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Pref ace to the 
Second Edition 

The primary changes in this second edition include the introduction 
of many more applications, chosen from a variety of fields such as 
statics, dynamics, statistical communication theory, fiber optics, heat 
conduction in solids, vibration phenomena, and fluid mechanics, 
among others. ln many cases these applications appear in the 
chapter in which the particular special function is iritroduced. 
However, because applications involving Bessel functions and 
hypergeometric-type functions are far more extensive than those of 
the other functions, they carry over to separate chapters devoted 
entirely to applications (Chaps. 8 and 12). 

As in the first edition, the text is suitable for use either as a 
classroom text in various courses dealing with higher mathematical 
functions or as a reference text for practicing engineers and scient­
ists. To this end 1 have tried to preserve the readability of the first 
edition, improving it where 1 could by the addition of further 
examples or clearer exposition. For instance, 1 have rearranged the 
order of topics in Chap. 1 so that asymptotic formulas follow the 
discussion of improper integrals, and in addition to the chapter on 
applications, the discussion of Bessel functions has been expanded to 
two chapters-one chapter devoted entirely to Bessel functions of the 
first and second kinds ( Chap. 6) and one devoted to Bessel functions 
of other kinds, such as modified Bessel functions and spherical Bessel 
functions (Chap. 7). These discussions on Bessel functions also 
include some new material such as the introduction of addition 
formulas, Kelvin's functions, and Struve functions. 

1 am grateful to a number of students and colleagues for their 
helpful suggestions concerning this second edition. ln particular, 1 
wish to thank B. K. Shivamoggi, K. Vajravelu, and M. Belkerdid for 
their input concerning the choice of certain applications. 1 am further 
indebted to B. K. Shivamoggi for reading most of the new material 

xi 



              

xii Preface to the Second Edition 

and offering many useful suggestions. Finally, 1 wish to thank the 
entire production staff of McGraw-Hill and, in particular, acknow­
ledge my editor, Robert Hauserman, for his continued support of this 
project. 

L. C. Andrews 

Publishers' note: This new printing of the Second Edition of Special Functions of 
Mathematics for Engineers, originally published by McGraw-Hill in 1992, includes 
known corrections to the text and formulas. Recause of the importance of this material in 
modem engineering, SPIE-The lnternational Society for Optical Engineering and 
Oxford University Press are republishing it to make it available to the engineering, 
science, and mathematics communities. A Third Edition is planned, which will 
incorporate widely used mathematics software to help the reader make the transition to 
numerical calculations. 



              

Preface to the 
First Edition 

Modem engineering and physics applications demand a more thor­
ough knowledge of applied mathematics than ever before. ln particu­
lar, it is important to have a good understanding of the basic 
properties of special functions. These functions commonly arise in 
such areas of application as heat conduction, communication systems, 
electro-optics, nonlinear wave propagation, electromagnetic theory, 
quantum mechanics, approximation theory, probability theory, and 
electric circuit theory, among others. Special functions are sometimes 
discussed in certain engineering and physics courses, and mathemat­
ics courses such as partial diff erential equations, but the treatment of 
special functions in such courses is usually too brief to focus on many 
of the important aspects, such as the interconnecting relations 
between various special functions and elementary functions. This 
book is an attempt to present, at the elementary levei, a more 
comprehensive treatment of special functions than can ordinarily be 
done within the context of another course. It provides a systematic 
introduction to most of the important special functions that com­
monly arise in practice and explores many of their salient properties. 
I have tried to present the special functions in a broader sense than is 
often done by not introducing them as simply solutions of certain 
differential equations. Many special functions are introduced by the 
generating-function method, and the governing differential equation 
is then obtained as one of the important properties associated with 
the particular function. 

ln addition to discussing special functions, I have injected through­
out the text by way of examples and exercises some of the techniques 
of applied analysis that are useful in the evaluation of nonelementary 
integrais, summing series, and so on. All too often in practice a 
problem is labeled "intractable" simply because the practitioner has 
not been exposed to the "bag of tricks" that helps the applied analyst 
deal with formidable-looking mathematical expressions. 

During the last 10 years or so at the University of Central Florida 
we have off ered an introductory course in special functions to a mix of 

xiii 



              

xiv Preface to the First Edition 

advanced undergraduates and first-year graduate students in mathe­
matics, engineering, and physics. A set of lecture notes developed for 
that course has finally led to this textbook. The prerequisites for our 
course are the basic calculus sequence and a first course in 
differential equations. Although complex variable theory is often 
utilized in studying special functions, knowledge of complex variables 
beyond some simple algebra and Euler's formulas is not required 
here. By not developing special functions in the language of complex 
variables, the text should be accessible to a wider audience. Natur­
ally, some of the beauty of the subject is lost by this omission. 

The text is not intended to be an exhaustive treatment of special 
functions. It concentrates heavily on a few functions, using them as 
illustrative examples, rather than attempting to give equal treatment 
to ali. For instance, an entire chapter is devoted to the Legendre 
polynomials (and related functions), while the other orthogonal 
polynomial sets, including Hermite, Laguerre, Chebyshev, Gegen­
bauer, and Jacobi polynomials, are ali lumped together in a single 
separate chapter. However, once the student is familiar with Legen­
dre polynomials (which are perhaps the simplest set) and their 
properties, it is easy to extend these properties to other polynomial 
sets. Some applications occur throughout the text, often in the 
exercises, and Chap. 7 is devoted entirely to applications involving 
boundary-value problems. Other interesting applications which lead 
to special functions have been omitted, since they generally presup­
pose knowledge beyond the stated prerequisites. 

Because of the close association of infinite series and improper 
integrais with the special functions, a brief review of these important 
topics is presented in the first chapter. ln addition to reviewing some 
familiar concepts from calculus, this first chapter contains material 
that is probably new to the student, such as the Cauchy product, 
index manipulation, asymptotic series, Fourier trigonometric series, 
and infinite products. Of course, our discussion of such topics is 
necessarily brief. 

1 owe a debt of gratitude to the many students who took my course 
on special functions over the years while this manuscript was being 
developed. Their patience, understanding, and helpful suggestions 
are greatly appreciated. 1 want to thank my colleague and friend, 
Patrick J. O'Hara, who graciously agreed on severa} occasions to 
teach from the lecture notes in their early rough form, and who made 
several helpful suggestions for improving the final version of the 
manuscript. Finally, 1 wish to express my appreciation to Ken 
Wemer, Senior Editor of Scientific and Technical Books Deparlment, 
for his continued faith in this project and efforts in getting it 
published. 



              

Notation 

Ai (x ), Bi (x) 

bei (x ), ber (x ), beip (x ), 
berP (x) 

B(x,y) 

B,(p, q) 

bn(X) 

C(x), C1(x), Cix) 

C!(x) 

Ci (x) 

cnu, dnu 

Dn(X) 

Ei(x),E1(x) 

E(m) 

E(m, cp) 
E(ap;cq;x) 

Ep(x) 

erfx, erfcx 

~(x) 

F(a, b, c;x) = 2F 1(a, b;c;x) 

F(m, </>) 

pF'q(ap; Cq; X) 

f(x) 

y(a, x ), [(a, x) 

G(a,b;c;x) 

Gm,n(X lªP) 
p,q Cq 

Notation for 
Special Functions 

Name of function 

Airy functions of the first and second kinds 

Kelvin's functions 

Beta function 

Incomplete beta function 

Bessel polynomial 

Fresnel cosine integrais 

Gegenbauer polynomial 

Cosine integral 

Jacobian elliptic functions 

Parabolic cylinder function 

Exponential integral 

Complete elliptic integral of the second kind 

Elliptic integral of the second kind 

MacRobert E function 

Weber function 

Error functions 

Riemann zeta function 

Hypergeometric function 

Elliptic integral of the first kind 

Generalized hypergeometric function 

Gamma function 

Incomplete gamma functions 

Hypergeometric function of the second kind 

Meijer G function 
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Notation 

Hn(X), Hv(x) 

~(x) 

Jt}>(x ), H~2>(x) 

IP(x) 

JiP (x) 

jn(X) 

JP(x) 

JP(x) 

kei (x ), ker (x) 

K(m) 

kn(x) 

Kp(x) 

li (x) 

Ln(x) 

L~m>(x ), L~ª>(x) 

L,,(x) 
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Mk,m(X) 

Pn(X), Pv(X) 

P';:(x) 

p~a,b)(x) 

II(m, a) 

II(m, </J, a) 

'ljl(x) 
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Qn(x) 
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Si (x), si (x) 

S(x ), 81 (x ), S2(X) 

Name of function 

Hermite polynomial, Hermite function 

Struve function of the first kind 

Hankel functions of the first and second 
kinds 

Spherical Hankel functions of the first and 
second kinds 

Modified spherical Bessel function of the 
first kind 

Modified Bessel function of the first kind 

Integral Bessel function 

Spherical Bessel function of the first kind 

Bessel function of the first kind 

Anger function 

Kelvin's functions 

Complete elliptic integral of the first kind 

Modified spherical Bessel function of the 
second kind 

Modified Bessel function of the second kind 

Logarithmic integral 

Laguerre polynomial 

Associated Laguerre polynomial, associated 
Laguerre function 

Modified Struve function 

Confluent hypergeometric function 

Whittaker function of the first kind 

Legendre polynomial, Legendre function 

Associated Legendre function of the first 
kind 

Jacobi polynomial 

Complete elliptic integral of the third kind 

Elliptic integral of the third kind 

Digamma or psi function 

Polygamma function 

Legendre function of the second kind 

Associated Legendre function of the second 
kind 

Sine integrais 

Fresnel sine integrais 
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1.1 lntroduction 

Chapter 

1 
lnfinite Series, 

lmproper Integrais, 
and lnfinite Products 

Because of the close relation of infinite series and improper integrais 
to the special functions, it can be useful to first review some basic 
concepts of series and integrals. Infinite products, which are 
generally less well known, are introduced here mostly for the sake of 
completeness, but in some instances they are also useful. 

lnfinite series are important in almost all areas of pure and applied 
mathematics. ln addition to numerous other uses, they are used to 
define certain functions and to calculate accurate numerical esti­
mates of the values of these functions. ln calculus the primary 
problem is deciding whether a given series converges or diverges. ln 
practice, however, the more crucial problem may actually be sum­
ming the series. If a convergent series converges too slowly, the series 
may be worthless for computational purposes. On the other hand, the 
first few terms of a divergent series in some instances may give 
excellent results. lmproper integrals and infinite products are used in 
much the sarne fashion as infinite series, and, in fact, their basic 
theory closely parallels that of infinite series. 

ln the application of mathematics frequently two or more limiting 
processes have to be performed successively. For example, we often 
find the derivative (or integral) of an infinite sum of functions by 
taking the sum of derivatives (or integrals) of the individual terms of 
the series. However, in many cases of interest, performing two limit 
operations in one order may yield an answer different from that 
obtained using the other order. That is, the order in which the 
limiting processes are carried out may be critical. lt is of utmost 



              

2 Chapter One 

importance, therefore, to know the conditions under which such 
interchanges are permitted, and that is one of the considerations of 
this chapter. 

Because we assume the reader already has some familiarity with 
series and improper integrais, our treatment here is intentionally 
cursory. ln this regard, we state only the most relevant theorems, 
generally without proof. For a deeper discussion of the subject 
matter, the reader is advised to consult one of the standard texts on 
advanced calculus. 

1.2 lnfinite Series of Constants 

If to each positive integer n we can associate a number Sn, then the 
ordered arrangement 

(1.1) 

is called an infinite sequence. We call Sn the general term of the 
sequence. Should it happen that 

IimSn =S (1.2) 
n---+oo 

where S is finite, then sequence ( 1.1) is said to converge to S; and 
otherwise it is said to diverge. 

An infinite series results when an infinite sequence of numbers 
uv u2, ... , uk, ... is summed, that is, 

00 

U1 + U2 + ... + uk + ... = L uk 
k=l 

(1.3) 

ln this case the number uk is called the general term of the series. 
Closely associated with the infinite series (1.3) is a particular 
sequence 

n 

Sn = U1 + U2 + · · · + Un = L Uk 
k=l 

(1.4) 

called the sequence of partial sums. The relation between the 
convergence of the partia! sums and that of the series is contained in 
the following definition. 



              

lnfinlte Series and lnfinlte Products 3 

Definition 1.1. If the sequence of partial sums { Sn} converges to a 
finite limit S, that is, if 

and 
n--->oo 

we say the infinite series 

converges, or sums, to the value S. ln this case, we write 

00 

S = L uk 
k=I 

The series diverges when the limit of partial sums fails to exist, i.e., 
fails to approach a unique finite value. 

Exemple 1: Determine whether the following series converges or 
diverges: 

00 1 
2:--
k=lk(k+l) 

Solutlon: To show convergence or divergence, we need to find the 
sum Sn of the first n terms and examine its limit as n ~ oo. To do so, 
first we observe that 

s = i 1 
n k=lk(k + 1) 

n (1 1 ) 2: ---
k=l k k + 1 

= (1-!) + (!_!) + ... + (! __ 1 ) 
2 2 3 n n+l 

1 
=1---

n+l 

where only the first and last terms do not cancel. Thus, 

limSn = lim (1--
1
-) = 1 

n-+oo n-+oo n + 1 

and we conclude that the series converges and, in particular, 
converges to the value unity. 



              

4 Chapter One 

The key to solving Example 1 was obtaining a formula for the n th 
partial sum Sn. ln cases like this where Sn can be readily found, it is 
a relatively easy matter to then take its limit to decide the 
convergence or divergence of the series. Situations for which Sn 
cannot be easily found will be discussed shortly. 

When a series diverges, it may do so for different reasons. For 
example, let us first consider the infinite series 

00 

2: k=1+2+3+···+k+··· (1.5) 
k=l 

Making use of the well-known formula from calculus 

n 

Sn= L k=%n(n+l) 
k=l 

it is clear that limn--.oo Sn = oo, and therefore the infinite series I: k 
diverges.* ln other instances the partial sums may not approach any 
particular limit, as for the series 

2: (-l)k-l = 1 - 1+1- 1 + ... + (-l)k-l +... (1.6) 
k=l 

Here we find the partial sums S1 =1, 82 =O, 83 =1, ... so that in 
general Sn = 1 for odd n and Sn = O for even n. Hence, because a 
unique limit of sn does not exist, we say that I: (-l)k-l diverges. 

1.2.1 The geometric series 

The special series 

00 

1 + r + r 2 + · · · + rk + · · · = 2: rk 
k=O 

(1.7) 

is called a geometric series. The value r is called the common ratio 
since it is the ratio between the (k + 1 )st term and the kth term. This 
series is important because it has a wide variety of applications, but 
also because it can be summed exactly in those cases for which it 
converges. 

From elementary algebra we know that the sum of the first n terms 

* We will occasionally find it convenient to use the symbol E uk to denote 
E;~1 uk. 
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of (1.7) is given by (see problem 1 in Exercises 1.2) 

r:#l (1.8) 

where we stop the summation at n - 1 since the series begins at 
k =O. Since (1.8) requires that r * 1, let us consider that case 
separately. Substituting r = 1 into (1.7), we find that it reduces to the 
series 

00 

2: 1=1+1+1+ ... 
k=O 

which clearly diverges (Why?). Also the case r = -1 leads to the 
divergent series (1.6). For other values of r we simply take the limit 
of (1.8) as n ~ oo to find 

limSn = {1 :r 
n->oo no limit 

lrl<l 

lrl>l 
(1.9) 

where we are using the fact that rn ~O for increasing n when lrl < 1. 
We deduce, therefore, that the geometric series (1.7) converges for 
lrl < 1 and diverges for lrl ~ 1. 

Based on the above results, we have established the important 
formula 

00 1 2: rk=-­
k=O 1 - r 

lrl<l (1.10) 

which, in addition to identifying the values of r for which the series 
converges, provides the actual sum of the series. 

Example 2: Test the series 

3-2+~-~+···+3(-~)k + ... 
3 9 3 

for convergence. 

Solutlon: By writing the series in the form 

3 - 2 + ~ - ~ + ... + 3( - ~) k + ... 

= 3[ 1 - ~ + ~ - 287 + ... + ( - ~) k + ... ] 

00 

( 2)k =32°: --
k=O 3 
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we recognize it as a geometric series (multiplied by 3) with r = - 2/a. 
Since r is less than unity in absolute value, we deduce that the series 
converges and, moreover, converges to the value 

00 

( 2)k 3 9 a L: -- = =-
k=O 3 1- (-2/a) 5 

1.2.2 Summary of convergence tests 

Generally speaking, the series that are most useful in practice are 
those that converge. For that reason we attach a great deal of 
importance to the task of deciding whether a particular series 
converges. ln the case of the geometric series we were able to get the 
n th partial sum sn into a "closed form" and examine its limit directly 
as n ~ oo. By doing so, we not only answered the question of 
convergence or divergence, but also summed the series. That is the 
real power of Definition 1.1. Unfortunately, the geometric series is 
one of the rare examples for which we are able to directly apply 
Definition 1.1, since we generally cannot obtain Sn for most other 
series. What is required in these cases, then, is a "handful" of tests 
that can be applied to the series in question from which its 
convergence or divergence can be established independently of 
Definition 1.1. A great many such convergence tests have been 
developed over the years, some simple to apply and others quite 
sophisticated. ln virtually all cases, however, these tests tell us only 
whether the series converges or diverges-they do not actually 
provide the sum of the series as in Definition 1.1. 

The development of various convergence tests is generally taken up 
in calculus courses (both elementary and advanced). Our intention 
here is to simply recall some of the more elementary tests for 
reference purposes. 

Remark: Any índex such as k or n can always be used in writing a 
series, finite or infinite, depending on which índex may be convenient. 
That is, 

00 00 

L Uk = L Un 
k=l n=l 

As a general rule, however, we will ordinarily use the índex n when 
the series is infinite and k when it is finite. 

Let us first observe that if I: Un = S, where S is finite, then Sn ~ S 
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and Sn_ 1 ___.,. S as n ___.,. oo. Hence, it follows that 

n--->oo 

But since 

n n-1 

Sn - sn-1 = L uk - L uk = Un 
k=l k=l 

we see that a necessary condition (but not a sufficient condition) for 
the series ~ Un to converge is that limn--->oo Un = O. Thus, we have the 
following theorem. 

Theorem 1.1. If ~ Un converges, then limn___.oo Un = O. On the other 
hand, if limn___.,, un =F O, then the series ~ un diverges. 

Based on Theorem 1.1, the series ~~= 1 n/(n + 1) diverges since 

1. 1· n lm Un = im--
1

=1 =FO 
n~oo n---'J.oon + 

However, testing the general term of the series ~~=1 1/(n + 1), we 
have 

1 
lim un = lim --

1 
= O 

n---+oo n,---+co n + 

so we cannot use Theorem 1.1 to draw a conclusion about the 
convergence or divergence of this series.* 

A series is called positive if the terms of the series are either ali 
positive or ali negative. ln general, the terms of a series may vary in 
sign, some terms positive and others negative. If the consecutive 
terms have opposite signs, we call the series an alternating series. 
Series containing terms both positive and negative converge more 
rapidly ( when they converge) than do positive series, due to the 
partia! cancellation of the negative terms with the positive terms. 
Because of these distinctions, we introduce notions of different kinds 
of convergence. 

* This series in fact diverges, as can be shown by the integral test (Theorem 
1.2). 
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Definition 1.2. The series L un is said to converge absolutely if the 
associated series of positive terms L lun 1 converges. 

Definition 1.3. If the series L un converges but the related series of 
positive terms L !uni diverges, then L un is said to converge 
conditionally. 

If a positive series converges, it necessarily converges absolutely. 
Hence, the term conditional convergence applies only to those series 
which have both positive and negative terms. When the general term 
of a positive series is an integrable function of n, the following 
integral test of convergence can be useful. 

Theorem 1.2 (Integral test). Let f(n) denote the general term of the 
series L un- If the function f(x) is positive, continuous, and nonin­
creasing for x :::: a, then the positive series L Un converges or diverges 
according to the convergence or divergence of the improper integral* 
f;f(x) dx. 

To illustrate the use of Theorem 1.2, let us consider the p seriest 

00 1 1 1 1 
2:-=1+-+-+···+-+··· 
n=l nP 2P 3" nP 

(1.11) 

Here we take f(x) = 1/xP, and for any constant a >O, we find that 

{ 

1-p 100 f 1
Pdx= ;_Pa 

a X 1 100 nx a p =1 

from which we deduce that the series converges for p > 1 and diverges 
for p ::51.:j: The special value p = 1 leads to 

00 1 1 1 1 2: -=1+-+-+···+-+··· 
n=l n 2 3 n 

(1.12) 

called the harmonic series. lt plays an important role in the use of 
comparison tests (see Theorem 1.3 below), and although it diverges, 

* The convergence of improper integrais is reviewed in Sec. 1.5. 

t For p > 1, the p series is also called the Riemann zeta functi.on (see Sec. 2.5.4). 
* We follow the convention that log x means log10 x and ln x means log, x (ln x 

is known as the natural logarithm ). 
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it does so at a very slow rate. For example, the total of the first 
million terms is only slightly larger than 14. 

ln addition to the integral test, we have the following useful tests 
for deciding convergence and divergence of a series. 

Theorem 1.3 (Comparison test). A positive series E Un converges 
absolutely if each term (after a finite number) is less than or equal 
to the corresponding term of a known convergent positive series E an, 
that is, if 

n>N 

The positive series E un diverges if each term (after a finite number) 
is greater than or equal to the corresponding term of a known 
divergent positive series E bm, that is, if 

n>N 

Theorem 1.4. If limn---.oo nPun =A, then 

(a) E un converges if p > 1 and A is finite. 

( b) E un diverges if p :5 1 and A * O (A may be infinite). 

Example 3: Test the following series for convergence: 

00 1 

(a) n~2n -1 

Solution 

(b) f logn 
n=l Vn+l 

(a) By observing that ~ (1/n) diverges and 

1 1 
-->­
n-1-n n>2 

it follows from Theorem 1.3 that the given series diverges. 

(b) Here we choose p = 1/ 2 and consider the limit 

1
. 112 log n 
imn oo 

n--->oo Vn+1 

Based on Theorem 1.4, we deduce that the series diverges. 

If the series in question is an altemating series, then we usually 
start with the following test. 
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Theorem 1.5 (Alternating-series test). If un >O, n = 1, 2, 3,... and 
limn__,."' Un =O, then the alternating series ~ ( -l)llun converges 
(conditionally at least). Also the sum of a convergent alternating 
series always lies between the partial sums Sn and Sn+i for each n. 

Unlike in Theorem 1.1, we can conclude (conditional) convergence 
for an alternating series by showing that un ~O as n ~ oo. However, if 
we show that an alternating series converges by the alternating­
series test, we must further investigate the series to determine 
whether it also converges absolutely. This we do by applying another 
test to the related series of positive terms. 

Example 4: Test for convergence: 

"' <-1r-1 2":--n=l n 

Solutlon: Clearly, the general term of the series approaches zero as 
n ~ oo. Hence, by the alternating-series test, the series converges. 
However, since the absolute value of the general term is lunl = 1/n, 
the related series of positive terms is~ (1/n), which is the divergent 
harmonic series. We conclude, therefore, that the given series, called 
the alternating harmonic series, converges conditionally but not 
absolutely. 

Theorem 1.6 (Ratio test). Let ~ Un denote any series for which 

lim llln+ll =L 
n~oo Un 

(a) If L < 1, the series 1: un converges absolutely. 

(b) If L > 1, the series 1: un diverges. 

(e) lf L = 1, the test fails (no conclusion). 

The ratio test is probably the most widely used test of convergence, 
and it is a particularly useful test for those series involving factorials 
or exponentials. However, it fails in those cases where the general 
term is a rational function of n. 

Example 5: Test the series for convergence: 
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Solution: Forming the ratio 

'

Un+l' = (n + 1)
2

• 2n 
Un 2n+l n2 

we see that its limit is 

Hence, since L < 1, the given series converges. 

1.2.3 Operations with series 

ln many applications the need arises to combine series by such 
operations as addition (and subtraction) and multiplication. Al­
though the division of one series by another is sometimes required, 
we do not address it here. To perform addition and multiplication, it 
is usually important to establish the absolute convergence of all 
series involved in the process, since such operations can then be 
performed by the familiar rules of algebra or arithmetic. Specifically, 
we have the following: 

1. The sum of an absolutely convergent series is independent of the 
order in which terms are added. 

2. Two absolutely convergent series may be added termwise, and 
the resulting series will converge absolutely. 

3. Two absolutely convergent series may be multiplied (Cauchy 
product), and the resulting series will also converge absolutely. 

Remark: It is also possible to sum or multiply series under less 
restrictive conditions than those listed above. However, in this review 
chapter we usually do not state results in their most general forms. 

The significance of property 1 above can be best realized by 
considering what can happen if the series we wish to sum is not 
absolutely convergent. The classic example of a series converging 
conditionally, but not absolutely, is the altemating harmonic series 
I; (-1r-1/n (recall Example 4). Let us assume that the sum of the 
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series is some finite value S and write* 
00 (-l)n-l 1 1 1 1 1 2: =1--+,....--+---+ .. ·=S 

n=l n 2 3 4 5 6 

However, if we rearrange the terms of the series according to 

1-~+~-~+ ... = (1-~)-~+ (~-~)-~+ (~-110) 

- 1
1
2 + ( ~ - 1

1
4) - 1

1
6 + ... 

1 1 1 1 1 1 
=---+---+---+··· 

2 4 6 8 10 12 

= ~( 1 - ~ + ~ - ~ + ~ - ~ + ... ) 

(1.13) 

we may conclude that the sum of the series is 1
/ 28. We arrive at this 

conclusion not because we have cleverly omitted some terms of the 
series. Indeed, each term of series (1.13) does eventually appear 
exactly once, but in the final arrangement the whole series appears 
multiplied by the factor 1

/ 2 • 

What is being illustrated here is that by rearranging the terms of a 
conditionally convergent series, that series may be made to converge 
to any desired numerical value or even to diverge! Thus, it is clear 
that conditionally convergent series must be handled very carefully if 
they are to be meaningful. 

Also if the series is not positive and diverges, we can sometimes 
produce what appears to be a convergent series from it by rearrang­
ing or regrouping the terms. For example, if we write the divergent 
series ~ (-1r-1 in the form 

00 

2: <-1r-1 =<1-1)+(1-1)+ ... 
n=l 

=o+o+o+ ... 

we might conclude that the series converges to the value zero. On the 
other hand, by writing 

00 

2: <-1r-1 =1+<-1+1)+(-1+1)+ ... 
n=l 

=l+O+o+ ... 

* We will show in Sec. 1.3 that S =ln 2. 



              

lnfinite Series and lnfinlte Products 13 

we might conclude that the series converges to unity. However, if a 
series is positive and diverges, it cannot be made to converge by any 
rearrangement of its terms. 

If two series are absolutely convergent, no rearrangement of their 
terms will alter the sum or difference of the two series. But again, if 
both of the series forming the sum or difference are divergent, it is 
not clear what will happen. For instance, by writing 

00 

1 cc 1 
00 

(1 1 ) 
00 

1 2:--2:-=2: --- =2:--
n=l n n=l n + 1 n=l n n + 1 n=l n(n + 1) 

we can interpret the series on the right as the difference of two 
divergent series (both series on the left are harmonic series). 
Although we may be tempted to say that the series on the right-hand 
side diverges, because of its relation to the divergent series on the 
left-hand side, we have actually shown that the series on the 
right-hand side converges (see Example 1) and, in fact, converges 
absolutely. 

ln forming the product of two series, we are led to double infinite 
series of the form* 

00 00 

2: am L bk = L L Am,k (1.14) 
m=O k=O m=O k=O 

where the summand Am,k = ambk can be treated as a function of two 
variables. We find that by making a change of index in (1.14), the 
resulting double sum can often be simplified or even partially 
summed. For example, suppose we introduce the change of index 

m=n-k 

or, equivalently, n = m + k. Now since m 2: O, the índex k must satisfy 
the condition n - k 2: O, or k ~ n. Also the new index n runs over the 
range of values O ~ n < oo, since both m and k are nonnegative and m 
can be infinite. Hence, for absolutely convergent series, we deduce 
that 

n 

L L Am,k = L L An-k,k (1.15) 
m=Ok=O n=Ok=O 

Equation (1.15) illustrates that all absolutely convergent double 
infinite series can be replaced by a single infinite series of finite 

* Most of the infinite series that we encounter later on will start with the índex 
value zero. Also, double series are not always the result of a product. 
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sums. This property is particularly useful in numerical computations. 
lf the two series forming the product are each absolutely convergent, 
we can also interchange the order of the infinite sums and then apply 
(1.15). 

Equation (1.15) is related to the Cauchy product of two series, for 
which we have the following theorem. 

Theorem 1.7 (Cauchy product). lf E an and E bn are both absolutely 
convergent series, then so is their Cauchy product, defined by 

n=O n=O n=O 

n n 

where Cn = L akbn-k = L an-kbk 
k=O k=O 

Remark: Although we may use the sarne index n to illustrate that 
we wish to form a product, as in Theorem 1. 7, it is best in practice to 
use two different indices as in (1.15) to avoid confusion. 

The Cauchy product may still lead to a convergent series when only 
one of the series converges absolutely and the other converges 
conditionally. Also it is possible for both E an and E bn to converge 
(conditionally) while the product series E cn diverges. 

Example 6: Use the Cauchy product to find ST, where* 

00 <-1r 
T=n~o~ 

Solutlon: Using Theorem 1.7, we have 

00 ( - 1 r 00 ( -1 )n 00 

ST = L -n · L -n = L Cn 
n=O 2 n=O 3 n=O 

where Cn is the finite geometric series 

- n (-1r-k(-l)k - (-l)n n (2)k 
Cn - L 2n-k 3k - 2n L -3 

k=O k=O 

*Notice that both S and T are geometric series which could be summed exactly. 
We use them simply for illustrative purposes. 
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or, upon summing the series, 

_ ( -1r [ (2)n+1] e ---3 1- -
n 2n 3 

Hence, 

00 

(-lr [ (2)n+i] 1 ST = 3 L -- 1 - - = -
n~ ~ 3 2 

the last step of which we leave to the reader. 

On rare occasions we find it necessary to make a change of index in 
the double sum (1.14) different from that leading to (1.15). For 
example, if we set m = n - 2k in (1.14), or equivalently n = m + 2k, it 
follows that k Se. n/2. But since n/2 is not always an integer, it is 
conventional to introduce the bracket notation 

n even 
(1.16) 

n odd 

Hence, with this index change we deduce that 

oo oo oo [n/2] 

2: 2: Am,k = 2: L: An-2k,k (1.17) 
m=Ok=O n=O k=O 

and upon combining (1.15) and (1.17), it also follows that 

oo n oo [n/2] 

L L An-k,k = L L: An-2k,k (1.18) 
n=O k=O n=O k=O 

1.2.4 Factorlals and binomial coefficients 

Products of consecutive integers arise quite naturally in the study of 
series. For a positive integer n, the product of all positive integers 
from 1 to n inclusive is called factorial n and denoted by n !. That is, 

n! = 1·2 · 3 · · · n n = 1, 2, 3, ... (1.19) 

The most fundamental property of factorials is given by 

n!=n(n-1)! n = 2, 3, 4, ... (l.20) 
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If we want (1.20) to hold also for n = 1, this would require 1! = 1(0!), 
suggesting that we define 

O!= 1 (1.21) 

A particular combination of factorials that appears quite frequently 
in practice is the binomial coefficient. To introduce it, let us consider 
the expanded products (a+ b )n for integral n ~ 1. The first few 
products lead to 

(a+ b)1 =a+ b 

(a+ b )2 = a 2 + 2ab + b2 

(a +b) 3 =a3 +3a 2b +3ab2 +b 3 

whereas in general 

n(n -1) 
(a+br=an+nan- 1b+ an- 2b2 +··· 

2! 

n(n -1) · · -(n -k + 1) 
+ an-kbk + ... + bn (1.22) 

k! 

We call (1.22) the binomial formula, or the finite binomial series. 
lt is customary to introduce a speéial symbol for the coefficient of 

the general term in (1.22), i.e., 

(n) = n(n -1) .. .(n -k + 1) 

k k! 
k = 1, 2, ... , n (1.23) 

However, by the use of factorials we can write this also in the form 

(n) n! 
k =k!(n-k)! 

n =O, 1, 2, ... ; k =O, 1, ... , n (1.24) 

which we obtain by multipyling the numerator and denominator of 
the right-hand side of (1.23) by (n -k)! and using Eq. (1.20). Note 
that (1.24) is valid for 0:5,k :5,n while (1.23) is restricted to 1 :5,k :5,n. 
Adopting this notation, we can now write ( 1.22) more compactly as 

(1.25) 

The symbol G) is what we call a binomial coeffi.cient. Besides 

its connection in (1.25) with the expansion of (a+ b r, the binomial 
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coefficient also occurs in combinatorial problems, probability theory, 
and algorithm development. ln these other applications, the upper 
index is often not an integer or even a positive number. For such 
situations we cannot use (1.24) to define the binomial coefficient; 
rather we resort to the form given by ( 1.23). Hence, for general r we 
define 

(~) = 1 (r) = r(r -1) · · · (r -k + 1) 

k k! 
k = 1, 2, 3,... (1.26) 

Remark: Notice that although ris unrestricted in (1.26), parameter 
k is a nonnegative integer. ln all relations given below involving the 
binomial coefficient, it is understood that the parameter occurring in 
the position of k in (1.26) must be so restricted. 

As simple consequences of the definitions of binomial coefficient 
and factorial, we have the following useful relations: 

(~) = (:) = 1 

G) = (n: 1) =n 

G)=(n:k) 
G : : ) = (k : 1) + G) º ~ k ~ n - 1 
( ~r) = ( -1 )k e+~ -1) 

(1.27) 

(1.28) 

(1.29) 

(1.30) 

(1.31) 

Verifying Eqs. (1.27) to (l.30) is left to the exercises, while the proof 
of Eq. (1.31) is given in Example 7. 

Example 7: Show that 

k = 1, 2, 3, ... 

Solution: From (1.26), we have 

(-r) = -r(-r -1) · · · (-r -k + 1) 

k k! 

k r(r + 1) · · · (r + k -1) 
=(-1) k! 

= (-l)k (r + k - l)(r + k - 2) · · · (r + l)r 
k! 
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where in the last step we have reversed the order of terms in the 
numerator. Using (1.26) once again, we obtain our result 

k = 1, 2, 3, ... 

There are literally thousands of identities involving binomial 
coefficients that have been discovered over the years. Fortunately, 
only a few are required in most routine applications. ln addition to 
Eqs. (1.27) to (1.31), the following summation formulas are very 
useful: 

i (n) = 2n 
k=O k 

(1.32) 

i (r + k) = (r + n + 1) 
k=O k n 

(1.33) 

i (k)-(n+l) 
k=O m m + 1 

m =O, 1, 2, ... (1.34) 

i (r)( s )-(r+s) 
k=O k n -k n 

(1.35) 

i<-l>k(n)(s+k)=<-ir( s) 
k=o k m m -n 

m 2::n (1.36) 

Equation (l.32) follows directly from (1.25) with a= b = 1. Except 
for (1.35), which is verified below (see Example 8), all others are left 
to the exercises. However, we point out that one way to prove (1.33) 
requires application of (1.30), whereas (1.34) follows from (1.33) 
with two applications of ( 1.29). 

Example 8: Show that 

i (r)( s )-(r+s) 
k=O k n -k n 

Solutlon: Although the identity is valid for all values of r and s, we 
will restrict r and s to positive integers in our proof. 

Starting with the obvious identity 

(1 +xY(l +x)ª = (1 +xy+s r, s = l, 2, 3, ... 
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let us replace each factor by its binomial series, which yields 

r ( r ) s (s) r+s (r + s) 
m~O m Xm . k~O k Xk = n~O n Xn 

The left-hand side is simply the product of two (finite) series, and 
hence we can rewrite it by using Eq. (1.15). By making the change of 
index m = n - k, the new indices k and n are restricted to O:::; k :::; n 
and O:::; n :::; r + s. Therefore, we obtain 

r+s n (r)( 8 ) r+s (r +s) L L xn = L Xn 
n=Ok=O k n-k n=O n 

both sides of which describe a polynomial in x of degree r + s. Clearly, 
two polynomials are equal if and only if the corresponding terms of 
each are identical. Hence, by comparing coefficients of like terms of 
xn, we get the desired result 

i (r)( s )-(r+s) 
k=o k n -k n 

Remark: ln Sec. 1.3.2 we will show that when a is not a positive 
integer, the binomial series for (1 +x)ª becomes an infinite series, 
and in this case x is restricted to the interval lx 1 < 1. Hence, each of 
the series appearing in the proof given in Example 8 is replaced by an 
infinite series in the general case of arbitrary r and s, but the proof 
remains essentially the sarne. 

Exercises 1.2 

1. Show that the n th partial sum of a geometric series satisfies 

1-rn 
1 + r + r2 + ... + rn-l = -- r * 1 

1-r 

Hint: Observe that 

Sn = 1 + r + r2 + · · · + rn- 1 

rSn = r + r2 + · · · + rn- 1 + rn 

and subtract termwise. 
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ln problems 2 through 5, find the sum of the geometric series. 

10 

2. 2: 2" 
k=O 

10 (l)k 4
· k~2 2 

100 

3. 2: (-l)k 
k=O 

00 jf 

5. n~O SÍn
2

n X, IX 1 < 2 

ln problems 6 through 12, use an appropriate test of convergence to 
determine whether the given series converges absolutely, converges 
conditionally, or diverges. 

6. i-1
-

n=2nlnn 
00 1 

7. 2: ( 2)3/2 
n=l n + 

00 (2n )! 
B. n~O (n!)2 

9. n~l (-1r(1+ n
14) 

10. i (-l)n 
n=12n -1 

11 i lnn 
• n=l nP 

00 <-1r 
12. 2: , e 

n=3 vn ln (lnn) 

13. By using the Cauchy product, verify the identity eªeb = eª+b. 
Hint: Recall that 

00 an 
eª= 2: -

n=on! 

14. Use the identity 2 sina cosa = sin 2a and the Cauchy product to 
deduce that 

i (2n + 1) = 22n 

k=O 2k + 1 

Hint: Recall that 

00 (-1r 
sina = 2: a 2n+l 

n=O (2n + 1)! 
and 

oo (-l)n 
cosa=~ --a2

n 
n=O (2n)! 

15. Show that 

(a) (~)=(:)=1 

(b) G)=(n~l)=n 
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16. Show that 

e b) G : : ) = (k : 1) + G), º :5 k :5 n - 1 
17. Show that 

(a) (-%) = (-l)n(2n)! 
n 22n(n!)2 

(b) (
-2k-1) n(n+2k)! 

n = ( -1) (2k )! n! , k =O, 1, 2, ... 

ln problems 18 through 20, verify the given formula. 

18_ i (r + k) = (r + n + 1) 
k=O k n 

Hint: Use Eq. (1.30). 

n (k) (n+l) 19. 2: = , m =O, 1, 2, ... 
k=o m m +1 

Hint: Use problem 18 and Eq. (1.29). 

20. i (-l)k(nk)(s+k)=(-l)n( s ),m~n 
k=O m m-n 

1.3 lnfinite Series of Functions 

Of special importance to us are those series that result when the 
general term Unis a function ofx, that is, Un = un(x). The nth partia! 
sum then defines the function 

n 

Sn (x) = L uk (x) (1.37) 
k=l 

The question of concem here is whether there exists any value of x 
for which the limit of partial sums exists as n ~ oo. If, for a :fixed value 
of x, we :find that 

lim sn (x) = f (x) (1.38) 

we say the series ~ un (x) converges pointwise to f(x ). The domain 
of the function f is then the totality of all such values of x for which 
the series converges. 
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Exemple 9: Test the series for convergence: 

ao 

X+ L (xn+l _xn) 
n=l 

Solution: The sum of the first n terms leads to 

n-1 

Sn(x)=x+ 2: (xk+l_xk) 
k=l 

=x + (x 2 -x) + (x3 -x2
) + · · · + (xn -xn-1

) 

where all other terms cancel. Hence, we see that 

O:s:x<l 
x=l 

The given series converges pointwise, therefore, for every x in the 
interval O :s: x :s: 1. 

Pointwise convergence treats convergence of a series at individual 
points in an interval. Although it is an important type of convergence 
in some theoretical studies, it is inadequate for others. For example, 
pointwise convergence is not adequate to permit termwise 
differentiation or even termwise integration of a series. The simplest 
notion of convergence that in tum implies pointwise convergence 
throughout a closed interval is called uniform convergence (see Fig. 
1.1). 

Definition 1.4. lf, given some E > O, there exists a number N = N (E), 
independent of x in the intervala :s:x :s: b, such that 

for all n > N, we say that Sn (x) converges uniformly to f (x) in the 
intervala :s:x :s: b as n ~ oo. 

The usual test for establishing uniform convergence of an infinite 
series of functions is the Weierstrass M test. There are other tests, of 
course, but we do not discuss them. 

Theorem 1.8 (Weierstrass M test). If lun(x)J =:;Mn (n = 1, 2, 3, ... ) for 
all x in the interval a :s: x :s: b and ~ Mn is a convergent series of 
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a 

Sn(x) ... ___ , _ 
, ' 

---~-..,..~'~ ' 
, ' , , 

Figure 1.1 Uniform convergence. 

---+---f(x) +e 

f(x) - e 

b X 

positive constants, then the series E Un (x) converges uniformly on 
the interval a :S x s b. 

Example 10: Show that the series E~=I (sinn2x)/n2 converges uni­
formly on the interval O sx :S n. 

Solutlon: We first observe the inequality 

l
sinn

2
xl <__!_ 

n2 -n2 

Hence, if we choose Mn = 1/n2
, it follows from the p series that 

E (1/n2
) converges; consequently, the given series converges uni­

formly on O sx :S ;r by virtue of the M test. Moreover, because the 
above inequality holds for all x, the given series converges uniformly 
on every closed interval. 

1.3.1 Properties of uniformly convergent 
series 

The most basic properties of a uniformly convergent series are given 
in Theorems 1.9 and 1.10. 
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Theorem 1.9. If each term un (x) of a series is continuous in the 
interval a ::5 x ::5 b and the series 

f(x) = L Un(x) 
n=l 

converges uniformly in a ::5 x ::5 b, then 

(a) f is a continuous function in the sarne interval 

(b) f f(x) dx = n~I f Un(x) dx 

A series of continuous functions which converges to a function f(x ), 
but does not converge uniformly, need not converge to a continuous 
function. To show this, let us consider the series 

f(x) =x + L (xn+I _xn) Ü ::5X ::5 l 
n=l 

Clearly each term of the series is a continuous function. Also we 
showed in Example 9 that the series converges to zero in the interval 
O ::5 x < 1 and to unity when x = 1. Hence, the sum of the series is the 
function 

f(x)={~ Ü::5x<l 
X =1 

which is not continuous on the closed interval O ::5 x :::; 1. 
Theorem l.9b is particularly important in applications. ln some 

cases, however, it may be difficult to establish the conditions of the 
theorem before integrating the series termwise. W e might therefore 
assume that the conditions are satisfied and proceed formally, but 
then it becomes essential to attempt justification of the derived result 
by some independent means. 

The conditions stated in Theorem 1.9 are satisfied by many of the 
series that commonly arise in practice, permitting termwise integra­
tion of the series. However, these conditions by themselves are not 
adequate to permit termwise diff erentiation of the series. For 
differentiation under the summation sign, we need the following 
theorem. 

Theorem 1.1 O. Let both un (x) and u~ (x) be continuous functions in 
the interval a :::; x :::; b for each n. Then if 

00 

f(x) = L un(x) 
n=l 
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converges (pointwise) in a :5 x :5 b and the series I: u~ (x) converges 
uniformly in a sx ::s b, we have 

00 

f' (x) = 2: u~ (x) 
n=l 

Based on Theorem 1.10, we see that any series offunctions I: un(x) 
satisfying the given hypotheses can be differentiated termwise and 
that the resulting series I: u~ (x) represents the derivative of the 
function represented by I: un (x ). The basic requirement for this to be 
true is uniform convergence of the differentiated series. To illustrate 
its necessity, consider the series 

00 • 2 

f(x) = 2: sm~ x 
n=l n 

which converges uniformly in every finite interval (recall Example 
10). However, if we simply differentiate the given series termwise, we 
obtain the divergent series (for all x) 

f' (x ) = 2: cos n 2x 
n=l 

which therefore cannot represent f' (x). 

1.3.2 Power series 

A power series is an infinite series of the form 

co+c1(X -a)+··· +cn(x -a)n + · · · = L cn(x -a)n (1.39) 
n=O 

where c0 , c1 , ••• , cn, ... are called the coefficients of the series anda 
is the center of the series. 

Theorem 1.11. To every power series I: cn (x - a )n is a number p, 
O ::s p < oo, called the radius of convergence, with the property that 
the series converges absolutely for lx - a 1 < p and diverges for 
jx-al > p. 

Notice that Theorem 1.11 does not include the values of x for which 
jx - a 1 = p. Such points must be tested separately for convergence, 
e.g., by one of the tests given in Sec. 1.2. 

If p >O, then for every p1 such that O :5 p1 < p, it can be shown that 
the power series I; Cn (X - ar converges uniformly on the interval 
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lx - a 1 s p1 . ln such cases the results of Theorems 1.9 and 1.10 are 
applicable. That is, a power series converges to a continuous function 
and, moreover, can always be integrated and differentiated termwise. 

To illustrate termwise integration, let us consider the power series 

1 00 

- = 2: (-lrxn 
1 +X n=O 

-l<x <1 (1.40) 

which is just the geometric series with x replaced by -x. lt follows 
from above that it is uniformly convergent on every closed interval 
contained within -1 < x < 1. Termwise integration leads to 

L
x dt 

00 Lx 
-= 2: (-lr tndt 

O 1 + t n=O O 
-l<x <1 

where we have introduced a dummy variable of integration. Complet­
ing the integration, we obtain the series 

00 xn+l 

ln ( 1 +X) == 2: ( - l)n --
n =O n + 1 

or, letting n ~ n - 1, we obtain the more familiar form 

00 xn 
ln (1 +X) == 2: ( - l)n-l -

n=l n 

Notice that setting x = 1 in (1.41) yields 

00 c-1r-1 
ln2= 2:--

n=l n 

-l<x<l (1.41) 

where the right-hand side is the altemating harmonic series (see Sec. 
1.2.3). It is interesting to observe that this result is valid even though 
x = 1 is outside the original interval of convergence [see Eq. (1.40)]. 
This example illustrates that the process of integration of an infinite 
series can sometimes produce a new series whose interval of 
convergence extends beyond that of the original series. By 
differentiating a series, just the opposite may be true. For example, 
the series 

00 xn 
f(x)= 2: -­

n=2n(n -1) 

converges uniformly for all Jx 1 s 1, but the differentiated series 

00 xn-1 00 xn 
f'(x) = 2: -= 2: -

n=2n-1 n=l n 
-lsx<l 
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does not converge at x = 1. Moreover, the series 

00 00 

f"(x) = L Xn-1 = L Xn -l<x < 1 
n=l n=O 

does not converge at either endpoint. 
A power series about x = a with a positive radius of convergence p 

converges to some function f (x) in the interval lx - a 1 < p. ln this 
case we say that f is analytic at x =a. Conversely, if f is analytic at 
x =a, then it has a power series representation of the form 

f(x) = i fnl(a) (x -ar 
n=O n! 

lx-a\<p (1.42) 

for which cn = fn\a)/n!, n =O, 1, 2, .... We refer to (1.42) as the 
Taylor series for the function f The special case that occurs when 
a = O is known as a Maclaurin series, i.e., 

lxl<p (1.43) 

Most of the elementary functions that arise in calculus can be 
represented by a Taylor series (or Maclaurin series). Familiar 
examples are given by the following: 

1 00 

-='2-:xn 
1-X n=O 

-l<x <1 

-oo<x<oo 

00 x2n+l 
sinx= 2: (-1r (

2 
1)' -oo<x<oo 

n=O n + . 
00 x2n 

cosx= L (-l)n-(
2 

)! -oo<x<oo 
n=O n . 

oo (-l)n-1 
ln X = L (x - 1 r o <X :5 2 

n=l n 

(1.44) 

(1.45) 

(1.46) 

(1.47) 

(1.48) 

ln addition, many of the special functions that we encounter in 
subsequent chapters can be represented by this form of power series. 

Example 11 (Binomial series): Expand f(x) = (1 +x)ª in a Maclaurin 
series, where a- is not restricted to integer values. Also find the radius 
of convergence of the resulting series. 
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Solution: Repeated differentiation of the function f reveals that 

f'(x) = a(l +x)a-1 

f'(x) = a(a-1)(1 +x)"'-2 

and, in general, 

fn>(x) = a(a-1) ···(a- n + 1)(1 +x)"'-n n = 1, 2, 3, ... 

Hence, we find that f(O) = 1, f'(O) =a, f"(O) = a(a-1), whereas in 
general 

fn>(O) = a(a-1) ···(a- n + 1) n = 1, 2, 3, ... 

Thus, the series we seek is 

"' a( a - 1) · · · (a - n + 1) 
(1+X)"'=1 + L xn 

n=l n! 

or, by introducing the binomial coefficient, we can write this more 
compactly in the form 

(1 +x)"'= f (ª)xn 
n=O n 

This series is called the binomial series. lt is a generalization of the 
binomial formula (1.22) to nonintegral powers and is important in 
much of our work in subsequent chapters. 

Finally, by application of the ratio test, we find that 

hm xn+l. x-n . 1 a( a - 1) · · · (a - n) n ! 1 

n--+"' (n+l)! a(a-l)···(a-n+l) 

la-nl = lxl lim --
1 n--+OO n + 

=lxl 

and thus we conclude that the series converges for lx 1 < 1, that is, the 
radius of convergence is p = 1. 

We previously used the notion that two polynomials are equal if 
and only if their corresponding terms are identical (recall Example 
8). To extend this concept to infinite series, we have the following 
useful theorem. 
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Theorem 1.12. lf ~ Cn (x - a )n and 1: bn (x - ar both have nonzero 
radii of convergence and 1: cn (x - a )n = ~ bn (x - a )n wherever the 
two series converge, then cn = bn, n =O, 1, 2, . . . . Moreover, if 
~ cn(X -ar= O, then Cn =o, n =o, 1, 2, .... 

1.3.3 Sums and products of power series 

We have already found out that power series can always be 
integrated and differentiated termwise. ln addition, we often need to 
combine two or more series through addition and multiplication. 
Suppose that 

00 

f (x) = 2: anxn (1.49) 
n=O 

and 
00 

g(x) = 2: bnxn (1.50) 
n=O 

both have a nonzero radius of convergence. Then the series for their 
sum and product are defined, respectively, by 

00 

f(x) +g(x) = 2: (an + bn)Xn (1.51) 
n=O 

and 

(1.52) 

and these series converge on the common interval of convergence. We 
recognize (l.52) as simply the Cauchy product (see Theorem 1.7) 
once again. 

Example 12: Find the Maclaurin series for ex sinx. 

Solutlon: By using Eqs. (1.45) and (1.46), we have 

00 x2n+l 

sinx = 2: ( -1)" (2 l)I 
n=O n + · 

both of which converge for all x. However, since the series for sinx 
involves only odd powers of x while that for ex involves both even and 
odd powers, we cannot directly apply (1.52). To remedy this situa­
tion, we wish to rewrite the above sine series in consecutive powers of 
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x. By recognizing the identity 

(n -1).ti' {º 
COS 2 = ( - l)(n-1)/2 

n even 
n odd 

we can write 

. ~ [ (n - 1 ).ti'] xn 
SinX = L.J COS 

2 
r 

n=O n. 

where ali even terms are zero. The Cauchy product (1.52) now leads 
to 

ex sinx = L CnXn 
n=O 

where e = i cos [(k -1).ti'/2] 
n k=O k!(n-k)! 

n =O, 1, 2, ... 

ln many cases the expression for cn cannot be simplified, and so we 
leave our answer in this form. However, in the present case we can 
actually sum the finite series for Cn. To do so, we use the Euler 
formula 

and the finite binomial series. Replacing the cosine function in cn 
with complex exponential functions and multiplying and dividing the 
series by n!, we obtain 

Cn =~ i (n)[ei<k-l)n:t2+e-i<k-1)n:t2] 
2n. k=O k 

=~ [e-;,,,12 i (n)<e;,,,12)k +e;,,,12 i (n)ce-in:12)k] 
2n. k=O k k=O k 

= _!__ [e-in:/2(1 +ein:l2r +é'r/2(1 + e-in:l2r] 
2n! 

Simplifying, we have 

or 

Likewise, 

and we deduce that 

(1 + ein:l2)n = 2nt2einn:l4 

(1+e-in:l2)n=2nt2e-inn:l4 
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e = __!._ [ei(n-2)n:/4 + e-i(n-2)n:/4]2n/2 

n 2n! 

2n12 (n - 2)Jt' 
=-cos---

n! 4 
n =O, 1, 2, ... 

Hence, our final result is 

00 2n12 (nJr) 
ex sinx = L -, sin -

4 
xn 

n=O n. 
-oo<x<oo 

(Notice that the terms corresponding to n = O, 4, 8, ... are all zero.) 

By generalizing the Cauchy product, we can obtain the power 
formula 

p =2, 3, 4, ... (1.53) 

where 

c0 =a~ n = 1, 2, 3,... (1.54) 

We leave it to the reader to verify that this power formula is 
equivalent to the Cauchy product for p = 2. Then, by repeated 
application of the Cauchy product for p = 3, 4, 5, ... , the above result 
can be readily obtained. 

Remark: The results presented here involving sums and products of 
Maclaurin series are readily extended to general Taylor series. 

Exercises 1.3 

ln problems 1 through 4, use the ratio test to determine the radius of 
convergence. 

1. f Xn 

n=l n 

00 n! 
3. ~o2nxn 

00 1·3·5···(2n-1) 
2. L (x - l)n 

n=12·5·8···(3n-1) 
4. L nxn 

n=l 

ln problems 5 through 8, use the M test to test the series for uniform 
convergence on the indicated interval. 
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~ cosnx 
5. L.J --2-, -lOsxslO 

n=l n 

00 

( 1 1 ) 7. 2: --- , Osxsl 
n=O nx+2 nx+x+2 

00 

8. L x(l+x)-n, Osx:Sl 
n=l 

9. Use termwise integration to show that 

f 
1 

( f x:) dx = e -1 
o n=on. 

ln problems 10 to 13, state whether the series can be differentiated 
termwise in the indicated interval. 

10. i !;, -lsxslO 
n=l vn 

11. i e-nx )
2

, Ü :SX :S 10 
n=1n(n+l 

00 G X )n 12. 2: ---=- , -4 sx s 3 
n=l 1 

00 (Xn xn+l) 
13. 2: ---- , Osx :S 1 

n=l n n + 1 

14. Start with the geometric series 

1 00 

-=2:xn 
1-x n=O 

-l<x <1 

(a) Make a change ofvariable to derive the Maclaurin series for 
1/(1 +x2

). 

( b) Use the answer in (a) to determine the Maclaurin series for 
tan-1 x. State the interval of convergence. 

15. Start with the binomial series 

-l<x<l 

(a) Find the Maclaurin series for (1-x2
)-

112
• 

(b) Use the answer in (a) to determine the Maclaurin series for 
sin - 1 x. Give the interval of convergence. 

ln problems 16 to 19, use the Cauchy product to find the Maclaurin 
series representation for the given function. 

16. f(x)=(l-x)- 2 18. f (x) = sin2 x 

17. f(x) = cos2 x 19. f(x) =ex cosx 

20. Use Eqs. (1.53) and (1.54) to determine the first four terms of 
f (x) = cos3 x. 
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1.4 Fourier Trigonometric Series 

The expansion of a function f in a power series requires (at least) 
that f be infinitely differentiable. However, many functions of practi­
cal interest do not satisfy such strong differentiability requirements, 
dueto discontinuities, lack of smoothness, etc., and therefore cannot 
be represented in a power series. For such cases there are other types 
of series representations. 

A particular type of series having a wide range of applications is 
the Fourier trigonometric series (or simply Fourier series)* 

1 ~ ( nnx . nnx) f(x) = -
2 
ªº + Li an cos - + bn sm -

n=l P P 
(1.55) 

where the constants a0 , an, and bn are called the Fourier coefficients 
of the series. If the series representation is to be valid for all values of 
x, then clearly f must be a periodic function with period 2p, since the 
right-hand side of (1.55) has this property. ln other cases, the series 
( 1.55) is useful for representing the function f only in the interval 
-p :sx :sp, so that the periodicity is of no concern. 

Formally identifying the Fourier coefficients depends on the eval­
uation of the integrais 

and 

cos-dx = sin-dx = sin-cos-dx =0 J
P nJTX JP nnx JP n;rx kJTX 
-p p -p p -p p p 

J
P nn:x km: JP . nm: kn:x {O cos-cos-dx = sm-sin-dx = 
-p p p -p p p p 

(l.56a) 

k-:f:=n 
k=n 

(l.56b) 

where n and k both assume positive integer values. The details of 
verifying these integral relations are left to the exercises. 

Assuming that termwise integration of (1.55) is permitted, we find 

J
p 1 Jp 00 

( IP A~ IP ;º,,. ) f(x)dx =-
2

ao dx + ~ an c s-dx +bn n-dx 
-p -p n-1 -p P -p P 

* It is customary to write the constant term in (1.55) as 1
/ 2a 0 . 
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from which we deduce 

1 Jp ao=- f(x) dx 
p -p 

(1.57) 

If we now multiply (1.55) by cos (kJT:X/p) and integrate once again, 
we have 

o 

J
p kJT:X 1 Jp f Jr:X f(x)cos-dx =-

2
a 0 s-dx 

-p p -p p 

O(n=i=k) O 

"' ( IP ~Jr:X kJT:X IP ~Jr:X kJT:X ) + L an cos cos-dx +bn sin cos-dx 
n=l -p P -p P 

This time all terms on the right go to zero except for the coefficient of 
an corresponding to n = k, and here we find 

I
P kJT:X IP kJT:X f(x) cos-dx =ak cos2 -dx 
-p p -p p 

or 
1 Jp kJT:X 

ak =- f(x) cos-dx 
p -p p 

k = 1, 2, 3, ... (1.58a) 

By a similar process, the multiplication of (1.55) by sin (k:rcX/p) and 
subsequent integration provide the final formula 

1 Jp kJT:X 
bk =- f(x) sin-dx 

p -p p 
k = 1, 2, 3, .... (1.58b) 

ln summary, we have formally shown that if f has the 
representation 

1 "' ( nJT:X . nJT:X) f(x) =-
2

ao+ L an cos-+bn sm-
n=l P P 

(1.59) 

then the Fourier coefficients are given by [ changing the index back to 
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n and combining (1.57) and (l.58a)] 

1 JP nn:x an = - f(x) cos - dx 
p -p p 

n =O, 1, 2, ... (1.60) 

and 1 JP nn:x bn = - f(x) sin -dx 
p -p p 

n = 1, 2, 3, ... (1.61) 

Example 13: Find the Fourier trigonometric series for the periodic 
function 

f(x) =e -1t<x<O} 
O<x <lr 

f (x + 21r) = f (x) 

Solutlon: The Fourier coefficients computed from (1.60) and (1.61) 
with p = 1t lead to 

1 J" 1 f," jf ao = - f(x) dx = - X dx = -
1t -n 1t O 2 

an = ; J," x cos nx dx = { : __!_ 
o 1rn2 

n = 2, 4, 6, ... 

n = 1, 3, 5, ... 

and 

1 J," < -1r+
1 

bn = - x sin nx dx = ---
lt 0 n 

n = 1, 2, 3, ... 

Substituting these results into (1.59), we obtain 

1t 2 ( cos3x cos5x ) 
f (x) =--- cosx +--+--+ · · · 

4 jf 32 52 

( 
. sin 2x sin 3x ) + smx--

2
-+-

3
---·· 

or more compactly, 

f( ) 1t ~ l 2 cos ( 2n - 1 )x ( - l)n . ] 
x =-- LJ - +--smnx 

4 n=l jf (2n -1)2 n 

We might observe that the function f in Example 13 is not 
differentiable at x = O and multiples of lr. Thus, while it surely does 
not have a power series expansion over any interval containing these 
points, its Fourier series converges for all x, even at the points of 
discontinuity (see Theorem 1.13). 
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Theorem 1.13 (Pointwise convergence). If f(x + 2p) = f(x) for some p 
and if f and f' are at least piecewise continuous in -p sx sp, then 
the Fourier series of f converges pointwise to f (x) at ali points of 
continuity of f At points of discontinuity of f, the series converges to 
the average value 1Mf(x +) + f(x-)]. * 

Remark: A function f is said to be piecewise continuous in an 
interval if it has only a finite number of discontinuities and, further, 
if ali discontinuities are finite. This class of functions is discussed in 
more detail in Sec. 4.5.1. Alsof(x+) andf(x-) denote the limits of{at 
x from the right and left, respectively. 

Theorem 1.13 is also valid for nonperiodic functions which satisfy 
the other stated conditions in some intervale sx se+ 2p, where e is 
any real number. ln such cases the convergence at the endpoints of 
the interval will lead to the value %[f(c+) + f(c + 2p-)]. The Fourier 
coefficients are then computed by performing the integrations over 
the interval e :s x ::5 e + 2p. Finally, we remark that if we add to 
Theorem 1.13 the condition that f is also continuous, the Fourier 
series will then converge uniformly. 

1.4.1 Cosine and sine series 

If f( -x) = f(x ), we say that f is an even function, whereas if 
f( -x) = -f(x ), we say that f is an odd function. If the function f falis 
into one of these two classifications, certain simpli:fications in hand­
ling Fourier series occur. Such simplifications are primarily con­
sequences of the following result (see problems 8 and 9 in Exercises 
1.4): 

IP f (x) dx = { 2 I: f (x) dx 
-p o 

if f (x) is even 

if f (x) is odd 
(1.62) 

If f is an even function, the product f(x) cos (n;r;x/p) is an even 
function while the product f(x) sin (n;r;x/p) is an odd function. 
(Why?) ln this case, using (1.62), we see that the Fourier coefficients 

*For a proof of Theorem 1.13, see L. C. Andrews, Ekmentary Partia[ 
Differential Equations with Boundary Value Problems, Academic, Orlando, 1986, 
pp. 159-163. 
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satisfy 

1 JP n:rr:x an = - f(x) cos -dx 
p -p p 

2 JP n:rr:x =- f(x) cos-dx n =O, 1, 2, ... (1.63) 
p o p 

and 1 JP n:rr:x bn =- f(x) sin-dx =O n = 1, 2, 3, ... (1.64) 
p -p p 

Hence, for an even function f the Fourier series reduces to 

1 00 n:rr:x 
f(x) =-2 ªº + 2: an cos-

n=l P 
(1.65) 

where an (n =O, 1, 2, ... ) is defined by (1.63). We call such a series a 
cosine series. 

By using a similar argument, when f is an odd function, the Fourier 
series reduces to the sine series 

f (x) = f bn sin n:rr:x 
n=l P 

(1.66) 

where an = O (n = O, 1, 2, ... ) and 

2 JP n:rr:x bn = - f(x) sin - dx n = 1, 2, 3, ... (1.67) 
p o p 

Exercises 1.4 

ln problems 1 through 6, determine the Fourier trigonometric series 
of each function. 

-p <x :sO 
O <x :sp 

2. f(x)=x, -Jt<x<Jt 

3. f(x)=lxl, -Jt:SX:S.7t 

4. f(x)=x 2
, -l<x:sl 

5. f(x) = {~ -x 

6. f (x) = {X + .7t 
X -Jt 

-2<x <O 
O<x<2 

-Jt<x<O 

O<x<Jt 
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7. Verify the integral relations (1.56a) and (1.56b). 
Hint: Use the trigonometric identities 

sinA sinB = %[cos (A-B)-cos (A +B)] 

cosA cosB = %[cos (A-B) + cos (A +B)] 

sinA cosB = 1Msin (A-B) + sin (A+ B)] 

8. Prove that if f is an even function, 

f P f(x) dx = 2 fP f(x) dx 
~p Jo 

9. Prove that if f is an odd function, 

f Pf(x)dx =O 

10. Prove the following. 
(a) The product of two odd functions is even. 
(b) The product of two even functions is even. 
(e) The product of an even and an odd function is odd. 

11. To what numerical value will the Fourier series in problem 1 
converge at 
(a) x =O? 
(b) X= -p? 
(e) x=p? 

12. A sinusoidal voltage E sin t is passed through a half-wave 
rectifier, which clips the negative portion of the wave. Find the 
Fourier series of the resulting wavefonn: f(t) = O, -JT < t <O; 
f(t)=Esint, O<t<JT; andf(t+2JT)=f(t). 

13. Find the Fourier series of the periodic function resulting from 
passing the voltage v(t) =Ecos lOOJTt through a half-wave recti­
fier (see problem 12). 

14. A certain type of full-wave rectifier converts the input voltage 
v(t) to its absolute value at the output, that is, lv(t)I. Assuming 
the input voltage is given by v (t) =E sin wt, determine the 
Fourier series of the periodic output voltage. 

15. From the Fourier series developed in Example 13, show that 

1 1 1 JT2 

(a) 1+-+-+-+···=-
32 52 72 8 

1 1 1 JT 
1--+---+···=-

3 5 7 4 
(b) 
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16. Starting with the Fourier series representation 
X 00 (-lr-l . 
-
2 

= L: smnx 
n=l n 

-:rr <x < :rr 

obtain a Fourier series for x 2
, -:rr <x < :rr, by integrating 

termwise. 

17. If f (x + 2p) = f (x), show that for any constant e 

f_: f(x) eh= f Pf(x) eh 

Hint: Write 

f _: r (x) eh = 1~: r (x) eh + r:p r<x) eh 

and let x = t - 2p in the first integral on the right-hand side. 

1.5 lmproper Integrais 

If the Riemann integral f~f(t) dt exists, it is said to be a proper 
integral. This generally means that the interval of integration is 
finite and that f is bounded on this interval. Integrais which have an 
infinite limit of integration or an unbounded integrand between the 
limits of integration are called improper integrais. If a certain 
amount of care is not exercised in the evaluation of such integrais, we 
may derive absurd results like 

f 112 d: = - ! 1112 = -3 
-1 t t -1 

Clearly, the integral of a positive quantity cannot be negative, so 
there is something wrong with this result. 

The general theory of improper integrais closely parallels that of 
infinite series, and so our treatment of them will be somewhat brief. 

1.5.1 Types of improper integrais 

We say that a function f is bounded on the finite interval a :s: t :s: b if 
there exists a constant B such that 

lf(t)I <B 

Otherwise, it is unbounded. For example, the function f (t) = e-t is 
bounded on O :5 t :5 1 since le -t 1 :5 1 on this interval. On the other 
hand, f(t) = 1/t is unbounded on any interval containing t =O. 

An improper integral of the first kind occurs when one or both 
limits of integration are infinite. For example, let us assume that f is 
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bounded on the interval a :s t < oo. If f is integrable on every finite 
intervala :s t :s b, then we write 

f f(t) dt = !~ f f(t) dt (1.68) 

If the limit on the right exists, we say the improper integral 
converges, and it diverges otherwise. Other improper integrais of this 
type are defined by 

f,, f(t) dt = ª~~00 f f(t) dt (1.69) 

and 

f_~f(t) dt = ª~~00 f f(t) dt + !~ f f(t) dt (1.70) 

Once again, we say the integrais converge when the limits on the 
right exist, and otherwise they diverge. 

Example 14: Evaluate the integrais (if possible). 

(a) 

(b) 

1
00 1 
-dt 

1 t2 

--dt J
oo 1 

-1 Vt+5 
Solution 

(a) Clearly, the function f(t) = 1/t2 is bounded on the interval 
1 :s t < oo. Therefore, we write 

or 

J,
00 

1 J,b 1 ( 1) 2dt=lim 2dt=lim 1--
1 t b->oo 1 t b->oo b 

J,
00 1 
2dt=l 

1 t 

Thus, the integral converges to the value 1. 

( b) The function f (t) = 1/\ft+5 is bounded on the interval of 
integration, so that we write 

Joo 1 Jb 1 
.~dt= lim .~5 dt=lim2(\!b +5-2) 

-1 yt + 5 b->00 -1 yt +D b->oo 

This time the limit does not exist; thus, we conclude that the 
integral diverges. 
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If f is unbounded on the interval a::::; t ::5 b, then the integral 
f~f(t) dt is an improper integral of the second kind. Let us 
assume that f is unbounded at only one point on the interval, i.e., at 
t =e, a ::5 e ::5 b. ln this case we write 

rb f(t) dt = lim+ r-E f(t) dt + lim+ rb f(t) dt 
Ja E~O Ja E ..... 0 Jc+E 

(1.71) 

If both limits on the right exist, we say the integral converges to the 
sum of the limits; otherwise, the integral diverges. (When e is either 
endpoint, then clearly only one limit is necessary.) If f is unbounded 
at severa! points on the interval, we apply the above procedure at all 
such points. 

ln some cases an integral may be classified as improper for more 
than one reason. For example, the integral 

is improper because of the infinite limit of integration, but also 
because the integrand becomes unbounded at t = O. ln such cases we 
write (b >O) 

and evaluate (if possible) each improper integral on the right. 
Because there are differences in the behavior of improper integrais 

for which the integrand f is always nonnegative and those for which f 
may be both positive and negative, we find it convenient to distin­
guish between the notions of conditional convergence and absolute 
convergence of improper integrais. 

Definition 1.5. We say that f;f(t)dt converges absolutely if 
f; lf(t)I dt converges. On the other hand, if f;f(t) dt converges but 
f; lf(t )1 dt diverges, then f; f(t) dt converges conditionally. 

If the integrand f is nonnegative on the interval a ::5 t < ao and 
f; f(t) dt converges, it must necessarily converge absolutely. Hence, 
conditional convergence applies to only those integrais where the 
integrand can be both positive and negative on the interval of 
interest. Similar definitions and comments also apply to other types 
of improper integrais. 
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1.5.2 Convergence tests 

Thus far our discussion of convergence and divergence of improper 
integrals has been based on direct evaluation of the related indefinite 
integral (using standard calculus techniques). ln this regard we have 
chosen examples which could be integrated rather easily. This is not 
always possible in practice, however, since many integrals of interest 
are nonelementary. For instance, the improper integral 

(°' :-tldt 
Jo t + 

cannot be evaluated by any direct method of integration from 
calculus (including integration by parts). Nonetheless, we may wish 
to arrive at a conclusion regarding its convergence beforehand if we 
are to use a numerical method. That is, it would be a waste of time 
(and money) to attempt to evaluate such an integral numerically on 
a computer if the integral in fact diverged. For this reason it is 
important to establish various tests of convergence of improper 
integrals that do not depend on direct evaluation of the integral. 
Many such tests are available, most of which are very similar to those 
used on infinite series. We refer the interested reader to any 
standard text on advanced calculus for a discussion of them. Here we 
simply state and illustrate the following two limit tests which are 
applicable to a particular type of improper integral. Similar theorems 
for other types of improper integrais have been developed. 

Theorem 1.14. If f is continuous for all t ~ a and if 

limtPf(t)=A p>l 
t-->oo 

where A is finite, then J: f(t) dt converges absolutely. 

Theorem 1.15. If {is continuous for all t ~a and if 

limtf(t) =A=#=O 
f-+00 

where A can be finite or infinite, then J: f(t) dt diverges. lf A =O, the 
test fails. 
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Example 15: Test the following improper integrais for convergence: 

(a) r e-t
2 
dt 

i
oo 1 

(b) -dt 
2 lnt 

Solutlon 
(a) By taking p = 2 and applying the hypothesis of Theorem 1.14, 

we see that 

lim t 2e -t
2 
= O 

and thus conclude that the integral converges absolutely. 

(b) Here we find that 

1
. t 
im-=ao 

t-+OO ln t 

and thus by Theorem 1.15 the integral diverges. 

1.5.3 Pointwise and uniform convergence 

Frequently the integral of interest is of the form 

F(x) = r f(x, t) dt (1.72) 

where x is a parameter that can assume various values. Such 
integrais may converge for certain values of x and diverge for other 
values. If, for a fixed value of x, the integral in (1.72) sums to F(x), 
we say the integral converges pointwise to F(x). The collection of 
all such points constitutes the domain of the function F. 

Remark: Integrais of the type ( 1. 72) are similar to the series of 
functions discussed in Sec. 1.3. 

To differentiate or integrate under the integral sign in (1.72), we 
need to establish a stronger type of convergence, called uniform 
convergence. The notion of uniform convergence of improper integrais 
can be introduced by analogy with that for infinite series. Cor­
responding to the concept of partia! sums, therefore, we define the 
"partia! integral" 

SR(x) = LR f(x, t) dt 
a 

(1.73) 
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Definition 1.6. If, given some E >O, there exists a number Q, 
independent of x in the interval e ::; x ::; d, such that 

c:5x:5d 

whenever R > Q, then the integral f;;' f(x, t) dt is said to converge 
uniformly in the interval e ::; x ::; d. 

To test for uniform convergence, the following Weierstrass M test 
(analogous to Theorem 1.8) is frequently used. 

Theorem 1.16 (Weierstrass M test). Let M(t) be a nonnegative func­
tion such that lf(x, t)I :s;M(t) for all t >a and all x in the interval 
e ::; x ::; d. Then if the improper integral f;;' M ( t) dt converges, the 
integral f; f(x, t) dt converges uniformly and absolutely in e ::; x ::; d. 

Example 16: Show that f~ e-ttx-l dt converges uniformly in the 
interval 1 ::; x ::; 2. 

Solution: If we select M(t) = t 2e-t, then clearly 

1:5x::;2, t::;::: 1 

Also 

lim t 2M(t) =O 
t->oo 

so by virtue of Theorem 1.14 ( with p = 2) the integral f~ M ( t) dt 
converges. It now follows from the Weierstrass M test (Theorem 1.16) 
that the given integral f~ e-ttx-l dt converges uniformly in 1:5x::;2. 

The following theorems, which are important in much of our work 
in subsequent chapters, are simple consequences of having a uni­
formly convergent improper integral. 

Theorem 1.17. If f(x,t) is continuous in c:5x:5d, t:::::a, and 
f;f(x, t) dt converges uniformly to F(x) in e :5x ::;d, then 

(a) F is continuous in e ::; x ::; d. 

(b) f F(x)dx= r f f(x,t)dxdt. 

Part ( b) of Theorem 1.17 tells us that we can interchange the order 
of integration when the improper integral converges uniformly. This 
may not be valid under weaker conditions. 
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Theorem 1.18. If f(x, t) and (of/ox)(x, t) are both continuous in 
csxsd, t2:a, the integral f;f(x,t)dt converges toF(x) incsxs 
d, and ifthe integral f;(of/ox)(x,t)dt converges uniformly in the 
interval e s x :::; d, then 

F '(x) = r ;~ (x, t) dt 

Notice that the conditions required to justify differentiation under 
the integral sign (Theorem 1.18) are much more stringent than those 
to justify integration under the integral sign. As with the infinite 
series, we see that the basic requirement for differentiation under the 
integral sign is uniform convergence of the integral of ar/ ox. 

Example 17: Use the concept of uniform convergence to derive the 
integral formula 

e -e q 1
00 -pt -qt 

---dt=ln­
o t p 

O<p<q 

Solutlon: Because the integral is not an elementary integral, we 
cannot derive the result directly. An indirect approach relies on the 
observation that the integrand above is obtained by integrating e -xt 

betweenp and q. That is, 

J

q -pt - -qt 
-xtdx e e e = 

p . t 

To use the above relation, we start with the integral 

1 100 -= e-xt dt 
X o 

which can be shown to converge uniformly in O < p s x s q. Hence by 
integrating each side from p to q and interchanging the order of 
integration on the right, we arrive at 

J
q 

1 
Jq 100 100 f q - dx = e -xt dt dx = e -xt dx dt 

pX p o o p 

from which we now deduce 

1
00 -pt -qt 

1 q e -e d n-= t 
p o t 
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Exercises 1.5 

ln problems 1 through 6, determine if the integrais exist; if so, 
evaluate them by an appropriate method. 

1. f t-112dt J
oo dt 

4. -2--
-00 t + 1 

5. f ( 4 - t 2
)-

112 dt J
1 dt 

2. -
o t 

6. L
00 

sin t dt 

ln problems 7 to 10, use the limit tests (Theorems 1.14 and 1.15) to 
prove absolute convergence or divergence of the integrais. 

Joo 1 

7. º \11+t3dt 

r 5e_, -3 
8. Jo (1+2t2)113 dt 

ln problems 11 to 15, use Theorem 1.16 to prove that the integral 
converges uniformly in the indicated interval. r xdt 1::5X::52 14. f' e-x•t• dt, 11. 3x2 2' 

1 + t 

2 100 

sinxt d 1 ::5X ::5 10 15. 100 

cosxt dt 1 . t, 
o t o t2 + 4 ' 

13. f e-t tx-l dt, 0.1 ::5x ::5 l 

16. Use the integral relation 

1 Loo -
1 2 = e-t cosxtdt 

+x o 

to deduce the function F (x) represented by 

F( ) 
I

oo -t sinxt d 
X = e -- t 

o t 

17. Use the integral relation 

--= e-xt costdt X f oo 
x2+1 o 

x>O 

1 ::5 X ::5 10 

-10::5x:S10 
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to deduce the value of the integral 

I = f' te-2
t cos t dt 

18. Use the integral relation 

(b 2 -x2
)-

112 = L'° (cosxt)J0 (bt) dt b>x;:::O 

where J0(x) is a Bessel function (see Chap. 6), to deduce the 
relation 

19. Given that 

. _ 1 1 J,"" sintJ. (b ) d Sln -= -- t t 
b o t o 

show that (for n = 1, 2, 3, ... ) 

b>l 

("" dt n(2n )! -n-1!2 
Ío (t2 +x)n+l = 22n+1(n!)2X 

20. Given that (for n = O, 1, 2, ... ) 

Pn(x) = ( ~\;;; f"" e-<1-x2)e2dxdnn (e-x2e2) dt 
n. n -00 

show that 

xP~(x)-P~_1 (x) = nPn(x) 

CPn (x) is the n th Legendre polynomial. See Chap. 4.] 

1.6 Asymptotic Formulas 

ln computational analysis we often seek to represent a given function 
f(x) by some simpler function, say g(x ), that accurately describes the 
numerical values of f (x) in this vicinity of a particular point x = a. To 
accomplish this, we require that 

lf this is true, we write 

lim f(x) = 1 
x-+ag(x) 

f(x)-g(x) x~a 
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where the symbol - means "behaves like" or "is asymptotic to." 
Although in theory we could choose any value of x, generally we 
confine our attention to either the case x - O or x - ao, also denoted, 
respectively, by Jxl « 1 and x » 1. 

Example 18: Find asymptotic formulas for the given functions for 
x-O andx-oo. 

(a) 
bx 

f(x) = 1 +ax 

(b) f (X) = 2x + Vx, X 2: 0 

Solution: 
(a) We say that 

x-o 
beca use 

limf(x) =lim-1-= 1 
x-+O bx x-+O 1 + ax 

Similarly, it follows that 

since 

b 
f(x)--

a 
x-oo 

limf(x) =lim~= 1 
x-+= b/a x-+= 1 + ax 

(b) We see by inspection that 

f(x)-Vx 

f(x)-2x 

1.6.1 Small arguments 

x-o+ 
x-oo 

For x - O and functions more complex than those illustrated in 
Example 18, we generally seek a representation of the form 

x-o 

from which we can deduce asymptotic formulas such as 

f(x)-co 

f(x) -Co + C1X 

x-o 
x-o 

(1.74) 

(l.75a) 

(l.75b) 
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and so on. To illustrate, let us consider the sine series 

• oo ( -l)nx2n+l 
smx = 2: 

1 n=O (2n + 1). 
-oo<x < oo 

from which we obtain the asymptotic formulas 

sinx -x 

xª 
sinx-x --

3! 

lxl « 1 

lxl « 1 

(1.76) 

(1.77a) 

(1.77b) 

The choice between (1.77a) and (l.77b) will usually depend on the 
particular application and on how dose xisto zero, although (l.77b) 
will always give a more accurate result. 

Like the sine series (1.76), we ordinarily obtain the representation 
( 1. 7 4) from the Maclaurin series expansion of f(x ). ln such cases the 
series converges about x =O for all values of x in some interval 
lx 1 < p. That is, if 

n 

Sn(X) = L ckxk 
k=O 

and the series converges, then it follows that 

lim lf(x) -Sn(x)I =O 
n--->oo 

(1.78) 

(1.79) 

for each fixed x in the interval lx 1 < p. By taking a sufficient number 
of terms in the asymptotic expression, our calculations for f (x) can be 
made as precise as desired. However, the series representation (1.74) 
does not have to be a Maclaurin series, nor is there any requirement 
for the series to converge in order to be useful for computations! That 
is, we say that ( 1. 7 4) is an asymptotic series for f (x) as x ~ O if and 
only if 

lim lf(x) -Sn(x)I =O 
x--->O lxln 

(1.80) 

for each fixed n. By this condition we are requiring the difference 
between f (x) and the sum of terms Sn (x) to approach zero more 
rapidly than lxln, as x itself tends to zero. This means that if the 
series ( 1. 7 4) diverges, the accuracy of computation for fixed x is 
closely tied to the number nina most peculiar way. Namely, after a 
certain number of terms in this case, the accuracy of computation will 
actually get worse instead of better with increasing n-a sharp 
contrast to convergent series. 
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1.6.2 Large arguments 

Given a function f (x), we may be able to find useful approximations 
to it for large values of x by seeking a series of the form 

X_,. oo (1.81) 

called an asymptotic or semiconvergent series. A precise definition of 
asymptotic series was first provided by J. H. Poincaré (1854-1912) in 
1886. He stated that a series such as (1.81) is an asymptotic series 
if and only if, for every n, 

(1.82) 
X->00 

where (1.83) 

Asymptotic series like (1.81) are intriguing in that they usually 
diverge for all values of x. Nonetheless, they may still be useful for 
numerical computation if one does not take too many terms. As a rule 
of thumb, one should stop just before the terms begin to increase. The 
error incurred in most cases tums out to be less than the first term 
omitted in the approximation. 

Not all functions have an asymptotic series of the form (1.81). For 
example, neither ex nor sinx has such a series. If the function f(x) 
itself has no asymptotic series of the form (1.81), there may exist a 
suitable function h (x) such that an asymptotic series for the quotient 
f(x)/h(x) does exist. ln this case we write 

or 

X_,. oo 

~ an f (x) - h (x) Li n 
n=oX 

X_,. oo (l.84) 

If f (x) has an asymptotic series, it may tum out that other 
functions have the sarne asymptotic series. That is, an asymptotic 
series does not uniquely determine the function from which it was 
generated. 

There are severa} ways in which asymptotic series can be derived. 
For our first example, we consider the case where the function f (x) is 
defined by an improper integral of the form 

f(x) = L" g(t) dt 
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A simple and often effective way of developing the series in such 
instances consists of repeated integration by parts. Each new integra­
tion yields the next term in the expansion, and the error committed 
in stopping after n terms can be expressed by the remaining integral 
for which error bounds can usually be deduced. 

Example 19: Find an asymptotic series for the function defined by 

f (x) = J.
00 

e -t dt x > O 
X t 

Solutlon: Using integration by parts with 

we find 

1 
u=-

t 

dt 
du=-­t2 

dv =e-tdt 

V= -e-t 

f(x) = - e-t loo -J.ooe:t dt 
t X X t 

e-x 100 e-t 
=-- -dt 

X X t2 

Continued integration by parts leads to 

[
1 1 1X2 1X2X···X(n-1)] f(x) =e-x ---+--- ... + (-l)n-1 _____ _ 
X X 2 x3 Xn 

+ ( -1 r (1 X 2 X · · · X n) f. 00 
e -t dt 

X tn+l 

from which we deduce 

x~oo 

By use of the ratio test, we see that 

l
(n+l)! xnl 1 

lim ·- =-lim (n + 1) =oo 
n->oo xn+l n! lxl n->oo 

and thus, the series diverges for all x. To show that this is indeed an 
asymptotic series, we first observe that 

-x[l 1 1X2 n- 1 1X2X···X(n-1)] Sn (x) =e - - - + -- - · · · + ( -1) 
X X 2 X 3 Xn 
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Next, we develop the inequality 

lf(x)-S (x)l=lX2X···xnJ.
00 

e-t dt 
n x tn+l 

and thus deduce that 

J.
00 -t 

= n! :+1 dt 
X t 

::5 n ! J.00 

e -t dt 
X xn+l 

n! 
<-­- xn+l 

(t ;:::x) 

limxn lf(x) -Sn(X )1 ::5 lim n! =O 
x~oo x~oo X 

Hence, this is indeed an asymptotic series. 
Finally, we mention that, based on the above result, it is clear that 

the error En (x) committed in approximating f (x) by Sn (x) is bounded 
by 

When the function f (x) is defined by an integral of the forro 

f(x) = r g(x, t) dt 

it may be advantageous to use another method besides integration by 
parts to develop the asymptotic series, as illustrated by the following 
example. 

Example 20: Find an asymptotic series for the function defined by 

f (x) = f"" le -xt 2 dt X > O 
o +t 

Solutlon: Let us start hy making the change of variable s = xt, 
which leads to the expression 

1 f"" ( 82)-1 f(x) =; 
0 

e -s 1 + x 2 ds 
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For x >s, we have the binomial series (see Example 11) 

1+- ="" -( 
8 2)-1 

00 (-1) 8 2n 

x2 f:::o n x2n 

and using termwise integration, we obtain 

00 (-1) 1 Joo f(x)-2: 2n+l e-ss2nds 
n=O n X O 

x~co 

This last integral can be evaluated by repeated integration by parts 
to yield 

n =O, 1, 2, ... 

and so we deduce that 

f ( )- ~ (-l)n (2n)! 
X nL::o X2n+l 

x~oo 

where we have made use of the identity 

The technique used in Example 20 is not rigorous and is even 
somewhat incorrect in that the particular binomial series converges 
only for s < x and we are allowing s to be arbitrarily large. Moreover, 
it has led once again to a series that diverges for all values of x. ln 
spite of its apparent difficulties, we try to justify the use of this 
method by noting that for large x the major contribution to the 
integral exists for s < x. 

Although they often diverge, asymptotic series behave very much 
like convergent power series. For example, the asymptotic series of two 
functions can be added to form the asymptotic series for the sum of 
the two functions. These sarne asymptotic series can be multiplied to 
form an asymptotic series of the product of the two functions. Also 
the asymptotic series of a function can be integrated termwise, and 
the result will be an asymptotic expansion of the integral of the 
original function. Under more stringent conditions, asymptotic series 
may even be differentiated termwise to produce series of the deriva­
tive of the original function. 
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Exercises 1.6 

ln problems 1 to 4, find asymptotic formulas for the given function for 
x ---+ O and x ---+ oo 

bx2 

1. f(x) = 
1 

+ a.x 

bx 
2. f(x) = 

1 2 +a.x 

3. f (x) = \!a + bx 

4. f(x)=(a+bx)ª 

ln problems 5 to 11, derive the given asymptotic series. Check 
convergence. 

ice ce (-1r 
5. e-xtcostdt- L 2n+1 ,X--+ 00 

O n=O X 

i
ce ce ( - l)n-1 

6. e -xt sin t dt - L 2n ' X---+ 00 

o n=l X 

f
x et ex ce n! 

