E(x) y—Inx 21 ' *
= = nl
56. Eix)~= > =, x>
n=0%
= & (~1)"n!

x—>®

2

57. Ey(x) ~— 3

X .0 Xx"

Elliptic Integrals

58. F(m ¢)—J¢—~—‘59— 0O<m<1
) *r T ) V1 —m2sin? 6’ m

¢
59. E(m,¢)=f V1-m?sin®60d6, 0<m<1
0

_f do
b VI —m2sin® 0 (1 +a?sin®0)’

60. II(m, ¢, a) 0<m<1,

a¥ m,0

/2 da
. K = —m— 0<m<1
61. K(m) J; V1—m?sin® 0 m
/2

62. E(m)= V1-m®sin®6d8, 0<m<1

0
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/2 d 0

63. M(m, a) =
ma)=| AmTem® 0t s’ 6)’

a¥m,0

0<m<«1l,

Legendre Polynomials

_ (—=1)%(2n — 281 x" 2%
66. B,(x) = ,Z‘o 2k (n — k) (n — 2k)!

1 a
——[(x*-1)"]

6. Pux) =g

68. (1—2xt +t3)72= > P, (x)t"
n=0

69. P,(1)=1; P,(-1)=(-1)"

70. P,(1) ="n(n +1); P(-1) = (-1)""[Ypn(n + 1)]

(=1)*(2n)!
2% (n 1) )

72. (n+1)P, 1(x)— 2n +1)xP,(x) +nP,_,(x)=0

78. P, (x) — 2P, (x)+P,_,(x) - P,(x)=0

74. P, . ,(x)—xP,(x)—(n+1)P,(x)=0

75. xP.(x)—P, _,(x)-nP,(x)=0

76. Pl (x)—P._(x)=(2n + 1)P,(x)

77. (1 —x*P.(x)=nP,_,;(x) — nxP,(x)

78. (1 —x*)P!(x) — 2xP.(x) +n(n + 1)P,(x) =0

71. PZ,,(O) = P2n+1(0) =0

79. Pn(x)=;r[ [x + (x*—1)"2cos 91" d¢p
o
80. |P,(x)|=<1, x| =1

T 1/2
81. |Pn(x)|<[m] ) |x|<1, n=1, 2, 3,

1
82. f P (x)P,(x)dx=0,k#n
-1
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2
2n+1

1
83.] [P,(x)]?dx =
-1

8. 3 (2 + DBAOR () = [P (DP(®) ~ Pu(0)Pa(®)]
k=0 -

Associated Legendre Functions

85. Py(x)=(1—- ch)""2 d” —[P,(x)], m=1,2,3,.

86. P2x)=P,(x)
(n—m)!
(n+m)!

88. (n—m+ 1P (x)—(2n+ 1xP2x)+(n+m)P?_ (x)=0
2

xz]P;,"(x) =0

87. P,"(x)=(-1)"

Pl (x)

89. (1-x2)P™(x) — 2cP™ (x) + [n(n +1)- 1':‘

1
90. J’ Prx)PR(x)dx=0,k+#n

2n +m)!
(2 +1)(n—m)!

91.f [P7(x)]?dx

Hermite Polynomials

/2] (_13\k
92 H,(x)= 5 ——1rnt

n—2k
2 Bl (n =2k )

n

93. H,(x) = (=1)"" (ch( )

94. exp (2t — %) = 2 H, (x)——

n=0

95. Hy,(0) = (—1)» 2! (2”) ; Hypin(0) =

96. H, ,(x)— 2xH,,(x) +2nH,_,(x)=0
97. H)(x)=2nH, _{(x)
98. Hi(x)—2xH, (x) +2nH,(x)=0

99. f e H,(x)H,(x)dx =0, k #n
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100. f e ' [H,(x)2dx =2"n! Vr

Laguerre Polynomials

i (—1)n!x*

101. =3
0L L&) =2 Gortn —

X n

102. L, (x) = e—'%(x ng %)

103. (1—¢)" 1exp(——) Z L, (x)t"

104. L,(0)=1

105. (n + 1)L, ,(x) +(x —1—2n)L,(x) +nL,_,(x)=0
106. L (x)—L,_(x)+L,_1(x)=0

107. xL,(x)=nL,(x) —nL,_,(x)
108. xL(x)+{(1—x)L,(x)+nL,(x)=0

109. J e *L,(x)Ly(x)dx =0,k #n
0

110. fwe‘x[Ln(x)]zdx =1
0

Associated Laguerre Polynomials

m

111. LI(x) = (—l)m(;%n- L,ymx)], m=1,2,3,...

no (=1 m +n)lx®
(m) —
112. L;"(x) ;::‘,(n——k)!(m+k)!k!

