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Preface

Systems with delays frequently appear in engineering. Typical examples of
time-delay systems are communication networks, chemical processes, tele-
operation systems, biosystems, underwater vehicles and so on. The presence of
delays makes system analysis and control design much more complicated. Dur-
ing the last decade, we have witnessed significant development in the robust
control of time-delay systems. The aim of this book is to present a systematic
and comprehensive treatment of robust (H∞) control of such systems in the
frequency domain. The emphasis is on systems with a single input/output de-
lay, although the delay-free part of the plant can be multi-input–multi-output
(MIMO), when the delays in different channels are the same.

This book collects work carried out recently by the author in this field. It
covers the whole range of robust (H∞) control of time-delay systems: from
controller parameterisation, controller design to controller implementation;
from the Nehari problem, the one-block problem to the four-block problem;
from theoretical developments to practical issues. The major tools used in this
book are similarity transformations, chain-scattering approach and J-spectral
factorisations. The main idea is to “make everything as simple as possible, but
not simpler (Albert Einstein).” This book is self-contained and should be of
interest to final-year undergraduates, graduates, engineers, researchers, and
mathematicians who work in the area of control and time-delay systems.

The book is divided into two parts: Controller Design (Chapters 2–10) and
Controller Implementation (Chapters 11–13). The classical control of time-
delay systems is summarised in Chapter 2 and then some mathematical pre-
liminaries are collected in Chapter 3. The J-spectral factorisation of regular
para-Hermitian transfer functions is developed in Chapter 4 to prepare for the
solution of the Nehari problem discussed in Chapter 5. An extended Nehari
problem is solved in Chapter 6 to prepare for the solutions of the one-block
problem and the standard H∞ control problem discussed in Chapter 7, where
the chain-scattering approach is applied to reduce the standard H∞ control
problem to a delay-free problem and a one-block problem. The latter is then
further reduced to an extended Nehari problem. With the solution to the ex-
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tended Nehari problem obtained in Chapter 6, the controllers for the one-block
problem and the standard H∞ problem are recovered. A transformed standard
H∞ problem is discussed in Chapter 8 to obtain a simpler but more conserva-
tive solution. The parameterisation of all stabilising controllers for time-delay
systems are discussed in Chapter 9. All the controllers for the above problems
have the same structure: incorporating a modified Smith predictor (MSP).
A practical issue, a numerical problem with the MSP, is discussed in Chap-
ter 10 and a unified Smith predictor is proposed to overcome this, followed
by revisiting some well-studied problems. Another practical issue, the imple-
mentation of MSP, is tackled in Part II. The implementation of MSP, i.e., a
distributed delay, is not trivial because of the inherent hidden unstable poles.
In Chapter 11, this is done by using discrete delays in the z-domain and in
the s-domain. In Chapter 12, this is done by using rational transfer functions
based on the δ-operator and then in Chapter 13 a faster converging rational
implementation is discussed using bilinear transformations.

It is a pleasure to express my gratitude to G. Weiss, K. Gu, G. Meinsma
and L. Mirkin. Special thanks go to O. Jackson (the Editor), S. Moosdorf (the
Production Editor) and M. Saunders (the Copy Editor) for their professional
and efficient editorial work on this book. There are no words that suffice to
thank my wife Shuhong Yu for her endurance, love, support and sacrifice for
my research over years. I am also grateful for financial support for my research
from the Engineering and Physical Sciences Research Council (EPSRC), UK
under Grant No. EP/C005953/1.

Liverpool, United Kingdom Qing-Chang Zhong
January 2006 http://come.to/zhongqc
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Notation and Abbreviations

Z, R and C fields of integral, real and complex numbers
jR imaginary axis
Re s and Im s real and imaginary parts of s ∈ C

∈ belong to
∩ intersection
⊂ subset

In n × n identity matrix (n is often omitted when
not confusing)

Jp,q, Jγ and J shorthand for
[

Ip 0
0 −Iq

]
,
[

I 0
0 −γ2I

]
and

[
I 0
0 −I

]
AT and A∗ transpose and complex conjugate transpose of A

A−1 and A−∗ inverse of A and shorthand for (A−1)∗

det(A) and ρ(A) determinant and spectral radius of A

Im A image of A[
A B
C D

]
explicitly partitioned matrix of

[
A B
C D

]
G(s) =

[
A B
C D

]
shorthand for G(s) = D + C(sI − A)−1B

G∼(s) shorthand for GT (−s) = [G(−s∗)]∗ =
[−A∗ −C∗

B∗ D∗

]
Fl(M, Q) and Fu(M, Q) lower and upper linear fractional

transformations (LFT)
Hr (M, Q) and Hl (M, Q) right and left homographic

transformations (HMT)
Cr(M) and Cl(M) right and left chain-scattering

transformations (CST)

πh(G) completion operator
τh(G) truncation operator
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ARE algebraic Riccati equation

w.r.t. with respect to
iff if and only if

IOR input–output representation
CSR chain-scattering representation

LFT linear fractional transformation
HMT homographic transformation

SP (classical) Smith predictor
MSP modified Smith predictor
USP unified Smith predictor
FSA finite-spectrum assignment
FIR finite impulse response

SPh standard H∞ problem with a single delay h

SP0 the conventional standard H∞ problem without a
delay (h = 0)

OPh one-block problem with a delay h

ENPh extended Nehari problem with a delay h

NPh delay type Nehari problem

SISO single-input single-output
MIMO multiple-input multiple-output
ZOH zero-order hold
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1

Introduction

Systems with delays abound in the world. One reason is that nature is full
of transparent delays. Another reason is that time-delay systems are often
used to model a large class of engineering systems, where propagation and
transmission of information or material are involved. The presence of delays
(especially, long delays) makes system analysis and control design much more
complex. In this chapter, some examples of time-delay systems are discussed
and then a brief review on the control of time-delay systems, followed by an
overview of this book, is given.