7. -dt -- L --;; , x--+oo 
-ce t X n=OX 

L
x dt X ce n! 

8 --- L -- X--+00 
· olnt lnxn=oOnxr' 

Hint: Let u = ln t. 

ice e-xt ce (-lrn! 
9. -

1
-dt- L n+l , x~oo 

O + t n=O X 

ice [ ce (a-l)(a-2)···(a-n)J 
10, X e-tta-ldt-Xa-le-x 1+ n~l Xn ' 

x--+oo, a> O 

l l ice -t2dt-e-x
2[l+ ~ (-l)n1X3X···X(2n-1)] --+OO 

• x e 2x n~l (2x2r ' X 

12. Given 

f(x)= r ~dt x~o Jo 1 +xt 

show that 
ce 

f(x)- L n!(-l)nxn 
n=O 

Hint: Verify that Eq. (1.80) is satisfied by first establishing 
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1. 7 lnfinite Products 

Given the infinite sequence of positive numbers u1 , u2 , ••• , un, ... , 
we can express their product by the notation 

00 

U1 X U2 X U3 X · · · X Un X · · · = Il Un (1.85) 
n=l 

By analogy with infinite series, we define the partia[ product 

(l.86) 

and investigate the limit 

limPn =P (1.87) 

If P is finite (but not zero), we say the infinite product (1.85) 
converges to P; otherwise, it diverges. The product (1.85) may diverge 
because the limit (1.87) fails to exist, but also because P =O, in 
which case we say the infinite product diverges to zero. We do not 
discuss infinite products that diverge to zero. 

Because the infinite product will become infinite if limn ..... oo un > 1 or 
diverge to zero if O< limn ..... oo un < 1, we find it convenient to write 
Un = 1 + an and then diSCUSS infinite products of the form rr:=l(l + 
an ). Based on the above remarks, it is clear that a necessary (but not 
sufficient) condition for the infinite product rr:=l(l + an) to converge 
is that (see problem 1 in Exercises 1. 7) 

liman =O (l.88) 
n--->oo 

Remark: Our original assumption was that the sequence u1 , u 2 , ••• , 

un, . . . was composed of positive numbers. Hence it follows that 
an > -1 for all n. However, should m of the original numbers be 
negative, we can replace their product by ( -1 r times the product of 
their absolute values. 

Example 21: Find the value of the infinite product IT:=2 (1- l/n2
). 

Solution: We first make the observation that 

1. lº 1 iman = - im2=0 
n-i>OO n-i>OO n 

which is required for convergence. To find the value of the product, 
we try to obtain an expression for the partial product Pn and take its 
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limit. The product of the first n terms leads to 

= fI (k - 1 )(k + 1) 

k=2 k2 

1X2 X 3 X ... X (n -1) X 3 X 4 X 5 X ... X (n + 1) 

2x2x3x3x4x4x ··· xn xn 

n+l 
=--

2n 

where in the last step we have canceled ali common factors. Thus, by 
taking the limit 

limP = lim n + 1 =.!. 
n--+oo n n--+oo 2n 2 

we conclude that 

00 

( 1) 1 TI 1-2 =-
n=2 n 2 

1.7.1 Associated infinite series 

ln many cases of interest we are unable to find an explicit expression 
for the partial product Pn and examine its limit as we did in Example 
21. When this is the case, it is useful to have tests of convergence as 
we did in studying infinite series. Although we could devise con­
vergence tests based directly on the product, there are related infinite 
series whose convergence or divergence will settle the question in 
regard to the infinite product. 

For example, closely associated with ali infinite products is the 
infinite series of logarithms derived from 

00 00 

in TI o + ªn) = 2: 1n o + ªn) (1.89) 
n=l n=l 

where it is assumed that no an = -1. If we denote the partia! product 
and partial sum, respectively, by 

n n 

Pn = TI ( 1 + ak) Sn = L ln (1 + ak) 
k=l k=l 
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then clearly 

lim Pn = lim exp Sn = exp (lim sn) 
n-+oo n---;i.oo n-+oo 

through the properties of limits. Therefore we see that Pn approaches 
a limit value P (P =I= O) if and only if Sn has a limit value S. 

A result more useful than considering the associated series of 
logarithms is contained in the following theorem. 

Theorem 1.19 If O ::::; an < 1 for all n > N, the infinite products 
n~=l (1 + an) and n~=l (1- an) converge or diverge according to 
whether the in:finite series I:~=l an converges or diverges. 

1.7.2 Products of functions 

When the general term of the product is a function of x, we are led to 
in:finite products of the form 

00 

f(x) =TI [1 +an(x)] (1.90) 
n=l 

If, for a :fixed value of x, the product (1.90) equals f(x), we say the 
product converges pointwise to f(x ). The general theory of represent­
ing functions by infinite products of the form (1.90) goes beyond the 
intended scope of this text, and thus we treat only some special cases. 

Remark: The notion of uniform convergence of infinite products 
plays an important role in the theory of in:finite products, much as it 
does in the theory of infinite series and improper integrais. The usual 
way in which uniform convergence is established for in:finite products 
is by (another) Weierstrass M test. The interested reader should 
consult E. D. Rainville, Special Functions, Chelsea, New York, 1960, 
p. 6. 

Recall from algebra that an n th-degree polynomial Pn (x) with n 
real roots (zeros) can be expressed in the product form* 

n 

Pn(x) = (x -xi)(x -x2) · · · (x -xn) =TI (x -xk) 
k=l 

(1.91) 

* For simplicity of notation we are assuming Pn (x) = xn + · · · , where the 
leading coefficient is unity. 
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We might well wonder if functions with an infinite number of zeros 
have similar product representations. This is sometimes indeed the 
case. For example, the zeros of sin JTX occur at x = ±n (n = 
O, 1, 2, ... ), and it can be shown that (see problem 9 in Exercises 1.7) 

sin JTX = JTX CT (1- =)(1 + =) 
n=l n n 

or 
00 

( x2) sin JTX = JTX n 1 - 2 
n=l n 

(1.92) 

whereas for the cosine function 

• 00 [ 4x2 J 
cos JTX = JI 1- c2n -1)2 (1.93) 

An interesting result can be derived from (1.92) by setting x = 1/ 2 . 

That is, 

1 =~ fI [1 __ l_J =~ fI (2n -1)(2n + 1) 
2n=l (2n)2 2n=l (2n)2 

and by solving for n/2, we see that 

n 2x2 4x4 6x6 
-=--·--·--· .. 
2 lx3 3x5 5x7 

(1.94) 

which is Wallis' famous formula for ;r/2. ln Sec. 2.2.3 we again use 
(1.92) to derive another interesting relation between the sine 
function and the gamma function. 

Exercises 1. 7 

1. If n:=l (1 + an) converges to the value p *o, show that 

liman =O 
n->oo 

Hint: Consider the ratio 

n 

n (1 + ak) 
lim-k=_1 __ _ 

n-+oo n-1 n (1 + ak) 
k=l 
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ln problems 2 to 7, show that 
finding its value. 

the infinite product converges by 

2 fI [1-
2 

] 
. n=l (n+l)(n+2) 

00 

[ 1 ] s. rr 1+--
n=2 n(n + 2) 

3
· 11-i [ 1 +(n+1)~2n + 9)] 

00 

[ 1 ] 6. rr 1 + 
n=l (4n -1)(4n - 3) 

4. fI (1-~) 
n=l 4n 

00 [ <-1r+1] 
1. rr 1+--

n=l n 

8. Use (1.92) and (1.93) to verify the identity 

2 sinx cosx = sin 2x 

9. You are given the function f(x) = cos kx, -n s.x s. n, where k is 
not an integer. 
(a) Find its Fourier trigonometric series. 
( b) Letting k = z in (a), and substituting x = O and x = n, 

obtain the series expansions 

1 2z 
00 <-1r 

CSC:TrZ =-+- 2: 2 2 
:TrZ :Tr n=l Z - n 

1 2z 00 1 
cotnz=-+- 2: --

nz :Trn=1z
2
-n

2 

(e) Assume O <z < 1 and integrate the series in (b) for cot nz 

from O to x, O <x < 1, and show that 

sin :TrX 
00 

( x
2

) ln--= 2: ln l-2 
:TrX n=l n 

so that 

sin :TrX = :TrX Il (1 -x:) 
n=l n 

(d) From (e), deduce that 
00 

( x2 ) sinx =x rr 1-2""2 
n=l n :Tr 

10. By using the results of problem 9, show that 

_x_ dx _ _ n_ I
oo z-1 

o 1 +x sin nz 
O<z<l 

Hint: Express the integral as a sum of two integrais, the first 
having (O, 1) as the interval of integration and the second (1, oo). 
Then let x = 1/t in the second integral, and use the geometric 
series for (1 + x )-1

. 



 



              

2.1 lntroduction 

Chapter 

2 
The Gamma Function and 

Related Functions 

ln the eighteenth century, L. Euler (1707-1783) concerned himself 
with the problem of interpolating between the numbers 

n =O, 1, 2, ... 

with nonintegral values of n. This problem led Euler in 1 729 to the 
now famous gamma function, a generalization of the factorial 
function that gives meaning to x! when x is any positive number. His 
result can be extended to certain negative numbers and even to 
complex numbers. The notation r(x) that is now widely accepted for 
the gamma function is not due to Euler, however, but was introduced 
in 1809 by A. Legendre (1752-1833), who was also responsible for 
the duplication formula for the gamma function. Nearly 150 years 
after Euler's discovery of it, the theory concerning the gamma 
function was greatly expanded by means of the theory of entire 
functions developed by K. Weierstrass (1815-1897). 

Because it is a generalization of n !, the gamma function has been 
examined over the years as a means of generalizing certain functions, 
operations, etc., that are commonly defined in terms of factorials. ln 
addition, the gamma function is useful in the evaluation of many 
nonelementary integrais and in the definition of other special 
functions. 

Another function useful in various applications is the related beta 
function, often called the eulerian integral of the first kind. ln 1771, 

61 
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some 43 years after discovering the gamma function, Euler found 
that the beta function was actually a particular combination of 
gamma functions. The logarithmic derivative of the gamma function 
leads to the digamma function, while further differentiations produce 
the family of polygamma functions, all of which are related to the 
zeta function of G. Riemann (1826-1866). 

2.2 Gamma Function 

One of the simplest but very important special functions is the 
gamma function, denoted by f(x ). It appears occasionally by itself 
in physical applications (mostly in the form of some integral), but 
much of its importance stems from its usefulness in developing other 
functions such as Bessel functions ( Chaps. 6 to 8) and hypergeometric 
functions (Chaps. 9 to 12) which have more direct physical 
application. 

The gamma function has severa! equivalent definitions, most of 
which are dueto Euler. To begin, however, we use the definition 

n'nx 
f(x) = lim · 

n-+ooX(X + l)(x + 2) · · · (x + n) 
(2.1) 

which was actually dueto C. Gauss (1777-1855).* If x is not zero or 
a negative integer, it can be shown that the limit (2.1) exists.t lt is 
apparent, however, that f(x) cannot be defined at x =O, -1, -2, ... , 
since the limit becomes infinite for any of these values. As a 
consequence we have the following theorem. 

Theorem 2.1. If x = -n (n =O, 1, 2, ... ), then lf(x)I =ao, or 
equivalently, 

1 
--=O 
f(-n) 

n =O, 1, 2, ... 

By setting x = 1 in Eq. (2.1), we see that 

f(l)=lim n!n =lim-n-
n-+"'1X2X3X···Xn(n+l) n-+xn+l 

*A variation of (2.1 ), called Euler's infinite product (see problem 43 in 
Exercises 2.2), was actually the starting point ofEuler's work on the interpolation 
problem for n !. 

t See E. D. Rainville, Special Functions, Chelsea, New York, 1960, p. 5. 
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from which we deduce the special value 

f(l)=l (2.2) 

Other values of f(x) are not obtained so easily, but the substitution 
of x + 1 for x in (2.1) leads to 

n'nx+I 
f(x + 1) = lim · 

n--->oo (x + l)(x + 2) · · · (x + n)(x + n + 1) 

1
. nx 

1
. n!nx 

= im · im -------
n--->ooX + n + 1 n--->ooX(X + 1) ···(X+ n) 

from which we deduce the recurrence formula 

f(x + 1) =xf(x) (2.3) 

Equation (2.3) is the basic functional relation for the gamma 
function; it is in the form of a difference equation. While many of the 
special functions satisfy some linear differential equation, it has been 
shown that the gamma function does not satisfy any linear 
differential equation with rational coefficients. * 

A direct connection between the gamma function and factorials can 
be obtained from (2.2) and (2.3). That is, if we combine these 
relations, we have 

f(2) = 1 X f(l) = 1 

f(3) = 2 X f(2) = 2 X 1 = 2! 

f(4) = 3 X f(3) = 3 X 2! = 3! 

and through mathematical induction it can be shown that 

f(n + 1) =n! n =O, 1, 2, ... (2.4) 

Thus the gamma function is a generalization of the factorial function 
from the domain of positive integers to the domain of all real 
numbers (except as noted in Theorem 2.1). 

It is sometimes considered a nuisance that n! is not f(n), but 
f(n + 1 ). Because of this, some authors adopt the notation x ! for the 
gamma function, whether or not x is an integer. Gauss introduced the 
notation Il(x), where II(x) =x!, but this notation is seldom utilized. 

* See R. Campbell, Les intégrals Eulériennes et leurs applications, Dunod, 
Paris, 1966,pp. 152-159. 
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The symbol r(x), dueto Legendre, is the most widely used today. We 
will not use the notation of Gauss, nor will we use the factorial 
notation except when dealing with nonnegative integer values. 

2.2.1 Integral representations 

Our reason for using the limit definition (2.1) of the gamma function 
is that it defines the gamma function for negative values of x as well 
as positive values. The gamma function rarely appears in the form 
(2.1) in applications. Instead, it most often arises in the evaluation of 
certain integrals; for example, Euler was able to show that* 

x>O (2.5) 

This integral representation of r(x) is the most common way in 
which the gamma function is now defined. Since integrals are fairly 
easy to manipulate, (2.5) is often preferred to (2.1) for developing 
properties of this function. Equation (2.5) is less general than (2.1), 
however, since the variable x is restricted in (2.5) to positive values. 
Last, we note that (2.5) is an improper integral, due to the infinite 
limit of integration and because the factor tx-l becomes infinite at 
t = O for values of x in the interval O< x < 1. Nonetheless, the integral 
(2.5) is uniformly convergent for all a :5x :5 b, where O< a :5 b < oo 

(e.g., see problem 16 in Exercises 2.2). 
Let us first establish the equivalence of (2.1) and (2.5) for positive 

values of x. To do so, we set 

= lim r (1 -!)n tx-l dt 
n-.oo Jo n 

x>O (2.6) 

where we are making the observation 

e-t = lim (1-!)n 
n~oo n 

(2.7) 

* Legendre termed the right-hand side of (2.5) the eulerian integral of the 
second kind. 
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Using successive integration by parts, after making the change of 
variable z = t/n, we find 

F(x) = lim nx f
1 

(1-z rzx-1 dz 
n-+oo Jo 

o 

[ ~1 nI1 J =Iimnx (l-zr- +- (l-z)n-lzxdz 
n-'>oo O X O 

(2.8) 

= lim nx zx+n-l dz ~ n(n-l)···2Xl J,1 J 
n-"oo (x + 1) · · · (x + n - 1) o 

1
. n!nx = im----------

n-oox(x + l)(x + 2) ... (x + n) 

and thus we have shown that 

F(x) = f e-ttx- 1 dt = f(x) x>O (2.9) 

It follows from the uniform convergence of the integral (2.5) that 
f(x) is a continuous function for all x >O (see Theorem 1.17). To 
investigate the behavior of f(x) as x approaches the value zero from 
the right, we use the recurrence formula (2.3) written in the form 

Thus, we see that 

f(x) = f(x + 1) 
X 

1. ( ) 
1
. f(x + 1) 

lffi f X = lID = +ao 
x-+o+ x--o+ X 

(2.10) 

Another consequence of the uniform convergence of the defining 
integral for f(x) is that we may differentiate the function under the 
integral sign to obtain* 

x>O (2.11) 

* Actually, to completely justify the derivative relations (2.11) and (2.12) 
requires that we first establish the uniform convergence of the integrais in them. 
See Theorem 1.18 in Sec. 1.5.3. 
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and 

x>O (2.12) 

The integrand in (2.12) is positive over the entire interval of 
integration, and thus it follows that f"(x) > O. This implies that the 
graph of y = f(x) is concave upward for all x > O. While maxima and 
minima are ordinarily found by setting the derivative of the function 
to zero, here we make the observation that since f(l) = f(2) = 1 and 
f(x) is always concave upward, the gamma function has only a 
minimum on the interval x >O. Moreover, the minimum occurs on 
the interval 1 < x < 2. The exact position of the minimum was :first 
computed by Gauss and found to be x 0 = 1.4616 ... , which leads to 
the minimum value f(x 0 ) = 0.8856 .... Last, from the continuity of 
f(x) and its concavity, we deduce that 

lim f(x) = +oo (2.13) 
x-++oc 

With this last result, we have determined the fundamental char­
acteristics of the graph of f(x) for x >O (see Fig. 2.1). Values of f(x) 
are commonly tabulated for the interval 1:sx:s2 (e.g., see Table 

f(x) 

'V' 
5 

1 1 
4 1 1 

1 1 
1 1 
1 1 
1 1 
1 1 
1 1 1 
1 1 

-2 
l 1 2 3 4 X 

1 
1 
1 -2 1 
1 
1 

!íl -4 

Figure 2.1 The gamma function. 
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TABLE 2.1 Values of f(x) for 
1:sx:s2 

X [(x) X f(x) 

1.00 1.0000 1.50 0.8862 
1.05 0.9735 1.55 0.8889 
1.10 0.9514 1.60 0.8935 
1.15 0.9330 1.65 0.9001 
1.20 0.9182 1.70 0.9086 
1.25 0.9064 1.75 0.9191 
1.30 0.8975 1.80 0.9314 
1.35 0.8912 1.85 0.9456 
1.40 0.8873 1 1.90 0.9618 
1.45 0.88571 1.95 0.9799 
1.50 0.8862 2.00 1.0000 

2.1), and then other values of f(x) can be generated through use of 
the recurrence formula. For example, f(2.75) = f(l.75 + 1) = 
1.75f(l.75) = 1.608. 

The gamma function is defined for both positive and negative 
values of x by Eq. (2.1), although generally it is more convenient to 
use the recurrence formula (2.3) when dealing with negative values. 
For example, if x is in the range -1 <x <O, we rewrite (2.3) as 

f(x) = f(x + 1) 
X 

x>-1, (2.14) 

and we use the right-hand side for computational purposes. Also 
using (2.14), we obtain the left- and right-hand limits 

l. ( ) 1. f(x + 1) 
Im f X = lffi = -oo (2.15) 

x->o- x-.o- X 

and 
. f(x + 1) 

lim f(x) = hm = -oo (2.16) 
x----.-1+ x~-1+ X 

If x + 1 is still a negative number, we can replace x with x + 1 in 
(2.14) to get 

f(x + 1) = f(x + 2) 
x+l 

which, combined with (2.14), leads to 

f(x) = f(x + 2) 
x(x + 1) 

x>-2, X :;é:O, -1 
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Using this last expression, we find the limiting values 

l. f ( ) l" f(x + 2) 
lffi X = lffi = +oo 

x_,.-1- x_,.-1-x(x + 1) 
(2.17) 

and (2.18) 

Continuing this process, we finally derive the formula 

f(x) = f(x + k ) 
x (x + 1 )(x + 2) · · · (x + k - 1) 

k = 1, 2, 3,... (2.19) 

which defines the gamma function over the interval x > -k (except 
x =#=O, -1, -2, ... , -k + 1) in terms of a gamma function with 
positive argument. From (2.19) we see that the above pattern of 
alternating infinite limits at the negative integers continues in­
definitely (see Fig. 2.1 ). 

Example 1: Given that f( 1
/ 2 ) = \(i;;, evaluate f(-%). 

Solutlon: Repeated use of (2.14) yields 

which simplifies to 

f( -%) = 4/a \fij; 

ln addition to 

there are a variety of other integral representations of f(x), most of 
which can be derived from that one by simple changes of variable. For 
example, if we set t = u 2 in · the above integral, we get 

x>O (2.20) 

whereas the substitution t =ln (1/u) yields 

L
I ( l)x-1 

f(x) = 
0 

ln~ du x>O (2.21) 
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A slightly more complicated relation can be derived by using 
representation (2.20) and forming the product 

The presence ofthe term u2 + v 2 in the integrand suggests the change 
of variables 

u = r cose V= r sin e 
which leads to 

r r12 
= 4 Jo e-r2r 2<x+y)-l dr . Jo cos2x-l e sin2y-l e de 

r/2 
= 2f(x + y) Jo cos2x-l e sin2y-l e de 

Finally, solving for the integral, we get the interesting relation 

f,n/2 2x-le. 2y-lede_f(x)f(y) 
COS Slll -

2 
( ) 

o f X +y 
x>O, y >O (2.22) 

By setting x = y = 1/ 2 in (2.22), we have 

Ln/2 de= n%ff(%) 
o 2f(l) 

from which we deduce the special value 

r<%) = v'7i: 
Example 2: Evaluate J~ x 4e -xª dx. 

Solution: Let t = x 3
, and then 

f' x4e-xª dx = 1/a f' e-tt21a dt = 1/af(5/a) 

Example 3: Derive the asymptotic formula 

x~oo 

(2.23) 
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Solutlon: By making the substitution t = x + s in the integral 
representation 

we obtain 

For large x, we use the approximation [see (1.41)] 

( s) s s2 

ln 1 +- ~---
x X 2.x2 x-oo 

which leads to 

~ V2.x xxe-x J_~ e-u2 du 

the last step following the substitution u = s /V2X,. U sing properties of 
even functions, and recalling Eqs. (2.20) and (2.23), this last integral 
yields 

foo e -u
2 du = 2J,00 

e -u
2 du = rc1/2) = Vii: 

-oo o 

Combining results, we deduce that 

r(x + 1) ~ v'2JíX xxe-x x-oo 

known as Stirling's formula.* 

2.2.2 Legendre duplicatlon formula 

A formula involving gamma functions that is somewhat comparable 
to the double-angle formulas for trigonometric functions is the 
Legendre duplication formula 

(2.24) 

* See also Sec. 2.6.2. 
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To derive this relation, first we sety =x in (2.22) to get 

f(x )f(x) - ("''2 2x-1 l) • 2x-1 ªdª 
2f(2x) - Jo cos u sm o u 

("''2 
= 21-2xJo sin2x-128d8 

where we have used the double-angle formula for the sine function. 
Next we make the variable change </> = 28, which yields 

f(x )f(x) = 2-2x {:rr . 2x-1,i.. dA. 
2f(2x) Jo sm '+' '+' 

("''2 
= 21-2x Jo sin2x-l</> d</> 

21-2xf(%)f(x) 
=------

2f(x + %) 

where the last step follows from (2.22). Simplification of this idE)ntity 
leads to (2.24). 

An important special case of (2.24) occurs when x = n (n ~ 
O, 1, 2, ... ), i.e., 

( 1) (2n)! 
r n + 2 = 22nn ! \Ín: n =O, 1, 2, ... (2.25) 

the verification of which is left to the exercises (see problem 39 in 
Exercises 2.2). 

Example 4: Compute r<%). 
Solution: The substitution of n = 1 in (2.25) yields 

2.2.3 Weierstrass' infinite product 

Although it was originally found by Schlõmilch in 1844, thirty-two 
years before Weierstrass' famous work on entire functions, Weier­
strass is usually credited with the infinite product definition of the 
gamma function 

1 
00 

( X) -- =xer-< íl 1 +- e-x/n 
f(x) n=l n 

(2.26) 
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where y is the Euler-Mascheroni constant defined hy* 

y = lim ( i k!- ln n) = 0.577215 ... 
n-+oo k=l 

(2.27) 

We can derive this representation of f(x) directly from (2.1) by first 
ohserving that 

_1_ = lim x (x + 1 )(x + 2) · · · (x + n) 
f(x) n->oo n !nx 

=X lim n -x (X + 1 . X + 2 ... X + n) 
n->oo 1 2 n 

=x!~ exp [-(ln n)x][l
1 

( 1 + ~) (2.28) 

where we have written n-x = exp [-(lnn)x]. Next, relying on 
repeated use of eª+b = eªeb, we recognize the identity 

exp [( i !)x] = IT extk 
k=l k k=l 

Thus, if we multiply (2.28) hy the left-hand side of this expression 
and divide hy the right-hand side, we arrive at 

-(
1

) =xlim exp [(i _kl -lnn)x] · lim IT (i +::k)e-xtk 
f X n->oo k=l n->oo k=l 

which reduces to (2.26). 
An important identity involving the gamma function and sine 

function can now he derived hy using (2.26). We begin with the 
product of gamma functions 

__ 1 __ = xe y.r IT (1 + ::)e-xtn . ( -x )e-yx IT (1 - ::)extn 
f(x)f(-x) n=l n n=l n 

or __ 1 __ = -x2 fI (1 -x2) 
f(x)f(-x) n=l n2 (2.29) 

where we assume that x is nonintegral. Uecalling Eq. (1.92) in Sec. 
1. 7 .2, which gives the infinite product definition of the sine function, 

* The constant y is cornmonly called (simply) Euler's constant. 
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we have 

rroo ( x
2

) - sin JrX 1-- ---
n=l n2 

JrX 

Comparison of (2.29) and (2.30) reveals that 

Jr 
f(x)f(-x) = --. -

x smnx 
(x nonintegral) 

Also by writing the recurrence formula (2.3) in the form 

-xf(-x) = f(l -x) 

we deduce the identity 

Jr 
f(x)f(l-x) =-.­

smnx 
(x nonintegral) 

ExampleS: Evaluate the integral g 12 tan1128d8. 

Solution: Making use of (2.22) and (2.32), we get 

l
:rr/2 l:rr/2 

o tan112 e d8 = o sin112 e cos-112 e de 

fC%)r(1/4) 
2f(l) 

1 Jr 
-----
2 sin (;r/4) 

(2.30) 

(2.31) 

(2.32) 

Remark: An entire function is one that is analytic for all finite 
values of its argument. Weierstrass was the first to show that any 
entire function (under appropriate restrictions) with an infinite 
number of zeros, such as sinx and cosx, is essentially determined by 
its zeros. This result led to the infinite product representations of 
such functions and, in particular, to the infinite product representa­
tion of the gamma function. 

A list of some of the most important properties of the gamma 
function can be found in the Appendix for easy reference. 
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Exercises 2.2 

1. Use Eq. (2.1) directly to evaluate 

(a) f(2) (b) f(3) 

ln problems 2 to 7, give numerical values for the expressions. 

f(6) 
2. f(3) 5. f(- 1/2) 

f(7) 
3

· f(4)f(3) 
f(-%) 

G. rc1/2) 

4. f(%) 7 f(8/a) 
. f(2/a) 

ln problems 8 to 14, verify the given identity. 

8. f(a + n) = a(a + l)(a + 2) .. ·(a+ n - l)f(a), n = 1, 2, 3, ... 

f(n -a) n 
9. ( ) =(-1) a(a-l)(a-2) .. ·(a-n+l), n=l,2,3, ... r -a 

f(a) 
10. ( )=(a-l)(a-2)· .. (a-n), n=l,2,3, ... 

ra-n 

{

(-l)kn! 

11 
f(k - n) = ( _ k) 

1 
O ::5 k ::5 n (k, n nonnegative integers) 

. f(-n) n . 
O k>n 

Hint: See problem 9. 

(ª) f(a + 1) 
12. n =n!f(a-n+l)'n=O,l,2, ... 

Hint: See problem 10. 

(
-1/2) (-l)n(2n)! 

13. n = 22n(n!)2 ' n =O, 1, 2, ... 

(
-2k -1) (m + 2k)! 

14. m =(-lr (2k)!m! ,k,m=0,1,2, ... 

15. ln problems in electromagnetic theory it is quite common to come 
across products like 

2 X 4 X 6 X ... X 2n = (2n)!! 

and 1x3 x 5 x · · · x (2n + 1) = (2n + 1)!! 
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Use these definitions of the !! notation to show that 

(a) (2n)!! = 2nn! (e) (-2 -1)" = (-1r2nn! 
n ·· (2n)! 

(b) (2n+1)!!=(
2
;n+,l)! (d) (-1)!!=1 

n. 
Hint: See problem 10 for (e) and (d). 

16. Prove that r e-ttx-i dt converges uniformly in 1s;xs;2. 

ln problems 17 to 20, verify the given integral representation. 

17. f(x) = s" r e-stt"-l dt, X, S > 0 

18. f(x) = f
00 

exp (xt - et) dt, x >O 

Hint: Let u = et. 

20. f(x) = (lnb )" r t"-lb-t dt, X> O, b > 1 

Hint: Let u = t ln b. 

ln problems 21 to 29, use properties of the gamma function to obtain 
the result. 

21. r e2ax-x
2 
dx, = 1/2 Vi eª

2 

Hint: 2ax -x 2 = -(x -a)2 + a 2
• 

22. E"' e-2xx6 dx, = 45
/ 8 

23. r vxe-"3 

dx, =V: 
f 1 du 

24. V-iõ:U = Vi 
o - nu 

i
1 (-lrn! 

25. o xk(lnxr dx, = (k + 1r+l' k > -1, n =o, 1, 2, ... 

('"'2 5.7r 
26. Jo cos6 

(J d(J = 
32 
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L
n/2 

27. 
0 

sin3 8 cos2 8 d8 = 2/i5 

28. J: cos
4 
x dx = 

3
: 

in/2 L"/2 22n (n 1 )2 
29 sin2n+l ()d() = cos2n+l 8 d()= · n =O 1 2 

·o o (2n+l)!' ' ' , ... 

ln problems 30 to 35, evaluate the integral in terms of the gamma 
function and simplify when possible. 

L
oo -st Ll ( l)y-1 

30. 
0 

eVt dt, s >O 33. 
0 

tx-l ln t dt, X, y >O 

1
00 dx 

31. -1 4 
o +x 

r/2 
34. Jo cot112 

()d() 

Hint: Let x2 = tan O. 

Jn/2 J"" 32. 
0 

\lsin2xdx 35. 
0 

e-stPtx-1 dt,p,s,x>O 

36. Using the recurrence formula (2.3), deduce 

(a) f(x) = f'(x + 1)-xf'(x) 

(b) f(x)= f'e-t(t-x)tx- 1 lntdt,x>O 

ln problems 37 and 38, use the Euler formulas 
eix + e-ix 

COSX 
2 

eix -e-ix 
sinx=---

2i 

and properties of the gamma function to derive the result. Assume 
that b, x >O and - 1

/ 2Jr <a < %n. 

37. f(x) cosax = bx L"" tx-ie-btcosa cos (bt sina) dt 

38. f(x) sin ax = bx r tx-le-bt cosa sin (bt sina) dt 

39. Based on the Legendre duplication formula, show that (for 
n =O, 1, 2, ... ) 

(a) r( + !) = (2n)!vJr 
n 2 22nn! 

(!_ )- (-1r22n-1(n - l)!vJr 
(b) r 2 n - (2n -1)! 

(e) n% + n)f(%-n) = (-lr.n 
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40. Show that 

41. Show that 
lf' (x )12 :s f(x )f"(x) x >O 

42. Show that 
(a) f(l + x )f(l -x) = :n:x csc :n:x (x nonintegral) 

(b) f(% +x)f(%-x) = Jt' sec :n:x, X =l=n + 1/2, n = Ü, 1, 2, ... 

43. Derive Euler's infinite product representation 

_l_=x fJ 1 +x/n 
f(x) n=l (1+1/n )X 

44. Derive the recurrence relation f(x + 1) =xf(x) by use of the (a) 
integral definition (2.5) and (b) Weierstrass' infinite product 
(2.26). 

45. Use f(x + 1) =xf(x) and the result of Example 3. 

(a) Deduce that, for fixed a, 

f(x +a) ( ª)x( ª)a-112 ---- 1 +- 1 +- e-ª x-ao 
xªf(x) x x ' 

(b) Using the relation (from calculus) 

(l+;r-eª x-ao 

show that 

r~ +a) - i (ª - %)(~)n 
X f(x) n=O n X 

x-ao 

2.3 Applications 

The gamma function arises naturally in a variety of applications 
involving certain kinds of integrals that can be transformed to one of 
the integral representations for f(x) by appropriate changes of 
variable, as well as in more novel applications like those involving 
fractional derivatives. 

2.3.1 Mlscellaneous problems 

Many standard problems in calculus, such as finding areas, arc­
length, volume, and so on, can lead to nonelementary integrals that 
are simple variations of the gamma function. Consider the following 
example. 
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Exemple 6: For x > O, find the area between y = 4x312
e -x

212 and its 
asymptote (see Fig. 2.2). 

Solutlon: From the figure it is clear that the curve lies entirely 
above the positive x roeis with the x roeis acting as an asymptote as 
x ~ oo. Therefore, the area under the curve is given by the standard 
formula 

A= r y dx = 4 f' xa12e-x212 dx 

By making the change of variable t = x 2/2, we get 

Integrais that lead to the gamma function are also prominent in 
computing statistical quantities. For example, the moments of a 
random variable x are defined by the integral 

n = 1, 2, 3, ... (2.33) 

where Px(x) is the probability density function for x. The special case 

y 

2 

1 

1 2 3 X 

Figure 2.2 Graph of y = 4x312e-"212
• 
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corresponding to n = 1 is called the mean value while the particular 
combination of first and second moments 

(2.34) 

is called the variance. 
A density function prominent in many applications is the gamma 

density function 

{ 

1 
( )

a-1 
X -xl{J 

Px(x) = ~f(a) /i e 
x>O 

(2.35) 
x<O 

where a and f3 are positive parameters of the distribution. Other 
important probability density functions are introduced in Exercises 
2.3. 

Exemple 7: Calculate the moments of the gamma distribution 
defined by (2.35). 

Solutlon: From the definition, we find that 

1 100 (X)a-1 (x") =-- xn - e-xl{Jdx 
{3f(a) o {3 

1 100 = {3'T(a) o xn+a-le-x/{J dx 

By making the change of variable t =xi {3, this integral becomes 

{3n ioo 13nr(n +a) (xn) =-- tn+a-le-tdt =----
f(a) o f(a) 

n = 1, 2, 3, ... 

Observe that the first and second moments are, respectively, 
(x) = a{3 and (x2

) = a(a + 1){32
, leading to the variance 

a;= a(a + 1){32
- (a{3)2 = af32 

2.3.2 Fractional-order derivatives 

Besides generalizing the notion of factorials, the gamma function can 
be used in a variety of situations to generalize discrete processes into 
the continuum. Such generalizations are not new, however; mathe­
maticians over the years have concerned themselves with this 
concept. ln particular, the question concerning derivatives of nonin­
tegral order was first raised by Leibniz in 1695, many years before 
Euler introduced the gamma function. 
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The general procedure for developing fractional derivatives is too 
involved for our purposes.* However, we can illustrate the concept by 
first recalling the familiar derivative formula from calculus 

Dnxª = a(a - 1) ···(a - n + l)xª-n a 2:0 (2.36) 

where Dn = dn /dxn, n = 1, 2, 3, .... ln terms of the gamma function, 
we can rewrite (2.36) as (see problem 10 in Exercises 2.2) 

Dn a f(a + 1) a-n 
X = X 

f(a-n+l) 

The right-hand side of this expression is meaningful for any real 
number n for which f(a - n + 1) is defined. Hence, we assume that 
the sarne is true of the left-hand side and write 

D v a f(a + 1) a-v 
X = X 

f(a-v+ 1) 
(2.37) 

where vis not restricted to integer values. Equation (2.37) provides a 
simple method of computing fractional-order derivatives of 
polynomials. 

Example 8. Compute D 112x 2
• 

Solutlon: Directly from (2.37), we obtain 

n112 2 _ f(3) 312 
X -f(%)X 

the simplification of which yields 

8 
n112x2 = --x312 

3vJr 
Generalization of the differentiation formula for Dnx-ª, which 

covers the case of negative exponents, is left to the exercises (see 
problem 12 in Exercises 2.3). 

Exercises 2.3 

1. Find the area enclosed by the curve x 4 + y 4 = 1. 

2. Find the total arclength of the lemniscate r 2 = a 2 cos 20. 

* For a deeper discussion of fractional derivatives, see L. Debnath, "Generalized 
Calculus and Its Applications," Int. J. Math. Educ. Sei. Technol., 9(4): 399-416, 
1978. 
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3. Find the area inside the curve x 213 + y 213 = 1. 

4. Find the volume in the first octant below the surface 

x112 + y112 + z112 = 1 

5. A particle of mass m starts from rest at r = 1 and moves along a 
radial line toward the origin r = O under the reciprocai force law 
f = -k/r, where k is a positive constant. The energy equation of 
the particle is given by 

~ m (~;r + k ln r = o 

(a) Show that the time required for the particle to reach the 
origin is Vmn/(2k ). 

(b) If the particle starts from rest at r =a (a> O), the energy 
equation becomes 

1 (dr) 2 

"2 m dt + k ln r = k ln a 

Again find the time required for the particle to reach the 
origin. 

6. The Rayleigh distribution is defined by Px(x) =O, x <O, and 

Px(X) = :2 e-x2/(2b2) X > o 

(a) Calculate the moments (X'), n = 1, 2, 3, .... 

( b) Find the variance a!. 
7. The normal distribution with zero mean and variance a2 is 

defined by 

( ) - _1_ -x2/(2a2) 
Px X - a\fiJi:e -oo<x<oo 

Show that (a) ali odd-order moments are zero and (b) the 
even-order moments are given by 

(x2n) = (2n)! a2n n = 1, 2, 3, ... 2nn! 

8. The output of a half-wave rectifier is given by the random 
variable y = O, x < O, y = x, x > O, where x is a normal random 
variable whose density function is that in problem 7. Show that 
the variance of y is given by 

ª2 = ! (1-!)a2 
y 2 lí 
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9. Calculate the variance for the output of a square-law device 
described by y = x2

, where x is a normal random variable whose 
density function is that in problem 7. 

10. Compute the fractional-order derivatives. 

(a) D 112c, where e is constant 

(b) D 112(3x2 - 7x + 4) 

(e) D 312x 2 

(d) D vx v, where v is not a positive integer 

11. Show that 

(a) n112(D112x2) = Dx2 

(b) n-112cn112x2) = x2 

(e) Dv(Dµxª) =Dv+µxª 

12. By generalizing the formula for Dnx-ª, n = 1, 2, 3, ... , show that 

Dv -a=(-l)vf(v+a) -(a+v) a>O 
X f(a) X 

2.4 Beta Function 

A useful function of two variables is the beta function* 

x>O, y>O (2.38) 

The utility of the beta function is often overshadowed by that of the 
gamma function, partly perhaps because it can be evaluated in terms 
of the gamma function. However, since it occurs so frequently in 
practice, a special designation for it is widely accepted. 

If we make the change of variable u = 1 - t in (2.38), we find 

B(x, Y) = f (1 - u )x- 1uY.-1 du 

from which we deduce the symmetry property 

B(x,y) =B(y,x) (2.39) 

Another representation of the beta function results if we make the 

* This is called the eulerian integral of the first kind. 
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variable change t = u / (1 + u), leading to 

B(x,y)= f (l:x~:x+ydu x>O, y>O (2.40) 

Finally, to show how the beta function is related to the gamma 
function, we set t = cos2 

(} in (2.38) to find 

l
:rc/2 

B (x, y) = 2 
0 

cos2x-l (} sin2y-l (}d(} 

and hence from (2.22) we obtain the relation 

B(x )=f(x)f(y) 
,y f(x +y) x>O, y>O 

Example 9: Evaluate the integral I = f~ x-112(1 + x )-2 dx. 

Solutlon: By comparison with (2.40), we recognize 

Hence, we deduce that 

I =B(%, %) 
f(l/2)f(%) 

= f(2) 

100 x-112(1 +x)-2dx =?!. 
o 2 

Example 10: Show that 

O<p<l 

(2.41) 

Solutlon: Making the observation (problem 17 in Exercises 2.2) 

1 1 Loo 
xP = f(p) o e-xttp-1 dt 

it follows that 

--dx =-- cosx e-xttp-ldtdx 1
00 

COS X 1 100 100 

O XP f(p) O O 

= -- tp-l e-xt cosx dx dt 1 ioo ioo 
f(p) o o 

1 100 tP 
= f(p) o 1 + t2 dt 
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where we have reversed the order of integration. If we now let u = t 2
, 

then 

L
oo cosx 1 L"" u<p-l)/

2 

--dx=-- du 
O XP 2f(p ) O 1 + U 

=-1-n(1 +p 1-p) 
2r(p) 2 ' 2 

However (see problem 10 in Exercises 2.4), 

n(1 + p l - p) = Jl secpir 
2 ' 2 2 

and thus we have our result. 

Example 10 illustrates one of the basic approaches we use in the 
evaluation of nonelementary integrais. That is, we replace part of ( or 
all) the integrand by its series representation or integral representa­
tion and then interchange the order in which the operations are 
carried out. 

Exercises 2.4 

ln problems 1 to 4, evaluate the beta function. 
1. B(2/a, 1/a) 3. B(%, 1) 

4. B(x, 1-x), O<x < 1 

ln problems 5 to 10, verify the identity. 

5. B(x + l,y) +B(x,y + 1) =B(x,y), x,y >O 

6. B(x, y + 1) ={'. B(x + 1, y) = __!____ B(x, y ), x, y >O 
X x+y 

7. B(x, x) = 21-ixB(x, 1/ 2 ), x >O 

r(x )r(y )r(z )r(w) 
8. B(x,y)B(x +y,z)B(x +y +z, w) = f( ) , 

x+y+z+w 
X, y, Z, w >O 

9. B(n, n)B(n + 1/ 2 , n + %) = .n21
-

4nn-1
, n = 1, 2, 3, ... 

10. B(1;P, 1 ;P)=.nsecp
2
n,o<p<1 
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ln problems 11 to 18, use properties of the beta and gamma functions 
to evaluate the integral. 

11. f \fx(l-x)dx 

r X 
13. Jo (1 + x3)2 dx 

Hint: Set t =x3/(1 +x3
). 

f1 (1 +x)112 14. - dx 
-1 1-x 

Hint: Set x = 2t - 1. 

15. f (b-xr- 1(x -ar-1 dx, where m, n are positive integers 

16. f x 2(2-x)- 112 dx 

17. f x 4Va 2 -x2 dx 

18. f x~8-x3 dx 

ln problems 19 to 30, verify the integral formula. 

19. _x_dx = Jrcscp:Jr, O<p < 1 L
oo p-1 

o 1 +x 

("" sinx Jr 
20. Jo -;p-dx = 2r(p) sin (pJr/2)' O <p < 1 

r 1 r;c 
21. Jo sinx

2 
dx = 2 -y 2 

Hint: Use problem 20. 

ioo 1 /;e 
22. 

0 
cosx

2
dx =2 -V2 

i
n/2 in/2 Jr 

23. tan1' x dx = cotP x dx = ( / ) , O < p < 1 
o o 2 cos p:Jr 2 
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Í
00 xP-1 lnx 

24. dx = -;r2 cscp;r cotp;r, O <p < 1 
o 1 +x 

L
oo xp-1 JT 

25. --dx = . , O<p <a 
o 1 + xª a sm (p;r/a) 

roo -st -t)n d - n!f(s) h -
26. Jo e (1-e t-f(s+n+l)'w eres>O,n-0,1,2, ... 

27 dx =-a-213b- 113 where a b >O f
oo e2x 2JT 

• -ooaeax + b 3\13 ' ' 

f
oo e2x 2;r 

28. -oo (eax + 1)2 dx = 9v'3 
Hint: Differentiate with respect to b in problem 27. 
rl t"-1 + ty-1 

29. Jo (t+l)x+ydt=B(x,y),wherex,y>O 

Í
1 t"-10 - t y-1 B(x y) 

30. ( r+y dt= X(l 'r+y'wherex,y,p>O 
o t +p p +p 

31. Using the notation of problem 15 in Exercises 2.2, show that 

(a) f 1 

(1 _ x2)112x2n dx = { ~ 
-1 (2n -1)!! 

;r---
(2n + 2)!! 

n=O 

n = 1, 2, 3, ... 

(b) r (1-x2)-112x2ndx = {JT (2n -1)!! 
-l ;r (2n)!! 

n=O 

n = 1, 2, 3, ... 

32. Show that 

f 1 (1-x2)n dx = 22n+l (n!)2 
-1 (2n + 1)! 

n =O, 1, 2, ... 

33. The incomplete beta function is defined by 

Bx(p, q) = f tP-1(1- t)9 -
1 dt O :sx :s 1, p, q >O 

(a) Show that 
oo ( - l)nxn 

Bx(p, q) =xPf(q) L f( _ )( + ) 1 n=O Q n p n n. 
O:sx:sl 

(b) From (a), deduce that 
oo ( - l)n f(p) 

n~of(q - n)(p + n)n! = f(p + q) 
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2.5 lncomplete Gamma Function 

Generalizing the Euler integral (2.5), we introduce the related 
function 

a>O (2.42) 

called the incomplete gamma function. This function most com­
monly arises in probability theory, particularly those applications 
involving the chi-square distribution. lt is customary to also intro­
duce the companion function 

a>O (2.43) 

which is known as the complementary incomplete gamma func­
tion. Thus, it follows that 

y(a,x) + f(a,x) = f(a) (2.44) 

Because of the close relationship between these two functions, the 
choice of using y(a, x) or f(a, x) in practice is simply a matter of 
convenience. 

By substituting the series respresentation for e-t in (2.42), we 
get 

Lx[ 00 

(-lr ] y(a,x) = L --
1
-tn+a-l dt 

O n=O n. 

and then, performing termwise integration, we are led to the series 
representation 

a>O (2.45) 

It immediately follows from (2.44) that 

"' (-lrxn 
f(a,x)=f(a)-xªL I( ) 

n=on.n+a 
a>O (2.46) 
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2.5.1 Asymptotic series 

The integration of Eq. (2.43) by parts gives us 

f(a,x) = r e-'tª- 1 dt 

= -e-'tª-11;+ (a -1) r e-'tª-2 dt 

= e-xxa-l +(a -1) L"' e-'tª-2 dt 

while continued integration by parts yields 

and so on. Thus we generate the asymptotic series* 

[ 
a -1 (a - l)(a - 2) J f(a,x)-e-xxa-l 1+--+ + ... 

X X
2 

which can be expressed as 

a>O, 

(2.47) 

X-700 

(2.48) 

X-700 (2.49) 

If we seta= n + 1 (n =O, 1, 2, ... ) in (2.49), we find that 

n -k 

r( 1 ) _ 1 n -x °" _x _ 
n + 'x - n!X e kL:o (n -k )! (2.50) 

where the series truncates because 1/r(n + 1 - k) = O for k > n 
(Theorem 2.1). The change of variable j = n -k further simplifies 
(2.50) to 

( ) - 1 -x~ ~ r n + 1, X - n.e L,., •
1 j=O}• 

(2.51) 

or n =O, 1, 2, ... (2.52) 

* The asymptotic series (2.48) or (2.49) diverges for all finite x. 
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where en (x) denotes the first n + 1 terms of the Maclaurin series for 
ex.* By a similar analysis, it can be shown that 

n =O, 1, 2, ... (2.53) 

Remark: lt is interesting to note that both (2.52) and (2.53) are 
valid representations for all x >O, while the asymptotic series (2.49) 
[from which (2.52) and (2.53) were derived] diverges for all x. 

Exercises 2.5 

1. Show that 
(a) y(a + l,x) =ay(a,x)-xªe-x 
(b) f(a + l,x) =af(a,x) +xªe-x 

2. Show that 

d 
(a) dx [x-ªf(a,x)] = -x-ª-1 f(a + l,x) 

dm 
(b) dxm [x-ªf(a, x )] = (-lrx-a-mf(a + m, x ), m = 1, 2, 3, ... 

3. Show that 

f(a )f(a + n, x) - f(a + n )f(a, x) = f(a + n )y(a, x) 

-f(a)y(a + n, x) 

4. Verify the integral formula 

f(a, xy) = yªe-xy r e-yt(t +xr-1 dt x,y>O, a>l 

5. Verify the integral representation 

y(a, X) =xª12 r e-'tª12
-

1Ja(2VXt) dt a> Ü 

where Jª (z) is the Bessel function defined by (see Chap. 6) 
ao (-l)n(z/2)2n+a 

Ja(Z) = 2:: -
1 
----

n=O n.f(n +a+ 1) 

6. Formally derive the asymptotic series (2.49) by setting y = 1 in 
the result of problem 4 and using the binomial series 

*For additional properties of the function en(x ), see problems 11 and 12 in 
Exercises 4.2. 
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2.6 Digamma and Polygamma Functions 

Closely associated with the derivative of the gamma function is the 
logarithmic derivative function, or digamma function, defined 
by* 

d f'(x) 
'lj1(x) =-lnf(x) =--

dx f(x) 
X=#= 0, -1, -2, ... (2.54) 

To find an infinite series representation of 1J1 (x), we first take 
the natural logarithm of both sides of the Weierstrass infinite 
product 

1 
00 

( X) --= xe y.t rr 1 + - e -xln 

f(x) n=l n 

which yields 

-lnf(x) = lnx + rx + i [1n (1 +~)-~] X >O (2.55) 
n=l n n 

Then, negating both sides of (2.55) and differentiating the result with 
respect to x, we find 

d 1 
00 

(1 1 ) tJl(x) =-lnr(x) = ---y + 2: ----
dx x n=I n x + n 

which we choose to write as 

00 

( 1 1 ) tJl(x)=-y+ 2: ---
n=o n+l n+x 

The restriction x >O follows from Eq. (2.54).t 
Noteworthy here is the special value 

x>O 

* The function 'l/J(x) is also commonly called the psi function. 

(2.56) 

(2.57) 

t Actually, (2.56) is valid for ali x except x =O, -1, -2, ... , although we will 
not prove it. 
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and by recalling Eq. (2.11), we see that 

f'(l) = -y = r e-t ln tdt (2.58) 

Based upon Eq. (2.54), it is clear that the digamma function has 
the sarne domain of definition as the gamma function. It has 
characteristics quite distinct from those of the gamma function, 
however, since it is related to the derivative of f(x ). For example, 
unlike the gamma function, the function 1/J (x) crosses the x axis. ln 
fact, it has infinitely many zeros, corresponding to the extrema of 
f(x), that is, points where f' (x) = O. For positive x the only 
extremum of the gamma function occurs at x 0 = 1.4616 .... Because 
x 0 corresponds to a minimum of f(x), it follows that f'(x) and 1/J(x) 
are both negative on the interval O <x <x0 and both positive for 
x >x0 • For large values of x, the digamma function is approximately 
equal to lnx [see Eq. (2.77)]. The general characteristics of 1/J(x) for 
both positive and negative values of x are illustrated in Fig. 2.3. 

The function 1/J(x) satisfies relations somewhat analogous to those 
for the gamma function, which can be derived by taking logarithmic 

-4 -2 

-4 

5 

4 

3 

2 

Figure 2.3 The digamma function. 

X 
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derivatives of the latter. As an example, let us consider the recur­
rence formula 

r(x + 1) =xf(x) 

By taking the natural logarithm we have 

ln f(x + 1) = ln x + ln f(x) 

which upon differentiation yields 

Thus, 

d 1 d 
-lnf(x + 1) =-+-lnf(x) 
dx X dx 

1 
1/J(X + 1) = 1/J(X) +­

X 

Also the logarithmic derivative of 

r(x )f(l - X) = .1t' CSC JT.X 

results in the identity 

1jJ(l - x) - 1jJ(x) = ;r cot .rr.x 

(2.59) 

(2.60) 

(2.61) 

Finally, the logarithmic derivative of the Legendre duplication 
formula (2.24) leads to 

1jJ(x) + 1jJ(x + 1
/ 2 ) + 2 ln 2 = 21jJ(2x) (2.62) 

The details of deriving (2.61) and (2.62) are left to the exercises. 
If n denotes a positive integer, it follows from (2.60) that 

1jJ(2) = 1jJ(l) + 1 

1 1 
1/J(3) = 1jJ(2) + 2=1jJ(l)+1+2 

1 1 1 
1jJ(4) = 1jJ(3) +3= 1/J(l) + 1 +2+3 

and so forth. By repeated application of (2.60), we finally deduce that 

1 1 1 
1/J(n + 1) = 1/J(l) + 1 +-+-+ · · · +-

2 3 n 
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Since 'ljl(l) = -y, we can write this as 

n 1 
'ljl(n + l) = -y + k;;t k n = 1, 2, 3, ... (2.63) 

Example 11: Use properties of the digamma function to sum the 
series 

00 1 
L-2-
n=2n -1 

Solutlon: By use of partial fractions, 

and therefore 

00 1 1 00 (1 1) L-2-=-L ---
n=2 n - 1 2 n=2 n - 1 n + 1 

1 00 (1 1) --L ---
2 k=O k + 1 k + 3 

where we have introduced the change of index n - 2 = k. Now, from 
Eqs. (2.56) and (2.63), it follows that 

or 

00 1 
n~2n2- l = tM1J1(3) + y] 

= 1M-r + 1+ 1
/2 + y) 

00 1 3 L-2-=-
n=2n -1 4 

2.6.1 Integral representatlons 

Like the gamma function, the digamma function also has various 
integral representations. Let us start with the known relation 

f' (x) = L00 

e-ttx- 1 In t dt x>O (2.64) 
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and replace ln t with the Frullani integral representation (see 
Example 17 in Sec. 1.5.3) 

f,
oo -u -ut e -e 

lnt = du 
o u 

t>O (2.65) 

Hence, f'(x) = r e-te-x-i(f e-u :e-ut du) dt 

= r r e-ttx-l(e-u :e-u') dtdu 

where we have reversed the order of integration. Next, splitting the 
inside integral into a sum of integrais, an,d recalling the integral 
relation (see problem 17 in Exercises 2.2) 

x>O (2.66) 

we see that 

("" 1 [ -u f(x) J = Jo ;:; e f(x ) - ( u + l)x du 

Finally, division of this last result by f(x) leads to the desired 
integral relation 

1
001 

1/J(x) = -[e-u - (u + 1)-x] du 
o u 

x>O (2.67) 

Another integral representation can be derived by first writing 
(2.67) as 

l
ooe-u l"" (u + 1)-x 

1/J(x) = -du - du 
o u o u 

and then making the substitution u + 1 =e' in the second integral to 
get 

1
00 e-u ioo e-t(x-1) 

1/J(x) = -du - , 
1 

dt 
o u o e -
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Combining the last two integrais once again as a single integral 
yields 

Ioo (e-t e-t(x-1)) 
tjJ(x)= -- t dt 

o t e -1 
x>O (2.68) 

Remark: Although (2.67) is a convergent integral, it is not techni­
cally correct to write it as the difference of two integrais, since each 
integral by itself is divergent. We are simply using a mathematical 
gimmick here in order to formally derive (2.68), which happens also 
to be a convergent integral. 

2.6.2 Asymptotic series 

Our next task is to derive asymptotic series for both the digamma 
and gamma functions. We begin with the integral representation 

tjJ(x + 1) = r (e-t - ~-xt ) dt 
Jo t e -1 

(2.69) 

which comes from (2.68) with x replaced by x + 1. We then rewrite 
(2.69) in the form 

100 (e-t e-xt e-xt e-xt ) 
tjJ(x+l)= ---+---t- dt 

o t t t e -1 

f,
00 

e -t _ e -xt I00 

( 1 1 ) = dt + ---- e-xtdt 
o t o t et -1 

=lnx +l 

where we recognize the Frullani integral (2.65) and define 

I = r (!- -t 1-)e-xt dt Jo t e - 1 
x>O 

(2.70) 

(2. 71) 

To perform the integration in (2.71), we need to represent the 
function (et -1)-1 in a series and to integrate termwise. Since this 
function is not defined at t = O, it does not have a Maclaurin series 
about this point. However, the :r:elated function t(et -1)-1 and all its 
derivatives are well defined at t = O, so we write 

!ti < 00 (2. 72) 
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where 

n =O, 1, 2, ... (2.73) 

The constants Bn are called the Bernoulli numbers. * The first few are 
found to be 

Bo=l 

B1 = _1/2 

B2=% 

B3=0 

(2.74) 

Ali Bernoulli numbers with odd index, except B11 are zero. To show 
this, we simply replace t by -t in (2.72) and then subtract the result 
from (2.72) itself, finding 

t -t 00 tn 
-t-- -t = -t = 2: [1- (-l)n]Bn f 
e - 1 e - 1 n=O n. 

and by equating coefficients of like powers of t, we see that B1 = - 1
/ 2 

and B3 = B5 = B7 = · · · = O. 
lf we divide both sides of (2.72) by t, we get 

1 oo tn-1 

-t-= 2: Bn-, 
e -1 n=O n. 

1 1 oo tn-1 

=---+ 2: B -
t 2 n=2 n n! 

and since all odd Bn values are zero for n greater than 1, we replace n 
by 2n in the sum to obtain the result 

1 1 1 oo t2n-1 

-,-=---+ 2: B2n--, 
e -1 t 2 n=l (2n). 

(2.75) 

* The Bernoulli numbers are named after Jacob Bernoulli (1654-1705), who 
first introduced them. 
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Hence, the substitution of (2.75) into (2.71) gives us 

ioo [1 1 1 00 t2n-l] l = - - - + - - L B -- e -xt dt 
o t t 2 n=l 

2
n(2n)! 

=- e-xtdt- I ~ e-xtt2n-1dt 1 ioo oo B ioo 
2 o n=I (2n )! o 

Evaluating the above integrals in terms of gamma functions, the 
expression for I becomes 

(2.76) 

and this in tum, substituted into (2.70), leads to the asymptotic 
series 

1 1 ~ B2n 1 
1J!(x+l)~lnx+--- L.. --

2x 2n=l n X
2

n 
x~oo (2. 77) 

Unlike many of the asymptotic series that we derive, (2.77) 
converges for all x > O. 

ln statistical mechanics, probability theory, and so forth, often we 
are dealing with large factorials or gamma functions with large 
arguments. To facilitate the computations involving such expressions, 
it is helpful to have an accurate asymptotic formula from which to 
approximate f(x ). Our approach to finding such a formula will be to 
first find a suitable asymptotic relation for ln f(x + 1) and then 
exponentiate this result. 

Since, by definition, 

d 
'ljJ(x + 1) = dx ln f(x + 1) 

it follows that the indefinite integral of (2. 77) leads to the asymptotic 
series 

1 1~ B2n 1 
lnf(x+l)~C+(x+ /2)lnx-x+- L.. ) 2n-l (2.78) 

2 n=1n(2n -1 X 

where C is a constant of integration. To evaluate C, we would 
normally need to know the exact behavior of series (2.78) for some 
value of x. However, by allowing x ~ oo, we can eliminate the series in 
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(2.78), and thus we see that 

e= lim [lnf(x + 1)- (x + 1/2) lnx +x] 
X->OO 

. { [f(x + l)J } = !~ ln Xx+l/2 +X (2.79) 

N ow, by defining 

K - e -1· f(x + 1) x -e - Im x+l/2 e 
X-+00 X 

(2.80) 

we have the limit relation 

(2.81) 

The constant K can be determined by substituting (2.81) into the 
Legendre duplication formula written as 

(2.82) 

The result is K = v'2Ji (see problem 21 in Exercises 2.6), and 
therefore (2.81) leads to the asymptotic formula (recall Example 3) 

x~oo (2.83) 

ln particular, if we set x = n, where n is a large positive integer, we 
get the well-known expression 

n » 1 (2.84) 

called Stirling's formula.* 
It is interesting to note that Stirling's formula is remarkably 

accurate even for small values of n. For example, when n = 6, we find 
6! = 710.08, an error of only 1.4 percent from the exact value of 720. 
Of course, for larger values of n the formula is even more accurate. 

Our original intent was to find an asymptotic series for the gamma 
function, and to do this, we substitute K = v'2Ji into (2.80), which 
identifies 

C=lnK=%ln2.1l' (2.85) 

* Equation (2.84), which is a special case of the asymptotic series for the 
gamma function, was published in 1730 by James Stirling (1692-1770). 
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Then, returning to the series (2.78), we have 

ln f(x + 1) - % ln 2n + (x + % ) ln x - x 

1 i B2n 1 
+2 n=1n(2n - l)x2n-l 

x~ao (2.86) 

This last expression is called Stirling's series. It represents a 
convergent series for ln r(x + 1) for all positive values of x. Moreover, 
the absolute value of the error incurred in using this series to 
evaluate ln f(x + 1) is less than the absolute value of the first term 
neglected in the series. 

Although Stirling's series is valid for all positive x, it is used 
primarily for evaluating the gamma function for large arguments. We 
can eliminate the logarithm terms by exponentiating both sides, to 
get (retaining only the first few terms of the series) 

or 

x~ao (2.87) 

ln this final step, we have replaced the last exponential function by 
the first few terms of its Maclaurin series. 

Finally, if we set x = n, where n is a large positive integer, and 
retain only the first two terms of (2.87), we get a more accurate 
version of Stirling's formula [Eq. (2.84)]: 

n »1 (2.88) 

Here we find for n = 6 that 6! = 719.94, which has an error of only 
8.3 x 10-3 percent. Perhaps even more remarkable is that if we let 
n = 1, 2, 3, ... , we calculate from (2.88) the values 

1! =0.99898 

2! = 1.99896 

3! =5.99833 

and thus conclude that (2.88) is accurate enough for many applica­
tions for all positive integers. 
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2.6.3 Polygamma functions 

By repeated diff erentiation of the digamma function 

(2.89) 

we form the family of polygamma functions 

dm+l 
• 11<ml(x) = -- ln r(x) 
'Y dxm+l m = 1, 2, 3, ... (2.90) 

Recalling Eq. (2.56), 

00 

( 1 1 ) 1/J(x)=-y+ L ---
n=o n + 1 n +x 

(2.91) 

we readily determine the representation 

00 1 
1/J(m)(x) = (-l)m+lm! L ___ _ 

n=O (n +xr+l 
m = 1, 2, 3, . . . (2.92) 

Of special interest is the evaluation of (2.92) when x = 1, that is, 

00 1 
= c-1r+1m! 2: --

n m+l 
n=l 

or 1/J<ml(l) = (-l)m+1m!s(m + 1) m = 1, 2, 3, ... (2.93) 

s(p) = i: 1
p p > 1 

n=ln 
where (2.94) 

is the Riemann zeta function (see Sec. 2.6.4). The evaluation of 
1/J<ml(x) for other values of x also leads to the zeta function (see 
problems 29 and 30 in Exercises 2.6). 

Although (2.91) and (2.92) are valid representations of 1/J(x) and 
1/J<ml(x ), respectively, for all values of x except x =O, -1, -2, ... , 
they are not the most convenient series to use for computational 
purposes, particularly in the neighborhood of x = 1. Instead, it may be 
preferable to have power series expansions for such calculations. 

To begin, we seek a power series of the form 

00 

lnr(x + 1) = L CnXn (2.95) 
n=O 
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where we choose ln f(x + 1) instead of ln f(x) so that we can expand 
about x = O. The constants in this Maclaurin expansion are defined by 

and for n 2:::2, 

c0 =ln f(x + l)lx=O =ln f(l) =O 

c1 = !lnf(x+l)lx=O =1J!(l)=-y 

which in view of (2.93), becomes 

n = 2, 3, 4, ... 

Hence, the substitution of (2.96) and (2.97) into (2.95) yields 

(2.96) 

(2.97) 

00 (-ltC<n) 
lnf(x + 1) = -yx + 2: xn -1 <x :5 l (2.98) 

n=2 n 

where the interval of convergence is shown. 
Termwise differentiation of (2.98) is permitted and leads to 

d 
1J!(x + 1) = dx ln f(x + 1) 

00 

= -y+ L (-ltC(n)xn-I 
n=2 

or, by making a change of índex, 

00 

1J!(x+l)=-y+ 2: (-1r+1 C(n+l)xn -1<x<1 (2.99) 
n=l 

This last series no longer converges at the endpoint x = 1, as was the 
case in (2.98). Continued differentiation of (2.99) finally leads to the 
following relation for m = 1, 2, 3, ... (see problem 23 in Exercises 
2.6): 

00 (m +n)' 
1J!(ml(x + 1) = (-l)m+l L (-lt 

1 
• C(m + n + l)xn 

n=O n. 
-l<x<l (2.100) 

which also converges for -1 < x < 1. 
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Both the digamma and polygamma functions are used at times for 
summing series, particularly those series involving rational functions 
with the power of the denominator at least 2 greater than that in the 
numerator. ln such cases, the infinite series can be expressed as a 
finite sum of digamma or polygamma functions by the use of partia! 
fraction expansions (see Example 11). Of course, the values of the 
digamma and polygamma functions must usually be obtained from 
tables.* 

2.6.4 Riemann zeta functlon 

The Riemann zeta function 

00 1 
~(x) = L ~ 

n=l n 
x>l (2.101) 

first arose in Sec. 1.2.2 as a series that is useful in proving 
convergence or divergence of other series by means of a comparison 
test. We also found that the zeta function is closely related to the 
logarithm of the gamma function and to the polygamma functions. 
Although the zeta function was known to Euler, it was Riemann in 
1859 who established most of its properties, which now are yery 
important in the field of number theory, among others. Thus it bears 
his name. 

An interesting relation for the zeta function can be derived by first 
making the observation 

-x 1 1 1 ( 1 1 1 ) r(x)(l-2 )=1+-+-+-+···- -+-+-+··· 
':> T 3x 4x T 4x 6x 

where all terms are eliminated from (2.101) in which n is a multiple 
of 2. Therefore we deduce that 

(2.102) 

One of the advantages of (2.102) is that, using it, ~(x) can be 
computed to the sarne accuracy as given by (2.101), but with only 
half as many terms. Similarly, the product 

f-(x )(1- 2-x)(l - 3-x) = 1 + _.!:._ + _.!:._ + _.!:._ + · · · - (_.!:._ + _.!:._ + _!__ + .. ·) 
.,, 3x 5x 7x ax 9" 15x 

(2.103) 

* See .M. Abramowitz and 1. A. Stegun (eds.), Handbook of Mathematical 
Tables, Dover, New York, 1965, chap. 6. 
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eliminates ali terms from (2.102) in which n is a multiple of 3. 
Continuing in this fashion, it can eventually be shown that the 
infinite product over all prime numbers greater than 1 leads to 

(2.104) 

where P denotes a prime number. Hence, we have Euler's infinite 
product representation 

00 

C(x) = 11 (l-P-x)-1 P prime (2.105) 
P=2 

lt can readily be shown that the zeta function has the integral 
representation (see problem 17 in Exercises 2.6) 

1 foo tx-l 
C(x) = f(x) o et - 1 dt x>l (2.106) 

Also by using complex variable methods, it can be shown that* 

(2.107) 

which is the famous formula of Riemann. Other relations involving 
this function, as well as some special values, are taken up in the 
exercises. 

The graph of C(x) - 1 is shown in Fig. 2.4 for x > 1. For com­
parison, the dashed line is the graph of 2-x. 

Exercises 2.6 

1. Show that 

ljJ(x)-ljJ(y)=L ---
00 

( 1 1 ) 
n=o Y +n X+ n 

2. Take the logarithmic derivative of f(x )r(l - x) =;e csc .n:x to 
deduce the identity 

ljJ(l - x) - ljJ(x) =;e cot .n:x 

3. (a) By taking the logarithmic derivative of the Legendre dupli­
cation formula 

* See E. T. Whittaker and G. N. Watson, A Course of Modem Analysis, 
Cambridge University Press, London, 1965, p. 269. 
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y 

Figure 2.4 The graphs of ~(x) - 1 and 2-x. (Note the 
logarithmic scale on the vertical ruds.) 

deduce that 

'ljJ(x) + 'ljJ(x + 1
/ 2 ) + 2 ln 2 = 21jJ(2.x) 

(b) From (a), deduce that 1jJ(1/2 ) = -y-2ln2. 
(e) For n = 1, 2, 3, ... , show that 

n 

1jJ(n+%)=-y-2ln2+22: (2k-1)-1 

k=l 

4. Derive the formula 

31jJ(3x) = 'ljJ(x) + 'ljJ(x + 1
/ 3 ) + 'ljJ(x + %) + 3 ln 3 

Hint: Recall problem 40 in Exercises 2.2. 

ln problema 5 to 8, verify the given relation. 
ao n 

5.1JJ(n+l)=-r+2:k(k ),n=0,1,2, ... 
k=1 + n 

6. lim [ 'ljJ(x + n) - ln n] = O 
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8. exp ['ljl(x)] =x fJ (1 +-
1

-)e-ll<x+nl 
n=O X+ n 

9. Show that 

(a) y = - f ln (ln~) dt 

1 r tdt 
(b) r=2+2Jo (l+t2)(e2n;t_l) 

10. Starting with Eq. (2.58), use integration by parts followed by a 
change of variable to show that 

f 
i 1 _ e -t _ e -11t 

y= dt 
o t 

11. Derive the Maclaurin series expansion 
oo (2t )2m 

t coth t = L B2m -( -)-! 
m=O 2m . 

Hint: First show that 

e'+e-t 1 1 
coth t = ' _, = -U---1 + 1 -2t e -e e - -e 

12. (a) Starting with the infinite product representation 
00 

( x2 ) sinx =x rr 1-2"2 
n=l n Jl 

show that the logarithmic derivative leads to 
00 [x/(n:Jr)]2 

x cot x = 1 - 2 2: 2 / ( 2 2) - J"C < x < J"C 
n=i 1-x n Jl 

(b) From (a), deduce that 

X cotx = 1- 2 m~l Ç(2m)(;fm 

13. (a) By using the identity cothix = -i cotx (i 2 = -1) and the 
result of problem 11, deduce that 

00 <-1r 
xcotx=l+ L B2m-(_)_I (2x)2m 

m=l 2m . 

(b) Comparing the result of (a) with that of problem 12b, 
deduce the relation 

r-(2 )=(2Jr)2m(-l)m-1B 
.,, m 2(2m)! 2m m=l,2,3, ... 

14. Show that 
(a) Ç(2)=Jr2/6 (b) Ç(4)=Jr4/90 (e) Ç(6) = Jr6/945 
Hint: Use problem 13b. 
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15. Show that 
oo (-l)n 

r= L -- ~(n) 
n=2 n 

16. The total energy radiated by a blackbody (Stefan-Boltzmann 
law) is proportional to the integral 

[=foo~dx 
o ex -1 

Show that I = n 4 /15. 
Hint: Observe that (l -e-x)-1 = E~=oe-nx and use problem 14. 

17. Starting with the observation 

-=-- e-nttx-ldt 1 1 foo 
nx f(x) o 

x>l n = 1, 2, 3, ... 

sum over all values of n to deduce that 
1 f oo tx-1 

~(x) = f(x) o et -1 dt x > 1 

18. Show that (p > 1) 

foo tp-1(_1_ - _1_) dt = 21-pf(p )~(p) 
o et -1 et + 1 

19. Using the results of problems 17 and 18, deduce that (p > 1) 

_1_ Joo tp-1 dt = f (-1r-1 (1- 21-p)~(p) 
f(p) O et + 1 n=l nP 

20. By expressing ln (1 +x) in its Maclaurin series, show that 

f 1 ln (1 + X ) dx = :Jl2 

o X 12 

Hint: See problems 14 and 19. 

21. By substituting the limit expression 

lim f(x + 1) =Klim (e-xxx+ 112 ) 

into the Legendre duplication formula written in the form 

~ r::. 
1
. 22x-1f(x)f(x + 1/2 ) 

vn= im 
X--+00 f(2x) 

deduce that K = v'2ir. 
22. Use problem 21 to establish that 

1. b-af(x +a+ 1) 1 
lIDX = 

X--+00 f(x + b + 1) 
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23. Show that the mth derivative of Eq. (2.99) leads to 
00 (m+n)! 

""<m>cx + 1) = <-1r+1 L: <-l)n s<m + n + 1)xn 
n=O n! 

24. Show that 

(a) 1JJ'(l) = :2 (e) 1JJ'G) = ~2 
.1'4 

(d) 1JJ"'(2)=--6 
15 

25. Write the sum of the series in terms of the digamma and 
polygamma functions and evaluate. 

00 1 00 1 
(a) L (e) L ---

n=1n(n +l) n=1n(n+l)2 

00 1 00 1 
<b) L: (d) L: ---=-----

n=O (n + 2)(n + 4) n=l n(4n2 -1) 

26. Show that (m = 1, 2, 3, ... ) 

'ljJ<ml(x) = (-1r+1 ("" tme-:',dt 
Jo 1-e 

27. Derive the asymptotic series 

1 1 00 

1/J'(x+l)----2+ L B2nX-(2n+l) x--+oo 
X 2.x n=l 

Note: This series diverges for all x. 

28. Use the first four terms of the series in problem 27 (including the 
terms outside the summation) to approximate 1/J'(4), and com­
pare with the exact value 1JJ'(4) = .rc2/6- 49

/ 36 • 

29. For k = 2, 3, 4, ... , show that 

'IJJ<m)(k) = (-1r+1m![s<m + 1)- kf
1

-
1
-] 

n=l nm+l 

30. For k = 2, 3, 4, ... , show that 

1/J(m)( k -i) 
=(-1r+1m'[(2m+1 -lV(m+l)-2m+ik~

1 1 J 
• .,, n~i<n -1r+1 



 



              

3.1 lntroduction 

Chapter 

3 
Other Functions Defined 

by Integrais 

ln addition to the gamma function, there are numerous other special 
functions whose primary definition involves an integral. Some of 
these functions were introduced in Chap. 2 along with the gamma 
function, and in this chapter we consider several others. 

The error function derives its name from its importance in the 
theory of errors, but it also occurs in probability theory and in certain 
heat conduction problems on infinite domains. The closely related 
Fresnel integrais, which are fundamental in the theory of optics, can 
be derived directly from the error function. A special case of the 
incomplete gamma function (Sec. 2.5) leads to the exponential 
integral and related functions-the logarithmic integral, which is 
important in analysis and number theory, and the sine and cosine 
integrais, which arise in Fourier transform theory. 

Elliptic integrais first arose in the problems associated with 
computing the arclength of an ellipse and a lemniscate (a curve in 
the shape of a figure eight). Some early results conceming elliptic 
integrais were discovered by L. Euler and J. Landen, but virtually 
the whole theory of these integrais was developed by Legendre over a 
period spanning 40 years. The inverses of the elliptic integrais, called 
elliptic functions, were independently introduced in 1827 by C. G. J. 
Jacobi (1802-1859) and N. H. Abel (1802-1829). Many of the 
properties of elliptic functions, however, had already been developed 
as early as 1809 by Gauss. Elliptic functions have the distinction of 
being doubly periodic, with one real period and one imaginary period. 
Among other areas of application, the elliptic functions are important 
in solving the pendulum problem (Sec. 3.5.2). 

109 
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3.2 The Error Function and Related 
Functions 

The error function is defined by the integral 

erfx =- e-t2 dt 2 IX 
Vi o 

-oo<x <oo (3.1) 

This function is encountered in probability theory, the theory of 
errors, the theory of heat conduction, and various branches of 
mathematical physics. By representing the exponential function in 
(3.1) in terms of its power series expansion, we have 

2 IX "' <-1r erfx =- 2.: --t2ndt 
Vi o n=O n! 

from which we deduce ( termwise integration of power series is 
permitted) 

2 °" ( -1rx2n+1 
erf x = - 2.: ---­Vi n=O n!(2n + 1) 

lxl < 00 (3.2) 

Examination of series (3.2) reveals that the error function is an 
odd function, i.e., 

erf( -x) = -erf x (3.3) 

Also we see that 

2 (º 
erfO = yn; Jo e-t

2 

dt =O (3.4) 

and by using properties of the gamma function, we find that ( in the 
limit) 

(3.5) 

The graph of erf x is shown in Fig. 3.1, and a list of values for 
O s x s 2 is provided in Table 3.1. 

ln some applications it is useful to introduce the complementary 
error function 

2 J.°" erfcx = yn; x e-t
2 

dt (3.6) 
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erf(x) 

1 --------~-~---~-

-2 -1 1 2 X 

--~--=------- -- - -1 

Figure 3.1 The error function. 

Clearly it follows that 

2 roo 2 IX 
erfc x = Vii: Jo e-t

2 

dt - Vii: 
0 

e-t
2 

dt 

from which we deduce 

erfcx = 1- erfx 

Hence, all properties of erfc x can be derived from those of erf x. 

Example 1: Find the Laplace transform of f(t) = erfc( 1/Yt). 
Solutlon: The Laplace transform is defined by 

TABLE 3.1 Values of erf x for Os; x s; 2 

X erfx X erfx 

0.00 0.0000 1.00 0.8427 
0.10 0.1125 1.10 0.8802 
0.20 0.2227 1.20 0.9103 
0.30 0.3286 1.30 0.9340 
0.40 0.4284 1.40 0.9523 
0.50 0.5205 1.50 0.9661 
0.60 0.6039 1.60 0.9763 
0.70 0.6778 1.70 0.9838 
0.80 0.7421 1.80 0.9891 
0.90 0.7969 1.90 0.9928 
1.00 0.8427 2.00 0.9953 

(3.7) 
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u 

u = t-1/2 

/ 

Figure 3.2 

If we interpret this last expression as an iterated integral, we can 
interchange the order of integration (see Fig. 3.2). Hence, 

::t{erfc (_.!_); s} = __!_ r e-u
2 f"" e-st dt du 

Vt YJr Jo u-2 

2 f"" -u2-su-2 d 
= svn o e u 

and by calling upon the integral formula(see problem 18 in Exercises 
3.2) 

a>O, b;;::O 

we deduce that 

3.2.1 Asymptotic series 

An asymptotic series for the complementary error function can be 
obtained through repeated integration by parts. To obtain this series, 
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we first observe that integration by parts leads to 

f.
oo -x2 l f.oo -t2 

t2 e e e- dt=--- -dt 
X 2x 2 X t 2 

and by integrating by parts again, we get 

f.
oo t2 e-x2 e-x2 1 X 3100 e-t2 

e- dt=---+-- --dt 
X 2x 22x3 22 X t4 

Continuing this process indefinitely, we finally derive the 
asymptotic series 

e-x
2

[ 
00 nlX3X···X(2n-l)J 

erfcx ~, r= 1 + 2: (-1) (2x2r 
V :n:x n=l 

x~oo (3.8) 

3.2.2 Fresnel integrais 

Closely associated with the error function are the Fresnel integrais 

e (x) = f cos %:n:t2 dt (3.9) 

and S (x) = f sin %:n:t2 dt (3.10) 

These integrais come up in various branches of physics and engineer­
ing, such as in diffraction theory and the theory of vibrations. 

From definition, we have the immediate results 

C(O) = S(O) =O (3.11) 

The derivatives of these functions are 

C'(x) = cos %:n:x 2 (3.12) 

and thus we deduce that both C(x) and S(x) are oscillatory. Namely, 
C(x) has extrema at the points where x 2 = 2n + 1 (n =O, 1, 2, ... ), 
and S(x) has extrema where x 2 = 2n (n = 1, 2, 3, ... ). The largest 
maxima occur first and are found to be C ( 1) = O. 77989 . . . and 
S(y2.) = 0.71397 .... For x~oo, we can use the integral formulas 
(see problem 27 in Exercises 3.2) 

1
00 

cos t 2 dt = f 00 sin t 2 dt == ! ~ 
o o 2 \/2 (3.13) 
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y 

1 

y = C(x) 

X 

Figure 3.3 The Fresnel integrais. 

to obtain the results 

C(oo) = S(oo) = % (3.14) 

The graphs of e (x). and s (x) for positive X are shown in Fig. 3.3. 
To derive the relation between the Fresnel integrais and the error 

function, we start with 

erfz =- e-u• du 2 lz 
\(;; o 

(3.15) 

where z may be real or complex. * Substituting z = x"\([ii'72 and 
u = t"\([ii'72 into (3.15) leads to 

erf ( x {#) = V2i f e -int•12 dt 

= V2i u: cos 1
/ 2:rct2 dt - i f sin 1/ 2:rct2 dt) 

from which it follows that 

1 ( (i;) . y'2lerf x-y2 =C(x)-iS(x) (3.16) 

Other properties of these functions are taken up in the exercises. 

*For a discussion of the error function with complex argument, see N. N. 
Lebedev, Special Functwns and Their Applications, Dover, New York, 1972, 
chap. 2. 
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Exercises 3.2 

ln problems 1 to 10, use properties of the error function to develop 
the given relation. 

1 d rf 2 -x2 
. dxe x=Vice 

2. fª e-t
2 

dt = Vicerf a 

3. f e-t
2 
dt = 1

/ 2Vic(erf b - erf a)= %Vir(erfca - erfc b) 

4. r e-ª
2
t

2
dt= :, a>O 

1
00 1~ b 5. e-<at•+2bt+cl dt =- -e<b•-ac>ta erfc' C• a> 0 

0 
2 a va 

L
oo -st ~ 

6. , ~dt = ~esx erfc VSX, x >O, s >O 
o vt +x s 

7. '!___ dt = - e-x2 
- Vir erfc x i

oo -t2 1 

X t 2 
X 

s. L"' e-st-t
2

'
4 dt = Vir e82 erfc s, s > º 

Hint: Write t 2/4 + st = (t/2 + s )2 -s2 and make the change of 
variable u = t/2 + s. 

1
00 1 s 

9. 
0 

e-sterftdt=;e8214 erfc2, s>O 

Hint: Reverse the order of integration. 

10. f
00 

e-=2 erf(x~b)ax = ~erf(b~), a >O 

11. Evaluate. 
(a) erfc O 
(b) erfc ao 

12. Establish the relations (see Sec. 2.5) 

1 (1 2) (a) erf x =Vir y 2, x 

(b) erfcx = Jn rG, x2
) 
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ln problems 13 to 16, establish the indefinite integral relations, 
where C is an arbitrary constant. 

13. J e-(ax2+2bx+.t:) dx = ~ l e<b2-ac)/a erf ( vax + -Sa) +e 

J 
1 2 

14. erfx dx =x erfx + y;re-x +e 
Hint: Use integration by parts. 

J 
2 VJl __ _& 

15. e-x erfxdx =4errx +C 

16. J e=erfbxdx =~[e= erfbx -eª21
<4b

2
lerf(bx -;b)] +e, 

a=FO 

17. Both F(x) and F'(x) are uniformly convergent integrais for all x, 
where 

F(x) = fº e-'
2 

cosxt dt 

(a) Use integration by parts to show that 

X 
F'(x) = -2F(x) 

(b) Verify directly that F(O) = VJr/2. 
(e) Solve the differential equation (DE) in (a) subject to the 

initial condition in (b) to deduce that 

i"' e _,z cos xt dt = v'Jl e -x214 

o 2 
18. Consider the integral 

a >O, b;;:;:O 

as a function of the parameter b. 
(a) Show that I satisfies the first-order linear DE 

dl 
db +2al=O 

(b) Evaluate J(O) directly from the integral 
(e) Solve the DE in (a) subject to the initial condition in (b) to 

deduce the result 

l(b) = VJl e-2ab 

2a 
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19. Consider the integral 

f
"' -a2x2 

J(a)= e2 b2dx 
-ooX + 

a;::: O, b>O 

as a function of the parameter a. 
(a) Show that I satisfies the first-order linear DE 

dl - 2ab21 = -2\(ir 
da 

(b) Evaluate /(0) directly from the integral. 
(e) Solve the DE in (a) subject to the initial condition in (b) to 

deduce that 

:Ir 2b2 l(a) =-eª erfcab 
b 

20. Use the result of problem 19 to show that 

i
n/2 - 2 2 in/2 - 2 2 :Ir 2 e a tan X dx =: e a cot X dx = _eª erfc a 

o o 2 

ln problems 21 to 23, derive the integral representation. 

2 J,"' 2 sin 2xt 21. erfx =- e-t --dt 
:Ir o t 

Hint: Write sin 2xt in a power series. 
4 1 -x2(1 +t2) 

22. ( erf X ) 2 == 1 - - ( e l 2 dt 
:Ir Jo + t 

Hint: Write the expansion on the left as a double integral and 
transform to polar coordinates. 

4 ('" 
23. ( erfc x )2 ==\(ir e-2x2 Jo e-t

2
-

2v'2xt erf t dt, 

Hint: Use the result of problem 8. 

24. Show that the Fresnel integrais satisfy 
(a) C(-x)=-C(x) 
(b) 8(-x)=-S(x) 

25. Obtain the series representations. 

(a) C(x) = i ( -l)n(n/2)2n X4n+l 
n=O (2n)!(4n + 1) 

(b) S(x)= f (-lr(n/2)2n+1 x4n+3 
n=O (2n + 1)!(4n + 3) 

x>O 
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26. The Fresnel integrais are sometimes defined by 

Í2L"' 1 Lxcost C1(x)= -y; 
0 

cost2 dt C2(x)=\1'2i 
0 

v'i dt 

Í2 L"' 1 Lx sin t S1(x) = -y; 
0 

sint2 dt 82(x) = v'2Jr 
0 

v'i dt 

Show that 
(a) C(x) = C1(xv;J2) = C2 (JT:X 2/2) 
(b) S(x) = S1(xv;J2) = S2 (JT:X2/2) 

27. Set a= (1-i)/"\/2 in the result of problem 4, and separate into 
real and imaginary parts. 
(a) Deduce that 

L"' cos t 2 dt = L"' sin t 2 dt = ! 0-_ 
o o 2 -Y2 

(b) Use (a) to evaluate r r sin(x2 +y2 )dxdy 

28. Establish the integral formula 

2 ix 22 1 • r= e -a t dt = - erf a.x 
v:rr o a 

Then, following the suggestion in problem 27 and using the 
asymptotic series (3.8), derive the asymptotic formulas 

1 1 [ 1 2 . 1 2] C (x) - - - - B (x) cos - JT:X - A (x) sm - JT:X 
2 1í,X 2 2 

x-oo 

S(x)-- - - A(x) cos- JT:X 2 + B(x) sin- JT:X 2 1 1 [ 1 1 ] 
2JT:X 2 2 

x-oo 

where A (x) and B (x) are each asymptotic series related to ( 3.8). 

3.3 Applications 

ln this section we briefly discuss some classical examples involving 
probability theory, heat conduction, and vibrating beams which lead 
to solutions in terms of error functions or Fresnel integrais. 

3.3.1 Probabllity and statistics 

The error function is prominent in problems involving the normal 
distribution in probability theory. We say that x is a normal (also 
called gaussian) random variable if it has the probability density 
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function 

( ) __ 1_ -(x-m)2/(2o2) 

Px X - aY2n/ (3.17) 

where m is the mean value of x and a 2 is the variance. Among other 
applications, this density function appears in the analysis of random 
noise, such as that found at the input to radar and sonar detection 
devices. 

ln general, the probability that a random variable x 5 x is defined 
by the integral 

(3.18) 

This is also called the cumulative distribution function. For a normal 
distribution, this probability integral leads to 

Pr(x5x) =-- e-<u-mJ•1<2a•)du 1 Jx 
a-.../2i; -oo 

=-1-f"' e-(u-m)2/(2a2) du 
a-.../2i; -oo 

--- e-(u-m)2/(2a2)du 1 1"' a-.../2i; X 

1 x-m 
=l--erfc--

2 av'2 
(3.19) 

where the last step is obtained after making the change of variable 
t = (u - m )/( av'2). Using the identity erfc x = 1 - erf x, we can 
rewrite (3.19) in the altemative form 

1 ( X -m) Pr (x 5 x) = 2 1 + erf av'2 (3.20) 

Observe that Pr (x < -oo) = O and Pr (x < oo) = 1, which follow from 
the properties of the error funlction. 