) = &g & (ntmy—
113. L; (x)—n!x dx"(x trmeT*)
114. (1-¢)™" 1exp(-—l—) EL(”‘)(x)t"
+m)!
115, Lgm(0) = 24
n!m!
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116. (n + L™ (x) + (x —1-2n —m)L™(x) + (n + m)LT™,(x) =0

117. L™ (x) + L™ V(%) — L™ (x) =0
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118. Ly (x) = —=L&1V(x)
119. xLE(x) + (m + 1 — %)L& (x) + nLI(x) = 0
120. f e "L (%)L (x)dx =0, k#n
0

_I‘(n+m+1)

121, f e~ 2™ [L™(x) 12 dx ,
0 n.

Gegenbauer Polynomials

122. Ci(x) = (-1)" ['im( -4 )(”;k)(zx)n~2k

k=0 \n—k

123. (1 - 2%t +¢3)"*= i Ciix)"
n=0
N (1w -21 P _ -2
124, C31) = (-1 b ),C,,(—n—( : )

125. C4,(0) = (;’1); Ch. 11 (0) =0

126. (n +1)C*, (x) —2(A+n)xCi(x) + (2A+n —1)C*_(x)=0
127. C¥(x)=2ACi% (x)
128. (1 —x®)CA"(x) — (24 + 1)xC¥ (x) + n(n + 24)C*(x) =0

1
129, f (1 — 221202 (0 )CHx) dis = 0, B £ 10
-1

_ 217227 (n + 24)
T (n+A) [TA))n!

1
130. j (1 —x)*Y2[CA(x) 12 dx
-1

Chebyshev Polynomials

n [’2’2] (-1)*(n -k —-1)

— n—2k =
131. T,(x) 2 2 A= 2Z8)] ()% n=1,23,..
[n/2] n—=k
132. U,(x) = 2( ) )(—1)"(2x)"-2k
k=0
193, % __S paye

T1-2t+t7 S

134. 1-2xt +¢3) 1= U,(x)i"
n=0
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135. T,()=1;, U,(1)=n+1

136. T3,(0) = (=1)"; T5,41(0)=0

137. U,,(0) = (=1)*; Uz, 41(0) =0

138. T, ,1(x) — 2T, (x)+ T, _1(x) =0

139. U, 1(x) —2xU,(x)+ U,_1(x)=0

140. T,(x)=U,(x) —xU,_,(x)

141. 1 -x*)U,.1(x) =xT,(x) — T 11(x)

142. (1 —x)T"(x) —xT.(x) + n2T,(x) =0

143. 1 —-x®)Ul(x) - 3xU,(x) +n(n +2)U,(x)=0

1
144. f 1-x2)"2T(x)T,(x)dx =0,k #n
-1

1
145. f (1 -x)"2U,(x)U,(x)dx =0,k #n
-1

1 n=90
146. 1-x2)""2[T,(x))%dx =

-1 n=1

DIy

1 T
147. 1 -xHY?[U,(x)]?dx =-2-

-1

Bessel Functions of the First Kind

L& (CDra/*e
8. (@)= 2 T tp+1)

1 1 -
149. exp [Ex(t ——)] = > J,@)" t+0

t n=-w

150. J_,(x) = (-1)"J,(x), n=0,1,2, ...
151. Jo(0)=1; J,(0)=0,p >0

152. Jy{x) = \/—z—sinx
X
153. JJ_15( )—\/3
. _1p(x) = n_xcosx

154. J,(x +y)= D Jy(x)J,_x(y)

k=—x
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155. % [xPed, (x)] = 2P, _,(x)

156. %[x-PJp(x)] =—x P, (%)

157, (;Z;)m[x"Jp(x)] =P (x)

158. (3%) [x 2, ()] = (1", .. (%)

159, J5(x) +i—)Jp(x) =dJ,_1(x)
160. J}(x) —?;Jp(x‘) = —d, 1)

2
161. J,_y(x) +d, 41 (x) = —:iJ,,(x)

162. J,_1(x) = () = 2J1(x)
163. x2J;(x) +xdy(x) + (x® — p,(x) =0

164. W(J,, J_,)(x) = — 2P7

165. J,(2)d;_y(x) +J_p(x)d,_y(x) = 2RPT

166. J"(x)=71;f cos(np—xsing)de,n=0,1,2,...
0

BN 70 _ 42\p-172 _1
167, J,,(x)-w_rr(pwz)fde =8P, p> 2 x>0

168. [ #Pd, _1(x) dx = 2P, (x) + C

169, f 7, 1 (x) dx = —x P, (x) + C
b

170, f 2, (b, (ko) i = 0, m #10; J, (ko) =0, n = 1,2, 3, ...
(1]

b
171, fo 21, (o)1 di = Yob 2L, o1 (k)% J, (hnb) = 0, n = 1,2,3, ..
(x/2)

172. J,(x) ~I‘(p T’ p

#-1,-2,-3,...,x—>0"
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1
178. J,(x) ~ \/—nzzcos [x—-gp—;—@p—t], x—

Bessel Functions of the Second Kind

(cos pr)d,(x) —J_,(x)

174. Y, (x) = :
sinpx

2
175. Yy(x) = ]—rJo(x)<lng + }’)

2.& (=1)Fx/2)% (. 1 1
—;k=1W(1 2+.”+k>
2 x "Sn -k~ 1! [x\%n
176. Y, (x) —;Jn(x)ln-z——-kgo__l_e!___ (_2_)
1 & (=1 (x/2)>
Tl TRk any WEEr L4y DI,
n=1,23,...

177. Y_,(x)=(-1)*Y,(x),n=0,1,2, ...

178, % [xY, (x)] = 7Y, _,(x)
d__ ]

179. a[x Yo (x)] = —x7PY, 1 (x)

180. Y,;(x)+§Y,,(x)=Y,,~1(x)

181. Y:(x) -’f Y, (x) = —Y,,,(x)

2
182, Y,_1(x) + ¥, (x) = -f—l{,(x)

183. Y,_y(x) — ¥, 1y(x) = 2Y;(x)
184. 2%V} (x) +xY,(x) + (x® -~ p?)Y,(x) =0

185. W(J,, ¥,)(x) = —
X

186. J,(x)Y,.1(x) + X, (x)e, 41(x) = ___j_x_

2
187. Yy(x) ~ Inx, x— 0%
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p
188, Y;,(x)~—¥(§) ,p>0, x>0

1
189. Y, (x) ~ \/%sin [x _U’_‘*‘z_/g_)j_f]’ x—

Modified Bessel Functions of the First Kind

ST i
190. Ip(x)—gok—!r(k 75D

191. exp[%x(t+l>]= S L), t#0

t n=—w

192. I_,(x)=1,(x),n=0,1,2,...
193. I)(0)=1;I1,(0)=0,p >0

194, ,n(x) = \|—sinhz

JX
195. I_yn(x) = \|— cosh
- L1p(x) = || coshx

196. L(x +y)= D L(x),_.(y)

=0

197. % [xP1,(x)] =xPI,_,(x)
198. gx_ [x L (x)] =x7PI, ., (x)
199. I)(x) +‘;-’1,,(x) =1,_,(x)

200. I(x) —glp(x) =L.;(x)
201, I,_;(x) +1,,:(c) = 2L (x)
202. Ip_l(x) _Ip+1(x) =i—plp(x)

203. x2I7(x) +xI,(x) — (x® +p*),(x) =0

2sinpn
X

204, W(I,,I_,)(x) = —
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1 T
205. Io(x) = f T

(]

2 1
206. Ip(x)=-\/———;%f 1e"“(1—t2)”‘1’2dt,p>—1/2,x>0
(x/2) +
207. I,(x) m,p #+-1,-2,-3,...,x—0

X

208. Ip(x)~—§\/?, x—>

Modified Bessel Functions of the Second Kind

alpx)-L(x)

209. K,(x) = 2 sinpm

210. Kox) = ~Io(x) (i + )

= (x/2)%* 1 1
PR <1 ‘*"'*‘)

+
2 k

211. K, (x) = (~1)"-1I,,(x)1n’§‘

+ 1 nil (-1Y(n -k -1)! <:£)2k-n

25, k! 2

(-1 & (x/2)%**

+ 3 ,Z‘ok!(k+n)![w(k+n+1)+w(k+l)}’
n=123,...

212. K_,(x) =K, (x)
213. % [x"K,(x)] = —xPK,_,(x)

d
214. ;i—x—[x“’Kp(x)]=—x"’ p+1(x)

215. K, (x) +i—7K,,(x) = —K,_(x)

216. K. (x) —i—’K,,(x) =K, ,1(x)
217. K,_,(x) + K, ,1(x) = —2K’(x)

2
218. Kp_l(x)—-Kpﬂ(x)=--x£K,,(x)

465
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219. x%K}(x) + 2K} (x) — (x® + pPK,(x) =0

220. W(I,, K, )(x)=—§

ps Bp

1
221, L, )Kpe1(e) + Ky (2l s(x) =~

Vz (/20 [
T(p+%) 4
223. Kp(x)~-Inx, x—>0*
T'(p) (2

p
224. Kp(x)~——(—) ,p>0,x—0"
2 \x

295. K, (x) ~ \/-2%9_",35—900

Hypergeometric Function

222. K,(x) = e (Wt~ 1P 2dt, p> -, x>0

S (@) ()t
226. F(a,b,c,x)—zo————-(c)n 5 x| <1

227. F(a, b;c;x)=F(b,a;c;x)

a* ooy @) (B
228. dxkF(a,b,c,x)— ©n F(a+k,b+Ek;c+k;x),
k=1,23,...
I'(c)