3.3.2 Heat conduction in solids 

Another application involving error functions concems the problem of 
heat fiow in a long homogeneous rod, one end of which is exposed to a 
time-varying heat reservoir. If we assume the initial temperature 
distribution is OºC along the rod and that the lateral surface of the 
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rod is insulated, then the problem we wish to solve can be mathemat­
ically described by* 

éJ2u -2 au 
-=a -
àx 2 at O<x< 00, t>O 

u(O,t)=f(t) u(x, t)~o as x~oo (3.21) 

u(x, O)= O O<x <oo 

Here u (x, t) denotes the temperature in the rod at time t and position 
x, f(t) is the prescribed time-varying end temperature at the finite 
boundary, and a 2 is a physical constant called the diffusivity. The 
goveming equation is a partial differential equation called the 
one-dimensional heat equation. 

We assume the reader is familiar with the Laplace transform 
method for solving ( ordinary) differential equations. Beca use the 
functions involved in solving a partia! differential equation depend on 
more than one independent variable, we define the Laplace transform 
of u(x, t), for example, by the notation 

;t{u(x, t); t~s} = r e-se u(x, t) dt = U(x, s) (3.22) 

Based on properties of the Laplace transform, it follows that 

(3.23) 

and 

;e{~~ (x, t); t~s} =sU(x, s) - u(x, 0) (3.24) 

If we also define F(s) = ;t'{f(t); t~s }, then the problem described by 
(3.21) is transformed to 

a2u -(!__)u =o 
ax2 ª2 O<x<oo 

(3.25) 
U(O,s)=F(s) U(x,s)~o as x~oo 

* See L. C. Andrews, Elementary Partial Differential Equations with Boundary 
Value Problems, Academic, Orlando, 1986, chap. 6. 
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We recognize ( 3.25) as a second-order linear differential equation 
whose general solution is 

U(x, s) =A(s )exYsla + B(s )e-xYsla 

where A(s) and B(s) are arbitrary functions of s. However, to satisfy 
the condition U(x, s )~o as x~oo, we must choose A(s) =O. The 
remaining boundary condition in (3.25) then demands that B(s) = 
F(s ), leading to the particular solution 

U(x, s) = F(s )e-xYsla (3.26) 

To invert (3.26), we observe that (see problem 8 in Exercises 3.3) 

(3.27) 

and through use of the convolution theorem, we obtain the formal 
solution 

X (t f( r;) [ X2 ] 
u(x, t) = 2a:y; Jo (t _ r:)312 exp - 4a 2(t _ r:) dr: (3.28) 

Example 2: Solve the problem described by (3.21) when f(t) = T0 

( constant). 

Solution: The formal solution is that given by (3.28). Setting 
f(t) = T0 and making the change of variable 

X z -----;=== 
-2a~ 

we find that (3.28) becomes 

2To f."' 2 u(x,t)=,c e-z dz 
V 1r x!(2avt) 

Now recalling the definition of the complementary error function, we 
get 

X 
u(x, t) = T0 erfc 

2
av't 
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The physical interpretation of the solution suggests that for any 
fixed value of x, the temperature in the rod at that point will 
eventually approach T0 if we wait long enough (t - oo ). We also 
recognize that the temperature remains constant along any member 
of the family of parabolas in the xt plane defined by 

X 

2ª Vi= constant 

3.3.3 Vibratlng beams 

Let us considera uniform semi-infinite beam that is initially at rest 
along the x ruris and then at time t = O is given a transverse 
displacement b at the end x =O. We assume the beam is fixed at the 
end x - oo. If u (x, t) denotes the subsequent displacement at time t 
and position x, then u(x, t) is a solution of the boundary-value 
problem 

u(O,t)=b 

à
4
u + (_!_) à

2
u = o 

àx4 ª2 àt2 
O<x <oo t>O 

à2u 
àx2 (O, t) =O* u(x,t)-o 

u(x, O)= O 
àu 
-(x O) =O àt , 

as 

O<x <oo 

x-oo (3.29) 

Once again we solve the problem by use of the Laplace transform. 
Following the procedure used in Sec. 3.3.2, the transformed problem 
becomes 

a4
U (s)2 

-+ - U=O 
àx4 a 

b 
U(O,s)=­

s 

U(x,s)-o as 

O<x <oo 

(3.30) 

x-oo 

where U(x, s) = ;t { u (x, t ); t- s }. The general solution of this fourth-

* The end condition a2u/ax2 (0, t) =O states there is no moment at the free end 
ofthe beam. 
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order equation is 

U(x, s) =e-xVs/(2al[A(s) cosx ~ +B(s) sinx ~] 

+exVst<2ai[ C(s) cosx~+D(s) sinx~J 
where A(s ), B(s ), C(s ), and D(s) are ali arbitrary functions. To 
obtain a bounded solution, we must set C(s) = D(s) =O. The remain­
ing boundary conditions in (3.30) lead to A(s) =bis and B(s) =O; 
thus, our solution of the transformed problem reduces to 

U(x, s) = ~e-xVs/(2al cosx fs 
s -V 2,;; (3.31) 

Next, by use ofEuler's formula cosz = %(eiz +e-iz) we may rewrite 
(3.31) as* 

(3.32) 

and using the inverse transform relation (recall Example 1, which is 
the special case a = 2) 

y;-i{! e-aVS. s ___,. t} = erfc ~ 
s , 2Vt (3.33) 

we deduce that 

u (x, t) = ~ [ erfc (i ~) + erfc (i ~) J 

(3.34) 

Finally, with the aid of the identity (see problem 9 in Exercises 3.3) 

(3.35) 

we can express our solution in terms of the Fresnel integrais 

u(x, t) = b[ 1-e( v2:nt)-s( v2:nt) J (3.36) 

* Note that 1 ± i = v'±2i. 
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Exercises 3.3 

1. Derive an expression for the cumulative gamma distribution 
function in terms of the error function, where 

1 
Px(x)=r(a)xª-1e-.x x>O 

andpx(x) =O, x <O (a) for a=% and (b) for a=%. 
2. The input to a limiter is a normal random voltage x with mean 

zero and variance a2
• The output is a random voltage y described 

by 

{

-1 

y= ; 

x<-1 
-l<x<l 
x>l 

Calculate the variance a~ in terms of the error function. 
3. The temperature distribution in a uniform long slender rod is 

described by the boundary-value problem 

à2u -2 au 
a_x2 =a at 

u(x,O)=f(x) 

-oo<x<oo 

-oo<x <oo 

Use the Fourier transform to find the formal solution 

u(x, t) =-1-f°" f(;)e-<x-i;J•J(4a.2t) d; 
2a"lfiii -oo 

4. (a) Show that the formal solution in problem 3 for the special 
case 

reduces to 

f(x)={~º lxl<l 
lxl>l 

1 [ (X + 1) (X - 1)] u(x,t)=2T0 erf 2aVt -erf 2aVt 

(b) Find a solution for the special case 

x<O 

x>O 
5. (a) Show that r e -z•-bz dz = V: eb

214 erfc ( u + ~) 
(b) Use the result of (a) to solve problem 3 when 

f(x) = e-1x1 
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6. (a) If the boundary condition in problem (3.21) is 

O<t<b 
{

T1 
u(O,t)=f(t)= O 

t?. b 

show that 

{ 

T1 erfc (2axv't) 

u(x, t)- T,[ err(2afi)-err(~y,)] 
O<t<b 

(b) Verify that u(x, t) is continuous at t = b, though f(t) is not. 

7. If the boundary condition in (3.21) is modified to 

au ax (O, t) = -f(t) 

the formal solution becomes 

a (' f( r:) [ x
2 J 

u(x, t) = vn Jo ~exp - 4a2(t - r:) dr: 

(a) For the special case f(t) = K ( constant), show that 

u(x, t) = K[ 2a(;) 
112 

e-x
21

<4a
20 

-x erfc (2axv't) J 

( b) What is the temperature in the rod at the end x = O as a 
function of time? 

8. (a) Show that 

2?{ ~e-k1'; t-s} = ~e-2Vk8 k?. O 

Hint: Use the result of problem 18 in Exercises 3.2. 
( b) By formally differentiating both sides of (a) with respect to 

the parameter k, deduce that 

2?{_!._e-k1t. t-s} = G.e-2Vk8 k >O 
tv't ' -Y"k 

9. Using the definition of the error function, show that 
(a) erfVTX = (1 + i)[C(xV27Jl) -iS(xV27Jl)] 
(b) erfy:::j;X = (1 - i)[C(xV27Jl) + iS(xV27Jl)] 
(e) erfVTX + erfy:::j;X = 2[C(xV27Jl) + S(xV27Jl)] 
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10. The free vibrations u(x, t) of a uniform beam are governed by the 
boundary-value problem 

o4
u ( 1) a2

u 
ax4 + ª2 at2 =o O<x <oo t>O 

u(O,t)=f(t) 
a2u 
ax2(0,t)=O u(x, t)~ O as x~oo 

u(x, O)= O 
au 
-(x O) =O 
at ' 

O<x<oo 

Given that the formal solution can be expressed in the form 

1 J.00 

( x2 )( v2 v2) 
u(x,t)=y'l,; xtv'?/ t- 2v2 cos2+sin2 dv 

show that the special case f (t) = b reduces to that given by Eq. 
(3.36) with a= 1. 

11. (Stefan problem) Imagine the half-plane x > O filled with ice at 
OºC with the wall at x = O kept at constant temperature T0 • As 
the ice begins to melt, the interface boundary between ice and 
water is described by x =s(t), and the temperature u(x, t) in the 
water satisfies the boundary-value problem 

a2u au 

ax2 = at 
O<x<s 

u(O, t) = T0 u[s(t), t] =O 

Assume a solution of the form 

t>O 

au ds 
-[s(t) t] = -­
ax ' dt 

X 
u(x,t)=A+Berf ,e 

2vt 
where A and B are constants to be determined. 
(a) Show that s(t) = 2kVt, where k is unknown. 
(b) Show thatA = T0 and B = -t0 /erfk. 

3.4 The Exponential Integral and Related 
Functions 

The exponential integral is defined by* 

f
x et 

Ei (x) = -dt 
-oo t 

x=FO (3.37) 

* Technically, Eq. (3.37) does not define Ei (x) for x >O unless we interpret the 
integral as its Cauchy principal value, i.e., 
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Another definition that is often given results from the replacement of 
x by -x and t by -t, which leads to 

1
00 -t 

-Ei (-x) =E1(x) = '!_dt 
X t 

x>O (3.38) 

The exponential integral (3.37) or (3.38) is encountered in severa} 
areas, including antenna theory and some astrophysical problems. 
Also many integrais of a more complicated nature can be expressed in 
terms of the exponential integrais. 

Comparison of (3.38) with Eq. (2.43) in Sec. 2.5 reveals that E 1 (x) 
is related to the incomplete gamma functions according to 

E 1(x) = f(O, x) = lim [f(a) - y(a, x)] (3.39) 
a--->O 

Thus, properties of E 1 (x) can be deduced from those of the incomplete 
gamma functions. For example, from the series for y(a, x) [see Eq. 
(2.45) in Sec. 2.5], we have 

= lim [af(a)-xªJ- i (-lrxn 
a--->0 a n=l n!n 

(3.40) 

Using the recurrence formula for the gamma function and L'Hôpital's 
rule, it follows that* 

1. [af(a) -xª] 1. [ ( ) 1 ] 1m = Im f' a+ 1 -xª nx 
a--->O a a--->O 

=-y-lnx (3.41) 

Hence we have derived the series representation 

x>O (3.42) 

Equation (3.42) illustrates the logarithmic behavior of E 1(x) for 
small arguments, i.e., 

(3.43) 

* Recall from Eq. (2.58) in Sec. 2.6 that f'(l) = -y. 
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3 

oL-~~==~,;:::::::====-~-. 
X 

-1 

Figure 3.4 The exponential integral E 1 (x ) . 

For large arguments, we can use Eq. (2.49) in Sec. 2.5 to deduce 
that* 

x~oo (3.44) 

The graph of E 1(x) for positive x is shown in Fig. 3.4. 

3.4.1 Logarithmic integral 

Closely related to the exponential integral is the logarithmic 
integral 

li (x) = ix !!!_ 
0 lnt 

x=#=l 

Setting u =ln t, we see that (3.45) becomes 

l
lnxeu 

li (x) = -du 
-oo u 

and thus deduce that 

li (x) = Ei (ln x) = -E 1 ( - ln x) 

(3.45) 

O<x<l (3.46) 

* The complete asymptotic series for E 1 (x) was developed in Example 19 in Sec. 
1.6.2. 
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By using (3.46), we can immediately deduce properties of li (x) 
from those developed for the exponential integrais. ln particular, Eq. 
(3.42) leads to 

• 

00 Onxr 
h(x)=y+ln(-lnx)+ 2:-,-

n=l n.n 
O<x<l (3.47) 

The graph of li (x) is shown in Fig. 3.5. 

3.4.2 Sine and cosine integrais 

Another set of special functions that are related to the exponential 
integral includes the sine integral and cosine integral de:fined, 
respectively, by 

and 

Jj( X) 

2 

1 

S. ( ) ix sintd 1 X = -- t 
o t 

e. ( ) lx costd 
1 X = -- t 

00 t 

x>O 

x>O 

01--~-'-1-+~-'-~----!3'--~~4--~ 
X 

-1 

-2 

Figure 3.5 The logarithmic integral. 

(3.48) 

(3.49) 
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To relate these integrais to the exponential integral requires complex 
variable theory, and thus we omit the derivation. * 

lt is convenient in some applications to introduce another sine 
integral defined by 

. J."' sin t s1(x) = - -dt 
X t 

(3.50) 

which is related to (3.48) by (see problem 6 in Exercises 3.4) 

(3.51) 

Special values of these functions include ( see problem 7 in 
Exercises 3.4) 

Si (O)= O 

Taking derivatives, we obtain 

S., ( ) sinx 
1 X=--

X 

Si (oo) = ~ 
2 

Ci (oo) =O 

e., ( ) cosx 
1 X=--

X 

(3.52a) 

(3.52b) 

(3.53) 

which shows that both functions are oscillatory. We observe that 
Si (x) has extrema at x = nJr (n =O, 1, 2, ... ), while Ci (x) has 
extrema at x = (n + 1/ 2 )Jr (n = O, 1, 2, ... ). The graphs of these func­
tions are shown in Fig. 3.6. 

Exercises 3.4 

1. Show that (x > O) 

I
oo -xt 

Ei(x) =e-x _e_dt 
o 1 + t 

2. Derive the asymptotic formula 

x~oo 

* See N. N. Lebedev, Special Functions and Their Applications, Dover, New 
York, 1972, pp. 33-37. 
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y 

y = Si(x) 

-1 

Figure 3.6 The sine and cosine integrals. 

3. From the result of problem 2, show that 

E i (x) - e -x i ( -1 ~nn ! 
X n=O X 

4. Derive the asymptotic formula 

oc r 
li (x)-~ 2: _n_. -

ln X n=O (lnx r 
5. Let 

x~oo 

x~oo 

f(t)=1=sintxdx t>O 
o X 

(a) By taking the Laplace transform of both sides, show that 

.:t{f(t);s} = r (x2+s2)-ldx 

(b) Evaluate the integral in (a), and by taking the inverse 
Laplace transform, deduce the value f(t) = ir/2. 

6. Using the result of problem 5, show that 

Si (x) = ~ + si (x) 
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7. Show that 

. Jr 
(a) S1 ( oo) = 2 (e) Si(O)=O 

(b) Ci ( oo) =O 

8. Derive the series representation 

"" ( - lrx2n+1 
Si(x)= 2, ----­

n=o (2n + 1)(2n + 1)! 

ln problems 9 to 14, derive the integral relation. 

f
oo 1 

9. e-stE1(t)dt=-In(l+s),s>O 
o s 

f
oo 1 1 

10. . e-stsi (t) dt =-tan-1
-, s >O 

o s s 

f
oo 1 

11. e-stsi(t)dt = --tan-1 s, s >O 
o s 

f
oo 1 

12. 
0 

e-stci (t) dt = - 2s ln (1 +s 2
), s >O 

foo f"' Jr 13. cosxCi(x)dx= sinxsi(x)dx=--
o o 4 

r r Jr 
14. Jo [Ci(x)]2 dx= Jo [si(x)]

2 dx=2 

ln problems 15 to 20, express the given integral in terms of Si (x) 
and/or Ci (x ). 

15. rb sin t dt 
Ja t 

L
b sint2 

16. --dt 
a t 

Hint: Let t 2 = u. 

L
b cos t 2 

17. --dt 
a t 

8 L
b sintd 

1 . 3 t 
a t 

Hint: Use integration by parts. 

fb 1- cos t . 
19. smatdt 

o t 

O L
3 cos2td 

2 . 2 t 
2 1-t 

Hint: Start with partia! 
fractions. 
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3.5 Elliptic Integrais 

The parametrie equations for an elliptic are are given by (b >a) 

X= a eos (J 

y = b sin 8 
(3.54) 

Using the formula for arclength from ealeulus, we find the length of 
the elliptie are (3.54) leads to the integral 

L = f' Va2 sin2 8 + b2 eos2 8d8 (3.55) 

whieh ean also be expressed in the form 

(3.56) 

where e is the eeeentrieity of the ellipse, defined by 

(3.57) 

The integral in (3.56) eannot be evaluated in terms of elementary 
funetions. Beeause of its origin, it is ealled an elliptic integral. 

There are three classifieations of elliptie integrais, ealled elliptic 
integrais of the first, second, and third kinds and defined, 
respeetively, by 

{"' d(J 
F(m,</J)= Ío Vl-m2 sin2 8 O<m<l (3.58) 

(3.59) 

and 

i<P d8 
TI(m, </J, a) = . . 

o Vl - m 2 sm2 8 (1 + a2 sm2 8) (3.60) 

O<m<l a =l=m, O 

The parameter </> is ealled the amplitude, and m is the modulus. 
When </> = n/2, we refer to (3.58) to (3.60) as complete elliptic 
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integrais, and they are often given the special designations 

i
:n:/2 d(} 

K(m) = Vl 2 • 2 (} o -m sm 
O<m<l (3.61) 

L
:n:/2 

E(m)= 
0 

Vl-m2 sin2 8d8 O<m<l (3.62) 

and 

i
:n:/2 d(} 

II(m, a)= 0 Vl- m2 sin2 8 (1 + a 2 sin2 8) (3.63) 

O<m<l a=l=m,O 

Sometimes these integrals are designated simply by the letters K, E, 
andII. 

Some of the importance connected with these integrals lies in the 
following theorem, which we state without proof. * 

Theorem 3.1. If R (x, y) is a rational function in x and y and P(x) is a 
polynomial of degree 4 or less, then the integral 

J R(x, VP(x)) dx 

can always be expressed in terms of elliptic integrals. 

3.5.1 Limiting values and series 
representatlons 

For the limiting case m~o, we find that (3.61) leads to 

and similarly, 

l
:n:/2 :rr 

K(O) = d8 =-
o 2 

:rr 
E(0)=-

2 

(3.64) 

(3.65) 

*For a proof of Theorem 3.1, see F. Bowman, Introductwn to Elliptü: Functwns 
with Applicatwns, Dover, New York, 1961. 
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ln the other limiting case where m ~ 1, we obtain the results (see 
problem 1 in Exercises 3.5) 

K(l) = oo 

E(l) = 1 

(3.66) 

(3.67) 

We can generate an infinite series representation for K and E by 
first expanding the integrands in (3.61) and (3.62) in binomial series 
and then using termwise integration. For example, 

(1- m 2 sin2 e)-112 = i (-%)c-1rm2n sin2n e 
n=O n 

(3.68) 

and hence, by using the integral formula (see problem 19 in Exercises 
3.5) 

(3.69) 

we deduce the series representation 

Jr 00 (-1/)2 K(m) =- L 2 m2n 
2 n=O n 

(3.70) 

ln the sarne fashion, it follows that 

E(m) =~ i (%)(-%)m2n 
2 n=O n n 

(3.71) 

3.5.2 The pendulum problem 

A mass µ is suspended from the end of a rod of constant length b 
(whose weight is negligible). Summing forces (see Fig. 3.7) makes it 
clear that the weight component µg cos <P acting in the normal 
direction to the path is o:ffset by the force of restraint in the rod. * 
Therefore, the only weight component contributing to the motion is 
µg sin </J, which acts in the direction of the tangent to the path. If we 
denote the arclength of the path by s, then Newton's second law of 
motion (F = ma) leads to 

d 2s 
µ - = - µg sin "' dt2 'f' 

* Here g is the gravitational constant. 
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µgcos</> 

µg 
Figure 3.7 A swinging pendulum. 

where the minus sign signifies that the tangential force component 
opposes the motion for increasing s. The arclength s of a circle of 
radius bis related to the central angle </> through the formulas= b<f>, 
and so the equation of motion (after simplification) becomes 

d2</> 
-+ k2 sin "'=O (3.72) dt 2 'I' 

where k 2 =g/b. 
Equation (3.72) is nonlinear and cannot be solved in terms of 

elementary functions. To solve it, first we note that it is equivalent to 

1 (d<f>)
2 

- - - k 2 cos </> =e 
2 dt 

(3.73) 

i.e., (3.72) is the derivative of (3.73). (The constant C is proportional 
to the energy of the system.) Solving (3.73) for (d<f>/dt) 2

, we have 

(~:r = 2C + 2k 2 cos </> = 2C + 2k2 - 4k 2 sin21
/ 2 <f> 

or 

( d<f>)
2 

[ 2k
2 

1 ] - = 2(C +k 2
) 1---sin2 -<I> 

dt e +k2 2 
(3.74) 
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lf we now introduce the parameter 

C+k2 
m 2_ 

-2k2 

and make the change of dependent variable 

1 . 1 
y = - sm - </> 

m 2 

the chain rule demands that 

(3.75) 

(3. 76) 

(3.77) 

Upon making these replacements and taking the (positive) square 
root, (3.74) becomes 

(3. 78) 

If we assume the position of the pendulum is </> = O at time t = O 
and position </> = <I> at time t = T, then the separation of variables 
applied to ( 3. 78) leads to [Y = ( 1/m) sin 1/ 2 <1>] 

kT- (Y dy 
- Jo y(l -y2)(l - m2y2) 

(3.79) 

This integral is another form of the elliptic integral of the first kind 
F(m, Y), as can be verified by making the substitution y = sinx (see 
problem 4 in Exercises 3.5). 

Equation (3.79) gives the total time of motion of the pendulum in 
terms of an elliptic integral. If we wish to solve explicitly for the 
angle of motion <I> = 2 sin-1 mY, we need to define an inverse function 
for F(m, Y). Such a function exists and is called a Jacobian elliptic 
function. If in general we set 

u =F(m, </>) 

then we can define three elliptic functions by the relations 

snu = sin </> 

cnu = cos </> 

and dn u = Vl - m 2 sin2 </> 

(3.80) 

(3.81) 

(3.82) 

(3.83) 
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These elliptic functions belong to the class of doubly periodic 
functions with one real period and one imaginary period. ln this 
respect, they have characteristics of both the circular and hyperbolic 
functions. Much of the theory of elliptic functions is couched in the 
language of complex variables, and thus we do not pursue their 
general theory. Some elementary properties, however, are taken up 
in the exercises. 

Exercises 3.5 

1. Show that 
(a) K(l)=oo (b) E(l)=l 

2. Show that 

limK-E=~ 
m-->O m 2 4 

3. Verify that 

F(m, </> + n) -F(m, </>) = 2K 

ln problems 4 to 12, derive the given integral relation. 

fx ~1-m2t2 
8. 

0 
l-t2 dt:::E(m,x) 

ItP sin2 x 1 
9. Vl 2 • 2 dx =2 [F(m, cf>)-E(m, cf>)] 

o -m sm x m 
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12 f1 (l+x2)-112(l+2x2)-112dx=_!_[K(_!_)-F(_!_ ~)] 
· Jo v'2 v'2 v'2' 4 

13. Show that 

ll:rr: cosOdO (ab)-
1
'
2

[( k
2

) J - = 1-- K-E 
2n 0 (a2 + b2 + z2 

- 2ab cos 0) 112 k:rr 2 

where k2= 4ab 
(a+ b)2 +z2 

14. Find the perimeter of the ellipse 8x2 + 9y2 = 72. 

15. Find the area enclosed by one loop of the curve y 2 = 1 - 4 sin2 x. 

16. Find the arclength of the lemniscate r2 = cos 20, O :s: () :s: :rr/2. 

17. Find the length of the curve y = sinx, O :s:x :s: n/3. 

18. Find the surface area of a right circular cylinder of radius r 
intercepted by a sphere of radius a (a > r) whose center lies on 
the cylinder. 

19. Show that (n = O, 1, 2, ... ) 

f 12 
sin2

n ()d()= i ( -1r(-:2
) 

Hint: See problem 17a in Exercises 1.2. 

20. Show that 
(a) sn (O)== O 

21. Verify the identities. 
(a) sn2 u + cn2 u = 1 
(b) m 2sn2u+dn2u=l 
(e) dn2 u-m2 cn2 u=l-m2 

22. Derive the derivative relations 

d 
(a) du snu =cnu dnu 

d 
(b) du cn u = -sn u dn u 

d 
(e) -dnu = -m2 snu cnu 

du 

23. Show that 
(a) sn (u + 4K) = sn u 
(b) cn (u + 4K) = cnu 
(e) dn (u + 2K) = dnu 

(b) cn (O)= dn (O)== 1 
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24. Verify the addition formulas. 

) 
snucnvdnv+snvcnudnu 

(a) sn(u+v =----------
1 - m 2 sn2 u sn2 v 

(b) ( ) 
cnucnv-snudnusnvdnv 

cn u + v = -----------
1- m 2 sn2 u sn2 v 

d ( ) 
dnudnv-m2 snucnusnvcnv 

(e) n u + v = ------------
l - m2 sn2 u sn2 v 

25. Show that 
(a) lim sn u = tanh u 

m->l 

(b) lim cn u = sech u 
m->l 

(e) lim dn u = sech u 
m->l 

26. Show that 
(a) sn (-u) = -snu 
(b) cn(-u)=cnu 
(e) dn ( -u) = dn u 

27. A pendulum of length 2 ft is released from rest at an angle of 60º 
with the vertical. Assume that acceleration due to gravity is 
g = 32ft/s. 
(a) Determine the period of oscillation. 
(b) Find the period of oscillation if the goveming DE is 

approximated by the linear equation 

where k 2 =g/b. 

d2</> 
-+k2 A.=0 
dt 2 'I' 
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Chapter 

4 
Legendre Polynomials and 

Related Functions 

The Legendre polynomials are closely associated with physical phen­
omena for which spherical geometry is important. ln particular, these 
polynomials first arose in the problem of expressing the newtonian 
potential of a conservative force field in an infinite series involving 
the distance variables of two points and their included central angle 
(see' Sec. 4.2). Other similar problems dealing with either gravita­
tional potentials or electrostatic potentials also lead to Legendre 
polynomials, as do certain steady-state heat conduction problems in 
spherical solids, and so forth. 

There exist a whole class of polynomial sets which have many 
properties in common and for which the Legendre polynomials 
represent the simplest example. Each polynomial set satisfies several 
recurrence formulas, is involved in numerous integral relationships, 
and forms the basis for series expansions resembling Fourier trigon­
ometric series, where the sines and cosines are replaced by members 
of the polynomial set. Because of all the similarities in these 
polynomial sets and because the Legendre polynomials are the 
simplest such set, our development of the properties associated with 
the Legendre polynomials will be more extensive than similar 
developments in Chap. 5, where we introduce other polynomial sets. 

ln addition to the Legendre polynomials, we present a brief 
discussion of the Legendre functions of the second kind and associated 
Legendre functions. The Legendre functions of the second kind arise 
as a second solution set of Legendre's equation (independent of the 
Legendre polynomials), and the associated functions are related to 
derivatives of the Legendre polynomials. 

141 
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4.2 Legendre Polynomials 

Our introduction to Legendre polynomials will follow the historical 
discovery of this important polynomial set, i.e., through expansion of 
the generating function into a particular type of series. ln turn, the 
generating function is used to develop many of the properties 
associated with these polynomials. 

4.2.1 The generating function 

Among other areas of application, the subject of potential theory is 
concerned with the forces of attraction due to the presence of a 
gravitational field. Central to the discussion of problems of gravita­
tional attraction is Newton 's law of universal gravitation: 

Every particle of matter in the universe attracts every other particle 
with a force whose direction is that of the line joining the two, and 
whose magnitude is directly as the product of their masses and inversely 
as the square of their distance from each other. 

The force field generated by a single particle is usually considered 
to be conservative. That is, there exists a potential function V such 
that the gravitational force F at a point of free space (i.e., free of 
point masses) is related to the potential function according to 

F=-VV (4.1) 

where the minus sign is conventional. If r denotes the distance 
between a point mass and a point of free space, the potential function 
can be shown to have the form* 

k 
V(r) =-

r 
(4.2) 

where k is a constant whose numerical value does not concern us. 
Because of spherical symmetry of the gravitational field, the potential 
function V depends on only the radial distance r. 

Valuable information on the properties of potentials like ( 4.2) may 
be inferred from developments of the potential function into power 
series of certain types. ln 1785, A. M. Legendre published his "Sur 
l'attraction des sphéroi"des," in which he developed the gravitational 
potential (4.2) in a power series involving the ratio of two distance 
variables. He found that the coefficients appearing in this expansion 
were polynomials that exhibited interesting properties. 

* See O. D. Kellogg, Foundations of Potential Theory, Dover, New York, 1953, 
chap. 3. 
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p 

Figure 4.1 

o 

To obtain Legendre's results, let us suppose that a particle of mass 
m is located at point P, which is a units from the origin of our 
coordinate system (see Fig. 4.1). Let the point Q representa point of 
free space r units from P and b units from the origin O. For the sake 
of definiteness, let us assume b > a. Then, from the law of cosines, we 
find the relation 

r2 = a 2 + b 2 
- 2ab cos <P (4.3) 

where <jJ is the central angle between the rays OP and OQ. By 
rearranging the terms and factoring out b2

, it follows that 

a<b 

For notational simplicity, we introduce the parameters 

a 
t=-

b 
X= COS <jJ 

and thus, upon taking the square root, 

r = b(l - 2xt + t 2
)

112 

(4.4) 

(4.5) 

(4.6) 

Finally, the substitution of ( 4.6) into ( 4.2) leads to the expression 

k 
V =-(1- 2xt + t 2

)-
112 

b 
O<t<l (4.7) 

for the potential function. For reasons that will soon be clear, we 
refer to the function w(x, t) = (1- 2xt + t 2

)-
112 as the generating 

function of the Legendre polynomials. Our task at this point is to 
develop w(x, t) in a power series in the variable t. 
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From Example 11 in Sec. 1.3.2, we recall the binomial series 

Hence, by setting u = t(2x - t ), we find that 

w(x, t) = (1- 2xt + t 2
)-

112 

lul <1 

= i (- 1

/2)(-l)ntn(2x-t)n 
n=O n 

(4.8) 

(4.9) 

which is valid for 12xt - t21<1. For ltl < 1, it follows that lxl ::51. The 
factor (2x - tr is simply a finite binomial series, and thus (4.9) can 
be further expressed as 

or w(x, t) = i i (-%)(n)(-l)n+k(2x)n-ktn+k 
n=Ok=O n k 

(4.10) 

Since our goal is to obtain a power series involving powers of t to a 
single index, the change of index n ~ n - k is suggested. Thus, 
recalling Eq. (l.18) in Sec. 1.2.3, 

oo n oc [n/2] 
L L An-k,k = L L An-2k,k 

n=O k=O n=O k=O 

we see that (4.10) can be written in the equivalent form 

The innermost summation in (4.11) is offinite length and therefore 
represents a polynomial in x, which happens to be of degree n. If we 
denote this polynomial by the symbol 

Pn(x) = [~J (-% )(n -k)(-1rc2xr-2k 

k=O n -k k 

then (4.11) leads to the intended result 

00 

w(x, t) = (1- 2xt + t 2
)-

112 = L Pn(x)tn 
n=O 

(4.12) 

ltl <1 

(4.13) 
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The polynomials Pn (x) are called the Legendre polynomials in 
honor of their discoverer. By recognizing that [see Eq. (1.31) in Sec. 
1.2.4 and Eq. (2.25) in Sec. 2.2.2) 

= ( - l)n f(n + l/2) 
n!f(%) 

(-1rc2n)! 
=----

it follows that the product of binomial coefficients in ( 4.12) is 

(
-%)(n-k) (-1r-kC2n-2k)! 

n -k k = 22n-
2k(n -k)!k!(n -2k)! 

and hence, (4.12) becomes 

[n/2] (-l)k(2n -2k)!xn-2k 
Pn(X) = L _n ____ _ 

k=o 2 k!(n -k)!(n -2k)! 

The first f ew Legendre polynomials are listed in Table 4.1. 

(4.14) 

(4.15) 

(4.16) 

Making an observation, we note that when n is an even number, 
the polynomial Pn (x) is an even function; and when n is odd, the 
polynomial is an odd function. Therefore, 

n =0, 1, 2, ... (4.17) 

The graphs of Pn (x ), n =O, 1, 2, 3, 4, are sketched in Fig. 4.2 over 
the interval -1 ::; x ::; 1. 

Returning now to Eq. ( 4. 7) with x = cos <P and t = a/b, we find that 
the potential function has the series expansion 

TABLE 4.1 Legendre 
Polynomials 

P0 (x) = 1 
P1 (x) =x 
P2(x) = iM3x2- l) 
P3(X) = 1/2(5xª - 3x) 
P4(X) = 1/s(35x4 - 30x2 + 3) 
P5(X) = 1/s(63x 5 

- 70x3 + 15x) 

a<b (4.18) 
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P
11
(x) 

X 

Figure 4.2 Graph of Pn (x ), n = O, 1, 2, 3, 4. 

ln terms of the argument cos </>, the Legendre polynomials can be 
expressed as trigonometric polynomials of the form shown in Table 
4.2 (see problem 3 in Exercises 4.2). 

ln Fig. 4.3 the first few polynomials Pn ( cos </>) are plotted as a 
function of the angle <J>. 

4.2.2. Special values and recurrence 
formulas 
The Legendre polynomials are rich in recurrence relations and 
identities. Central to the development of many of these is the 

TABLE 4.2 Legendre Trigonometrlc 
Polynomials 

P0 (cos tj>) = 1 
P1 ( cos tj>) == cos tj> 
P2 (cos tj>) = 1M3 cos2 tj> -1) 

= 1/4(3 cos 2tj> + 1) 
P3(cos tj>) = 1M5 cos3 tj> - 3 cos tj>) 

= 1/s(5 cos 3tj> + 3 cos tj>) 
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01--~~~~--_.___...~-1-~~--~--~ 
7T/2 'i' 

-o.s 

Figure 4.3 Graph of Pn(cos cp), n =O, 1, 2, 3, 4. 

generating-function relation 

00 

(1-2.xt+t2)-1/2= L Pn(X)tn !ti< 1 (4.19) 
n=O 

Special values of the Legendre polynomials can be derived directly 
from (4.19) by substituting particular values for x. For example, the 
substitution of x = 1 yields 

00 

(1- 2t + t2)-112 = (l -t)-1 = L Pn(l)tn (4.20) 
n=O 

However, we recognize that (1- t )-1 is the sum of a geometric series, 
so ( 4.20) is equivalent to 

00 00 

L tn = L Pn(l)tn (4.21) 
n=O n=O 

Hence, from the uniqueness theorem of the power series (Theorem 
1.12), we can compare like coefficients of tn in (4.21) to deduce the 
result 

n =O, 1, 2, ... (4.22) 

Also from (4.17) we see that 

n =O, l, 2, ... (4.23) 
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The substitution of x =O into (4.19) leads to 

00 

(1 + t2)-112 = L Pn(O)tn (4.24) 
n=O 

but the term on the left-hand side has the binomial series expansion 

(1 + t2)-l/2 = i (-%)t2n 
n=O n 

(4.25) 

Comparing terms of the series on the right in (4.24) and (4.25), we 
note that (4.25) has only even powers of t. Thus we conclude that 
Pn(O) =O for n = 1, 3, 5, ... , or equivalently, 

n =O, 1, 2, ... (4.26) 

Since all odd terms in (4.24) are zero, we can replace n by 2n in the 
series and compare with (4.25), from which we deduce 

P. (0)=(-%)=<-1r(2n)! 
2n n 22n (n !)2 n =O, 1, 2, ... (4.27) 

where we recall (4.14). 

Remark: Actually, (4.26) could have been deduced from the fact 
that P2n+ 1(x) is an odd (continuous) function and therefore must 
necessarily pass through the origin. (Why?) 

To obtain the desired recurrence relations, :first we make the 
observation that the function w(x, t) = (1- 2xt + t 2

)-
112 satisfies the 

derivative relation 
dW 

(1 - 2xt + t 2) - + (t - X )W = Ü 
dt 

(4.28) 

Direct substitution of the series (4.13) for w(x, t) into (4.28) yields 

00 00 

(1-2xt+t 2
) L nPn(x)tn-1 +(t-x) L Pn(x)tn=O 

n=O n=O 

Carrying out the indicated multiplications and simplifying give us 

00 00 00 

L nPn(x)tn-l _ 2x L nPn(x)tn + L nPn(x)tn+l 
n=O n=O~ n=O~ 

n-+n-1 n-+n-2 

00 00 

+ L Pn(x)tn+I_x L Pn(x)tn=O (4.29) 
n=O ~ n=0'-,--1 

n-+n-2 n-+n-1 
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We now wish to change indices so that powers of t are the sarne in 
each summation. We accomplish this by leaving the first sum in 
( 4.29) as it is, replacing n with n - 1 in the second and last sums, 
and replacing n with n - 2 in the remaining sums. Thus, (4.29) 
becomes 

oc 00 

L nPn(x)tn-l_2x L (n-l)Pn-1(x)tn-l 
n=O n=l 

00 00 

+ L (n - 2)Pn-2(X )tn-l + L Pn-2(X )tn-l - X L Pn-1 (x )tn-l =O 
n=2 n=2 n=l 

Finally, combining ali summations, we have 

00 

L [nPn(x)- 2x(n - l)Pn-i(X) + (n - 2)Pn-2(x) 
n=2 

+ Pn-2(X) -xPn-1 (x) ]tn-l + P1 (x) - xP0 (x) =O ( 4.30) 

But P1(x)-xP0 (x) =x -x =O, and the validity of (4.30) demands 
that the coefficient of tn-i be zero for ali x. Hence, after simplification 
we arrive at 

nPn (x) - (2n - l)xPn-1 (x) + (n - 1 )Pn-2(X) =O n = 2, 3, 4, ... 

or, replacing n by n + 1, we obtain the more conventional form 

(n + l)Pn+1(X) - (2n + l)xPn(X) + nPn_1(x) =O (4.31) 

where n = 1, 2, 3, .... 
We refer to (4.31) as a three-term recurrence formula, since it 

forms a connecting relation between three successive Legendre 
polynomials. One of the primary uses of ( 4.31) in computations is to 
produce higher-order Legendre polynomials from lower-order ones by 
expressing them in the form 

2n + 1 n 
Pn+i(X) =--

1
-xPn(X) ---Pn-1(X) 

n+ n +1 
(4.32) 

where n = 1, 2, 3, .... ln practice, (4.32) is generally preferred to 
(4.16) in making computer calculations when severa! polynomials are 
involved.* 

* Actually, to avoid excessive roundoff error in making computer calculations, 
Eq. (4.32) should be rewritten in the forro 

p ( )=2xP( )-P ( )-xPn(x)-Pn_1(X) 
n+l X n X n-1 X n + 1 
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A relation similar to ( 4.31) involving derivatives of the Legendre 
polynomials can be derived in the sarne fashion by first making the 
observation that w (x, t) satisfies 

aw 
(1 - 2.xt + t 2) - - tw = O ax (4.33) 

where this time the differentiation is with respect to x. Substituting 
the series for w (x, t) directly into ( 4.33) leads to 

00 00 

(l-2xt+t2) L P~(x)tn- L Pn(x)tn+I=O 
n=O n=O 

or, after carrying out the multiplications, 

00 

L P~(x)tn 
n=O 

- 2x i P~(x)tn+l + i P~(x)tn+2 - i Pn(x)tn+I =O (4.34) 
n =0 '----v---J n =O '----v---J n =O '----v---J 

n-+n-1 n-+n-2 n-+n-1 

Next, making an appropriate change of index in each summation, we 
get 

00 

L [P~(x)- 2xP~-1(x) +P~-2(x)-Pn-1(x)]tn =O (4.35) 
n=2 

where all terms outside this summation add to zero. Thus, by 
equating the coefficient of tn to zero in ( 4.35), we find 

P~(x) - 2xP~-1(X) + P~-2(X) -Pn-1(X) =O n = 2, 3, 4, ... 

or, by a change of index, 

P~+ 1(x)- 2.xP~(x) +P~_ 1(x)-Pn(x) =O (4.36) 

for n = 1, 2, 3, .... 
Certain combinations of (4.31) and (4.36) can lead to further 

recurrence relations. For example, suppose we first differentiate 
( 4.31 ), that is, 

(n + l)P~+1(x) - (2n + l)Pn(X) - (2n + l)xP~(x) + nP~_ 1(x) =O 

( 4.37) 
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From (4.36) we find 

P~_1 (x) = Pn(x) + 2xP~(x) -P~+ 1 (x) 

P~+ 1 (x) =Pn(x) + 2xP~(x)-P~_ 1 (x) 

(4.38a) 

(4.38b) 

and the successive replacement of P~_ 1(x) and P~+1 (x) in (4.37) by 
( 4.38a) and ( 4.38b) leads to the two relations 

P~+ 1(x)-xP~(x) = (n + l)Pn(x) 

xP~(x)-P~_ 1(x) = nPn(x) 

(4.39a) 

(4.39b) 

The addition of ( 4.39a) and ( 4.39b) yields the more symmetric 
formula 

(4.40) 

Finally, replacing n by n - 1 in ( 4.39a) and then eliminating the 
term P ~ _ 1 (x) by use of ( 4.39b), we obtain 

(1 -x2)P~ (x) = nPn-l (x) - nxPn (x) (4.41) 

This last relation allows us to express the derivative of a Legendre 
polynomial in terms of Legendre polynomials. 

4.2.3 Legendre's differential equation 

All the recurrence relations that we have derived thus far involve 
successive Legendre polynomials. We may well wonder if any relation 
exists between derivatives of the Legendre polynomials and Legendre 
polynomials of the sarne index. The answer is yes, but to derive this 
relation, we must consider second derivatives of the polynomials. 

By taking the derivative of both sides of ( 4.41), we get 

d 
dx [(l -x2)P~(x )] = nP~_ 1 (x) - nPn(x) - nxP~(x) 

and then, using (4.39b) to eliminate P~_ 1(x), we arrive at the 
derivative relation 

d . 
dx [(1-x2 )P~(x )] + n(n + l)Pn(x) =O (4.42) 

which holds for n =O, 1, 2, .... Expanding the product term in (4.42) 
yields 

(1-x2)P~(x)-2xP~(x) + n(n + l)Pn(x) =O (4.43) 
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and thus we deduce that the Legendre polynomial y = Pn (x) (n = 
O, 1, 2, ... ) is a solution of the linear second-order differential 
equation (DE) 

(1-x 2 )y" - 2xy' + n(n + l)y =O (4.44) 

called Legendre's differential equation. * 
Perhaps the most natural way in which Legendre polynomials arise 

in practice is as solutions of Legendre's equation. ln such problems 
the basic model is generally a partia! differential equation. Solving 
the partia! DE by the separation-of-variables technique leads to a 
system of ordinary DEs, and sometimes one of these is Legendre's 
DE. This is precisely the case, for example, in solving for the 
steady-state temperature distribution (independent of the azimuthal 
angle) in a solid sphere. We delay any further discussion of such 
problems, however, until Sec. 4.8. 

Remark: Any function fn (x) that satisfies Legendre's equation, i.e., 

(1-x2 )f;:(x)- 2xf~(x) + n(n + l)fn(x) =O 

will also satisfy all previous recurrence formulas given above, 
provided that fn (x) is properly normalized. Consequently, any further 
solutions of Legendre's equation can be selected in such a way that 
they automatically satisfy the whole set of recurrence relations 
already derived. The set of solutions Qn (x) introduced in Sec. 4.6 is a 
case in point. 

Exercises 4.2 

1. Use the series (4.16) to determine Pn(x) directly for the specific 
cases n = O, 1, 2, 3, 4, and 5. 

2. Given that P0 (x) = 1 and P1 (x) = x, use the recurrence formula 
(4.32) to determine P2(x), P3 (x), and P4(x). 

3. Verify that 
(a) P0 (cos <j>) = 1 
( b ) P1 ( cos </> ) = cos </> 
(e) P2(cos <j>) = 1/ 4 (3 cos 24> + 1) 
(d) P3 (cos 4>) = 1/s(5 cos 34> + 3 cos 4>) 

* ln Sec. 4.6 we discuss other solutions of Legendre's equation. 
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4. The function w(x, t) = (1-2xt + t 2
)-

112 is given. 
(a) Showthatw(-x, -t)=w(x,t). 
(b) Use the result in (a) and the generating function relation 

(4.19) to deduce that (for n =O, 1, 2, ... ) 

Pn(-x) = (-l)nPn(X) 

5. Verify the special values (n =O, 1, 2, ... ) 

(a) P~(1)=%n(n+l) (b) P~(-l)=(-1r-1 [%n(n+l)] 

6. Verify the special values (n =O, 1, 2, ... ) 

(a) P2n(O)=O (b) P2n+1(0)=(-l)n~;nn+l)(~n) 

7. Establish the generating-function relation 
"" o - 2xt + t 2

)-
1 = L un <x )tn !ti< 1 

n=O 

where Un (x) is the n th Chebyshev polynomial of the second 
kind, * defined by 

[n/2l ( l)k(n k)I u (x) = L - - . (2xr-2k 
n k=O k!(n-2k)! 

8. The generating function w(x, t) = (1-2xt + t 2
)-

1 is given. 
(a) Show that it satisfies the identity 

aw 
(1- 2xt + t 2

) - + 2(t - X )W = 0 at 
( b) Substitute the series in problem 7 into the identity in (a) 

and derive the recurrence formula (for n = 1, 2, 3, ... ) 

Un+1(x)-2xUn(x) + Un-1(x) =O 

9. (a) Show that the generating function in problem 8 also 
satisfies the identity 

aw 
(1 - 2xt + t 2

) - - 2tw =O ax 
(b) From (a), deduce the relation (for n = 1, 2, 3, ... ) 

U~+1 (x) - 2xU~(x) + U~_ 1 (x) - 2Un(x) =O 

(e) Show that (b) can be obtained directly from problem 8b by 
differentiation. 

10. Using the results of problems 7 to 9, show that 
(a) (l-x2)U~(x) = -nxUn(x) + (n + l)Un_1(x) 
(b) (1-x2)U~(x)-3xU~(x) +n(n + 2)Un(x) =O 

* We discuss these polynomials further in Sec. 5.4.2. 
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11. Using the Cauchy product of two power series (Sec. 1.3.3), show 
that 

ext 00 

-=L:en(x)tn ltl<l 
1- t n=O 

where en (x) is the polynomial equal to the first n + 1 terms of the 
Maclaurin series for eX, that is, 

n xk 

en(x) = k~ok! 
12. The generating function w(x, t) = ext /(1- t) is given. 

(a) Show that it satisfies the identity 

aw 
(1-t)at-[x(l-t)+l]w =O 

(b) Substitute the series in problem 11 into the identity in (a) 
and derive the recurrence formula (n = 1, 2, 3, ... ) 

(n + l)en+1(x)- (n + 1 +x)en(x) +xen_1(x) =O 

(e) Show directly from the series definition of en (x) that 

e~(x) =en_1(x) n = 1, 2, 3, ... 

13. Using the results of problems 11 and 12, show that y = en (x) is a 
solution of the second-order linear DE 

xy" - (x + n )y' + ny = O 

14. Make the change of variable x = cos <P in the DE 

si~ <jJdd<P ( sin <P :~) + n(n + l)y =O 

and show that it reduces to Legendre's DE (4.44). 

15. Determine the values of n for which y = Pn (x) is a solution of 
(a) (l -x 2 )y" - 2xy' + n(n + l)y =O, y(O) =O, y(l) = 1 
(b) (1-x2 )y" - 2xy' + n(n + l)y =O, y'(O) =O, y(l) = 1 

16. When a tightly stretched string is rotating with uniform angular 
speed w about its rest position along the x roeis, the DE governing 
the displacement of the string in the vertical plane is 
approximately 

d 
dx [T(x)y'] + pw2y =O 

where T (x) is the tension in the string and p is the linear density 
(constant) of the string. lf T(x) = 1-x2 and the boundary 
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condition y ( -1) = y ( 1) is prescribed, determine the two lowest 
possible criticai speeds w. What shape does the string assume in 
the vertical plane in each case? 
Hint: Assume that pw2 =n(n+1). 

p 

X= -a x=a 

17. An electric dípole consista of electric charges q and -q located 
along the x axis as shown in the figure above. The potential 
induced at point P due to the charges is known to be (r >a) 

V=kq(!_!) 
ri r2 

where k is a constant. Express the potential in terms of the 
coordinates r and </>, and show that it leads to an infinite series 
involving Legendre polynomials. Also show that if only the first 
nonzero term of the series is retained, the dipole potential is 

2akq 
V=--cos<P r»a r2 

18. The electrostatic potential induced at point P for the array of 
charges shown in the figure below is given by (r >a) 

V = kq (! + _!_ - ~) 
r 1 r2 r 

p 

X= -a o x=a 
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where k is constant. Expressing V entirely in terms of r and cp, 
show that the first nonzero term of the resulting series yields 

kqa 2 

V= 
2
r 3 (3cos2<P+l) r»a 

19. Show that the even and odd Legendre polynomials have the 
series representations (for n = O, 1, 2, ... ) 

(-lr n (-l)k(2n+2k-1)! 2k 

(a) P2n(x) = 22n-1 k~o(2k)!(n +k -l)!(n -k)!x 

(-l)n n (-l)k(2n+2k+l)! 2k+l 
(b) P2n+i(x) =~ k~o(2k + l)!(n +k)!(n-k)!x 

20. Derive the identity (n = O, l, 2, ... ) 

(1-x2)P~(x) = (n + l)[xPn(X) -Pn+l(x )] 

21. Show that 
n 

(a) L (2k + l)Pk(x) =P~+1(x) +P~(x) 
k=O 

n 

(b) (1-x) L (2k + l)Pk(x) = (n + l)[Pn(x)-Pn+1(x)] 
k=O 

22. Show that 
00 

(a) L [xP~(x)-nPn(x)]tn=t2(1-2xt+t2 )-312 

n=O 
oo [n/2] 

(b) L L (2n - 4k + l)Pn-2k(x )tn = (1- 2xt + t 2
)-

312 

n=O k=O 

23. Using the result of problem 22, deduce that 
[(n-2)/2] 

xP~(x)-nPn(x)= L (2n-4k-3)Pn- 2 -2k(x) 
k=O 

24. Show that 
[(n-2)/2] 

P~(x) = L (2n -4k - l)Pn-1-2k(x) 
k=O 

25. Show that 
00 

L (2n + l)Pn(X )tn = (1- t 2)(1- 2xt + t 2)-312 

n=O 
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4.3 Other Representations of the Legendre 
Polynomials 

For each n, the Legendre polynomials can be defined by either the 
series 

(4.45) 

or the recurrence formula 

2n +1 n 
Pn+1(X) =--

1
-xPn(X)---

1
Pn-1(X) 

n+ n+ 
(4.46) 

where P0 (x) = 1 and P1 (x) = x. ln some situations, however, it is 
advantageous to have other representations from which further 
properties of the polynomials are more readily found. 

4.3.1 Rodrigues' formula 

A representation of the Legendre polynomials involving 
differentiation is given by the Rodrigues formula 

n =O, 1, 2, ... ( 4.47) 

To verify (4.47), we start with the binomial series 

and differentiate n times. Noting that 

n>m 

we infer 

dn [(x2-1rJ= [~] (-l)kn!(2n-2k)! xn-2k 
dxn k=ok!(n-k)!(n-2k)! 

= 2nn!Pn(X) 

from which (4.47) now follows. 
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4.3.2 Laplace integral formula 

An integral representation of Pn (x) is given by 

n=0,1,2, ... (4.48) 

which is called the Laplace integral formula. This relation is 
easily verified for n =O and n = 1, but more difficult to prove in the 
general case. 

Let us call the integral I and expand the integrand in a finite 
binomial series to get 

= 2: xn-k (x2 - 1 )k/2 - . cosk cp dcp n (n) 1 L" 
k=O k n O 

(4.49) 

The residual integral in (4.49) can be shown to satisfy 

k = 1, 3, 5, ... (4.50) 

and for even values of k we set k = 2j to find 

1 L" 2 l"12 

- cosk cp dcp = - cos2i cp dcp 
n o n o 

(2j)! 
=22j(j!)2 j=0,1,2, ... (4.51) 

The verification of (4.50) and (4.51) is left to the exercises (see 
problems 5 and 6 in Exercises 4.3). Thus, all odd terms in (4.49) are 
zero, and by setting k = 2j and using (4.51), we see that 

[n/2] n !xn-~ (x2 - 1 y 
I = i~ -2~"'""· (_n ___ 2_'J_) !-(j-. !--..,.)2 4.52) 

What remains now is to show that (4.52) is a series representation of 
Pn (x ), and this we leave also to the exercises (see problem 7 in 
Exercises 4.3). 
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4.3.3 Some bounds on P,,(x) 

One of the uses of the Laplace integral formula (4.48) is to establish 
some inequalities for the Legendre polynomials which fumish certain 
bounds on them. Of particular interest is the interval lx 1 ::s 1, but 
since the integrand in (4.48) is not real for this restriction on x, we 
first rewrite ( 4 .48) in the form ( i 2 = -1) 

(4.53) 

Now, using the fact that the absolute value of an integral is less than 
or equal to the integral of the absolute value of the integrand, we get 

(4.54) 

From the algebra of complex numbers, it is known that ja + ib 1 = 
(a2 + b2)112, and thus for lxl ::s 1 it follows that 

lx + i (1 - x2)112 cos </>ln = [x2 + (1- x2) cos2 </> 1n12 

= (cos2 </> +x2 sin2 <1>r12 

::s ( cos2 </> + sin 2 </> r12 

::s 1 

Retuming now to (4.54), we have shown that 

or n =O, 1, 2, ... (4.55) 

which is our intended result. The equality in (4.55) holds only when 
X= ±1. 

Another inequality, less obvious and more difficult to prove, is 
given by 

lxl <1 n = 1, 2, 3, ... (4.56) 

Again the Legendre integral representation is used to derive this 
inequality, although we will not do so here (see problem 10 in 
Exercises 4.3). 



              

160 Chapter Four 

Exercises 4.3 

1. Using Rodrigues' formula (4.47), derive the identities (n = 
1, 2, 3, ... ) 
(a) (n + l)Pn+l (x) = (2n + l)xPn (x) - nPn-l (x) 
(b) P~(x)=xP~_1(x)+nPn_1(x) 
(e) xP~(x) = nPn(x) +P~_ 1(x) 
(d) P~+1(x)-P~_1(x) = (2n + l)Pn(x) 

2. Representing Pn(x) by Rodrigues' formula (4.47), show that 

f 
1 

Pn (x) dx =O n = 1, 2, 3, ... 

3. Using Rodrigues' formula (4.47) and integration by parts, show 
that 

J
l 2 

[Pn(x)] 2dx =-
2 

l 
-1 n + 

n =O, 1, 2, ... 

4. Define v = (x 2 
- l)n. 

(a) Show that 

dv 
(1-x 2 )--2nxv =O 

dx 

( b) Differentiating the result in (a) n + 1 times and de:fining 
u = v<n>, show that u satis:fies Legendre's equation 

(l -x 2 )u" - 2xu' + n(n + l)u =O 

5. Verify that 

1 í" - cos2n+l 8 d(} =O 
:Jr o 

n =O, 1, 2, ... 

6. (a) Verify that 

1 J," 2 l"/2 - cos2
n (}d(} = - cos2

n 8 d(} 
:Jr o :Jr o 

(b) Using properties of the gamma function, show that 

2 J"'2 
(2n) ! - cos2n8d8= 2n( !)2 n=0,1,2, ... 

7r o 2 n. 

7. (a) Show that the generating function for the Legendre polyno­
mials can be written in the form 

(1- 2xt + t 2)-112 = (l -xt)- 1 1- -[ 
t2(x2 l)]-112 

(1 -xt)2 
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( b) V sing the result in (a), expand the expression on the right 
in powers of t. Then, by comparing your result with Eq. 
(4.19) in Sec. 4.2.1, deduce that 

[n/2] n !xn-2k (x2 - 1 )k 

Pn(X) = k~O 22k(n -2k)!(k!)2 

8. (Jordan inequality) If O ::5 </> ::5 n/2, show that 

. 2</> 
sm </> :::::­

n 

Hint: Prove that (sin </>)/</>is a decreasing function on the given 
interval by showing its derivative is always negative. Hence, the 
minimum value occurs at </> = n/2. 

9. Derive the inequality 

1-y <e-y y >O 

10. Use the Laplace integral formula (4.48). 
(a) Show that for lx 1 < 1, 

2 i:rr/2 
IPn(x)I ::5- [1- (l -x2) sin2 </>]n12 d<J> 

Jr o 

(b) Show that application of the Jordan inequality (problem 8) 
reduces (a) to 

(e) Making use of the inequality in problem 9 together with an 
appropriate change of variables, show that 

IPnCx)I < v2nc~ -x2) r e-t2 dt 

and from this result, deduce that (n = 1, 2, 3, ... ) 

IPn(x)I < ~ 2n(ln;-x2 ) lxl < 1 

11. Starting with the identity 

(l -x2)P~ (x) = nPn-l (x) - nxPn (x) 

show that 

lxl<l n = 1, 2, 3, ... 
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12. Start with the identities 

x 2
- l 

Pn(x) =xPn-1(x) +--P~-1(x) 
n 

P~ (x) = xP~_ 1 (x) + nPn-l (x) 

(a) Show that (for n = 1, 2, 3, ... ) 

l-x2, 2 )]2_l-x2, 2 2 
- 2-[Pn(x)] + [Pn(X --2-[Pn-1(x)] + [Pn-1(x)] 

n n 

(b) From (a), establish the inequality 

1-x2 

- 2- [P~(x)]2 +[Pn(x)]2 :s1 
n 

(e) From (b ), deduce that 

IPn(x)I :5 l 

4.4 Legendre Series 

ln this section we wish to show how to represent certain functions by 
series of Legendre polynomials, called Legendre series. Because the 
general term in such series is a polynomial, we can interpret a 
Legendre series as some generalization of a power series for which 
the general term is also a polynomial, that is, (x - a )n. However, to 
develop a given function f in a power series requires that the function 
f be at least continuous and differentiable in the interval of con­
vergence. ln the case of Legendre series we make no such require­
ment. ln fact, many functions of practical interest exhibiting (finite) 
discontinuities may be represented by convergent Legendre series. 
Legendre series are only one member of a fairly large and special 
class of series collectively referred to as generalized Fourier series, all 
of which have many properties in common. ln Sec. 1.4 we en­
countered Fourier trigonometric series, which are perhaps the best 
known members of this class, and in the following chapters we will 
come across several other members of this general class. Besides 
their obvious mathematical interest, it turns out that the applica­
tions of generalized Fourier series are very extensive-so much so, in 
fact, that they involve almost every facet of applied mathematics. 

4.4.1 Orthogonality of the polynomials 

Although we have already derived many identities associated with 
the Legendre polynomials, none of these is so fundamental and 
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far-reaching in practice as the orthogonality property 

f
1 
Pn(x)Pk(x)dx =O k-::F=n (4.57) 

Remark: lt is sometimes helpful to think of ( 4.57) as a generaliza­
tion of the scalar (dot) product ofvector analysis. ln fact, much ofthe 
following discussion has a vector analog in three-dimensional vector 
space. 

To prove (4.57), we first take note of the fact that both Pk(x) and 
Pn(x) satisfy Legendre's DE (4.42), and thus we write 

(4.58a) 

d 
dx [(l -x2)P~(x)] + n(n + l)Pn(X) =O (4.58b) 

If we multiply the first of these equations by Pn (x) and the second by 
Pk (x), subtract the results, and integra te from -1 to 1, we find 

-f 
1 
Pk(x) ! [(1-x2 )P~(x)] dx 

+ [k(k + 1)-n(n + 1)] f 
1 
Pn(x)Pk(x) dx =O (4.59) 

On integrating the first integral above by parts, we have 

f 
1 d 

_
1 
Pn(x) dx [(l -x 2 )Pk(x)] dx 

o 
=Pn(x)(l~kCxW-1 - f 

1 
(1-x2 )P~(x)PJ.(x) dx (4.60a) 

and similarly for the second integral, 

f 
1 d f 1 

_
1 
Pk(x) dx [(l-x2)P~(x)] dx = - _

1 
(l-x2)P~(x)PJ.(x)dx 

(4.60b) 



              

164 Chapter Four 

and therefore the difference of these two integrais is clearly zero. 
Hence, ( 4.59) reduces to 

and since k =:/= n by hypothesis, the result ( 4.57) follows immediately. 
When k = n, the situation is different. Let us define 

An = f
1 

[Pn(X)] 2dx (4.61) 

and replace one of the Pn (x) in ( 4.61) by the identity [replace n with 
n -1 in (4.32)] 

2n-1 n-1 
Pn(x) =--xPn-1(x)---Pn-2(X) (4.62) 

n n 

to get 

f 
1 

[ 2n - 1 n - 1 J An = Pn(x) --xPn-1(x) ---Pn-2(x) dx 
-1 n n 

2n -1 J1 

=-- xPn(X)Pn-1(x) dx 
n -1 

o n-1J1 / 
- -- Pn Wn-2(X) dx 

n -1 
(4.63) 

The second integral above vanishes because of the orthogonality 
property (4.57). To further simplify (4.63), we rewrite (4.62) in the 
form 

1 
xPn(x) = -- [(n + l)Pn+1(x) + nPn-1(x)] 

2n +1 

and substitute it into (4.63), from which we deduce 

o 
2n-1n+1 J1 

/ 
An = --

2
-

1 
Pn+l(,;i1f'n-1 (x) dx 

n n + -1 

2n -1 J1 

+ -- [Pn-1 (x) J2 dx 
2n + 1 -1 

or n = 2, 3, 4, ... (4.64) 
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Equation (4.64) is simply a recurrence formula for An. Using the fact 
that 

and 

Eq. (4.64) yields 

A2 =%x%x2=% 

A3 = % X % X % X 2 = % 

while in general it can be verified by mathematical induction that 

2n - 1 2n - 3 2n - 5 1 
A =--X--X--X···X-X2 

n 2n + 1 2n - 1 2n - 3 3 

2 
n =O, 1, 2, ... (4.65) 

2n + 1 

Thus, we have derived the important result 

Jl [Pn(x)]2dx =-2 2 1 
-1 n + 

n =O, 1, 2, ... (4.66) 

4.4.2 Finite Legendre series 

Because of the special properties associated with Legendre polyno­
mials, it may be useful in certain situations to represent arbitrary 
polynomials as linear combinations of Legendre polynomials. For 
example, if qm (x) denotes an arbitrary polynomial of degree m, then 
since P0 (x), P1 (x), ... , P m (x) are all polynomials of degree m or less, 
we might expect to find a representation of the forro* 

(4.67) 

Let us illustrate with a simple example. 

Example 1: Express x 2 in a series of Legendre polynomials. 

* Two polynomials can be equated if and only if they are of the sarne degree. 
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Solutlon: We write 

x 2 = coPo(X) + C1P1 (x) + C2P2(X) 

= Co + C1X + C2(1'2(3x2 -1)) 

= (eº - 1
/2C2) + C1X + %c2x

2 

Now equating like coefficients, we see that 

from which we deduce c0 = 1
/ 3 , c1 =O, and c2 = %. Hence, 

When the polynomial qm(x) is of a high degree, solving a system of 
simultaneous equations for the c's as we did in Example 1 is very 
tedious. A more systematic procedure can be developed by using the 
orthogonality property (4.57). We begin by writing (4.67) in the form 

m 

qm(x) = L cnPn(x) (4.68) 
n=O 

Next we multiply both sides of (4.68) by Pk(x), O ~k ~ m, and we 
integra te the result termwise ( which is justified beca use the series is 
finite) from -1 to 1 to get 

O(n =l=k) 

fl qm(X)Pk(X) dx = n~O Cn fl Pn(X~) dx (4.69) 

Because of the orthogonality property (4.57), each term of the series 
in (4.69) vanishes except the term corresponding to n = k, and here 
we find 

f
1 
qm(x)Pk(x)dx =ck f

1 
[Pk(x)]

2
dx 

2 
=ck 2k + 1 

where the last step is a consequence of (4.66). Hence, we deduce that 
( changing the dummy index back to n) 

Cn = (n + 1/2) f 
1 

qm(x)Pn(x) dx n=0,1,2, ... ,m (4.70) 
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Remark: If the polynomial qm(x) in (4.70) is even (odd), then only 
those cn values with even (odd) suffixes are nonzero, due to the 
even-odd property of the Legendre polynomials (see problems 25 and 
26 in Exercises 4.4). 

As a consequence of the fact that a polynomial of degree m can be 
expressed as Legendre series involving only P m (x) and lower-order 
Legendre polynomials, we have the following theorem. * 

Theorem 4.1. If qm(x) is a polynomial of degree m and m < r, then 

m<r 

Proof: Since qm (x) is a polynomial of degree m, we can write 

m 

qm(x) = L cnPn(x) 
n=O 

Then multiplying both sides of this expression by Pr(x) and integrat­
ing from -1 to 1, we get 

The largest value of n is m, and since m < r, the right-hand side is 
zero for each n [due to the orthogonality property (4.57)], and the 
theorem is proved. 

4.4.3 lnfinite Legendre series 

ln some applications we will find it necessary to represent a function 
f, other than a polynomial, as a linear combination of Legendre 
polynomials. Such a representation will lead to an infinite series of 
the general form 

f(x) = L cnPn(x) (4.71) 
n=O 

* Theorem 4.1 says that P,(x) is orthogonal to euery polynomial of degree less 
than r. 
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where the coefficients can be formally derived by a process similar to 
the derivation of (4.70), leading to 

Cn = (n + 1/2) f 
1 

f(x )Pn (x) dx n =O, 1, 2, ... (4.72) 

Conditions under which the representation of (4.71) and (4.72) is 
valid will be taken up in the next section. For now it suffices to say 
that for certain functions the series (4.71) will converge throughout 
the interval -1:sx:51, even at points of finite discontinuities of the 
given function. Series of this type are called Legendre series, and 
because they belong to the larger class of generalized Fourier series, 
the coefficients ( 4. 72) are commonly called the Fourier coefficients 
of the series. 

ln practice, the evaluation of integrais like ( 4. 72) must be per­
formed numerically. However, if the function f is not too complicated, 
we can sometimes use various properties of the Legendre polynomials 
to evaluate such integrais in closed forro. The following example 
illustrates the point. 

Remark: Beca use the interval of convergence of ( 4. 71) is confined to 
-1 :5 x :5 1, it really doesn't matter if the function f is defined outside 
this mterval. That is, even if f is defined for all X, the representation 
will not be vali d beyond the interval -1 :s x :s 1 ( unless f is a 
polynomial). 

Example 2: Find the Legendre series for 

{
-1 

f(x) = 
1 

-l:sx<O 
O<x:sl 

Solutlon: The function f is an odd function. Hence, owing to the 
even-odd property of the Legendre polynomials depending on the 
index n, we note that f(x )Pn (x) is an odd function when n is even, 
and in this case it follows that (see problem 25 in Exercises 4.4) 

Cn = (n + 1/2) f 
1 

f(x )Pn (x) dx =O n =O, 2, 4, ... 

For odd index n, the product f(x )Pn (x) is an even function, and 
therefore 

Cn = (n + %) f /Cx)Pn(X) dx 

= (2n + 1) f Pn(X) dx n = 1, 3, 5, ... 
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Let us use the identity [see Eq. (4.40)] 

Pn(x) = 
2
n ~ 

1 
[P~+ 1(x)-P~_ 1 (x)] 

and set n = 2k + 1, thereby obtaining the result (for k =O, 1, 2, ... ) 

C2k+l = (4k + 3) f P2k+1(X) dx 

= f [P2k+2(x)-P2k(x)]dx 

= [P2k+2Cx)-P2k(x)JI~ 

=P2k(O)-P2k+2CO) 

where we have used the property Pn (1) = 1 for all n. Referring to Eq. 
( 4.27), we have 

(-l)k(2k)! (-l)k+l(2k +2)! 
C2k+l = 22k(k!)2 - 22k+2[(k + 1)!]2 

= (-l)k(2k)! [1+(2k+2)(2k + l)J 
22k(k!)2 22(k + 1)2 

= (-l)k(2k)! (1+2k+1) 
22k(k!)2 2k + 2 

(-l)k(2k)!(4k +3) 
=-------

22k+1k!(k + 1)! 

and thus 

00 
( -1 )k ( 2k) ! ( 4k + 3) 

f(x) = k'2;o 22k+1k!(k + 1)! P2k+1(x) -l::;x::;l 

Exercises 4.4 

ln problems 1 to 15, use the orthogonality property and/or any other 
relations to derive the integral formula. 

1
1 2n 

2. xPn(X)Pn-1(x) dx = 
4 2 , n = 1, 2, 3,. .. 

-1 n -1 
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3. f 1 Pn (x )P~+l (x) dx = 2, n =O, 1, 2, ... 
-1 

f 
1 2n 

4. xP~(x)Pn(x) dx = 
2
-

1
, n =O, 1, 2, ... 

-1 n + 

5. f 
1 
(l -x2)P~(x)Pk(x) dx =O, k =l=n 

Jl 2 -112 2tn 
6. (l-2xt+t) Pn(x)dx=

2
-

1
,n=0,1,2, ... 

-1 n + 

Jl -112 2\12 
7. (1-x) Pn(x)dx=

2
-

1
,n=O,l,2, ... 

-1 n + 
Hint: Let t ~ 1 in problem 6. 

J
1 

2 2n(n+l) 
8. _

1 
x Pn+ 1(x)P,,_ 1(x) dx = (4n 2 - l)(2n + 3), n = 1, 2, 3, ... 

J
1 

2 , 2n(n+l) 
9. _

1 
(x - l)Pn+ 1(x)Pn(x) dx = (2n + l)(2n + 3), n = 1, 2, 3, ... 

Jl 2n+l(n!)2 
10. _

1 
xnPn(x) dx = (2n + l)!' n =O, 1, 2, ... 

Hint: Use problem 31. 

11. lfk$n, 

f 
1 
P~(x )Pí,(x) dx = {~(k + l) 

n +k even 
n +k odd 

1 {º k$n 
12. J Pn (x )Pí, (x) dx = O k > n, k + n even 

-
1 2 k > n, k + n odd 

13. f P2n (x) dx = O, n = 1, 2, 3, ... 

J
1 

2 , 2 2n(n+l) 
14. (1-x )[Pn(x)] dx= 

2 
l ,n=0,1,2, ... 

-1 n + 

J
1 

2 [(n+1)
2 

n
2 J 15. x

2
[Pn(x)]

2 dx = (
2 

)2 2 3 
+-- , 

-1 n + 1 n + 2n - 1 
n =O, 1, 2, .. 

16. Show that the orthogonality relation (4.57) for the functions 
Pn ( COS <P ) is r Pn(cos <P )Pk(cos <P) sin <P d<P =O k =1= n 
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ln problems 17 to 21, derive the given integral formula. 

rn n (2n)
2 

17. Jo P2n(cos<J>)d<J>= 24n n ,n=-(},1,2, ... 

r2n n (2n)2 
18. Jo P2n (cos </>) d<J> = 24n-l n , n =O, 1, 2, ... 

r
2
n 1 (2n) (2n + 2) 19. Jo P2n (cos </>) cos </> d<J> = 24n+l n n + 1 , n = 1, 2, 3, ... 

r'2 
20. Jo P2n (cos </>) sin </> d<J> =O, n = 1, 2, 3, ... 

21. r Pn(cos </>) cosn<J>d<J> =B(n + %, 1
/ 2 ), n =O, 1, 2, ... 

22. Use Rodrigues' formula (4.47) for Pn(x). 
(a) Show that integration by parts leads to 

fl 1 Jl dn-1 
Pn(x)Pk(x)dx= -

2
n 

1 
Pi,(x)dxn_ 1 [(x 2 -l)n]dx 

-1 n. -1 

(b) Show, by continued integration by parts, that 

J1 (-lr J1 dn 
_
1 

Pn(x)Pk(x) dx = 
2

nn! _
1
dxn [Pk(x)] (x2-1rdx 

(e) For k =F n, show that the integral on the right in (b) is zero. 

23. (a) For k = n, show that problem 22b leads to (n =O, 1, 2, ... ) 

fl 2 (2n)! Jl 2 n 
-l[Pn(x)] dx=22n(n!)2 -1(1-x) dx 

( b) By making an appropriate change of variable, evaluate the 
integral in (a) through use of the gamma function and 
hence derive Eq. (4.66). 

24. Starting with the expression 

(1-2xt+t2)-1= L L Pn(x)Pk(x)tn+k 
n=Ok=O 

use the orthogonality property (4.57) to deduce Eq. (4.66). 
1 + t ao t2n+l 

Hint: ln-
1 

-=2 L: -
2 1 -t n=O n + 

25. Show that if f is an odd function, 

(a) f J<x)Pn(x) dx =O, n =O, 2, 4,. .. 

(b) f1 

f(x)Pn(x)dx=2f
1

f(x)Pn(x)dx,n=l,3,5, .. 
-1 o 
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26. Show that if f is an even function, 

(a) f1 

f(x )Pn (x) dx = 2 f1 

f(x )Pn (x) dx, n =O, 2, 4, ... 
-1 o 

(b) f /(x)Pn(x) dx =O, n = 1, 3, 5,. .. 

ln problems 27 to 30, find the Legendre series for the given 
polynomial. 

27. q(x) =x3 29. q(x) = 12x4 
- 8.x 2 + 7 

28. q(x) = 9x3
- 8.x 2 + 7x - 6 

31. Using Rodrigues' formula (4.47) and integration by parts, show 
that 

f /(x)Pn(x) dx = <;~~n f J'nl(x)(x 2 
- lr dx 

Hint: See problem 22. 

32. From the result of problem 31, deduce that 

f 
1 
xmPn(x) dx =O if m<n 

33. From the result of problem 31, deduce that 

f1 n+2kp ( ) dx = (n + 2k )!f(k + l/2) 
-1 X n X 2n(2k )!f(n + k + %) k =O, 1, 2, ... 

34. Show that 

(ª) 2m= ~ 22n(4n+1)(2m)!(m+n)!p, () 
X L; (2 2 1)1( )1 2nX n=O m + n + . m - n . 

(b) 2m+l _ ~ 22n+1 (4n + 3)(2m + l)!(m + n + 1)! ( 
X - L; 1 1 P2n+l x) 

n=O (2m + 2n + 3).(m - n). 

Hint: Use problem 33. 

ln problems 35 to 40, develop the Legendre series for the given 
function. 

35. f(x) = P6 (x) 38. f(x) = {~ -l::5x<O 
O<x::::;l 

36. f(x)=lxl, -l::5x::5l 39. f(x) =e 
-l::5x<O 
O<x::::;l 

37. f(x) = G -l::5x<O 
40. f(x) =e 

-l::5x<O 
O<x::::;l O<x::::;l 
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41. Show that the Legendre series of a function f defined in the 
interval -a =s: x =s: a is given by 

-a =s:x =s: a 

where 

Cn = 2n + l fª f(x )Pn(~) dx 
2a -a a 

n =O, 1, 2, ... 

42. Making the change of variable x = cos <f>, show that the Legendre 
series for a function f ( </>) is given by 

00 

{(</>)= L cnPn(cos<f>) 
n=O 

where 

Cn = (n + %) f' f(cf>)Pn(cos </>) sin <f>d<f> 

Hint: See problem 16. 

n =O, 1, 2, ... 

43. Using the result of problem 42, find the Legendre series for 

(a) {(</>)={~ 
44. (a) Show that 

o=::;; </> < Jr/2 
Jr/2 < </> =::;; Jr 

(b) f( </>) = cos2 <f>, O =s: <f> =s: Jr 

(1-x)npn(l +x) = i (n)2xk 
1-X k=O k 

(b) Letting x-1, use part (a) to derive the identity 

i (n) 2 

= (2n) 
k=O k n 

4.5 Convergence of the Series 

Given the Legendre series of some function f, we now wish to discuss 
the validity of such a representation. What we mean is-if a value of 
x is selected in the chosen interval and each term of the series is 
evaluated for this value of x, will the sum of the series be f(x )? If so, 
we say the series converges pointwise to f(x ). * To establish pointwise 
convergence of the series, we need to obtain an expression for the 

* See also the discussion in Sec. 1.3. 
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partial sum * 
n 

Sn(x) = L ckPk(x) 
k=O 

and then for a fixed value of x show that 

lim Sn(x) = f(x) 
n->oo 

4.5.1 Piecewise continuous and piecewlse 
smooth functlons 

(4.73) 

(4.74) 

To be sure that the Legendre series converges to the function which 
generates the series, it is essential to place certain restrictions on the 
function f. From a practical point of view, such conditions should be 
broad enough to cover most situations of concem and still simple 
enough to be easily checked for the given function. 

Definltion 4.1. A function f is said to be piecewise continuous in the 
interval a :5 x :5 b provided that 

(a) f(x) is defined and continuous at all but a finite number of 
points in the interval. 

(b) The left- and right-hand limits exist at each point in the 
interval. 

Remark: The left- and right-hand limits are defined, respectively, by 

lim f(x - E)= f(x-) 
E'~o+ 

lim f(x +E)= f(x+) 
E'~o+ 

Furthermore, when x is a point of continuity,f(x-) = f(x+) = f(x). 

It is not essential that a piecewise continuous function f be defined 
at every point in the interval of interest. ln particular, it is often not 
defined at a point of discontinuity, and even when it is, it really 
doesn't matter what functional value is assigned at such a point. Also 
the interval of interest may be open or closed, or open at one end and 
closed at the other (see Fig. 4.4). 

* Although (4.73) has n + 1 terms, we still designate it by the symbol Sn(x). 
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f(x) 

V 
X 

Figure 4.4 A piecewise continuous function. 

Definition 4.2. A function f is said to be smooth in the interval 
a :s;x :s; b if it has a continuous derivative there. We say the function 
is piecewise smooth if f and/or its derivative f' is only piecewise 
continuous in a :s;x :s; b. 

Example 3: Classify the following functions as smooth, piecewise 
smooth, or neither in -l:5x:5l: (a) f(x)=x, (b) f(x)=\xl, 
(e) f(x) = lx 11'

2
. 

Solutlon: ln (a), the function f(x) =x and its derivative f'(x) = 1 
are both continuous, and thus f is smooth. The function in (b) is also 
continuous, but because the derivative is discontinuous, i.e., 

f'(x) = {~ 1 
-1 <x <O 

O<x<l 

it is not smooth but only piecewise smooth. ln (e), the function is once 
again continuous, but lf'(x)l~oo asx~o, so it is neither smooth nor 
piecewise smooth. 

4.5.2 Polntwise convergence 

Before stating and proving our main theorem on convergence, we 
must establish two lemmas. 

Lemma 4.1 (Riemann). If the function f is piecewise continuous in the 
closed interval -1 :5x :-5 l, then 

!~ v'n + 1/2f
1
f(x)Pn(x) dx =O 

Proof: Let the n th partia} sum be denoted by 

n 

Sn(x) = L ckPk(x) 
k=O 
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and consider the nonnegative quantity 

f
1 
[f(x)-Sn(x)] 2 dx ;:::O 

or f/2(x)dx-2 f/(x)Sn(x)dx + f
1 
S~(x)dx ~o 

Now f /(x)Sn(x) dx = kto ck f /(x)Pk(x) dx 

and 

Accordingly, we have 

f
l n c2 n c2 

{2(x) dx - 2 2: k \ 1 + 2: k \ 1 ;::: O 
-1 k=O + 2 k=O + 2 

from which we deduce 

n c2 fl 2: k \
1 

:5 {2(x) dx 
k=O + 2 -1 

Because this last inequality is valid for all n, we simply pass to the 
limit to get 

The integral on the right is necessarily bounded, since f is assumed to 
be piecewise continuous in the closed interval of integration. Hence, 
the series on the left is a convergent series (because its sumis finite), 
and therefore it follows that 

. d 
hmk--i-/ =O 
k-oo + 2 
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or equivalently ( changing the index back to n) 

Lemma 4.2 (Christoffel-Darboux). The Legendre polynomials satisfy 
the identity 

Proof: We begin by multiplying the recurrence relation (4.31) by 
Pk(t) to get 

(2k + l)xPk(t)Pk(x) = (k + l)Pk(t)Pk+1(x) +kPk(t)Pk-1(x) 

lf we now interchange the roles of x and t in this expression and 
subtract the two results, we obtain 

(2k + l)(t -x)Pk(t)Pk(x) = (k + l)[Pk+1U)Pk(x) -Pk(t)Pk+1(x)] 

- k [Pk(t )Pk-1 (x) - Pk-1 (t )Pk(x )] 

Finally, summing both sides of this identity as k runs from O to n and 
setting P_1(x) =O, we find 

n 

(t-x) 2: (2k + l)Pk(t)Pk(x) = (n + l)[Pn+1(t)Pn(x)-Pn(t)Pn+1(x)] 
k=O 

and the lemma is proved. 

We note that integration of the Christoffel-Darboux formula leads 
to 

kto (2k + l)Pk(x) f
1 
Pk(t)dt 

= (n + l) Jl Pn+l(t)Pn(x)-Pn(t)Pn+1(X) dt 
-1 t-x 

from which we deduce 

( l)J l Pn+l(t)Pn(x)-Pn(t)Pn+1(X)d 
n + t=2 

-1 t-x 
(4.75) 
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where we are using the orthogonality property 

k=l=O 

k=O 

We are now prepared to state and prove our main result. 

(4.76) 

Theorem 4.2. If the function f is piecewise smooth m the closed 
interval -1 :5x :5 l, then the Legendre series 

00 

f(x) = L cnPn(x) 
n=O 

where n =O, 1, 2, ... 

converges pointwise to f (x) at every continuity point of the function f 
in the interval -1 < x < 1. At points of discontinuity of f in the 
interval -1 < x < 1, the series converges to the average value 
%[f(x+) + f(x-)]. Finally, at x = -1 the series converges to f(-1 +), 
and at x = 1 it converges to f(l-). 

Proof (for a polnt of contlnulty): Let us assume that x is a point of 
continuity of the function f, and consider the partial sum ( -1 < x < 1) 

n 

Sn(X) = L ckPk(x) 
k=O 

where we have replaced the constants ck by their integral representa­
tion. Interchanging the order of sumtnation and integration and 
recalling the Christoffel-Darboux formula (Lemma 4.2), we obtain 

1 Jl n 
Sn(x)=2 _/(t) k~o (2k+l)Pk(t)Pk(x)dt 

= ! (n + 1) Jl {(t) Pn+1(t)Pn(X) -Pn(t)Pn+1(X) dt 
2 -1 t -x 

If we add and subtract the function f (x) ( which is independent of 
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the variable of integration), we get 

Sn (x) = _21 (n + 1 )f(x) f 1 Pn+l (t )Pn (x) - Pn (t )Pn+l (x) dt 
-1 t-x 

1 J1 f(t)-f(x) 
+-

2
(n+1) [Pn+1(t)Pn(x)-Pn(t)Pn+i(x)] dt 

_ 1 t-x 

For notational convenience we introduce the function 

g(t) = f (t) - f (x) 
t-x 

and use (4.75) to obtain 

Sn(X) = f(x) + 1Mn + l)Pn(X) f 
1 
g(t)Pn+1(t) dt 

- %(n + l)Pn+1(x) f 
1 
g(t)Pn(t) dt 

At this point we wish to show that g satisfies the conditions of 
Riemann's lemma, i.e., that g is at least piecewise continuous. 
Because f is at least piecewise smooth, it follows that g is also 
piecewise smooth for all t =1:-x. To investigate the behavior of g at 
t =x, we consider the limit (remembering that x is a point of 
continuity of f) 

( ) 1. f(t)-f(x) f'( ) gx=1m = x 
t->x t -X 

Since by hypothesis f' is at least piecewise continuous (why?), we see 
that g is indeed a piecewise continuous function. 

Letting 

we can express the partia! sum in the form 

S ( ) =f( ) (n + l)Pn(X) b _ (n + l)Pn+1(x) b 
n X X + 2\Jn + % n+l 2\Jn + l/2 n 

By recognizing that the Legendre polynomials are bounded on the 
interval -1<x<1 [see Eq. (4.56)] and applying Riemann's lemma, 
it can now be shown that the last two terms in the expression for 
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Sn(x) vanish in the limitas n~oo (see problem 10 in Exercises 4.5), 
and hence we deduce our intended result 

lim Sn (x) = f (x) 

at a point of continuity of f 

To prove that* 

limSn(x) = 1Mf(x+) +f(x-)] 

at a point of discontinuity of f requires only a slight modification of 
the above proof. Similar comments can be made about the points 
X= ±1. 

Exercises 4.5 

ln problems 1 to 8, discuss whether the function is piecewise 
continuous, continuous, piecewise smooth, smooth, or none of these in 
the interval -1 ::; x ::; 1. 

1. f (x) = tan 2x 

2. f(x) = sinx 

sinx 
5. f(x) =-, x *O,f(O) = 1 

X 

sinx 
6. f(x) =-,X*º 

X 

x2
- l 

3. f (X) = --
1 

, X * 1 
x-

' 1 
7. f(x) = sin-, x *º 

X 

4. f(x) = {~ if x is rational 
8. f(x) =xe-11X, x *º 

if x is irrational 

9. Suppose that a piecewise smooth function f is to be approximated 
on the interval -1 ::; x ::; 1 by the finite sum 

n 

Sn(x) = L bkPk(x) -l:5x :5 l 
k=O 

Determine the constants bk so that the mean square error is 
minimized, i.e., minimize 

En = f
1 

[f(x)-Sn(x)] 2 dx 

Hint: Set oEnl obk = O, k = 1, 2, ... , n. 

*For details, see D. Jackson, Fourier Series and Orthogonal Polynomials, 
Carus Math. Monogr. 6, Math. Assoe. Amer., Open Court Publ. Co., LaSalle, Ill., 
1941. 
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10. Given that 

JxJ<l 

and 

bn = Yn + 1/2f1 g(t)Pn(t) dt 

where g(t) is piecewise continuous, deduce that 

(ª) 1. (n + l)Pn(X) b -O 
lffi ~ C---;-'J/ n + 1 -

n->oo 2 vn + '2 

(b) lim (n +~(x) bn =O 
n->oo 2 n + 2 

4.6 Legendre Functions of the Second 
Kind 

The Legendre polynomial Pn (x) represents only one solution of 
Legendre's equation 

(1-x2 )y" - 2xy' + n(n + l)y =O (4.77) 

Because the equation is second-order, we know from the general 
theory of differential equations that there exists a second linearly 
independent solution Qn (x) such that the combination 

(4.78) 

where C 1 and C 2 are arbitrary constants, is a general solution of 
(4.77). 