1
—8) | i et — )
TG =5 )y A~ (A-x)ds,

229. F(a,b;c;x) =
c>b>0
_T(e)(c—a-b)

230. Fla,bse; D =5 St = o)

Confluent Hypergeometric Function

o

231. M(a;c;x)= D,

n=0 (c)n n! ’
232. M(a;c;x)=e*M(c—a;c; —x)

233 L Mase;n) =2 M(a +hse+hsx), k=1,2,8
. dxk LA ] (C)k ’ ’ ’ > & Ha e
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r 1
234. M(a;c;x) = (c) a)[ e“t* ' (1—t)¥*'dt,c>a>0

F(a)r(c— 0
235. M(a;c;x)~1,x—0

T(e) “”2(1 a) (c a),

236. M(a;c;x)~ @ 2 , X—>

Pochhammer Symbol

237. (@)o=1, (a)n=a(a+1)---(a+n—1)=r(“+”)
I'(a)

238. (0)o=1

239. (1), =n!

240. (a)pi1=ala+1),
241. (a )n+k = (a )k(a + k)n
(-1)*(a),
(1-a—-nk
(-1)"
(1 _a)n

(=1)"k!
244, (—k),,={(k—n)! O=n=<k
0 n>k

245. (n+k)N=nl(n+1), =kl (k+1),
(-1)"T(a+1)
(—a),

247. (“a) (- 1)"(a)

n
248. (2n)! = 22*(1/,),n!
249. (2n + 1)!=22"(%/,),.n!
250. (a)a, =22"(Y2a), (e + '5a),

242. (a)p-r=

243. (a)-,=

246. I'(a+1-n)=







Selected Answers

to Exercises

Chapter 1
Exercises 1.2
3. -1 9. Diverges
7. Converges absolutely 10. Converges conditionally

Exercises 1.3

3. Converges only for x=0 8. Converges uniformiy

L2\ 12 _ o _12 n,2n
15. (@) (1-x»)"¥2=3 e Ok

n=0

L © (2n)!x2n+1
1 =
(6) sin”x ,,2:'022"(n!)2(2n+1)

22n—1x2n
(2n)!
20. 3/,(1 — 2% + Yfex* — Y1g0x®+ -+ +)

18. i (-1)*!
n=1

Exercises 1.4

T 4 Kcos(2n+1)x
3. =—-=> —_—— 11. (@) ¥,
2 w2y @n+1) ®) ¥,
(c) 3/4
Exercises 1.5
4. n 7. Converges absolutely

Exercises 1.6

1. f(x)~bx®asx—0, f(x) ~bx/a as x>

Exercises 1.7
5. %, 7.1

469



470 Selected Answers to Exercises

Chapter 2
Exercises 2.2
3. 60 31. nﬁ
4
r
7. %%, 35. (x,{f,)
ps
Exercises 2.3
[T(Y)12 4
1. 2 \/J_E 9. 20
Exercises 2.4
2n
1. —= 14.
\/§ T
6
F 4 na
11. g 17. —3—2—
Chapter 3

Exercises 3.3

1. (a) erf(Vx) (b) eﬁ(%)—z\/§e~x

Exercises 3.4

15. Si(b) — Si(a)
19. Si(ab) - Yo{Silb(a + 1)1 + Si[b(a — 1)1}

Exercises 3.5
11. 12E(1/V3)

Chapter 4

Exercises 4.2
15. (a) n=1,3,5,... () n=0,2,4,...



Selected Answers to Exercises 471

Exercises 4.4
27. x3= 3/5P1(x) +%Ps(x)
(=1)""'(4n +1)(2n — 2)!

36. f(x) ='+ ,,21 Pt =
Exercises 4.5
1. None 5. Smooth
Exercises 4.6
3. y= 01P3(x) + CzQa(x)
Exercises 4.8
1. (@) u(r,¢)=1 (¢) ulr, @) =2sr’Py(cos ¢) + s
() u(r,¢)=rcos¢ (d) u(r, ¢)="/r*Py(cos ¢)— s

8 u(r,¢)= —23; To[l - (£)2p2(cos ¢)]

Chapter 6
Exercises 6.5
Jo(k,x)
4 flx)= 22kJ1(k)

Exercises 6.6
3. ¥y =CiJya(x) + Cod _1s(x)

Exercises 6.7

3. y =C, i (x®) + C, Y, (x?) 5. y =x""[C,d,(x)+ C,Y,(x)]
7. y= \/; [ClJl,z(x) + CzJ_1/2(x)]
11. y = Vx [C,Jo(2Vx) + C,Yy(2Vx)]

13. (6) y(t)= ClJo("% vat) + czyo(% Vat)

© 3= Cudi( - Vaem?) + Caky = Vae)



472 Selected Angwers to Exercises
Chapter 7

Exercises 7.2

2. y=CI,(x) + C.K,(x)
25. y= ‘/’E[Cllus(z/axm) + CoKy5(¥5x®)]
27. y = x?[C1ly5(x®) + CpK53(x*)]

Chapter 8

Exercises 8.4

_L(@Br) .

9. u(r,¢)= ,3) sin 3z



Abel, N. H, 109
Abel’s formula, 246
Abramowitz, M., 102, 257, 451
Absolute convergence, 8, 41
Addition formulas for Bessel functions,
244, 265-267, 293-294
associated Laguerre polynomials, 220
confluent hypergeometric functions,
394
Hermite polynomials, 213
Laguerre polynomials, 220
Airy functions, 312
Airy's equation, 282, 312
Alternating harmonic series, 10-12, 26
series test, 10
Andrews, L. C., 36, 120, 181, 240, 280,
328, 366, 383, 408, 438439
Anger function, 315
Appel's symbol, 358
Arfken, G., 316, 451
Artin, E,, 451
Askey, R. A,, 451
Associated Laguerre polynomials,
218-220, 222223, 247, 264,
378-380
addition formula for, 220
differential equation for, 219
generating function for, 219
orthogonality of, 224
recurrence relations for, 219-220
Rodrigues’ formula for, 219
series representation of, 218
Associated Legendre functions, 186-192,
199-200, 346, 375
differential equation for, 186, 345346
generating function for, 191
orthogonality of, 190
recurrence relations for, 189-190
Rodrigues’ formula for, 189

Index

Asymptotic formulas:
for Bessel functions, 240-241, 227-278,
294, 316-321
for complementary error function, 113
for confluent hypergeometric functions,
390-392
for digamma function, 97
for exponential integrals, 127-128,
130-131
for Fresnel integrals, 118
for gamma function, 99
for incomplete gamma function, 88
for logarithmic integral, 131
for polygamma functions, 107
for Whittaker functions, 407
Asymptotic series, 47-54
about infinity, 50
zero, 49

Bateman, H., 418
Bell, W. W, 183, 367, 451
Bernoullj, D., 237
Bernoulli, J., 96
Bernoulli numbers, 96
Bessel, F. W., 237
Bessel functions, 47, 89, 225, 237--355
Airy, 312
Anger, 315
asymptotic formulas for, 240-241,
277-278, 294, 316-321
of the first kind, 238-273
addition formulas for, 244, 265-267
argument zero, 240
asymptotic formulas for, 240-241,
316, 319
differential equation for, 243
generating function for, 238-240
graph of, 240
half-integral order, 241, 302
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Bessel functions, of the first kind (Cont.):
infinite series of, 269-271
integral representations of, 248-250
integrals of, 256-262
Lommel integrals, 258
Lommel’s formula for, 246
negative order, 239
orthogonality of, 267
products of, 418
recurrence relations for, 242-243
series representation of, 239, 241
zeros of, 240

Hankel, 308-309
integral, 314-315
Kelvin, 311-312
modified, 287-301, 344-345, 448
(See also Modified Bessel function)
of the second kind, 273-280
asymptotic formulas for, 277-278,
316, 319
graph of, 277
recurrence formulas for, 278
series representation of, 274-276
of the third kind (see Hankel
. functions)
spherical, 302-308, 346
Struve, 309-310
Weber, 315
Wronskians of, 246, 279, 294, 315
Bessel polynomials, 417
Bessel series, 269-271
convergence of, 270
Bessel’s problem, 250-253
Beta function, 82-86
incomplete, 86, 376
relation to gamma function, 83
symmetry property of, 82

Binomial coefficient, 16

Binomial series, 27-28

Bowman, F., 134

Brice, C. S., 408

Buckling problem, 327-330

Campbell, R., 63
Carlson, B. C,, 451
Cauchy-Euler equation, 200-201
Cauchy product, 14
Chebyshev polynomials, 153, 228-231,
375
argument unity, 233
zero, 233
differential equations for, 230
generating function for, 153, 235