Also from the theory of second-order linear DEs it is well known 
that if y1 (x) is a nontrivial solution of 

y" + a (x )y' + b (x )y = O (4.79) 

then a second linearly independent solution can be defined by* 

(4.80) 

* See Theorem 4.6 in L. C. Andrews, Introduction to Differential Equations with 
Boundary Value Problems, HarperCollins, New York, 1991. 
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Hence, if we express ( 4. 77) in the form 

,, 2x , n(n+l) 
y - -1 2Y + 1 2 y =O -x -x 

and let y1 (x) = Pn (x ), it follows that 

Y2(X) =Pn(X) f (1-x2~Pn(x)]2 (4.81) 

is a second solution, linearly independent of Pn (x ). Because any 
linear combination of solutions is also a solution of a homogeneous 
DE, it has become customary to define the second solution of (4.77), 
not by (4.81), but by 

Qn(X) =Pn(x){An +Bn f (1-x2~Pn(x)]2 } (4.82) 

where An and Bn are constants to be chosen for each n. We refer to 
Qn (x) as the Legendre function of the second kind of integral 
order. 

Accordingly, when n = O, we choose A0 = O and B0 = 1, and hence 

which leads to 

1 1 +x Q0 (x) =-ln--
2 1-x 

lxl<l 

For n = 1, we set A1 =O and B1 =1, from which we obtain 

=x J (-1 +!) dx 1-x2 x2 

1 l+x 
=-xln---1 

2 1-x 

or lxl<l 

(4.83) 

(4.84) 

(4.85) 

Rather than continuing in this fashion, which leads to more 
difficult integrais to evaluate, we recall the Remark made at the end 
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of Sec. 4.2.3 which stated that all (properly normalized) solutions of 
Legendre's equation automatically satisfy the recurrence formulas for 
Pn (x ). Hence, we select the Legendre functions Qn (x) so that 
necessarily 

(4.86) 

for n = 1, 2, 3, . . . . With Q0 (x) and Q1 (x) already defined, the 
substitution of n = 1 into (4.86) yields 

Qz(x) = 3/zxQ1(x) - 1/zQo(x) 

= 1/z(3x 2 
- l)Q0(x) - 3/zx 

which we recognize as 

lxl<l (4.87) 

For n = 2, we find 

lxl<l (4.88) 

whereas in general it has been shown that* 

[(n-l)IZJ (2n - 4k -1) 
Qn (x) = Pn (x )Qo(x) - k~o (2k + l)(n _ k) Pn-2k-I (x) 

lxl < 1 (4.89) 

for n = 1, 2, 3, .... 
Because of the logarithm term in Q0 (x ), it becomes clear that all 

Qn(x) have infinite discontinuities at x = ±1. However, within the 
interval -1 < x < 1 these functions are well defined. The first f ew 
Legendre functions of the second kind are sketched in Fig. 4.5 for the 
interval O :sx < 1. 

ln some applications it is important to consider Qn (x) defined on 
the interval x > 1. While Eq. (4.89) is not valid for x > 1, the 
functions Qn (x) can be expanded in a convergent asymptotic series 
(see problem 16 in Exercises 4.6). Based on this series, it can then be 
shown that all Qn (x) approach zero as x ~ oo. Such behavior for large 
x is quite distinct from that of the Legendre polynomials Pn (x ), which 
become unbounded as x ~ oo except for P0 (x) = 1. 

* See W. W. Bell, Special Functions for Scientists and Engineers, Van Nostrand, 
London, 1968, pp. 71-77. 
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Q,,(x) 

1 

X 

-11------

Figure 4.5 Graph of Qn (x ), n =O, 1, 2, 3, 4. 

4.6.1 Baslc properties 

We have already mentioned that the Legendre functions Qn (x) 
satisfy all recurrence relations given in Sec. 4.2.2 for Pn (x ). ln 
addition, there are severa! relations that directly involve both Pn (x) 
and Qn(x). For example, if !ti< lxl, then* 

1 00 

-= L (2n + l)Pn(t)Qn(x) (4.90) 
X - t n=O 

From this result, it is easily shown that (see problem 13 in Exercises 
4.6) 

n =O, 1, 2, ... (4.91) 

which is called the Neumann formula. Other properties are taken up 
in the exercises. 

Exercises 4.6 
ln problems 1 to 4, find a general solution of the DE in terms of Pn (x) 
and Qn(x). 

1. (1-x 2 )y"-2xy'=O 3. (1-x 2 )y" - 2xy' + 12y =O 

2. (l -x2 )y" -2xy' + 2y =O 4. (1-x 2 )y" - 2xy' + 30y =O 

* See E. T. Whittaker and G. N. Watson, A Course of Modem Analysis, 
Cambridge University Press, London, 1965, pp. 321-322. 
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5. GivenP0 (x) = 1 and Q0 (x) = 1
/ 2 ln [(1 +x)/(1-x)], verify directly 

that their wronskian* satisfies 

1 
W(P0 , Q0 )(x) =-

1 2 -x 

6. Use Eq. ( 4.82) for Qn (x) to deduce that, in general, the wron­
skian of Pn (x) and Qn (x) is given by 

Bn 
W(Pn,Qn)(x)=-

1 2 n=0,1,2, ... 
-x 

7. Show that Qn(x) satisfies the relations (n = 1, 2, 3, ... ) 
(a) Q~+ 1(x) - 2xQ~(x) + Q~_1 (x) - Qn(X) =O 
(b) Q~+1 (x) -xQ~(x) - (n + l)Qn(x) =O 
(e) xQ~(x)-Q~_1(x)- nQn(x) =O 
(d) Q~+ 1(x)-Q~_1(x)=(2n+l)Qn(x) 
(e) (l -x2)Q~(x) = n[Qn_ 1(x)-xQn(X)] 

8. Show that 
(a) Qo(-x) = -Qo(x) 
(b) Qn(-x) = (-1r+1Qn(x), n = 1, 2, 3, ... 

9. Show that (for n = 1, 2, 3, ... ) 

n[Qn(X)Pn-1(X)-Qn-1(X)Pn(X)] 

= (n - l)[Qn-1(x)Pn-2(X)-Qn-2(x)Pn-1(x)] 

10. From the result of problem 9, deduce that (n = 1, 2, 3, ... ) 

1 
Qn(X Wn-1(X) - Qn-1(x)Pn(X) = - -

n 

11. Deduce the result of problem 10 by using the wronskian relation 
in problem 6 and appropriate recurrence relations. 

12. Show that Qn (x) satisfies the Christoffel-Darboux formula 

n n + 1 L (2k + l)Qk(t)Qk(x) =-- [Qn+1(t)Qn(X)-Qn(t)Qn+1(x)] 
k=O t -X 

13. Use the result of Eq. (4.90) to deduce the Neumann formula 

Qn(x)=!f
1

Pn(t)dt lxl>l 
2 -1 X -t 

14. For x > 1, use the Neumann formula in problem 13 to show that 

1 f1 c1- t
2r 

Qn (x) = 2n+l -1 (x - on+l dt 

* Recall that the wronskian is defined by W(y1,y2 ) = Y1Y~ -y{y2 • 
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15. Using the result of problem 14, deduce that (x > 1) 

(a) Qn(X) = L"° [x + (x2 -1~1~2 cosh er+l 

. e6(x+1)112 -(x-1)112 

Hmt: Set t =e º(x + 1 )112 + (x - 1 )112 

2n "'(n+k)!(n+2k)!l 
(b) Qn(x)-xn+l k~o k!(2n + 2k + 1)! x2k' x~oo 

16. Solve Legendre's equation 

(1-x2 )y" - 2.xy' + n(n + l)y =O 

by assuming a power series solution of the form y = ~:=o cmxm. 
(a) Show that the general solution is 

y =Ay1(x) +By2(x) 

where A and B are any constants and 

Yi (x) = 1 _ n (n + 1) x 2 + (n - 2 )n (n + 1 )(n + 3) x4 _ ... 

2! 4! 

and 

( ) 
(n - l)(n + 2) 

3 
y2 x =x- a! x 

(n - 3)(n - l)(n + 2)(n + 4) 5 + X-··· 
5! 

(b) For n =O show that 

P. ( ) =Y1(x) 
o X Y1(l) 

(e) For n = 1, show that 

p ( ) =Y2(x) 
1 

X Y2(1) 

4.7 Associated Legendre Functions 

ln applications involving either the Laplace or the Helmholtz equa­
tion in spherical, oblate spheroidal, or prolate spheroidal coordinates, 
it is not Legendre's equation (4.44) that ordinarily arises but rather 
the assooiated Legendre equation 

(1-x 2 )y" - 2xy' + [n(n + 1) - ~]y =O 
1-x2 (4.92) 
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Observe that for m =O, (4.92) reduces to Legendre's equation (4.44). 
The DE (4.92) and its solutions, called associated Legendre functions, 
can be developed directly from Legendre's equation and its solutions. 
To show this, we will need the Leibniz formula for the m th derivative 
of a product 

dm m (m) dm-kr dkg 
dxm ({g) = k~O k dxm-k dxk m = 1, 2, 3, ... 

If z is a solution of Legendre's equation, that is, if 

(1-x2)z" - 2xz' + n(n + l)z =O 

we wish to show that 

(4.93) 

(4.94) 

(4.95) 

is then a solution of (4.92). By taking m derivatives of (4.94), we get 

which, by applying the Leibniz formula (4.93), becomes 

Collecting like terms gives us 

d 2u du 
(l -x2) dx2 - 2(m + l)x dx + [n(n + 1) - m(m + l)]u =O (4.96) 

where for notational convenience we have set u = dmz/dxm. Next, by 
introducing the new variabley = (l-x2r 12u, or equivalently, 

u =y(l-x2)-m12 

we find that (4.96) takes the form 

d2 d 
(l-x2) dx2 [y(l -x2)-m12] - 2(m + l)x dx [y(l-x2)-m12] 

+ [n(n + 1) - m(m + l)]y(l -x2)-m12 =O (4.97) 
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Carrying out the indicated derivatives in ( 4.97) leads to 

and similarly 

= (y' + mxy )c1-x2)-m12 
l-x2 (4.98) 

=[ "+m(2xy'+y)+m(m+2)x2y](l- 2)-m12 (4.99) 
y l -x2 (1-x2)2 x 

Finally, the substitution of (4.98) and (4.99) into (4.97) and 
cancellation of the common factor (1-x 2 )-m12 then yield 

(1- 2)[,, m(2xy'+y) m(m+2)x2y] 
x Y + l-x2 + (1-x2)2 

-2(m + l)x(y' + mxy2 ) + [n(n + 1) - m(m + l)]y =O 
1-x 

which reduces to (4.92) upon algebraic simplification. 
We define the associated Legendre functions of tbe first and 

second kinds, respectively, by (m = O, 1, 2, ... , n) 

(4.100) 

and (4.101) 

Since Pn (x) and Qn (x) are solutions of Legendre's equation, it follows 
from (4.95) that P';:(x) and Q'::(x) are solutions of the associated 
Legendre equation (4.92). 

The associated Legendre functions have many properties in com­
mon with the simpler Legendre polynomials Pn (x) and Legendre 
functions of the second kind Qn (x ). Many of these properties can be 
developed directly from the corresponding relation involving either 
Pn (x) or Qn (x) by taking derivatives and applying the definitions 
(4.100) and (4.101). 
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4.7.1 Basic properties of P;:'(x) 

Using the Rodrigues formula (4.47), we can write (4.100) in the form 

(4.102) 

Here we make the interesting observation that the right-hand side of 
( 4.102) is well defined for all values of m such that n + m ::::::: O, i.e., for 
m ::::::-n, whereas (4.100) is valid only for m ::::::O. Thus, (4.102) may 
be used to extend the definition of P';(x) to include all integer values 
of m such that -n :::; m :::; n. [If m > n, then necessarily P';:(x) =O, 
which we leave to the reader to prove.] Moreover, using the Leibniz 
formula (4.93) once again, it can be shown that (see problem 5 in 
Exercises 4.7) 

p-m( )=(-l)m(n-m)!pm() 
n X ( )! n X n+m. 

(4.103) 

Last, we note that for m = O we get the special case 

(4.104) 

The associated Legendre functions P';:(x) satisfy many recurrence 
relations, several of which are generalizations of the recurrence 
formulas for Pn (x ). But because P';:(x) has two indices instead of just 
one, there exist a wider variety of possible relations than for Pn (x ). 

To derive the three-term recurrence formula for P';:(x ), we start 
with the known relation [see Eq. (4.31)] 

(4.105) 

and differentiate it m times to obtain 

dm-1 dm 
-m(2n + 1) dxm-l Pn(X) + n dxmpn-1(x) =O (4.106) 

Now recalling [Eq. (4.40)] 

(2n + l)Pn(x) =P~+ 1(x)-P~_ 1(x) 

we find that taking m - 1 derivatives leads to 
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and using this result, ( 4.106) becomes 

Finally, multiplication of this last result by (l -x2r 12 yields the 
desired recurrence formula 

(n - m + 1w:+1(x) - (2n + l)xP:(x) + (n + m)P:_1(x) =O (4.108) 

Additional recurrence relations, which are left to the exercises for 
verification, include the following: 

(1-x2)112p:(x) = 2n ~ 1 [P::l(x)-P:~l(x)] (4.109) 

1 
(1-x 2

)
112P:(x) = 

2
n + 

1 
[(n + m)(n + m -1w:~l(x) 

- (n - m + l)(n - m + 2w:.;l(x)] (4.110) 

P:+1(x) = 2mx(l -x2)-112P:(x) 

- [n(n + 1) - m(m - l)JP:-1(x) (4.111) 

By constructing a proof exactly analogous to the proof of or­
thogonality of the Legendre polynomials, it can be shown that 

f 
1 
P:(x )P'k(x) dx =O k =Fn (4.112) 

Also the evaluation of 

J
1 2(n + m)! 

-1 [P:(x)]
2

dx = (2n + l)(n -m)! (4.113) 

follows exactly our derivation of (4.66) given in Sec. 4.4.1. The details 
of proving ( 4.112) and ( 4.113) are left for the exercises. 

As a final comment we mention that although it is essentially only 
a mathematical curiosity, there is another orthogonality relation for 
the associated Legendre functions given by 

1 {º k=Fm J P:(x)P!(x)(l-x2)-1dx= (n+m)! k=m (4.114) 
-l m(n-m)! 
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Exercises 4. 7 

1. Directly from Eq. (4.100), show that 
(a) P~(x) = (l-x2)112 (d) P~(x) = %(5x2 -1)(1-x2)112 

(b) P~(x)=3x(l-x2 ) 112 (e) P~(x)=15x(l-x2 ) 
(e) P~(x) = 3(1-x2) 

2. Show that 
(a) P':( -x) = ( -l)n+mpr;:(x) 

(b) P':(±l)=O, m>O 

3. Show that (for n = O, 1, 2, ... ) 

(a) P~n(O) =O 

4. Show that 
(a) P':(O) =O, n + m odd 

b pm ) ( )<n-m)l2 (n+m)! 
() nCO = -1 2n[(n-m)/2]![(n+m)/2]!'n+meven 

5. Applying the Leibniz formula (4.93) to the product (x + 1rcx -
l)n and using (4.102), verify that 

p-m( )=(-l)m(n-m)!pm() 
n X ( )I n X n+m. 

6. Derive the generating function relation 

(2m)!(l -x2r12 00 

2mm!(l - 2xt + t2r+l/2 = n~O P':+m(x)tn 

ln problems 7 to 11, derive the given recurrence formula. 

7. (1-x2)P':'(x) = (n + m)P';:_1(x) - nxP';:(x) 

8. (1-x2)P';:'(x) = (n + l)xP';:(x)- (n -m + l)P':+ 1(x) 

9 (l-x2)112pm(x) =-1-[pm+I(x)-pm+I(x)] 
• n 2n + l n+l n-1 

1 
10. (1 - x 2)112P';:(x) = 

2
n + 

1 
[ (n + m )(n + m - l)P':~l<x) 

- (n -m + l)(n -m + 2)P':;l(x)] 

11. pr;:+1(x) = 2mx(l -x2)-112P';(x)- [n(n + 1) -m(m - l)]P';-1(x) 

12. Prove the orthogonality relation 

f 
1 
P';(x)P'f:(x) dx =O k-:/= n 
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13. Prove the orthogonality relation 

f
1 
P:;'(x)P~(x)(l-x2)- 1 dx =O 

14. (a) By defining 

k =f.m 

An = f
1 

[P:;'(x)] 2 dx n =O, 1, 2, ... 

show that 

A =(2n-l)(n+m)A 
n (2n+l)(n-m) n-l 

n = 2, 3, 4, ... 

( b) Evaluate A0 and A1 directly and use (a) to deduce that 

A = 2(n+m)! 
n (2n + l)(n - m)! 

n =O, 1, 2, ... 

15. Show that 

J1 [P:(x)]2(1-x2)-1dx= (n+m)! 
-1 m(n -m)! 

4.8 Applications 

lt was during the nineteenth century that problems of heat conduc­
tion and electromagnetic theory were first formulated in terms of 
partial DEs, the solutions of which often led to one or more special 
functions. Since that time the study of special functions has been 
closely linked with the study of DEs. lt tums out that the geometry of 
the problem, rather than the DE itself, has the greatest influence on 
which special function will arise in the solution process. For example, 
Legendre polynomials and the associated Legendre functions are 
prominent in applications featuring spherical geometry, such as 
finding the electric potential inside a spherical shell or the steady­
state temperature inside a homogeneous solid sphere. On the other 
hand, Bessel functions (see Chaps. 6 to 8) are common in the solution 
of problems featuring circular or cylindrical domains, and Hermite 
polynomials ( Chap. 5) arise in parabolic cylindrical domains. 

The most important partial DE (or PDE) in mathematical physics 
is Laplace's equation, also known as the potential equation. lts 
general form is given by 

(4.115) 
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where the laplacian V2u in rectangular coordinates is defined by 

a2u a2u a2u 
V2u=-+-+­ax2 ()y2 ()z2 (4.116) 

Laplace's equation arises in steady-state heat conduction problems 
involving homogeneous solids. This sarne equation is satisfied by the 
gravitational potential in free space, the electrostatic potential in a 
uniform dielectric, the magnetic potential in free space, and the 
velocity potential of inviscid, irrotational flows. 

4.8.1 Electric potential due to a sphere 

Problems involving spherical domains are usually formulated in 
spherical coordinates (r, 8, <P ), as shown in Fig. 4.6. Recall that the 
relation between a point (x, y, z) in rectangular coordinates and that 
in spherical coordinates is 

x = r cos (} sin <P y = r sin (} sin <P z = r cos <P 

Suppose that on the surface of a hollow sphere of unit radius a 
fixed distribution of electric potential is maintained in such a way 
that it is independent of the polar azimuthal angle 8, shown in Fig. 
4.6. ln the absence of any further charges within the sphere, we wish 
to find the potential distribution within the sphere. Laplace's equa­
tion (4.115) is the goveming equation for this problem which, 
formulated in spherical coordinates independent of 8, becomes (see 
problems 11 and 12 in Exercises 4.8) 

a ( 2 au) 1 a ( . au) 
ar r àr + sin <P 8</J sm <P 8</J = O (4.117) 

If the electric potential on the spherical shell is described by f ( <P), 
then we impose the boundary condition 

u(l, </J) =f(</J) O<<jJ<n (4.118) 

z 

y 

Figure 4.6 Spherical coordinates. 

X 
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The solution of (4.117) subject to the boundary condition (4.118) is 
known as a Dirichlet problem, or boundary-value problem of 
the first kind. 

To solve (4.117), we start with the assumption that the solution 
can be expressed in the product form 

u (r, </>) = R (r )<I>( </>) (4.119) 

( this is called the method of separation of variables). The direct 
substitution of (4.119) into Laplace's equation (4.117) leads to* 

d 1 d 

d
-[r2R'(r)<I>(<J>)] +-.-d- [sin <J>R(r)<I>'(c/>)] =O 

r sm </> </> 

which, by rearranging and dividing by the product R(r)<I>(<J>), 
becomes 

d 
-[r2R'(r)] 
dr 

R(r) 

1 d . 
-.-d-(sm </> <I>'(c/>)] 
sm </> </> 

<I> ( </>) 
(4.120) 

We now make the observation that the left-hand side of (4.120) 
involves only functions of r and the right-hand side only functions of 
</>. Thus we have "separated the variables." Because r and </> are 
independent variables, it follows that the only way (4.120) can be 
valid is if both sides are constant. Equating each side of (4.120) to 
the constant À and simplifying, we obtain two ordinary DEs: 

r 2R"(r) + 2rR'(r) -ÀR(r) =O O<r<l (4.121) 

and -.-
1
-dd [sin </> <I>'(c/>)] + Ã<l>(c/>) =O 

sm </> </> 
o<</>< Jr (4.122) 

Our problem has now been reduced to solving (4.121) and (4.122). 
By setting x = cos </> in (4.122), we get the more recognizable form 

(see problem 14 in Exercises 4.2) 

d [ 2 d<I>] dx (1-x ) dx + À<I> =O -l<x <1 (4.123) 

Physical considerations demand that the potential u everywhere on 
and inside the sphere remain bounded. The only bounded solutions of 

* All partia! derivatives become ordinary derivatives under the assumption 
(4.119), and thus we can resort to the prime notation for derivatives when 
convenient. 
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( 4.123) occur when À assumes one of the values ( called eigenvalues) 

Àn=n(n+l) n =O, 1, 2, ... (4.124) 

and in this case we recognize (4.123) as Legendre's equation. Hence, 
the bounded solutions are given by the Legendre polynomials* 

n =O, 1, 2, ... (4.125) 

With the separation constant À defined by (4.124), Eq. (4.121) 
becomes 

r2R"(r) + 2rR'(r)-n(n + l)R(r) =O (4.126) 

This DE is a Cauchy-Euler equation with general solution (see 
problems 4 and 5 in Exercises 4.8) 

n =O, 1, 2, ... (4.127) 

where an and bn denote arbitrary constants. To avoid infinite values 
of Rn (r) at r = O, we must select bn = O for all n. Therefore, 

n =O, 1, 2, ... (4.128) 

and by forming the product of (4.125) and (4.128) we generate the 
family of solutions 

n =O, 1, 2, ... 

Finally, summing over all possible values of n (superposition 
principlet), we get 

00 

u(r, </J) = L anrnPn(cos </J) (4.129) 
n=O 

Equation (4.129) represents a bounded solution of Laplace's equa­
tion (4.117) for any choice of the constants ªn· To satisfy the 
boundary condition (4.118), however, we must select constants an 
such that 

00 

u(l, </J) =f(</J) = L anPn(cos </J) O<<jJ<n (4.130) 
n=O 

* Recall that the Legendre functions Qn(x) are not bounded at x = ±1, that is, 
for </>=O or </> = ;n; (see Sec. 4.6). 

t The superposition principle states that if Uv u2 , ••• , un, ... , are all solutions 
of a homogeneous linear PDE, then u = ~ un is also a solution. 
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This last expression is recognized as a Legendre series for f( </> ), and 
therefore the Fourier coefficients of (4.130) are given by (see problem 
42 in Exercises 4.4) 

n =O, 1, 2,... (4.131) 

Example 4: Find the electric potential inside a unit sphere when the 
boundary potential is prescribed by 

{

Uo 
u(l, </>) ={(</>) = 

-Uo 

1r: 
0:=:;</><-

2 

Solution: The solution is given by Eq. (4.129), where the constants 
are determined from (4.131), which yields 

an = (n +~)u0[f"
12

Pn(cos </>) sin <f>d<t>-f"' Pn(cos </>) sin <f>d<t>] 
o 11:/2 

The last step follows from the change of variables x = cos <f>. Owing to 
the even-odd character of the Legendre polynomials, we see that the 
replacement of x by -x in the last integral leads to the conclusion 

n =O, 2, 4, ... 

and n = 1, 3, 5, ... 

Recalling Example 2 in Sec. 4.4.3, the evaluation of this integral 
yields ( setting n = 2k + 1) 

( -l)k(2k )!( 4k + 3) 
ª2k+1 = Uo 22k+1k!(k + 1)! 

Hence the solution we seek becomes 

k =O, 1, 2, ... 

~ ( - l)k(2k )!(4k + 3) 2k+l 
u(r, </>) = Uo k"'::o 22k+1k!(k + l)! r P2k+1(cos </>) 
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For problems involving electric potentials it is also natural to 
inquire about the potential outside the sphere (r > 1). To determine 
the potential in this region, we must again solve Laplace's equation 
( 4.117) subject to the boundary condition ( 4.118). ln this case, 
however, our boundedness condition is not prescribed at r = O ( which 
is outside the region of interest), but for r~ oo. Hence, this time we 
set an =O (n =O, 1, 2, ... ) in Eq. (4.127) and obtain 

n =O, 1, 2, ... (4.132) 

Combining (4.125) and (4.132) by the superposition principie leads 
to 

(4.133) 

The determination of the constants bn from the boundary condition 
(4.118) leads to the sarne integral as before [see (4.131)]. 

4.8.2 Steady-state temperatures in a 
sphere 

Let us now consider the case where the temperature distribution on 
the surface of a homogeneous solid sphere of unit radius is main­
tained at a fixed distribution independent of time. Assuming the 
sphere is void of any heat sources, we wish to determine the 
(steady-state) temperature distribution everywhere within the 
sphere. The general form of Laplace's equation in spherical coor­
dinates is given by (see problem 12 in Exercises 4.8) 

a ( 2 au) 1 a ( . au) 1 éPu - r - +---- sm<J>- +---=O 
ar ar sin </> ª</> ª</> sin2 </> ae2 (4.134) 

and the temperature on the surface of the sphere is prescribed by the 
boundary condition 

u(l, e,</>)= f( e,</>) -n<O<n O < </> < n ( 4.135) 

To solve (4.134) by the separation-of-variables method, we initially 
assume the product form 

u(r, O,</>) =P(r, </>)0(8) (4.136) 

The substitution of (4.136) into (4.134) and subsequent division by 
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the product P(r, </>)E>( 8) lead to* 

• 2 a ( 2 aP) . a ( . aP) sm <j>- r - + sm </>- sm <J>-
ar ar a</> a</> -------------'-----'-- = - -p 

E>" 

E> 
(4.137) 

ln ( 4.137) we have separated the variables r and </> from 8, and thus 
by equating both sides to the constant À, we obtain 

E>"+ ÃE> =o -:rr:<8<:rr: (4.138) 

and a ( 2 aP) 1 a ( . aP) ;.. - r - +---- sm<j>- ---P=O 
ar ar sin </> ª</> ª</> sin2 </> 

(4.139) 

To preserve the single-valuedness of the temperature distribution 
u(r, 8, </>), we must require that 0(8) be a periodic function with 
period 2:rr:. Hence, we impose the periodic boundary conditions 

E>(-:rr:) = E>(:rr:) E>'(-:rr:) = E>'(:rr:) (4.140) 

The solution of (4.138) satisfying the periodic conditions (4.140) 
demands that À be restricted to the values 

Àm=m2 m =O, 1, 2, ... (4.141) 

and thus we obtain the solutions 

{ªº E> (8) = 
m ªm cosm8 + bm sinm8 

m =O (4.142) 
m =1, 2,3, ... 

Equation (4.139) is still a PDE, and so we apply the separation-of­
variables method once more in the hopes of reducing (4.139) to a 
system of ordinary DEs. Writing À = m 2 and setting 

P(r, </>) = R (r )<I>( </>) (4.143) 

we find that 

!!:_ (r2R') 1 d ( . ') 
dr sin </>d</> sm </> <I> m 2 

---= - +--=µ 
R <I> sin2 </> 

* For notational convenience, we will no longer display the arguments of the 
functions involved in the separation of variables. 
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and consequently, 

r 2R" + 2rR' - µR = O O<r<l (4.144) 

and 
1 d ( m

2 
) -.- - ( sin </J <I>') + µ - -. - <I> = O 

sm <P d</J sm2 </J 
o< <P < 1C ( 4.145) 

where µ is the new separation constant. 
The change of variable x = cos </J in ( 4.145) puts it in the form 

d [ 2 d<I>J ( m
2 

) - (1-x )- + µ--- <I>=O 
dx dx 1-x2 -l<x<l (4.146) 

The temperature distribution throughout the sphere must remain 
bounded, and this condition requires that µ be restricted to the set of 
values 

n =O, 1, 2, ... (4.147) 

However, for these values of µ we see that (4.146) is the associated 
Legendre equation (Sec. 4. 7), and its bounded solutions are the 
associated Legendre functwns defined by 

m, n =O, 1, 2,... (4.148) 

Forµ= n(n + 1), the bounded solutions of ( 4.144) are of the form 

and thus we see that Umn (r, e, <P) = Rn (r )E>m (e )<I>mn ( <P) gives us the 
family of solutions 

Urnn (r, e, </J) 

{
Aoní"npn ( COS </J) 

= (Amn cos me+ Bmn sin me)rnP~(cos </J) 
m=O 
m = 1, 2, 3, ... 

(4.149) 

where Aon = aoCn, Amn = amCn, and Bmn = bmcn. Finally, summing over 
all such solutions by invoking the superposition principie, we arrive 
at 

00 

u(r, e, </J) = L AonrnPn(cos </J) 
n=O 

00 00 

+ L L (Amn cos me+ Bmn sin me)rnP';:(cos <P) (4.150) 
m=l n=O 
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The constants A0m, Amn' and Bmn have to be selected in such a way 
that the boundary condition (4.135) is satisfied, which leads to 

00 

f ( 8, </>) = L AonPn ( COS </>) 
n=O 

00 00 

+ L L (Amncosm8+Bmnsinm8)P~(cos<J>) (4.151) 
m=l n=O 

This last relation is what is known as a generalized Fourier series in 
two variables. Although the theory associated with such series follows 
in a natural way from the theory of one variable, it goes beyond the 
intended scope of this text. As a final observation here, we note that 
for the special case where the prescribed temperatures are in­
dependent of the angle 8, the temperatures inside the sphere will 
also be independent of 8. This condition necessitates that we allow 
only m =O in the solution (4.150), and in this case our solution 
(4.150) reduces to the result (4.129). 

Exercises 4.8 

1. Find the electric potential in the interior of the unit sphere, 
assuming the potential on the surface is 
(a) f( </>) = 1 (e) f( </>) = cos2 </> 
(b) f( </>) = cos </> (d) f( </>) = cos 2</> 

2. Find the electric potential in the exterior of the unit sphere, 
assuming the potential on the surface is prescribed as given in 
problem 1. 

3. The base </> = 1kn, r < 1, of a solid hemisphere r :5 l, O :5 </> :5 1Mr, 
is kept at temperature u = O, while u = T0 on the hemisphere 
surface r = 1, O< </> < 1

/ 2n. Show that the steady-state tempera­
ture distribution is given by 

_ ~ n(4n + 3) (2n)! 2n+l 
u(r, </>) - To n~o ( -1) 2n + 2 22n(n!)2 r P2n+l (cos </>) 

4. The DE 

ax 2y" + bxy' + cy =O 

where a, b, and e are constants, is called a Cauchy-Euler 
equation. 
(a) Show that the change of variable x =é leads to 

xy' =Dy x2y" = D(D - l)y 
d 

D=-
dt 
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(b) Using the result of part (a), show that the Cauchy-Euler 
equation can be transformed to the constant-coefficient DE 

[aD2 + (b - a )D +e ]y =O 

5. Use the result of problem 4 to verify that (4.127) is the general 
solution of the Cauchy-Euler equation 

r2R" + 2rR' - n(n + l)R =O 

6. Solve the electric-potential problem in Sec. 4.8.1 for a sphere of 
radius e. 

7. lf the potential on the surface of a sphere of unit radius is that in 
Example 4, show that at points far from the sphere surface the 
potential is ( approximately) given by 

3Uo 
u (r, </>) = 

2
r 2 cos </> r » 1 

8. For a long time, the temperature u (r, </>) on the surface of a 
sphere of radius e has been maintained at u(c, </>) = T0(1-
cos2 </>), where T0 is a constant and </> is the cone angle in 
spherical coordinates. Find the temperature inside the sphere. 

9. A spherical shell has an inner radius of 1 unit and an outer 
radius of 2 units. The prescribed temperatures on the inner and 
outer surfaces are given, respectively, by 

u(l, </>) = 30 + 10 cos </> u(2, </>) = 50- 20 cos </> 

Determine the steady-state temperature everywhere within the 
spherical shell 

10. The temperature on the surface of a solid homogeneous sphere of 
unit radius is prescribed by 

{
To 

u(l,<J>)= O 
O<<J><a 
a<</><n 

Show that the steady-state temperature distribution throughout 
the sphere is described by 

u(r, </>)= 1
/ 2 T0{1-cosa-~1 [Pn+ 1(cosa) 

-- Pn-l (cos a) ]rnPn (cos </>)} 

11. Show that the laplacian V2u in spherical coordinates defined by 

x = r cos () sin </> y = r sin () sin </> z = r cos </> 
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is given by 

v2u = éJ2u + ~ au + _!_ a2u + cot <P ou + 1 o2u 
or2 r ar r2 aq,2 r2 ª"' r2 sin2 

<P ae2 

12. Show that the laplacian in problem 11 can also be expressed as 

2 1 [ a ( 2 au) 1 a ( . au) 1 a2u] 
V u = r2 or r or + sin <P o</J sm <P ô</J + sin2 <P 082 



              

5.1 lntroduction 

Chapter 

5 
Other Orthogonal 

Polynomials 

A set of functions { <Pn (x) }, n =O, 1, 2, ... , is said to be orthogonal on 
the intervala <x < b, with respect to a weight function r(x) >O, ifl' 

Sets of orthogonal functions play an extremely important role in 
analysis, primarily because functions belonging to a very general 
class can be represented by series of orthogonal functions, called 
generalized Fourier series. 

A special class of orthogonal functions consists of the sets of 
orthogonal polynomials {pn(x)}, where n denotes the degree of the 
polynomial Pn (x ). The Legendre polynomials discussed in Chap. 4 are 
probably the simplest set of polynomials belonging to this class. 
Other polynomial sets which commonly occur in applications are the 
Hermite, Laguerre, and Chebyshev polynomials. More general poly­
nomial sets are defined by the Gegenbauer and Jacobi polynomials, 
which include the others as special cases. 

The study of general polynomial sets like the Jacobi polynomials 
facilitates the study of each polynomial set by focusing on those 
properties that are characteristic of all the individual sets. For 
example, the sets {Pn (x)} that we will study all satisfy a second-

* ln some cases the interval of orthogonality may be of infinite extent. 

203 
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order linear DE and Rodrigues' formula, and the related set 
{(dm/dxm)pn(x)} (for example, the associated Legendre functions) is 
also orthogonal. Moreover, it can be shown that any orthogonal 
polynomial set satisfying these three conditions is necessarily a 
member of the Jacobi polynomial set, or a limiting case such as the 
Hermite and Laguerre polynomials. 

5.2 Hermite Polynomials 

The Hermite polynomials play an important role in problems involv­
ing Laplace's equation in parabolic coordinates, in various problems 
in quantum mechanics, and in probability theory. 

We define the Hermite polynomials Hn(x) by means of the 
generating function* 

"' tn 
exp (2xt - t 2

) = _2: Hn (x) 1 
n=O n. 

ltl < co, !xi< co (5.1) 

By writing 

exp (2xt - t 2 ) = e2xt · e-t2 

= [ i (2xt;m][i (-t~)k] 
m=O m. k=O k. 

"' [n/2l(-ll(2x)ll-2k 
= _2: _2: tn 

n=O k=O k!(n - 2k)! 
(5.2) 

where the last step follows from the índex change m = n -2k [see Eq. 
(1.17) in Sec. 1.2.3], we identify 

[n/2J (-l)kn! 
Hn (x) = k~O k !(n - 2k )! (2x r-2k (5.3) 

Examination of the series ( 5.3) reveals that Hn (x) is a polynomial 
of degree n and, further, is an even function of x for even n and an 
odd function of x for odd n. Thus, it follows that 

(5.4) 

The first few Hermite polynomials are listed in Table 5.1 for easy 
reference. 

* There is another definition of the Hermite polynomials that uses the 
generating function exp (xt -1/2 t 2

). This definition occurs most often in statistical 
applications. 



              

Other Orthogonal Polynomials 205 

TABLE 5.1 Hermlte Polynomlals 

H0 (x) = 1 
H1(x) = 2x 
H2(x)=4x 2 -2 
H3(X) = & 3 

- 12x 
H4(X) = 16x4 - 4&2 + 12 
H5(X) = 32x5 

- 160x3 + 120x 

ln addition to the series (5.3), the Hermite polynomials can be 
defined by the Rodrigues formula (see problein 3 in Exercises 5.2) 

n =O, 1, 2, ... (5.5) 

and the integral representation (see problem 5 in Exercises 5.2) 

n =O, 1, 2, ... (5.6) 

The Hermite polynomials have many. properties in common with 
the Legendre polynomials, and in fact, there are many relations 
connecting the two polynomial sets. For example, two of the simplest 
relations are given by (n = O, 1, 2, ... ) 

(5.7) 

and (5.8) 

the verifications of which are left for the exercises. 

Exemple 1: Use the generating function to derive the relation 

[n/21 n !H (x ) 
n 'V n-2k 

X = L.J 
k=O 2nk!(n - 2k)! 

n =O, 1, 2, ... 

Solution: From (5.1) we have 

or 
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Expressing both exponentials in power series leads to 

oo [n/21 H (x )tn 
= L L n-2k 

n=O k=ok!(n-2k)! 

where we have interchanged m and k and set m = n - 2k. Finally, by 
comparing the coefficients of tn in the two series, we deduce that 

(n/2l n 'H (x ) 
n "" n-2k X = LI 

k=O 2nk!(n -2k)! 

5.2.1 Recurrence formulas 

By substituting the series for w(x, t) = exp (2xt - t 2
) into the identity 

aw 
--2(x -t)w =O at 

we obtain (after some manipulation) 

(5.9) 

oo tn 
L [Hn+1(x) -2xHn(x) + 2nHn-1(x)] t +H1(x) -2xHo(x) =O 
n=l n. 

(5.10) 

But H 1 (x) - 2xH0 (x) = O, and thus we deduce the recurrence 
formula 

Hn+l (x) - 2xHn (x) + 2nHn-l (x) =O (5.11) 

for n = 1, 2, 3, .... 
Another recurrence relation satisfied by the Hermite polynomials 

follows the substitution of the series for w (x, t) into 

This time we find 

which leads to 

aw 
--2tw =O 
ax 

n = 1, 2, 3, ... 

(5.12) 

(5.13) 
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The elimination of Hn_ 1(x) from (5.11) and (5.13) yields 

Hn+1(x)-2xHn(x) +H~(x) =O (5.14) 

and by differentiating this expression and using (5.13) once again, we 
find 

H~(x) - 2xH~(x) + 2nHn(x) =O (5.15) 

for n =O, 1, 2, .... Therefore we see that y = Hn (x) (n =O, 1, 2, ... ) is 
a solution of the linear second-order DE 

y" - 2xy I + 2ny = o (5.16) 

called Hermite's equation. 

5.2.2 Hermite series 

The orthogonality property of the Hermite polynomials is given 
by* 

ki=n (5.17) 

We could construct a proof of (5.17) analogous to that given in Sec. 
4.4.1 for the Legendre polynomials, but for the Hermite polynomials 
an interesting alternative proof exists. 

Let us start with the generating-function relations 

oo tn 
L ! Hn (x) = e2xt-t2 
n=on. 

and multiply these two series to obtain 

(5.18a) 

(5.18b) 

00 00 tn sk 
n~o k~o n! k!Hn(x)Hk(x) = exp [ -(t

2 + s 2
) + 2x(t + s )] (5.19) 

Next, we multiply both sides of (5.19) by the weight function e-x2 and 
integrate (assuming that termwise integration is permitted), to find 

* The function e-"2 in (5.17) is called a weight function. ln the case of the 
Legendre polynomials, the weight function is unity. 
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where we have made the observation (see Example 2 below) 

Joo -x2+2bx dx • C b2 
e = vne 

-oo 

(5.20) 

Finally, expanding e2
ts in a power series, we have 

(5.21) 

and by comparing like coefficients of tnsk, we deduce that 

As a bonus, we find that when k = n in (5.21), we get the additional 
important result (for n = O, 1, 2, ... ) 

f., e-x
2
[Hn (x) )2 dx = 2nn !yn (5.22) 

Based on relations (5.17) and (5.22), we can generate a theory 
concerning the expansion of arbitrary polynomials, or functions in 
general, in a series of Hermite polynomials. Specifically, if f is a 
suitable function defined for ali x, we look for expansions of the 
general forro 

00 

f(x) = L CnHn(x) -oo<x<oo (5.23) 
n=O 

where the (Fourier) coefficients are given by* 

n =O, 1, 2, ... (5.24) 

Series of this type are called Hermite series. We have the following 
theorem for them. 

Theorem 5.1. If f is piecewise smooth in every finite interval and 

* The constants cn can be formally derived through use of the orthogonality 
property analogous to the technique used in Sec. 4.4.2. 



              

Other Orthogonal Polynomials 209 

then the Hermite series (5.23) with constants defined by (5.24) 
converges pointwise to f (x) at every continuity point of f At points of 
discontinuity, the series converges to the average value %[f(x+) + 
f(x-)]. 

The proof of Theorem 5.1 closely follows that of Theorem 4.1 (see 
N. N. Lebedev, Special Functions and Their Applications, Dover, New 
York, 1972, pp. 71-73). 

Example 2: Express f (x) = e2
bx in a Hermite series, and use this 

result to deduce the value of the integral 

f_°'°' e -x2+2bxHn (x) dx 

Solution: ln this case we can obtain the series in an indirect way. 
We simply set t = b in the generating functioh (5.1) to obtain 

oo bn 
exp (2bx -b2

) = 2: ! Hn(x) 
n=on. 

and hence we have our intended series 

The direct derivation of this result from (5.24) leads to 

1 f°' e = e-x2+2bxH (x) dx 
n 2n !' C n n. V Jr -oo 

n =O, 1, 2, ... 

However, we have already shown that 

and thus it follows that 

n =O, 1, 2, ... 

ln particular, for n =O we get the result of Eq. (5.20). 

5.2.3 Simple harmonic oscillator 

ln wave mechanics, the basic equation for describing the ( one­
dimensional) location of a particle attracted by an energy potential 
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V (z) is Schrõdinger's (time-independent) equation 

d 2 1/J 8mn2 

- dz 2 + J;"2 [V(z) -E]'ljJ =O (5.25) 

where m is the mass of the particle, E is the total energy, and h is 
Planck's constant. The unknown quantity 1/J is called the wave 
function, i.e., the amplitude of the wave whose intensity gives the 
probability of :finding the particle at any given point in space. A 
fundamental problem in wave mechanics concems the motion of a 
particle bound in a potential well. lt has been established that 
bounded solutions of Schrõdinger's equation for such problems are 
obtainable only for certain discrete energy leveis of the particle 
within the well. A particular example of this important class of 
problems is the linear oscillator (also called the simple harmonic 
oscillator ), the solutions of which lead to Hermite polynomials. 

lf the restoring force on a particle displaced a distance z from its 
equilibrium position is -kz, where k can be associated with the 
spring constant of the classical oscillator, then its potential energy is 
V(z) = %kz 2

• Substituting this expression into (5.25) and introduc­
ing the dimensionless parameters 

_ (4mkn
2

)
114 

À= 4irE fm = 4nE 
x-z h 2 h 'Ji hw 

where w = Vkfm is the angular frequency of the classical oscillator, 
we :find that Eq. (5.25) becomes 

1jJ"+(Ã-x2 )1jJ=O -oo<x<oo (5.26) 

where the primes denote differentiation with respect to x. ln addition 
to (5.26), the wave function 1/J must satisfy the boundary condition 

lim 1Jl(x) =O (5.27) 
IXl->00 

ln looking for bounded solutions of (5.26), we start with the 
observation that À becomes negligible compared with x2 for large 
values of x. Thus, asymptotically we expect the solution of (5.26) to 
behave like 

1Jl (x) ~e ±x212 

where only the negative sign in the exponent is appropriate in order 
that (5.27) be satis:fied. Based on this observation, we make the 
assumption that (5.26) has solutions of the form 

1Jl(x) = y (x )e-x212 (5.28) 
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for suitable y. The substitution of (5.28) into (5.26) yields the DE 

y" -2xy' +(À.- l)y =o (5.29) 

The boundary condition (5.27) suggests that whatever functional 
form y assumes, it must either be finite for all x or approach infinity 
at a rate slower than e -x

212 approaches zero. It has been shown* that 
the only solutions of (5.29) satisfying this condition are those for 
which À - 1 = 2n, or 

n =O, 1, 2, ... (5.30) 

called eigenvalues. ln terms of E, we find 

E 
= (n + 1/2)hw 

n 
2

.1t" n = O, 1, 2, ... (5.31) 

with E 0 = hw/(4.1t") being the lowest or minimum energy levei. With À 

so restricted, we see that (5.29) becomes 

y" - 2xy' + 2ny = O 

which is Hermite's equation with solutions y = Hn (x ). (The other 
solutions of Hermite's equation are not appropriate in this problem.) 
Hence, we conclude that to each eigenvalue Àn given by (5.30) there 
corresponds the solution of (5.26) (called an eigenfunction or 
eigenstate) given by 

Wn (x) = Hn (x )e-x212 

Exercises 5.2 

1. Show that (for n = O, 1, 2, ... ) 

(a) H2n (O)= ( -1r ( 2~)! 
n. 

n =O, 1, 2, ... (5.32) 

(e) H;n(O) =O 

(b) H2n+1(0)=0 (d) H' (O)= (-l)n (2n + 2)! 
2n+l (n + l)! 

2. Derive the generating-function relations 
oo t2n 

(a) e'
2 
cos 2xt = L ( -l)nH2n (x) -( )I, itl < 00 

n=O 2n . 
oo t2n+l 

(b) e'
2

sin2xt= 2: (-1rH2n+1(x) ( )!' 1t1< 00 

n=O 2n + 1 . 

* See E. C. Kemble, The Fundamental Principies o{ Quantum Mechanics with 
Elementary Applications, Dover, New York, 1958, p. 87. 
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3. Derive the Rodrigues formula (for n = O, 1, 2, ... ) 

2 dn 2 

Hn(x)=(-lrex dxn(e-x) 

4. Start with the integral formula 

J~oo é-t2+2bt dt = Vi eb2 

(a) Show that differentiating both sides with respect to b leads 
to 

J~oo te -t2+2bt dt = y'i beb2 

(b) For n = 1, 2, 3, ... , show that 

foo tne-t2+2bt dt =Vi dn (eb2) 
-oo 2n dbn 

5. Set b = ix in the result of problem 4b to deduce that (for 
n=0,1,2, ... ) 

( ·r2n x2 00 

Hn (x) = -i e f e _,2+2ixttn dt 
Vi -00 

6. Using the result of problem 5, show that (for n =O, 1, 2, ... ) 

(-1r22n+l r 
(a) H2n (x) = y'i ex

2 
Jo e -t

2 
t 2n cos 2xt dt 

( l)n22n+2 Loo 
(b) H2n+1(x)= - y'i ex

2 e-'2t 2
n+

1 sin2xtdt 
:Jf o 

7. Derive the Fourier transform relations. 

(a) _1_ f"" e _,212+ixtHn (t) dt = ine-x212Hn (x) 
v'2n -oo 

(b) ~ L"' e-'212H2n (t) cos xt dt = ( -1 re -x212H2n (x) 

(e) (2 ('° -t212H ( ) · d ( l)n -x212H ( ) 'J:; Jo e 2n+l t smxt t = - e 2n+l x 

ln problems 8 to 11, verify the integral relation. 

8. f,, xke-x
2
Hn(X) dx =O, k =O, 1, ... , n -1 

9. f,, x 2e-x
2
[Hn(x)] 2dx = v'-;f;2nn!(n + %) 
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1
00 

2 \iJl n! 
10. 

0 

tne-tHn(xt)dt=-
2

-Pn(X) 

11 f."" -t2 n+lp (X) d - 1 -x2H ( ) 
• X e t n t t - 2n+l e n X 

12. Use the result of problem 5 to deduce that 

(a) (1- t2)-112 exp 2xyt -1 (~2t~ y2)t2 =~o Hn(x)Hn(Y) (t~~r 

2x2t "' (t/2r 
(b) (1-t2 )-

112 exp- = 2: [Hn(x)]2-
1
-

1 + t n=O n. 

13. Use problem 12 to show that (n =O, 1, 2, ... ) 

r"" e-2x2[Hn(x)]2dx = 2n-112f(n + i/2) 

14. Derive the Hermite series relations. 

2k _ (2k)! ~ H2n(x) 
(a) X L.J 

- 22k n=o(2n)!(k-n)! 

2k+l _ (2k + 1)! ~ H2n+1(X) 
(b) x - 22k+l f:o (2n + l)!(k -n)! 

15. For m < n, prove that 

dm 2mn! 
dxmHn(X) = (n -m)!Hn-m(X) 

ln problems 16 to 19, derive the series relationship. 

H ( ) 2 _ n ( 1 )2 ~ H2k (x) 
16. [ n X] -2 n. k~o2k(k!)2(n-k)! 

17 
i Hk(x)Hk(y) = Hn(x)Hn+I(y)-Hn+I(x)Hn(y) 

· k=O 2kk! 2n+1n!(y -x) 

18. Hn(X +y) = 2!,2 ktO G)Hn-k(x\12)Hk(y\12) 

19 H ( )H ( ) - 2n 1( )1 ~ H2k+p(X) 
. n X n+p X - n. n +p ·L.J kkl(k )I( -k)I k=o2 . + p . n . 

20. Show that the functions 1/Jn (x) =e -x212Hn (x) satisfy the relations 
(a) 2n1/Jn-1(x) =x'l/Jn(X) + 1/J~(x) 
(b) 2x1/Jn (x) - 2n 1/Jn-1 (x) = 1/Jn+l (x) 
(e) 'IJl~(x) = X'l/Jn (x) - 1/Jn+I (x) 

21. Show that the functions 1/Jn (x) = e-x212Hn (x) satisfy 

J_
00

00

x2 [1/Jn (x) ] 2 dx = \iJl 2nn !(n + 1/ 2 ) n =O, 1, 2, ... 
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22. By writing 1Jln(x) =cne-"212Hn(x), show that the normalized 
eigenfunctions, that is, f':'.oo [1Jln(x)] 2 dx = l, assume the form 

n =O, 1, 2, ... 

23. Ladder operators, called creation and annihilation operators, are 
defined by 

For the nonnalized eigenfunctions defined in problem 22, show 
that 
(a) L_[1Jl0(x)]=O 
(b) L+['IJln(x)] = Yn + l 1Jln+1(x), n =O, 1, 2, ... 
(e) L_[1Jln(x)] = Vn 1Jln-1(x), n = 1, 2, 3, ... 

5.3 Laguerre Polynomials 

The generating function 

( 
xt ) 

00 

(l -t)-1 exp -
1 

_ = L Ln(x)tn 
t n=O 

!ti< 1, 0 :5X < oo (5.33) 

leads to yet another important class of polynomials, called Laguerre 
polynomials. By expressing the exponential function in a series, we 
have 

( 
xt ) 00 

( l)k (l -t)-1 exp --- = L _-_ (xt)k(l -t)-k-1 
1- t k=O k! 

00 ( 1 )k 00 ( k 1) 
= L: --=T- (xt)k L - - (-lrtm 

k=O k. m=O m 
(5.34) 

but since [see Eq. (1.27) in Sec. 1.2.4] 

it follows that (5.34) becomes 

where we have reversed the order of summation. Finally, the change 
of index m = n - k leads to (5.33) where the Laguerre polynomials 
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are defined by 

ln Table 5.2 we have listed the first few polynomials Ln (x ). 
The Rodrigues formula for polynomials Ln (x) is given by 

n =O, 1, 2, ... 

which can be verified by application of the Leibniz formula 

n = 1, 2, 3, ... 

5.3.1 Recurrence formulas 

It is easily verified that the generating function 

w(x, t) = (l -t)-1 exp (-_E_) 
1-t 

satisfies the identity 

aw 
( 1 - t )2 at + (x - 1 + t )w = O 

(5.36) 

(5.37) 

(5.38) 

(5.39) 

By substituting the series (5.33) for w(x, t) into (5.39), we find upon 
simplification that 

00 

L [(n + l)Ln+1(X) + (x -1- 2n)Ln(X) + nLn_ 1(x)]tn =O (5.40) 
n=l 

TABLE 5.2 Laguerre Polynomials 

L 0 (x) = 1 
L1(X) = -x + 1 

L2 (x) =~ (x 2 -4x + 2) 

L3(x) =~ (-x3 + 9x 2 -18x + 6) 

L4(x) = i (x4 -16x3 + 72x2 
- 96x + 24) 
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Hence, equating the coefficient of tn to zero, we obtain the 
recurrence formula 

(n + l)Ln+1(x) + (x -1-2n)Ln(x) + nLn_1(x) =O (5.41) 

for n = 1, 2, 3, .... 
Similarly, substituting (5.33) into the identity 

aw 
(1-t)-+tw=O ax 

leads to the derivative relation 

L~(x)-L~_ 1(x) +Ln_1(x) =O 

where n = 1, 2, 3, .... 
lf we now differentiate (5.41 ), we obtain 

(5.42) 

(5.43) 

(n + l)L~+1 (x) + (x -1- 2n )L~(x) +Ln (x) + nL~-i (x) =O (5.44) 

and by writing (5.43) in the equivalent forms 

L~+1(x) =L~(x)-Ln(x) 

L~_1(x) =L~(x) +Ln-i(x) 

(5.45a) 

(5.45b) 

we can eliminate L~+1(x) and L~_1(x) from (5.44), which yields 

(5.46) 

This last relation allows us to express the derivative of a Laguerre 
polynomial in terms of Laguerre polynomials. 

To obtain the governing DE for the Laguerre polynomials, we begin 
by differentiating (5.46) and using (5.43) to get 

xL~(x) +L~(x) = nL~(x) -nL~_1(x) 

= -nLn-i(x) 

We can eliminate Ln_1(x) by use of (5.46), which leads to 

xL~ (x) + ( 1 - x )L~ (x) + nLn (x) = O (5.47) 

Hence we conclude that y =Ln (x) (n = O, 1, 2, ... ) is a solution of 
Laguerre's equation 

xy" + (1-x )y' + ny =O (5.48) 
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5.3.2 Laguerre series 

Like the Legendre polynomials and Hermite polynomials, various 
functions satisf ying rather general conditions can be expanded in a 
series of Laguerre polynomials. Fundamental to the theory of such 
series is the orthogonality property 

ki=n (5.49) 

Our pro<;>f of (5.49) will parallel that given for the Hermite 
polynomials. 

We begin by multiplying the two series 

(5.50a) 

(5.50b) 

to obtain 

(5.51) 

Next, multiplication of both sides of (5.51) by the weight function e-x 
and subsequent integration lead to (see problem 29 in Exercises 5.3) 

(5.52) 

By comparing the coefficient of tnsk on both sides of (5.52) we deduce 
the result (5.49), while for k = n, we also see that (for n =O, 1, 2, ... ) 

(5.53) 

By a Laguerre series, we mean a series of the form 

00 

f(x) = 2: CnLn(X) O<x<oo (5.54) 
n=O 
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where 

Cn = r e-y(x)Ln(x) dx n =O, 1, 2, ... (5.55) 

Without proof, we state the following theorem. 

Theorem 5.2. If f is piecewise smooth in every finite interval x 1 $ x $ 

X2, O<x1 <x2 <oo, and 

r e -xr<x) dx < CXl 

then the Laguerre series (5.54) with constants defined by (5.55) 
converges pointwise to f (x) at every continuity point of f. At points of 
discontinuity, the series converges to the average value 1Mf(x+) + 
f(x-)]. 

5.3.3 Associated Laguerre polynomials 

ln many applications, particularly in quantum mechanical problems, 
we need a generalization of the Laguerre polynomials called the 
associated Laguerre polynomials, i.e., 

m =O, 1,2, ... (5.56) 

By repeated differentiation of the series representation (5.36), it 
readily follows that (see problem 4 in Exercises 5.3) 

n (-ll(n+m)!.xk 
L~m)(x)= L ( -k)I( +k)lkl k=o n . m .. 

m =O, 1, 2, ... (5.57) 

A generating function for the Laguerre polynomials L~ml(x) can be 
derived from that for Ln(x). We first replace n by n +m in (5.33) to 
get 

and then differentiate both sides m times with respect to x, that is, 
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The terms of the series for which n = -1, -2, ... , -m are all zero, 
since the m th deriva tive of a polynomial of degree less than m is zero, 
and hence we deduce that 

( 
xt ) 

00 

(1- t)-l-m exp --- = L L~m)(x)tn 
1- t n=O 

itl < 1 (5.58) 

The associated Laguerre polynomials have many properties that 
are simple generalizations of those for the Laguerre polynomials. 
Among these are the recurrence relations* 

(n + 1)L~m}1(X) 

+ (x - 1 - 2n - m )L~ml(x) + (n + m )L~"!}1 (x) = O 

xL~m)i (x) - nL~ml(x) + (n + m )L~"!}1 (x) =O 

and the Rodrigues formula 

(5.59) 

(5.60) 

(5.61) 

The polynomials L~ml(x) also satisfy numerous relations where the 
upper index does not remain constant. Two such relations are given 
by 

and 

L~"!}1 (x) + L~m-ll(x) -L~ml(x) =O 

L~m)' (x) = -L~n:j: 1l(x) 

(5.62) 

(5.63) 

The second-order DE satisfied by the polynomials L~ml(x) is the 
associated Laguerre's equation 

xy" + (m + 1 - x )y' + ny = O (5.64) 

To show this, first we note that the polynomial z =Ln+m(x) is a 
solution of Laguerre's equation 

xz" + (1 - x )z' + (n + m )z = O (5.65) 

By differentiating (5.65) m times, using the Leibniz rule (5.38), we 
obtain 

*Note that for m =O, (5.59) reduces to (5.41). 
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or equivalently, 

(5.66) 

Comparing (5.64) and (5.66), we see that any function y = 
C1(dmz/dxm) is a solution of (5.64) where C1 is arbitrary. ln 
particular, y = L~m>(x) is a solution. 

Example 3: Prove the addition formula 

n 

L~+b+1>(x + y) = L LC,.ª>(x )L</:2k(y) a, b >-1 
k=O 

Solutlon: From the generating function (5.58), we have 

~ L<a+b+1>( ) n_exp[-(x+y)t/(1-t)] 
LJ n X + y t - (1- )a+b+2 
n=O t 

exp [-xt/(1- t)] exp [-yt/(1- t)] 
= (1 _ t)a+l · (1 _ t )b+l 

00 00 

= L LC,.ª>(x )tk · L L';,>(y )tm 
k=O m=O 

00 00 

= L L LC,.ª>(x )L~>(y )tm+k 
m=O k=O 

N ext, making the change of index m = n - k leads to 

oo oo n 

2: L~a+b+l)(x + y )tn = 2: 2: LC,.ª>(x )L</:2k(y )tn 
n=O n=O k=O 

and by comparing the coefficient of tn in each series, we get our 
intended result. 

Remark: The associated Laguerre polynomial L~m>(x) can be 
generalized to the case where m is not restricted to integer values by 
writing 

Vª>(x)= n (-l)kf(n+a+l)xk 
n k~O (n -k)!f(k +a+ l)k! 

a>-1 

Most of the above relations are also valid for this more general 
polynomial. 
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5.3.4 The hydrogen atom 

ln Sec. 5.2.3 we solved the one-dimensional Schrodinger equation for 
the linear oscillator problem, the solutions of which led to Hermite 
polynomials. An important application involving the Laguerre poly­
nomials is to find the wave function associated with the electron in a 
hydrogen atom. This problem involves the notion of central forces and 
leads to the form of Schrõdinger's equation given by 

8µJr2 
V2 1JJ +y [V(r)-E]t/J =O (5.67) 

where µdenotes the mass ofthe electron, h is Planck's constant, V(r) 
is the potential energy of the electron, and E is its total energy. Here 
we assume that V(r) = k/r, where k is a positive constant [recall Eq. 
(4.2)]. ln spherical coordinates, Eq. (5.67) takes the form (see 
problem 12 in Exercises 4.8) 

1 [ a ( 2 aw) 1 a ( . aw) 1 a2 w] - - r - +---- smcp- +---r2 ar ar sin <P ª<P acp sin2 <P a82 

8µJt
2 

(k ) +- --E 1/J=O 
h 2 r 

(5.68) 

To obtain bounded wave functions, we begin by looking for 
solutions of (5.68) having the product form 

1/J(r, 8, <P) = R (r )0( 8 )ct>( <P) (5.69) 

By following the approach used in Sec. 4.8.2, it can be shown that 
0(8) and ct>(cp) satisfy the DEs, respectively (see problem 31 in 
Exercises 5.3), 

0"+µ0=0 -Jt<8<Jr (5.70) 

and 

1 d ( . ') ( µ ) ---- sm <P ct> + v - -- ct> =O 
sin <P d<j> sin2 <P 

o< <P < Jt ( 5. 71) 

where µ and v are separation constants. For physical reasons, we 
must require 0( 8) to be a periodic function with period 2Jr. This 
requirement leads toµ= m 2

, m =O, 1, 2, ... , from which we deduce 
that 0(8) is any multiple of* 

m =0, 1, 2, ... (5.72) 

* It is customary here to use eime rather than cos me and sin me. 
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For µ = m 2, it follows that Eq. ( 5. 71) has bounded solutions only 
when v = l(l + 1), l =O, 1, 2, ... , and in this case the solutions are 
multiples of 

m, l = O, 1, 2, ... (5.73) 

where P'['(cos </J) is an associated Legendre function. The products of 
these solutions, denoted by 

Y'['( 8, </>) = P'{'( cos </J )eimfJ (5.74) 

are called spherical harmonics and are important in a variety of 
applications beyond the hydrogen atom. 

Based on the above results, the radial part R (r) of the wave 
function then satis:fies 

_!_~ (r2dR) + 8µn2 (~-E)R- l(l + 1) R =O 
r2dr dr h2 r r2 (5.75) 

By introducing the new parameters 

p=ar 2 32µn 2E 
a=- h2 (E<O) 

and 

Eq. (5.75) becomes 

_!_~ (P2 dx) + [~ _ !_ _ l(l + l)]x = 0 
p 2 dp dp p 4 p 2 (5.76) 

the solution of which is given by (see problem 32 in Exercises 5.3 and 
problem 22 in Exercises 10.4) 

x(p) =e-P12p1L).2!_j!.l(p) 

However, to satisfy the physical constraint 

limR(r)=O 

(5.77) 

(5.78) 

we must restrict À to integral values, that is, À = n, n = 1, 2, 3, ... , 
where n > l. Such a restriction on À has the effect of restricting the 
energy to certain discrete values described by 

2µk2;r2 
En=- n2h2 n = 1, 2, 3, ... (n > l) (5.79) 
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The corresponding wave functions are given by 

Exercises 5.3 

1. Show that (for n = O, 1, 2, ... ) 
(a) Ln(O)=l 
(b) L~(O) = -n 
(e) L~(0)=%n(n-1) 

2. Derive the Rodrigues formula. 

Hint: Use the Leibniz formula (5.38). 

3. Derive the recurrence formulas. 
(a) L~(x)-L~_1 (x) +Ln_1(x) =O 

n-1 

(b) L~(x)=-2:Lk(x) 
k=O 

4. By repeated differentiation of the series (5.36), show that 

L~ml(x) = i «-l~k)~~ + n~~~' m =O, 1, 2, ... 
k=o n - • m + ) .. 

5. Show that 

6. Show that 

L<ml(O) = (n + m)! 
n n!m! 

ln problems 7 to 10, verify the given recurrence relation. 

7. (n + l)L~m}1 (x) + (x -1- 2n -m)L~ml(x) + (n + m)L~m_!1(x) =O 

8. xL~mY (x) - nL~ml(x) + (n + m )L~"'}1 (x) =O 

9. L~m_!1 (x) + L~m-ll(x) - L~m)(x) =O 

10. L~ml'(x) = -L~~~1l(x) 
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ln problems 11 to 18, verify the integral formula. 

k<n 
k=n 

12. f Lk(t)Ln(x-t)dt = f Ln+k(t)dt =Ln+k(x)-Ln+k+1(X) 

13. r e-'L~ml(t) dt =e -x [L~m\x) - L~"!l1 (x)], m = O, 1, 2, ... 

L
x 1 1 

14. (x-trLn(t)dt=( m.n. l)lxm+lL~m+ll(x),m=0,1,2, ... 
o m +n + . 

15. J1 

tª(l-t)b-IL<ªl(xt)dt=f(b)f(n+a+l)L<ª+bl(x) a>-1 
o n f(n+a+b+l) n ' ' 

b>O 

16. r e-xxªL';:l(x )L',,ªl(x) dx, =O, k =!= n, a > -1 

loo f(n +a+ 1) 
17. e-xxª[L~ªl(x)] 2 dx= 

1 
,a>-1 

o n. 

ln problems 19 to 23, derive the given relation between the Hermite 
and Laguerre polynomials. 

L <-112)( )-c-1rR ('e) 19. n X -
2

2n I 2n VX n. 

L <112) - (-lr H ('e 20. n (x)-22n+l ,,e 2n+l vx) 
n.vx 

21. r e-'
2
[Hn (t) ] 2 cos \l2X t dt = y;; 2n-1n !e-x12Ln (x) 

22. f 
1 
(1- t 2)ª- 112H2n (Vx t) dt 

= (-l)n' ,r::fCa + 
1
/2)(2n)!L<ªl( ) > _ 11 

V Jr f(n +a + 1) n X ' a 2 

23 L ( 2+ 2)=c-1r~H2k(x)H2n-2k(y) 
• nX Y 22n L.J kl( -k)I 

k=O • n · 
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ln problems 24 and 25, derive the Laguerre series. 

24. xP =p!~0 (~)(-l)nLn(X) 
00 

( a )n 25. e-== (a+ 1)-1 I -- Ln(x), a>-% 
n=O a+ 1 

Hint: Set t = a/(a + 1) in the generating function. 

26. Show that (x > O) 

f °" e -xt dt = i: Ln (x) 
O t + 1 n=O n + 1 

Hint: Use problem 25. 

27. Show that (x >O) 
00 vm)(x) 

et(xt)-m12Jm<2'\/Xt) = I n , tn 
n=O (n + m). 

m =O, 1, 2, ... 

where J m (x) is the Bessel function defined by ( see Chap. 6) 

oo (-l)k(x/2)2k+m 
Jm(X) = I kl(k )1 

k=O • + m . 
28. Show that for m > 1, r tn+m12Jm(2YXt)e-t dt = n!e-xxm12L~ml(x) 

Hint: See problem 27. 

29. Show that 

1 foo [ ( t S )] 1 exp -x l+--+-- dx =--
(l - t )(1 - s) 0 1 - t 1 - s 1 - ts 

30. Show that the Laplace transform of Ln (t) leads to 

foo 1( l)n 
0 

e-stLn(t)dt=-; 1--; s>O 

:n. Verify that by assuming 1Jl(r, O, </J) =R(r)E>(O)<f>(</J), Eq. (5.68) 
reduces to the system of equations given by (5.70), (5.71), and 
(5.75). 

32. Assume (5.75) has solutions of the form 

x(p) =e-p/2ply(p) 

(a) Show that y(p) is a solution of the associated Laguerre 
equation 

py" + (21 + 2 - p )y 1 + (À - l - 1 )y =o 
(b) From (a), deduce thaty(p) =L~2!_i!.i(p). 
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33. By assuming Rn1(r) = Cnie-ar12(ar)1L~2:t!:i(ar), show that the 
normalized radial functions require the choice 

e _ 312 /(n-l-1)! 
nl - a \J 2n(n + l) n > l 

34. Using the normalized radial functions found in problem 33, show 
that r r3 [Rn1(r )] 2 dr= %a0 [3n 2 -l(l + 1)] 

where a0 = h 2 
/ ( 4;r2 µk ) is the radius of the innermost circular 

electron orbit known as the Bohr radius. (This result gives the 
average displacement of the electron from the nucleus.) 

5.4 Generalized Polynomial Sets 

The many properties that are shared by the Legendre, Hermite, and 
Laguerre polynomials suggest that there may exist more general 
polynomial sets of which these are certain specializations. Indeed, the 
Gegenbauer and Jacobi polynomials are two such generalizations. 
The Gegenbauer polynomials are closely connected with axially 
symmetric potentials in n dimensions and contain the Legendre, 
Hermite, and Chebyshev polynomials as special cases. The Jacobi 
polynomials are more general yet, since they contain the Gegenbauer 
polynomials as a special case. 

5.4.1 Gegenbauer polynomials 

The Gegenbauer polynomials* C~(x) are defined by the generating 
function 

00 

(1- 2xt + t 2 )-.l. = L C~(x )tn ltl<l,lxl::sl (5.81) 
n=O 

where À>-%. By expanding the function w(x, t) = (1-2xt + t 2 )-.l. 

in a binomial series and following our approach in Sec. 4.2.1, we find 

(5.82) 

* The polynomials C~(x) are also called ultmspherical polynomials. 
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and thus deduce that 

[n/
2
1 ( À )(n k) C~(x)=(-l)llL -_ - (2.x)ll-2k 

k=O n k k 

By substituting the series (5.81) into the identity 

ôw 
(1- 2.xt + t 2)-+ 2Ã(t -x)w =O 

ôt 

(5.83) 

(5.84) 

where w(x, t) = (1- 2.xt + t 2 )-À, we obtain the three-term 
recurrence formula (n = 1, 2, 3, ... ) 

(n + l)C~+ 1 (x) -2(À + n)xC~(x) + (2À + n - l)C~_1 (x) =O (5.85) 

Other recurrence formulas satisfied by the Gegenbauer polynomials 
include the following: 

(n + l)C~+ 1 (x) - 2ÃxC~+ 1 (x) + 2ÃC~-:'.:.i(x) =O 

(n + 2Ã)C~(x) - UC~+1 (x) + 2ÃxC~-:'.:.i (x) =O 

C~'(x) = 2ÃC~:i(x) 

(5.86) 

(5.87) 

(5.88) 

The orthogonality property is given by (see problem 13 in 
Exercises 5.4) 

(5.89) 

and the governing DE is 

(1-x2 )y" - (2À + l)xy' + n(n + 2Ã)y =O (5.90) 

which can be verified by substituting the series (5.83) directly into 
(5.90). 

One of the main advantages of developing properties of the 
Gegenbauer polynomials is that each recurrence formula, etc., be­
comes a master formula for all the polynomial sets that are generated 
as special cases. For example, when À= 1/ 2 , we see that (5.81) is the 
generating function for the Legendre polynomials, and thus 

n =O, 1, 2, ... (5.91) 

By setting À=% in (5.85), (5.89), and (5.90), we immediately obtain 
the recurrence formula, orthogonality property, and governing DE, 
respectively, for the Legendre polynomials. 
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The Hermite polynomials can also be generated from the Gegen­
bauer polynomials through the limit relation 

n =O, 1, 2, ... 

To show this, we start with the series representation 

À-n/2cÀ.(~) = (-l)n [~] ( -À )(n -k) (2.x r-2k 
n W kL;O n - k k Àn-k 

From Eq. (1.31) in Sec. 1.2.4, we obtain the relation 

(-l)n( -À )=(-l)k(À+n-k-1) 
À n-k n - k À n -k n - k 

(-l)kf(À+n -k) 
= 

Àn-kf(À)(n - k )! 

and thus establish that (see problem 3 in Exercises 5.4) 

lim _( -_1_r ( -J.. ) = _c_-1_)k_ 
À.->"' ;.,n-k n -k (n -k)! 

Hence, from (5.93) we now deduce our intended result 

( 

X ) [n/2] ( 1 )kn t 
n! lim À-nt2c~ - = 2: - . (2.x r-2k 

À.->"' W k=O k !(n - 2k )! 

=Hn(x) 

(5.92) 

(5.93) 

(5.94) 

Properties of the Hermite polynomials can be obtained from 
properties of the Gegenbauer polynomials, although most such 
relations are more difficult to deduce than for the Legendre 
polynomials. 

5.4.2 Chebyshev polynomials* 

An important subclass of Gegenbauer polynomials is the Chebyshev 
polynomials of which there are two kinds. The Chebyshev polyno­
mials of the first kind are defined by 

T0 (x) = 1 T (x) =~lim C~(x) 
n 2 À.->O Â 

n = 1, 2, 3, ... (5.95) 

* There are numerous spellings of Chebyshev that occur throughout the 
literature, e.g., Tchebysheff, Tchebycheff, Tchebichef, and Chebysheff, among 
others. 



              

TABLE 5.3 Chebyshev Polynomials 
of the Flrst Klnd 

T0(x) = 1 
T1(x) =x 
T2(X) = 2x2 

- 1 
T3(X) = 4x3 

- 3x 
T4(x)=8x4-8x2+1 
T5(X) = 16x5 

- 20x3 + 5x 
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Because the Gegenbauer polynomials vanish when Â = O, we cannot 
just simply define the polynomials Tn (x) by C~(x ). The choice 
T0 (x) = 1 is made to preserve the recurrence relation (5.99) given 
below. By following a procedure similar to that used to verify the 
relation (5.92), it can be established that (see problem 15 in 
Exercises 5.4) 

(5.96) 

The Chebyshev polynomials of.the second kind are simply* 

n =O, 1, 2, ... (5.97) 

and thus by setting Â = 1 in (5.83) we immediately deduce that 

(5.98) 

The first few polynomials of each kind are tabulated in Tables 5.3 
and 5.4. 

By using properties previously cited for the Gegenbauer polyno-

TABLE 5.4 Chebyshev Polynomials 
of the Second Kind 

U0 (x) = 1 
U1(X) = 2x 
U2(X) = 4x2 -1 
U3(X) = 8x3

- 4x 
U4(X) = 16x4 - 12x2 + 1 
U5(X) = 32x5 

- 32x3 + 6x 

*Some authors call (l -x2
)

112Un(x) the Chebyshev functions of the second 
kind. 
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miais, we readily obtain the recurrence formulas 

Tn+1(x) -2xTn(X) + Tn-1(X) =O 

Un+1(x) - 2xUn(x) + Un-1(x) =O 

orthogonality properties 

f 
1 

(l -x2
)-

112Tn (x )T,. (x) dx =O 

f 
1 
(l -x2

)
112Un(x)Uk(x) dx =O 

and goveming DE for Tn(x) 

(1-x 2 )y" -xy' + n2y =O 

and for Un (x) 

k=f.n 

k=f.n 

(1-x 2 )y" - 3xy' + n(n + 2)y =O 

(5.99) 

(5.100) 

(5.101) 

(5.102) 

(5.103) 

(5.104) 

There are also several recurrence-type formulas connecting the 
polynomials Tn (x) and Un (x), such as 

and 

Tn(x) = Un(x) -xUn-1(x) 

(l-x 2 )Un-1(x) =xTn(x)-Tn+1(X) 

the proofs of which are left for the exercises. 

(5.105) 

(5.106) 

By making the substitution x = cos <P in (5.103), we find it reduces 
to 

d2y 
-+n2y=O 
d<J>2 

with solutions cos n<P and sin n<j>. Thus we speculate that 

Tn (cos </>) = Cn cos n<P 

for some constant cn. But since Tn(l) = 1 for ali n (see problem 26 in 
Exercises 5.4), it follows that cn = 1 for ali n. lt tums out that this 
speculation is correct, and in general we write 

Tn (x) = cos n<J> = cos (n cos-1 x) 

Similarly, it can be shown that 

U ( ) = sin [(n + 1) cos-1 x] 
n x Vl-x2 

(5.107) 

(5.108) 
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The significance of these observations is that the properties of sines 
and cosines can be used to establish many of the properties of the 
Chebyshev polynomials. 

The Chebyshev polynomials have acquired great practical impor­
tance in polynomial approximation methods. Specifically, it has been 
shown that a series of Chebyshev polynomials converges more rapidly 
than any other series of Gegenbauer polynomials, and it converges 
much more rapidly than a power series.* 

5.4.3 Jacobi polynomials 

The Jacobi polynornials, which are generalizations of the Gegen­
bauer polynomials, are defined by the generating function 

where 

a>-l, 
R = (1 - 2xt + t 2

)
112 

b > -1 (5.109) 

(5.110) 

The Jacobi polynomials have the following three series representa­
tions (among others), which are somewhat involved to derive: 

p~a,bl(x) = i (n +a)(n + b)(~)k(~)n-k 
k =o n - k n - k 2 2 

(5.111) 

p~,bl(x) = i (n + ª)(n + k +a+ b)(x - l)k 
k=O n -k k 2 

(5.112) 

p~a,bl(x) = i ( -l)n-k(n + b) (n + k +a+ b) (x + l)k (5.113) 
k=O n -k k 2 

By examination of the generating function (5.109), we observe that 
the Legendre polynomials are a specialization of the Jacobi polyno­
mials for which a = b = O, that is, 

n =O, 1, 2, ... (5.114) 

whereas the associated Laguerre polynomials arise as the limit (see 
problem 37 in Exercises 5.4) 

L~ªl(x)=limP~,bJ(1-2x) n=0,1,2,... (5.115) 
b->oo b 

* For theory and applications involving the Chebyshev polynomials, see L. Fox 
and I. B. Parker, Chebyshev Polynomials in Numerical Analysis, Oxford Univer­
sity Press, London, 1968. 
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ln addition to the Legendre and Laguerre polynomials, the Gegen­
bauer polynomials are a special case of the Jacobi polynomials. To 
derive the relation between the Gegenbauer and Jacobi polynomials, 
we start with the identity 

[ 
2t(x-l)J_,_ 

(1 - 2xt + t2)-À = (1- t)-2À 1 - --~ 
(1- t)2 

(5.116) 

and expand the right-hand side in a series. This action leads to 

2 _,_ 00 (-À) (-l)k(2t)k(x - l)k 
(1-2xt + t ) = k~O k (1-t)2(k+Ã) 

= f f (-Ã)(-2k -2Ã)c-1r+k2k(x - l)ktm+k 

m=O k=O k m 
(5.117) 

where we have expanded (1- t)-2<k+'-l in another binomial series and 
interchanged the order of summation. Next, replacing the left-hand 
side of (5.117) by the series (5.81) and making the change of índex 
m = n - k, we get 

from which we deduce 

n (-À)(-2k - 2,\) C~(x) = (-l)n L 2k(x - l)k 
k=O k n -k 

(5.118) 

Recalling Eq. ( l.31) in Sec. 1.2.4 and the Legendre duplication 
formula, we see that 

(-l)n(~À)(-~k--k2À) = (À+:- l)(n +: ~~À-1) 

f(,\ +k)f(n +k + 2,\) 
f(,\)k !(2,\ + 2k )(n - k )! 

f(,\ + 1
/ 2)f(n + k + 2,\) 

=--------------.,.. 
f(2,\)f(,\ + k + 1

/ 2)k !(n - k )!22k 

and hence (5.118) can be expressed in the form 

C'-( ) = f(,\ + 
1
/ 2)f(n + 2,\) 

n X f(2,\)f(n +À+%) 

x ± (n+Ã-%)(n+k+2Ã-l)(x-l)k (5.119) 
k=O · n -k k 2 
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or, by comparing with (5.112), 

C;,.( ) = f(Ã + %)r(n + 2Ã) po.-112,;,.-112>( ) 

n X f(2Ã)f(n +À+%) n X 
(5.120) 

The basic recurrence formula for the polynomials p~a,b>(x) is 

2(n + l)(a + b + n + l)(a + b + 2n )P~ª+b{(x) 

=(a+ b + 2n + l)[a2 -b2 +x(a + b + 2n + 2)(a + b + 2n)]P~·b>(x) 

-2(a +n)(b +n)(a +b +2n +2)P~ª.:..b{(x) (5.121) 

for n = 1, 2, 3, .... Also the orthogonality property and governing 
DE are given, respectively, by 

k -:f:.n (5.122) 

and 

(l -x 2 )y" + [b -a - (a+ b + 2)x]y' + n(n +a+ b + l)y =O (5.123) 

Some additional properties concerning the Jacobi polynomials are 
taken up in the exercises. 

Exercises 5.4 

1. Show that (for n =O, 1, 2, ... ) 

C~(-x) = (-1rc~(x) 

2. Show that (for n =O, 1, 2, ... ) 

(a) C~n(O)=(~À) (e) C~(l)=(-1r(-:À) 

(b) C~n+1(0)=0 

3. Show that 

r f(Ã+n -k) 
Â~ ;.n-kf(À) = 1 

ln problems 4 to 8, derive the given recurrence relation. 

4. xC~' (x) = nC~(x) + c~·- 1 (x) 
À }.' Ã' 5. 2(Ã + n)Cn(x) = Cn+1(x)-Cn-1(x) 

6. xc~· (x) = c~·+ 1 (x) - (2Ã + n )C~(x) 

7. (x 2 
- l)c~· (x) = nxC~(x) - (2À - 1 + n )C~-1 (x) 
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8. nC~(x) = 2x(Â + n - l)C~_ 1 (x) - (2Â + n - 2)C~_2(x) 
9. Use any of the results of problems 4 to 8 and the recurrence 

formula (5.85) to show that y = C~(x) is a solution of 

(1-x2)y" - (2Â + l)xy' + n(n + 2Ã)y =O 

10. Show that (for k = 1, 2, 3, ... ) 

dk A kf(Â+k) A+k 
dxk Cn(x) = 2 f(Ã) Cn-k(x) 

Hint: Use Eq. (5.88). 

11. Verify that (for k = 1, 2, 3, ... )* 

k+l/2 1 dk 
Cn-k (x) = (2k - l)!! dxkPn(X) 

12. Derive the recurrence relation 

~ ( ,)CA( )=(n+2Ã)C~(x)-(n+l)C~+1 (x) 
k"'::o n +A k X 2(1- X) 

13. Verify the orthogonality property 

f 
1 
(1-x2 )A-ll2C~(x )C~(x) dx =O k * n 

14. Show that (for n =O, 1, 2, ... ) 

Jl (1- 2)A-112[CA( )]2 dx = 21-2A.7t' f(n + 2Ã) 
-1 X n X (n + Â) [f{Â)]2n! 

15. By using Eq. (5.83) and the definition 

T. (X) =~11·mC~(x) n 2 A--.O Â n = 1, 2, 3, ... 

show that 

Tn(x) =~[~l (-1),k(n -k ~ 1)! (2x)n-2k 
2 k=O k.(n - 2k). 

16. Using the recurrence formula (5.85), deduce the relations 
(a) Tn+1(x)-2xTn(X) + Tn-1(X) =O 
(b) Un+1(X)-2xUn(x)+Un-1(x)=O 

ln problems 17 to 22, derive the given relation for the Chebyshev 
polynomials. 

17. Tn(X) = Un(x)-xUn-1(X) 

18. (l -x 2 )Un_1(x) =xTn(x) -Tn+i(X) 

* See problem 15 in Exercises 2.2 for definition ofthe symbol !!. 
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19. T~(x) = nUn-I (x) 

20. 2[Tn(x)]2=1 + T2n(X) 

21. [Tn(x)] 2 -Tn+1(x)Tn_1(x) = 1-x2 

22. [Un(x)] 2 - Un+1(x)Un-1(X) = 1 

23. By making the substitution x = cos <P in the orthogonality rela­
tion (5.101), show that r cos n<P cos k<P d<P =o k =I= n 

ln problems 24 and 25, derive the generating-function relation. 
1 - t2 00 

24. 2 = To(X) + 2 L Tn (x )tn 
1-2xt + t n=l 

1-xt 00 

25. 2x 2 = L Tn(X )tn 
1- t + t n=O 

26. Show that Tn(l) = 1, n =O, 1, 2, ... , by using (a) problem 24 and 
(b) problem 25. 

27. Verify the special values (for n =O, 1, 2, ... ) 
(a) Tn(-1)=(-l)n 
(b) T2n(O)=C-1r 
(e) T2n+1 (O)= O 

28. Verify the special values (for n =O, 1, 2, ... ) 
(a) un ( 1) = n + 1 
(b) U2n(Ü)=(-l)n 
(e) U2n+1(0)=0 

29. Show that 

30. Show that 

f1 (l -x2)112[Un(x)]2dx =:: 
-1 2 

n=O 

ln problems 31 to 38, verify the given relation for the Jacobi 
polynomials. 

31. P;:'·b)( -x) =e -1rP~·ª)(x) 
32. p~a,b)(l) = (ª +: + 1) 

33. P;:'·b(-1) = (-l)n(b +: + 1) 
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( l)n dn 
34. p~,b>(x) = ;n! (1-x)-ª(1 +x)-b dxn [(1-x)ª+n(l +x)b+n] 

35 dk p<a,b)( ) = r(k + n +a + b + 1) p<a+k,b+k)( ) 
. dxk n X 2kr(n +a + b + 1) n-k X 

36. P~,b-ll(x) -P~a-1,bl(x) = P~:..b{(x) 

37. L~l(x) = !~p~,b>( 1- ~) 
22nc 1)2 

38 T. (x) = n. p<-112,-112>(x) 
• n (2n)! n 
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6 
Bessel Functions 

6.1 lntroduction 

The German astronomer F. W. Bessel (1784-1846) first achieved 
fame by computing the orbit of Halley's comet. ln addition to many 
other accomplishments in connection with his studies of planetary 
motion, he is credited with deriving the diff erential equation bearing 
his name and carrying out the first systematic study of the general 
properties of its solutions (now called Bessel functions) in his famous 
1824 memoir. Nonetheless, Bessel functions were first discovered in 
1732 by D. Bernoulli (1700-1782), who provided a series solution 
(representing a Bessel function) for the oscillatory displacements of a 
heavy hanging chain (see Sec. 6.7.1). Euler later developed a series 
similar to that of Bernoulli, which was also a Bessel function, and 
Bessel's equation appeared in a 1764 article by Euler dealing with 
the vibrations of a circular drumhead. J. Fourier (1768-1836) also 
used Bessel functions in his classical treatise on heat in 1822, but it 
was Bessel who first recognized their special properties. 

Bessel functions are closely associated with problems possessing 
circular or cylindrical symmetry. For example, they arise in the study 
of free vibrations of a circular membrane and in finding the 
temperature distribution in a circular cylinder. They also occur in 
electromagnetic theory and numerous other areas of physics and 
engineering. ln fact, Bessel functions occur so frequently in practice 
that they are undoubtedly the most important functions beyond the 
elementary ones. 

Because of their dose association with cylindrical domains, the 
solutions of Bessel's equation are also called cylinder functions. 
Bessel functions of the first and second kinds ( studied in this 
chapter) are special cases of cylinder functions, as are modified 

237 
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Bessel functions of the first and second kinds, Hankel functions, and 
spherical Bessel functions, among others (studied in Chap. 7). 

6.2 Bessel Functions of the First Kind 

Although Bessel functions frequently arise in practice as solutions of 
certain DEs, we wish to begin our discussion of them from the sarne 
point of view that we adopted in introducing the orthogonal polyno­
mials in Chaps. 4 and 5, i.e., by a generating function. 

6.2.1 The generatlng function 

The function 

(6.1) 

is called the generating function of the Bessel functions of integral 
order Jn (x) since by expanding w (x, t) in a particular series involving 
powers of t, it can be shown that 

00 

w(x, t) = 2: Jn(x)tn 
n=-oo 

To derive this relation, we begin by writing w (x, t) as the product of 
two exponential functions and expand each in a Maclaurin series to 
get 

w (x, t) = ext12 . e-xl<20 

= f (xt/2Y. f [ -x/(2t)]k 

j=O j! k=O k! 

00 "" (-l)k(x/2y+k ·-k 

=j~k~O j!k! f! 
(6.2) 

Our goal is to obtain a single series in powers of t. Thus, we make the 
change of index n = j - k, and because both j and k have an infinite 
range of values, it follows that -oo < n < oo. Consequently, Eq. (6.2) 
becomes 

. oo oo (-l)k(x/2)2k+n 

W(X,t)=n~ook~O k!(k+n)! tn (6.3) 

The inside series in (6.3) is a function of x alone, which we define by 
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the symbol 

oo (-l)k(x/2)2k+n 

Jn (x) = k~o k ! (k + n) ! -oo<x <ao (6.4) 

called the Bessel function of the first kind of order n. lt can 
readily be shown by the ratio test (Theorem 1.6) that the series (6.4) 
converges for all x. Finally, replacing the inside series in (6.3) with 
the symbol Jn (x ), we are led to the generating-function relation 

w(x,'t)=exp[!x(t-!)]= f Jn(x)tn 
2 t n=-oo 

t*O (6.5) 

Observe that (6.5) involves both positive and negative values of n. 
Therefore, we may wish to separately investigate the definition of 
Jn(x) when n <O. By first writing (k + n)! = f(k + n + 1), the formal 
replacement of n with -n in (6.4) leads to 

oo (-l)k(x/2)2k-n oo (-l)k(x/2)2k-n 
J_n(X) = L kl (k ) = L kl 

k=O • r - n + 1 k=n • f(k - n + 1) 

where we have used the fact that 1/r(k - n + 1) = O (k = 
O, 1, ... , n -1) by virtue of Theorem 2.1. To start the series at zero 
once again, we make the change of index k = m + n, which yields 

oo (-lr+n(x/2 )2m+n oo (-lr+n(x/2)2m+n 
J_n(x) = L 1 ( l) = L 1 ( 1 

m=O m. r m + n + m=O m. m + n). 

This last series is a multiple of (6.4), from which we deduce 

n =O, 1, 2, ... (6.6) 

Thus, J -n (x) equals either Jn (x) ( when n is even) or -Jn (x) ( when n 
is odd). 

The Bessel functions that arise most frequently in practice are 
J0 (x) and J 1 (x ), whose series representations are 

J. ( ) = ~ (- l)k(x/2)2k 
o X kL:o (k !)2 

x2 x4 x6 
= 1- 22 + 24(2!)2 26(3!)2 + ... (6.7a) 

and 
00 (-l)k(x/2)2k+1 

Ji(X) = k~O k! (k + 1)! 

(6.7b) 
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At x =O, we see that J 0 (0) = 1 while J 1(0) =O, and from (6.4) it 
follows that Jn(O) =O, n = 2, 3, 4, .... For x near zero, the k =O term 
of (6.4) yields the asymptotic formulas* 

Jo(X) ~ 1 X__,. Ü+ (6.8a) 

J,n (X) ~ (X /21 )n X__,. 0+, n = 1, 2, 3, ... 
n. 

(6.Bb) 

The graphs of J0 (x ), J 1 (x ), and J2(x) are shown in Fig. 6.1. Observe 
that these functions exhibit an oscillatory behavior somewhat like 
that of the sinusoidal functions, except that the amplitude (maximum 
departure from the x axis) of the Bessel functions diminishes as x 
increases and the (infinitely many) zeros of these functions are not 
evenly spaced. The location of these zeros is of great theoretical and 
practical importance, but the theory goes beyond the scope of this 
text. t For reference purposes, however, the first few zeros of some of 
the Bessel functions are listed in Table 6.1. 

6.2.2 Bessel functions of nonintegral 
order 

Thus far we have only discussed Bessel functions of integral order 
defined by the series (6.4). However, we can generalize this series 
definition of Jn (x) to include nonintegral values of n by again writing 
(k + n) ! = f(k + n + 1) and then formally replacing n with p, where p 

-1 

Figure 6.1 Graph of Jn (x ), n =O, 1, 2. 

* Asymptotic formulas for large x are developed in Sec. 7.6. 

t For an introductory treatment of this topic, see chap. 5 in L. C. Andrews, 
lntroduction to Differential Equations with Boundary Value Problems, Harper­
Collins, New York, 1991. 



              

Bessel Functlons 241 

TABLE 6.1 Zeros of Bessel Functions: Jn(xk) =O 

~ 1 2 3 4 5 

o 2.405 5.520 8.654 11.792 14.931 
1 3.832 7.016 10.173 13.324 16.471 
2 5.136 8.417 11.620 14.796 17.960 
3 6.380 9.761 13.015 16.223 19.409 
4 7.588 11.065 14.373 17.616 20.827 

is any nonnegative real number. This action leads to 

p~O (6.9) 

called the Bessel function of the first kind of order p. The replacement 
of p with -p in (6.9) then yields 

oo (-l)k(x/2 )2k-p 

J_p(X) = k~O k! f(k -p + 1) p>O 

Observe that JP(x) and J_P(x) have asymptotic formulas 

(x/2)P 
JP(x) ~ f(p + 1) x~o+ 

(x/2)-P 
J_P(x)~f(l-p) x~o+ 

(6.10) 

(6.lla) 

(6.llb) 

For p not integral, it follows that the function J _P(x) becomes infinite 
as x ~o+ while JP (x) approaches zero. Hence, J _P(x) cannot be a 
multiple of JP(x), as in the case of Jn(x) and J_n(x). 

The cases where p is half-integral are of special interest because 
these Bessel functions are actually elementary functions. ln particu­
lar,_ the case p = % leads to the interesting results (see problem 13 in 
Exercises 6.2 and Sec. 7.4, too) 

(6.12a) 

(6.l2b) 
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6.2.3 Recurrence formulas 

Because the generating-function relation (6.5) is restricted to Bessel 
functions of integral order, we will develop properties of Bessel 
functions of arbitrary order p without its use. Fortunately, many of 
the properties of JP (x) and J -p (x) can be developed directly from 
their series definition. For example, suppose we multiply the series 
for JP (x) by xP and then differentiate the result with respect to x. 
This gives us 

or 

d d 00 (-l)kx21<+2p 

dx [xPJP(x)] = dx k~o22k+pk! f(k + p + 1) 

""(-l)k2(k+p)x2k+2p-1 

=~o 22k+pk! f(k + p + 1) 

"' (-l)k(x/2)2k+Cp-ll 
=XP 2: -------

k=O k! f(k +p) 

(6.13) 

Similarly, ifwe multiply JP(x) by x-P, we find that (see problem 14 in 
Exercises 6.2) 

(6.14) 

If we carry out the differentiation on the left-hand sides in (6.13) 
and (6.14) and divide the results by the factors xP and x-P, 
respectively, we deduce that 

and 

Settingp =O in (6.16), we obtain the special case 

JMx) = -Ji(x) 

(6.15) 

(6.16) 

(6.17) 

Finally, the sum and difference of (6.15) and (6.16) yield, 
respectively, 

and 

2J;(x) =Jp-1(x)-Jp+1(x) 

2p 
-JP(x) = Jp-1(x) + Jp+1(x) 
X 

(6.18) 

(6.19) 
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This last relation is the three-term recurrence formula for the 
Bessel functions. Observe that it is not restricted to integer values 
ofp. 

6.2.4 Bessel's differential equatlon 

By using the above recurrence formulas, we can find a derivative 
relation which involves only the Bessel function JP(x ). To start, we 
rewrite Eqs. (6.15) and (6.16) as 

xJ;(x) -xJp_1(x) + pJP(x) =O 

xJ;_1(x) = (p - l)Jp-1(x)-xJP(x) 

and differentiate (6.20) to find 

xJ;(x) + (p + l)J;(x)-xJ;_1(x)-JP_1(x) =O 

(6.20) 

(6.21) 

(6.22) 

Next we multiply (6.20) by p and subtract it from (6.22), multiplied 
by x, which yields 

x 2J;(x) +xJ;(x)-p 2Jp(x) + (p - l)xJP_1(x)-x 2J;_1(x) =O 

Finally, using (6.21) to eliminate J;_1(x) and JP_1(x) from this last 
expression, we obtain the desired relation 

(6.23) 

From (6.23), we deduce that y1 =JP(x) is a solution of the 
second-order linear DE 

x 2y" + xy' + (x 2 
- p 2 )y =O p ~O* (6.24) 

called Bessel's equation. It can be shown that y2 = J _P (x) is also a 
solution of Bessel's equation (see problem 17 in Exercises 6.2). 
Moreover, for p not an integer, we have shown that JP (x) and J _p(x) 
are not proportional and hence are linearly independent. Therefore, 
under these conditions a general solution of Bessel's equation (6.24) 
is given by 

p =I= n (n =O, 1, 2, ... ) (6.25) 

where C1 and C2 are arbitrary constants. 
Among other areas of application, Bessel's equation arises in the 

solution of various partia! differential. equations of mathematical 
physics, particularly in problems featuring either circular or cylindri­
cal symmetry (see Sec. 8.4). 

* Since only p 2 appears in (6.24), it is customary to assume p:::: O. 
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Exercises 6.2 

1. Show that the generating-function relation ( 6.5) can also be 
written in the form 

exp [~x(t - ~) J = J 0 (x) + n~I Jn(x)[tn + (-lrt-n] t :#:=O 

2. Show that Jn(-x) = (-lrJn(x), n =O, 1, 2, .... 

3. By using the series representation (6.4), show that 
(a) Jí(0)=% (b) J~(O)=O, n>l 

4. It is given that w(x, t) = exp [%x(t -1/t)]. 
(a) Show that w(x +y, t) =w(x, t)w(y, t). 
(b) From (a), deduce the addition formula 

00 

Jn(x+y)= 2: Jk(x)Jn-k(y) 
k=-00 

(e) From (b ), derive the result 
00 

Jo(2x) = [Jo(x)]2 + 2 2: (-l)k[Jk(x)] 2 

k=l 

5. The generating function (6.1) is given. 
(a) Show that it satisfies the identity 

aw _ !x(1 +!)w =o 
at 2 t 2 

( b ) Use (a) to derive the recurrence relation 

2n 
-Jn(x) =Jn-1(x) +Jn+1(X) n = 1, 2, 3, ... 
X 

6. The generating function ( 6.1) is given. 
(a) Show that it satisfies the identity 

ow - ! (t -!)w =O ox 2 t 

( b) Use (a) to derive the relation 

2J~(x) =Jn-1(x)-Jn+1(X) n = 1, 2, 3, ... 

7. Show that (k *O, t *O) 

exp [ - ;t ( k - ~) J n~oo Jn (X )kntn = n~oo Jn (kx )tn 

8. (a) From the product w (x, t )w ( -x, t ), show that 
00 

1 = [Jo(X) ]2 + 2 2: [Jn (x) ]2 

n=l 
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(b) From (a), deduce for allx that 

and n = 1, 2, 3, ... 

9. Use the generating function to derive 
00 

<a) eix sin º = L: Jn <x )einfJ 
n=-oo 

00 

(b) eixcosfJ=J0(x)+2 L inJn(x)cosnfJ 
n=l 

10. Use the result of problem 9a to deduce that 
00 

(a) cos (x sin fJ) = J 0 (x) + 2 L J 2n (x) cos 2nfJ 
n=l 

00 

(b) sin(xsinfJ)=2 L J 2n-1(x)sin(2n-l)fJ 
n=l 

00 

(e) cosx=Jo(x)+2 L (-1rJ2n(x) 
n=l 

00 

(d) sinx = 2 L (-l)n-lJ2n-1(X) 
n=l 

11. Use the results of problem 10 to deduce that 
00 

(a) x=2 L (2n-l)J2n-1(x) 
n=l 

Hint: Differentiate the result of problem lOb. 

00 

(b) xsinx=2 L (-1r(2n) 2J 2n(x) 
n=l 

12. Set t =e 9 in the generating function and deduce that 
00 

(a) cosh(xsinhfJ)=J0 (x)+2 L J 2n(x)cosh2nfJ 
n=l 

00 

(b) sinh (x sinh fJ) = 2 L J 2n-i (x) sinh (2n - l)fJ 
n=l 

13. Establish the following identities: 

(a) J112(x)=~sinx 
. {2 

(b) J _112(x) = '/ ~ cosx 
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sin 2.x 
(e) J112(x )J _112(x) = -­

;r:x 

14. Show that 

15. Show that 

d p 
dx Jp(kx) = -kJp+1(kx) +--;Jp(kx) k >o 

16. Show that 

d ) { 2 2 (a) dx [xJP(x Jp+1(x)] =x [JP(x)] - [Jp+1(x)] } 

(b) ! [x2Jp-1 (x )Jp+1(x)] = 2.x2JP(x )J;(x) 

17. Use the series (6.10) to show directly that y = J _P(x) is a solution 
of 

x 2y" +xy' + (x2-p2)y =O 

18. If y1 and y2 are solutions of the second-order linear DE 

y" + a(x)y' + b(x)y =O 

their wronskian W(y1, Y2) = Y1Y2 - YÍY2 is given by Abel's formula 

W(YvY2Hx)=Cexp[-J a(x)dx] 

for some constant C. Use this result to deduce that the wronskian 
of the solutions of Bessel's equation is 

e 
W(y1,Y2Hx) =­

x 

19. From the result of problem 18, show that 

W(JP, J _P)(x) = _ 2 sinp.rr p =F n 
;r:x 

Hint: Use C = li.m., ___ 0+xW(Jp, J_p)(x). 

20. Use problem 19 to derive Lommel's formula 

(n = O, 1, 2, ... ) 

2 sinp.7r 
JP(x)J1-ix) +J_P(x)Jp_1(x) =--­

;r:x 



              

21. Use the Cauchy product to deduce that 

(a) [Jo(x)]2= f (-1r,<~n)!(~)2n 
n=O (n.) 2 

Hint: ktº Gf = (2nn) 
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- 1 oo ( - l)nf(2n + 1/2) 2n 
(b) J0(x)cosx-Ylrn~o [(2n)!] 2 (2x) 

H• ~ ( )k(2n)(-%) 2
2
nf(2n + 1/ 2 ) 1nt: Li -1 = ~ e 

k=o 2k k vn (2n)! 

ln Problems 22 to 25, derive the given identity. 
oo tn 

22. J0(Yx 2 -2xt) = L Jn(x) 1 
n=O n. 

(

X - 2t)-pl2 oo tn 
23. -- JPC\Jx 2-2xt)= L Jp+n(X)I 

X n=O n. 
oo tn 

24.etcos<PJ0(tsin<f>)=LPn(cos<f>)-1 , where Pn(x) is the nth 
n=O n. 

Legendre polynomial 
oo tn 

25. e'(xt)-m12Jm(2VXt) = L L~m)(x) ( )1'm=o,1, 2, ... ' 
n=O n +m . 

where L~ml(x) is the n th associated Laguerre polynomial 

26. A waveform with phase modulation distortion may be repre­
sented by 

s(t) =R cos [w0 t + E(t)] 

where R is the amplitude and E(t) represents the "distortion 
term." It often suffices to approximate E(t) by the first term of its 
Fourier series, i.e., 

E(t) =a sin Wmt 

where a is the peak phase error and wm is the fundamental 
frequency of the phase error. Thus, the original waveform 
becomes 

s(t) =R cos (w0 t +a sin wmt) 

(a) Show that s(t) can be decomposed into its harmonic 
components according to 

00 

s(t)=RJ0(a)cosw0t+R L Jn(a)[cos(w0t+nwmt) 
n=l 

Hint: Use problem 10. 
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(b) Whenever the peak. phase error satisfies a :5 0.4, we can use 
the approximations 

n = 2, 3, 4, ... 

Show that under these conditions the phase modulation 
error term produces only the effect of "paired sidebands" 
with a frequency displacement of ± wm with respect to w0 

and a relative amplitude of a/2. 

6.3 Integral Representations 

ln many situations an integral representation of JP (x) is more 
convenient to use than its series representation. There are several 
such representations, but foremost is one involving Bessel functions 
of integral order. To derive it, we start with the generating-function 
relation 

and set t = e-i.P to get 

00 
e-ix sin .p = ~ Jk (x )e -ik.p 

k=-00 

where we have made the observation 

1 .,,. . 
t - - =e-•.,, - e•<P = -2i sin </> 

t 

(6.26) 

Next we multiply both sides of (6.26) by ein<f> and integrate the result 
from O to n, which yields 

(6.27) 

assuming that termwise integration is permitted. By use of Euler's 
formula eix = cosx + i sinx, we can separate (6.27) into real and 
imaginary parts, i.e., 

f' cos (n</> - x sin </>)d</> + i f' sin (n<jJ - x sin </>) d<jJ 

= k~"' Jk(x) f' cos (n - k )</>d</>+ i k~"' Jk(x) f' sin (n - k )</> d<f> 
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Equating the real parts of this last expression and using the result 

r cos(n-k)cpdcf>={~ k=l=n 

k=n 
(6.28) 

we find that all terms of the infinite sum vanish except for the term 
corresponding to k = n; thus, we are left with the integral 
representation 

11"' Jn (x) = - cos (ncp - x sin cf>) dcp 
n: o 

n =O, 1, 2,... (6.29) 

Using properites of the trigonometric functions, we can also write 

1 f2n; 
Jn (x) = 

2
n: 

0 
cos (ncp - x sin cp) dcp n =O, 1, 2,... (6.30) 

and the special case n = O leads to 

J0 (x) = _! J"' cos (x sin </>) dcp = _!_ J 2"' cos (x sin cp) dcp ( 6.31) 
n: o 2n: o 

Another representation of Bessel functions, due to S. D. Poisson 
(1781-1840), is given by 

p>-%, x>O 

(6.32) 

where p is not restricted to integral values. To verify ( 6.32), we start 
with the relation 

J
1 

(1- t 2 Y'- 112eixt dt = 2J1 

(1- t 2 Y'- 112 cosxt dt 
-1 o 

= 2 L - X (1 - t 2 ')P- 112t2k dt 
00 ( 1 )k 2k f 1 

k=O (2k)! O 
(6.33) 

where we are using properties of even and odd functions and have 
expressed cosxt in a power series. The residual integral in (6.33) can 
be evaluated in terms of the beta function by making the change of 
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variable u = t 2
, from which we get 

f (1- t2y-112t2k dt = 1/2 f (1- u y-112uk-112 du 

= 1/2B (k + 1/2, p + 1/2) 
f(k + 1/2)f(p + 1/2) 

= 
2f(k +p + 1) 

vn: (2k)! f(p + %) = ~------'----
22k+1k ! f(k +p +1) 

the last step of which follows from the identity 

r(k !) = VJi (2k )! 
+ 2 22kk! k =O, 1, 2, ... 

(6.34) 

Finally, by substituting the result of (6.34) into (6.33), we obtain 

Jl (1- t2y-112eixt dt = VJT r(p + !) i (-l)k(x/2)2k 
-1 2 k~ok! f(k + p + 1) 

= yn: r(p + ~)G)-p Jp<x) 

from which we deduce (6.32). 
By making the change of variable t = cos fJ in (6.32), we obtain still 

another representation 

(x/2)P L,. . 2p 
JP(x) =,e ( 11 ) cos (x cos fJ) sm ()d() 

y.1t'f p + 2 o 

(6.35) 

which was originally due to Bessel. The direct verification of ( 6.35) is 
left to the exercises (see problem 7 in Exercises 6.3). 

6.3.1 Bessel's problem 

During the early 1800s, the French physicist J. Fourier presented 
basic papers to the Academy of Sciences in Paris conceming the 
representation of functions by trigonometric series. This new concept 
intrigued many of the researchers of the era who subsequently tried 
to use Fourier's series representation in their own work. For example, 
in 1824 Bessel was working on a problem associated with elliptic 
planetary motion and found that an astronomical quantity </>, called 
the eccentric anomaly, could be represented by an infinite series of 
trigonometric functions. 
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The problem solved by Bessel was actually one proposed by Johann 
Kepler (1571-1630). ln ideal planetary motion, a planet P moves in 
an elliptic orbit with the sun S situated at one of the foci (see Fig. 
6.2), and the area swept out by the radius vector r ="BP during any 
interval of time is proportional to that interval. The ellipse A'PA in 
Fig. 6.2 has major axis A'A, which is also the diameter of an auxiliary 
circle A'QA, the center of which is denoted by C. A line drawn 
through P perpendicular to A'A defines the point Q on the circle. Let 
M define a point on the circle such that the radius CM rotates with 
constant angular speed and M coincides with P at A and A'. The 
angles </>, 'ljJ, and () are defined by the major axis A'A and the line 
segments CQ, CM, and SP. 

We assume that time t is measured from an instant when P is at A. 
ln this case the eccentric anomaly* of P is angle ACQ, which we 
denote by </>, the true anomaly () is angle CSP, and the mean 
anomaly 1/J, which is proportional to t, is angle ACM. Kepler's 
problem was to express the variables r, O, and </> in terms of time t, 
where r = lrl = SP. 

Bessel's approach to solving Kepler's problem was to use Fourier's 
method of trigonometric series. By using Kepler's principies of 
planetary motion, it can be shown that the mean anomaly 1jJ is 
related to the eccentric anomaly </> according to 

1jJ = </> - e sin </> (6.36) 

where e is the eccentricity. Clearly, the difference </> - 1jJ is an odd 
periodic function of </>, and so based on Fourier's work, Bessel was led 

A' e S A 
Figure 6.2 Planetary orbit. 

*A polar angle is sometimes called the anomaly or azimuth. 
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to consider the sine series 

00 

<P = 1jJ + 2: Ak sin k1jJ (6.37) 
k=l 

To determine the constants Ai. A2 , A3 , ••• , we begin by forming the 
differential of each side of (6.37), which yields 

d<P = ( 1 + k~l kAk cos k1jJ) d1jJ 

Next we multiply each side by cos n 1jJ and integrate over an interval 
of length :r. (Notice that 1jJ varies from O to :r as </> varies the sarne.) 
This action leads to 

{'" cos n 1jJ d</> = L" cos n 1jJ d 1jJ + .f kAk J," cos n 1jJ cos k 1jJ d 1jJ 
Jo o k=l o 

(6.38) 

but since 

L" cos n1jJ d1jJ = º n = 1, 2, 3, ... (6.39) 

r cosnwcoskv>dw={~ k i=n 
(6.40) 

k=n 

it follows that ( 6.38) reduces to 

(6.41) 

Writing 1jJ = <P - e sin <P and solving for An, we find 

2 f" An = - cos (n</> - ne sin </>) d<P n = 1, 2, 3,... (6.42) 
n:r o 

The integral in (6.42) was Bessel's original definition of the 
function now bearing his name. By comparing (6.42) with Eq. (6.29), 
we can write 

n = 1, 2, 3, ... (6.43) 
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Finally, by substituting this result into (6.37), we obtain the series 
representation 

~ Jn(ne) . 
</> = 1jJ + 2 LJ -- sm n 1jJ 

n=l n 
(6.44) 

6.3.2 Geometric problems 

There are numerous problems similar in nature to Bessel's problem 
which relate Bessel functions to Fourier trigonometric series. Some of 
these, such as Example 1 following, are simple problems of a 
geometric nature. Additional problems of this type are taken up in 
the exercises. 

Example 1: Find a Fourier series for the semicircle 

- :Jr ::5 X ::5 :Jr 

Solutlon: Beca use the function y = f (x) = V n 2 
- x2 is an even func­

tion, we seek a cosine series, i.e. 

f(x) =%ao+ ~ an cos nx -n <x < n 
n=l 

where an =-:--- Vn2 -x2 cos nx dx 21" 
:Jr o 

n =O, 1, 2, ... 

By making a change of variable x = n cos O, we obtain 

2 Jº an = - (n sin O) cos(nn cos ())( -n sin O) d() 
:n; n/2 

J
n/2 

= 2n 
0 

cos (nn cos ()) sin2 ()d() 

= n L" cos (nn cos ()) sin2 
()d() 

where we are using symmetry of the integrand to obtain the last 
result. By comparing this last expression with (6.35), we see that 

- Yir:n%) J e ) an - :Jr / 1 nn 
nn 2 

n = 1, 2, 3, ... 



              

254 Chapter Six 

whereas 

l" 1r2 
a0 =n sin2 d8=-

o 2 

Hence, the series we seek takes the form 

n 2 00 

J1 (nn) 
f (x) = 4 + 1r nl;l n cos nx -n<x<n 

Exercises 6.3 

ln problems 1 to 4, use Eq. ( 6.29) to deduce the given integral 
representation for n =O, 1, 2, .... 

21" 1. [1 + ( -l)n]Jn (x) = - cos n() cos (x sin ())d() 
1r o 

2. [1-(-lrJJn(x)=~ (" sinn8sin(xsin8)d() 
n Jo 

11" 3. J2n(X) = - cos 2n() cos (x sin ())d() 
1r o 

4. J 2n+1 (x)=_!_ (" sin(2n+1)8sin(xsin8)d() 
1r Jo 

5. Use problems 1 and 2 to deduce that 

(a) r cos (2n + 1)8 cos (x sin ())de= O, n =O, 1, 2, ... 

(b) r sin2n() sin (x sin 8) d8 =o, n =o, 1, 2, ... 

6. By writing cos xt in an infinite series and using termwise 
integration, deduce that 

J. ( ) = ~ Ll cos xt ª 
oX ,~2 t 

1r o yJ.-t 

7. By setting t = cos () in (6.32), show that 

JP(x) = Vlr (~/2 )P 1/ ) (" cos (x cos 8) sin2
P ()d() p > - 1

/ 2 , x >O nf p + 2 Jo 
8. Replacing Jm (xt) by its series representation and using termwise 

integration, deduce the integral relation 

2(x/2)P-m 11 
Jp(X) = (1 - t2y-m-ltm+1Jm (xt) dt 

r(p -m) o 

p >m >-1, x >0 



              

9. Show that 

(a) J~(x) =! (" sin (n8-x sin 8) sin 8d8 
.7r Jo 
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(b) J~(x) = _! (" cos (n8-x sin 8) sin2 8d8 
.7r Jo 

X 12" (e) Jn (x) = -
2 

cos (n() -x sin 8) cos ()d() 
nJr o 

10. The amplitude of a diffracted wave through a circular aperture is 
given by 

u = k [ f" eibr sin ªr d() dr 

where k is a physical constant, a is the radius of the aperture, 8 
is the azimuthal angle in the plane of the aperture, and b is a 
constant inversely proportional to the wavelength of the incident 
wave. Show that the intensity of light in the diffraction pattem is 
given by 

4 2k2 2 
I = 1u12 = Jr b2 a [J1(ab )]2 

11. Given that r = a(l -ecos <P ), where 2a is the length of the major 
axis of the ellipse in Fig. 6.2, deduce that 

r 1 2 2e ~ J'( ) cosn'ljJ -= 1 +-e - L,., ne --
a 2 n=l n n 

12. If <P is the eccentric anomaly in Bessel's problem, show that 

1 00 

(a) = 1+2 L Jn(ne) cos mp 
1 - e cos <P n=l 

00 

(b) (1-e2)-112 =1+2 L [Jn(ne)] 2 

n=l 

13. A light spot dancing around is described parametrically by 

X= JrCOS wt y = asin2wt 

This is known as a Lissajous figure (i.e., a figure eight). Show 
that it has the Fourier series representation 

2 
~ J2(n.7r) . 

y = a L,., sm nx - Jr < x < Jr 
n=l n 

14. A circle of unit radius rolls along a straight line, the original 
point of contact describing a curve called a cycloid. Given that the 
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parametric equations of a cycloid are 

x = () - sin () y = 1 - cos () 

show that the Fourier series representation of y is given by the 
Fourier cosine series 

y =~- 2 ,i: J~(n) cosnx 
2 n=l n 

Hint: See problem 9. 

6.4 Integrais of Bessel Functions 

Integrais whose integrands involve Bessel functions arise in a variety 
of applications. These may appear in the form of either indefinite or 
definite integrais. We discuss each case separately. 

6.4.1 lndefinite integrais 

Many of the inde:finite integrais that arise in practice are simple 
products of some Bessel function and x raised to a power. ln such 
cases the identities [previously (6.13) and (6.14)] 

(6.45) 

and (6.46) 

may prove useful. For example, we find that direct integration of 
them leads to the integral formulas 

J xPJp-1(X) dx =xPJp(X) + C (6.47) 

and J X-PJp+l(X)dx = -x-PJp(X) + C (6.48) 

where C denotes a constant of integration. These integral formulas 
are valid for any p 2: O. 

Example 2: Reduce f x 2J 2(x) dx to an integral involving only J 0(x ). 

Solutlon: The given integral does not exactly match either ( 6.4 7) or 
(6.48). However, by writing 
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we can use integration by parts with 

u =x3 

du =3x2 dx 

dv = x-1J 2(x) dx 

V= -x-1J1(X) 

where we have. used (6.48). Thus, we have 

and a second integration by parts finally leads to 

The last integral involving J0 (x) cannot be evaluated in closed form, 
and so our integration is complete. 

As a general rule, if m and n are any integers such that m + n > O, 
then every integral of the form 

can be integrated to a closed-form expression when m + n is odd, but 
will ultimately depend on the residual integral f J0 (x) dx when m + n 
is even. Since it cannot be evaluated in closed form, the integral 
fi J0 (t) dt has been tabulated. * 

Other integral relations can be derived from the identities 

xPJ1 (x )Ja(x) = xP+4[x-1J1 (x) ][x-3Ja(x )] 

xPJ2(X )J4(X) = xp-6 [x 2J2(X )][x4J4(X )] 

the derivatives of which yield 

d 
dx [xPJ1(x)J3(x)] = (p +4)xP-1J 1(x)J3(x) 

-xP[J2(X )J3(X) + Ji (x )J4(X)] 

d 
dx [xPJ2(x)J4(x)] = (p -6)xP-1J 2(x)J4(x) 

+ xP [J2(X )J3(X) + Jl (x )J4(X)] 

* See, for example, M. Abramowitz and 1. Stegun (eds.), Handbook of Mathe­
matical Functions, Dover, New York, 1965. 
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where we have used (6.45) and (6.46). Upon addition, we get 

d 
dx {xP[J1(x)J3(x) +J2(x)J4(x)]} 

= xP-1[ (p + 4)J1 (x )J3(x) + (p - 6)J2(x )J4(X)] 

which, for p = 6, reduces to 

Finally, direct integration of this last expression leads to 

The choice p = -4 yields the similar result 

Integral formulas of the type given by ( 6.49) and ( 6.50) are called 
Lommel integrais. Some additional integral relations of this 
general type appear in the exercises. 

6.4.2 Definlte integrais 

ln practice we are often faced with the necessity of evaluating 
definite integrais involving Bessel functions in combination with 
various elementary functions or, in some instances, other special 
functions. The usual procedure is to replace the Bessel function by its 
series representation ( or an integral representation) and then in­
terchange the order in which the operations are carred out. 

To illustrate the technique, let us consider the integral 

I = r e-sttp12Jp(2Vt) dt s>O (6.51) 

which is important in the theory of Laplace transforms. To start, let 
us replace the product tP12JP(2Vt) with its series representation, i.e., 

ao ( 1 )ktk +p/2 
tp'2J <2Vi) = tp/2 L __ -___ _ 

P k=ok!f(k+p+l) 

00 (-l)ktk+p 

= k~O k ! f(k + p + 1) 
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By substituting this series into the integrand in (6.51) and in­
terchanging the order of integration and summation, we find 

00 ( l)k i"" I = L - e-sttk+p dt 
k=ok! f(k +p + 1) o 

= i ( -1 )k f(k + p + 1) 
k=ok! f(k + p + 1) sk+p+l 

where we are using properties of the gamma function to evaluate the 
above integral. Finally, simplifying this last expression leads to 

[ = _1_ ~ (-l)k(l/s )k = _1_ -1/s 

sp+l k.L:o k ! sp+l e 

and we deduce that 

p>-%, s >o (6.52) 

Along similar lines, suppose we replace JP(bx) with its series 
representation in the integral 

I = r e-=xPJp(bx) dx a,b>O (6.53) 

and integrate the resulting series termwise. This action leads to 

oo (-l)k(b/2)2k+pioo 
I = L e -=x2k +2p dx 

k=O k! f(k + p + 1) O 

= bP i (-l)kf(2k + 2p + 1) (a2)-(p+l/2)-k(b2)k 
k=O 22k+pk! f(k + p + 1) 

where the integral has again been evaluated through properties of 
the gamma function. This time the resulting series is more difficult to 
identify, but it is actually a binomial series. Recalling the Legendre 
duplication formula and Eq. (l.31) in Sec. 1.2.4, we see that 
(p > _1/2) 

(-l)kf(2k + 2p + 1) (-l)k2Pf(p + k + 1/2) 
--------=---~~---

22k+pk! f(k +p + l) \(Ji:k! 

= ( -1 )k 2Pf ( + !) (p + k - %) 
\(Ji: p 2 k 

= 2Pf(p + %) (-(p + 1/2)) 
\(Ji: k 



              

260 Chapter Six 

and thus 

Finally, by summing this binomial series, we are led to* 

a, b >O 

(6.55) 

By setting p =O in (6.55), we obtain the special result 

a, b >O (6.56) 

Strictly speaking, the validity of (6.56) rests on the condition that 
a> O (or at least the real part of a positive if a is complex). Yet it is 
possible to justify a limiting procedure whereby the real part of a 
approaches zero. Thus, if we formally replace a in (6.56) with the 
pure imaginary number ia, we get 

a, b >O 

The separation of this expression into real and imaginary parts leads 
to 

{ 

1 
00 00 vb2 _ ª2 L cosaxJ0 (bx)dx -i L sinaxJ0(bx)dx = _ i 

Va2-b2 

b>a 

b<a 

and by equating the real and imaginary parts, we deduce the pair of 
integral formulas 

r cosaxJo(bx)dx={vb
21

-a2 

o o 
b>a 

(6.57) 
b<a 

* Summing the series (6.54) requires that a =fo b, although the result (6.55) is 
valid even when a = b. · 



              

Bessel Functlons 261 

and 

00 {º J sin a.x J0(bx) dx = 1 
º va2-b2 

b>a 

b<a 
(6.58) 

These last two integrais are important in the theory of Fourier 
integrais. Both (6.57) and (6.58) diverge when b =a. 

Example 3: Derive Weber's integral formula 

x2m-p-lJ, (x) dx = m 1
00 22m-p-1r( ) 

o P f(p -m + 1) 
p>-% 

Solutlon: Replacing JP(x) by its integral representation (6.35), we 
have 

2-p l 00 l:n: = VJi; ( 1/) x 2
m-l cos (x cos O) sin2

P OdOdx 
.rrfp+ 2 o o 

2-p l:n: l 00 

= \IJi;f(p + %) 
0 

sin2p O 
0 

x 2
m-l cos (x cos O) dx d(:J 

where we have reversed the order of integration. By making the 
substitution t = x cos O in the inner integral and using the result of 
problem 37 in Exercises 2.2, we obtain 

Loo x 2m-l cos (x cos O) dx = cos-2m (:J Loo t 2m-l cos t dt 

= cos-2mOf(2m) cos m.rr 

= .rr-11222m-
1 f(m )f(m + 1/ 2) cos m.rr cos-2mo 

The last step follows from the Legendre duplication formula. The 
remaining integral above now leads to 

l:n: l:n:/2 
0 

sin2P(:J cos-2m OdO = 2 
0 

sin2p O cos-2m OdO 

f(p + %)f<1/2 - m) =-------
f(p -m + 1) 
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and hence, we deduce that 

l"' x2m-p-1J, (x) dx = 22m-p-1f(m )f(m + l/2)f1/2 - m) cos m;r 

o P ;rf(p - m + 1) 

22m-p-lf(m) 
=-----

f(p -m + 1) 

where we are recalling the identity (problem 42b in Exercises 2.2) 

f(1/2 + m )f<1/2 - m) = ;r sec m;r 

(Although we won't show it, Weber's integral is valid for a much 
wider range of values on m and p than indicated above.) 

Exercises 6.4 

ln problems 1 to 12, use recurrence relations, integration by parts, 
etc., to verify the given result. 

1. J xJo(X) dx = XJ1 (X) + C 

2. J x 2J0(x) dx = x 2J 1 (x) + xJ0(x) - J J0(x) dx 

3. f X3Jo(X) dx = (X3 - 4x )J1 (X)+ 2x2Jo(X) + C 

4. J Ji(X) dx = -Jo(X) + C 

5. f xJ1 (x) dx = -xJ0(x) + J J0(x) dx 

6. f X2J1(X) dx = 2xJ1(x)-x2Jo(X) + C 

7. J x 3J1(x) dx = 3x2J1(x)- (x3 - 3x)Jo(x) -3 J Jo(x) dx 

8. J Ja(x)dx=-J2(x)-2x-1J 1(x)+C 

9. J x-1J 1(x) dx = -Ji(x) + J Jo(x) dx 



              

Bessel Functlons 263 

11. f Jo(X) COSXdx =xJo(X) COSX +xJ1(X) sinx + C 

12. f Jo(X) sinxdx =xJo(X) Sinx -xJ1(X) COSX + C 

13. Verify the identity 

! (xP{[J2(x)] 2 + [J3(x)] 2}) =xP-1{(p + 4HJ2(x)]2 

+ (p -6)[J3(X))2 

and use it to deduce that 

(a) f x 5[J2(X) 12 dx = 1/1oX6{[J2(X)12 + [J3(X) )2} + C 

(b) f x- 5 [J3(X)) 2dx = - 1/1oX-4{[J2(X))2 + [J3(x)12} + C 

14. Show that 

J x{[Jp(X)]2 - [Jp+1(X))2} dx =xPJp(X)Jp+l(X) + C 

Hint: Use problem 16a in Exercises 6.2 

15. Using repeated integration by parts, derive the recurrence 
formula (n = 1, 2, 3, ... ) 

f J2(x) 1·3 
Jo(x) dx = Ji (x) + --+ - 2 J3(x) + · · · 

X X 

+ (2n -2)! J (x) + (2n)! f Jn(x) dx 
2n-l(n - l)!xn-1 n 2nn! xn 

ln problems 16 to 34, derive the given integral relation. 

1
00 1 

16. 
0 

J0 (bx) dx = b, b >O 

Hint: Let a~o+ in Eq. (6.56). 

17. f e-=xJo(bx) dx = (a 2 +ªb2)312 , a,b >O 

18. f e-sttJ1(t) dt = (s 2 +\)312 , s >O 

19 e-sttnJ (at) dt = --· (s 2 + a 2)-n-1!2 1
00 (2n)' 

. o n 2nn! ' a, s >O, n = O, 1, 2, ... 

a,s >O, 

n =O, 1, 2, ... 
Hint: Differentiate problem 19 with respect to s. 
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r 2a2-b2 
21. Jo e-=x

2J0(bx)dx=(a 2+b2)512 , a,b>O 

Hint: Differentiate Eq. (6.56) with respect to a. 

22 e-=2xP+1J (bx) dx = e-b
2
t<4al f,

00 bP 
• O p (2a)P+I ' 

p>-1, 

f,
00 

bP ( b
2
) 23 e-=2xP+3J(bx)dx= p+l-- e-b

2
t<4al 

· o P a(2a)P+1 4a ' 
p>-1, 

Hint: Differentiate problem 22 with respect to a. 

("" sinx . _1 1 
24. Jo -x-J0 (bx) dx = sm b, b > 1 

Hint: Integrate Eq. (6.58) with respect to a. 

a,b>O 

a,b>O 

r <Va2 +b2 -ar 
25. Jo e-=JP(bx)dx= bP\fa2+b2 , p>-1, a,b>O 

f,"
12 sinx 

26. Jo(X COS </>) COS </> d<j> = --
o X 

in/2 1 - COS X 
27. JI (X COS </>) d<j> = ---

0 X 

28. r Jo(2x COS </>) d<j> = .n:[Jo(X ))2 

Hint: See problem 21 in Exercises 6.2. 

29. f"'2 [J1 (x .sin </>) 12 d<f> = ! [1 - Ji (2x )] 
o sm </> 2 x 

30 ia ( 2 2)-1/2J. (k . ) dx - sin (ka sin </>) . x a - x 0 x sm </> - k . 
o ~</> 

31. r etcos<PJo(t sin </>) sin <f>d</> = 2 

Hint: Use problem 24 in Exercises 6.2. 

32. r e-1 
cos <P J0(t sin </> )t" dt = n ! P,. ( cos </>), O :-:; </> < .n:, where Pn (x) 

is the n th Legendre polynomial. 

Hint: Use problem 24 in Exercises 6.2. 

33. r e-ttn+m12Jm(2YXt)dt=n!e-xxm12L~m)(x), where L~ml(x) is the 

n th associated Laguerre polynomial. 

Hint: Use problem 25 in Exercises 6.2. 
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a ::::::O, b>O 

Hint: Use the integral representation 

and then interchange the order of integration. 

6.5 Series lnvolving Bessel Functions 

There are a variety of applications that lead to series involving one or 
more Bessel functions. These usually appear in the form of addition 
formulas or orthogonal expansions. 

6.5.1 Addition formulas 

By recognizing that w (x, t) = exp [ 1/:cX (t - l/t)] satisfies the identity 
w (x + y, t) = w (x, t )w (y, t ), it can be shown that the Bessel function 
of order n satisfies the simple addition formula (see problem 4 in 
Exercises 6.2) 

ao 

Jn(x+y)= L Jk(x)Jn_k(y) (6.59) 
k=-ao 

We wish now to develop the more general addition formulas 

ao 

= Jo(a)Jo(b) + 2 L Jk(a)Jk(b) cosk() (6.60) 
k=l 

and 

Jn(R){c~sn'ljJ = i: Jk(a)Jn+k(b){c~skO 
smn'ljJ k=-ao smkO 

(6.61) 

where R = Va2 + b 2 
- 2ab cos O, sin 1jJ = (a/R) sin O, anda and b are 

any positive constants (see Fig. 6.3). 
A further generalization of these last two formulas is given by 

Jn(R) =2nf( ) ~ ( +k)Jn+k(a)Jn+k(b)Cn( D) (6.62) 
Rn n kL:o n (ab)n k cos u 

where n *O, -1, - 2, . . . and where Ck(x), k = O, 1, 2, . . . are the 
Gegenbauer polynomials (see Sec. 5.4). We do derive (6.60) and 
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Figure 6.3 

(6.61), but for the derivation of (6.62) we refer the reader to G. N. 
Watson, A Treatise on the Theory of Bessel Functions, 2d ed., 
Cambridge University Press, London, 1952. lt can be shown that both 
(6.61) and (6.62) are also valid for nonintegral values of n, but in 
this case we must impose the additional condition b >a. 

Addition theorems such as (6.60) to (6.62) play an important role 
in a number of applications in mathematical physics. To prove them, 
let us start with the identity (see problem 7 in Exercises 6.2) 

(6.63) 

and make the substitutions x =a, k = ei<P and x = b, k = ei"'· This 
action leads to the equations 

(6.64) 

Forming the product of the expressions on the left-hand sides in 
(6.64) gives us 

exp [ - ~(a sin </> + b sin 1/J)] n~oo Jn (a )ein<f>tn . n~oo Jn (b )einlj!tn 

= exp [-~(a sin </> + b sin 1/J)] n~oo m~oo Jn(a)ein<f>Jm(b)eimlj!tn+m 

= exp [ - ~(a sin </> + b sin 1/J)] n~oo k~oo Jk(a )Jn-k(b )eik<<P-1Jl>ein'l/Jtn 
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where the last step follows a change in index. Recognizing that the 
product of the series on the right-hand sides in (6.64) yields [based 
on the development of Eq. (6.59)] 

00 00 00 

L Jn (aei<l>)tn . L Jn (bei"')tn = L Jn (aei<I> + bei"')tn 
n=-oo n=-oo n=-oo 

we can equate like terms in these last two expressions to deduce that 

00 

X L Jk(a)Jn-k(b)eik(<J>-11') (6.65) 
k=-oo 

If we now require that aei<I> + be;"' be a real number, say R, then we 
set 

acos<f>+bcos'ljJ=R 

a sin </> + b sin 'ljJ = O 

and :find that R 2 = a 2 + b2 + 2ab cos ( </> - 'ljJ ). If we further set <P -
'ljJ = :r - O, then R 2 = a 2 + b2 

- 2ab cos O, and hence (6.65) takes the 
form 

00 

Jn(R)e-in"'= L Jk(a)Jn-k(b)(-l)ke-ikfJ (6.66) 
k=-00 

Last, by replaéing k with -k and using J_n(x)=(-lrJn(x), we 
:finally obtain Eq. (6.61). The special case n =O reduces to (6.60). 

6.5.2 Orthogonallty of Bessel functlons 

Among other applications, the solution of certain partia} DEs involv­
ing radial symmetry requires the expansion of a given function in a 
series of Bessel functions. Such series belong to the class of 
generalized Fourier series.* Their theory closely parallels that of 
Legendre series and rests heavily on the orthogonality property 

m::/=n (6.67) 

* See the discussion in Sec. 4.4 on generalized Fourier series. 
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where km and kn are distinct roots of 

(6.68) 

To prove (6.67), first we note that since y =JP(x) is a solution of 
Bessel's equation 

x 2y" +xy' + (x2 
- p 2 )y =O 

it follows that y = JP(kx) satisfies the more general equation (see 
problem 1 in Exercises 6.5) 

(6.69) 

For our purposes we rewrite (6.69) in the more useful form 

and hence JP(kmx) and JP(knx) satisfy, respectively, the DEs 

(6.70) 

(6.71) 

lf we multiply (6.70) by x- 1JP(knx) and (6.71) by x- 1JP(kmx), 
subtract the resulting equations, and integrate from O to b, we find 
upon rearranging the terms 

(k!-k!) f xJP(kmx)Jp(knx) dx = f Jp(kmx) ! [x ! Jp(knx) J dx 

-f JP(knx) ![x !JP(kmx)]dx 

Performing integration by parts on the right-hand side and dividing 
by the factor k ! - k ! lead to 
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By hypothesis, km * kn and JP (kmb) = JP (knb) =O, and thus the 
right-hand side of ( 6. 72) vanishes, which proves the orthogonality 
property (6.67). 

When km = kn, the resulting integral 

is also of interest to us. To deduce its value, we take the limit of 
(6.72) as km~kn. Because the right-hand side of (6.72) approaches 
the indeterminate form O/O in the limit, we need to employ 
L'Hôpital's rule, which leads to ( treating km as the variable and all 
other parameters constant) 

Now, using the recurrence relations (see problem 15 in Exercises 6.2) 

d p 
eh Jp(kx) = ;Jp(kx) -kJp+iCkx) 

d p 
dk JP(kx) = k JP(kx) - xJp+i (kx) 

we find that ( 6. 73) reduces to 

or finally 

(6.74) 

6.5.3 Fourier-Bessel series 

Having the orthogonality property (6.67), we now consider the 
representation of a given function f in a series of the form 

00 

f(x) = L CnJp (knx) O<x<b, p>-% (6. 75) 
n=I 

where JP(knb) =O (n = 1, 2, 3, ... ). Such a series is called a 
Fourier-Bessel series or simply a Bessel series. Let us assume 
that such a representation is valid and attempt to identify the 
constants Cn (n = 1, 2, 3, ... ). 
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To begin, we multiply both sides of (6.75) by xJP(kmx), where 
JP (kmb) = O, and we integrate the resulting series termwise from O to 
b. Doing so, we find that 

f xf (x )Jp (kmx) dx = n~l Cn f xJP (km X )Jp (knx) dx 

=cm f x[Jp(kmx)]2dx 

where all terms in the series vanish except for that which cor­
responda to n = m. This last integral is simply (6.74), and so solving 
for Cm and changing the index back to n, we obtain 

2 Lb 
Cn = b2[J (k b)] 2 xf(x)Jp(knx) dx 

p+l n O 
n = 1, 2, 3,... (6.76) 

Theorem 6.1. If f and f' are piecewise continuous functions on 
Q:::;;x :::;;b, then the Bessel series (6.75) with constants defined by 
(6.76) converges pointwise to f(x) at points of continuity of f and to 
the average value %[f(x+) + f(x-)] at points of discontinuity of f on 
the interval O< x < b. * 

Example 4: For the function 

f(x) = {~ 

find a Bessel series of the form 

00 

Q:::;;x<l 

l<x<2 

f(x) = L CnJl (knX) O<x<2 
n=l 

where J1(2kn) =O (n = 1, 2, 3, ... ). 

Solutlon: The series we seek is 

00 

f(x) = L CnJ1 (knX) O<x<2 
n=l 

* The series always converges to zero for x = b, and it converges to zero at x = O 
ifp >O. 
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where 

ln this last integral we make the change of variable t = knx, which 
yields 

where we have made use of the integral formula (6.47). From this 
result we see that 

n = 1, 2, 3, ... 

and hence the desired series is given by 

O<x<2 

Generalizations of the Bessel series can be developed where the kn 
satisfy the more general condition 

(h constant) (6.77) 

The theory in such cases requires only a slight modification of that 
presented here and is taken up in the exercises. 

Exercises 6.5 

1. Show that y = JP (kx) is a solution of 

x2y" + xy, + (k2x2 - p2)y =O 

2. From Eq. (6.60) deduce the following: 
00 

(a) J 0CYx 2 +y2) =Jo(x)Jo(y) + 2 L (-l)kJ2k(x)J2k(y) 
k=l 
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(e) J 0 ( 2x sin ~) = [J0(x )]2 + 2 ktl [Jk(x )]2 sin k8 

(d) J 0 CYa 2 + b 2 + 2ab cos 8) 
00 

= Jo(a)J0 (b) + 2 L (-l)kJk(a)Jk(b) cos k8 
k=l 

3. Show that the special case 8 = n in Eq. (6.61) reduces that 
addition theorem to the simple result given by (6.59). 

4. By setting n = 1/2 in (6.62), deduce that 

sinR n ~ R = 
2

\[ãfj k~o (2k + l)Jk+112(a)Jk+112(b )Pk(cos 8) 

where Pk (x) is the kth Legendre polynomial. 

ln problems 5 and 6, verify the series relation given that J0 (kn) = O 
(n = 1, 2, 3, ... ). 

2 ~ Jo(knx) 
5. 1-x =8 LI kªJ(k )' O<x<l 

n=l n 1 n 

~ Jo(knx) 
6. lnx = -2 ~iCknJl(kn)]2 ' O<x < 1 

ln problems 7 to 9, find the Bessel series for f (x) in terms of the set 
{J0 (knx)}, given that J 0 (kn) =O (n = 1, 2, 3, ... ). 

7. f(x) = 0.1Jo(k3x ), O <x < 1 

8. {(X) = 1, Ü <X < 1 

9. f(x)=x 4
, O<x<l 

10. lf p ~ - 1/2 and JP(kn) =O (n = 1, 2, 3,: .. ), show that 

xP = 2 i JP(knx) O<x < 1 
n=l knJp+l (kn) 

11. If p ~ - 1/2 and JP(kn) =O (n = 1, 2, 3, ... ), show that 

(a) xp+1=22(p+l) i J:+1(knx)' O<x<l 
n=lknJp+l(kn) 

p+ 2 _ 3 )( ) ~ Jp+2(knX) O 
(b) x -2(p+l p+2 ~ik~Jp+l(kn)' <x<l 

12. Given that JP(kn) =O (n = 1, 2, 3, ... ), p ~O, express f(x) =x-P, 
O< x < 1, in a series of the form 

00 

x-p = L cnJp<knx ), O<x<l 
n=l 
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13. Given that J;(knb) =O (n = 1, 2, 3, ... ) for p >-%,show that 

(a) f xJP(kmx)JP(knx)dx=O,m=l=n 

(b k2b2 - p2 
(b) lo x[Jp(knx)]

2
dx = n 2k~ [Jp(knb)]

2 

14. Given that hJP(knb) + knJ;(knb) =O (n = 1, 2, 3, ... ) for con­
stant h and p > -%, show that 

(a) f xJP(kmx)JP(knx)dx =O, m =l=n 

(b) f x[Jp(knx )]2 dx = (k~ + ~~:2 - p2 [Jp(knb )]2 

15. It is given that J;<kn) =O (n = l, 2, 3, ... ) for p >O. 
(a) Use the result of problem 13 to derive the Bessel series 

O<x<l 

6.6 Bessel Functions of the Second Kind 

We have previously shown that y1 =JP(x) and y2=J_P(x) are both 
solutions of Bessel's equation 

x2y" +xy' + (x 2 
- p 2 )y =O p 2:: O (6.78) 

Moreover, for p not an integer, these are linearly independent 
solutions so that the general solution of (6.78) in this case can be 
expressed by 

p =I= n (n = O, 1, 2, ... ) (6.79) 

where e 1 and e 2 are arbitrary constants. 
For p=n (n=0,1,2, ... ), the solutions Jn(x) and J_n(x) are 

related by [see Eq. (6.6)] 

n =O, 1, 2, ... 

and hence are not linearly independent. For purposes of constructing 
a general solution of (6.78), it is preferable to finda second solution 
y2 whose independence is not restricted to certain values of p. Such a 
solution is defined by 

(cosp:rc)Jp(x) -J_P(x) 
~(x) = . 

smp:rc 
(6.80) 
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which is called the Bessel function of the second kind of order p. 
Because it is a linear combination of solutions of (6.78), the function 
lj, (x) is also a solution for all p. However, when p = n (n = 
O, 1, 2, ... ), it requires further investigation since the right-hand 
side of (6.80) assumes the indeterminate form 0/0 in this case. 
Nonetheless, the limitas p~n does exist (see Sec. 6.6.1), and we 
define 

Yn (x) = lim lj, (x) n =O, 1, 2, ... (6.81) 
p-+n 

The wronksian W(JP, lj,)(x) = 2/(;r;x,) for all p (see problem 7 in 
Exercises 6.6) and hence JP (x) and lj, (x) are linearly independent for 
all values of p. We conclude, therefore, that the general solution of 
Bessel's equation ( 6. 78) for all values of p is given by 

(6.82) 

6.6.1 Series expansion for Y,,(x) 

We wish to derive an expression for the Bessel function of the second 
kind when p takes on integral values. Beca use the limit ( 6.81) leads 
to the indeterminate form 0/0, we must apply L'Hôpital's rule, from 
which we deduce 

Y. ( ) 
= 

1
. (cosp!t)JP(x) - J _P(x) 

n X lffi . 
p-m Slllplr 

a a 
(-1t sinp!t)JP(x) + (cosp!t) âp JP(x) - âp J_P(x) 

=lim~~~~~~~~~~~~~~~~~-

p-"n 1t cosp1t 

(6.83) 

For x >O, the derivative of the Bessel function with respect to order 
yields 

!_J: x = 00 (-l)k{(x/2)2k+pln(x/2)_(x/2)2k+Pf'(k+p+l)} 
é)p p( ) k~O k! f(k +p + 1) f(k +p + 1))2 

00 (-l)k(x/2)2k+p[ X ] 

= k~O k ! f(k + p + 1) ln 2 - 1jJ (k + p + l) 

where ljJ(x) is the digamma function (see Sec. 2.5). We can further 
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write this last expression as 

O X "" ( -l)k (xf2)2k+p 
-;:-JP(x)=JP(x)ln-

2
-2: k'f(k l) 1/J(k+p+l) (6.84) 

vp k=O • +p + 

and by a similar analysis, it follows that 

O X ""(-l)k(x/2)2k-p 
-J_P(x)=-J_P(x)ln-

2
+ 2: k'f(k- l) 1/J(k-p+l) (6.85) 

op k=O • p + 

At this point, let us consider the special case p ~O. From (6.83), 
we obtain 

and by using the results of (6.84) and (6.85), we get (x >O) 

2 X 2 00 (-l)k(x/2)2k 
Yo(x)=-J0 (x)ln-

2
-- 2: (kl)2 1/J(k +1) 

.11: .11:k=O • 
(6.86) 

Another form of (6.86) can be obtained by making the observation 

where r is Euler's constant. Hence, combining this last expression 
with (6.86), we have (x >O) 

Yo(x) = ~ Jo(X) (ln~ + Y) 

The derivation of the series for Yn (x) (n = 1, 2, 3, ... ) is a little 
more difficult to obtain. Proceeding as before and taking the limit in 
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(6.83), using (6.84) and (6.85), we find 

1 X 
Y,.(x) =;JJn(X) + (-l)nJ_n(x)] ln2 

1[ 00 (-l)k(x/2)2k+n 
-- L kl f(k 1) 1/J(k + n + 1) 

1r k=O · +n+ 

oo ( -l)k(x/2 )2k-n J 
+(-lr k~ok!f(k-n+l) 1/J(k-n+l) (6.88) 

Next, recalling that 

lf(k-n+l)l-oo k=O,l, ... ,n-1 

and k = O, 1, ... , n - 1 

we see that the first n terms in the last series in ( 6.88) become 
indeterminate. However, it can be shown that (see problem 9 in 
Exercises 6.6) 

lim 1/J(k - p + l) = (-l)n-k(n -k -1)! 
p-m f(k -p + 1) 

k =O, 1, ... , n -1 (6.89) 

and therefore we can write 

n oo ( -l)k(x/2)2k-n _ n-1 (n _ k -1)! (x)2k-n 
(-l) k~ok!f(k-n+l) 1Jl(k-n+l)- k~o k! 2 

+ (-lr f (-l)k(x/2)2k-n 1/J(k - n + 1) 
k=n k! f(k - n + 1) 

Finally, by making the change of index m = k - n in the last 
summation in this last expression, (6.88) reduces to (x >O) 

2 X 1 n-l (n - k -1)! (X)2k-n 
Y,.(x)=-Jn(x)ln--- L 

1 
-

1r 2 1rk=O k. 2 

1 oo ( -1r(x/2)2m+n 
--2: I( )I [1jJ(m+n+1)+1jJ(m+l)] 

1rm=O m. m +n. 
(6.90) 

Graphs of Yo(x), Y1(x), and Y2(x) are shown in Fig. 6.4. Observe the 
logarithmic behavior as X - o+ (see Sec. 6.6.2). Also note that 
these functions have oscillatory characteristics similar to those of 
Jn(X). 
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Figure 6.4 Graph of Yn (x ), n =O, 1, 2. 

6.6.2 Asymptotlc formulas for small 
arguments 
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X 

To obtain asymptotic formulas of the Bessel functions Y,, (x) for 
x~o+, we start with the series representation (6.87) for Y0(x), and 
retaining only the most signi:ficant terms, we see that 

However, since J0 (x) - 1 and llnx 1 » y - ln 2 for small x, we deduce 
that Y0(x) has the logarithmic behavior 

2 
Yo(x)--lnx 

:Jr 

ln the general case where p >O, we start with 

Y. (x) = (cospn)J1.'(x)-J_P(x) 
P smpn 

(6.91) 

Here we make the observation that JP(x)-0 for x~o+ [recall Eq. 
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(6.lla)], and thus 

Y. (x)- - J:-p(X) 
P smp;r 

(x/2)-P 
p>O, 

f(l - p) sinp;r 

By use of the identity f(x )r(l -x) = ;r/sin ;rx, we finally arrive at the 
asymptotic relation 

Y. (x) - - f(p) (~)P 
P .1l X 

p>O, (6.92) 

6.6.3 Recurrence formulas 

Because Y,,(x) is a linear combination of JP(x) and J_p(x) for 
nonintegral p, it follows that Y,,(x) satisfies the sarne recurrence 
formulas as JP(x) and J_p(x). For example, it is easily established 
that (see problems 10 and 11 in Exercises 6.6) 

d 
dx [xPY,,(x )] =xPYp-i (x) (6.93) 

d 
dx [x-PY,,(x)] = -x-PYp+1(X) (6.94) 

and that 

(6.95) 

(6.96) 

For integral p the validity of these formulas can be deduced by 
considering the limit p - n, noting that all functions are continuous 
with respect to the índex p. Furthermore, it can be shown that (see 
problem 12 in Exercises 6.6) 

n =O, 1, 2, ... (6.97) 

Exercises 6.6 

ln problems 1 to 4, write the general solution of the DE in terms of 
Bessel functions. 

1. x 2y" +xy' + (x2 - 1/4)y =O 

2. xy" + y' + xy = O 



              

3. 16x2y" + 16xy' + (16x2
- l)y =o 

4. x 2y" +xy' + (4.x 2 
- l)y =O 

Hint: Let t = 2x. 
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5. Show that the change of variable y = u(x)/Vx reduces Bessel's 
equation ( 6. 78) to 

( 
1-4p

2
) 

u" + 1 + 4.x2 u =O 

6. Use the result of problem 5 to finda general solution of Bessel's 
equation (6.78) when p = 1

/ 2 that does not involve Bessel 
functions. 

7. From the results of problems 18 and 19 in Exercises 6.2, deduce 
that 

2 
W(Jp, Yp)(x) =­

;rx 

8. Use problem 7 and appropriate recurrence relations to show that 

2 
JP(x)Yp+1(x)-Jp+1(x)Yp(x) = --

;rx 

9. Based on the identities f(x )f(l -x) = n csc ;rx and 1jJ(l -x) -
1/J(x) = n cot ;rx, show that 

lim 1/J(k - p + l) = (-l)ll-k(n -k - 1)! k =O, 1, ... , n -1 
p-+n f(k - p + 1) 

10. Show that 

(a) ! [xPYp(x)] =xPYp_1(x) 

d 
(b) dx [x-PYp(x)] = -x-PYp+1(x) 

11. From the results of problem 10, deduce that 
2p 

(a) Yp-1(x) + Yp+1(x) =-Yp(x) 
X 

(b) YP_ 1(x)- Yp+ 1(x) = 2Y~(x) 
12. Verify that 

n =O, 1, 2, ... 

13. By making the change of variable t = bx, show that (b >O) 

y = C1Jp(bx) + C2Yp(bx) 

is a general solution of 

x 2y" +xy' + (b 2x 2 -p 2 )y =O p:::: O 
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14. Show that the boundary-value problem (p:::: O) 
x2y" +xy' + (k 2x 2 -p2)y =O ly(O)I < 00, y(l) =o 

has only solutions which are multiples of JP (knx), where the k 's 
are chosen to satisfy the relation 

JP(kn)=O n=l,2,3, ... 
15. Assume a power series solution of the form (Frobenius method*) 

00 

Y =xs 2: CnXn 
n=O 

(a) Show that Bessel's equation (6.78) has one solution cor­
responding to s = p that leads to y 1 = JP (x ). 

(b) For p =O, show that the method of Frobenius leads to the 
general solution 

=(A B ln ) ~ (-l)n(x/2)2n 
y + X nL:o (n!)2 

oo ( - on-1(x/2)2n ( 1 1) 
+B L l+-+ .. ·+-

n=1 (n!)2 2 n 
where A and B are arbitrary constants. 

6.7 Differential Equations Related to 
Bessel's Equation 

Elementary problems involving DEs are regarded as solved when 
their solutions can be expressed in terms of elementary functions, 
such as trigonometric and exponential functions. The sarne can be 
said of many problems of a more complicated nature when their 
solutions can be expressed in terms of Bessel functions. 

A fairly large number of DEs occurring in physics and engineering 
problems are specializations of the form 

P ::::O, b>O 
(6.98) 

the general solution of which, expressed in terms of Bessel functions, 
IS 

Y =xªCC1Jp(bxc) + C2~(bxc)] 

where C1 and C2 are arbitrary constants. 

(6.99) 

* For an introductory discussion of the Frobenius method, see chap. 7 in L. C. 
Andrews, Introduction to Differential Equations with Boundary Value Problems, 
HarperCollins, New York, 1991. 
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To derive the solution formula (6.99) requires two transformations 
of variables. First, let us set 

(6.100) 

from which we obtain 

xy' =xª+1z' +axªz 

x 2y" =xª+2z" + 2axª+1z' + a(a - l)xªz 

Substituting these expressions into (6.98) and simplifying the 
results, we get 

(6.101) 

Next we make the change of independent variable 

(6.102) 

from which it follows, through application of the chain rule, that 

dz 
xz' =cxc-

dt 

dz d 2z 
x 2z"=c(c-l)xc-+c2x2c-

dt dt 2 

Hence, Eq. (6.101) becomes 

d 2z dz 
t 2 -+t-+ (b 2t 2 -p 2 )z =O 

dt2 dt 

whose general solution is (see problem 13 in Exercises 6.6) 

z(t) = C1Jp(bt) + C2~(bt) 

(6.103) 

(6.104) 

Transforming this result back to the original variables x and y leads 
us to the desired result (6.99). For those cases whenp is not integral, 
we can express the general solution (6.99) in the alternative form 

p=Fn 

Example 5: Find the general solution of 

x 2y" + 5xy' + (4x 2 + 3)y =O 

Solutlon: This DE is of the form ( 6.98) with 

1-2a=5 2c=2 

(n =O, 1, 2, ... ) 

(6.105) 
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These conditions are satisfied if a = -2, b = 2, e = 1, and p = 1. Thus, 
the general solution we seek is 

Example 6: Find the general solution of Airy's equation 

y"+xy =O 

Solutlon: To compare this DE with (6.98), we must multiply 
through by x 2 (x =I= O), putting it in the form 

x 2y"+x3y =O 

Here we find that a = 1/2, b = 2/a, e = %, and p = 1/3. Hence we obtain 

Y = Vx [C1J11a(2/ax312 ) + C2Y11a(2/ax312 )] 

or since p is nonintegral, we can also write 

Y = Vx [C1J11a(2/axª12 ) + C2J-11a(2/ax312 )] 

6.7.1 The osclllatlng chain 

One of the classical problems of oscillation theory concerns the small 
oscillations of a fiexible hanging chain. This problem was first 
discussed in 1732 by D. Bernoulli and later in 1781 by Euler, both 
many years prior to Bessel's legendary paper in 1824 on the 
properties of Bessel functions. 

Consider a uniform heavy fiexible chain of length L, fixed at the 
upper end and free at the lower end (see Fig. 6.5). When the chain is 
slightly disturbed from its position of equilibrium in a vertical plane, 
it undergoes "small" oscillations. Let p denote the constant mass per 
unit length and y the horizontal displacement of the chain at time t. 
Taking the origin at the bottom of the chain as shown in Fig. 6.5, the 
resultant force per unit length x is 

a (Tªy) 
ax ax 

where T is the tension in the chain. Equating this resultant force to 
p J2y / Jt2

, which represents the product of the mass (per unit length) 
and the acceleration, we obtain the equation of motion (Newton's 
second law) 

~ (T ay) = P a2y 
ax ax at2 (6.106) 
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X = L 

X = Ü 

X Figure 6.5 Oscillating chain. 

Let us suppose the tension T is due entirely to the weight of the 
chain below a given point x. ln this case T = pgx, where g is the 
gravitational constant, and (6.106) takes the form 

(6.107) 

Since the chain is fixed at the top where x = L and free at the bottom 
where x = O, the accompanying boundary conditions are given by 

ly(O)I < 00 y(L) =O (6.108) 

The first condition merely requires that the displacement remain 
bounded at x = O. 

Although (6.107) is a partial DE, we can reduce it to an ordinary 
DE by making an assumption regarding the variation of y with 
respect to time t. That is, if we assume the oscillations y are 
essentially sinusoidal with (angular) frequency w, then we can find 
the normal modes of vibration by making the substitution 
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y =R cos (mt - </>) (6.109) 

into (6.107), where the amplitude Ris a function of x alone and <f> is a 
phase angle. After doing so, and dividing the resulting equation by 
cos ( mt - </>), we obtain the ordinary DE 

xR"+R' +k2R =0 (6.110) 

where k 2 = m2/g. We recognize (6.110) as a specialization of (6.98) 
for which a = O, b = 2k, e = %, and p =O. Hence, the general solution 
is 

(6.111) 

where C1 and C2 are arbitrary constants. 
To satisfy the boundary condition at x =O, we must select C2 =O, 

since Yo becomes unbounded for small arguments [recall Eq. (6.91)]. 
The remaining boundary condition at x = L leads to 

Jo(2kv'f) =O (6.112) 

To satisfy this last relation, we can select values of k, say 
kv k2 , k3 , ••• , kn, ... so that 2kv'L always corresponds to a zero of J0 

(see Table 6.1). These values of k in turn determine the allowed 
frequencies of vibration through the relation 

n = 1, 2, 3, ... (6.113) 

Hence, the corresponding normal modes of vibration are of the form 

n = 1, 2, 3,... (6.114) 

where the A's and <f>'s are arbitrary constants. 
For example, if the chain is 10 ft long, the lowest frequency of 

oscillation is determined by first solving 

2k 1 \!lo = 2.405 

where 2.405 is the first zero of J0 • Thus, k1 = 0.380, and using 
g = 32 ft/s2

, we find for the lowest frequency 

m1 = k1 yg = 2.15 Hz 

Exercises 6. 7 

ln problems 1 to 12, express the general solution in terms of Bessel 
functions. 

1. 4xy" + 4y 1 + y = o 
2. 4x2y" + 4xy' + (x 2

- n 2 )y =O 
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3. x 2y" +xy' + 4(x4 -k2)y =O 

4. xy"-y' +xy =O 

5. xy" + (1+2n)y' +xy =O 

6. x2y" + (x2 + l/4)y = O 

7. x2y" - 7xy' + (36xs + 175/rn)Y =O 

8. y"+y=O 

9. y" + k 2x 2y =O 

10. y" + k 2x4y =O 

11. 4x 2y" + (1+4x)y =o 

12. x2y" + 5xy' + (9x 2 -12)y =O 

13. You are given the DE 

y" + aemxy = o m > o 
(a) Show that the substitution t = emx transforms it to 

d 2y dy a 
t-+-+-y=O 

dt 2 dt m 2 

(b) Solve the DE in (a) in terms of Bessel functions, and use 
this to find the general solution of the original DE. 

14. This DE is given: 

x 2y" +x(l -2x tanx)y' - (x tanx + n 2)y =O 

(a) Show that the transformation y = u (x) sec x leads to an 
equation in u solvable in terms of Bessel functions. 

(b) Find the general solution of the original DE. 

15. For the second mode (n = 2) of the oscillating-chain problem, 
there is a node (stationary point) located on the interval 
O < x < L. Show that this node always occurs at the point 
X =:Q.190L. 

16. The complete solution of the oscillating-chain problem consists of 
the superposition of all vibration modes, i.e., 

00 

y(x, t) = 2: anJo(2kn Vx) COS (wnt - </>n) 
n=l 

(a) If the initial velocity is éJy/éJt(x, 0) =O, show that a 
su:fficient condition is </>n =O (n = 1, 2, 3, ... ). 

( b) If also the initial displacement is y (x, O) = E (L - x), where E 

is a small constant, show that 

E 
00 Jo(2kn Vx) 

y(x, t) = Vf, n"'.?1 k~Jl (2kn y'f,) COS Wnt 



 



              

7.1 lntroduction 

Chapter 

7 
Bessel Functions of 

Other Kinds 

The Bessel functions of the first and second kinds studied in Chap. 6 
are often referred to as the standard Bessel or cylinder functions. ln 
addition to these, there are a host of related functions also belonging 
to the general family of cylinder functions, the most notable of which 
are the modified Bessel functions of the first and second kinds. 
Although similar in definition to the standard Bessel functions, the 
modified Bessel functions are most clearly distinguished by their 
nonoscillatory behavior. For this reason, they often appear in ap­
plications that are different in nature from those for the standard 
functions. 

The general family of cylinder functions also include spherical 
Bessel functions, Hankel functions, Kelvin's functions, Lommel 
functions, Struve functions, Airy functions, and Anger and Weber 
functions. Of these, Hankel functions have special significance in that 
they enable us to obtain asymptotic formulas for large arguments for 
all the other types of Bessel functions. 

7.2 Modified Bessel functions 

ln Chap. 6 we found that the general solution of 

p;;::: o (7.1) 

is given by 

(7.2) 

287 
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where C1 and C2 are any constants. The related DE 

x2y" +xy' - (x 2 + p 2 )y =O p?:. o (7.3) 

which bears great resemblance to Bessel's equation, is Bessel's 
modified equation. It is of the form (7.1) with b 2 = -1, and so we 
formally write the solution of ( 7 .3) as* 

(7.4) 

The disadvantage of the general solution (7.4) is that it is 
expressed in terms of functions with complex arguments, and in most 
situations we prefer real functions. The problem is similar to stating 
that 

is the general solution of y" + y = O. To avoid the imaginary ar­
guments in (7.4), let us :first formally replace x with i.x in the series 
for JP (x) to obtain 

• 
00 (-ll(i.x/2)2k+p 

JP (r,x) = k~O k !f(k + p + 1) 

• 
00 (x/2)2k+p 

=zP2:----­
k=ok!f(k + p + 1) 

where we have used the fact that i2k = (-l)k. Next, observing that 
the above series itself is a real quantity multiplied by iP, we are 
motivated to define the real function 

p?:. o (7.5) 

This is called the modified Bessel function of the first kind of 
order p. Since y = JP(i.x) is a solution of Eq. (7.3), it follows from (7.5) 
that y =IP (x) is also a solution. 

Except that the alternating factor (-l)k is missing, the series (7.5) 
is identical to that of JP(x). Thus each term of the series (7.5) is 
positive for x > O and so continues to increase the sum with each 
additional term. We conclude, therefore, that IP (x) cannot have a 
positive zero and so cannot exhibit an oscillatory behavior like that of 
JP(x). ln Fig. 7.1 we show the graphs of l 0(x), l 1(x), and l 2 (x), which 

* Equation (7.3) also can be derived directly from Bessel's equation by replacing 
x with ix (see problem 1 in Exercises 7.2). 
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1,,(x) 

1 

o X 

Flgure7.1 Graphofln(x),n=0,1,2. 

are characteristic of all IP (x ). Notice that 10 ( O) = 1 while in general 
IP(O) =O (p > 0). 

For negative p we define 

ao (x/2)2k-p 

Lp(X) = k~ok!r(k - p + 1) p>O (7.6) 

It is easy to verify that y2 = LP (x) is a solution of Bessel's modified 
equation ( 7 .3) in addition to y1 =IP (x ). Moreover, by using an 
argument similar to that in Sec. 6.2.2 to show that JP(x) and J_P(x) 
are linearly independent for p not an integer, it follows that IP (x) and 
1 -p (x) are linearly independent functions for nonintegral p. Hence for 
p not an integer, a general solution of (7.3) is 

p -:f:. n (n = O, 1, 2, ... ) (7.7) 

Recall that the Bessel functions J 112(x) and J_ 112(x) are special in 
that they are actually elementary functions [see Eq. (6.12)]. In the 
sarne manner, we find that (see problem 10 in Exercises 7.2) 

1112(x) = ..J"!sinhx (7.8a) 

L112Cx) = ../! coshx (7.8b) 

Last, when p = -n (n =O, 1, 2, ... ), we find that negative-order 
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functions lead to 

Ln(X) = iV_n(ÍX) 

= Ín( -l)nJn (ix) 

= (-1)2nln(X) 

from which we deduce 

7.2.1 Modlfied Bessel functions of the 
second klnd 

n =O, 1, 2, ... (7.9) 

Rather than use 1j, (ix) to define a second linearly independent 
solution of (7.3) for general p, it is preferable in most applications to 
introduce the modified Bessel function of the second kind of 
order p ( or Macdonald's function) 

(7.10) 

lt follows directly from the definition that 

(7.11) 

for ali values of p. Because it is a linear combination of solutions, the 
function KP(x) is also a solution of (7.3), which can be shown to be 
linearly independent of IP(x). Thus, for ali values of p (p :=::O), we 
write the general solution of Eq. (7.3) as 

(7.12) 

For integral p we define 

Kn(x) = limKP(x) n =O, 1, 2, ... (7.13) 
p->n 

Then, following a procedure analogous to that in Sec. 6.6.1, we show 
that for x >O (see problem 15 in Exercises 7.2) 

(7.14a) 
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while for x >O and n = 1, 2, 3, ... (see problem 16 in Exercises 7.2) 

1 n-1 (-l)k(n-k-1)! (x)2k-n 
+- 2: -

2 k=O k! 2 

( -1 )n oo (x/2)2m+n 
+-2-m~om!(m +n)! ['ljl(m +n + 1) + 'ljl(m + 1)] (7.14b) 

Here y is Euler's constant and 'ljl(x) is the digamma function. 
The graphs of K 0 (x), K 1(x), and K 2(x), characteristic of all KP(x), 

are shown in Fig. 7 .2. Observe the exponential decay of Kn (x) as 
x ~ oo, while the graphs of ln (x) appear to grow exponentially (see 
Fig. 7.1). Because of this behavior, the functions IP(x) and KP(x) (for 
general p ~ O) are sometimes referred to as the hyperbolic Bessel 
functions. 

7.2.2 Recurrence formulas 

The recurrence formulas for the modified Bessel functions are very 
similar to those of the standard Bessel functions. By using techniques 

K 11 (x) 

3 X 

Figure 7.2 Graph of Kn (x ), n =O, 1, 2. 



              

292 Chapter Seven 

analogous to those in Sec. 6.2, first it can be shown that 

d 
dx [xPJP(x)] =xPJP_1(x) 

d 
dx [x-PJP(x)] =x-Plp+1(x) 

From these basic formulas, it readily follows that 

lp-1 (x) + lp+l (x) = 21;(x) 

2p 
lp-1(x) -lp+1(x) =-IP(x) 

X 

the details of which are left to the exercises. 

(7.15) 

(7.16) 

(7.17) 

(7.18) 

(7.19) 

(7.20) 

Similarly, by using the relation (7.10) and the above recurrence 
formulas for IP(x ), we find 

d 
dx [xPKp(x)] = -xPKp-1(X) 

d 
dx [x-PKP(x)] = -x-PKP+1(x) 

Kp-1(x) +Kp+1(x) = -2K;(x) 

' 2p 
Kp-1(x)-Kp+1(x) = --Kp(x) 

X 

7 .2.3 Generating functlon and addition 
theorems 

(7.21) 

(7.22) 

(7.23) 

(7.24) 

(7.25) 

(7.26) 

Replacing x with ix and t with -it in the generating-function relation 
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leads to 

00 

= 2: ln(x)(-lri 2ntn 
n=-oo 

from which we deduce 

t=i=O (7.27) 

The function w(x, t) = exp [1
/ 2x(t + 1/t)] is called the generating 

function for the modified Bessel functions. 
By recognizing the identity w(x + y, t) = w (x, t )w (y, t ), we can use 

the above generating-function relation to obtain the result 

00 00 00 

2: ln (X + Y )tn = 2: ln (x )tn · L ln (y )tn 
n=-oo n=-oo n=-oo 

00 00 

= 2: 2: lk (x )ln-k(y )tn 
n=-oo k=-oo 

the last step of which is a Cauchy product. Hence, comparing 
coefficients of tn on both sides of the equation, we arrive at the simple 
add.ition formula 

00 

ln(x+y)= L lk(x)ln-k(y) (7.28) 
k=-oo 

More general forms of the addition formula are given by 

(7.29) 

!~~) = 2nf(n) k~o (-l)k(n + k /n+k~~:;:k(b) CZ(cos 8) (7.30) 

Kn(R){c~sntjJ = i: lm(a)Kn+m(b){c~sm8 
smntjJ m=-oo smm8 

(7.31) 

and 

Kn (R) = 2nr( ) ~ ( + ) lm+k(a )Km+k(b) cn ( 8 ) (7 32) 
Rn n mL:o n m (ab r m cos . 
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where R = Va2 + b2
- 2ab cos 8, sin 1/' = (a/R) sin 8, anda and b are 

any positive constants (see Fig. 6.3 in Sec. 6.5). ln Eqs. (7.30) and 
(7.32) we have the restriction n =F=O, -1, -2, .. ., and C~(x), 
m =O, 1, 2, ... , are the Gegenbauer polynomials (see Sec. 5.4). 

Exercises 7.2 

1. Replace x by ix in Bessel's equation 

x 2y" + xy' + (x 2 
- p 2 )y =O 

and show that it leads to Bessel's modified equation 

x 2y" +xy' - (x 2 + p 2 )y =O 

ln problems 2 through 5, write the general solution of the DE in 
terms of modified Bessel functions. 

2. x2y" +xy' - (x 2 + l)y =O 

3. xy" + y' - xy = O 

4. 4x2y'' + 4xy' - (4x 2 + l)y =o 
5. x 2y" +xy' - (4x 2 + l)y =O 

6. Develop the asymptotic formulas. 

(a) lp(x) ~ f(p 
1
+ 1) Gr, p * -1, -2, -3, ... ' X~ o+ 

(b) K0(x)~-lnx,x~o+ 

f{p) (2)P (e) Kp(x) ~-2- ~ , p >O, x~o+ 

7. lf y1 and y2 are any two solutions of Bessel's modified equation 
(7.3), show that for some constant C, the wronskian is 

e 
W(yv Y2)(x) = -

X 

Hint: See problem 18 in Sec. 6.2. 

8. Use the result of problem 7 to deduce that 

2 sinpn 
(a) W(IP,LP)(x)= 

JrX 



              

10. Show that 

(a) l 112(x) = {!sinhx 

(b) L112(x)={!coshx 

(e) K112(x) = {f; e-x 

2 2 2 (d) [L112(x)] - [l112(x)] =-
JrX 

11. Show that 

(a) ! [xP[P(x)] =xP[P_1(x) 

d 
(b) dx [x-PJP(x)] =x-Plp+1(x) 

Bessel Functlons of Other Klnds 295 

12. Using the results of problem 11, show that 

(a) 1;(x) +f!_IP(x) =IP_1(x) 
X 

(b) I;(x)-f!_[p(X) =lp+1(X) 
X 

(e) Ip-I (x) + lp+l (x) = 21;(x) 

2p 
(d) Ip-1 (x) - lp+1 (x) = -IP(x) 

X 

13. Verify that 

d 
(a) dx [xPKp(x)] = -xPKp-1(X) 

d 
(b) dx [x-PKP(x)] = -x-PKp+1(x) 

14. Using the results of problem 13, show that 

(a) K;(x) +f!_KP(x) = -KP_1(x) 
X 
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15. Show that 

K 0(x) = -lim !__ IP(x) 
p--->O Op 

and use this result to deduce that for x > O 

K 0(x) = -l0 (x )( y +ln i) 
00 

(x/2)2
k ( 1 1) 

+ 2: 1+-+···+-
k=l (k!)2 2 k 

16. For n = 1, 2, 3, ... , show that 

Kn(x) = (-lr lim [!__ LP(x) _ !_ IP(x )] 
2 p--->n op op 

and use this result to deduce that for x > O 

X 
Kn(x) = (-1r-1In(x) ln 2 

1 n-1 (-l)k(n-k-1)! (X)2k-n 
+- 2: -

2k=O k! 2 

(-lr 00 (x/2)2m+n 
+-- 2: f( ' 2 m=om. m +n). 

x ['ljJ(m + n + 1) + 'ljJ(m + 1)] 

17. Use the Cauchy product to show that 

e-A21blo(2AyE) = :i: (-l)n(~2/b)n Ln(~) 
b n=O n. b 

where Ln (x) is the n th Laguerre polynomial. 

18. Use the result of problem 7 in Exercises 6.2 to deduce that 

n =O, 1, 2, ... 

19. Show that 
00 

xl1(x) = 4 L nl2n(x) 
n=l 

Hint: Use problem 12d. 

20. By expanding the function w(x, t) = ex112ex1
<
2
tl in a double series, 

deduce directly the generating-function relation 

exp[!x(t+!)]= i ln(x)tn t#:O 
2 t n=-oo 
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21. Use problem 20 to show that 
00 

(a) ex coso= 2: ln (x) cos nO 
n=-oo 

00 

( b) ex = l 0 (x) + 2 2: ln (x) 
n=l 

00 

(e) e-x=l0 (x)+22: (-l)llln(x) 
n=l 

22. Use problem 21 to verify the identities 
00 

(a) 1 = lo(X) + 2 2: ( - l)nl2n (x) 
n=l 

00 

(b) coshx=l0 (x)+22: l 2n(x) 
n=l 

00 

(e) sinhx=22: l 2n- 1(x) 
n=l 

23. If b in the DE 

x 2y" + (1- 2a)xy' + [b 2c2x2.c + (a2 -c2p 2 ))y =O p::::: O 

is allowed to be pure imaginary, say, b = if3 ({3 >O), show that 
the general solution can be expressed as 

Y =xª[C1lp({3xc) + C2Kp({3xc)) 

ln problems 24 through 28, use the result of problem 23 to express 
the general solution of each DE in terms of modified Bessel functions. 

24. y"-y =O 

25. y"-xy=O 

26. x2y" +xy' - (4 + 36x4 )y =O 
27. xy"-3y' -9x5y =O 

28. y" - k 2x 4y =O 

29. Replace a by ia and b by ib in Eq. (6.11) to deduce the addition 
formula (7.29). 

30. Replace a by ia and b by ib in Eq. (6.12) to deduce the addition 
formula (7.30). 

ln problems 31 and 32, use addition theorems to derive the given 
result. 

00 

31. l 0 CVx2 + y 2
) = lo(x )lo(Y) + 2 2: l2k (x )l2k (y) 

k=l 

00 

32. l 0 (2Vx -y) = 2: 12k(2Vx)J2k(2Vy) 
k=-oo 
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7.3 Integral Relations 

Integral representations and integrais of modified Bessel functions 
are very similar to those involving the standard Bessel functions. ln 
fact, results for IP (x) can often be formally obtained from correspond­
ing results for JP(x). 

7.3.1 Integral representations 

The replacement of t = e-i<P in the generating-function relation (7.27) 
leads to 

00 

ex cos <P = 2: ln (x )e -in<P (7.33) 
n=-oo 

If we now follow the technique of Sec. 6.3, it can be readily shown in a 
similar manner that 

1 f"' ln (x) = - ex cos <P cos n<J> d<J> 
:rc o 

n =O, 1, 2, ... (7.34) 

Also by starting with the integral representation [recall Eq. (6.32)] 

J,(x)= (x/2Y' J1 (l-t2y-112eixtdt 
p y'if(p + %) -1 

p>-%,x>O 

we can replace x with ix and multiply both sides by i-p to obtain 

1 (x) = (x/2Y' f 1 (1 - t2y-112e-xt dt 
p Vi f(p + 1/2) -1 

p>-%,x>O (7.35) 

An integral representation for KP(x) similar to (7,35), but more 
complicated to derive, is given by 

K (x) = y'i (x/2Y' J,oo (t2 - 1 y-112e-xt dt 
p f(p + %) 1 

p > - 1/2, X> Ü (7.36) 

while for arbitrary p, it can be shown that 

x>O (7.37) 

The derivations of (7.36) and (7.37) without the use of complex 
variable theory are quite involved and therefore are omitted. * 

* The derivations of Eqs. (7.36) and (7.37) are discussed in N. N. Lebedev, 
Special Functions and Their Applications, Dover, New York, 1972, pp. 116-120. 
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7.3.2 Integrais of modlfied Bessel 
functlons 

Based on Eqs. (7.15) and (7.16), we obtain the indefinite integral 
relations 

while (7.21) and (7.22) lead to the similar results 

J xPKp-1(X) dx = -xPKP(x) + C 

J x-PKp+1(X) dx = -x-PKp(X) + C 

(7.38) 

(7.39) 

(7.40) 

(7.41) 

If we formally replace b with ib in the integral formula [recall Eq. 
(6.55)] 

ioo -ax p - (2b )Pf(p + %) 
0 

e x JP(bx) dx -Vlr (a 2 + b2 )P+112 

we can deduce the result 

p > - 1
/ 2 , a, b >O (7.42) 

Other integral formulas can be derived in a similar manner, some of 
which appear in the exercises. 