Chebyshev polynomials (Cont.):
orthogonality of, 230
recurrence relations for, 230
series representation of, 229
tables of, 229
Cherin, A. H., 353
Chi-squared distribution, 337
Christoffel-Darboux lemma, 177
Confluent hypergeometric function,
386-409, 430-431, 433434, 440,
446-448
addition formulas for, 394
asymptotic formulas for, 390-392
contiguous function relations for, 387
derivatives of, 386-387, 390
differential equation for, 388
Liouville standard form of, 404
integral representations of, 388
Kummer’s transformation for, 388
multiplication formulas for, 394
relation to other functions, 395-403
of the second kind, 388-390, 440, 446
asymptotic formulas for, 391-392
contiguous relations for, 394
derivatives of, 390
integral representation of, 390
Kummer's relation for, 394
relation to other functions, 395-403
series representation of, 386
Whittaker functions, 403-409
Wronskian of, 394
Contiguous function relations (see
Confluent hypergeometric function;
Hypergeometric function)
Convergence:
abosolute, 8, 41
conditional, 8, 41
pointwise, 21, 43, 57
tests of, 6-11, 42-44
uniform, 22, 44
Cosine integral, 129-130
Cylinder function (see Bessel functions)

Debnath, L., 80

Differential equation:
Airy, 282
associated Laguerre, 221
associated Legendre, 186, 345-346
Bessel, 243
Cauchy-Euler, 200-201
Chebyshev, 230
confluent hypergeometric, 388

Liouville standard form of, 404



Differential equation (Cont.):
Euler-Tricomi, 441
Gegenbauer, 227
heat, 120, 339
Helmbholtz, 345-346, 351
Hermite, 207
hypergeometric, 365, 441
Jacobi, 233
Laguerre, 216
Laplace, 192, 340, 343
Legendre, 151-152, 377
modified Bessel, 288, 344

related to Bessel's equation, 280282

Schrédinger, 210, 221
spherical Bessel, 302
Digamma function, 90-99
argument positive integer, 93
asymptotic series for, 97
graph of, 91
integral representation of, 94-95
recurrence formula for, 92
series representation of, 90, 93
Duplication formula, 70

E function, 425-426
Elliptic functions, 137-138
Elliptic integrals, 133-135
complete, 133-135
series representation of, 135
Erdelyi, A., 363, 451
Error function, 110-113, 123, 430
argument infinite, 110
negative, 110
zero, 110
complementary, 110-111, 121
asymptotic series for, 112-113
graph of, 111
series representation of, 110
table of values for, 111
Euler, L., 61
Euler formulas, 76
Euler-Macheroni constant, 72
Euler-Tricomi equation, 441
Even function, 36
Exponential integral, 126-128
asymptotic formula for, 127-128,
130-131
graph of, 128
series representation of, 127

Factorial, 15
Fourier coefficients, 33, 35
Fourier, J., 237

Index

Fourier trigonometric series, 33-39
convergence of, 36
cosine, 36-37, 2563-254
sine, 36-37, 252-253, 345
Fox, L., 231
Fractional-order derivatives, 79-80
Fresnel integrals, 113-114, 123
asymptotic series for, 118
graph of, 114
series representation of, 117
Frink, O., 417
Frullani integral representation, 94

G function (see Meijer G function)
Gamma distribution, 79
moments of, 79
Gamma function, 62-82
argument infinite, 66
negative, 68
negative integer, 62
odd half-integer, 71
positive integer, 63
zero, 65
asymptotic series for, 99
derivative of, 65
duplication formula for, 70
graph of, 66
incomplete, 87-89
infinite product for, 71-73
integral representation of, 64
recurrence formula for, 63
Stirling’s formula for, 70, 98
table of values for, 67
Gauss, C., 62, 357
Gaussian distribution (see Normal
distribution)
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Gegenbauer polynomials, 226-228, 265,

294, 375-376
argument unity, 233

zero, 233
differential equation for, 227
generating function for, 226
orthogonality of, 227
recurrence relations for, 227

relation to Chebyshev polynomials,

228
Hermite polynomials, 228
Jacobi polynomials, 233
Legendre polynomials, 227
series representation of, 227

Generalized hypergeometric functions,

411-450, 447-448
derivative of, 416
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Generalized hypergeometric functions
(Cont.):
E function, 425-426
Meijer G function, 419-428
relations to other functions, 413, 420
series representation of, 412
Generating function:
for associated Laguerre polynomials,
219
for associated Legendre functions, 191
for Bessel functions, 238-240
for Chebyshev polynomials, 153, 235
for Gegenbauer polynomials, 226
for Hermite polynomials, 204, 211
for hypergeometric polynomials, 369
for Jacobi polynomials, 231
for Laguerre polynomials, 214
for Legendre polynomials, 142-146
Geometric series, 4-6
Gradshteyn, I. S., 451
Grosswald, E., 417

Hankel functions, 308-309
spherical, 309
Harmonic oscillator, 209-211
Harmonic series, 8
Heat equation, 120, 339
Helmholtz equation, 345-346, 351
Hermite functions, 397-399
Hermite polynomials, 204-214, 396~-397
addition formula for, 213
argument zero, 211 ‘
differential equation for, 207
generating function for, 204, 211
infinite series of, 208-209
integral representation of, 205
orthogonality of, 207
recurrence relations for, 206-207
Rodrigues’ formula for, 205
series representation of, 204
table of, 205
Hermite series, 208-209
convergence of, 208
Hochstadt, H., 451
Hypergeometric function, 361-384,
441-442
argument negative one, 370
one-half, 370
unity, 365, 368—-369
contiguous function relations for, 363,
367-368
derivatives of, 362
differential equation for, 365, 441

Hypergeometric function (Cont.):
integral representation of, 364
of the second kind, 370
relation to other functions, 370-377
series representation of, 361
symmetry property of, 362
Wronskian of, 370
(See also Generalized hypergeometric
functions)
Hypergeometric polynomials, 362, 369
generating function for, 369
Hypergeometric series, 361
generalized, 412
(See also Generalized hypergeometric
function; Hypergeometric function)

Improper integrals, 39-47
convergence of, 40-41, 43, 44
differentiation of, 45
divergence of, 40-41
of the first kind, 39-40

second kind, 41
integration of, 44
partial integral of, 43
Weierstrass M-test for, 44

Incomplete gamma function, 87-89
complementary, 87

asymptotic series for, 88
series representation of, 87

Infinite product, 55-59
associated series, 56-57
convergence of, 55, 57
divergence of, 55
for cosine function, 58

gamma function, 71-73
sine function, 58
partial product of, 55

Infinite sequence, 2

Infinite series, 2, 21
alternating, 7
asymptotic, 47-54
binomial, 27-28
convergence of, 3, 6-11
differentiation of, 24-25
divergence of, 3, 6-11
double, 13
Fourier, 33-39
geometric, 4-6
harmonic, 8
integration of, 24
operations with, 11-15
partial sum of, 2, 21
p-series, 8



Infinite series (Cont.):

positive, 7

power, 25

product of, 14

uniqueness of, 29

Weierstrass M-test for, 22
Integral Bessel function, 314-315
Integral test for series, 8

Jackson, D, 180, 451

dJacobi, C. G. J., 109

Jacobi polynomials, 231-233, 376
differential equation for, 233
generating function for, 231
orthogonality of, 233
recurrence formula for, 233
series representation of, 231

Jacobian elliptic function, 137138

Jahnke, E., 451

K distribution, 337

Kellogg, O. D., 142

Kelvin functions, 311-312

Kemble, E. C,, 211

Kepler, J., 251

Krall, H. L., 417

Kummer, E. E., 385

Kummer’s function (see Confluent
hypergeometric function)

Kummer’s relation, 394

Kummer’s second formula, 416

Kummer’s transformation, 388

Laguerre functions, 399-400, 409
Laguerre polynomials, 214-218, 296,
339, 435
addition formula for, 220
argument zero, 223
associated, 218-220, 222-223, 247,
264, 378-380
differential equation for, 216
generating function for, 214
infinite series of, 217-218
orthogonality of, 217
recurrence relations for, 215-216
Rodrigues’ formula for, 215
series representation of, 215
table of, 215
Laguerre series, 217-218
convergence of, 218
Laplacian, 193, 201-202, 349
Laplace integral formula, 158
Laplace’s equation, 192-193, 340, 343
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Lebedev, N. N, 114, 130, 209, 298, 451
Lee, J. S., 408
Legendre, A., 61
Legendre duplication formula, 70
Legendre function, 373-374
associated, 186-192, 199-200, 346, 375
differential equation for, 377
of the first kind, 373
second kind, 181-186
recurrence relations for, 183, 374
Wronskian of, 185
Legendre polynomials, 47, 142-181,
195-197, 247, 264, 272, 308, 370,
372-373
argument minus one, 147
unity, 147
zero, 148
bounds on, 159
differential equation for, 151-152, 194,
371
finite series of, 165-167
generating function for, 142146
graph of, 146-147
infinite series of, 167-181
integral representation of, 158
orthogonality of, 163
recurrence relations for, 149-151
Rodrigues’ formula for, 157
series representation of, 147
tables of, 145-146
trigonometric argument, 146
Legendre series, 165-167, 196
convergence of, 175-180
Liouville standard form, 404
for confluent hypergeometric equation,
404
Logarithmic derivative function (see
Digamma function)
Logarithmic integral, 128~129
asymptotic formula for, 131
graph of, 129
series representation of, 129
Lommel’s formula, 246
Luke, Y. L., 451

Macdonald’s function (see Modified
Bessel function of the second kind)