Example 1: Derive the integral formula 

r xµKP(a:t) dx = ~::: r(1 + ~ + P)r(1 + ~ - p) µ-p >-1, a >O 

Solutlon: ln this case we replace KP(ax) with its integral repre­
sentation [see Eq. (7.37)] 
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This action leads to 

where we have reversed the order of integration in the last step. 
Next, letting a 2x 2/4t = y in the innermost integral and using 
properties of gamma functions, we obtain 

[=- - e-tr<p+l)_ - r dt 1 (ª)pico 1 (4t)(l+µ+p)/2 (1 + µ +p) 
2 2 o 2 a 2 2 

= -- r µ P -tt<1+µ-p)12-1 dt 2µ-l (1 + + )foo 
a"+l 2 o e 

but this last integral is simply n (1 + µ - p )/2), and hence we have 
our intended result. 

Exercises 7.3 

ln problems 1 to 10, derive the given integral representation. 

1. Io(X) = .!_ J:rr: e±x cos B d()=_.!__ f:rr: e±x cos B d() 
n o 2n -:rr: 

1 ( ) (x/2)P J 1 ( 2\p-112 h d 11 2. P x =, r= ( 11 ) 1 - t r cos xt t, p > - 12, x >O 
vnr p + 12 -1 

(x/2)P J:rr: . 3 1 (x)= e±xcosfJsm2P()d() p>- 11 x>O 
• p Ylrf(p + %) o ' 2

' 

(x/2)P J:rr: . 
4. IP(x) =Vir ( 

11
) cosh (x cos ()) sm2

P ()d(), p > - 1
/ 2 , x >O 

nr p + 2 -:rr: 

5. Kp(x) = ~ n:: 1/2) Loo e-ssp-112( 1 + ~r-112 ds, p > _l/2, X> o 

Hint: Use Eq. (7.36). 

6. Kp(x) = 1/ 2f0 

e-x<t+11tV2t-<p+l>dt, X >O 
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7. KP(x) = 1/ 2f' e-x(t+lltl/2tp-l dt, x >O 

8. Kp(x)= r e-xcoshecoshp8d8,x>O 

- f(p + 
1
/2) f"" cos t 1 

9. KP(x)- .r= (2.xY' ( 2 2y+v2dt,p>-/2,x>O 
vn o t +x 

vn (x/2Y' Joo 10 K (x)= e-xcoshflsin2P(}d(} p>- 11 x>O 
• p f(p + %) o , 12, 

ln problems 11 to 14, perform the integration, leaving at most the 
residual integral f l 0(x) dx. 

11. J xl0 (x) dx 13. J xl1 (x) dx 

12. J x2/o(x) 14. J x 211 (x) dx 

15. Show that if p > -1, 

(À 2 
- µ2) J xIP (k )IP (µx) dx = -x [µIP (ÀX )I;(µx) - MP (µx )I;(ÀX)] 

16. From the result of problem 15, deduce that 

J X [Jp(ÀX) )
2 

dx = - ~
2 

{ [l;(ÀX) )
2 - ( 1 + ~:2)} 

ln problems 17 to 20, verify the given integral relation. 

1
00 xp+lJ (bx) ap-mbm 

17. º (x2 + :2r+1dx=2mf(m+1) Kp-m(ab ), a, b >O, 

-l<p<2m+% 

[ 
xJ0 (bx) _ ! -ab > 

18. V 2 2 dx - b e , a - O, b > O 
o X +a 

Hint: Use problem 17. 

Joo Km<a\l.X2+Y2) p+l - bP (\1ª2 + b2)m-p-1 
19. ( 2 2)m12 JP(bx )x dx - - -

o X +y am y 

X Km-p-l (y\la 2 + b2), a, b, y >O, p > -1 

20 J"" exp (-a\l.X2+Y2) J. (b ) dx = exp (-y\la2 + b2) O 
. o \lx2 + y2 o x x \la2 + b2 'a, y > 

Hint: Use problem 19. 
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7.4 Spherical Bessel Functions 

Spherical Bessel functions are commonly associated with solving the 
Helmholtz equation in spherical coordinates. * ln the solution of this 
DE we are often led to an ordinary DE in the radial variable which 
has the form 

x2y" + 2xy' + [k 2x2 - n(n + l)]y =O n =O, 1, 2,... (7.43) 

where the constant k enters directly from the Helmholtz equation 
and the integer n is a separation constant which often has the 
physical interpretation of angular momentum. We recognize (7.43) as 
a special case of (6.98) for which 

b=k c=l and 

Hence the general solution of ( 7.43) can be expressed as 

y =x-112 [C1Jn+112(kx) + C2Yn+112(kx)] 

where e 1 and e 2 represent arbitrary constants. 

(7.44) 

Since n takes on integral values, all Bessel functions in (7.44) are 
of half-integral order. We previously found that the particular 
half-integral order Bessel function J 112(x) is an elementary function 
given by [recall Eq. (6.12a)] 

Moreover, it tums out that all half-integral order Bessel functions 
reduce to elementary functions. To combine the multiplicative factor 
x-112 appearing in front of (7.44) with the half-integral order Bessel 
functions, it has become customary to introduce functions defined by 

Ín(X) = ~Jn+112(X) n =O, 1, 2, ... (7.45) 

and 

n =O, 1, 2, ... (7.46) 

called, respectively, spherical Bessel functions of the first and 
second kinds of order n. 

* See, for example, Sec. 8.4.3. 
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By using the series representation 

oo (-lr(x/2)2m+n+112 
Jn+112(X) = L lf( + + ª/ ) 

m=O m. m n 2 

together with the Legendre duplication formula 

y;; f(2.x) = 22x-1f(x )f(x + 1/2) 

it can be shown that (see problem 1 in Exercises 7.4) 

(7.47) 

• n n 00 (-lr(m+n)!x2m 
Jn(X) = 2 

X m~O m!(2m + 2n + 1)! n =O, 1, 2,... (7.48) 

For instance, by setting n =O in (7.48), we find 

• 00 (-1rx2m 
Jo(X) = m~O (2m + 1)! 

and thus deduce that [see also Eq. (7.45)] 

. ( ) sinx 
Jo X =--

X 

Through repeated application of the recurrence formula 

and Eq. (6.12), it can be shown that 

. ( ) sinx cosx Ji X=-----
X2 X 

. ( ) G3 1) . 3 J 2 x = --- smx --cosx 
3 X X2 

(7.49) 

(7.50) 

(7.51) 

and so on. Similarly, recognizing that Y112(x) = -J _112(x) and using 
the recurrence formula for ~(x ), we find 

Yo(x) = _ cosx 
X 

y2(x) = _f _3 _!) cosx-~sinx 
~3 X X2 

(7.52) 

(7.53) 

(7.54) 

The details of deriving Eqs. (7.50) to (7.54) are left to the exercises. 
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;;,(x) 

0.4 

-0.2 

Figure 7.3 Graph ofjn (x ), n =O, 1, 2. 

Yn(x) 

Yo 

0.2 

o 

-0.2 

Figure 7.4 Graph of Yn (x ), n =O, 1, 2. 

X 

X 
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The graphs of some of the spherical Bessel functions are shown in 
Figs. 7.3 and 7.4. Observe that the general behavior of these 
functions is that of the standard Bessel functions. 

7.4.1 Recurrence formulas 

Recurrence relations for the spherical Bessel functions, analogous to 
those of the standard Bessel functions, can be derived directly from 
the corresponding relations for JP (x) and 1j, (x ). This leads to (see the 
exercises) 

d 
dx [x-nJn(x)] = -x-nin+1(x) 

., ( ) . ( ) n + 1 . ( ) Jn X =Jn-1 X ---Jn X 
X 

j~(x) = ~ Ín (x) - Ín+l (x) 
X 

(2n + 1).j~(x) =nJn-1(x)-(n + 1>.in+1(x) 

. (). () 2n+l.() 
Jn-1 X + }n+l X = --Jn X 

X 

(7.55) 

(7.56) 

(7.57) 

(7.58) 

(7.59) 

(7.60) 

The function Yn (x) satisfies the sarne identities, so we do not list them 
separately. 

7.4.2 Modified spherical Bessel functions 

The modified Bessel functions of half-integral order also reduce to 
elementary functions. For example, when p = 1/ 2 , we obtain 

I112(x) = ~sinhx 

K112(x) = ~e-x 
whereas in general it can be shown that 

1 [ x n (-l)k(n +k)! 
ln+112(x) = \J2iiX e k~ok!(n -k)!(2x)k 

+( l)n-1 -x.ç, (n+k)! ] (761) 
- e k~ok!(n -k)!(2x)k · 
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and 
{; -x n (n+k)! 

Kn+112(x) = -y~e k~ok!(n -k)!(2x)k (7.62) 

the details of which we leave to the exercises. 
Based on the above results, we are motivated to introduce the 

modified spberical Bessel functions of tbe first and second 
kinds, respectively, by 

in(X) = ~ln+112(x) n =O, 1, 2, .. . (7.63) 

and kn(x) = ~Kn+112(x) n =O, 1, 2, .. . (7.64) 

ln particular, when n =O, we obtain 

. ( ) sinhx 
i 0 x =-- (7.65) 

x 

(7.66) 

while higher-order functions lead to other combinations of hyperbolic 
and exponential functions. Some of the properties associated with 
these modified spherical Bessel functions are tak.en up in the exercises. 

Exerclses 7 .4 

1. From the series representation (7.47), show that 

. ( )=2n n ~ (-lr(m+n)!.x2m o 1 2 
Jn X X L.J 1(2 1)1 n = ' ' ' ... 

m=O m. m + 2n + . 
2. Show that (for n =O, 1, 2, ... ) 

(x/2)n f," Ín (x) = --
1
- cos (x cos 8) sin2

n+l (J d(J 
2n. o 

ln problems 3 to 8, verify the given recurrence relation. 

3. ! [xn+1jn(X)] =xn+1Jn-1(x) 

4. ! [x-".in(x)] = -x-nin+1(x) 

., . ) n + 1 . ( ) 5. Jn(X) =Jn-1(X ---Jn X 
X 

x>O 
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7. (2n + l)j~(x) = nin-1(x) - (n + l)jn+l (x) 

. . 2n +1. 
8. Jn-1(X) +Jn+1(X) =--1n(X) 

X 

9. By use of any of the recurrence relations, show that 

(ª) 
. ( ) sinx cosx 

J1 X =-2----
X X 

10. Show that 

cosx 
(a) Yo(x) = -­

x 

( b) Yl (x) = _ e:~ x _ si: x 

(e) Y2(x) = -G~ -;) cosx - x
3
2 sinx 

11. Show that 

(a) in (x )Yn-1 (x) - in-1 (x )yn (x) = 
1
2 

X 

. . 2n +1 
(b) Jn+1(X )Yn-1(X) - Jn-1(X)Yn+1(X) =--3-

X 

12. Develop the generating-function relations 
1 oo tn 

(a) -cosv'x2 -2.xt= L 1in-1(x) 
X n=on. 

1 oo (-l)ntn 
(b) - sin v'x2 + 2.xt = L 

1 
Yn-1 (x) 

X n=O n. 

13. Show that 

(ª) 
. ( ) sinhx coshx 
Z1X =---+--

X2 X 

(b) i2(x) = G~ + ;) sinhx - x
3
2 coshx 

(e) k1(x) = G1
2 +;) e-x 
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14. Verify Eq. (7.61). 

15. Verify Eq. (7.62). 

16. Verify the recurrence relations 

. . 2n +1. 
(a) ln-1(x) - in+1(X) =-- in(X) 

X 

(b) nin_1(x) + (n + l)in+1(X) = (2n + l)i~(x) 
17. Show that the wronskian satisfies the relations 

(a) W(jn,yn)(x) = 12 
X 

(b) W(in, kn)(x) = -
1
2 

X 

18. Show that 
(a) excosB =~:=o (2n + l)in(X)Pn(cos (}), where Pn(x) is the nth 

Legendre polynomial 

(b) Jo(X sin 0) = n~o (4n + 1) 2;;(~!~2Í2n(x)P2n(cos (}) 

7.5 Other Bessel Functions 

ln this section we briefly introduce some additional functions belong­
ing to the general Bessel family, some occurring only in the exercises. 
For a more detailed discussion of these functions, consult G. N. 
Watson, A Treatise on the Theory of Bessel Functions, 2d ed., 
Cambridge University Press, London, 1952. 

7.5.1 Hankel functlons 

The usefulness of the Euler formulas 

e±ix = cosx ± i sinx 

in a variety of applications suggests that linear combinations of JP (x) 
and Y,, (x) of the form 

H11l(x) = JP (x) + iY,, (x) 

H12l(x) = JP (x) - iY,, (x) 

(7.67) 

(7.68) 

may also be useful. We call these functions Bessel functions of the 
third kind, or Hankel functions. These functions are indeed useful 
in various applications, but perhaps their most useful property is 
that they enable us to readily develop asymptotic formulas for JP (x) 
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and Y,,(x) as x~oo (see Sec. 7.6). Because JP(x) and Y,,(x) each 
satisfy the sarne set of recurrence relations, it follows that H11l(x) and 
H12l(x) also satisfy these sarne recurrence relations. 

It is cornrnon to likewise introduce the spherical Hankel 
functions 

h~1l(x) = Ín (x) + iyn (x) 

h~2l(x) = Ín (x) - iyn (x) 

(7.69) 

(7.70) 

These functions, of course, satisfy the sarne recurrence relations as 
the spherical Bessel functions j n (x) and Yn (x ). 

An irnportant relation between the rnodified Bessel functions of the 
second kind and the Hankel functions can be derived through 
relations between IP (x) and KP (x) and the standard Bessel functions. 
We start with the relation 

H11l(ix) = Jp (ix) + iY,, (ix) 

= JP(ix) +-.-i- [(cospn)JP(ix) -J_P(ix )] 
smpn 

J_P(ix)-e-iP"'JP(ix) 

i sinpn 

e -ipn:12 LP (x) - e -ipn:121P (x) 

i sinpn 

= :/:-e-ip:n:12K (x) 
ZJt' P 

frorn which we deduce 

KP(x) = 1/ 2:rriP+1H1º(ix) 

Sirnilarly, it can be shown that 

KP(x) = _1/2:rri1-pH12J(-ix) 

7.5.2 Struve functlons 

(7.71) 

(7.72) 

Struve functions are irnportant in certain problerns in optics and in 
loudspeaker design. Let us recall the integral representation [Eq. 
(6.32)] 

J, (x) = (x/2)P J1 (1 - t2y-112eixt dt 
p Vi;f(p + 1/i) -1 

x>O (7.73) 
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If the above integral is multiplied by 2 and the integration performed 
over only the interval Os t s l, we are led to the result 

2(x/2)P J,1 (1- t2y-112eª' dt 
ynf(p + %) o 

- 2(x/2)P f1 2 -112 
-y;; f(p +%)lo (1- t Y' cosxt dt 

. 2(x/2)P f1 2\p-112 • d 
+ i y;; f(p + 1/2) lo (1- t ,- smxt t (7. 74) 

Using properties of even and odd functions, we see by comparison 
with (7.73) that the real part of (7.74) is once again JP(x). The 
imaginary part, however, can be used to define a new function 

H ( ) 2(x/2)P (1 ( 2\p-112 . d 
P x = ynf(p + 1/

2
)1

0 
1- t , smxt t 

p>-%, X> 0 (7.75) 

called the Struve function of order p. By a change of variable, it 
can also be shown that 

- 2(x/2Y' ("12 
• • 2p 

Hp(x) -ynf(p +%)lo sm (x cos O) sm OdO (7.76) 

The series representation of HP(x), obtained from either (7.75) or 
(7.76), is readily found to be 

"" ( - l)k(x/2)2k+p+l 
HP(x) = L ªI ªI k=or<k + 2)f(k + P + 2) 

(7.77) 

which is valid for all p. lt can be shown that for p > %, the Struve 
function Hp(x) has no zeros in the range x >O. Nonetheless, this 
function has an oscillatory behavior because it is an altemating 
series. 

The related function 

00 ( /2)2k+p+l 
L ( ) - ·-<p+1>H (. ) - " __ x ____ _ 

P X -i P lX - kL:of(k +%)f(k +p +%) (7.78) 

is called the modified Struve function of order p. Because its series 
is not an altemating series, this function is positive and hence has no 
zeros in the range x > O. When p is half-integral, the function HP (x) 
may be expressed in terms of circular functions and LP (x) may be 
expressed in terms of hyperbolic functions. 
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7.5.3 Kelvin's functions 

ln ohtaining the current density in a wire carrying an altemating 
current, it is sometimes necessary to solve DEs of the form 

xy" + y 1 
- ÍK

2xy = 0 (7.79) 

in which K is real. We recognize this equation as similar in form to 
that appearing in prohlem 23 in Exercises 7.2. Thus formally we can 
write the general solution as 

(7.80) 

The particular modified Bessel functions appearing in ( 7 .80) with 
complex arguments are used to define four real functions known as 
Kelvin's functwns (named in honor of Lord Kelvin). For example, 
directly from the series definition of l 0 (x ), we find that 

L ( 
·112) = ~ im(x/2)2m 

O Xi mL;,O (m!)2 

and hy splitting this series into real and imaginary parts, we ohtain 

l 0(xi 112
) = her (x) + i hei (x) (7.81) 

where 

00 (-l)k(x/2)4k 
her (x) = kl;o [ (2k )!]2 (7.82) 

and hei (x) = I (-l)k(x/2)4k+2 
k~O [(2k + 1)!]2 (7.83) 

The notation for these functions is hased on Kelvin's notation; i.e., her 
is "Bessel real" while hei is "Bessel imaginary."* Using the series 
(7.13a) for K 0 (x), we can define two additional functions for which 

K 0(xi 112
) = ker (x) + i kei (x) (7.84) 

The functions her (x) and hei (x) oscillate ahout the x axis with 
increasing amplitude and therefore have real zeros on the interval 
x > O. ln fact, hecause they are even functions, their graphs are 
symmetric ahout the vertical axis. 

* Although we used the modified Bessel function /0 (xi 112
) to define ber (x) and 

hei (x ), they can also be obtained from J0 (xi 312
). 
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Generalizations of these functions to functions of order p are also 
possible by using Bessel functions IP(xi 112 ) and KP(xi 112 ), although we 
do not pursue it here. 

7.5.4 Airy functions 

Solutions of the second-order DE 

y"-xy =O (7.85) 

are important in a variety of applications in mathematical physics, 
including the diffraction of radio waves around the earth's surface 
and the construction of asymptotic results near a two-dimensional 
caustic in the study of optical fields. By comparing ( 7 .85) with the 
general equation form given in problem 23 of Exercises 7.2, we find 
that a = 1/i, /3 = 2/s, e = %, and p = 1/3. Hence the general solution of 
(7.85) can be expressed in the form 

lt is customary, however, to introduce the solutions 

and 

Ai (x) = 1/3 vX [L113(2/sx 312 ) - l 113(2/sx 312 )] 

=; ~ K113(2fsx312) 

Bi (x) = ~ [LvaC2/sx312) + l 113(2/sx 312 )] 

(7.86) 

(7.87) 

(7.88) 

called, respectively, Airy functions of the first and second kinds. 
ln terms of these functions, the general solution of (7.85) can be 
expressed in the equivalent form 

(7.89) 

Some basic properties of the Airy functions are taken up in the 
exercises. 

Exercises 7.5 

1. Show that both H11\x) and H12l(x) satisfy the identities [ where 
ZP (x) represents either function] 

d 
(a) dx [xPZP(x)] =xPZP_1(x) 
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d 
(b) dx [x-PZP(x)] = -x-PZp+l(x) 

2p 
(e) Zp_ 1(x) + Zp+ 1(x) =-ZP(x) 

X 

(d) Zp-1(x)-Zp+1(x) = 2Z~(x) 

2. Show that 

KP(x) = - 1/2ni 1-PH~2)(-ix) 

3. By substituting t = cos 8 into (7.75), show that 

2(x/2)P i"'12 

Hp(X) = \Ín 1/ ) sin (x cos 8) sin2
P e de 

nf(p + 2 o 

4. Use Eq. (7.75) to develop the series representation 

"' (-l)k(x/2)2k+p+1 
Hp(x) = 2: ª/ (k ª/ k=ofCk + 2)f + p + 2) 

5. Show that 

6. Verify that HP(x) is a particular solution of the DE 

(x/2)P+1 
x2y" + xy' + (x2 - p2)y p > _1/2 

\Ín f(p + 1/2) 

7. Show that 

8. Show that 

(a) H_ 112(x) = {f sinx 

(b) H112(X) = f2 (1- cosx) 'J~ 

(e) L_ 112(x)= /2 sinhx 
'J~ 
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9. Show that 

(a) H-<n+112>(x) = (-l)nJn+112(x), n =O, 1, 2, ... 

(b) L-(n+l/2)(x) = ln+112(X ), n =o, 1, 2, ... 

10. Show that 

- 2(x/2Y' L"''2 . . 2p 
Lp(x) -v'ilf(p + %) 

0 
smh (x cos O) sm Ode 

11. Show that 

12. Verify that 

y = C1[ber (x) + ker (x)] + C2 [bei (x) + kei (x)] 

is a solution of Eq. (7.79). 

13. Show that 

·2 "" (x/2)4k 
ber2 (x) + be1 (x) = k~o (k!)2(2k + 1)! 

14. Kelvin's functions of order p are defined by 

IP(xi 112 ) = berP (x) + i beiP (x) 

Show that 

x [ (x/2)2 (x/2)4 (x/2)6 J 
(a) ber1 (x) = - 2\72 1 + 1!2! - 2!3! - 3!4! + ... 

(b) b . ( ) = ~ [1 - (x/2)2 - (x/2)4 (x/2)6 .. ·] 
eii X 2\Í2 1!2! 2!3! + 3!4! + 

15. The integral Bessel function of order p is defined by 

Ji (X)= (XJp(t) dt 
p L t 

Verify that 

. LXJ, (t) 
(a) pJ1p(x)=p 

0 
Tdt-1 

(b) pJiP(x)= f JP_1(t)dt-JP(x)-1 
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16. Referring to problem 15, show that 

• X 00 
( -l)k(X/2)2k 

(a) J1o(x)=In2+r+ k~1 2k(k!)2 

. 1 00 (-l)k(x/2)2k+n 
(b) J1n(x)=--+ L (2k )kl( k)I' n=l,2,3, ... 

n k=o + n . n + . 

17. The Anger function is defined by 

1 f:rc 
JP(x) = - cos (p8 -x sin 8) d8 

:Tr o 
x2::0 

Show that 
(a) Jp-l (x) - Jp+1 (x) = 2J;(x) 

(b) JP_ 1(x) +Jp+1(x) = 2p JP(x)-~sinp:Tr 
X JT:X 

18. The Weber function is defined by 

1 f:rc 
EP(x) = - sin (p8 -x sin 8) d8 x;::::: O 

p o 

Show that 
(a) Ep-l (x) - Ep+1 (x) = 2E;Cx) 

2p 2 
(b) EP_ 1(x) + Ep+1(x) = -EP(x) - - (1- cospn) 

X JT:X 

19. Show that 

(a) Ai' (x) = n:.JãK213(%x312) 

(b) Bi' (x) = Va [L213(%x312
) +121i%x312 )] 

20. Show that the Airy functions satisfy the initial conditions 
(a) Ai (O)= 3-213/f(%) 
(b) Bi (0) = 3- 116/f(%) 
(e) Ai' (O) =-3- 314/f(%) 
(d) Bi' (O)= 3-516/f( 4

/ 3 ) 

21. Develop the wronskian relation 

W[Ai (x), Bi (x)] =_! 
:Tr 

Hint: Use problem 40 in Exercises 2.2. 

22. Show that a general solution of y" + xy = O is given by 

y = C1 Ai ( -x) + C2 Bi ( -x) 



              

316 Chapter Seven 

where 

Ai ( -x) = 1fa Vx [J _11a(2/ax 312) + J11a(2fax 312 )] 

Bi ( -x) = ~ [J _11a(2/ax 312
) - J113(2/ax 312 )] 

23. Referring to problem 22, show that 

(a) Ai' (-x) =-}a [J_21a(2/ax 312 )-J21a(2/ax312 )] 

(b) Bi' ( -x) = Va [J _213(2/ax 312 ) + J 213(2/ax 312 )] 

24. Verify the integral representations 

(a) Ai (x) = 
2
3-: r cos (~x312 sinh t) cosh ~dt, X> o 

(b) Ai (x) = ~ f' cos G t3 + xt) dt, x >O 

7.6 Asymptotic Formulas 

For numerical computations it is usually convenient to use simplified 
asymptotic formulas when the argument of the Bessel function is 
either very small or very large. ln fact, it can be shown that almost 
all computations involving Bessel functions can be performed with 
the use of these asymptotic formulas.* 

7.6.1 Small arguments 

For small arguments (x ~o+), we simply utilize the first term or so 
of the series representation for the given function. Doing so, we have 
previously shown that the standard Bessel functions have the 
asymptotic formulas 

(x/2Y' 
JP(x)- r(p + 1) p =I= -1, -2, -3, ... , 

2 
Yo(x)--lnx 

Jt 

Y. (x) - - r(p) (~)P 
P Jt X 

p>O, 

x~o+ (7.90) 

(7.91) 

(7.92) 

*For example, see chap. 11 in G. Arfken, Mathemati.cal Methods for Physi.cists, 
3d ed., Academic, New York, 1985. 
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Similarly, the modified Bessel functions have the asymptotic 
formulas 

x-+O+ (7.93) 

K 0(x) - -lnx (7.94) 

K (x) - f(p ) (~)P O 
P 2 X p> ' (7.95) 

We leave it to the exercises to obtain the following results: 

. n!(2x)ll 
Jn(x)- (2n + 1)! n =O, 1, 2, ... , x-+O+ (7.96) 

2(2n)! 
Yn(x)- - n!(2x)ll+1 n =O, 1, 2, ... , x-+O+ (7.97) 

. n!(2x)n 
ln(x)- (2n + 1)! n =O, 1, 2, ... , x-+O+ (7.98) 

kn(x)-
2(2n)! 

n =O, 1, 2, ... , x-+0+ (7.99) n!(2x)ll+1 

7.6.2 Large arguments 

To derive asymptotic formulas for large arguments, we start with the 
integral representation [recall Eq. (7.36)] 

K (x)= Vir:<xf2)PJ,"' e-xt(t2 -l)P- 112 dt p>-1/
2
,x>O 

p f(p + 1/2) 1 

and make the substitution t = 1 + u/x, which leads to 

Vir: (x/2)P (2)p-1/2 e-x 
K (x)= - -

P f(p + 1/2) X X 

r ( u )p-112 
X Jo e-u 1+2x up-112du (7.100) 

Now, for large x, we use the approximation 

( 
u )p-112 

1+- -1 
2x 

X »u 
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and (7.100) reduces to 

from which we deduce 

K (x)- {; e-x 
p 'V~ p 2:: o, x~oo (7.101) 

Based on the asymptotic formula (7.101), we can develop asympto­
tic formulas for the other Bessel functions through interconnecting 
relations. For example, by starting with the relation [recall Eq. 
(7.71)) 

it follows through the replacement of x with -ix that 

(7.102) 

Under the assumption that (7.101) is valid also for complex ar­
gumenta, we are led to 

Hu>(x)-~i-<v+i> ~ eix 
p Jr 'V~ 

- ~i-<p+112>eix x~oo 

and by writing i = é'"12
, we obtain 

H (l)( ) ~ ·[ (p + l/2)Jr] x - -expi x-
P :n;x 2 

+ . . [ (p + %)Jr]} ism x-
2 

x~oo 

Finally, recalling the relation 

H~1l(x) = JP (x) + ilj, (x) 
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and equating real and imaginary parts of these last two expressions, 
we obtain the set of asymptotic formulas 

J ( ) ~ [ 
(p + %):rr] 

X - -COS x----
P :rrx 2 

p 2:: o, x~ oo (7.103) 

and 

Y. ( ) ~ . [ (p + l/2):rr] x - -sm x-----
P :rrx 2 

p 2:: o, X~ oo (7.104) 

By using the relation 

we also find that 

x~oo (7.105) 

Similarly, it can be shown that (see the exercises) 

. ( ) 1 . ( n:rr)· 
Jn X -;sm x-2 n = 0, 1, 2, ... , X~ oo (7.106) 

n =O, 1, 2, ... ,x~oo (7.107) 

(7.108) 

e-x 
kn(x)-- n =O, 1, 2, ... ,x~oo (7.109) 

X 

Exercises 7.6 

ln problems 1 to 8, derive the given asymptotic formula for small 
arguments. 

1. (a) K0 (x)- -lnx, x~o+ 
f(p) (2)P (b) KP(x)--

2
-; ,p>O,x~o+ 

2. (a) 
. ( ) n!(2x)n + 

JnX -(
2 

)
1
,n=0,1,2, ... ,x~o 

n+l. 

(b) 
2(2n)! + 

Yn(x)- - n!(2xr+l' n =O, 1, 2, ... , x~o 
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3. (a) 
. ( ) n!(2xr + 
ln X - ( 2n + l) ! , n = O, 1, 2, ... , x - O 

2(2n)! + 
(b) kn(x)-n!(2x)n+1'n=0,1,2, ... ,x-o 

4. (a) 

(b) 

5. (a) 

(b) 

2 
H0(x)--x,x-o+ 

jf 

2(x/2Y'+1 

HP(x)- \{;:f(p + %)' x-o+ 

2(x/2Y'+1 

(e) LP(x)- \{;:f(p +%)' x-o+ 

6. (a) ber (x)-1, x-o+ 
(b) hei (x)- 1

/ 4x
2

, x-o+ 

7. (a) Ji0 (x)-lni, x-o+ 

(b) Jin(x)--.!,n=l,2,3, ... ,x-o+ 
n 

8. (a) Ai (x) - ~~ G) 116

, x-o+ 

. \f2 (x)116 + 
(b) Bi (x)-f(2/a) 2 , x-o 

ln problems 9 to 14, derive the given asymptotic formula for large 
arguments. 

9. (a) 

(b) 

10. (a) 

(b) 

Jn(x)-;sin (x - ~lf), n =O, 1, 2, ... ,x-oo 

1 ( nlf) Yn(x)- -:;cos x -2 , n =O, 1, 2, ... ,x-oo 

ex 
in(x)- 2x' n =O, 1, 2, ... ,x-oo 

e-x 
kn(x)--, n =O, 1, 2, ... ,x-oo 

X 



              

12. (a) 

(b) 

13. (a) 

(b) 

2 
L 0 (x) -l0(x)- --, x-oo 

7rX 
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(2/x )1-p 

LP(x)-lp(x)- - Vlrf(p + 1/
2
), x-oo 

ber (x) - -
1

-ex/\/2 cos (~ - !!_) x - oo V2iiX V2 8 ' 

hei (x) - -
1

-ex/\/2 sin (~ - !!_) x - oo V2iiX V2 8 ' 

14. (a) Ai (x) - %;r-112x- 114 exp ( -2/ax 312
), x- oo 

(b) Bi (x) - ;r-112x-114 exp (2/ax 312
), x - oo 

15. By expressing the factor [1 + u/(2x)]P-112 in a binomial series in 
Eq. (7.100), show that 

KP(x)- {; e-x1 f (p-1/2)f(p+n~1/2) 
'V~ f(p + /2) n=O n (2x) 

p > -%, X->OO 



 



              

Chapter 

8 
Applications lnvolving 

Bessel Functions 

8.1 lntroduction 

Bessel functions are prominent in a variety of applications, some of 
which were discussed in Chaps. 6 and 7. Now we wish to consider 
some additional examples typical of those occurring in more than one 
field of application. To provide some variety in our discussions, we 
have chosen examples from the fields of mechanics, wave propagation 
and scattering, fiber optics, heat conduction in solids, and vibration 
phenomena. (A working knowledge of each subject is generally 
sufficient to follow the discussion. ) 

8.2 Problems in Mechanics 

We begin this chapter on applications with some examples chosen 
from the fields of particle dynamics and the static displacements of 
beams and columns. Additional problems of a similar nature are 
taken up in the exercises. 

8.2.1 The lengthenlng pendulum 

ln the absence of frictional forces, the angle of oscillation <f> of a 
swinging pendulum of fixed length and mass µ is governed by the 
equation (see Sec. 3.5.2) 

(8.1) 

323 
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µg 

Figure 8.1 A swinging pendulum. 

where r is the length of the pendulum rod and g is the gravitational 
constant (see Fig. 8.1). Suppose now we considera variation of that 
problem in which the length r is not constant, but increases linearly 
with time from an initial length b at time t = O. Thus the length of 
the rod for all t ~ O is described by 

r(t) = at + b (8.2) 

where a is a constant equal to the rate of increase. 
Let er and eq, denote orthogonal unit vectors, where er always 

points in the direction of the position vector r(t) and eq, is in the 
transverse direction, as shown in Fig. 8.1. These base vectors are 
related by 

deq, d</> -=--e 
dt dt r 
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The position vector of the mass is therefore simply 

r(t) = r(t )er = (at + b )er (8.3) 

the derivative of which yields the velocity vector 

dr der 
v(t) = dt = aer + (at + b) dt 

(8.4) 

Differentiating once more, we obtain the acceleration vector 

(8.5) 

The transverse acceleration component of the mass is the coefficient 
of e<P in (8.5), and the particular term 2ad<P/dt is called the coriolis 
acceleration component. By equating the mass times this transverse 
acceleration component to the gravitational force component in the 
transverse direction, that is, -µg sin </J, we obtain the nonlinear 
equation of motion* 

(8.6) 

Here we consider only the case of "small oscillations" for which we 
may replace sin <P by cp. If we also make the change of variables 
at + b = ax, then Eq. (8.6) reduces to the linear equation 

x<P" + 2<P' + k 2 <P =O (8.7) 

where k2 =g/a and the primes denote differentiation with respect to 
x. Multiplying (8.7) by x and comparing the resulting equation with 
the general form given by (6.98), we see that 

1-2a=2 2c = 1 

* Since the mass µ of the pendulum bob is constant, it drops out in the final 
equation. Hence, it is sufficient to simply equate acceleration components. 



              

326 Chapter Elght 

from which we deduce a = - 1
/ 2 , b = 2k, e = 1

/ 2 , and p = 1. Therefore, 
the general solution of (8.7) is given by 

To determine the arbitrary constants C1 and C2, we must impose 
initial conditions on the solution. For instance, suppose that at time 
t = O the pendulum has angular displacement <Po with zero angular 
velocity. We then have the initial conditions 

</>(O)= </>o 
d</> 
-(0)=0 
dt 

which, in terms of variable x, become 

<P'G) = º 

(8.9) 

(8.10) 

The deriyative of <J>(x) leads to (see problem 4 in Exercises 8.2) 

(8.11) 

so that, upon imposing the initial conditions (8.10), we obtain 

<P(~) = ~ lC1J10.) + C2Y1(Â)] = <l>o 

(8.12) 

where). = 2kv1b/a. The simultaneous solution of (8.12) leads to 

</>o v1b/a }72().) 

C1 = Jl().)Y2(Â) -J2(Ã)Y1(Â) 

<Po v'bfã J2().) 
C2 = - Jl (Ã)Y2(Ã) -J2(Ã)Y1 ().) 

(8.13) 

However, by virtue of the relationship (see problem 8 in Exercises 
6.6) 

(8.14) 



              

Applications lnvolving Bessel Functlons 327 

the constants C1 and C2 take the simpler form 

(8.15) 

Thus, the angular displacement of the pendulum at any time t is 
given by 

(8.16) 

where Â = 2'\/bif a and s = 2'\/g(at + b )/a. 

8.2.2 Buckling of a long column 

Vertical columns have been used extensively in Greek and Roman 
structures throughout the centuries. One of the oldest engineering 
problems concems the buckling of such columns under a compressive 
load. Euler developed the first truly mathematical model that can 
rather accurately predict the criticai compressive load that a column 
can withstand before deformation or buckling takes place. 

Consider a long column or rod of length b that is simply supported 
at each end and is subject to an axial compressive load P applied at 
the top, as shown in Fig. 8.2. By "long'' we mean that the length of 

p 

X = b 

Figure 8.2 Buckling column. 

\ 
\ 
1 

J 

/ 
/ 
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the column is much greater than the largest dimension in its cross 
section. From the elementary theory of small deflections of beams 
and columns, the departure y from the vertical x roeis for such a beam 
or column is govemed by the equation 

Ely"=M (8.17) 

where M is the bending moment, E is the modulus of elasticity, and I 
is the moment of inertia of the cross section of the column. When the 
column is deflected a small amount y from the vertical due to the 
loading P, the bending moment is M = -Py. Since the column is 
assumed to be simply supported, there can be no displacement at the 
ends. Thus, Eq. (8.17) together with the boundary conditions takes 
the form 

Ely"+Py =O y(O) =O y(b) =o (8.18) 

Clearly, the problem described by (8.18) has the trivial solution 
y = O, corresponding to the column not bending away from the x roeis. 
However, if P is large enough, there may exist nontrivial solutions of 
(8.18). That is, if P is sufficiently large, the column may suddenly 
bow out of its equilibrium state, called a state of buckling. The 
smallest value of P that leads to buckling is called the Euler criticai 
load, and the corresponding deflection mode is called the 
fundamental buckling mode. 

The classic example of a buckling column involves the case when E, 
I, and P are all constant, and then it is easy to show that the Euler 
criticai load P1 and corresponding fundamental deflection mode are 
given, respectively, by* 

e . J1X 
y = s1n-

b 

where C is an arbitrary constant. The constant C remains un­
determined in this analysis (because we chose a linear model). It can 
be determined only from a more exact nonlinear analysis, but the 
value of C is often of little concem in practice, i.e., usually only the 
criticai load is of interest. 

Suppose now we consider the case where the column is tapered so 
the moment of inertia is not constant, but is given by l(x) = ax, 

* For example, see chap. 2 of L. C. Andrews, Elementary Partial Differential 
Equations with Boundary Value Problems, Academic, New York, 1986. 
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where a> O. ln this case Eq. (8.18) becomes 

Ea:xy" + Py =O y(O) =O y(b) =o (8.19) 

ln solving the DE, first we rewrite it in the forro 

(8.20) 

where k 2 =P/Ea. Then, by comparing this DE with the general forro 
given by (6.98), we see that a= 1/ 2 , b = 2k, e= 1/ 2 , and p = 1, from 
which we deduce the solution 

(8.21) 

where C1 and C2 are arbitrary constants. 
To apply the first boundary condition y(O) =O, we use the 

asymptotic forros for both J 1 and Y1 ; hence 

y(O) = lim Vx [C1J1(2kVx) + C2Y1(2kVx)] 
x-+0 

(8.22) 

which can vanish only if C2 =O. The second boundary condition then 
requires that 

(8.23) 

There are infinitely many solutions of J 1(2k\ib) =O, the first ofwhich 
yields the Euler criticai load P1 . That is, if we let k 1 denote the 
smallest value of k for which (8.23) is satisfied, the corresponding 
Euler criticai load is 

(8.24) 

leading to the fundamental deflection mode 

(8.25) 

where C 1 remains undeterroined. 

Example 1: Given that b = 400 cm, a = 10-4 cm3
, and E = 2 x 

109 g/cm2
, calculate the Euler criticai load given by Eq. (8.23) and 
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determine the point along the vertical x ruds where the maximum 
displacement occurs. 

Solutlon: With b = 400, we first determine k1 by solving 

From Table 6.1, the first zero of J 1 occurs when 40k1 = 3.832, or 
k = 0.0958. Hence, the Euler criticai load is 

P1 = Eak~ = (2 x 109 )(10-4 )(0.0958)2 =1836 kg 

The maximum displacement of the column takes place at the point 
where y' =O, which from (8.25) leads to (see problem 5 in Exercises 
8.2) 

y' = C1k1Jo(2k1 Vx) =O 

The first admissible zero of J0 occurs when 2k 1 Vx = 2.405. Thus, 
using k1=0.0958, we find that x = 158 cm, which is closer to the 
bottom (more tapered end) of the column. 

Exercises 8.2 

1. Assuming that a « 1, use asymptotic formulas to show that the 
solution of the lengthening pendulum (7.16) assumes the ap­
proximate form 

( 
b )3/4 

</>(t) =</>o at + b cos (s - Â) a «1 

2. Use the solution in problem 1 to show that the pendulum is in 
the vertical position at times 

t = ~ {[ (2n 2: l)ir + 1 r -1} 

where n assumes integer values. 

3. By writing 

2v'f)g [ ( at) 
112 

] s-Â=-- 1+- -1 
a b 

expand the factor (1 + at/b )112 in a binomial series and deduce 
that in the limit a~ O, the solution in problem 1 reduces to the 
classic result 

</>(t) =</>ocos ~ t 
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4. Use the identity 

(a) Show that 

d [ 1 ] k dx VxJ1(2kvX) = -;,J2(2kvX) k>O 

(b) Show that the identity in (a) also applies to the Bessel 
function of the second kind. 

5. Using the identity 

show that 

6. A particle of variable mass m =(a+ bt)-1
, where a and b are 

constants, starts from rest ata distance r0 from the origin O and 
is attracted by a force always directed toward O of magnitude 
k2mr (k constant). Given that the equation of motion is given by 

d( dr) 2 
dt m dt = -k mr 

find a solution in terms of J 1 and Y1 that satisfies the prescribed 
initial conditions. 
Hint: Make the change of variable bx = a + bt. 

7. A particle of variable mass m = (a + t )/a, where a is a constant, 
is initially ejected from the origin O with velocity v. If it is 
repelled from the origin with a force per unit mass proportional 
to the distance r from O, the equation of motion is given by 

:t(m :;) =k
2mr 

Find a solution in terms of modified Bessel functions of order zero 
that satisfies the prescribed initial conditions. 

8. Prove that, regardless of the values of a and E, the ratio of the 
point of maximum displacement x to the length of the column b is 
always x/b = 0.395 for the particular column discussed in Sec. 
8.2.2 (i.e., it is independent of the material used to make the 
column). 



              

332 Chapter Eight 

9. When I (x) = aVx, show that the solution of the buckling problem 
in Sec. 7.2.2 is 

y = C1YxJ21aC2kx3
'
2

) 

10. ln a problem on the stability of a tapered strut, the displacement 
y satisfies the boundary-value problem 

4xy"+k2y=O y'(a)=O y'(b)=O (a<b) 

Show that the determination of the positive constant k for which 
nontrivial solutions exist leads to the relation 

Jo(k\Ía)Yo(kyib) = JoCkVb)Yo(k\Ía) 

11. The small deflections of a uniform column of length b bending 
under its own weight are govemed by 

8'(0) =o 8(b) =O 

where 8 is the angle of deflection from the vertical and k is a 
positive constant. 
(a) Show that the solution of the DE satisfying the first 

boundary condition 8'(0) =O is 

8 = C1YxJ-11aC%kx312 ) 

where e 1 is any constant. 
( b) Show that the shortest column length for which buckling 

may occur (denoted by b0 ) is b0 = l.986k-213. 
Hint: The first zero of J _113(u) is u = 1.866. 

12. An axial load P is applied to a column whose circular cross 
section is tapered so that the moment of inertia is l(x) = (x /a )4

• 

The buckling modes are described by solutions of 

x4y''+k 2y=O y(l)=O y(a)=O (a>l) 

where k 2 =Pa4/E. 
(a) Show that the Euler criticai load is 

7r2E 
Pi=---~ 

a 2(a - 1)2 

( b) Show that the fundamental buckling mode is 

y = x sin [a~\ ( 1 - ~)] 

8.3 Statistical Communication Theory 

Statistical communication theory is basically the application of 
probability and statistics to problems in the communication process. 
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This includes such areas as the transmission and reception of 
messages, the measurement and processing of data, design of 
decision systems, and so on. Our primary interest here, however, 
concerns only the propagation and detection of electromagnetic 
radiation. 

Theoretical studies prior to 1960 concerning the propagation of 
electromagnetic radiation involved the propagation of starlight 
through the atmosphere, propagation of sound waves through the 
atmosphere and ocean, and propagation of radio waves through the 
ionosphere. With the introduction of the laser in 1960 new theoretical 
investigations were begun that included related phenomena such as 
microwave sea scatter and speckle patterns from optical waves 
scattered off rough surfaces. 

8.3.1 Narrowband noise and envelope 
detection 

ln the general study of communication systems, it is important to 
understand the statistical properties of random noise at the input 
and output of various linear and nonlinear devices. Let us consider 
noise at the output of a narrowband linear filter with center 
frequency {0 = w0/2n Hz and bandwidth B «{0 • ln such cases the 
output noise n(t) is called narrowband noise and is expected to 
appear almost as a sine wave of frequency {0 , but with slowly varying 
and randomly modulated phase and amplitude. ln general, therefore, 
we write 

n(t) = x(t) cos w0 t - y(t) sin w0 t (8.26) 

where x(t) and y(t) are independent gaussian (or normal) random 
processes with zero means and mean-squared values given by the 
expected values 

(8.27) 

where ( ) denotes an ensemble average. Hence x(t) and y(t) have 
the probability distributions 

Px(x) = ke-x2
!2N (8.28a) 

p (y) =-l-e_Y212N 
y v'2iCN (8.28b) 

and because x(t) and y(t) are independent, their joint distribution is 
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given by 

Pxy(X, Y) = Px(X )py(y) 

= _1_ e -<x2+y2J/2N 

2;rN 
(8.29) 

ln high-frequency communications we usually also have a sinu­
soidal signal at or near frequency {0 • For example, this signal could be 
a carrier in either AM (amplitude modulation) or FM (frequency 
modulation) transmission, or one of two transmitting states of an 
FSK (frequency-shift keying) binary transmission system. ln most 
cases the signal is taken as additive to the noise, and it is the 
statistical properties of the envelope of the composite signal plus 
noise that we wish to investigate. 

Let us assume the signal is an unmodulated carrier of amplitude A 
and frequency {0 = w0/2;r. Because the phase of the signal is purely 
arbitrary and does not affect our results, we assume it is zero. The 
composite signal plus narrowband noise at the output of a linear 
device then has the representation 

v(t) =A cos w0t + n(t) 

= [x(t) +A] cos w0 t - y(t) sin w0 t 

= r(t) cos [w0 t + O(t)] (8.30) 

where r(t) and O(t) represent the random envelope (or amplitude) 
and phase, respectively, of the composite signal and noise. Clearly, 
r(t) and O(t) are related to the quadrature components x(t) and y(t) 
by the transformation 

x(t) = r(t) cos 6-A 

y(t) = r(t) sin 6 
(8.31) 

The joint density function of r(t) and O(t) is obtained from (8.29) by 
solving 

Pre(r, 8) drd() = pxy(x,y) dxdy 

Thus, by substituting Eqs. (8.31) into (8.29), we get 

( )d d() =_r_ {-[(rcos8-A)
2
+(rsin8)2]}d d() 

Pre r, () r 2;rN exp 2N r 
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where we have used dx dy = r dr d O. Simplifying the terms in the 
above exponential function, we obtain the joint distribution 

( (}) _ _ r_ [- (r
2 + A2 

- 2Ar cos O)] 
Pre r, - 2rt:N exp '2N (8.32) 

The marginal distribution of the envelope r(t) is found by integrat­
ing (8.32) over O (modulo 2rt) whereas that of the phase O(t) is found 
by integrating over O :s: r < oo. Performing integration over the in­
terval -Tt <O :s: Tt (or over O :s: O< 2rt), we have 

which reduces to 

( ) = !_ -<r2+A2Jt2Nz (Ar) 
Pr r Ne o N r>O (8.33) 

where we have used the Be&sel function relation (see problem 1 in 
Exercises 7.3) 

1 f" lo(x)=- excos8d(} 
2rt -n 

The distribution (8.33) is known in the literature as the rician 
distribution, or sometimes the Rice-Nakagami distribution. 

The marginal phase distribution is likewise determined by eval­
uating the integral 

= _1_ e -A2/2N f"' e -(r2-2Ar cos 8)12N dr 
2rt:N o 

To perform the integration, we complete the square in the argument 
of the exponential to find 

Po( O)= --e-•e• cos2 e re-<rtV2N-V& cos eJ2 dr 1 f"' 
2rt:N o 

(8.34) 

where s =A2/'2N is the signal-to-noise ratio (SNR) of the power of 
the sinusoidal s~al to that of the noise. Next we make the change of 
variable t = r /V'2N - Vs cos O and integrate the resulting expression 
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to obtain (see problem 8 in Exercises 8.3) 

-Jt < (}::;. Jt (8.35) 

where erf x is the error function (see Sec. 3.2). 

8.3.2 Non-Rayleigh radar sea clutter 

The performance of microwave sea echo over the open sea, which is 
often limited by the presence of sea clutter ( unwanted returns) in the 
return signal, has been the subject of a large number of investiga­
tions since World War II. When large areas of the sea are illuminated 
by radar, the return signal behaves as narrowband gaussian noise. 
Hence, the envelope r(t) of the return signal can usually be well 
approximated by the Rayleigh distribution [ obtained from ( 8.33) 
by setting A = O] 

r>O (8.36) 

where a2 =N= (r2(t))/2. However, when the sea is viewed at low 
grazing angles with a high-resolution radar, the envelope r(t) shows 
significant deviations from Rayleigh statistics. 

Experimental evidence in the case of low grazing angles suggests 
that the envelope r(t) of the return radar signal can be represented 
by the product of two independent random processes with differing 
correlation times, i.e.,* 

r(t) = x(t )y(t) (8.37) 

where x(t) has a long correlation time compared with y(t ). The 
probability density function of r(t) can then be determined by 
evaluating the integral 

(8.38) 

where Pr(r 1 x) is the conditional density function of r(t) given x(t ). 
From basic probability theory it is known that Pr(r 1 x) is related to 

* See K. D. Ward, "Compound Representation of High Resolution Sea Clutter," 
Electronics Lett., 17: 561-563, 1981. 
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the distrihution py(y) according to 

(8.39) 

where we are using the fact that x(t) and y(t) are independent. For 
modeling purposes, we assume that the density function for x(t) is 
the chi-squared distribution 

2 
P (x) =--x2v-1e-x2 

X f(v) 
x>O (8.40) 

where v is a positive parameter dependent upon range, height, aspect 
angle, and sea state. We further assume that the distribution of y(t) 
is Rayleigh, i.e., 

( ) Y -y212a2 p y =-e 
y ª2 

and thus (8.39) becomes 

1 

r 212 22 
Pr(r x)=--e-r ª" 

a2x2 

y>O (8.41) 

r>O (8.42) 

Finally, the substitution of (8.40) and (8.42) into the integral in 
(8.38) yields 

2r f 00 2v-3 -x2-r2!2a2x2 dx = X e 
f(v )a2 o 

and by making the change of variable t = x 2
, this becomes 

( ) = r foo tv-2 -t-r2/2a2t dt 
Pr r f(v)a2 o e (8.43) 

We recognize this last integral as that given by (7.37), and hence we 
obtain 

_ 22-vr (y'2 r)v-1 (y'2 r) 
Pr(r)-f( ) 2 Kv-1 

v a a a 
r>O* (8.44) 

which belongs to the general family of K distributions. 

* We are using the fact that K_P(x) =KP(x). 
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Exercises 8.3 

1. (a) Show that in the absence of a signal (that is, A= O) Eq. 
(8.33) reduces to the Rayleigh distribution 

(b) Show that the statistical moments of the Rayleigh distribu­
tion are given by 

(rv) = f' r"pr(r)dr 

= (2N)v12r(1 + i) 
2. The joint distribution of the envelopes and phases of two 

correlated narrowband processes is 

P2(rv r2; Ov 82) = (2.nN)2(l - p2) 

{ 
[r~+r~-2pr1r2 cos(82 -81)]} 

x exp - 2N(l _ p2 ) 

where p is a normalized correlation coe:fficient. Show that 

P2(rv r2) = J_''"' J:"' P2(rv r2; Ov 82) d81 d82 

r1r2 [ (r~ + r~) ] [ pr1r2 ] 
= N2(1- p)2exp - 2N(l- p2) lo N(l- p2) 

3. Show that when v = %, the K distribution (8.44) reduces to 

2r .rn 
Pr(r) = 2e-v2r1a r >O 

a 

4. The intensity of a radar signal is defined by E = r2, where r is the 
amplitude or envelope. If r is governed by the K distribution 
(8.44), show that E satisfies 

21-v (y'2E)v-1 (y'2E) 
PE(E) = f(v )a2 ---;;- Kv-1 ---;;- E>O 
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5. If E is governed by the distribution in problem 4, find the 
normalized moments of E defined by (En)/(E)n, where 

(En) = f EnpE(E) dE n = 1, 2, 3, ... 

Hint: See Example 1 in Sec. 7.3. 

6. If both x and y are zero mean gaussian variates with unit 
variances, show that the distribution of r = xy is given by 

1 
Pr(r) = -Ko(lrl) 

n 

7. If the intensity E of a radar signal is governed by the modified 
rician distribution 

PE(E) = ~e-<A.2+EVbJo(2:° YE) E>O 

show that the statistical moments are given by 

(En)=bnn!Ln(-~
2

) n=l,2,3,. .. 

where Ln (x) is the nth Laguerre polynomial. 

8. Derive Eq. (8.35) from (8.34). 

8.4 Heat Conduction and Vibration 
Phenomena 

The fundamental problem in the mathematical theory of heat 
conduction is to determine the temperature in a homogeneous solid 
when the distribution of temperature throughout the solid is known 
at time t =O and the temperature (or temperature gradient) at every 
boundary point is known. ln vibration phenomena the correspond­
ing problem is to describe the wave motion of a natural or mechanical 
system, such as a vibrating membrane, subject to certain initial and 
boundary conditions. 

The governing equations for a wide variety of applications involv­
ing vibration phenomena, diffusion processes, and potential theory are 
primarily the wave equation 

heat equation 
au 

V2u =a-2 -at 

(8.45) 

(8.46) 
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and Laplace's equation 

(8.47) 

where the laplacian V2u is defined in rectangular coordinates by 

éPu éPu a2u 
V2u=-+-+­

ox2 oy2 oz2 

8.4.1 Radial symmetric problems 
lnvolving circles 

(8.48) 

We wish to begin by determining the small displacements u of a thin 
circular membrane (such as a drumhead) of unit radius whose edge 
is rigidly fixed (see Fig. 8.3). The governing equation for this problem 
is the wave equation (8.45), where e is a physical constant having the 
dimensions of velocity. 

lf the displacements u depend only upon the radial distance r from 
the center of the membrane and on time t, then (8.45) reduces to the 
radial symmetric form of the wave equation given by (see problem 1 
in Exercises 8.4) 

O<r < 1, t>O (8.49) 

where u = u (r, t ). Since we have assumed the membrane is rigidly 
fixed on the boundary, we impose the boundary condition 

u(l, t) =O t>O (8.50) 

lf the membrane is initially deflected to the shape f(r) with velocity 
g(r ), we also prescribe the initial conditions 

u(r, O)= f(r) 
au at (r, O) =g(r) O<r<l (8.51) 

y 

Figure 8.3 A circular membrane. 
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By expressing the unknown function u in ( 8.49) in the product 
form u(r, t) =R(r)T(t), the separation of variables technique leads 
to 

R" + (1/r)R' T" 
R = c2T= -Ã (8.52) 

where -Ã is the separation constant. (The choice of the negative sign 
is conventional, not necessary.) Hence (8.52) is equivalent to the 
system of ordinary DEs 

rR" + R' + ÃrR = O 

T"+k2T=O 

O<r<l 

t>O 

(8.53) 

(8.54) 

Under the assumption u(r, t) =R(t)T(t), the boundary condition 
(8.50) becomes 

u(l, t) =R(l)T(t) =O 

from which we deduce 

R(l) =O (8.55) 

Equation (8.53) is recognized as a generalized form of Bessel's 
equation of order zero. By writing Â = k 2 >O,* the general solution is 

(8.56) 

To maintain finite displacements of the membrane at r = O, we must 
set C 2 = O since Y0 becomes unbounded when the argument is zero. 
The remaining solution R (r) = C 1 J0(kr) must then satisfy the bound­
ary condition (8.55), i.e., 

(8.57) 

The Bessel function J 0 has infinitely many zeros (see Table 6.1) on 
the positive axis, but they are not evenly spaced. Thus, for C1 *O, we 
can satisfy (8.57) by selecting k as one of the zeros of J 0 , which we 
denote by kn (n = 1, 2, 3, ... ). With k so restricted, we set Â = k~ 
(n = 1, 2, 3, ... ) in (8.54) to obtain 

*For Â :o; O, Eq. (8.53) has no bounded nontrivial solutions satisfying (8.55) 
(see problem 15 in Exercises 8.4). 
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which has the general solution 

Tn (t) = an COS knct + bn sin knct n = 1, 2, 3, ... (8.58) 

where the a's and b's are arbitrary constants. 
Combining our results, we have the family of solutions 

n = 1, 2, 3,... (8.59) 

These solutions are called standing waves, since each can be viewed 
as having fixed shape J 0 (knr) with varying amplitude Tn (t ). The 
zeros of a standing wave, i.e., curves for which J 0 (knr) =O, are 
referred to as nodal lines. Clearly the number of nodal lines depends 
on the value of n. For example, when n = 1, there is no nodal line for 
O< r < 1. There is one nodal line when n = 2; there are two nodal 
lines when n = 3; and so forth (see Fig. 8.4). 

By forming a linear combination of the solutions ( 8.59) through the 
superposition principie, we obtain 

00 

u(r, t) = 2: (an cosknct + bn sinknct)J0(knr) (8.60) 
n=l 

The constants an and bn are selected in such a way that the initial 
conditions (8.51) are satisfied. Therefore, we find 

00 

u (r, O) = f(r) = 2: anJo(knr) O<r<l (8.61) 
n=l 

and 

O<r<l (8.62) 

~K::? 
1 1 
1 1 
1 
1 1 
1 ..... -- ..... 1 
~/ '~ 
1 1 
\ / 
' / ,_ ..... 

,,..-=:,, ~ tOt 

i~P: 
1 1 1 
1 1 

1 1 .... --1 
1 
/"I 'j', 1 

/ 1 1 \ 1 
~ I,--,~ \~ 

l t 1 ' 
\ '- .. ./ I 
\ I ' / 

....... ___ ,,,.,,, 

n = 1 n=2 n = 3 

Figure 8.4 Nodal lines for a circular membrane. 
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which are recognized as Bessel series for f(r) and g(r ), respectively, 
where 

n = 1, 2, 3, ... (8.63) 

and 

n = 1, 2, 3,... (8.64) 

8.4.2 Radial symmetrlc problems 
lnvolvlng cyllnders 

Let us now consider a solid homogeneous cylinder with unit radius 
and height :rr units ( see Fig. 8.5). If the temperatures on the surfaces 
of the cylinder are prescribed in such a way that they are a function 
of only the radial distance r = '\/x 2 + y 2 and height z, the temperature 
inside the cylinder will approach a steady-state distribution that 
depends only on r and z. ln this case the governing DE is Laplace's 
equation which, in cylindrical coordinates, takes the form (see 
problem 1 in Exercises 8.4) 

O<r < 1, O<z<:rr (8.65) 

Let us assume for the sake of illustration that the boundary 
temperatures are prescribed by 

u(r,O)=O u(r,:rr)=O u(l,z) =f(z) (8.66) 

X Figure 8.5 A solid cylinder. 
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Ifwe set u(r,z) =R(r)Z(z), then separation ofvariables leads to 

rR" + R' - ÃrR = O O<r<l (8.67) 

and 

Z"+ÃZ=O O <z < .n Z(O) =O Z(.n) =O (8.68) 

where À is again the separation constant and where we have utilized 
the first two boundary conditions in (8.66). By assuming À= k 2 >O, 
the general solution of (8.68) is 

z (z) = e 1 cos kz + e 2 sin kz (8.69) 

lmposing the first boundary condition in (8.68) requires that C1 =O, 
whereas the second boundary condition leads to 

Z(.n) = C2 sink.n =O (8. 70) 

For C2 *O, we can satisfy this last relation by choosing k = n 
(n = 1, 2, 3, ... ). Hence, we find that 

À=k 2 =n 2 n = 1, 2, 3, ... (8.71) 

and consequently 

Zn(z) = sinnz n = 1, 2, 3, ... (8. 72) 

where we set C2 = 1 for convenience. For À::::: O there are no further 
(nontrivial) solutions of (8.68), the proof of which we leave to the 
exercises (see problem 16 in Exercises 8.4). 

For values of À given by (8.71), we see that (8.67) becomes 

rR" +R' - n 2rR =O 

which we recognize as Bessel's modified equation of order zero, with 
general solution 

n = 1, 2, 3, ... (8. 73) 

However, because K 0 is unbounded at r = O, we must choose bn = O 
for all n. Then, combining solutions (8.72) and (8.73) through use of 
the superposition principie, we obtain 

oc 

u(r,z) = L aJ0 (nr) sinnz (8.74) 
n=l 

The remaining task at this point is to determine the constants an, 
and this we do by imposing the last boundary condition in (8.66). 
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Thus we have 

00 

u(l, z) = f(z) = 2: anlo(n) sin nz O<z<n (8.75) 
n=l 

from which we deduce (see Sec. 1.4) 

2 l:r anl0 (n) = - f (z) sin nz dz 
n o 

n = 1, 2, 3, ... (8.76) 

8.4.3 The Helmholtz equatlon 

Bessel functions, in combination with the Legendre functions, are 
also prominent in the solution of the Helmholtz equation 

(8.77) 

in spherical coordinates (r, e, </> ). This partial DE is of particular 
importance in various problems in mathematical physics featuring 
both the heat equation and the wave equation (see problems 18 and 
19 in Exercises 8.4). 

By assuming that ( 8. 77) has solutions of the forro 

1JJ(r, e,</>) =R(r)0(0)'1>(cf>) (8.78) 

the separation of variables technique leads to the system of ordinary 
DEs ( see problem 21 in Exercises 8.4) 

0"+Ã0=0 -n<O<n (8.79) 

1 d ( . dtI>) ( Â ) --- smcf>- + µ--- tl>=O 
sin </> d<J> d<J> sin2 <J> 

O<</>< n (8.80) 

and 

d ( dR) - r 2 - +(k2r 2 -µ)R=O 
dr dr 

O<r<l (8.81) 

where Â and µ are both separation constants. If we require that the 
solutions be bounded and periodic with period 2n, we arrive at the 
conclusion that the separation constants must assume the restricted 
values 

Â=m 2 m =O, 1, 2, ... (8.82) 

and 
µ=n(n+l) n =O, 1, 2, ... (8.83) 
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With the restrictions given by (8.82) and (8.83), we see that (8.79) 
has the solutions 

e (8)={ªº 
m am cos m8 + bm sin m8 

m=O 
m = 1, 2, 3, ... 

(8.84) 

where the a's and b's are arbitrary constants, and (8.80) is the 
associated Legendre's equation with bounded solutions 

</>mn (<p) = P:' ( COS </> ) m, n = O, 1, 2, ... (8.85) 

Finally, with µ = n(n + 1), we recognize Eq. (8.81) as a generalized 
form of Bessel's equation for which the bounded solutions are given 
by the spherical Bessel functions of the first kind (recall Sec. 7.4) 

n =O, 1, 2, ... (8.86) 

We conclude, therefore, that all bounded periodic solutions of the 
Helmholtz equation (8.77) in spherical coordinates are various linear 
combinations of the family of solutions 

1/Jmn (r, 8, </>) 

{
Ao,Jn (kr )Pn(COS </>) 

= (Amn cos m8 + Bmn sin m8)jn (kr )P:'(cos </>) 
m=O 
m = 1, 2, 3, ... 

(8.87) 

where n =O, 1, 2, ... and the A's and B's are arbitrary constants. 

Exercises 8.4 

1. Polar coordinates are defined by 

x=rcos8 y=rsin8 

(a) Use the chain rule to show that 

[J2u élu a2u 1 au 1 a2u 
-+-=-+--+-­
ax2 ôy2 ar2 r ar r2 a82 

(b) lf u does not depend upon 8, deduce that 

[J2u a2u a2u 1 au 
-+-=-+-­
ax2 [)y 2 ôr2 r ar 

2. lf the initial conditions (8.51) are given by 

u(r, O) =AJ0(k 3 r) (A constant) 

au 
ar (r, O)= O 
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where J0 (k 3 ) =O, show that the subsequent displacements of the 
membrane are described by 

u(r, t) =AJ0 (k 3 r) cosk 3ct 

3. Ifthe initial conditions (8.51) are given by f(r) =O andg(r) = 1, 
show that the subsequent displacements of the membrane are 
described by 

where J0 (kn) = O (n = 1, 2, 3, ... ). 

4. Solve the problem described in Sec. 8.4.1 for a circular membrane 
of radius p. 

5. The temperature distribution in a circular plate, independent of 
the polar angle O, is described by solutions of 

éPu 1 au _2 au 
-+--=a -
àr2 r àr àt 

O<r < 1, 

u(r, O)= f(r) 

t>O 

where a 2 is a physical constant. Show that solutions are of the 
form 

00 

u (r, t) = Co + 2: CnJo(knr )e _ª2k~t 
n=l 

where Jó(kn) =O (n == 1, 2, 3, ... ). 

6. Solve explicitly for the c's in problem 5 when the initial 
temperature distribution is prescribed by (see problem 13 in 
Exercises 6.5) 
(a) f(r) ==- Jo(k ir), where Jó(k i) =O 
(b) f(r) ==-To (constant) 
(e) f(r) ==- 1 - r 2 

7. Over a long, solid cylinder of unit radius at uniform temperature 
T1 is fitted a long, hollow cylinder ( 1 ::::; r ::::; 2) of the sarne material 
at uniform temperature T2 • Show that the temperature distribu­
tion through the two cylinders is given by 

( ) -T ! _ ..ç, J1(kn) -a2k~t 
U r, t - 2 + 2 (T1 T2) n~l kn [Ji (2kn) ]2 Jo(knr )e 

where J0 (2kn) ==-O (n = 1, 2, 3, ... ). What temperature is ap­
proached in the limit as t-+ oo? 
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8. The temperature distribution u(r, t) in a thin circular plate with 
heat exchanges from its faces into the surrounding medium at 
OºC satisfies the boundary-value problem 

a2u + !. au - bu = au o< r < 1, 
ar2 r ar at 

where b > O. Show that the solution is given by 

u(r, t) = 2e-bt i Jo(knr) e-k~t 
n=l knJl (kn) 

where J0 (kn) = O (n = 1, 2, 3, ... ). 

t>O 

9. Solve the problem described in Sec. 8.4.2 when f(z) = sin 3z. 

10. A right circular cylinder is 1 m long and 2 m in diameter. One 
end and its lateral surface are maintained at a temperature of 
OºC, and its other end is at lOOºC. Calculate the first three terms 
in the series solution giving the temperature distribution at an 
interior point. 

11. Show that the solutions of 

a2u 1 au a2u 
-+--+-=O O<r<l, O<z<a 
ar2 r ar az2 

u(r, O)= O 

are given by 

u(r,a)=f(r) u(l,z)=O 

where J0 (kn) = O (n = 1, 2, 3, ... ). Find an expression for the 
constants Cn· 

12. Find the solution forms for the boundary-value problem 

a2u 1 au a2u 
-+--+-=O O<r<l, O<z<a 
ar2 r ar az2 

u(r, O) =f(r) u(r,a)=O u(l,z)=O 

13. Suppose a cylindrical column of unit radius is considered to be of 
infinite height extending along the z axis. If the lateral surface is 
maintained at zero temperature and the initial temperature 
distribution inside the column is prescribed by f(r, (}), show that 
the subsequent temperature distribution of the column has the 
form 

ao ao 

u(r, e, t) = 2: 2: (amn cos ne + bmn sin n(J)Jn (kmnr )e-ª
2

k~nt 
m=l n=O 

where Jn (kmn) = O (m = 1, 2, 3, ... , n = O, 1, 2, ... ). 
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14. A long hollow cylinder of inner radius a and outer radius /3 is 
initially heated to a temperature distribution u (r, O) = f(r ). If 
both the inner and outer surfaces are maintained at zero 
temperature, show that the temperature distribution throughout 
the cylinder lias solutions of the form 

00 

U (r, t) = 2: Cn [Yo(kna- )Jo(knr) - Jo(kna- )Y0(knr) ]e-ª
2

k~t 
n=l 

where Yo(kna-)Jo(kn/3) =Jo(kna-)°YcJ(kn/3) (n = 1, 2, 3, ... ). 

15. Given the boundary-value problem 

rR" + R' + ÃrR = O R(l) =O 

show that R(r) =O is the only bounded solution when 
(a) À= O 
(b) À= -k2 <0 

16. Given the boundary-value problem 

Z"+ÃZ=O Z(O) =O Z(.n-)=0 

show that Z (z) = O is the only solution when 
(a) À= O 
(b) À= -k2 <0 

1 7. Show that the laplacian V2u in spherical coordinates de:fined by 
x = r cos (J sin <f>, y = r sin (J sin <f>, z = r cos </> is given by 

(a) v2u = (J2u + ~ au + _!_ a
2
u + cot </> au + 1 a

2
u 

ar2 r ar r2 a<1>2 r2 ª</> r2 sin2 </> ae2 

(b) v2u =_!_[~(r2 au) +-1-~(sin<f> au) +-1- a
2
u] 

r2 ar ar sin </> ª</> ª</> sin2 </> ae2 

18. Show, by assuming the product form u(r, e, <f>, t) = 
'ljJ(r, 8, </> )T(t ), that the heat equation 

au 
V2u =a-2 -

at 

reduces to the system of equations 

V2 1/J + À'ljJ =O 

T' +Àa 2T=O 

19. Show, by assuming the product form u (r, e, </>, t) = 
'ljJ(r, e, <f>)T(t), that the wave equation 

a2u 
V2u =c-2 -

at2 
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reduces to the system of equations 

V2 1JJ + J.:1p = O 

T"+J..c 2T=O 

20. Let u(r, <J>, t) denote the temperature distribution (independent 
of (}) in a sphere of unit radius, whose surface is maintained at 
OºC and whose initial temperature is described by 

u(r, </>,O)= f(r, </>) 

(a) Show that the temperature distribution throughout the 
sphere at all later times is of the form (see problem 18) 

00 00 

u(r, </>, t) = L L CmnPn(cos <f>)jn(kmnr)e-ª
2
k'fnnt 

m=l n=O 

wherejn(kmn) =O (m = 1, 2, 3, ... , n =O, 1, 2, ... ). 
(b) If the initial temperature distribution is f(r, </>) =To, where 

T0 is constant, show that the solution in (a) reduces to 

u(r, t) =~To f (-1r-1(sinm;rr)e-a2m2,.2e 
;r m=l mr 

21. Verify that the separation of variables technique applied to the 
Helmholtz equation (8.77) by the substitution (8.78) leads to the 
system of equations (8.79) to (8.81). 

22. The velocity potential u(r, 8) of an acoustic wave scattered by a 
cylinder of radius b is a solution of 

éPu 1 au 1 a2u 
-+--+--+k2u =0 b<r<oo 
ar2 r ar r2 ao2 

u(b, 8) = -eikbcosfi lim Vr (ªu - iku) =O 
,._oo ar 

where the last condition is the Sommerfeld radiation condition. 
(a) Show that the separation of variables leads to 

00 

u(r, 8) = Collb1l(kr) + L CnH',;l(kr) cos n(J 
n=l 

Hint: H~1l(kr) denotes an outgoing wave. 
( b) To satisfy the finite boundary condition, show that 

n = 1, 2, 3, ... 

Hint: Use problem 9a in Exercises 6.2. 
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8.5 Step-lndex Optical Fibers 

An optical fiber used in light wave communication systems is a 
waveguide made of a transparent dielectric whose function is to guide 
the light over long distances. The fiber consists of an inner cylinder of 
glass, called the core, surrounded by a cylindrical shell of another 
material of lower refractive index, called the cladding. If the core has 
a uniform refractive index, it is called a step-index fiber. For such 
waveguides, the homogeneous wave equation can be solved in the 
core and cladding of the guide to obtain expressions for the electric 
and magnetic field intensities. 

If we assume that the electric field has a sinusoidal variation in 
time at (angular) frequency w, the wave equation reduces to the 
Helmholtz equation 

(8.88) 

where K
2 = w2

µE - {32 and E= (Eu Ey, Ez) is the time-independent 
electric field intensity. Here µ, E, and f3 are medium constants known, 
respectively, as the permeability, permittivity, and propagation con­
stant. The related time-independent magnetic field intensity H = 
(Hx, Hy, Hz) satisfies the sarne partia! DE. Let us assume that the 
direction of propagation is the z direction. lt can be shown in this case 
that both Ez and Hz satisfy the two-dimensional form of (8.88) given 
by 

(8.89) 

and 

éJ2Hz o2Hz 2H _ 
0 OX2 + oy2 + K z - (8.90) 

If the core and cladding of the fiber are circular (see Fig. 8.6), 
then the proper coordinate system in which to express ( 8.89) and 
(8.90) is cylindrical coordinates. By making the change of variables 
x = r cos (), y = r sin (), z =z, we find that (8.89) becomes (see prob­
lem 1 in Exercises 8.4) 

o
2
Ez ! oEz _!_ o2

Ez + 2E _ 
or2 + r or + r2 o()2 K z - O 

with an identical equation for Hz. 

(8.91) 

Let us assume that the core occupies the domain O :s r < a and that 
the cladding occupies a < r < b. Also we assume that b is large 
enough to ensure that the cladding field decays exponentially, 
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Core Cladding 
Figure 8.6 Geometry of a circular 
step-index fiber. 

approaching zero at the cladding-air interface. The core and cladding 
are made of different materiais, and the behavior of the fields is 
different in each part of the waveguide. Thus, we need to solve 
separate problems in each domain. However, the two solutions must 
agree at the core-cladding interface at r = a. 

Due to circular symmetry in the fiber, we assume that (8.89) has 
solutions of the form 

(8.92) 

where n is a constant restricted to integer values. The direct 
substitution of (8.92) into (8.89), followed by division by eine, leads to 
the ordinary DE 

(8.93) 

the general solution of which is 

(8.94) 

Energy considerations demand that the field be finite in the core of 
the fiber. Hence since Yn (Kr) becomes unbounded at r = O, we must 
select C2 =O. ln the core, therefore, we have the solution 

05r<a (8.95) 

where A is an arbitrary constant. 
The solution (8.94) does not lend itself to an exponential solution 

form for real K. However, if we assume that K = iy, where y2 = 
/3 2 - w 2

µE, then the general solution of (8.93) becomes 

(8.96) 
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Of the two solutions, only Kn ( yr) has an exponential behavior that 
tends to zero for large arguments. Therefore, we choose C3 =O, and 
the solution in the cladding takes the general form 

a <r<b* (8.97) 

where B is an arbitrary constant. Similar solutions for the magnetic 
field component are found to be 

o~r<a (8.98) 

and 
a<r<b (8.99) 

where C and D are arbitrary constants. 
It can be shown that the transverse components En E8 , Hn and H8 

are related to Ez and Hz according tot 

(8.lOOa) 

(8.lOOb) 

i ( ôHz 1 ôEz) H = -- -{3-+ (J)E--
r K 2 Ôr r ô() 

(8.lOOc) 

(8.100d) 

ln the core we write E = E v and hence these equations reduce to 

Er = - : 2 [Af3KJ~(Kr) + iCwµ~Jn(Kr) ]einB 

Ee = - : 2 [ iA{3~Jn(Kr)-CKwµJ~(Kr) ]einB 

Hr= - :2 [-iAWE1 ~Jn(Kr) +CK{3J~(Kr)]einB 

He = - : 2 [AKWE1J~(Kr) + iC{3~Jn(Kr) ]eine 

(8.lOla) 

(8.lOlb) 

(8.lOlc) 

(8.lOld) 

* An alternate choice to (8.97) is Ez = BH~1l(iyr )eine, where this is a Hankel 
function of imaginary argument. 

t See, for example, A. H. Cherin, An Introduction to Optical Fibers, McGraw­
Hill, New York, 1983. 
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The derivation of similar expressions for the cladding where E = E 2 is 
left to the exercises (see problem l in Exercises 8.5). 

At this point constants A, B, C, and D are still unknown. To 
determine them, it is necessary to apply boundary conditions to the 
two tangential components of the electric and magnetic fields at the 
core-cladding interface r =a (see the exercises). 

Exercises 8.5 

1. Show that the transverse components comparable to (8.101) for 
the solution in the cladding (r >a) of the waveguide are given by 

Er = - :2 [ B{3yK~ ( yr) + iDwµ ~ Kn ( yr) ]einll 

E11 = - :2 [ iBf3 ~ Kn ( yr) - DywµK~ ( yr) ]einll 

Hr = - :2 [ -iBwE2~ Kn ( yr) + Dyf3K~ ( yr) ]ein 9 

H11 = - :2 [ BywE2K~ ( yr) + iDf3 ~ Kn ( yr) ]eine 

2. (a) For the special case where n =O (corresponding to only 
meridional rays propagating in the waveguide), show that 
Eqs. (8.lOlb) and (8.lOld) for the core reduce to 

i 
Ee = -CwµJó(Kr) 

K 

He = _ !:_AwE1Jó(Kr) 
K 

(b) Show that comparable equations in the cladding are 

i 
Ee = - DwµKó( yr) 

y 

He = _ !:_ BwE2Kó( yr) 
y 

3. The boundary conditions at the core-cladding interface for the field 
components Ez and Hz are simply 

Ez(core) = Ez(cladding) at r =a 

Hz(core) = Hz(cladding) at r =a 

Show that these conditions lead to, respectively, 

Jn(Ka)A-Kn(ya)C =O 

Jn(Ka)B -Kn(ya)D =O 
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4. Referring to problem 3, the transverse components Ee and H8 

must satisfy the additional boundary conditions 

E8 (core) =E8 (cladding) at r =a 

H8 (core) =H8 (cladding) at r =a 

(a) For the case n =O, use the result of problem 2 to show that 
the boundary conditions lead to 

Jó(Ka)B-KMya)D =O 

E1YJó(Ka)A- E2KKó( ya)C =O 

(b) Set n =O in the results of problem 3, and show that the 
simultaneous solution of the resulting equations with those 
in (a) leads to the conditions 

yJ1(Ka)K0(ya)-KJ0(Ka)K1(ya) =O 

E1 yJl (Ka )Ko( ya) - E2KJo(Ka )K1 ( ya) =o 
[The first of these equations corresponds to the transverse 
electric (TE) mode for which the longitudinal component 
Ez = O. The second equation corresponds to the transverse 
magnetic (TM) mode for which Hz = O.] 



 



              

9.1 lntroduction 

Chapter 

9 
The Hypergeometric 

Function 

Because of the many relations connecting the special functions to 
each other, and to the elementary functions, it is natural to inquire 
whether more general functions can be developed so that the special 
functions and elementary functions are merely specializations of 
these general functions. General functions of this nature have in fact 
been developed and are collectively referred to as functions of the 
hypergeometric type. There are several varieties of these functions, 
but the most common are the standard hypergeometric function 
( which we discuss in this chapter) and the confluent hypergeometric 
function (Chap. 10). Still, other generalizations exist, such as 
MacRobert's E function and Meijer's G function, for which even 
generalized hypergeometric functions are certain specializations 
(Chap. 11). 

The major development of the theory of the hypergeometric 
function was carried out by Gauss and published in his famous 
memoir of 1812, a memoir that is also noted as being the real 
beginning of rigor in mathematics. * Some important results concem· 
ing the hypergeometric function had been developed earlier by Euler 
and others, but it was Gauss who made the first systematic study of 
the series that defines this function. 

* C. F. Gauss, Disquisitiones Generales circa Seriem Infinitam ... , Comment. 
Soe. Reg. Sei. Gottingensis Recent., 2 (1812). 
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9.2 The Pochhammer Symbol 

ln dealing with certain product forms, factorials, and gamma func­
tions, it is useful to introduce the abbreviation 

(a)0 =1 (a)n =a(a + 1) .. ·(a +n-1) n = 1, 2, 3, ... 

(9.1) 

called the Pochhammer symbol. By properties of the gamma 
function, it follows that this symbol can also be defined by 

( ) 
=r(a+n) 

a n f(a) n =O, 1, 2, ... (9.2) 

Remark: For typographical convenience the symbol (a )n is some­
times replaced by Appel's symbol (a, n ). 

The Pochhammer symbol (a)n is important in most of the following 
material in this text. Because of its dose association with the gamma 
function, it clearly satisfies a large number of identities. Some of the 
special properties are listed in Theorem 9.1, while other relations are 
taken up in the exercises (see also the Appendix). 

Theorem 9.1. The Pochhammer symbol (a)n satisfies the identities: 

(a) (l)n = n! 

(b) (a+n)(a)n=a(a+l)n 

(e) (-ª)=(-~)ll(a)n 
n n. 

(d) (a)n+k = (a)k(a + k)n = (a)n(a + n)k (addition formula) 

(e) (a)k-n=(-l)n(ah/(1-a-k)n 

(f) (a )2n = 22n( 1
/ 2a )n (1

/ 2 + 1/ 2a )n (duplication formula) 

Partial proof: We will prove only parts a, b, and e. The remaining 
proofs are left to the exercises. 

From the definition, it follows that 

(a) (l)n=1X2X .. ·Xn=n! 

(b) (a+n)(a)n=a(a+l)···(a+n-l)(a+n) 

=a(a+l)n 
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(e) (-a)= -a(-a -1) ···(-a - n + 1) 

n n! 

<-1r 
=--a(a+l)···(a+n-1) 

n! 

= ( -l)n ( ) 
1 a n n. 

From the definition, we see that the parameter a can be either 
positive or negative, but generally we assume a * O. An exception to 
this is the special value (0)0 =1. If a is a negative integer, we find 
that (see problem 17 in Exercises 9.2) 

{

(-l)nk! 

(-k)n= ~k-n)! 
n>k 

(9.3) 

Theorem 9.le can be used to give meaning to the Pochhammer 
symbol for negative índex; by setting k = O we obtain 

n = 1, 2, 3, ... (9.4) 

Like the binomial coefficient, the Pochhammer symbol plays a very 
important role in combinatorial problems, probability theory, and 
algorithm development. ln developing certain relations it is more 
convenient to use the Pochhammer symbol than the binomial 
coefficient. The use of this symbol (and the hypergeometric function) 
in the evaluation of certain series and combinatorial relations is 
illustrated in Sec. 9.5. 

The Pochhammer symbol and binomial coefficient are related 
directly by the formula given in Theorem 9.lc. A more complex 
relation between these symbols is developed in the next example. 

Example 1: Based on the properties of the Pochhammer symbol 
listed in Theorem 9.1, show that 

(
a +k-1) = (-lr(l-a)n(ah 

n n!(a-nh 
k = 1, 2, 3, ... 

Solutlon: From Theorem 9.lc ande, we first obtain 

( a +k-1) = (-lr (1-a -k)n 
n n! 

= 
n! (a)k-n 



              

360 Chapter Nine 

Replacing n by -n in Theorem 9.ld, we find 

(a)k-n = (a)_n(a - n)k 

(-l)ll(a -nh 
= 

(1-a)n 

where the last step is a consequence of Eq. (9.4). Combining the 
above results leads to the desired relation 

(
a+ k -1) = (-l)n(l-a)n(ah 

n n!(a-n)k 

Exercises 9.2 

ln problems 1 to 16, verify the identity. 

1. (-n)n=(-ltn! 4. (a)n+k=(a)k(a+k)n 

2. (a - n)n = (-l)n(l - a)n 5. (a+ l)n -n(a + l)n-1 = (a)n 

3. (a)n+1=a(a+l)n 6. (a-l)n+n(a)n-1=(a)n 

7. (n+k)!=n!(n+l)k 

8. f(a + 1-n) = (-l~n~~~n+ 1) 

9. (a+ nh-n(a + k)n-k = 1 

10. (a+k)n-k=(-1r-k(l-a-n)n-k 

11 ( ) (-l)n(a)k 13. (2n)!=22n( 112)nn! 
. ªk-n=(l-a-k)n 1 ~ 

12. (a)2n = 22n<1/2a)n(% + 1/2a)n 14. (2n + 1)! = 22n(%)nn! 

15_ (2ª)=(-a);(
1

/2~a)n 
2n ( f2)nn. 

16. (a)an = 33n(1/aa)n( 1/a + 1/3a)n(2/a + 1faa)n 

17. Show that (k = 1, 2, 3, ... ) 

{ 

(-l)llk! O :5n :5k 
(-k)n= o(k-n)! 

n>k 

18. Show that 
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19. Show that 

(
n +a - 1) = (a )n 

n n! 

9.3 The Function F(a, b; e; x) 

The series defined by* 

ab a(a + l)b(b + l)x2 ~ (a)n(b)nxn 
1+-x+ +···= ~ 

e c(c+l) 2! n=O (c)n n! 
(9.5) 

is called the hypergeometric series. It gets its name from the fact 
that for a = 1 and e = b the series reduces to the elementary 
geometric series 

(9.6) 
n=O 

Denoting the general term of ( 9.5) by un (x) and applying the ratio 
test, we see that 

l. 1Un+1(x)1 1. 1(a)n+1(b)n+1Xn+l (c)nn! 1 im =1m · 
n->00 Un(X) n->00 (c)n+1(n+l)! (a)n(b)nXn 

= lxl lim l(a +n)(b +n)\ 
n->"" (e +n)(n + 1) 

where we have made use of Theorem 9.ld. Completing the limit 
process reveals that 

lim 1Un+1(X) 1 = lxl 
n->oo Un (X) 

(9.7) 

under the assumption that none of a, b, or e is zero or a negative 
integer. Therefore, we conclude that the series (9.5) converges under 
these circumstances for all lx 1 < 1 and diverges for all lx 1 > 1. For 
lxl = 1, it can be shown that a sufficient condition for convergence of 
the series is e - a - b > O. t 

The function 

F( b 
. . ) = ~ (a)n(b )nXn 

a, ,c,x ~ ( ) 1 n=O C n n. 
lxl<l (9.8) 

defined by the hypergeometric series is called the hypergeometric 
function. It is also commonly denoted by the symbol 

2F 1(a,b;c;x)=F(a,b;c;x) (9.9) 

where the 2 and 1 refer to the number of numerator and denominator 
parameters, respectively, in its series representation. The semicolons 

* Throughout our discussion the parameters a, b, e are assumed to be real. 

t See E. D. Rainville, Special Functions, Chelsea, New York, 1971, p. 46. 
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separa te the numerator parameters a and b ( which are themselves 
separated by a comma), the denominator parameter e, and the 
argumentx. 

If e is zero ora negative integer, the series (9.8) generally does not 
exist, and hence the function F (a, b; e; x) is not defined. However, if 
either a or b ( or both) is zero or a negative integer, the series is finite 
and thus converges for all x. That is, if a= -m (m =O, 1, 2, ... ), 
then (-m)n =O when n > m, and in this case (9.8) reduces to the 
hypergeometric polynomial defined by 

F( - b·. )=,ç, (-m)n(b)nXn 
m, , e, x L.J ( ) 1 n=O C n n. 

-oo<x<oo (9.10) 

9.3.1 Elementary propertles 

There are several properties of the hypergeometric function that are 
immediate consequences of its definition (9.8). First, we note the 
symmetry property of the parameters a and b, that is, 

F(a, b;c;x) =F(b, a;c;x) (9.11) 

Second, by differentiating the series (9.8) termwise, we find that 

d ao (a)n(b )n xn-l 

dx F(a,b;c;x)= 2: () ( -l)' 
n=l e n n . 

n~n+l 

=f (a)n+1(b)n+1Xn 

n=O (C)n+l n! 

= ab i (a+ l)n(b + Onxn 

C n=O (c+l)n n! 

hence 

d ab 
dx F(a, b;c;x) =~F(a + 1, b + l;c + l;x) (9.12) 

Repeated application of (9.12) leads to the general formula (see 
problem 1 in Exercises 9.3) 

dk (ah(bh 
-kF(a,b;c;x)= F(a+k,b+k;c+k;x) 
dx (eh 

k = 1, 2, 3, . . . (9.13) 
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The parameters a, b, ande in the definition of the hypergeometric 
function play much the sarne role in the relationships of this function 
as the parameter n or p did for the Legendre polynomials and Bessel 
functions. The usual nomenclature for the hypergeometric functions 
in which one parameter changes by + 1 or -1 is contiguous functions. 
There are six contiguous functions, defined by F(a ± 1, b;c;x), 
F(a, b ± l;c;x), and F(a, b;c ± l;x). Gauss was the first to show 
that between F (a, b; e; x) and any two contiguous functions there 
exists a linear relation with coefficients at most linear in x. The 6 
contiguous functions, taken 2 at a time, lead to a total of 15 

recurrence relations of this kind, that is,(~)= 15.* 

To derive one of the 15 recurrence relations, we first observe that 

d 
x dxF(a, b;c;x) +aF(a, b;c;x) 

= i (a)n(b)nnxn + i a(a)n(b)nxn 
n=O (c)n n! n=O (C)n n! 

= i (a +n)(a)n(b)nXn 

n=O (C )n n! 

=ai (a+l)n(b)nXn 
n=O (c)n n! 

from which we deduce 

d 
x dxF(a, b;c;x) +aF(a, b;c;x) =aF(a + 1, b;c;x) (9.14) 

Similarly, from the symmetry property (9.11), 

d 
x dx F(a, b; c;x) + bF(a, b; c;x) = bF(a, b + 1; c;x) (9.15) 

and by subtracting (9.15) from (9.14), it follows at once that 

(a -b )F(a, b;c;x) = aF(a + 1, b;c;x) - bF(a, b + 1; c;x) 

(9.16) 

* For a listing of all 15 relations, see A. Erdelyi et ai., Higher Transcendental 
Functions, vol. 1, McGraw-Hill, New York, 1953, pp. 103-104. 
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which is one of the simplest recurrence relations involving the 
contiguous functions. Some of the other recurrence relations are 
taken up in the exercises. 

9.3.2 Integral representation 

To derive an integral representation for the hypergeometric function, 
we start with the beta-function relation (see Sec. 2.4) 

B(n + b, e - b) = f tn+b-1(1- 0c-b-1 dt e> b >O (9.17) 

from which we deduce (for n =O, 1, 2, ... ) 

(b )n = f(c) 11 
tn+b-1(1- t)c-b-1 dt 

(c)n f(b )f(c - b) o 
(9.18) 

The substitution of (9.18) into (9.8) yields 

f(c) "' (a) 11 F(a b· e· x) = L __ nxn tn+b- 1(1-t)c-b- 1 dt 
' ' ' f(b )f(c - b) n=O n! O 

= f(c) 11 tb-l(l-t)c-b-1[i (a)n(xt)n]dt (9.19) 
f(b)f(c-b) o n=O n! 

where we have reversed the order of integration and summation. 
Now, using the relation (from Theorem 9.1) 

(a)n= (-ª)c-1r 
n! n 

(9.20) 

we recognize the series in (9.19) as a binomial series which has the 
sum 

~ (a)n ~ (-ª) Li -(xtr= Li (-xt)n=(l-xt)-ª 
n=O n! n=O n 

(9.21) 

provided lxtl < 1. Hence, (9.19) gives us the integral 
representation 

F(a b·c·x)= f(c) 11 

tb- 1(1-t)c-b- 1(1-xt)-ªdt 
' ' ' f(b )f(c - b) o 

c>b>O (9.22) 
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Although (9.22) was derived under the assumption that lxtl < 1, it 
can be shown that the integral converges also for x = 1. * The 
convergence of (9.22) for x = 1 is important in our proof of the 
following useful theorem. 

Theorem 9.2. For e *O, -1, -2, ... and e - a - b >O, 

f(c )f(c - a - b) 
F(a, b;c; 1) = f(c _ a)f(c _ b) 

Proof: We prove the theorem only with the added restriction 
e> b >O, although it is valid without this restriction. We simply set 
x = 1 in (9.22) to get 

F( b· · 1) = f(c) f
1 

tb-1(1- t)c-b- 1(1- t)-ª dt 
a, ,e, f(b)f(c-b)Jo 

= f(c) (
1 

tb-1(1 - oc-a-b-1 dt 
f(b )f(c - b) Jo 

which, evaluated as a beta integral, yields our result 

f(c)f(b)f(c-a-b) 
F(a, b; e; 1) = f(b )f(c - b )f(c - a) 

f(c )f(c - a - b) 

f(c -a)f(c -b) 

9.3.3 The hypergeometric equation 

The linear second-order DE 

x(l -x)y" +[e - (a+ b + l)x]y' - aby =O (9.23) 

is called the hypergeometric equation of Gauss. It is so named 
because the function 

Y1 = F(a, b; c;x) e -:f=O, -1, -2, ... (9.24) 

is a solution. To verify that (9.24) is indeed a solution, we can 
substitute the series for F(a, b;c;x) directly into (9.23). 

Examination of the coefficient of y" reveals that both x = O and 
x = 1 are (finite) singular points of the equation. Therefore, to finda 

* See E. D. Rainville, Special Functions, Chelsea, New York, 1971, pp. 48-49. 
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second series solution about x = O would normally require use of the 
Frobenius method. * Under special restrictions on the parameter e, 
however, we can produce a second (linearly independent) solution of 
(9.23) without resorting to this more general method. We simply 
make the change of dependent variable 

(9.25) 

from which we calculate 

y' =x1-cz' + (1-c)x-cz 

y" =x1-cz" + 2(1-c)x-cz' - c(l -c )x-c-iz 

(9.26a) 

(9.26b) 

The substitution of (9.25 ), (9.26a ), and (9.26b) into (9.23) leads to 
(upon algebraic simpli:fication). 

x(l-x)z" + [2-c - (a+ b -2c + 3)x]z' 

-(1 +a - e )(1 + b - e )z =O (9.27) 

which we recognize as another form of (9.23). Hence Eq. (9.27) has 
the solution 

z =F(l +a -e, 1+b-e;2-c;x) 

and so we deduce that 

y2 =x 1-cF(l +a -e, 1+b-e;2-c;x) 

e =f:. 2, 3, 4,... (9.28) 

e =f:. 2, 3, 4,. .. (9.29) 

is a second solution of (9.23). For e= 2, 3, 4, .. , the hypergeometric 
function in (9.29) does not usually exist, while for e= 1 the solutions 
(9.29) and (9.24) are identical. However, if we restrict e to e =f:. 

O, ±1, ±2, ... , then (9.29) is linearly independent of (9.24) and 

y = C1F(a, b;c;x) + C2x1-cF(l +a -e, 1+b-e;2-c;x) 

(9.30) 

is a general solution of Eq. (9.23). 
To cover the cases when e = 2, 3, 4, ... , a hypergeometric function 

of the second kind can be introduced (see problem 28 in Exercises 
9.3). However, beyond its connection as a solution to the hyper­
geometric equation of Gauss, the hypergeometric function of the 
second kind has limited usefulness in applications. 

* For an introductory discussion of the Frobenius method, see L. C. Andrews, 
Introduction to Differential Equations with Boundary Value Problems, Harper­
Collins, New York, 1991, chap. 7. 
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Remark: Actually y1 =F(a, b;c;x) and y2 =x1-cF(l +a -e, 1 +b­
c; 2 - e; x) are only two of a total of 24 solutions of Eq. (9.23) that can 
be expressed in terms of the hypergeometric function. For a listing of 
all 24 solutions, see W. W. Bell, Special Functions for Scientists and 
Engineers, Van Nostrand, London, 1968, pp. 208-209. 

Exercises 9.3 

1. Show that (for k = l, 2, 3, ... ) 

dk (a)k(bh 
dxkF(a,b;c;x)= (c)k F(a+k,b+k;c+k;x) 

2. Show that (for k = 1, 2, 3, ... ) 

(a) 
d 
-[xªF(a b·c·x)]=axª-1F(a+l b·c·x) 
dx ' ' ' , ' ' 
dk 
- [xa-t+kF(a b· e· x)] =(a) xª- 1F(a + k b· e- x) 
dxk ' , ' k ' , ' 

(b) 

(e) ;"" [xc- 1F(a, b;c;x)] =(e -k)kxc-t-kF(a, b;c -k;x) 

ln problems 3 to 6, verify the differentiation formula. 

d 
3. x dxF(a, b;c;x) +(e - l)F(a, b;c;x) =(e - l)F(a, b;c - l;x) 

d 
4. x dxF(a-1, b;c;x) =(a -l)F(a, b;c;x) 

- (a - l)F(a -1, b;c;x) 

d 
5. (1-x)x dxF(a, b;c;x) =(a +b-c)xF(a, b;c;x) 

+ c-1(c - a)(c - b)xF(a, b; e+ l;x) 

d 
6. x dxF(a -1, b;c;x) =(a -l)xF(a, b;c;x) 

-c-1(a - l)(c -b )xF(a, b; e+ l;x) 

ln problems 7 to 13, verify the given contiguous relation by using the 
results of problems 3 to 6 or by series representations. 

7. (b -a)(l-x)F(a, b;c;x) = (c-a)F(a -1, b;c;x) 

-(e -b)F(a, b -l;c;x) 

8. (1-x)F(a, b;c;x) =F(a -1, b;c;x) 

-c-1(c - b )xF(a, b; e+ l;x) 
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9. (1-x)F(a, b;c;x) =F(a, b-l;c;x) 

-c- 1(c - a)xF(a, b; e+ 1; x) 

10. (e - a - b )F (a, b; e; x) + a ( 1 - x )F (a + 1, b; e; x) 

= (c-b)F(a, b- l;c;x) 

11. (c-a-b)F(a, b;c;x) +b(l-x)F(a, b + l;c;x) 

=(e - a)F(a -1, b; c;x) 

12. (e -b - l)F(a, b;c;x) + bF(a, b + l;c;x) 

=(e - l)F(a, b;c - l;x) 

13. [2b -e+ (a -b )x]F(a, b; c;x) = b(l -x)F(a, b + 1; c;x) 

-(e -b)F(a, b - l;c;x) 

ln problems 14 and 15, verify the formula by direct substitution of 
the series representations. 

ax 
14. F(a, b + l;c;x)-F(a, b;c;x) =-F(a + 1, b + l;c + l;x) 

e 
15. F(a, b;c;x)-F(a, b;c-l;x) 

abx 
- c(c-l)F(a+l,b+l;c+l;x) 

ln problems 16 and 17, use termwise integration to derive the given 
integral representation. 

16. F(a, b; c;x) = f(d)~~~)-d) f td- 1(1- t)c-d-1F(a, b; d;xt) dt, 

c>d>O 

17. F(a, b;c + l;x) =e f F(a, b;c;xt)tc-1 dt, e >O 

18. Show that (s >O) 

J
oo 1 

(a) e-stF[a, b; l;x(l - e-t)] dt = -F(a, b; s + 1; x) 
o s 

(b) f 00 -st . . -t - f(s )f(s + 1 - a - b) 
e F(a,b,1,1-e )dt- ( 

1 
) ( 

1 
b) 

o rs+ -ars+ -

Hint: Set x = 1 in (a). 

19. Show that (for n =O, 1, 2, .. ) 
(e -b )n 

(a) F(-n,b;c;l)= (c)n 

(1 +a -c)n 
(b) F(-n,a+n;c;l)=(....:..l)n (c)n 

(e) F(-n 1-b-n·c·l)= (c+b-l)2n 

' ' ' (e )n (e + b - l)n 
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n =O, 1, 2, ... 

21. Using the result of problem 19a, show that (for p =O, 1, 2, ... ) 

{

O O:::;n:::;p-1 

(a) F ( -p, a + n + 1; a + 1; 1) = ( -1 )I'p ! 
n=p 

(a+ l)P 

(b) F(-p, a+ n + 2; a+ 1; 1) 

= {º (-l)I'(n + 1)! 

(a+ l)P(n + 1-p)! 

22. Given the generating function 

n =p-1,p 

w(x, t) = (1- t )b-c(l - t + xt)-b e* O, -1, -2, ... 

show that 
00 (e )n 

w(x,t)= 2: -
1 

F(-n,b;c;x)tn 
n=O n. 

where F ( -n, b; e; x) denotes the hypergeometric polynomials 
defined by Eq. (9.10). 

23. Show that for lxl < 1 and lx/(1-x)I < 1, 

(1-x)-ªF(a, e -b;c; 
1 
~J =F(a, b;c;x) 

24. By substituting y = x / (x - 1) in problem 23, deduce that 

(a) F(a, e -b; c;x) == (1-x)b-cF(c -a, e -b;c; 
1 
~J 

(b) F(a, e -b;c; 
1 
~xJ = (1-xY-bF(c -a, e -b;c;x) 

(e) F(a, b;c;x) = (1-x)c-a-bF(c -a, e -b; c;x) 

25. Show that 

(1-x)-ªF[!a !+!a-b·l+a-b· -4x J 
2 ' 2 2 ' ' (1 - X ) 2 

=F(a, b; 1 +a -b;x) 
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26. Use problems 23 to 25 to deduce that 

f (1 +a - b )f( 1 + 1/ 2a) 
(a) F(a, b; 1 +a -b; -1) =f(l +a)f(l + 1/

2
a -b) 

27. By assuming a power series solution of the form 

n=O 

show that y =F(a, b;c;x) is a solution of the hypergeometric 
equation 

x(l -x)y" +[e - (a+ b + l)x]y' -aby =O 

28. The hypergeometric function of the second kind is defined by 

f(l -c) 
G(a, b;c;x) = f(a -e+ l)f(b-c + l)F(a, b;c;x) 

f(c -1) 1-c 
+f(a)f(b)x F(l+a-c,l+b-c;2-c;x) 

(a) Show that G(a, b;c;x) is a solution of the hypergeometric 
equation in problem 27, e=#= O, ±1, ±2, .... 

(b) Show that G(a, b;c;x) =x 1-cG(l +a -e, 1+b-e;2 -c;x). 

29. Show that the wronksian of F(a, b; e; x) and G(a, b; e; x) is given 
by ( see problem 28) 

W(F G)( ) = _ f(c) -c(l _ )c-a-b-1 
, x f(a)f(b)x x 

30. Derive the generating-function relation 

-a [1 1 1 t
2
(x

2 -1)] 00 

(a)nPn(X) n 

(1-xt) F 2ª'2ª+2;l, (1-xt)2 = n~O n! t 

where Pn (x) is the n th Legendre polynomial. 

9.4 Relation to Other Functions 

The hypergeometric function is important in many areas of mathe­
matical analysis and its applications. Partly this is a consequence of 
the fact that so many elementary and special functions are simply 
special cases of the hypergeometric function. For example, the 
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specialization 

00 (1) 00 

F(l, b; b;x) = 2: -f xn = 2: xn 
n=O n. n=O 

reveals that 
F(l, b; b;x) == (l-x)-1 

Similarly, it can be established that 

arcsinx =xF(%, %; %;x2
) 

and 
ln (1-x) = -xF(l, 1; 2;x) 

Example 2: Show that arcsinx =xF(1
/ 2 , 1/i; %;x2

). 

Solutlon: From the calculus, we recall that 

. "" (2n)!x2n+l 
arcsmx = :Í: 22n( ')2( 2 ) 

n=O n. n+l 

(9.31) 

(9.32) 

(9.33) 

To recognize this series as a hypergeometric series, we need to 
express the coefficient of x2

n+
1Jn! in terms of Pochhammer symbols. 

Thus, using the results of problems 13 and 14 ín Exercises 9.2, we 
have 

(2n)! = 22n(1/2)nn! 

(2 l) = (2n + 1)! = (3/i)n 
n + (2n)! (%)n 

and makíng these substitutions leads to 

from which we deduce 

The verification of (9.33) along with several other such relations 
involving elementary functions is left to the exercises. 

A more involved relationship to establish is given by 

( 1-x) P(x)=F -n n+l·l·--
n ' ' ' 2 

(9.34) 
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where Pn(x) is the nth Legendre polynomial. To prove (9.34), we first 
observe that 

(1- 2xt + t 2)-1'2 = [ (1- t )2 - 2t(x - 1) rl/2 

_ _ 1 [ 2t(x - o]-112 

-(1-t) 1- (1-t)2 (9.35) 

and thus deduce the relation 

00 

L Pn (x )tn = (1- 2xt + t2)-l/2 
n=O 

= (1- )-1[1- 2t(x - l)J-112 
t (1-t)2 

= "" (-1/2) (-l)k(2t)k(x - l)k 

k~O k (l-t)2k+l 
(9.36) 

Our objective now is to recognize the right-hand side of (9.36) as a 
power series in t which has the coefficient F[ -n, n + 1; 1; (1-x )/2]. 
To obtain powers of t, we further expand (1-t)-2k-l in a binomial 
series and interchange the order of summation. Hence, 

where the last step is a result of the index change m = n - k. Next, 
from Theorem 9.lc we can write 

(9.38) 

but from problems 7 and 13 in Exercises 9.2, we further have 

(9.39) 

Finally, setting a= 1 in problem 11 in Exercises 9.2 leads to 

(9.40) 
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so by combining the results of (9.38), (9.39), and (9.40), we find that 
(9.37) becomes 

00 

( 1-x) = L F -n n+l·l·-- tn 
n=O ' ' ' 2 

(9.41) 

from which (9.34) follows by comparison of like terms. 

9.4.1 Legendre functlons 

The relation (9.34) between the nth Legendre polynomial and the 
hypergeometric function provides us with a natural way of introduc­
ing the more general function 

( 1-x) Pv(x)=F -v,v+l;l;-
2

- (9.42) 

where vis not restricted to integer values. We call Pv(x) a Legendre 
function of the first kind of degree v; it is not a polynomial except 
in the special case when v = n (n = O, 1, 2, ... ). A Legendre function 
of the second kind, denoted Qv (x), also can be defined in terms of the 
hypergeometric function, although we do not discuss it. * 

The function Pv (x) has many properties in common with the 
Legendre polynomial Pn(x). For example, by setting x = 1 in (9.42), 
we obtain 

Pv(l) =F(-v, V+ 1; 1; O)= 1 (9.43) 

The substitution of x =O in (9.42) leads to 

Pv(O) =F(-v, V+ 1; 1; %) (9.44) 

and by using the relation (see problem 26b in Exercises 9.3) 

( 1) f<1/2C )f(
1
/2C + 1/2) 

F a, l - a; e; 2 = f(1/2a + 1/2c )f(1/2 - 1/2a + 1/2c) (9.45) 

we deduce that 

(9.46) 

* See T. M. MacRobert, Spherical Harmonics, Pergamon, Oxford, 1967, chap. 6. 
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Recalling the identity 

Jr 
r(x)r(l-x) =-.­

smJrX 

we can express (9.46) in the altemative form 

r(1/2V + %) VJr 

Pv(O) = vÇ;r(1/
2
v + l) cos2 

(9.47) 

(9.48) 

When vis a nonnegative integer, we find that (9.48) reduces to the 
results that we previously derived for the Legendre polynomials (see 
problem 22 in Exercises 9.4). 

Various recurrence formulas for Pv (x) can be derived by expressing 
this function in its series representation or by using properties of the 
hypergeometric function. For example, it can be verified that 

(9.49) 

P~+1(x)-xP~(x) = (v + l)Pv(x) (9.50) 

(9.51) 

and so forth. 
The Legendre functions Pv (x) are important for theoretical pur­

poses in the general study of spherical harmonics. Their properties 
are important also from a more practical point of view, since these 
functions are prominent in solving Laplace's equation in various 
coordinate systems, such as toroidal coordinates. 

Exercises 9.4 

ln problems 1 to 8, compare series to deduce the result. 

1. 1 =F(O, b; c;x) 

2. (1-x)-ª=F(a,b;b;x) 

3. ln 0-x) = -xF(l, 1; 2;x) 

1 +x (1 3 2) 
4. ln l _X = 2xF 2, 1; 2 ; X 

5. arctanx =xF(%, 1; %; -x2
) 

6. (1 +x)(l-x)-2ª-1 =F(2a, a+ l;a;x) 

7. %0 + Vx)-2a + %0-Vx)-2ª =F(a, a+%; %;x) 

(
1 + Vf=X)l-2a ( 1 ) 8. 

2 
=F a - 2,a;2a;x 
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1 (1 + vr=x)l-2a ( 1 ) 
9. Vl-x 2 =F a,a+ 2;2a;x 

10. You are given 

i
:rr/2 

K(x) = 
0 

(1-x2 sin2 <J>)- 112 d<J> 

L
:rr/2 

E(x) = 
0 

(1-x2 sin2 </>) 112 d<J> 

Show that 

(a) K(x) = 1
/ 27rF(%, %; l;x2) 

(b) E(x) = 1/27rF( - 1/2, 1/2; 1; x2) 

11. Show that the associated Legendre functions 

dm 
P'::(x) = (l -x2r'2 dxmPn(x) 

satisfy the relation 

pm(x)= (n+m)! (l-x2r12 
n 2m(n -m)! m! 

( 1-x) xF m-n,m+n+l;m+l;-
2

-

12. Show that the Chebyshev polynomials of the first kind 

T. (x) = [~J (-l)k(n -k -1)! (2x)n-2k n ;:-:: 1 
n k=O k!(n-2k)! 

satisfy the relation 

( 1 1-x) T. (x)=F -n n·-·--
n ' '2' 2 

13. Show that the Chebyshev polynomials of the second kind 

Un(x)= 2: n- (-l)k(2xr-2k 
[n/2) ( k) 
k=O k 

satisfy the relation 

Un(x)=(n+l)F(-n,n+2;~;l;x) 

14. Show that the Gegenbauer polynomials 

C~(x)=c~1 ( -À )(n-k)c-1r(2x)n-2k 
k=O n -k k 
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satisfy the relations 

(a) c~n(X) = (-1r (~~n F(-n, À.+ n; ~ ;x2
) 

(b) C~n+l (x) = ( -l)n (À.~l+l F(-n, À.+ n; ~ ;x2
) 

(e) C!(x) = (n +~À. - l )F( -n, 2).. + n;).. + ~; 1 ; x) 

15. Show that the Jacobi polynomials 

p~,b>(x)= ln i (n+a)(n+b)<x+ir-k<x-l)k 
2 k=o n -k n -k 

satisfy the relations 

(a) P~·b>(x) = (-l)n(n ;b)F(-n, n +a +b + 1; 1+b;
1 

;x) 

(b) p~a,b>(x) = (n ;ª)F(-n, n +a +b + 1; 1+a;
1 
;x) 

16. Given the incomplete beta function 

Bx(p, q) = f tP-1(1- t )q-l dt p, q >O 

show that 

XP 
(a) B,/p,q)=-F(p,1-q;l+p;x) 

p 

(b) B ( ) - f(p )f(q) 
1 p,q - f(p +q) 

17. Show that 

n-1(ª) (ª) 2: xk=(l+xr- xnF(n-a,l;n+l;-x) 
k=O k n 

18. Verify that 

p ( )= ~ (-v)k(v+l)k(l-x)k 
V X k~O (k!) 2 2 

ln problems 19 to 21, use the series representation in problem 18 to 
deduce the given recurrence formula. 

19. (V+ l)Pv+l (x) - (2v + l)xPv(X) + vPv-l (x) =O 



              

The Hypergeometric Function 377 

20. P~+ 1(x)-xP~(x) = (v + l)Pv(x) 

21. xP~(x)-P~_1 (x) = vPv(x) 

22. Using the relation (9.48), show that (for k =O, 1, 2, ... ) 
(a) P2k+1(0) =O 

(b) P2k(O) = ( ~~)k Gt 
23. Show that 

, 2f(%v + 1) . wr 
Pv(O) = Vn f(1/

2
v + %) sm 2 

24. Show that Pv(x) = P-v-l (x ). 
Hint: Recall that F(a, b; c;x) = F(b, a; c;x). 

25. By making the substitution x = 1 - 2z in the generalized form of 
Legendre's equation 

(1-x2 )y" - 2xy' + v( v + l)y =O 

show that it transforms to Gauss' hypergeometric equation and 
thus deduce that y = F[ -v, v + 1; 1; (1-x )/2)] is one solution of 
the generalized Legendre equation. 

26. Show that 

1 2 ln:/2 
k ! = ;r(%h o sin2k </>d</> k =O, 1, 2, ... 

and then, by expressing Pv (x) in its series representation 
(problem 18), deduce that 

2 ("
12 

( 1 1-x ) 
Pv(x) =; Jo F -v, v + 1; 2 ;-

2
-sin2 </> d</> 

9.5 Summing Series and Evaluating Integrais 

The hypergeometric function obviously has many areas of application 
because of its connection with other functions such as the inverse 
trigonometric functions, logarithmic functions, and the Legendre 
polynomials. However, it is also a useful tool in the evaluation or 
recognition of various series, both finite and infinite. 

Example 3: Prove the combinatorial formula 

i (-l)k(n)(a+k)=(-lr( a ) 
k=O k m m-n 

m =O, 1, 2, ... 
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Solutlon: From Theorem 9.lc and Example 1, 

(
n) (-l)k 
k =~(-n)k 

(
a+ k) = (-lr(-a)m(a + l)k 

m m!(a+l-m)k 

and therefore 

f (-l)k(n)(a+k)=(-lr(-a)m i (-nh(a+l)k 
k=o k m m! k=o(a+l-m)kk! 

(-lr(-a)m 
= 

1 
F(-n,a+l;a+l-m;l) 

m. 

Recalling Theorem 9.2, 

F( 1 1 1) 
f(a+l-m)r(n-m) 

-na+ ·a+ -m· =-------­
' ' ' f(a+l+n-m)f(-m) 

(-l)nm! 
=--------

(m-n)!(a+l-m)n 

where the last step follows from Eq. (9.1) and problem 11 in 
Exercises 2.2. Theorem 9.le leads to 

and thus by combining results, we obtain 

i (-l)k(n)(a+k)= (-lr (-a)m-n 
k=o k m (m-n)! 

= (-l)n( a ) 
m-n 

following another application of Theorem 9.lc. 

The hypergeometric function is useful also in the evaluation of 
certain integrais, as illustrated in the next example. 

Exemple 4: Show that for a > -1 

f,
00 

xª[L1ª)(x)] 2e-x dx = f(p + ~ + l) p =O, 1, 2, ... 
o p. 

where L1ª)(x) is the associated Laguerre polynomial. 
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Solutlon: By writíng 

D;l(x)::: :f (-1r(p+a)x~ 
n=O p-n n. 

::: 2: -(
p + ª) p ( -p )n xn 

P n=o(a + l)nn! 

we have 

This last integral can be evaluated by usíng properties of the gamrna 
function and two applications of problern 7 in Exercises 9.2, to get 

= f(a + n + l)(a + n + l)k 

= f(a + l)(a + l)n(a + n + l)k 

Hence 

r xª [L1ª>(x) ]2e-x dx 

=(p+a)2r<a+l) :f (-p)n :f (-ph(a+n+l)k 
P n=O n! k=o (a+ l)kk! 

(
p + ª)2 p ( -p) 

= f(a + 1) L --
1

-n F(-p, a+ n + 1; a+ 1; 1) 
p n=O n. 

and by using the result of problem 21a in Exercises 9.3, see that 

F(-p, a +n + l;a + 1; 1) ={~-l)Pp! 
(a+ l)P 

0:5n:5p-1 

n=p 

Fínally, substitution of this last expression for the hypergeometric 
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function leads us to our intended result, 

J"' xª[Vª>(x)] 2e-xdx = (P +a)
2
rca + 1) (-p)P(-l)l'p! 

o P p (a+l)Pp! 

= (p +a)
2
f(a + l)p! 

p (a+l)P 

f(p +a+ 1) 

p! 

9.5.1 Action-angle variables 

Action-angle variables are introduced in periodic motions of con­
servative hamiltonian systems in order to simplify the solution. 
Consider, for example, the specific hamiltonian 

p2 
H(p, q) = 2m + V(q) (9.52) 

in which q and p denote the position and momentum, respectively, 
and V ( q) is the potential energy. If the total energy of this system is 
equal to E, the momentum is then given by 

p(q, E)=± V2m[E - V(q)] (9.53) 

and this in tum leads to the action integral defined by [V(q;) =E, i = 
1, 2] 

1 íq" I (E) = - V2m [E - V ( q)] dq 
1'l ql 

(9.54) 

Example 5: Evaluate the action integral (9.54) for the special case 
in which V(q) = U tan2 q (U >O). 

Solution: Here we find that tan2 q2 =E/U, q1 = -q2 , so 

1 Lq. 
I =- V2m(E- Utan2 q) dq 

1'l ql 

where a =E /U. To evaluate the above integral, first we assume that 
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a < 1 and make the change of variable ax = tan q, which leads to 

00 rl 
= a2 n~O (-lra2n Jo X2nyl -X2 d.x 

where we have expanded (1 + a 2x 2
)-

1 in a binomial series and 
interchanged the order of integration and summation. By substitut­
ing t = x2 in this last integral, we can use properties of the beta 
function (Sec. 2.4) to deduce that 

f(n + %)[(%) 

2f(n + 2) 

Expressing all terms of the above series in terms of Pochhammer 
symbols, we obtain 

v 2 t 2 d na "' 2 n n -a 1tan-
1

a 2 oo (1/) (1) ( 2)n 
a - an q q=--..c:.. 

O 4 n=O (2)n n! 

=--F - 1·2· -a2 na
2 (1 ) 

4 2' ' ' 

where the last step follows from problem 8 in Exercises 9.4. By 
simplification of this last expression, we get 

L
tan-1 a Jr 

v'a2 - tan2 (}de= - (Vl + a 2 - 1) 
o 2 

and finally retuming to the original expression, we deduce that 

I = y'2m (VE + U - Vf]) 

Although we made the assumption E < U, the final result is valid 
also for E ;::::: U. 
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Exercises 9.5 

1. Show that 

i (-n)k(b)k= (c-b)n 
k=O (c)kk! (c)n 

2. Show that 

i (ah(b)n-k =(a+ b )n 
k=o(n-k)!k! n! 

3. Show that 

~ (a)k(b)n-k __ a(a+b+l)n-1 
L.J n~l 
k=1(n-k)!(k-l)! (n-1)! 

ln problems 4 to 21, verify the given identity. 

4. i (n)
2 

= (2n) 
k=O k n 

5. i (2n + 1) = 22n 
k=O k 

i (k) (n+l) 6
' k=o m = m + 1 

7. i (-l)k(m)=(-l)n(m-1), m>n 
k=O k n 

n (n)2 (2n -1)! 
B. k2;1k k =[(n-1)!]2 

i(r)( m) (r+m) 9
· k=o k n - k = n 

10 n (r)( m )=(r+m) ·k~o k n+k r+n' 
r~O 

ll. i (2n)(2k)(2n - 2k) = (2n)
2 

k=O 2k k n -k n 

12. i (-l)k(ª + k - l)( ª ) =O, n ~ 1 
k=O k n -k 
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15. i (2n) = 22n-1, 
k=O 2k 

n>O 

16. ktO (-l)k(~f = (-1r(2:) 

Hint: Use problem 26 in Exercises 9.3. 

nf (n)( n ) (2n)! 17
" k=o k p + k = (n - p )! (n + p )! ' 

n k(2n)(-
1
/2)- 2

2
nn2n + %) 18· k~O (-1) 2k k - yn(2n)! n =O, 1, 2, ... 

19. i 1 X 3 X 5 X · · · X (2n - 1) (!)n = ~ 
n=O 2X4X6X···X(2n) 2 -V3 

oo (n ! )22n :rr 
20 2: =-

. n=O (2n + 1)! 2 
Hint: Use problem 26 in Exercises 9.3. 

oo [(2n)!]2 (l)n :rr"\/2 
21. 2: (2 1)' ( 1)2 -8 =-4-n=O n + . n. 

Hint: Use problem 26 in Exercises 9.3. 

22. Show that 

1 00 (-1rn2n+ 1/2) 2n 
(a) J0(x)cosx=yn:n~o [(2n)!] 2 (2x) 

(b) J. ( ) . _ _!__ ~ (-1rn2n +%) (<l·-)2n+i 
0 x smx - , r= LJ [(2 l)l] 2 =-v :rr n=O n + . 

Hint: See problem 18. 

23. Show that (a> -1) 

ioo f(a + p + 1) 
xª+ 1 [L<ªl(x )]2e-x dx = (2p +a+ 1) 

o p p! 

24. Show that* (m = O, 1, 2, ... ) 

La xm[L1ml(x)]2e-xdx = 1-(p +m)e-ª i (-~)n 
O p n=O n. 

~ (-p )k(m + n + lh a 

X LJ ( + 1) kl em+n+k 
k=O m k · 

where e~= ~k=o (xk/k!). 

* The evaluation of this integral is important in determining the total energy 
contained within the spot size of a Laguerre gaussian beam. See R. L. Phillips 
and L. C. Andrews, "Spot Size and Divergence for Laguerre Gaussian Beams of 
Any Order," Applied Optics, 22(5): 643-644, March 1983. 
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ln problems 25 to 27, verify the given identity. 

00 (-lr(ax/2)2n ( b2) 
25. J0 (ax)J0 (bx) = L ( ')2 F -n, -n; 1; 2 

n=O n. a 

26. JP(ax)Jµ(bx) = (axg:~b~:2 )µ 
00 

(-lr(ax/2)2n ( b2) 
x 2: 1 f( l) F -n, -p - µ - n; µ + 1; 2 n=on. µ+n+ a 

27. [J (x ))2 = f (-lrf(2p + 2n + l)(x/2)2n+2p 
P n=on! f(2p + n + l)[f(p + n + 1))2 

28. Show that 

[F( b·. )]2=~ <1/2)n(a)n(b)n(c-a)n(c-b)n_X2n 
a, , e, x L.i ( ) ( ) ( 11 ) 1 n=O CnC2nC+n- 2n n. 

29. Show that 
x F(2a + 2n, 2b + 2n; 2c + 4n;x) 

("12 1 J (2.x) 
Jo [J1(x sin fJ)] 2 csc fJdfJ = 2-~ 

Hint: Use problem 27. 

30. Show that (n =O, 1, 2, ... ) 

1 í" - Jo(2.x sin </>) cos 2n<J> d</> = [Jn (x) )2 

1r o 

Hint: Use problem 27. 

31. Show that for a > b >O, p - µ + 1 > O. 

r e-axX-µJ (bx) dx = (!!_)P aµ-lf(p - µ + 1) 
Jo P 2a f(p+l) 

F(P - µ + 1 p - µ + 2 b
2

) 
X 2 ' 2 ;p + 1; - a2 

32. Forµ= -p, show that the result of problem 31 reduces to 

(

00 

-ax p _ (~)P f(2p + 1) 
Jo e x JP(bx) dx - 2 f(p + l)(a2 + b2y+112 

33. Forµ= 1, show that the result of problem 31 reduces to r e-=x-lJP(bX) dx = ~ (Va2 +bb2 - ar 

Hint: Use problem 8 in Exercises 9.4. 

34. For µ = O, show that the result of problem 31 reduces to 

(

00 

-ax 1 (Va2 + b2 
- a )P 

Jo e JP(bx) dx = p bP\)a2 + b2 

Hint: Use problem 9 in Exercises 9.4. 



              

10.1 lntroduction 

Chapter 

10 
The Confluent 

Hypergeometric Functions 

Whereas Gauss was largely responsible for the systematic study of 
the hypergeometric function, E. E. Kummer (1810-1893) is the 
person most associated with developing properties of the related 
confiuent hypergeometric function. Kummer published his work on 
this function in 1836, * and since that time it has been commonly 
referred to as Kummer's function. Like the hypergeometric function, 
the confluent hypergeometric function is related to a large number of 
other functions. 

Kummer's function satisfies a second-order linear differential 
equation called the confiuent hypergeometric equation. A second 
solution of this DE leads to the definition of the confiuent hyper­
geometric function of the second kind, which is also related to 
many other functions. At the beginning of the twentieth century 
(1904), Whittaker introduced another pair of confluent hyper­
geometric functions that now bears his name. t The Whittaker 
functions arise as solutions of the confluent hypergeometric 
equation after a transformation to Liouville's standard form of 
the DE. 

*E. E. Kummer, "Über die Hypergeometrische Reihe F(a; b;x)," J. Reine 
Angew. Math., 15: 39-83, 127-172, 1836. 

t E. T. Whittaker, "An Expression of Certain Known Functions as Generalized 
Hypergeometric Series," Bull. Amer. Math. Soe., 10: 125-134, 1904. 
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10.2 The Functions M{a; e; x) and U{a; e; x) 

Perhaps even more important in applications than the hyper­
geometric function is the related function 

ao (a)nXn 
M(a;c;x) = 2: -, 

n=O (c)n n. 
-oo<x<oo (10.1) 

called the conftuent hypergeometric function. * lt is related to the 
hypergeometric function according to 

M(a;c;x) = !~F(a, b;c;~) (10.2) 

To see this, we note that 

1. F( b X) 1. ~ (a )n (b )n (x/b )n 
1m a, ;e;- = 1m Li --

1
-

b-+oo b b->00 n=O (e )n n. 

where clearly (b )nfbn = b(b + 1) · · · (b + n -1)/bn~ 1 as b~ oo. 

Remark: The function M(a;c;x) is also designated by <l>(a;c;x) or 
1 F1 (a; e; x), and commas are sometimes used in place of semicolons. 

As was the case for the hypergeometric function, the series (10.1) 
is normally not defined for e= O, -1, -2, ... , and if a is a negative 
integer, the series truncates. By application of the ratio test, it can be 
shown that the confluent hypergeometric series (10.1) converges for 
all (finite) x (see problem 1 in Exercises 10.2). 

10.2.1 Elementary properties of M(a; e; x) 

Because of the similarity of definition to that of F(a, b;c;x), the 
function M (a; e; x) obviously has many properties analogous to those 
of the hypergeometric function. For example, it is easy to show that 

d a 
- M(a · e· x) = - M(a + 1 · e + 1 · x) 
dx ' ' e ' ' 

(10.3) 

* The term confluent refers to the fact that, dueto the transformation (10.2), 
two singularities in the hypergeometric differential equation ( at 1 and infinity) 
are merged into one singularity ( at infinity) in the confluent hypergeometric 
differential equation. See Sec. 10.2.2. 
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whereas in general 

dk (a)k 
dxkM(a;c;x)= (c)k M(a+k;c+k;x) k = 1, 2, 3, ... (10.4) 

The function M (a; e; x) also satisfies recurrence relations involving 
the contiguous functions M(a ± l;c;x) and M(a;c ± l;x). From 
these four contiguous functions, taken two at a time, we find six 
recurrence relations with coefficients at most linear in x: 

(e -a -l)M(a;c;x) +aM(a + l;c;x) 

=(e - l)M(a;c -l;x) (10.5) 

cM(a;c;x)-cM(a -l;c;x) =xM(a;c + l;x) (10.6) 

(a -1 +x)M(a;c;x) +(e -a)M(a - l;c;x) 

=(e - l)M(a;c - l;x) (10.7) 

c(a +x)M(a;c;x)-acM(a + l;c;x) 

=(e - a)xM(a; e+ l;x) (10.8) 

(e -a)M(a -l;c;x) + (2a -e +x)M(a;c;x) 

=aM(a + l;c;x) (10.9) 

c(c -l)M(a;c -l;x)-c(c -1 +x)M(a;c;x) 

=(a -c)xM(a;c + l;x) (10.10) 

The verification of these relations is left to the exercises. 
To obtain an integral representation of M (a; e; x), we first recall 

the identity [Eq. (9.18) in Sec. 9.3.2] 

(a )n = f(c) (
1 

tª+n-1(1 _ t)c-a-1 dt 
(c)n r(a)f(c-a)Jo 

e >a >O (10.11) 

for n =O, 1, 2, .... Thus it follows from (10.1) that 

f(c) "' xn il M(a;c;x)= L - tª+n-1(1-t)c-a-ldt 
f(a)f(c-a)n=on! o 

= f(c) Ll tª-1º - t)c-a-1[ i: (xt rJ dt 
f(a)f(c-a) O n=O n! 

(10.12) 

where we have interchanged the order of integration and summation. 
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Recognizing the infinite sum in (10.12) as that of an exponential, we 
deduce the integral representation 

c>a>O 

(10.13) 
The integral formula (10.13) can now be used to derive a very 

important result conceming confluent hypergeometric functions. We 
simply make the change of variable t = 1 - u to get 

M(a. e· X) = f(c) exf 1 e-xuuc-a-l(l - u )ª-1 du (10.14) 
' ' f(a)f(c-a) o 

which implies 

M(a;c;x) =exM(c -a;c; -x) (10.15) 

known as Kummer's transformation. Even though (10.13) 
requires that e >a >O, the result (10.15) is valid for all values of the 
parameters for which the confluent hypergeometric function is 
defined. 

10.2.2 Confluent hypergeometric equation 
and U(a; e; x) 

The hypergeometric function y = F (a, b; e; t) is a solution of Gauss' 
equation 

d2y dy 
t(l - t) dt2 + [e - (a + b + 1 )t] dt - aby =O (10.16) 

By making the change of variable t =x/b, (10.16) becomes 

(1 X) 11 ( a+ 1 ) , O x -z; y + c-x--b-x y -ay= 

and then allowing b ~ oo, we find 

xy" + (e - x )y' - ay = O (10.17) 

Now since 

it follows that y1 =M(a;c;x) is a solution of Eq. (10.17), which is 
called the confluent hypergeometric equation. 
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By making the change of variable y =x 1-cz, we find that (10.17) 
becomes (after simplification) 

xz" + (2 - e - x )z' - (1 +a - e )z = O (10.18) 

Thus, by comparing (10.18) with (10.17), it is clear that 

z =M(l +a -e; 2-c;x) e =1=2, 3, 4, ... 

is a solution of (10.18), and hence 

y2 =x 1-cM(l +a -e; 2-c;x) e =1=2, 3, 4, ... (10.19) 

is a second solution of Eq. (10.17). Furthermore, if e is not an integer 
(positive, zero, or negative), then y2 is linearly independent of 
y 1 =M(a; c;x ), and in this case the general solution of (10.17) is 

y = C1M(a;c;x) + C2x 1-cM(l +a -e; 2-c;x) 

e=/= O, ±1, ±2, . . . (10.20) 

where e 1 and e 2 are any constants. 
To remove the restriction e =/= 1, 2, 3, . . . in the general solution 

(10.20), we introduce the function (e =/=O, -1, -2, ... )* 

n [ M(a;c;x) x 1-cM(l+a-c;2-c;x)] 
U(a·c·x)=-- ----------

'' sincn f(l+a-c)f(c) f(a)r(2-c) 

(10.21) 

called the confiuent hypergeometric function of the second 
kind. For nonintegral values of e, U(a;c;x) is surely a solution of 
(10.17), since it is simply a linear combination of two solutions. For 
e = 1, 2, 3, ... , we find that (10.21) assumes the indeterminate form 
0/0, and in this case we define (analogous to Bessel functions of the 
second kind) 

U(a;n+l;x)= lim U(a;c;x) n =O, 1, 2,... (10.22) 
c~n+l 

which can also be shown to be a solution of (10.17). 
To investiga te the behavior of U (a; e; x) when a is a nonpositive 

integer, we seta= -n (n =O, 1, 2, ... ) in (10.21) to find 

U( ) 
n M(-n;c;x) 

-n·c·x =-------­
' ' sin nc f(l - n - e )f(c) 

* See also problem 20 in Exercises 10.2. 
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which, by use of the identity f(x )r(l - x) = :;c/sin irx, becomes 

U(-n;c;x) = (-l)n(c)nM(-n;c;x) n =O, 1, 2, ... (10.23) 

Hence, the functions U (a; e; x) and M (a; e; x) are clearly linearly 
dependent for a= O, -1, -2, ... and therefore do not constitute a 
fundamental set of solutions of (10.17) in this case. Nonetheless, for 
both a, c=#=O, -1, -2, ... , it can be shown that U(a;c;x) and 
M(a;c;x) are linearly independent functions, and in this case the 
general solution of (10.17) is (see problem 22, in Exercises 10.2) 

a, e* O, -1, -2,... (10.24) 

The function U (a; e; x) has many properties like M (a; e; x ). 
Directly from its definition (10.21), we first note that (see problem 21 
in Exercises 10.2)* 

U(a; c;x) =x 1-cU(l +a -e; 2-c;x) (10.25) 

while the derivative relations are readily found to be (see problem 23 
in Exercises 10.2) 

d 
dx U(a; c;x) = -aU(a + 1; e+ l;x) (10.26) 

and 

dk 
dxk U(a;c;x) = (-l)k(a)kU(a + k;c + k;x) k = 1, 2, 3,... (10.27) 

Although more difficult to show, it has the integral representation 

a>O,x>O (10.28) 

Some additional properties are taken up in the exercises. 

10.2.3 Asymptotic formulas 

From the series representation (10.1) of M(a;c;x), it follows directly 
that for small values of x 

M(a;c;x) ~ 1 x~o (10.29) 

* From (10.25), it follows that U(a; e; x) is defined also for e= O, -1, -2, .... 
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For U(a;c;x) it can be shown that 

U(a· e· x) ~ f(c - l) x 1-c 

' ' f(a) 
e> 1, (10.30a) 

1 
U(a; l;x) ~ - f(a) [lnx + 'IJl(a)] (10.30b) 

the details of which we leave to the exercises (see problem 27 in 
Exercises 10.2). 

To derive an asymptotic formula for M(a;c;x) that is valid for 
large x, we begin with the integral representation [see (10.14)] 

M(a; e; X) = f(c) exf 1 e-xuuc-a-1(1 - u )ª-1 du 
f(a)f(c-a) o 

This integral can further be expressed as the difference of two 
integrais by writing 

1
00 

-xu c-a-1(1 )a-1 d - e u -u u 
1 

Next we make the substitution s = xu in the first integral on the right 
and the substitution t =x(u -1) in the second integral on the right. 
This action yields 

e-x l"' -t( t)c-a-1( t)a-1 -- e 1 +- -- dt (10.31) 
X o X X 

Hence, for x » s and x ~ oo, we make the approximations 

( )
a-1 1-; =1 

and find that (10.31) leads to 

e-x 
-=O 

X 

f 
1 

-xu c-a-1(1 )a-1 d a-cf,
00 

-s c-a-1 d e u -u u ~x e s s 
o o 
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Substituting this result into (10.14), we deduce the asymptotic 
formula 

x-oo (10.32) 

for a, e =F O, -1, -2,.... If, instead of approximating the term 
(l-s/xr-1 by unity, we choose to expand it in the binomial series 

then we obtain the full asymptotic series given in problem- 28 in 
Exercises 10.2. Finally, by using Kummer's transformation (10.15), it 
readily follows from (10.32) that 

r(c) -a 
M(a;c; -x) - f(c -a) x x-oo (10.33) 

Last, ifwe utilize the integral representation (10.28) for U(a;c;x), 
it follows in a like manner that (see problems 29 and 30 in Exercises 
10.2) 

U(a;c;x)-x-ª x-oo (10.34) 

Exercises 10.2 

1. By applying the ratio test to Eq. (10.1), show that the confluent 
hypergeometric series converges for all x. 

2. Show that 

(a) 

(b) 

d a 
dxM(a;c;x) =-;;M(a + l;c + l;x) 

dk (a)k 

dx
kM(a;c;x) =-M(a +k; e +k;x), k = 1, 2, 3, ... 

(e )k 

ln problems 3 to 7, verify the differentiation formula. 

d 
3. x dxM(a;c;x) +aM(a;c;x) =aM(a + l;c;x) 

d 
4. x dx M(a;c;x) +(e -a -x)M(a; c;x) =(e - a)M(a - l;c;x) 

d 
5. e dxM(a;c;x)-cM(a;c;x) =(a -c)M(a;c + l;x) 
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d 
6. x dxM(a;c;x) + (c-l)M(a;c;x) = (c- l)M(a;c- l;x) 

d 
7. x dx M(a;c;x) +(e - l -x)M(a;c;x) 

=(e - l)M(a - l;c - l;x) 

ln problems 8 to 13, verify the contiguous relation by using the 
results of problems 3 to 7 or by using series representations. 

8. (e-a - l)M(a;c;x) +aM(a + l;c;x) =(e - l)M(a;c - l;x) 

9. cM(a;c;x)-cM(a - l;c;x) =xM(a;c + l;x) 

10. (a -1 +x)M(a;c;x) +(e -a)M(a - l;c;x) 

=(e - l)M(a;c - l;x) 

11. c(a +x)M(c..; c;x) -acM(a + l;c;x) =(e - a)xM(a; e+ l;x) 

12. (e -a)M(a -l;c;x) + (2a -e +x)M(a;c;x) =aM(a + l;c;x) 

13. c(c - l)M(a;c - l;x) +c(c -1 +x)M(a;c;x) 

=(a -c)xM(a;c + l;x) 

14. Show that 

X 
M(a + l;c;x)-M(a;c;x) =-M(a + l;c + l;x) 

e 

15. Show that 

e-a a 
M(a;c;x) =--M(a;c + l;x) +~M(a + l;c + l;x) 

e e 

ln problems 16 to 18, derive the integral relation. 

r(c)21-c fl 
16. M(a; c;x) = ex12 e-xt12(1 + t)c-a-1(1- t)ª-1 dt, 

r(a )r(c ·-a) -1 

c>a>O 

17 M(a. e· X)= r(c) exx(l-c)l2L00 

e-tt(c-l)/2-ªJ (2\1.Xt) dt 
. - ' ' r(c-a) o c-l ' 

e >a >O, x >O 

18. L00 

e-stM(a;c;t)dt =;.F(a, l;c;;.),s > 1 

19. By substituting its series representation, show directly that 
y =M(a;c;x) is a solution of 

xy" +(e -x)y' -ay =O 
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20. Show that for e =t= 1, 2, 3, ... the confluent hypergeometric func­
tion of the second kind (10.21) can be written as 

r(l-c) 
U(a;c;x)= ( )M(a;c;x) r 1 +a -e 

r(c-1) 
+ x 1-cM(l+a-c·2-c·x) 

r(a) ' ' 

21. Verify the Kummer relation 

U(a;c;x) =x1-cU(l +a-c;2-c;x) 

22. Show that the wronskian of the confluent hypergeometric func­
tions is given by 

r(c) 
W(M U)(x) = --x-cex 

' r(a) 
Hint: See problem 7 in Exercises 6.6. 

23. Show that 

(a) 
d 
dx U(a;c;x) = -aU(a + l;c + l;x) 

(b) 
dk 
dxk U(a; c;x) = (-l)k(a)kU(a + k; e+ k;x ), k = 1, 2, 3, ... 

24. Show that U(a;c;x) has (among others) the contiguous relations 
(a) U(a;c;x)-aU(a + l;c;x) = U(a;c -l;x) 
(b) (e -a)U(a;c;x) + U(a -l;c;x) =xU(a;c + l;x) 

25. From the well-known result of calculus 
oo Yn 

f(x + y) = L, rn)(x) -
n=O n! 

lyl<p 

derive the addition formulas 

(a) 
00 (a)nYn 

M(a;c;x+y)= L, -() 1 M(a+n;c+n;x) 
n=O C nn• 

oo (a) 
U(a;c;x+y)= L,--f<-lrynU(a+n;c+n;x) 

n=O n. 
(b) 

26. From the result of problem 25, deduce the multiplication 
formulas 

00 (a)nxn(y - ir 
(a) M(a;c;xy)= L, () 

1 
M(a+n;c+n;x) 

n=O C nn• 
00 (a) xn(l-yr 

(b) U(a;c;xy)= L n 
1 

U(a+n;c+n;x) 
n=O n. 



              

The Confluent Hypergeometrlc Functlons 395 

27 .. For small arguments, show that 

(a) 
f(c -1) 

U(a·c·x)- x 1
-c c>l x~o+ 

' ' f(a) ' ' 

1 
(b) U(a; l;x)- -f(a) [lnx + tp(a)],x~o+ 

28. Starting with Eq. (10.31), show by expanding (l-s/x)ª-1 in a 
binomial series that 

M( ) 
f(c) a-e X~ (1- a )n (e - a )n 

a;c;x -f( )X e L.J I n 
a n=O n!X 

x~oo 

29. Using the integral representation (10.28), show that 

U(a; c;x) -x-ª x~oo 

30. Following the technique suggested in problem 28, derive the 
asymptotic series 

U( ) 
-a~ (-lr(a)n(l+a-c)n 

a;c;x -x L.J 1 n x~oo 
n=O n!X 

10.3 Relation to Other Functions 

Specializations of either M (a; e; x) or U (a; e; x) lead to most of the 
other special functions introduced in earlier chapters. For example, it 
can readily be verified by comparing series or integral representa­
tions that 

ex=M(a;a;x) 

erfcx = _!_e-x2u(!. !. x 2 ) 
\(Ji: 2'2' 

Ln(x) =M(-n; l;x) 

Ei (x) = -exU(l; 1; -x) 

KP(x) = Ylr (2x)Pe-xU(p + 1/ 2 ; 2p + 1; 2x) 

among many other such relations (see the exercises). 
The validity of (10.35) follows directly from 

(10.35) 

(10.36) 

(10.37) 

(10.38) 

(10.39) 

(10.40) 
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while (10.36) and (10.37) are proved in Examples 1 and 2. Verifying 
(10.38), (10.39), and (10.40) is left to the exercises. 

Example 1: Show that erfcx = (l/Vlr)e-x
2U(1/2; 1/ 2;x2). 

Solutlon: By introducing the substitution t = x\II+S, we find 

2 r 
erfc x = Vir Jx e -t

2 

dt 

Comparing this last integral with the integral representation (10.28) 
identifies the parameters a = 1 and e = %, and hence 

However, using the identity U(a;c;x) =x1-cU(l +a -e; 2-c;x), we 
can also write 

1 2 (1 1 2) erfcx =-e-x U -·-·x Vir 2' 2' 

Example 2: Show that 

Solution: From the series definition of the Hermite polynomials, we 
have 

- n (-l)k(2n)! 2n-2k 
H2n(X)- k~ok!(2n -2k)! (2x) 

n (-1YC2x)~ 
= (-l)n(2n)!~ ( - ")1(2')! 

1=0 n } • 'iJ • 

where the last step has resulted from the índex change j = n - k. ln 
terms of Pochhammer symbols, we write 

(2j)! = 2~(%)J}! 

( -')'=(-lYn! 
n J . ( ) -n i 
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and therefore it follows that 

H ( )=(-l)n(2n)!~ (-n)1X~ =(-l)n(2n)!M(- .!. 2) 
2n X 1 Li (1/. )· ·1 1 n, 2'x n. 1 =O 2 1 J. n. 

Example 3: Use the relation (see problem 34 in Exercises 10.3) 

to deduce that 

oo (-l)n Xµ-1 

L Ir( _ ) Ln (x) = [r( ) ] 2 µ>O n=on. µ n µ 

Solution: Let t = 1 anda= 1 - µ in the given series to obtain 

r(µ) 

the last step of which follows use of the asymptotic formula [Eq. 
(10.33)] 

( 
xt ) 1 ( xt )µ M 1-µ-1·-- ~- -

' ' 1-t f(µ) 1-t 
xt 

---?00 

1-t 

Finally, by recalling the identity (see problem 8 in Exercises 9.2) 

(1- µ) = (-l)nr(µ) 
n r(µ - n) 

we get the relation 

00 (-lr xµ-l 

L Ir( _ ) Ln (x) = [r( ) ] 2 µ > O n=O n. µ n µ 

10.3.1 Hermite functions 

TheDE 

y"-2xy' + 2vy =o (10.41) 

arises in the solution of Laplace's equation in parabolic coordinates. 
For v = n(n =O, 1, 2, ... ), this isjust the DE satisfied by the Hermite 
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polynomials studied in Chap. 5. Therefore, in the general case where 
v is arbitrary we refer to the solutions of (10.41) as Hermite 
functions. 

To find a general solution of (10.41), we start with the change of 
variable t =x2

, which converts the DE to the confluent hyper­
geometric form 

d
2
y (1 ) dy V t-+ --t -+-y=O 

dt 2 2 dt 2 
(10.42) 

Hence, (10.42) is just a special case of (10.17) for which a= -v/2 
and e=%. Recalling Eq. (10.20), we see that a general solution of 
(10.42) is 

(10.43) 

and so the general solution of (10.41) is 

( 
V 1 ) (1- V 3 ) Y(x)=C M --·-·x2 +C--rM --·-·x2 

1 2' 2' ~ 2 '2' 
(10.44) 

lt is customary to choose constants C1 and C2 to be 

and then define 

which is called the Hermite function of degree v. 
Various properties of the Hermite functions can be derived directly 

from the definition (10.45) in terms of confluent hypergeometric 
functions. For example, we can immediately deduce that 

(10.46) 

Also by expressing the confluent hypergeometric functions in ( 10.45) 
in series form, a series for Hv(x) can be derived for v not zero or a 
positive integer (see problem 49 in Exercises 10.3). 
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By comparing (10.45) with the definition of the confluent hyper­
geometric function of the second kind, it follows that the Hermite 
function can also be expressed as 

(10.47) 

Hence, recalling the result of Example 1, we see that, for example, 

(10.48) 

The basic recurrence formulas for the Hermite polynomials are 
satisfied as well by the Hermite functions; the proofs are left to the 
exercises. 

10.3.2 Laguerre functlons 

The associated Laguerre polynomials are related to the confluent 
hypergeometric function by (see problem 6 in Exercises 10.3) 

(a+ On 
L~)(x)= 

1 
M(-n;a+l;x) 

n. 

f(n +a+ 1) 
f(n + l)f(a + l) M(-n; a+ l;x) (10.49) 

If we choose to replace the index n by the more general index v (not 
restricted to nonnegative integer values), we have 

(a) _ f( V+ a + 1) . . 
Lv (x)-f(v+l)f(a+l)M(-v,a+l,x) (10.50) 

called the Laguerre function of degree v. 
For v-=/= n (n =O, 1, 2, ... ), it is clear that the Laguerre function is 

nota polynomial, since the series for M(-v; a+ l;x) will be infinite 
in this case. Nonetheless, the basic recurrence formulas for the 
associated Laguerre polynomials (Sec. 5.3.3) continue to hold for the 
more general Laguerre function. ln the case where v is a negative 
integer, some immediate consequences of the defining relation 
(10.50) are 

L~~(x) =O n=l,2,3, ... , a>-1, a-=/=0,1,2, ... (10.51) 
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and (for m = 1, 2, 3, ... ) 

L<:!',!(x) = {~ -1r(n)m 
m! 

n = 1, 2, 3, ... , m 

n = m + 1, m + 2, ... 

the proofs of which are left to the exercises. 

Exercises 10.3 

ln problems 1 to 14, verify the given relation. 

xª 
1. y(a,x) =-M(a;a + 1; -x) 

a 

2. f(a,x) =e-xU(l-a; 1-a;x) 

3. Ei (x) = -exU(l; 1; -x) 

4. li (x) = -xU(l; 1; -lnx) 

n (2n + 1)! ( 3 2) 5. H2n+1(x)=(-1) n! 2xM -n;2;x 

6. Ln(x)=M(-n;l;x) 

(a+ l)n 
7. V;:>(x)= 

1 
M(-n;a+l;x) 

n. 

_ (x/2)P -ix ( 1. . . ) 
8. JP(x) -f(p + l) e M p + 2, 2p + 1, 2LX 

(10.52) 

Hint: Start with the integral representation (6.32) in Sec. 6.3 
and make the change of variable t = 2s - 1. 

(x/2)P -x ( 1 ) 
9. JP(x)=f(p+l)e M p+ 2;2p+1;2x 

10. Kp(x) = \(;i: (2x )Pe-xu(p + ~; 2p + 1; 2x) 

X [ ( 1 3 1 . 2) ( 1 3 1 . 2) J 12. S(x)=2i M 2;2;2z.nx -M 2;2;-2z.nx 

13. Ci (x) = -~ [e-ixU(l; 1; ix) +eixU(l; 1; -i.x)] 

14. Si (x) = ~ +-.!: [e-ixU(l; 1; ix) -eixU(l; 1; -i.x )] 
2 2z 
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ln problems 15 to 30, verify the special cases. 

1 
15. M(l; 2; -x) =-(1-e-x) 

X 

16. M(2; 1; -x) = (1-x)e-x 

2 
17. M(l; 3; -x) =2 (x +e-x -1) 

X 

18. M(3; 2; -x) = ( 1- ~)e-x 

19. M( 1/ 2; 
1
/ 2 ; -x 2

) = e-x2 

20 M(!.~. -x2) = ~ erfx 
. 2'2' 2x 

21. M(-1/ 2 ; %; -x 2
) = e-x2 + ~x erfx 

22 M(-!·~·-x2)=!e-x2 + ~(1+2x2)erfx 
. 2' 2' 2 4x 

23. M(l; 1/ 2;x2
) = 1 + ~xex2 

erfx 

( 
3 2) ~2 24 M 1·-·x =-ex erfx . '2' 2x 

25 M(!· 1· -x) =e-x12L (~) . 2' ' o 2 

31. Show that (x >O) 

(a) limM(a;c;-~) =f(c)x<l-c)l2Jc-i(2Vx) 
a-+OO a 

(b) limM(a; e;~)= f(c )x(l-c)l2Jc-i(2Vx) 
a-+<Xl a 
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ln problema 32 and 33, use properties of the confluent hyper­
geometric function to sum the series. 

~ n' , e 2 x 32. LJ · x2n+l= y.1t'ex 14 erf-
n=O (2n + 1)! 2 

~ (n + k )! k k -x 
33. LJ l(kl)2 (-l)x =e Ln(x),n=0,1,2, ... 

k=O n. · 
34. Use the Cauchy product to show that 

( 
xt ) 

00 

tn 
(1-t)-ªM a; 1; -l -t = L (a)nLn(X) 1 

n=O n. 
ln problema 35 to 37, verify the integral relation. 

f,
00 

2 2nn! ( 1 b2
) 35 x 2n+ 1 cosbxe-= 12 dx=--M n+l·-·-- a>O . o an+l '2' 2a , 

36 x2n smbxe-= 12 dx =--bM n + 1·-· -- a >O f,
00 

• 2 2nn! ( 3 b
2

) 

. o an+l '2' 2a , 

LooJ. ( ) 2µ-1 -b2x2dx - f(µ)M( • • - a2) > 37. 
0 

0 ax x e -
2

b2,, µ, 1, 
4

b2 , a - O, b >O, 

µ:1=0, -1, -2, ... 
ln problema 38 and 39, use the result of problem 28 in Exercises 10.2 
to derive the asymptotic formula. 
38. erfx -1, x~ oo 

39 1 (x)-____é_ i (1/2 - p )n(1/2 + p )n x~oo 
• P V2iX n=O n!(2.xr , 

ln problems 40 to 43, use the result ofproblem 30 in Exercises 10.2 to 
derive the asymptotic formula. 

e-"'
2 

00 

( -1 r <1/2)n 
40. erfcx - • e L 2n , x~oo 

XVlrn=O X 
ex 00 n' 

41. Ei(x)-- L -;,x~oo 
X n=OX 

00 ' 

42. li(x)- 1~ L (ln.)n'x~oo 
nx n=O nx 

43 K ( ) - ~ -x~ (-l)n(
1
/2+P)n(1/2-P)n ~ 00 

• P X ..,_e LJ f(n-)n ,X 
4A- n=O n. 4A-

44. By expressing the confluent hypergeometric functions in (10.45) 
by their series representations, deduce that 

H(x)= 1 Í<-l)kr(k-v)(2.x)k 
V 2f(-V) k=O 2 k! 

v-=/= n (n = O, 1, 2, ... ) 
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ln problems 45 to 4 7, use the result of problem 44 to deduce the given 
relation. 

45. H~(x) = 2vHv-l (x) 

46. 2vH~_1 (x) = 2xH~(x) - 2vHv(x) 

47. Hv+1(x) - 2xHv(x) + 2vHv-1(x) =O 

48. For v < O, show that 

1 r Hv(x)=f(-v) Jo e_,2_2xtt-v-1dt 

49. Using the result of problem 48, deduce the asymptotic series (for 
v<O) 

H ( ) _ (2x)v ~ (-l)n( -V)2n 
v X L,,, 1(2x )2n 

n=O n. 
x~oo 

50. Show that 

fx x212 (X2) 
H-112(x) = "V 2;; e K114 2 

51. Derive the series representation (a> -1) 

Vªl(x) = f( v + a + 1) f f(k - v) xk 
V f( -v)f( V+ 1) k=O f(k +a+ 1) k! 

ln problems 52 to 54, use the result of problem 51 to deduce the given 
relation. 

52. V:Y(x) = -L<:~ll(x) 
53. xL<;-Y (x) - vL<:'l(x) + ( v +a )L<;-21 (x) =O 

54. (v + l)L~ªl 1 (x) + (x -1- 2v -a)L<;-l(x) + ( v + a)L~"2 1 (x) =O 

55. Show that 

L~~(x) =O n = 1, 2, 3, ... , a > -1, a ::;i:: O, 1, 2, ... 

56. Show that (for m = 1, 2, 3, ... ) 

L<::.',!(x) = {~ - lr(n )m 

m! 

n = 1, 2, 3, ... , m 

n = m + 1, m + 2, ... 

10.4 Whittaker Functions 

For purposes of developing certain theories concerning DEs, it is 
sometimes helpful to transform the equation to what is called the 
Liouville standard form. * To derive this form, we first write the DE 

* Sometimes called the rwrmal form, not to be confused with (10.53). 
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in normal form 

y" +A(x)y' +B(x)y =O 

Next we set y = u (x )v (x ), for which 

y' = uv' +u'v 

y" = uv" + 2u'v' + u"v 

(10.53) 

and when these expressions are substituted into (10.53), we get 

vu" + (2v' +Av )u' + (v" +Av' +Bv)u =O (10.54) 

By selecting 2v' + Av = O, the coefficient of u' can be made to vanish. 
A function v which gives this result is 

v(x) = exp [-1
/ 2 J A(x) dx J 

and thus (10.54) reduces to the Liouville standard form 

u" +Q(x)u =O 

where Q(x) =B(x)- 1/4[A(x)]2 - 1/~'(x) 

If we rewrite the confluent hypergeometric DE 

xy" + (e - x )y' - ay = O 

in normal form, i.e., 

" (~ 1) , a O y +\;- y -:;y= 

we can then identify the functions 

e 
A(x) =--1 

X 

a 
B(x) = -­

x 

(10.55) 

(10.56) 

(10.57) 

(10.58) 

(10.59) 

Hence, the Liouville standard form of the confluent hypergeometric 
DE is 

( 
1 e - 2a 2c - c2

) 
u"+ --+--+ u =O 

4 2x 4.x2 
(10.60) 

From (10.55), we calculate 

v (x) = exp [ - ~ J Q- 1) dx] = ex
12x -c

12 (10.61) 
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and since y = u(x)v(x) (or u = y/v ), it follows that one solution of 
(10.60) is given by 

e =l=O, -1, -2, ... (10.62) 

lt is customary to introduce new parameters m and k by means of 
the transformations 

e 1 
-=m+-
2 2 

e 
--a=k 
2 

(e= 2m + 1) 

so that in terms of these parameters, Eq. (10.60) becomes 

,, ( 1 k 
1
/4 - m 

2
) 0 u + --+-+ u= 

4 X X
2 

with solution u1 =Mk,m(x), where 

Mk,m(x) = e-x12xm+ 112M( 1
/ 2 + m -k; 2m + l;x) 

(10.63) 

(10.64) 

2m =I= -1, -2, -3,... (10.65) 

We call Mk,m (x) a Wbittaker function of the first kind. 
We have previously shown (Sec. 10.2.3) that when e =I= 2, 3, 4, ... , 

the function 

y2 =x 1-cM(l +a -e; 2-c;x) 

is a second linearly independent solution of (10.58). Using the 
parameters m and k, and the relation u = y /v, it follows that when 
2m is not an integer, the function 

(10.66) 

is a second linearly independent solution of (10.64). However, 
comparison of (10.66) with (10.65) identifies u2 = Mk,-m(x ), and 
therefore a general solution of (10.64) is 

2m =l=O, ±1, ±2, ... (10.67) 

The solutions Mk,±m(x) of (10.64) are not always the most con­
venient ones to use in forming a general solution, because of the 
restriction that 2m not be an integer. Therefore, in certain situations 
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we find it preferable to introduce the Whittaker function of the 
second kind 

(10.68) 

lt can be shown that Wk,m(x) is a solution of (10.64) that is linearly 
independent of Mk,m(x), even when 2m =O, 1, 2, .... That this isso 
follows from the linear independence of the confluent hypergeometric 
functions of the first and second kinds. ln terms of wk m (x)' the 
general solution of (10.64) reads 

2m-=/= -1, -2, -3, ... (10.69) 

The Whittaker functions clearly have many properties which follow 
directly from those of Kummer's functions, some of which are 
discussed in the exercises. ln most applications the choice of using 
Kummer's functions or Whittaker's functions is mostly a matter of 
convenience. Both sets of functions commonly occur in reference 
material, although the functions of Whittaker are somewhat less 
prominent. 

Exercises 10.4 

1. You are given Bessel's equation 

x 2y" +xy' + (x 2 -p 2 )y =O 

(a) Find the Liouville standard form. 
(b) For p = 1

/ 2 , use (a) to deduce that the general solution of 
Bessel's DE for this special case can be expressed as 

y = C1x-1
'
2 cosx + c~-112 sinx 

2. It can be shown that oscillatory solutions of u" + Q(x )u =O exist 
only if Q(x) >O. Use this criterion to deduce that 

my"+cy' +ky =O 

has oscillatory solutions only if c2 
- 4mk <O. 

3. Use the criterion stated in problem 2 to deduce that Bessel's 
modified equation 

x2y" +xy' - (x 2 + p 2 )y =O 

has no oscillatory solutions. 

ln problema 4 to 8, verify the given relation. 

4 rf 2 -x212M ( 2) . e x = , r= e -114 114 x vn:x , 
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rfi 1 _"2'2w < 2) 5. e ex=. c::e -114114 x y;r;x , 

6 ( ) - r( ) (a-1)/2 -x/2w: ( ) .ya,x - a -x e <a-1)/2,a/2X 

7. Mom(2.x) = r(m + 1)22m+l/2Vxlm(X) 

8. Wom(2.x)= {2;Km(X) . 't; 
9. Show that 

(a) Wk,m(X) = Wk,-m(X) 
(b) W-k,m(-x)=W-k,-m(-x) 

10. Show that (n = 1, 2, 3, ... ) 
dn 

(a) dxn [e"'2xm-112Mk,m(X)] 

= ( -1 )n( -2m )nXm-n/2- 112e"12Mk-n/2,m-n/2(X) 

(b) dn [e"'2xm-112w: (x)] 
dxn k,m 

= ( - l)n(1/2 - m - k )nxm-n/2- 112e"12Wk-n/2,m-n/2(x) 

ln problems 11 to 13, derive the asymptotic formula. 

11. Mk,m(x)-xm+ 112, x~o+ 

12. Mk,m(X) 

13. Wk,m(x)-xke-"12, x~oo 

14. Show that the parabolic cylinder function defined by 

- n/2+114 -112 (x2
) Dn (x) - 2 X Wn/2+114,-114 2 n =O, ±1, ±2, ... 

satisfies the DE 

y" + ( n + ~ - :
2

)y = O 

15. Verify that (see problem 14) 

f"' Wo(X) ]
2 

dx = V2ii: 
16. Verify that (see problem 14) 

(a) Dn(x) = rn12e-"2'4Hn(~) 

(b) D_1(x)= ~e"214 erfc(~) 
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17. Show that (for v + 1/2 + m >O, k - v >O) 

L"" -bt/2 v-lM (b ) d = f(k - v)f(1/2+m+v)f(2m+1) b-v 
o e t k,m t t r<1/2+m+k)f(l/2+m-v) 

18. Evaluate the integrais 

(a) L"" [Mk,m(x)] 2dx 

(b) L"" x-1[Mk,m(x)] 2dx 

19. Show that the wronskian of Whittaker's functions is 

f(2m + 1) 
W(Mk,m' Wk,m)(X) = - f(m _ k + 1/

2
) 2m i= -1, -2, -3, ... 

20. Using the integral representation for U(a;c;x), show that 

xke-x/2 L"" ( t)m+k-1/2 
(a) Wk,m(x)=f(m-k+1/2) o e-ttm-k-112 1+; dt 

m-k+%>0 
(b) From (a), deduce the asymptotic series 

W: ( )~ -x/2 k~ (-l)n(m-k+
1
/2)n<1/2-m-k)n 

k,m X e X L.J 1 n 
n=O n!X 

21. Given the set of polynomials* 

G;:'(x) = i (m + n - k) x: 
k=O m k. 

show that 

1 
(a) G;:'(x) = -,xm+n+1U(m + 1; m + n + 2;x) 

n. 

m 1 ax/2 m+n n-m 
(b) Gn (x) = n!x e Wb,a+112(x), a =-

2
-, b =-

2
-

x~oo 

22. ln solving for the wave function associated with the hydrogen 
atom (see Sec. 5.3.4) we are led to the radial wave equation 

_!_~ (P2 dx) + [~-!_ l(l + l)]x = 0 
p 2 dp dp p 4 p 2 

* The polynomials G:;'(x) arise in the problem of finding the probability density 
function for the output of a cross correlatar. For example, see L. E. Miller and J. 
S. Lee, "The Probability Density Function for the Output of an Analog Cross 
Correlatar,'' IEEE Trans. Inform. Theory, IT-20: 433-440, July 1974, and L. C. 
Andrews and C. S. Brice, "The PDF and CDF for the Sum of N Filtered Outputs of 
an Analog Cross Correlatar with Bandpass Inputs,'' IEEE Trans. Inform. Theory, 
IT-29: 299-306, March 1983. 
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(a) Show that this DE has the standard form 

u"+ [~-!_ l(l + l)Ju =O 
p 4 p2 

(b) From (a), deduce that one solution for x(p) is 

1 
X(P) = - MJ..,1+112(P) 

p 

(e) Show that the solution in (b) can also be expressed in the 
form 

x(p) =e-P12p1L~2!_i.!:l(p) 

where L':l(p) is the generalized Laguerre function. 



 



              

11.1 lntroduction 

Chapter 

11 
Generalized 

Hypergeometric Functions 

The special properties associated with the hypergeometric and 
confluent hypergeometric functions have spurred a number of in­
vestigations into developing functions even more general than 
these. Some of this work was done in the nineteenth century by 
Clausen, Appell, and Lauricella (among others), but much of it has 
occurred during the last 70 years. Even the most recent names are 
too numerous to mention, but MacRobert and Meijer are among the 
most famous. 

The importance of working with generalized functions of any kind 
stems from the fact that most special functions are simply special 
cases of them, and thus each recurrence formula or identity 
developed for the generalized function becomes a master formula 
from which a large number of relations for other functions can be 
deduced. New relations for some of the special functions have been 
discovered in just this way. Also the use of generalized functions 
often facilitates the analysis by permitting complex expressions 
to be represented more simply in terms of some generalized 
function. Operations such as differentiation and integration can 
sometimes be performed more readily on the resulting gener­
alized functions than on the original complex expression, even 
though the two are equivalent. Finally, in many situations 
we resort to expressing our results in terms of these generalized 
functions because there are no simpler functions that we can 
call upon. 

Our treatment of generalized hypergeometric functions is brief. For 

411 
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a deeper discussion the interested reader should consult one of the 
many publications devoted entirely to functions of this nature. * 

11.2 The Set of Functions pFq 

ln general, we say that a series I: Un (x) is a hypergeometric-type 
series if the ratio Un+i (x )f un (x) is a rational function of n. A general 
series of this type is 

(11.1) 

where p and q are nonnegative integers and no ck (k = 1, 2, ... , q) is 
zero ora negative integer. The function defined by (11.1), which we 
denote simply pFq, is called a generalized hypergeometric 
function. Clearly, (11.1) includes the special cases 2F1 and 1Fu 
which are the hypergeometric and confluent hypergeometric functions, 
respectively. · 

Applying the ratio test to (11.1) leads to 

1. 1Un+1(x)1 I 11. 1 (a1 +n) · · · (aP +n) 1 
im =x im 

n-+oo Un(X) n-+oo (c 1 +n)···(cq+n)(l+n) 
(11.2) 

Hence, provided the series does not terminate, we see that 

1. If p < q + 1, the series converges for all (finite) x. 

2. If p = q + 1, the series converges for lx 1 < 1 and diverges for 
lxl>l. 

3. If p > q + 1, the series diverges for all x except x = O. 

The series (11.1) is therefore meaningful when p > q + 1 only if it 
truncates [see (11.9) below]. 

Because of its generality, the function pFq includes a great variety 
of functions as special cases. Some of these special cases are given 
byt 

(11.3) 

* For example, see A. M. Mathai and R. K. Saxena, Generalized HypergeometrU: 
Functions with ApplU:ations in StatistU:s and PhysU:al Sciences, Lecture Notes in 
Mathematics, Springer, New York, 1973. 

t The absence of a parameter in pFq is emphasized by a dash. 
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(11.4) 

= 
00 

(-1)" (x
2
/4)" _ (-·!· _x

2
) 

cosx 2: (1/) ' - oF1 , 2, 4 
n=O 2 n ll. 

(11.5) 

00 

(-l)"(x2/4)" ( x 2
) 

Jo(x) = L -(l) 1 = oF1 -; 1; --
4 n=O n n. 

(11.6) 

(11.7) 

(11.8) 

An important terminating series for the case p > q + 1 is the Hermite 
polynomial 

"[ ( n 1- n 1 )] H,.(x) = (2x) 2Fo -2, -
2
-; -; - x 2 (11.9) 

11.2.1 Hypergeometric-type series 

The general series (11.1) has been extensively studied over the years, 
and many of the important properties associated with the related pFq 

functions have been developed. For this reason it is often advan­
tageous to express a given series whose sum is unknown in the form 
of (11.1), since it provides a standard form by which to classify the 
series. ln this standard form one may then be able to identify the 
function that the series defines; if not, at least some general theory 
concerning the specific function pFq is probably available. 

Not all series, of course, are specializations of the generalized 
hypergeometric series (11.1). Only those series for which the ratio of 
successive terms is a rational function of n are hypergeometric-type 
series. Forming the ratio of successive terms is also helpful in 
identifying the numerator and denominator parameters of the 
hypergeometric-type series and the argument of the function. That is, 
by writing the ratio of successive terms in the form 

u,.+ 1(x) (a 1 +n) · · · (aP +n)xµ 
= 

u,.(x) (c 1 +n)···(cq+n)(l+n) 
(11.10) 

we can easily identify the parameters a 1 , ••. , aP, c1 , ••. , cq, and the 
argument xµ, where µis a real number. lf the particular factor 1 + n 
is not in the denominator, it can be introduced by multiplying both 
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numerator and denominator by it. Note, however, that all hyper­
geometric series of the form (11.1) are defined so that the first term 
of the series is unity. Thus, if u 0 (x) -:/= 1 in the given series, we need to 
multiply the resulting pFq series by u 0 (x ). Let us illustrate the 
technique with an example. 

Example 1: Express f (x) in terms of a pFq function, where 

f(x)= f (-l)n(2n)!(x/2)2n 
n=O (n!)2[f(n + p + 1)]2 

Solutlon: We first observe that the n =O term of the series is 

1 
Uo(X) = [f(p + 1)]2 

Next, using properties of factorials and the gamma function, we find 

(2n + 2)! (x/2)2n+2 

[(n + 1)!]2[f(n + p + 2)] 2 

<1/2 + n )( -x2) 
=-------

(p + 1 + n )2
( 1 + n) 

(n!)2[f(n + p + 1)]2 

(2n)! (x/2) 2
n 

and thus deduce that 

or 

f(x) = [f(p ~ l)]2 [ 1F2G ;p + l,p + 1; -x
2

) J 
Example 2: Show that 

"" <4xr . 2 
Í: (2 - l)I = 4 smh Yx x >O 
n=l n n . 

Solution: Because the given series does not start with n = O, we 
begin with an índex shift to obtain 

"" ( 4x r 00 ( 4x )n 

n~l n(2n -1)! = 4x ~o (n +.1)(2n + 1)! 

=4x i (l)n Xn 

n=O (2)n {%)n n! 

=4x1F20;2, %;x) 
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where we have used the identities (see Sec. 9.2) 

n + l = (n + 1)! = (2)n 
n! (l)n 

(2n + 1)! = 22n(%)nn! 

The special case of Ramanujan's theorem (see problem 4 in Exercises 
11.2) 

with a = 1 and b = 2 leads to 

2F3(1, 1; 2, 1, %;x) = 1F2(l; 2; %;x) 

= 1F1(l; 2; 2Yx) 1F1(l; 2; -2Yx) 

This relation, coupled with Kummer's transformation, yields 

Finally, with the aid of the identities (see problem 9 in Exercises 10.2 
and problem lOa in Exercises 7 .2) 

1F1(l; 2; 2x) = r(~)(~)
112

ex1112(x) 

l 112(x) = ~sinhx 

it follows that 

The above method of summing the given series in Example 2 may 
not represent the easiest approach to this particular problem. We are 
using it merely as an illustrative procedure that may prove useful in 
dealing with more complex series. 
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Exercises 11.2 

1. Show that 

d 
dx [pFq(av ... , aP;cv ... , cq;x)] 

p 

n ak 
k=l 

=-1-pFq(a1+1, ... , aP + l;c1+1, ... , cq + l;x) 

Il C· 
j=l 'J 

2. For a + b =I= 1, show that 

oF1(-; a;x) 0F1(-; b;x) 

(
a +b-1 a+ b ) 

=2F3 
2 

,-
2
-;a+b-1,a,b;4x 

3. Use the result of problem 2 to deduce that 

[Jo(x)]2=1F2(1/2; 1, 1; -x2
) 

4. Verify Ramanujan's theorem 

( 
b b + 1 x

2
) 

1F1(a; b;x) 1F1(a; b; -x) = 2F3 a, b -a; b, 2, -
2
-; 4 

5. Show that (for n =O, 1, 2, ... ) 

2Fo( -n, a;-; X)= (a )n ( -l)nxn 1F1(-n; 1 - a - n; - ~) 

6. Use the result of problem 5 to show that (n =O, 1, 2, ... ) 

(a) L';:>(x) = ( ~~r xn[ 2F0(-n, -n -a;-;)] 

7. Verify Kummer's second formula [2a =I= - (2n + 1), n = 
O, 1, 2, ... ] 

8. Use the result of problem 7 to show that (x >O) 
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9. Show that (for n = O, 1, 2, ... ) 

(e - a )n (e - b )n 
3F2( -n, a, b; e, 1 - e +a + b - n; 1) = (e )n (e _a _ b )n 

Hint: Expand the relation 

F(c -a, e -b;c;x) = (1-xr+b-cF(a, b;c;x) 

in series form and compare like coefficients. 

10. Show that 

fx [ 1 ] ( 3 x
2

) X 

0 
0F1 -;l;-4t(x-t) dt=x0F1 -;2;-

16 
=2sin2 

11. Show that 

ix t 112(x - t)- 112[1- t 2(x - t )2 ]-112 dt = ~x[ F (! ~ · 1 · x
4

)] 
o 2 2 1 4' 4' ' 16 

12. Show that (s > 1) 

f' e-sttv[pFq(ai, ... , aP; Ci, ... , Cq; t)] dt 

= f~v~/) [p+1Fq( V+ 1, ai, ... , ap;cv ... , Cq; ;) ] 

ln problems 13 to 16, express the series as a function pFq. 

13. n~o (2n~!n(~)~ l)!Xn 15. kto (~~) k!xk 

"' 1X3X···X(2n-l)x2n+I [n121 (-l)kn!C2xr-2k 
14. X + L 16. L 11 n=i(2n+1)(2n+3) .. ·(4n+l) k=O ( 2h(n-2k)! 

1 7. Bessel polynomials are defined by* 

bn(x) = 2F0 (-n, 1 + n; -; - ~) 
Show that 

(a) Kn+112(x)=~e-xbn(;) 

xn (2) (b) G~(x) =-ybn - , where the polynomials G~(x) are defined 
n. X 

in problem 21, Exercises 10.4 

* Bessel polynomials were first studied by H. L. Krall and O. Frink, "A New 
Class of Orthogonal Polynomials: The Bessel Polynomials," Trans. Amer. Math. 
Soe., 65: 100-115, 1949. See also E. Grosswald, The Bessel Polynomials, Lecture 
Notes in Mathematics, Springer, New York, 1978. 
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18. For the polynomials defined by* 

Zn(x) = 2F2(-n, 1+n;1, l;x) 

show that 

(a) nZ~ (x) - nZn (x) = -nZn-l (x) -xz~-1 (x) 

[ (
1 -4xt )] 

00 

(b) (1-t)-l 1F1 2;1;(l-t)2 =n~0 Zn(X)tn 

(e) (1- t)-
1 

exp [ (;~/)2 ]10[ (;~/)2 ] = nto Zn (x )tn 

ln problems 19 to 22, verify the formulas for products of Bessel func­
tions. 

(x/2)P+v 
19. JP(x)Jv(x) == f(p + l)f(v + l) 

[ (
p +V+ 1 p +V+ 2 2)] 

X 2Fa 
2 

, 
2 

;p+l,v+l,p+v+l; -x 

(x/2)
2

P [ ( 1 )] 20. [JP(x )}
2 

= [f(p + l)J2 1F2 p + 2;p+1, 2p + 1; -x2 

(x/2)
2
P+

1 
[ ( 3 )] 

21. JP(x)Jp+1(x)=f(p+l)f(p+
2

) 1F2 p+2;p+2,2p+2;-x2 

(x/2)
2
P [ ( p + 1 p + 2 x

4
)] 

22. JP(x)lp(x) = [r(p + l)] 2 oFa -;-
2
-,-

2
-,p + 1; -

64 

23. Show that 
00 

(pxr ( p) oF1(-;a;px)oF1(-;b;qx)= 2:-(-)-12F1 -n,1-a-n,b;-n=o a nn. q 

24. For p = q = 1, show that the result of problem 23 reduces to that 
of problem 2. 

25. Show that 

X 3F2(-n, b, 1- e - n; d, 1-a - n; -!) 

* These polynomials were introduced by H. Bateman, "Two Systems of Polyno­
mials for the Solution ofLaplace's Integral Equation," Duke Math. J., 2: 569-577, 
1936. 
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11.3 Other Generalizations 

ln the first half of the twentieth century new theories concerning 
generalized functions began to flourish. Most of this work followed 
Bames' use of the gamma function in 1907 to develop a new theory of 
the hypergeometric function 2F1 • ln the 1930s, both the E function of 
MacRobert and the G function of Meijer were introduced in an 
attempt to give meaning to the symbol pFq for the case p > q + 1. The 
E function is actually a special case of the G function and for that 
reason is less prominent in the literature. 