Maclaurin series, 27

MacRobert, T. M., 373, 425

MacRobert E function, 425-426

Magnus, W., 451

Mathai, A. M., 412

Meijer, C. S., 419-420
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Meijer G function, 419-428
properties of, 420-423
relation to other functions, 420
Miller, L. E. 408
Modified Bessel functions, 287-301,
344-345, 448
addition formulas for, 293-294
asymptotic formulas for, 294, 317-319
differential equation for, 288, 344
of the first kind, 288-290
second kind, 290-291
generating function for, 292-293
graphs of, 289, 291
half-integral order, 289, 305-306
integral representations of, 298
integrals of, 299-300
recurrence relations for, 291-292
series representation of, 288-291
spherical, 305-306
Wronskian of, 294
Mohapatra, R. N., 438
Multiplication formulas, 394

Neumann formula, 184
Normal distribution, 81, 118-119,
333-334, 431
moments of, 81

Oberhettinger, F., 451

0dd function, 36

Olver, R. W. d., 451

Orthogonality relations:
associated Laguerre polynomials, 224
associated Legendre functions, 190
Bessel functions, 267
Chebyshev polynomials, 230
Gegenbauer polynomials, 227
Hermite polynomials, 207
Jacobi polynomials, 233
Laguerre polynomials, 217
Legendre polynomials, 163

Oscillating chain, 282-284

P-series, 8
(See also Riemann zeta function)
Parabolic cylinder function, 407
Parker, I. B., 231
Partial integral, 43
product, 55
sum, 2, 21
Pendulum problem, 135-138
lengthening, 323-327
Phillips, R. L., 383

Piecewise continuous function, 36, 174
smooth function, 175

Pochhammer symbol, 358-361

Poincaré, J. H., 50

Pointwise convergence, 21, 43, 175-180

Poisson, S. D., 249

Polygamma functions, 100-102
argument unity, 100
asymptotic series for, 107
series representation of, 100-101
(See also Digamma function)

Power formula for series, 31

Product (see Infinite product)

Psi function (see Digamma function)

Radius of convergence, 25
Rainville, E. D., 57, 62, 361, 365, 451
Ramanujan’s theorem, 416
Ratio test, 10
Rayleigh distribution, 81, 336, 434
moments of, 338
Rician distribution, 335, 430, 433
moments of, 435
Riemann, G., 62
Riemann lemma, 175
Riemann zeta function, 8, 100, 102-103
graph of, 104
special values of, 105
Rodrigues’ formula:
for associated Laguerre polynomials,
219
for associated Legendre functions, 189
for Hermite polynomials, 205
for Laguerre polynomials, 215
for Legendre polynomials, 157
Ryzhik, I. M., 451

Saxena, R. K., 412

Schrodinger’s equation, 210, 221

Semiconvergent series (see Asymptotic

series)

Sequence, 2
of partial sums, 2

Series (see Infinite series)

Shivamoggi, B. K,, 439

Sine integral, 129-130

Slater, L. J., 451

Smooth function, 175

Sneddon, I. N, 451

Spherical Bessel functions, 302-308, 346
asymptotic formulas for, 317-319
differential equation for, 302
graphs of, 304



Spherical Bessel functions (Cont.):

Hankel, 309
modified, 305-306
recurrence relations for, 305
series representation of, 303
Wronskian of, 308
Spherical harmonics, 222
Springer, M. D., 424
Stegun, 1., 102, 257, 451
Stirling, J., 98
Stirling’s formula, 70, 98
Stirling’s series, 99
Struve functions, 309-310
Stuart, J. T., 438

Taylor series, 27
Tchebysheff (see Chebyshev)
Tests of convergence:
for improper integrals, 42-44
for infinite series, 611
Thompson, W. E., 424

Ultraspherical polynomials (see
Gegenbauer polynomials)

Uniform convergence, 22, 44

Uniform distribution, 431

Vajravelu, K., 438
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Ward, K. D., 336
Watson, G. N., 103, 184, 266, 308, 451
Wave equation, 339-340
Weber function, 315
Weber’s integral formula, 261
Weierstrass, K., 61
Weierstrass infinite product, 71-73
Weierstrass M-test:
for improper integrals, 44
for infinite series, 22
Whittaker, E. T., 103, 184, 385
Whittaker functions, 403—-409
asymptotic formulas. for, 407
Wronskian of, 408
Wrongkian:
of Bessel functions, 246, 279, 294, 315
of confluent hypergeometric functions,
394
of hypergeometric functions, 370
of Legendre functions, 185
of modified Bessel functions, 294
of spherical Bessel functions, 308
of Whittaker functions 408

Zeros of Bessel functions, 240
Zeta function (see Riemann zeta
function)
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