11.3.1 The Meijer G function 

ln 1936, C. S. Meijer introduced the G function* 

m n 

( 
1 

) 

m Il'f(cj -ck) II n1 + ck -a)xck 
am n ªv ... 'ap 2: j=l j=l 

p,q x cv · · · ' cq = k=l -rr--r-(_l_+_ck ___ c_·_) -fi--r-(a----c-k) 

j=m+l :J j=n+l :J 

where 1 -5om -5oq, 0-5on -5op -5oq -1, no two ofthe ck's (k = 1, 2, ... , m) 
differ by zero or an integer, and aj - ck i= 1, 2, 3, ... for j = 1, 2, ... , n 
and k = 1, 2, ... , m. If p = q, we restrict lxl < 1. For notational 
convenience, we often write 

(11.12) 

or if confusion is not likely, we simply write a;,qn(x ). 
Because of its relation with the pFq functions given by (11.11), it is 

clear that the G function incorporates a great many other. functions 
as special cases. Some of these special cases are given by the 

* C. S. Meijer, "Einige Integraldarstellungen aus der Theorie der Besselschen 
und der Whittaker Funktionen," Akad. Wet. Amst. Proc., 39: 394-403, 519-527, 
1936. The prime in the product symbol TI' denotes the omission of the term when 
j = k. Also in the parameter set of pFq-l the parameter corresponding to 
1 + ck - ck (indicated by *) is to be omitted. Last, an empty product is interpreted 
as unity. 
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following: 

(11.13) 

(11.14) 

(11.15) 

an(x 1 p,l:p) = v;te-x121p(~) (11.16) 

G~g(x 1a,b)=2x<a+b>12Ka-b(2Vx) (11.17) 

(11.18) 

12 ( 11 -a, 1 -b) f(a )f(b) 
G22X O,l-c = f(c) [2F1(a,b;c;-x)] (11.19) 

Meijer redefined the G function in 1941 * in terms of a Barnes 
contour integral in the complex plane that ultimately led to an 
interpretation of the symbol pFq when p > q + 1. ln particular, as a 
consequence of his more general definition, we have the important 
property 

Gm,n(_! 1 ap) = Gn,m(x 11 - Cq) 
p,q x e q,p 1 - a 

q p 

(11.20) 

which allows us to transform from a G function for which p > q to one 
for which p < q (and vice versa). This property, combined with 
(11.11), is particularly useful in developing asymptotic formulas for 
certain pFq functions with large arguments. For instance, see the 
following example. 

Example 3: Use the Meijer G function to derive the asymptotic 
formula 

x~oo 

* C. S. Meijer, "Neue Integraldarstellungen für Whittakersche Funckionen," 
Proc. Ned. Akad. v. Wete11Sch., Amsterdam, 44: 81-92, 1941. 
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Solutlon: Based on (11.18) and (11.20), we have 

f(c) 11 ( 1 1 - a ) 
1F1(a;c; -x) = f(a) G12 x O, l -c 

= f(c) GM(! 11,c) 
f(a) x a 

Finally, we use (11.11) to obtain 

f(c) -a 
- X 

f(c -a) 
x~oo 

The basic properties of the G function are far too numerous for us 
to discuss in any detail. Also the proofs of many of these properties 
(and any real understanding of this function) require knowledge of 
complex variable theory. Hence, for our purposes, we will be content 
to merely list a few of the simplest properties without justification. 

If one of the parameters in the numerator set coincides with one of 
the parameters in the denominator set, the order of the G function 
may decrease. For example, if ai = ck for some j = 1, 2, ... , n and 
some k = m + 1, m + 2, ... , q, then 

An analogous relationship exists if ai = ck for some j = n + 1, n + 
2, ... , p and some k = 1, 2, ... , n. ln this case it is m, and not n, that 
decreases by one unit in addition to p and q decreasing by one unit. 

Multiplication of the Meijer G function by powers of x leads to the 
simple relation 

xram,n(x 1 ªP) = Gm,n(x 1 aP + r) 
p,q e p,q e + r 

q q 

(11.22) 

where the implication is that each numerator and denominator 
parameter is increased by the power r. Differentiation of this function 
is also easily performed, although there are severa} varieties of 
formulas. A particularly simple differentiation formula is given by 
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As an illustration of the use of the last two properties, consider the 
special example 

! G~g(x 1 a, O)= -x-1G~g(x 1 a, 1) 

= -a~g(x 1 a -1, O) (11.24) 

To check this result and to emphasize the efficiency of the G function 
notation, we note from (11.17) above that 

Thus, (11.24) is equivalent to the formula 

(11.25) 

Of course, we can derive this result directly through application of 
the product formula and chain rule, which yields 

(11.26) 

where the last step is obtained through application of the identity 

(11.27) 

Further simplification of (11.26) yields the sarne resultas (11.25). 
This last example gives some hint of the power and economy 

in using the G function as a tool of analysis. The difficulty 
that often exists in working with this function is the recog­
nition of the particular G';:,'qn(x) as one of the elementary or 
special functions. However, there are countless instances in 
which the G function of interest is not related to any known 
function. 

Owing to the generality of the G function, any integral involving 
this function serves as a master integral formula for a whole class of 
special cases. Two such integrais, which are essentially Laplace and 
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Hankel transform relations, are given by 

and 

(11.28) 

f3 >O p + q < 2(m + n) Cj - Â > -1 j = 1, ... , m 

{j>O 
1-v 

µ=--).. 
2 

l+v 
a=---Ã 

2 

p +q <2(m +n) V lj c1+Ã+2>- 2 j=l, ... ,m 

a1 + Â < % j = 1, ... , n 

(11.29) 

Example 4: Use the Meijer G function to evaluate 

Solutlon: Integrais of this type are prominent in wave propagation 
problems. To start, we use the identity (recall problem 19 in 
Exercises 11.2) 

(x/2}t+m 
J,(x)Jm(x) =ne+ l)f(m + 1) 

(
f+m+l t+m+2 2) 

X ~3 
2 

, 
2 

; f + l, m + 1, f + m + 1; -x 

which we can further write in terms of the Meijer G function as 

t+m-1 -t-m) 
2 ' 2 

o, -e, -m, -t-m 
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Next, using the Hankel transform relation (11.29), we obtain: 

Gl3( 4 
X 44 /32 

1-a-t-m-n 1-t-m - e+m 1-a-t-m+n) 
2 ' 2 ' 2 ' 2 

o, -e, -m, -e-m 

For f3 > 2, we use (11.11) to obtain 

r(n + Cl' + t + m + 1) 
1 (2)a+f+m 2 

I ~fi r'-m fi [(f + l)[(m + 1ir(n - <>- ~ -m + 1) 

(
e+m+l e+m+2 a+t+m+n+l a+t+m-n+l 

X F ' 43 2 ' 2 ' 2 ' 2 ' 

e+ 1, m + 1, e+ m + 1; ;2) 
When f3 < 2, we use (11.20) to write 

1 (2)"'+f+m 2-f-mn e+ m + 1) 
1 

= f3 f3 r( e+; + 1 )r( e+; + 2) 

x Gª1(/32 
44 4 

1, e+ 1, m + 1, e+ m + 1 ) 
a+e+m+n+l e+m+l e+m+2 a+e+m-n+l 

2 ' 2 ' 2 ' 2 

We can, of course, rewrite this G function in terms of pFq functions by 
use of (11.11) once again. Doing so leads to a sum of three 4F3 

functions in this case which we leave to the reader to finish. 

One of the major areas of application where the G function has 
proved effective is probability theory. For example, the probability 
density function associated with the product of n random variables of 
the sarne distribution has been found in terms of G functions. * While 

* M. D. Springer and W. E. Thompson, "The Distribution of Products of Beta, 
Gamma and Gam~sian Random Variables," SIAM J. Appl. Math. 18(4) (June 
1970). 
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certain special cases of the G functions associated with such products 
can be expressed in terms of simpler functions, the general case most 
likely cannot. ln such instances, the G functions must be dealt with 
directly for computational purposes. 

11.3.2 The MacRobert E function 

ln the late 1930s, T. M. MacRobert also made an attempt to give 
meaning to the symbol pFq when p > q + 1. * For the values p :5 q + 1, 
he introduced the function ( called the E function) 

where x *O if p < q and lxl > 1 if p = q + 1, while for the values 
p ~q + 1,t 

an -ai, ... '*, ... ' an -ap + 1; (-l)P+qx] (11.31) 

where lx 1 < 1 if p = q + 1. 
MacRobert's E function never gained wide acceptance in the 

literature, mostly because it was found to be a special case of the 
Meijer G function, 

(11.32) 

Hence, all properties of the E function are simple consequences of 
properties of the G function. 

* T. M. MacRobert, "lnduction Proofs of the Relations between Certain 
Asymptotic Expansions and Corresponding Generalized Hypergeometric Series," 
Proc. Roy. Soe. Edinburgh, 58: 1-13, 1937-1938. 

t See the footnote at the beginning of Sec. 11.3.1. 
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Exercises 11.3 

1. From the definition (11.11), show that 

q n f(c) 
=j=l (P,'.•l (-! 11, C1, ..• , Cq) 

q+l,p fí f(a.) x ai. ... , aP 
j=l '} 

ln problems 2 to 15, use the result of problem 1 and properties of the 
G function to deduce the given relation. 

2. GÕ~(x 1 O) =e-" 

3. Gõ~<xla)=xªe-",x~O 

10( 1a+b+1) _ xª(l -x)b 
4. G11 x a - f(b + l) , O <x < 1 

5. au(x 1
1 ~ ª) = f(a)(l +x)-ª, lxl < 1 

G1o(X2 l 1 ) 1 . 6. 02 4 2, O = y'ismx, x ~o 

7. Gàg(:
2

1 O,~)= Jncosx 
8. Gàg(x2 I %p, -%p) =JP(2x), X~ Ü 

9. Gõg(x2 Ia, b) =xª+bJa_b(2x), x ~O 

10. G~g(x 1 ~:~)=ln(l+x), lxl<l 

11 ( 1 1- a ) f(a) F ] 11. G12 x O,l-c =f(c)[1 l(a;c;-x) 

12( 11 -a, 1 -b)- f(a )r(b) . . _ 
12. G22 x O, l-c - f(c) [2.F'i(a, b,c, x)], lxl < 1 

13. GB(x 1 p,l~p) = vJle-x12[P(~), X 2: Q 
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11 ( 1 a ) f(l -a+ b) 6 
14. G12 x b, e = f(l - e + b) x [iF1 (1 - a + b; 1 + b - e; -x)] 

15. ag(x 1 :
2

_ )=\/Jí[Jp(Vx)]2,x2::0 
p, ' p 

ln problems 16 to 21, verify the relation. 

16. J;(x) = ag(:211MP -1), =~:(p + 1), i;J 
17. Kp(2Vx) = ix-p12a~g(x IP, O) 

Hint: Use problem 8 in Exercises 11.2. 

18. KP(x) = VJíexa~g( 2x \ p,
1

~P) 

19. L~ªl(x) = ( ~~)n exa~g(x 1 ~~ ~:) 

f(2m + 1) x/2 11 ( 1 1 - k ) 
20. Mk,m(x) = r(m +k +%)e G12 X % + m, 1;2-m 

e -xt
2 

( 1 1 + k ) 21. wk,m(x)=f( 1/2-k+m)fC1/2-k-m)G~~ X 1/2+m, 1/2-m 

22. Use the results of problems 6 and 8 to deduce that (x > O) 

J112(x) = ~ sinx 

23. Verify that (p sq + 1) 

d 
dx E(av ... , aP; Cv ... , cq;x) 

=x-2E(a1+1, ... , aP + l;c1+1, ... ,cq + l;x) 

24. Show that 

f(c )f(d)f(b -a) -a 
2F2(a, b; e, d; -x) - f(b )f(c _a )r(d _a) x 

+ f(c)f(d)f(a -b) x-b 
f(a )f(c - b )f(d - b) 

x~oo 

25. Use Eqs. (11.11), (11.20), and the result ofproblem 13 to deduce 
that 

x~oo 
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26. (a) Use problem 8 and Eq. (11.28) to show that 

l"" e-sttp'2JP(2Vt) dt = s-<1+pt2>ag(! 1 -p/2 ) 
o s p/2, -p/2 

s>O 

(b) By use of Eq. (11.21) and problem 3, show thát 

e-sttpl2J (2Yt) dt =-e-1/s p > _1/2, 1
00 1 

o P sp+1 s>O 

27. (a) Use problem 2 and Eq. (11.29) to deduce that 

L"" e-sttP12Jp(2Vt) dt = aM(s 1-~, º) s >o 

(b) By use of Eq. (11.20) and problem 14, show that 

s>O 

a>O, p+µ>-1 

ln problems 29 to 32, use (11.28) or (11.29) to derive the given 
integral formula. 

("" 1( l)n 29. Jo e -stLn (t) dt =; 1 - ; , S > O, n = O, 1, 2, ... 

30 l"" -t2 2n 2x d (-lrv'Jf -x2u ( ) O 1 2 
• 

0 
e t COS t t = 22n+l e n2n X , n = , , , ... 

31. r e-t
2
tnHn(xt) dt = %VJrn! Pn(x), n =O, 1, 2, ... 

32. r e-ttn+m12Jm(2\Íxi) dt = n! e-xxm12L~m>(x), m >O, n =O, 1, 2, ... 



              

12.1 lntroduction 

Chapter 

12 
Applications lnvolving 
Hypergeometric-Type 

Functions 

ln this final chapter we illustrate the use of the general family of 
hyPergeometric functions in various applications. Although we have 
chosen specific examples from the fields of statistical communication 
theory, fluid mechanics, and random fields, the techniques we use are 
sufficiently general that they apply to a wider range of applications. 
As before, we assume only a working knowledge of the subjects in 
order to follow the exposition. 

12.2 Statistical Communication Theory 

Communication systems may be broadly classified in terms of linear 
operations, such as amplification and filtering, and nonlinear 
operations, such as modulation and detection. Random noise, which 
appears at the input to any communications receiver, interferes with 
the reception of incoming radio and radar signals. When this noise is 
channeled through a passband linear filter whose bandwidth is 
narrow compared with the center frequency w0 of the filter, the 
output is called narrowband noise and has the representation 
(recall Sec. 8.3.1) 

n(t) = x(t) cos w0 t - y(t) sin w0t (12.1) 

where x(t) and y(t) are independent gaussian (or normal) random 
processes with zero means and equal mean-squared values N. If the 

429 
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incoming signal embedded in the noise process is a simple sinusoid 
A cos ro0t, the output of the linear filter then takes the form 

where 

v(t) =A cos ro0t + n(t) 

= r(t) cos [ro0t + O(t)] 

r(t) = V[A + x(t)] 2 + y2(t) 

O(t)=tan-1 y(t) 
A+ x(t) 

(12.2) 

(12.3) 

The joint distribution for the envelope r(t) and phase O(t) is given 
by [recall Eq. (8.30)] 

( (}) r [ (r2 +A2 -2Arcos0)] 
Pre r, = 2;rNexp - 2N (12.4) 

By integrating (12.4) over (} (modulo 2;r) we previously found that 
the marginal density function of the envelope r(t) was the rician 
distribution [see Eq. (8.34)] 

( ) = !..._ -<r2+A2>12Nz (Ar) 
Pr r Ne o N r>O (12.5) 

where l 0(x) is the modified Bessel function of the first kind and order 
zero. Similarly, the integration of (12.4) over O< r < oo leads to the 
marginal phase distribution [see Eq. (8.35)] 

Pe( O)= 2~ e-s {1 + \Í;iS e8 
cos

2 ° COS 0[1 + erf (Vs COSO)]} 

- ;r < (} $ ;r (12.6) 

where erfx is the error function and s =A2/2N denotes the input 
signal-to-noise ratio (SNR). By relating the error function to the 
confluent hypergeometric function through use of (see problem 21 in 
Exercises 10.3) 

e-x2 + ~ !Ji:x erf x = F, (-1
/ • 

1
/ • -x2 ) V ;n, 1 1 2• 2• (12.7) 

we can also express (12.6) in the form 

- ;r < (} $ ;r (12.8) 
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The form given by ( 12.8) is particularly useful for developing 
asymptotic relations. For instance, if the input SNR s is very small 
(s « 1), then clearly 

1F1(-1/2; 1/2; -s cos2 8) - 1 s « 1 

and (12.8) reduces to the uniform distribution 

(12.9) 

On the other hand, if s » 1, the density function (12.8) can be closely 
approximated by a gaussian or normal distribution. That is, under 
this condition the variance of 9(t) is necessarily small, and we can 
make the approximations 

sin e- (J cos0-1 101«1 

and also 

iF1 ( - 1/2; 1/2; -s cos2 8) -v;:rB s » 1 

Hence ( 12.8) reduces to the gaussian density function 

Po(O)- ~e-892 (12.10) 

which has mean value zero and variance 1/2s. 

12.2.1 Nonlinear devlces 

We now wish to briefly discuss the output of certain nonlinear devices 
such as rectifiers, detectors, and nonlinear amplifiers. Let us suppose 
the narrowband waveform 

v(t) =A cos w0 t + n(t) 

= r(t) cos [ w0t + O(t)] (12.11) 

representing a sinusoidal signal plus noise, is fed to a memoryless 
nonlinear device whose output w( t) = g [ v( t)] is a function of the 
input v(t) at the sarne instant of time, say, at t = t 1 . The output 
function g(r COS </J ), where </J = Wot1 + lJ, is therefore not a function of 
t. lt is an even periodic function of <P which has the Fourier cosine 
series representation (recall Sec. 1.4) 

00 

g(r cos <P) = 1/~0(r) + L gn (r) cos n</J (12.12) 
n=l 
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where the Fourier coefficients are defined by 

21" gn (r) = - g(r cos </>) cos n</> d</> n =O, 1, 2,... (12.13) 
:rr o 

Each term of the series ( 12.12) can be thought of as the output of a 
zonal filter centered at the nth harmonic of w0 (see Fig. 12.1). For 
example, the first term of the series 1/zg0 (r ), which represents the 
low-pass component of the output called the audio or video output, is 
the only term used in detection devices. The next term of the series 
g 1(r) cos (w0t 1 + 8), which has the sarne frequency as the input 
waveform, is the only significant term in the case of a nonlinear 
amplifier or limiter. Notice that the term g 1(r) cos (w0t1 + 8) repro­
duces the input phase exactly, but distorts the input amplitude. 

The so-called vtb-law device, which falls into the categories of 
half-wave, full-wave even, or full-wave odd, is a common nonlinear 
device. ln the case of a full-wave even power-law device, the output 
w(t) is related to the input r(t) cos cp(t) by 

w(t) = jr(t) cos cp(t W (12.14) 

where v is a nonnegative constant not necessarily restricted to 
integer values. The cases v = 1 and v = 2 represent a linear rectifier 
and square-law rectifier, respectively. If we follow the nonlinear 
device (12.14) by a low-pass zonal filter, the resulting configuration is 
known as an envelope detector. ln this case we obtain 

which, from properties of the gamma function, reduces to 

! ( )-2f[(v+l)/2]rv 
2gº r - \/'ir f(l + v/2) (12.15) 

Hence, the random output z of the zonal filter (at a particular instant 

Input Bandpass v(t) vth Law w(t) Zonal Output 
- -- Filter - De vice - Filter -

Figure 12.1 Block diagram of nonlinear system. 
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of time) is 

2f[(v+l)/2] V 

z= r 
VJrf(l + v/2) 

(12.16) 

The output signal power 80 can be defined as the square of the 
mean output minus the mean value when the signal is absent. Thus, 
when the output signal is described by (12.16), we write 

So= [(z)- (z IA=0)]2 (12.17) 

where ( ) denotes a statistical expectation. For example, let us 
consider the case where z is defined by (12.16) and the distribution of 
r is given by the rician density function 

r>O (12.18) 

ln this case we find that (see problem 3 in Exercises 12.2) 

(rv) = ~e-A2/2N r rv+le-r2/2NJo(~) dr 

= ('2N)v12r(1 + ~) F (1 + ~. 1 · A 2 )e-A212N 
2 1 1 2' ''2N 

(12.19) 

where 1F1(a;c;x) is the confiuent hypergeometric function and we 
have used Kummer's transformation (10.15) in the last step. Based 
on Eq. (12.17), therefore, the output signal power is 

(12.20) 

where s =A2/'2N is the input SNR. 
ln a similar manner we define the output noise power by 

(12.21) 

Thus, for the case where z is defined by (12.16), we fi.rst obtain 

(r2v) = ~e-A212N f' r2v+1e-r2/2Nlo(~) dr 

= ('2N)Yf(l + v) 1F1(-v; l; -s) (12.22) 
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where the integration follows from (12.19). The total noise power at 
the output is therefore given by 

[ 
f(l+v) 2( V )] 

X r2(1+v/2)1F1(-v;l;-s)-1F1 -2;1;-s (12.23) 

The output SNR as a function of the input SNR is obtained by 
forming the ratio S0/N0 , which leads to the expression 

So f 2(1+v/2H1F1(-v/2;1; -s) -1]2 

N0 = f(l + v) 1F1(-v; 1; -s) - f2(1+v/2) 1F~(-v/2; 1; -s) 
(12.24) 

When the input SNR is either very small ( weak-signal case) or very 
large (strong-signal case), we can simplify (12.24) by the use of 
asymptotic formulas for the confluent hypergeometric functions. For 
example, if s « 1, then (12.24) reduces to (see problem 8 in Exercises 
12.2) 

So f 2(1 + v/2)v2s 2 

N0 - 4[f(l + v) - f 2 (1 + v/2)] 
s «1 (12.25) 

whereas if s » 1, then 

s » 1 (12.26) 

Exercises 12.2 

1. Expand eiur in a Maclaurin series, where i 2 = -1. 
(a) Show that the characteristic tunction (eiur) of the Rayleigh 

distribution Pr(r) = (r /N)e-r t2N, r >O, leads to 

(eiur) = i: (iur (r") 
n=O n! 

= i: (iu
1
r <2Nr12r(l + ~) 

n=O n. 2 

( b) Splitting the series in (a) into even and odd terms, show 
that 

( . ) ( 1 Nu
2

) • ~Jr N 212 eiur = F, 1·-· -- +iu -e- u 1 1 '2' 2 2 
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2. (a) For the joint distribution p 2(rv r 2 ) given in problem 2 in 
Exercises 8.3, show that, for v, µ > - 1

/ 2 , 

(rir~) = (2N)<v+µ)/2r( 1+i)r(1 + ~) 

X (1- p2 )(v+µ)l2 F (1 + ~ 1 + ~-1· p2) 
2 1 2' 2' ' 

= (2N)<v+µ)l2r( 1+i)r(1 + ~) 

X 2F1(-i, -~; 1; p2
) 

(b) For p~ 1, show that the answer in (a) reduces to 

(rir~) = (2N)<v+µ)/2r( 1 + v; µ) 
(e) For the special case v = µ = 2, show that 

(i1r~) == 4N2(1 + p2) 

3. The rician distribution (12.5) is given. 
(a) Show that the statistical moments are given by 

(rv) = (2N)v12r( 1+i)1F1(-i;1; -:; ) v > - 1
/2 

( b) Show that the case v = 1 leads to the result 

(r) == ~e-s12[ (1 + s )10(~) + s11 (~) J 
where s =A2/2N. 
Hint: Use problem 26 in Exercises 10.3. 

4. (a) Based on Eq. (12.22), show that 

(r2k) = (2N)kk!Lk(-s) k =O, 1, 2, ... 

where Lk(x) is the kth Laguerre polynomial. 
(b) For k = 1 and k = 2, show that (a) becomes 

(r2) =A2+ 2N 

(r4
) =A2 + 8AN + 8N2 

5. For rA/vN » 1, show that the rician distribution (12.5) can be 
approximated by (for r ==A) 

p (r) = /;:- e-<r-Al2/'W =:-1-e-<r-Af/2N 
r "V~ y'2iiN 
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6. Starting with the joint density function (12.4), show that the 
marginal phase distribution can be expressed in the form 

1 00 sn/2 ( n) 
p9((J) =-

2 
L En-

1 
f 1 +-

2 1f n=O n. 

x 1F1(i; n + 1; -s) cos n8 

where s =A2/2N and Eo = 1 and En = 2, n 2::: 1. 

Hint: Use problem 21a in Exercises 7.2. 

-;r < 8 ::5 1f 

7. For the joint distribution p 2(rv r 2; 81, 82) given in problem 2 in 
Exercises 8.3, show that the joint distribution of the phases is 
given by 

where E0 =1 and En=2, n2:::1. 

Hint: Use problem 21a in Exercises 7.2. 

8. Show that 
(a) For s « 1, Eq. (12.24) reduces to (12.25). 
(b) For s » 1, Eq. (12.24) reduces to (12.26). 

9. For the case of a square-law envelope detector ( v = 2), show that 
the output SNR given by (12.25) reduces to 

So s2 
-=--
No 1 +2s 

10. A full-wave odd power-law device is defined by 

{
v(t)Y 

w(t)= -lv<tW 
V2:::Ü 

v<O 

where v = r cos </>. Show that the output SNR is given by 
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11. The case v =O in problem 10 is called an ideal limiter (clipper ). 
Show that when v = O, the output SNR becomes 

So _ ;rs[lo(s/2) +/1(s/2)]2 

No 4eª - ;rs[l0(s/2) +/1(s/2)]2 

Hint: Recall problem 27 in Exercises 10.3. 

12. Referring to problem 11, derive the asymptotic cases 

(a) 

(b) 

So 1 ---;rs s«l 
N0 4 ' 

So 
--2s s»l No , 

12.3 Fluid Mechanics 

Fluid mechanics is the theory of the motion of liquids and gases. 
Although fluid motion is generally three-dimensional, a fluid flow in 
three-dimensional space is called two-dimensional if the velocity 
vector V is always parallel to a fixed plane (xy plane), and if the 
velocity components u and v parallel to this plane along with the 
pressure p and fluid density p are all constant along any normal to 
the plane. This situation permits us to confine our attention to just a 
single plane which we interpret as a cross section of the three­
dimensional region under consideration. Our brief discussion here is 
limited to only two-dimensional flow problems. 

An ideal fluid is one in which the stress on an element of area is 
wholly normal and independent of the orientation of the area (also 
called a perfect or inviscid fluid). ln contrast, the stress on a small 
area is no longer normal to that area for a viscous fluid in motion. If 
the density is constant, we say the flow is incompressible. Of course, 
the notions of an ideal fluid or incompressible fluid are only 
idealizations that are valid when certain effects can be safely 
neglected in the analysis of a real fluid. 

12.3.1 Unsteady hydrodynamic flow past 
an infinite plate 

Viscous fluid flow past a continuous moving surface like a flat plate is 
a basic problem in the study of hydrodynamics. Suppose that x 
denotes the distance along a two-dimensional porous plate and y is 
the distance normal to the plate. The variables u and v correspond, 
respectively, to the velocity components in the x and y directions. Let 
us assume that decelerated fluid particles are removed from the 
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boundary layer through the porous plate by suction. We further 
assume that the velocity component u will equal zero at the surface of 
the plate for ali time, approach a function f(t) as y ~ oo, and equal 
f (O) at time t = O. Under these conditions, it can be shown that the 
velocity component u(y, t) is a solution of the boundary-value 
problem* 

au au ar a2u 
--v -=-+v- O<y<oo, 
at s ay at ay2 t>O 

u(y, O)= {(O) O <y < oo (12.27) 

u(O, t) =O u(y, t)~f(t) as t>O 

where V8 is the (constant) suction velocity and v is the kinematic 
viscosity of the fluid. 

To solve (12.27), we use the Laplace'transform defined by 

2{u(y, t); t~p} = f' e-P'u(y, t) dt = U(y,p) (12.28) 

Hence it follows that 

2{ ~: (y, t); t~p} =pU(y,p) -u(y, O) =pU(y,p)-f(O) 

2{ ~ (y, t); t~p} =a;: (y,p) 

{a2
u } a2u 

;e ay2 (y, t); t~p = ôy2 (y,p) 

and ::t{ z (t );p} = pF(p) - f(O) 

So by applying the Laplace transform termwise to the partial DE in 
(12.27), we arrive at the transformed problem 

a2u au 
V ay2 +vs ay -pU= -pF(p) 

(12.29) 

U(O,p)=O U(y,p)~F(p) as y~oo 

* See J. T. Stuart, "A Solution of the Navier-Stokes and Energy Equations 
Illustrating the Response of Skin Friction and Temperature of an Infinite Plate 
Thermometer to Fluctuations in the Stream Velocity," Proc. R. Soe. (Lond.) A231: 
116-130 (1955) and K. Vajravelu, L. C. Andrews, and R. N. Mohapatra, "Exact 
Solutions of the Unsteady Hydrodynamic and Hydromagnetic Flows Past an 
lnfinite Plate," Acta Mech., 74: 185-193, 1988. 
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For a fixed value of p, we can treat (12.29) as an ordinary DE subject 
to prescribed boundary conditions. Its solution by elementary meth­
ods is readily found to be 

U(y,p) =F(p ){1- exp [-(a+ %Vb +cp)yJ} 

where a, b, ande are constants defined by 

Vs 
a=-

2v 
4 

c=­
v 

To calculate the inverse transform of (12.30), we first write 

exp [-(a+ %Vb +cp)y] =e-ªYe-<y12)"\/b+cp 

(12.30) 

and then through use of some standard properties of the Laplace 
transform given by* 

and c>O 

where g(t) = .zi-1{G(p ); t}, we find that 

Y ~ -ayt-3/2 -btlc -cy2/16t =- -e e e 
4 lr 

(12.31) 

Then, by making use of the Laplace convolution theorem, we obtain 
the solution of (12.27) in the form 

(12.32) 

where (12.33) 

* For example, see L. C. Andrews and B. K. Shivamoggi, Integral Transforms 
for Engineers and Appli.ed Mathematicians, Macmíllan, New York, 1988. 
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For the special case f(t) = u0 , it can be shown that I has the series 
representation (see problem 1inExercises12.3) 

l=uºe-cy2/16ti (-lr(bt/cr u(1·~-n·cy2 ) 
\!i n=O n! '2 '16t 

(12.34) 

where U(a;c;x) is the confiuent hypergeometric function of the 
second kind (see Sec. 10.2). By use of the Kummer transformation 

U(a;c;x) =x 1-cU(l +a -e; 2-c;x) 

we can write (12.34) in the equivalent form 

I=4uºe-cy211stf (-l)n(by2/l6)nu(n+!·n+!.cy2) (12.35) 
yVc n=O n! 2' 2' 16t 

Thus the solution we seek now takes the form 

~ ( - lr(by
2
/16r u( 1 1 cy

2
)] 

X LI n+-·n+-·- (12.36) 
n=O n! 2' 2'16t 

Asymptotic cases corresponding to y 2 «16/b, t « cy2/16, and t-Hx' 
are taken up in the exercises. 

12.3.2 Transonic flow and the Euler­
Tricomi equatlon 

A basic problem in aerodynamics involves the calculation of the air 
disturbance caused by an airfoil moving at a steady speed U through 
otherwise undisturbed air. Neglecting viscosity, the velocity V of the 
air is related to a velocity potential function </> by V = Ui + V</>, where 
we are assuming the airfoil is moving in the x direction with i the 
unit vector along that axis. It has been shown that, for subsonic and 
supersonic flows, </> satisfies (approximately) the linearized partial 
differential equation 

(l -M2) a2<P + a2<P =O 
ax2 ay2 

(12.37) 

where M, called the Mach number, is the ratio of U to the speed of 
sound. (Subsonic fiow is characterized by M < 1 and supersonic fiow 
by M > 1.) The transition between subsonic and supersonic flows for 
which M = 1 is called transonic flow. The investigation of properties 
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of a two-dimensional flow corresponding to the transition from 
subsonic to supersonic is of fundamental interest. Unfortunately, Eq. 
(12.37) is not valid for transonic flow since in this case a nonlinear 
term, neglected in the derivation of (12.37), must be retained. That 
is, for transonic flows we must solve the nonlinear equation 

(12.38) 

where ª* is a constant depending on properties of the air. 
Through a hodograph transformation, which leads to taking the 

velocity components u and v as the independent variables, (12.38) 
can be written as the linear Euler-Tricomi equation 

(12.39) 

where T/ and 8 are essentially polar coordinates in the uv plane and <I> 
is a function of the velocity components u = V cos (} and v = V sin 8, 
related to the potential function </> by </> = -<I> +V a<1>/aV. Equation 
( 12.39) is classified as hyperbolic in the half-plane T/ > O and elliptic 
in the half-plane T/ < O. Fundamentally these classifications reflect 
the fact that transonic flow is "mixed" in the original xy plane, 
subsonic in some regions, and supersonic in others. 

ln many cases of physical interest, the origin of the T/ (} plane has 
special significance since it is a singular point of the solution. 
Particular integrais of (12.39) possessing certain properties of homo­
geneity may be obtained by making the transformations 

where k is a constant equal to the degree of homogeneity of the 
function <I>. Making this transformation, we find that (12.39) becomes 

;(1- s)w" + (5/s- 2k - (%-2k);Jw' -k(k - 1/2)W = 0 (12.40) 

We recognize (12.40) as the hypergeometric equation [see Eq. 
(9.24)] for which a= -k, b = %-k, and e=%- 2k. Hence, if 
2k + 1/6 -=/= O, ±1, ±2, ... , it follows that a general solution of (12.40) 
is given by 

w =A[2F1(-k, 1/2 -k; 5/s-2k; ;)J 

+ Bs2k+116[2F1 (k + 1/s. k + 2/a; 2k + 7/s; ;) l (12.41) 
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where A and B are arbitrary constants. Finally, in terras of the 
variables 4>, TJ, and 8, this solution takes the forra 

(12.42) 

Other forras of the solution are also possible (e.g., see problem 11 in 
Exercises 12.3). 

For additional details conceming transonic flow problems, the 
reader should consult chap. 12 in L. D. Landau and E. M. Lifshitz, 
Fluid Mechanics,· 2d ed., Pergamon, New York, 1987. 

Exerclses 12.3 

1. (a) By expressing ebttc in a Maclaurin series followed by the 
change of variables -r = t/(s + 1), show that when f(t) = u0 , 

the integral ( 12.33) assumes the forra 
u "". (-1 )n (bt/c )n i"' e -cy2sf16t 

1 = _Q e -cy2116t " ds 
y'j f.:'o n! o (s + l)n+112 

(b) By recognizing the integral in (a), show further that 

[ = Uo e-cy2f16t i ( -lr(bt/c )n u(t· ~ -n. cy2) 
v'i n=O n! '2 '16t 

2. Under the assumption y 2 « 16/b, use the n = O term of the series 
(12.36) to show that 

u(y, t)-u 0 [ 1-e-ªYerfc G ~) J 
3. Under the assumption t «cy2/16, use the asymptotic relation 

U(a;c;x)-x-ª 

to show that (12.36) reduces to 

x-oo 

u(y, t )- uo( 1-~ {f e-ay-bttc-cy211st) t « ~62 
4. To determine the steady-state solution for the problem described 

by (12.27), first show that 

lim I = ("" T-3/2e-b .. 1ce-cy21161: di-
,_.~ Jo 

= 4 V3i: e -'l/b;12 
y 
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and use this result to obtain the classic expression 

limu(y, t) = u0 [1-e-<v.lv)y] 
t-->OO 

Hint: Recall problem 18 in Exercises 3.2. 

5. Use the technique of Sec. 12.3.1 to show that the solution of the 
hydromagnetic flow problem 

au au é)2u 
---=-mu+­at ay ay 2 O<y<oo, t>O 

u(O,t)=k u(y, t)-o 

u(y,0)=0 

t>O 

O<y <oo 

where m is a constant proportional to the magnetic field and k is 
another constant, is given by 

k 
u (y, t) = v'1i: e-y12-y214t 

"'(-lr(1+4m)"(y/4)2
" ( 1 1 y 2

) 
x 2: U n+-·n+-·-

ri~o n! 2' 2' 4t 

6. For the case t «y2/4, show that the solution in problem 5 
reduces to 

2k {f [ y y
2 

(1 + 4m )t] u(y,t)-- -exp --------
y .7r 2 4t 4 

y>O 

7. For the case y « 4, show that the solution in problem 5 reduces to 

u(y, t) -ke-Y12 erfc (
2
Vt) t >O 

8. For the steady-state case ( t - oo), show that the solution in 
problem 5 reduces to 

u(y,t)=kexp[-(1+v'1+4m)i] 

9. For 8 = ±217312/3, show that the solution (12.42) reduces to 

ct> =A111ªk 

where A1 is an arbitrary constant. 

10. For 17 =O, show that the solution (12.42) reduces to 

ct> =Ai 82
k + B1 

where A1 and B1 are arbitrary constants. 



              

444 Chapter Twelve 

11. By making the transfonnation ; = 4t]3/902
, cI> = 02kw(;), show 

that another solution of ( 12.39) is given by 

where A and B are arbitrary constants. 

12. For the solution in problem 11, show that 
(a) cI> = A02k when tJ =O 
(b) cI> =Ait73k + Bi when O= 2t]312/3, where Ai and Bi are 

arbitrary constants 

12.4 Random Fields 

Random functions of a vector spatial variable r, such as velocity 
fluctuations, temperature fluctuations, or index of refraction fluctua­
tions, are called random fields. ln general, the study of random 
fields is completely analogous to that of random processes wherein 
the random function depends on time t. Because the probability 
distribution function associated with a particular random field T(r) 
is often quite difficult to obtain in practice, we study the statistical 
characteristics of such a field through its average or expected value, 
or through its autocovariance function B(ri.r2 )=(T(ri)T(r2 )), 

where ri and r 2 are two points in space and ( ) denotes a statistical 
average. 

We say a random field is homogeneous if its mean value is constant 
and if its autocovariance function depends only on the difference 
ri - r2, that is, if B(ri, r2 ) = B(ri - r2 ). Further, if B(ri - r2 ) depends 
only on the scalar distance r = lri - r 2 1, we say the homogeneous 
random field is isotropic, and in this case we write simply B(ri. r 2 ) = 
B(r). 

The three-dimensional Fourier transfonn of the autocovariance 
function of a random field is called the power spectral density, which 
for statistically homogeneous and isotropic fields reduces to the single 
integral 

1 í"" <l>(K) =-
2 2 B(r)r sinKrdr 

1'C K o 
(12.43) 

where K is the magnitude of the wavenumber vector (spatial 
frequency) measured in radians per meter. By the properties of 
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Fourier transforms, it can also be shown that 

4Jr f"" B(r)=- <l>(K)KsinKrdK 
r o 

(12.44) 

ln practice, it is often the related structure function D(r) of the 
random field that is of greatest interest. ln terms of the auto­
covariance function, this function is defined by 

D(r) = 2[B(0)-B(r)] (12.45) 

12.4.1 Structure function of temperature 

The structure function Dr(r) associated with random temperature 
fluctuations in a turbulent medium, such as the atmosphere, is 
defined by 

(12.46) 

where <I>r(K) is the power spectral density associated with the 
temperature fluctuations. A model for <I>r(K) commonly used in 
optical wave propagation is 

(12.47) 

where f3 is the Obukhov-Corrsin constant, x is the rate of dissipation 
of the mean-squared temperature fluctuations, and E is the rate of 
viscous dissipation of the turbulent kinetic energy per unit of mass of 
the fluid. The remaining parameters Km and K0 are basically 
reciprocais, respectively, of the inner scale 10 and outer scale L0 of the 
temperature fluctuations, that is, Km = 5.92/l0 and K0 = 2Jr/L0 • The 
inner and outer scale parameters 10 and L 0 are characteristic length 
scales associated with the smallest and largest scale sizes, respec­
tively, in the turbulent flow that cause random fluctuations in the 
temperature field. The inner scale is generally on the order of 
millimeters while the outer scale is on the order of meters. 

To evaluate the integral in (12.46), first we expand the sine 
function appearing in the integrand in a Maclaurin series, which 
leads to 

oo ( 1 )n-1 2n f"" ( 2/ 2 ) -1/3"" - r 2n+2 exp - K Km 
Dr(r) = 2f3XE LJ ( 2 l)l K ( 2 2 ) 1116 dK (12.48) 

n=l n + . o Ko + K 
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Then, by making an appropriate change of variable, we deduce that 

xU n+-·n+-·~ ( 
3 2 K

2
) 

2' 3'K! 
(12.49) 

where we have used Eq. (10.28) to evaluate the integrals in terms of 
the confiuent hypergeometric function of the second kind discussed in 
Sec. 10.2.2 (see problem 1 in Exercises 12.4). To simplify this last 
result, we consider separate cases. 

For small separation distances r « l 0 , we can approximate ( 12.49) 
by the first term of the series to obtain 

r «lo (12.50) 

Under most conditions of atmospheric turbulence we find that 
K~/K! « 1, so by making the further approximation [recall Eq. 
(10.30a)] 

f(c -1) 
U(a· e· x)- x 1-c 

' ' f(a) 

we obtain 

where 

is the temperature structure constant. 

e> 1, 

r «lo 

O <x « 1 (12.51) 

(12.52) 

(12.53) 

For r > l 0 , a more useful form of the structure function (12.49) can 
be derived by expressing the confluent hypergeometric functions in 
(12.49) in terms of the confluent hypergeometric function of the first 
kind by use of the formula (recall problem 20 in Exercises 10.2) 

f(l -c) 
U(a;c;x) ==f(l +a-e) [1F1(a;c;.x)] 

f(c -1) 1-c . 
+ f(a) x [iF1(l+a-c,2-c;x)] (12.54) 

Then, representing each of the confiuent hypergeometric functions in 
(12.54) in a series and interchanging the order of summation of the 
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resulting double series, we find 

D ( ) = -1 05C2 -213 ~ (%)n (K~/K!r 
T r · rKo Li (21 ) 1 

n=O /3 n n. 

Next, summing the innermost summations, we get 

D ( ) = 1 o5c2 -213 ~ <%)n (K~/K!r 
T r · rKo Li (21 ) 1 n=O /3 n n. 

X [1- F. (n + ~. ~ n + ~. K~r
2

)J 1 2 2'2' 3' 4 

+ 1.685C~K;,213 i: (1:/s)n (KU ~!)n 
n=O ( /3)n n. 

x [ F, (-n _ !. ~. - K~r2)-1J 11 3'2' 4 
(12.55) 

where 1F2(a; b, c;x) is a generalized hypergeometric function. If we 
restrict r <L0 , then both remaining series in (12.55) can be ap­
proximated by their respective first terms (n =O), which yields 

r<L0 (12.56) 

Still further simplification in the form of the structure function is 
achieved if we restrict our attention to the range of values 10 « r « 
L 0 , called the inertial convective subrange. Here we use the asympto­
tic formulas 

r«L0 (12.57) 

r »lo (12.58) 
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from which we obtain the classic result 

l0 « r «Lo (12.59) 

When r > L0 , we approximate the second series in ( 12.55) by a 
different method. ln this case we start with the asymptotic formula 

r » l 0 (12.60) 

and sum the resulting series to obtain 

r>L0 

(12.61) 

Finally, by observing that (recall problem 8 in Exercises 11.2) 

(12.62) 

(12.63) 

we find that (12.61) can be expressed in the form 

r>L0 (12.64) 

where IP (x) and KP (x) are modified Bessel functions of the first and 
second k.inds, respectively. 

Exercises 12.4 

1. Make the change of variable t = (K/K0)2 in the integral (12.48) to 
show that 

Loo 2n+2 exp ( -K2/K;;,) d = ! 2n-2/3f( + ~) 
K ( 2 2)11/6 K 2 Ko n 2 o Ko+ K 

xU n+-·n+-·--2. ( 
3 2 K

2
) 

2' 3' K~ 
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2. Under the assumption K0 --+ O (infinite outer scale), show that Eq. 
(12.49) reduces to 

C2 21a[ ( 1 3 -K!_r
2

) ] Dr(r)-1.685 rK;. 1F1 -3;2;-
4
- -1 

3. Under the condition K0r « 1, show that Eq. (12.64) reduces to the 
inertial convective range form 

Dr(r) - C~r213 lo« r «Lo 

4. For VfL « l0 , the phase structure function associated with an 
optical plane wave propagating through locally isotropic and 
homogeneous atmospheric turbulence is computed by evaluating 

Ds(P) = 8Jr2k 2L f' (1 - J0(Kp) ]ct>n (K )K dK 

where k is the wavenumber of the optical wave, À= 2Jr/k is the 
wavelength, L is the propagation path length, and 

_ 2 exp (-K2/K!,) 
cf>n (K) - 0.033C n ( 2 2)11/6 

Ko+K 

Show that 

Ds(p) = l.303k 2LC!Kõ513 i (-lr-l(~oPf2 )
2

n u(n + 1; n +-61 ; K~\) 
n=l n. Km 

5. For K0--+ 0, show that the first term of the series in problem 4 
reduces D8 (p) to the asymptotic result 

Ds(P) -0.33r( 1/6)k 2LC!K~3p2 p « l 0 

6. (a) For K 0 --+0, use the asymptotic formula for U(a;c;x) to 
show that the series in problem 4 sums to 

Ds(p)-1.56r(~)k2LC~K;.5'ª[ iF1(-ã; 1; -K;P
2)-1] 

(b) From (a), deduce that 

lo« P 

7. For a plane wave propagating through locally isotropic and 
homogeneous turbulence, the uariance of log amplitude of the 
wave is defined by the integral 

1 f"' v1L a~=3Jr2L2 

0 
cf>n(K)K

5
dK ---z;;-«1 

where ali parameters are defined in problem 4. Under the 
additional assumption KU K!, « 1, show that 

a~ - 0.054f(7/s)C!LªK~3 
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8. Under the sarne conditions as stated in problem 7, the covariance 
function of log amplitude of an optical plane wave is defined by the 
integral 

Show that 
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Appendix 

A List of Special Function 
Formulas 

For easy reference, the following is a selected list of formulas for 
many of the special functions discussed in the text. 

Gamma Function 

1. f(x) = f' e-ttx-l dt, X> O 

2. f(x) = 2 r e-t
2
t2x-l dt, X> 0 

rl ( l)x-1 
3. f(x) = Jo ln t dt, x >O 

n'nx 
4. f(x)=lim----·---­

n-+ooX(x + l)(x + 2) · · · (x + n) 

5. _l_=xel"' IT (i +::_)e-xln 
f(x) n~l n 

6. f(x + 1) =xf(x) 

;r 
7. f(x)f(l-x) =-.­

sm n:x 

8. r(!+x)r(!-x) =-;r-
2 2 cos .11:X 

9. Vir f(2x) = 22x-l f(x )f(x + 1/
2

) 

10. f(l) = 1 

1i. n 1/2) =Vir 
12. f(n + 1) = n !, n =O, 1, 2, ... 

453 



              

454 Appendlx 

( 1) (2n)! 
13. r n + 2 = 22nn ! Vir, n = o; 1, 2, ... 

i:rd2 f(x )f(y) 
14. cos2x-l 8 sin2.Y-l (}d O= 

2 
( ) , x > 0, y >O 

O f X +y 

15. f(x+l)-\f2iXxxe-x(1+ 1~ +···),x~oo 
16. n!-\12ill nne-n, n » 1 

Beta Function 

17. B(x,y)= f tx-1(1-t)Y- 1 dt,x>O,y>O 

("" tx-1 
18. B(x,y)= Jo (l+t)x+ydt,x>O,y>O 

("'2 
19. B (x, y) = 2 Jo cos2x-l (} sin2y-l (}d O, x >O, y >O 

20. B(x,y) =B(y,x) 

f(x)f(y) 
21. B(x,y) = f(x +y), x >O, y >O 

lncomplete Gamma Function 

22. y(a,x)= f e-ttª-1 dt, a>O 

23. f(a,x)= f e-ttª-1 dt, a>O 

24. y(a, x) + f(a, x) = f(a) 

oo ( -l)nxn 
25. y(a, x) =xª 2: 1 ( ) 

n=on. n +a 
oo (-l)nxn 

26. f(a,x)=f(a)-xª 2: I( ) 
n=on. n+a 

27. y(a + l,x) =ay(a,x)-xªe-x 

28. f(a+l,x)=af(a,x)+xªe-x 

29. y(n+l,x)=n![l-e-xen(x)],n=0,1,2, ... 

30. f(n + l,x) = n! e-xen(X), n =O, 1, 2, ... 



              

Digamma and Polygamma Functions 

d I"(x) 
32 1/J(x) =-lnf(x) =--. dx f(x) 

33. 1/J(x) = -y + 2: - - -"' ( 1 1 ) 
n=O n+l n+X 

1 
34. 1JI (x + 1) = 1JI (x ) + -

X 

35. 1JI ( 1 - x ) - 1JI (x ) = ;r cot n:x 

36. 1/J(x) + 1Jl(x + 1/2) - 2 ln 2 = 21J1(2x) 

37. 1/J(l) = -y 
n 1 

38. 1/J(n+l)=-y+ 2:-k, n=l,2,3, ... 
k=l 

00 

39. 1/J(x+l)=-y+ 2: (-l)n+1s(n+l)xn, -l<x<l 
n=l 

1 l~B2n 2 40. 1/J(x+l)~lnx+--- L.J -x- n,x~oo 
2x 2n=l n 

am+l 
41. 1/'(m)(x) = axm+l ln f(x ), m = 1, 2, 3, ... 

00 1 
42. 1/'<m>(x) = (-l)m+lm! L --­

n=O (n +X )m+l 

43. 1/'(m)(l) = (-l)m+1m! s(m + 1) 
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00 (m+n)' 
44. 1/'(m)(x+l)=(-1r+1 2: (-lr ' . s(m+n+l)xn, 

n=O n. 

-l<x<l 

Error Functions 

2 r 
45. erfx = vn Jo e-t

2 

dt 

2 00 (-1rx2n+1 
46. erf x = ~ '- 2: 1 ( 2 

l), -oo <x < oo 
y;r n=on. n + 
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47. erfO =O 

48. erfoo = 1 

2 f.oc 49. erfcx = v'Jr x e-'
2 

dt 

50. erfcx=l-erfx 

51. erfcx- e-x2 [1 + 'f (-l)n 1X3 X ... X (2n -1)] 
Vi:x n=l (2x 2r , 

x-oo 

Exporiential Integrais 

f
x et 

52. Ei (x) = -dt, x =/:-0 
-oc t 

53. E
1
(x)=-Ei(-x)=f.oce-tdt,x>O 

X t 

54. E 1(x) =f(O,x) 
00 (-lrxn 

55. E 1 (x) = - y - ln x - 2: 
1 

, x > O 
n=l n.n 

ex 00 n' 
56. Ei(x) - - :Z: --; , x - oo 

X n=oX 

e -x oc ( -1 rn ! 
57. E 1(x)-- L n , x-oo 

X n=O X 

Elliptic Integrais 

f<P d() 
58. F(m, <P) = V 2 . 2 , O< m < 1 

o 1-msmf) 

59. E(m,</J)= f' Vl-m2sin2 8d8, O<m<l 

l<P d() 
60. Il(m,cjJ,a)= o Vl-m2sin28(l+a2sin28)' O<m<l, 

a=/:-m,O 

i
;r/2 d() 

61. K(m)= V 2 . 2 , O<m<l 
o 1-m sm () 

I
;r/2 

62. E(m)= 
0 

Vl-m2 sin2 8d8, O<m<l 
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l
n/2 d8 

63. TI(m,a)= Vl 2 . 28 (1 2 . 28 ), O<m<l, 
o -m sm +a sm 

a=Fm,O 

:n: 00 ( 11 )2 64. K(m) =- L - 2 m2n 
2 n=O n 

65. E(m) =~ 'i:, (112
)(-%)m2n 

2 n=O n n 

Legendre Polynomlals 

00 

68. (1- 2xt + t 2)-112 = L Pn(X )tn 
n=O 

69. Pn(l) = 1; Pn(-1) = (-l)n 

70. P~(l) = %n(n + l); P~(-1) = (-l)n- 1 [ 1/ 2n(n + 1)) 

(-1r<2n)! 
71. P2n(O) = 22n(n!)2 ; P2n+1(0) =O 

72. (n + l)Pn+1(x)- (2n + l)xPn(x) + nPn_ 1(x) =O 

73. P~+ 1(x)-2xP~(x) +P~_ 1(x)-Pn(x) =O 

74. P~+ 1(x)-xP~(x)-(n + l)Pn(x) =O 

75. xP~(x)-P~_ 1(x)- nPn(x) =O 

76. P~+ 1(x)-P~_ 1(x) = (2n + l)Pn(x) 

77. (1 - x2 )P~ (x) = nPn-I (x) - nxPn (x) 

78. (l -x2)P~(x) -2xP~(x) + n(n + l)Pn(x) =O 

81. IPn(x)J<[ :n: 2 ]
112

, JxJ<l,n=l,2,3, ... 
2n(l -x ) 

82. f 
1 

Pn (x )Pk (x) dx =O, k * n 
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Associated Legendre Functlons 

dm 
85. P':(x) = (1-x2r 12 dxm [Pn (x)], m = 1, 2, 3, ... 

86. P~(x) = Pn (x) 

P -m( ) ( )m (n - m)!pm( ) 
87. n X = -1 ( )I n X n+m. 

88. (n - m + l)P':+1(x) - (2n + l)xP':(x) + (n + m)P':_1(x) =O 

89. (l-x 2 )P':"(x)-2xP':'(x) + [n(n + 1)- m
2 

2 ]P':(x) =O 
1-x 

90. f 
1 
P':(x)Pk'(x) dx =O, k-:/= n 

f
1 2(n + m)! 

91. -1 [P':(x)]2dx=(2n+l)(n-m)! 

Hermite Polynomials 

(n/2] (-l)kn! n-2k 

92' Hn(X) = k~ok! (n -2k)! (2x) 

oo tn 
94. exp (2xt - t 2

) = L Hn (x) 1 
n=O n. 

n (2n)! 
95. H2n(O)=(-l) -,-;H2n+1(0)=0 

n. 

96. Hn+1(x)-2xHn(x) + 2nHn-i(X) =O 

97. H~ (x) = 2nHn-1 (x) 

98. H~(x) - 2xH~(x) + 2nHn(x) =O 

99. f
00 

e-x
2
Hn(x)Hk(x) dx =O, k i=n 



              

Laguerre Polynomials 

n ( l)k f k 
101. Ln(x) = 2: -

2 
n.x 

k=o(k!) (n-k)! 

( 
xt ) "" 103. (1-t)- 1 exp -- = 2: Ln(x)tn 

1- t n=O 

104. Ln(O) = 1 

105. (n + l)Ln+1(x) + (x - 1- 2n)Ln(x) + nLn_1(x) =O 

106. L~(x) -L~-1(X) + Ln-1(X) =O 

107. xL~ (x) = nLn (x) - nLn-l (x) 

108. xL~ (x) + ( 1 - x )L~ (x) + nLn (x) = O 

109. L"' e-xLn(x)Lk(x)dx =O, k #:-n 

110. f' e-x[Ln(x)] 2 dx = 1 

Associated Laguerre Polynomlals 

111. L~m>(x) = (-lr !: [Ln+m(x)], m = 1, 2, 3,. .. 

n (-l)k(m +n)!xk 
112.L~ml(x)=.2:( -k)I( k)lkf 

k=o n . m + .. 
ex dn 

113 L(ml(x) =-x-m-(xn+me-x) 
. n n! dxn 

( 
xt ) 

00 

114. (1- t )-m-1 exp - - = 2: L~ml(x )tn 
1- t n=O 

115. L~m)(O) = (n 7 ~)! 
n.m. 
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116. (n + l)L~~1(x) + (x -1- 2n -m)L~ml(x) + (n + m)L~m_>1(x) =O 

117. L~m_}1(X) +L~m-l>(x)-L~m>(x) =O 
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118. L~mi'(x) = -L~~i1l(x) 

119. xL~m>"(x) + (m + 1-x)L~ml'(x) + nL~m>(x) =O 

120. f' e-xxmL~m>(x )Lim>(x) dx =O, k =!= n 

121. Loc e-xxm[L~m)(x)]2dx=f(n+7+1) 
o n. 

Gegenbauer Polynomials 

122. C!(x)=(-l)n(~J( -À )(n-k)(2x)n-2k 
k=O n -k k 

00 

123. (1- 2xt + t2)-.i. = 2:: C!(x )tn 
n=O 

124. C!(l) = ( -on(-:;. ); C!< -1) = (-:Ã) 

125. C~n(O) = (~À); C~n+ 1(0) =O 

126. (n + l)C!+i (x) - 2(Ã + n )xC!(x) + (2J.. + n - l)C!_1 (x) =O 

127. C!'(x) = 2J.C!~l(x) 

128. (l -x2)C!"(x) - (2). + l)xC!'(x) + n(n + 2Ã)C!(x) =O 

129. f 
1 

(1 -x2).i.-112C!(x )C~(x) dx =O, k =/= n 

130 f 1 (1 - 2).i.-112[C.i.( )]2 dx = 21-2.i..nT(n + 2Ã) 
. -1 X n X (n + ).)[f(Ã)]2n! 

Chebyshev Polynomlals 

n Cnt2J (-l)k(n -k - l)! 
131. Tn(x)=-

2 
2: kl( _

2
k)I (2x)R-2k, n=l,2,3, ... 

k=O • n · 
[n/2] ( k) 

132. Un(x) = k~o n; (-l)k(2x)R-2k 

1-xt 00 

133. l 2x 2 = 2: Tn(x)tn 
- t + t n=O 

00 

134. ( 1 - 2xt + t 2)-1 = 2:: Un (x )tn 
n=O 
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135. Tn(l) = 1; Un(l) = n + 1 

136. T2n(O)=(-l)n; T2n+1(0)=0 

137. U2n(O)=(-l)ll; U2n+l(O)=O 

138. Tn+i(x) - 2xTn(x) + Tn-i(x) =O 

139. Un+l (x) - 2xUn (x) + Un-1 (x) =O 

140. Tn(X) = Un(x)-xUn-i(x) 

141. (1-x 2 )Un-1(X) =xTn(x) -Tn+i(X) 

142. (l-x2)T~(x)-xT~(x) + n 2Tn(x) =O 

143. (l -x2)U~(x) - 3xU~(x) + n(n + 2)Un(x) =O 

144. f
1 
(1-x2

)-
112Tn(x)T,.(x)dx=O,k=Fn 

145. f
1 
(l-x 2

)
112Un(x)Uk(x)dx=O,k=Fn 

n=O 

n~l 

Bessel Functlons of the Flrst Klnd 

00 (-l)k(x/2)2k+p 
148. Jp(X) = L k' r(k 1) 

k=O • +p + 

149. exp rnx(t-~)] = 11~00 Jn(x)tn, t *º 
150. J_n(X) = (-l)llJn(x), n =O, 1, 2, ... 

151. J 0 (0) = 1; Jp(O) =O, p >O 

152. J 112(x) = ~ sin x 

153. J_112(x) = ~cosx 
00 

154. Jn(X +y) = L Jk(x)Jn-k(y) 
k=-oo 
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155. ! [xPJP(x)] =xPJP_1(x) 

d 
156. dx [x-PJP(x)] = -x-PJp+ 1(x) 

157. G~f [xPJP(x)] =xP-mJp-m(x) 

158. (x~f rx-PJp(x)] = (-1rx-p-mJp+m(x) 

159. J;(x) +P..JP(x) =JP_1(x) 
X 

162. JP_ 1(x)-Jp+1(x) = 2J;(x) 

163. x2J; (x) + xJ; (x) + (x 2 
- p 2 )JP (x) = O 

2 sinp.7l 
164. W(Jp,J-p)(x)=----

JlX 

1 í:rr; 166. Jn (x) = - cos (n<f> - x sin </>) d<J>, n = O, 1, 2, ... 
Jl o 

J, ( ) - (x/2)P J i i.xt 2 -112 1 
167. p X - , e r( 11 ) e (1 - t )P dt, p > - -, X > 0 

yJl p + 12 -1 2 

168. J xPJP_1(x)dx=xPJP(x)+C 

169. Jx-PJp+1(x)dx=-x-PJP(x)+C 

170. f xJp(kmx)Jp(knx) dx =O, m =I= n; JP(knb) =O, n = 1, 2, 3, ... 

171. f x[Jp(knx)] 2 dx = 1/2 b2 [Jp+1(knb )]2
; JP(knb) =O, n = l, 2, 3, .. 

~~)P + 
172. Jp(x)- r(p + l), p =I= -1, -2, -3, ... ,x~o 
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Í2 [ (p + 1/z)lr] 173. Jp(x)-y~-cos x -
2 

, x~oo 

Bessel Functlons of the Second Klnd 

174
_ Y. (x) = (cosp,;r}J:(x)-J_P(x) 

P smp1l 

175. Yo(x) = ;J0 (x )(ln~+ y) 
-~ i (-l)k(x/2)2k(1+!+···+!) 

1lk=l (k!)2 2 k 

2 X n-1(n - k -1)! (x)2k-n 
176. Yn (x) = - Jn (x) ln -

2 
- L k 

1 
-
2 1l k=O · 

1 "" (-l)k(x/2)2k+n 
--;k~o k! (k +n)! (1/J(k +n + 1) + 1/J(k + 1)], 

n = 1, 2, 3, ... 

177. Y_n(x) = (-lrYn(x), n =O, 1, 2, ... 

178. ! [xPYp(x)] =xPYp_ 1(x) 

d 
179. dx [x-PYp(x)] = -x-PY;,+1(x) 

180. Y;(x) +E Yp(x) = YP_ 1(x) 
X 

181. Y;(x) _e Yp(x) = -Yp+ 1(x) 
X 

2p 
182. Yp_1(x) + Yp+ 1(x) =-Yp(x) 

X 

183. Yp_ 1(x) - Yp+ 1(x) = 2Y;(x) 

184. x 2Y;(x) +xY;(x) + (x2 -p2 )Yp(x) =O 

2 
185. W(JP, Yp)(x) = -

T&:JC 

2 
187. Yo(x) - - }nx, X~ Ü+ 

1l 
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f{p)(2)P + 
188. lj,(x)--7 _; , p >O, x-o 

{2 . [ (p + l/2)1r] 
189. lj,(x)- 'V-;; sm x -

2 
, x-oo 

Modlfied Bessel Functlons of the Flrst Klnd 

00 (x/2)2k+p 
190. 1p<x> = L k' r<k 1> k=O • +p + 

191. exp [~ x(t +D] = n~oo ln (x )tn, t =#:O 

192. Ln(X) =ln(X), n =o, 1, 2, ... 

193. 10(0) = 1; IP(O) =O, p >O 

194. 1112(x) = ~ sinhx 

195. J_ 112(x) = ~coshx 
00 

196. ln(x+y)= L lk(x)ln-k(y) 
k=-oo 

d 
197. dx (xPJP(x)] =xPJP_1(x) 

d 
198. dx [x-PJP(x)] =x-PJp+i(x) 

199. 1;<x> +elp(x) =Ip-1(x) 
X 

200. 1;<x)-elp(x) =lp+1<x> 
X 

201. JP_1(x) +lp+1(x) = 21;(x) 

2p 
202. IP_ 1(x)-lp+ 1(x) =-IP(x) 

X 

203. x 2J;(x) + xl;(x) - (x2 + p 2 )1p(x) =O 

2 sinp:n 
204. W(lp,Lp)(x) = ----

:nx 



              

205. [
0
(x) = ..!:_ ('" e±x cos 8 dO 

Jl Jo 

Appendlx 465 

( ) (x/2)1' fl -xt(l 2\P-ll2d 1/ O 
206. IP x =Vii: f(p + %) _

1 
e - t r t, p > - 12, x > 

~nr + 
207. IP(x)- f(p + l), p *-1, -2, -3, ... , x-o 

Modlfied Bessel Functlons of the Second Klnd 

209. K (x) =!!_l-p(x.)-[P(x) 
P 2 smpn 

210. K 0 (x) = -lo(x) (1n i + Y) 
00 

(x/2)2k ( 1 1) 
+ k~l (k !)2 1 + 2 + ... + k 

X 
211. Kn(x)=(-l)n-l[n(x)ln2 

+ ! ~1 (-l)k(n -k -1)! (~)2k-n 
2 k=O k! 2 
(-lr 00 (x/2)2k+n 

+-2-k~ok! (k + n)! [ 'ljJ(k + n + 1) + 'ljJ(k + l)], 

n = 1, 2, 3, ... 

212. K_P(x) =Kp(x) 

d 
213. dx [xPKp(x)] = -xPKp-1(X) 

d 
214. dx [x-PKP(x)] = -x-PKP+1(x) 

215. K;(x) +l!.KP(x) = -KP_1(x) 
X 

217. KP_ 1(x) +Kp+1(x) = -2K;(x) 

2p 
218. KP_ 1(x)-Kp+l(x) = --KP(x) 

X 
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219. x 2K;(x) +xK;(x) - (x2 + p 2 )Kp(x) =O 

1 
220. W(IP,KP)(x) = --

x 

1 
221. lp(x)Kp+ 1(x) +Kp(x)lp+1(x) =­

x 

222 K (x) = ~ (x/
2

)P f,00 

e-xt(t2 -1r-112 dt p > - 1/ x >O 
• p f(p + 1/i) 1 , 2• 

223. K0(x)- -lnx, x-o+ 
f(p) (2)P + 224. Kp(x)--

2
- _; , p >O, x-o 

225. KP (x) - ~e-"', x - oo 

Hypergeometric Function 

00 (a)n(b)nXn 
226. F(a,b;c;x)= Í: () 1, lxl<l 

n=O C n n. 
227. F(a, b;c;x) =F(b, a;c;x) 

dk (a)k(b)k 
228. dxkF(a,b;c;x)= (c)k F(a+k,b+k;c+k;x), 

k = l, 2, 3, ... 

229. F(a, b; c;x) = f(b )~~~)- b) f tb-
1(1- t)c-b-

1(1-xt)-ª dt, 

c>b>O 

f(c )f(c - a - b) 
230. F(a, b; e; 1) = f(c _ a)f(c _ b) 

Confluent Hypergeometrlc Functlon 

"" (a)nXn 
231. M(a;c;x) = Í: -, , -oo<x <oo 

n=O (C )n n. 

232. M(a;c;x) ==exM(c -a;c; -x) 

dk (a)k 
233. dxkM(a;c;x)= (c)k M(a+k;c+k;x), k=l,2,3, ... 
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f(c) Ll 234. M(a; e; X)= e"'ttª- 1(1- t)c-a-l dt, e> a> O 
f(a)f(c-a) o 

235. M(a;c;x)-1, x~o 

236 M( 
.. )-f(c) a-e.,~ (1-a)n(C -a)n ~ 00 . a, C, X f( ) X e L.J I n , X 

a n=O n.X 

Pochhammer Symbol 

f(a + n) 
237. (a)0 =1, (a)n=a(a+l)···(a+n-1)= f(a) 

238. (0)0 =1 

239. (l)n = n! 

240. (a)n+l =a(a + l)n 

241. (a)n+k=(a)k(a+k)n 

(-l)k(a)n 
242. (a )n-k = (l ) 

-a-n k 

<-1r 
243. (a)_n = (1-a)n 

{
<-1rk1 

244. (-k)n = ~k - n)! 
O:sn:sk 

n>k 

245. (n+k)!=n!(n+lh=k!(k+l)n 

246. f(a + 1-n) = (-l~~~~n+ l) 

247. (-ª) = (-~r (a)n 
n n. 

248. (2n)! = 22n(1/2)nn! 

249. (2n + 1)! = 22n(%)nn! 

250. (a)2n = 22n(%a)n(1/2 + 1/2a)n 



 



              

Selected Answers 
to Exercises 

Chapter 1 

Exerclses 1.2 
3. -1 
7. Converges absolutely 

Exerclses 1.3 

9. Diverges 
10. Converges conditionally 

3. Converges only for x = O 6. Converges uniformly 

15. (a) (1-x2)-112 = :f (-%)<-1rx2n 
n=O n 

. -1 - oo (2n )! X2n+1 

(b) sm x- n~o22n(n!)2(2n+l) 
oo 22n-1X2n 

18. n~l(-1r-1 (2n)! 

20. %0 - 2x2 + 1f&x4 - s1/1soXs + ... ) 

Exercises 1.4 

3 ~ _ ! :f cos (2n + 1 )x 

· 2 Jr n=l (2n + 1)2 

Exercises 1.5 

4. ;r 

Exerclses 1.6 

11. (a) % 
(b) % 
(e) % 

7. Converges absolutely 

1. f(x)-bx 2 as x--+O, f(x)-bx/a as x--+oo 

Exerclses 1. 7 

5. % 7. 1 

469 



              

470 Selected Answers to Exerclses 

Chapter 2 

Exerclses 2.2 

3. 60 

Exercises 2.3 

[f(%)]2 
1. 2'\(;; 

Exerclses 2.4 

2;r 
1. Vã 

Chapter 3 

Exercises 3.3 

1. (a) erf(Vx) 

Exerclses 3.4 

15. Si(b)-Si(a) 

v'2 
31. .1t4 

35. f(x/p) 
psxlp 

9. 2a4 

14 . .1t 
6 

17 ;ra 
. 32 

19. Si(ab)-%{Si[b(a + 1)] + Si[b(a -1)]} 

Exerclses 3.5 

11. 12E(l/\Í3) 

Chapter 4 

Exerclses 4.2 

15. (a) n = 1, 3, 5,. .. (b) n =O, 2, 4, ... 



              

Selected Answers to Exerclses 471 

Exerclses 4.4 

27. x 3 = 3/sP1(x) + 2/sP3 (x) 

1 "' (-1r-1(4n + 1)(2n -2)! 
36. f(x)=2+ ~1 22n(n+l)!(n-l)! P2n(x) 

Exerclses 4.5 

1. None 

Exerclses 4.6 

3. y=C1Pa(x)+C2Qa(x) 

Exerclses 4.8 

1. (a) u(r, cf>) = 1 

(b) u(r,cf>)=rcoscf> 

Chapter 6 

Exerclses 6.5 

Exerclses 6.6 

3. y = C1J114(X) + C2J-114(X) 

Exerclses 6.7 

5. Smooth 

(e) u(r, cf>) = 2/ar2P2(cos cf>) + 1fa 
(d) u(r, cf>) = 4/ar2P2(COS </>) - % 

3. y = C1Jk(x2) + C2Y,.(x2) 5. Y =x-n[C1Jn(x) + C2Yn(x)] 

7. y = Vx [C1J112(x) + C2J-112(x)] 

11. y = Vx CC1Jo(2Vx) + C2Yo(2Vx)] 

13. (b) y(t)=C1Jo(! vat)+c2Yo(! vat) 
(e) y(x) = C1Jo(! Va emx'2) + C2Yo(! Va emx12) 



              

472 Seleeted Answers to Exerclses 

Chapter 7 

Exerclses 7.2 

2. y = C1l1(X) + C2K1(X) 

25. y = Vx[C11113(2/ax 312
) + C2K113(2/ax312)] 

27. y =x2[C1l213(x3
) + C2K21s(x3

)] 

Chapter 8 

Exerclses 8.4 

10(3r) . 
9. u(r,<f>)= lo(a) sm3z 



              

Abel, N. H., 109 
Abel's formula, 246 
Abramowitz, M., 102, 257, 451 
Absolute convergence, 8, 41 
Addition formulas for Bessel functions, 

244, 265-267, 293-294 
associated Laguerre polynomials, 220 
confluent hypergeometric functions, 

394 
Hermite polynomials, 213 
Laguerre polynomials, 220 

Airy functions, 312 
Airy's equation, 282, 312 
Alternating harmonic series, 10-12, 26 

series test, 10 
Andrews, L. C., 36, 120, 181, 240, 280, 

328,366, 383, 408, 438-439 
Anger function, 315 
Appel's symbol, 358 
Arfken, G., 316, 451 
Artin, E., 451 
Askey, R. A., 451 
Associated Laguerre polynomials, 

218-220, 222-223, 247, 264, 
378-380 

addition formula for, 220 
differential equation for, 219 
generating function for, 219 
orthogonality of, 224 
recurrence relations for, 219-220 
Rodrigues' formula for, 219 
series representation of, 218 

Associated Legendre functions, 186-192, 
199-200, 346, 375 

differential equation for, 186, 345-346 
generating function for, 191 
orthogonality of, 190 
recurrence relations for, 189-190 
Rodrigues' formula for, 189 

lndex 

Asymptotic formulas: 
for Bessel functions, 240-241, 227-278, 

294, 316-321 
for complementary error function, 113 
for confluent hypergeometric functions, 

390-392 
for digamma function, 97 
for exponential integrais, 127-128, 

130-131 
for Fresnel integrais, 118 
for gamma function, 99 
for incomplete gamma function, 88 
for logarithmic integral, 131 
for polygamma functions, 107 
for Whittaker functions, 407 

Asymptotic series, 47-54 
about infinity, 50 

zero, 49 

Bateman, H., 418 
Bell, W. W., 183, 367, 451 
Bernoulli, D., 237 
Bernoulli, J., 96 
Bernoulli numbers, 96 
Bessel, F. W., 237 
Bessel functions, 47, 89, 225, 237-355 

Airy, 312 
Anger, 315 
asymptotic formulas for, 240-241, 

277-278,294, 316-321 
of the first kind, 238-273 

addition formulas for, 244, 265-267 
argument zero, 240 
asymptotic formulas for, 240-241, 

316, 319 
differential equation for, 243 
generating function for, 238-240 
graph of, 240 
half-integral order, 241, 302 

473 
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Bessel functions, of the first kind ( Cont. ): 
infinite series of, 269-271 
integral representations of, 248-250 
integrais of, 256-262 
Lommel integrais, 258 
Lommel's formula for, 246 
negative order, 239 
orthogonality of, 267 
products of, 418 
recurrence relations for, 242-243 
series representation of, 239, 241 
zeros of, 240 

Hankel, 308-309 
integral, 314-315 
Kelvin, 311-312 
modified, 287-301, 344-345, 448 

(See also Modified Bessel function) 
of the second kind, 273-280 

asymptotic formulas for, 277-278, 
316, 319 

graph of, 277 
recurrence formulas for, 278 
series representation of, 274-276 

of the third kind (see Hankel 
. functions) 

spherical, 302-308, 346 
Struve, 309-310 
Weber, 315 
Wronskians of, 246, 279, 294, 315 

Bessel polynomials, 417 
Bessel series, 269-271 

convergence of, 270 
Bessel's problem, 250-253 
Beta function, 82-86 

incompleta, 86, 376 
relation to gamma function, 83 
symmetry property of, 82 

Binomial coefficient, 16 
Binomial series, 27-28 
Bowman, F., 134 
Brice, C. S., 408 
Buckling problem, 327-330 

Campbell, R., 63 
Carlson, B. C., 451 
Cauchy-Euler equation, 200-201 
Cauchy product, 14 
Chebyshev polynomials, 153, 228-231, 

375 
argument unity, 233 

zero, 233 
differential equations for, 230 
generating function for, 153, 235 

Chebyshev polynomials (Cont.): 
orthogonality of, 230 
recurrence relations for, 230 
series representation of, 229 
tables of, 229 

Cherin, A. H., 353 
Chi-squared distribution, 337 
Christoffel-Darboux lemma, 177 
Confluent hypergeometric function, 

386-409,430-431,433-434, 440, 
446-448 

addition formulas for, 394 
asymptotic formulas for, 390-392 
contiguous function relations for, 387 
derivativas of, 386-387, 390 
differential equation for, 388 

Liouville standard form of, 404 
integral representations of, 388 
Kummer's transformation for, 388 
multiplication formulas for, 394 
relation to other functions, 3915-403 
of the second kind, 388-390, 440, 446 

asymptotic formulas for, 391-392 
contiguous relations for, 394 
derivativas of, 390 
integral representation of, 390 
Kummer's relation for, 394 
relation to other functions, 395-403 

series representation of, 386 
Whittaker functions, 403-409 
Wronskian of, 394 

Contiguous function relations (see 
Confluent hypergeometric function; 
Hypergeometric function) 

Convergence: 
abosolute, 8, 41 
conditional, 8, 41 
pointwise, 21, 43, 57 
tests of, 6-11, 42-44 
uniform, 22, 44 

Cosine integral, 129-130 
Cylinder function (see Bessel functions) 

Debnath, L., 80 
Differential equation: 

Airy, 282 
associated Laguerre, 221 
associated Legendre, 186, 345-346 
Bessel, 243 
Cauchy-Euler, 200-201 
Chebyshev, 230 
confluent hypergeometric, 388 

Liouville standard form of, 404 



              

Differential equation (Cont.): 
Euler-Tricomi, 441 
Gegenbauer, 227 
heat, 120, 339 
Helmholtz, 345-346, 351 
Hermite, 207 
hypergeometric, 365, 441 
Jacobi, 233 
Laguerre, 216 
Laplace, 192, 340, 343 
Legendre, 151-152, 377 
modified Bessel, 288, 344 
related to Bessel's equation, 280-282 
Schrõdinger, 210, 221 
spherical Bessel, 302 

Digamma function, 90-99 
argument positive integer, 93 
asymptotic series for, 97 
graph of, 91 
integral representation of, 94-95 
recurrence formula for, 92 
series representation of, 90, 93 

Duplication formula, 70 

E function, 425-426 
Elliptic functions, 137-138 
Elliptic integrals, 133-135 

complete, 133-135 
series representation of, 135 

Erdelyi, A., 363, 451 
Error function, 110-113, 123, 430 

argument infinite, 110 
negative, 110 
zero, 110 

complementary, 110-111, 121 
asymptotic series for, 112-113 

graph of, 111 
series representation of, 110 
table of values for, 111 

Euler, L., 61 
Euler formulas, 76 
Euler-Macheroni constant, 72 
Euler-Tricomi equation, 441 
Even function, 36 
Exponential integral, 126-128 

asymptotic formula for, 127-128, 
130-131 

graph of, 128 
series representation of, 127 

Factorial, 15 
Fourier coefficients, 33, 35 
Fourier, J., 237 
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Fourier trigonometric series, 33-39 
convergence of, 36 
cosine, 36-37, 253-254 
sine, 36-37, 252-253, 345 

Fox, L., 231 
Fractional-order derivatives, 79-80 
Fresnelintegrals, 113-114, 123 

asymptotic series for, 118 
graph of, 114 
series representation of, 117 

Frink, O., 417 
Frullani integral representation, 94 

G function (see Meijer G function) 
Gamma distribution, 79 

moments of, 79 
Gamma function, 62-82 

argument infinite, 66 
negative, 68 
negative integer, 62 
odd half-integer, 71 
positive integer, 63 
zero, 65 

asymptotic series for, 99 
derivative of, 65 
duplication formula for, 70 
graph of, 66 
incomplete, 87-89 
infinite product for, 71-73 
integral representation of, 64 
recurrence formula for, 63 
Stirling's formula for, 70, 98 
table of values for, 67 

Gauss, C., 62, 357 
Gaussian distribution (see Normal 

distribution) 
Gegenbauer polynomials, 226-228, 265, 

294,375-376 
argument unity, 233 

zero, 233 
differential equation for, 227 
generating function for, 226 
orthogonality of, 227 
recurrence relations for, 227 
relation to Chebyshev polynomials, 

228 
Hermite polynomials, 228 
Jacobi polynomials, 233 
Legendre polynomials, 227 

series representation of, 227 
Generalized hypergeometric functions, 

411-450,447-448 
derivative of, 416 
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Generalized hypergeometric functions 
(Cont.): 

E function, 425-426 
Meijer G function, 419-428 
relations to other functions, 413, 420 
series representation of, 412 

Generating function: 
for associated Laguerre polynomials, 

219 
for associated Legendre functions, 191 
for Bessel functions, 238-240 
for Chebyshev polynomials, 153, 235 
for Gegenbauer polynomials, 226 
for Hermite polynomials, 204, 211 
for hypergeometric polynomíals, 369 
for Jacobi polynomials, 231 
for Laguerre polynomials, 214 
for Legendre polynomials, 142-146 

Geometric series, 4-6 
Gradshteyn, I. S., 451 
Grosswald, E., 417 

Hankel functions, 308-309 
spherical, 309 

Harmonic oscillator, 209-211 
Harmonic series, 8 
Heat equation, 120, 339 
Helmholtz equation, 345-346, 351 
Hermite functions, 397-399 
Hermite polynomials, 204-214, 396-397 

addition formula for, 213 
argument zero, 211 
differential equation for, 207 
generating function for, 204, 211 
infinite series of, 208-209 
integral representation of, 205 
orthogonality of, 207 
recurrence relations for, 206-207 
Rodrigues' formula for, 205 
series representation of, 204 
table of, 205 

Hermite series, 208-209 
convergence of, 208 

Hochstadt, H., 451 
Hypergeometric function, 361-384, 

441-442 
argument negative one, 370 

one-half, 370 
unity, 365, 368-369 

contiguous function relations for, 363, 
367-368 

derivatives of, 362 
differential equation for, 365, 441 

Hypergeometric function (Cont.): 
integral representation of, 364 
of the second kind, 370 
relation to other functions, 370-377 
series representation of, 361 
symmetry property of, 362 
Wronskian of, 370 
(See also Generalized hypergeometric 

functions) 
Hypergeometric polynomials, 362, 369 

generating function for, 369 
Hypergeometric series, 361 

generalized, 412 
(See also Generalized hypergeometric 

function; Hypergeometric function) 

lmproper integrais, 39-4 7 
convergence of, 40-41, 43, 44 
differentiation of, 45 
divergence of, 40-41 
of the first kind, 39-40 

second kind, 41 
integration of, 44 
partia! integral of, 43 
Weierstrass M-test for, 44 

Incomplete gamma function, 87-89 
complementary, 87 

asymptotic series for, 88 
series representation of, 87 

Infinite product, 55-59 
associated series, 56-57 
convergence of, 55, 57 
divergence of, 55 
for cosine function, 58 

gamma function, 71-73 
sine function, 58 

partia! product of, 55 
Infinite sequence, 2 
Infinite series, 2, 21 

alternating, 7 
asymptotic, 47-54 
binomial, 27-28 
convergence of, 3, 6-11 
differentiation of, 24-25 
divergence of, 3, 6-11 
double, 13 
Fourier, 33-39 
geometric, 4-6 
harmonic, 8 
integration of, 24 
operations with, 11-15 
partia! sum of, 2, 21 
p-series, 8 



              

Infinite series (Cont.): 
positive, 7 
power, 25 
product of, 14 
uniqueness of, 29 
Weierstrass M-test for, 22 

Integral Bessel function, 314-315 
Integral test for series, 8 

Jackson, D., 180, 451 
Jacobi, C. G. J., 109 
Jacobi polynomials, 231-233, 376 

differential equation for, 233 
generating function for, 231 
orthogonality of, 233 
recurrence formula for, 233 
series representation of, 231 

Jacobian elliptic function, 137-138 
Jahnke, E., 451 

K distribution, 337 
Kellogg, O. D., 142 
Kelvin functions, 311-312 
Kemble, E. C., 211 
Kepler, J., 251 
Krall, H. L., 417 
Kummer, E. E., 385 
Kummer's function (see Confluent 

hypergeometric function) 
Kummer's relation, 394 
Kummer's second formula,_ 416 
Kummer's transformation, 388 

Laguerre functions, 399-400, 409 
Laguerre polynomials, 214-218, 296, 

339, 435 
addition formula for, 220 
argument zero, 223 
associated, 218-220, 222-223, 247, 

264, 378-380 
differential equation for, 216 
generating function for, 214 
infinite series of, 217-218 
orthogonality of, 217 
recurrence relations for, 215-216 
Rodrigues' formula for, 215 
series representation of, 215 
table of, 215 

Laguerre series, 217-218 
convergence of, 218 

Laplacian, 193, 201-202, 349 
Laplace integral formula, 158 
Laplace's equation, 192-193, 340, 343 
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Lebedev, N. N., 114, 130, 209, 298, 451 
Lee, J. S., 408 
Legendre, A., 61 
Legendre duplication formula, 70 
Legendre function, 373-374 

associated, 186-192, 199-200, 346, 375 
differential equation for, 377 
of the first kind, 373 

second kind, 181-186 
recurrence relations for, 183, 374 
Wronskian of, 185 

Legendre polynomials, 47, 142-181, 
195-197,247, 264, 272, 308, 370, 
372-373 

argument minus one, 14 7 
unity, 147 
zero, 148 

bounds on, 159 
differential equation for, 151-152, 194, 

377 
finite series of, 165-167 
generating function for, 142-146 
graph of, 146-147 
infinite series of, 167-181 
integral representation of, 158 
orthogonality of, 163 
recurrence relations for, 149-151 
Rodrigues' formula for, 157 
series representation of, 147 
tables of, 145-146 
trigonometric argument, 146 

Legendre series, 165-167, 196 
convergence of, 175-180 

Liouville standard form, 404 
for confluent hypergeometric equation, 

404 
Logarithmic derivative function (see 

Digamma function) 
Logarithmic integral, 128-129 

asymptotic formula for, 131 
graph of, 129 
series representation of, 129 

Lommel's formula, 246 
Luke, Y. L., 451 

Macdonald's function (see Modified 
Bessel function of the second kind) 

Maclaurin series, 27 
MacRobert, T. M., 373, 425 
MacRobert E function, 425-426 
Magnus, W., 451 
Mathai, A. M., 412 
Meijer, C. S., 419-420 
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Meijer G function, 419-428 
properties of, 420-423 
relation to other functions, 420 

Miller, L. E. 408 
Modified Bessel functions, 287-301, 

344-345,448 
addition formulas for, 293-294 
asymptotic formulas for, 294, 317-319 
differential equation for, 288, 344 
of the first kind, 288-290 

second kind, 290-291 
generating function for, 292-293 
graphs of, 289, 291 
half-integral order, 289, 305-306 
integral representations of, 298 
integrais of, 299-300 
recurrence relations for, 291-292 
series representation of, 288-291 
spherical, 305-306 
Wronskian of, 294 

Mohapatra, R. N., 438 
Multiplication formulas, 394 

Neumann formula, 184 
Normal distribution, 81, 118-119, 

333-334,431 
moments of, 81 

Oberhettinger, F., 451 
Odd function, 36 
Olver, R. W. J., 451 
Orthogonality relations: 

associated Laguerre polynomials, 224 
associated Legendre functions, 190 
Bessel functions, 267 
Chebyshev polynomials, 230 
Gegenbauer polynomials, 227 
Hermite polynomials, 207 
Jacobi polynomials, 233 
Laguerre polynomials, 217 
Legendre polynomials, 163 

Oscillating chain, 282-284 

P-series, 8 
(See also Riemann zeta function) 

Parabolic cylinder function, 407 
Parker, 1. B., 231 
Partia! integral, 43 

product, 55 
sum, 2, 21 

Pendulum problem, 135-138 
lengthening, 323-327 

Phillíps, R. L., 383 

Piecewise continuous function, 36, 174 
smooth function, 175 

Pochhammer symbol, 358-361 
Poincaré, J. H., 50 
Pointwise convergence, 21, 43, 175-180 
Poisson, S. D., 249 
Polygamma functions, 100-102 

argument unity, 100 
asymptotic series for, 107 
series representation of, 100-101 
(See also Digamma function) 

Power formula for series, 31 
Product (see Infinite product) 
Psi function (see Digamma function) 

Radius of convergence, 25 
Rainville, E. D., 57, 62, 361, 365, 451 
Ramanujan's theorem, 416 
Ratio test, 10 . 
Rayleigh distribution, 81, 336, 434 

moments of, 338 
Rician distribution, 335, 430, 433 

moments of, 435 
Riemann, G., 62 
Riemann lemma, 175 
Riemann zeta function, 8, 100, 102-103 

graph of, 104 
special values of, 105 

Rodrigues' formula: 
for associated Laguerre polynomials, 

219 
for associated Legendre functions, 189 
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