1.1 What Is a Delay?

Time delay is the property of a physical system by which the response to
an applied force (action) is delayed in its effect [124]. Whenever material,
information or energy is physically transmitted from one place to another,
there is a delay associated with the transmission. The value of the delay is
determined by the distance and the transmission speed. Some delays are short,
some are very long. The presence of long delays makes system analysis and
control design much more complex. What is worse is that some delays are too
long to perceive and the system is misperceived as one without delays.

Time delays abound in the world. They appear in various systems such
as biological, ecological, economic, social, engineering systems etc. For exam-
ple, over-exposure to radiation increases the risk of cancer, but the onset of
cancer typically follows exposure to radiation by many years. In economics,
the central bank in a country often attempts to influence the economy by
adjusting interest rates; the effect of a change in interest rates takes months
to be translated into an impact on the economy. In politics, politicians need
some time to make decisions and they will have to wait for some time before
they find out if the decisions are correct or not. When reversing a car around
a corner, the driver has to wait for the steering to take effect. In engineering,
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on which this book focuses, there are a lot of systems with delays; see the
next section for examples.

A general tendency in responding to some errors in a system is to react
immediately to the errors and to react more if the errors are not lessened
or eliminated in time as expected. However, for a system with time delays,
only after the inherent delays will the errors start to change. Hence, it is
very important to properly understand the existence of delays and not to
over-react. Otherwise, the system is very likely to overshoot or even become
unstable. When dealing with time-delay systems, “patience is a virtue.”

For a given delay element with a delay h ≥ 0, the output y(t) corresponding
to the input u(t) is

y(t) = u(t − h).

Hence, the transfer function of a delay element is given by e−sh.

1.2 Examples of Time-delay Systems

Some typical examples of time-delay systems in engineering are discussed here.

1.2.1 Shower

A simple example of a time-delay system from everyday life is the shower,1 as
depicted in Figure 1.1. Most people have experienced the difficulty in adjusting
the water temperature: it gets too cold or too warm. The actual temperature
often overshoots the desired and, sometimes, it takes a while to get the tem-
perature right. This is because it takes time for the increased (or decreased)
hot/cold water to flow from the tap to the shower head (or the human body).
This time is a delay, which depends on the water pressure and the length of
the pipe. The change of the faucet position is almost immediate, however, the
change of the water temperature has to wait until the delay has elapsed. If
the faucet position is constantly adjusted according to the currently perceived
temperature, then it is very likely that the temperature will fluctuate.

Assume that the water is an incompressible fluid and stationary flow. Ac-
cording to the Poiseuille law, the flow rate of water is

F =
πR4

8µl
∆p,

where µ = 0.01 is the kinematic viscosity of water, R is the radius of the pipe,
l is the length of the pipe and ∆p is the pressure difference between the two
ends of the pipe. The time delay h can then be found as

h =
πR2l

F
=

8µ

∆p

(
l

R

)2

.

1 A shower model written in SimulinkR© is available at
http://www.aut.bme.hu/education/contheor/contheor/theory/model/shower/.
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hot cold 

Figure 1.1. Sketch of a shower system

1.2.2 Chemical Processes

It is well known that many chemical processes contain delays. This has been
well documented in the literature and there is no need to give any detailed
example here. The following first-order plus dead time (FOPDT) is widely
used to model chemical processes:

G(s) =
K

Ts + 1
e−sh,

where K is the static gain of the plant, T > 0 is the time constant and h is
the transparent delay or dead time.

1.2.3 Communication Networks

In recent years, communication networks [143] have been among the fastest-
growing areas in engineering and there has been increasing interest in control-
ling systems over communication networks. Thanks to high-speed networks,
control-over-Internet is now available [69, 122]. These systems are frequently
modelled from the control point of view as time-delay systems because of the
inherent propagation delays [52, 71]. These delays are crucial to the system
stability and the quality-of-service (QoS).

A single connection between a source controlled by an access regulator and
a distant destination node served with a constant transmission capacity µ is
given as an example here. This can be described by the fluid model [52, 71]
shown in Figure 1.2(a). At the source node, the access regulator controls the
input rate u(t), according to the congestion status of the destination node.
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The congestion status y(t) is defined as the difference between the current
buffer contents x(t) and the target value X̄, i.e.,

y(t) = x(t) − X̄.

Due to the propagation delay from the destination node to the source node,
called the backward delay hb, this status arrives at the source node (the access
regulator) only after this delay period. There is also a forward delay hf for
the package to arrive at the destination node from the source node. The
arrived packages are stored/accumulated in the buffer and then sent with
a constant transmission capacity µ. The control objective is to adapt u(t) to
µ dynamically while maintaining the buffer x(t) at an acceptable level. The
block diagram is shown in Figure 1.2(b).

hf

hb

u(t) µ
x(t)

X y(t)

(a) fluid model

u
µ

x
X

ys

1- -

Access 

regulator

fshe−

bshe−

source channel destination

(b) block diagram

Figure 1.2. Communication networks: A single connection

The communication networks in reality, which are built from single con-
nections, are much more complicated. The delays are often time-varying and
stochastic. The information transmitted via communication networks is quan-
tised and there exist package losses as well.

1.2.4 Underwater Vehicles

Recently, there have been more and more applications of underwater vehicles.
They can be used for exploring ocean bottoms, installation/inspection/repair
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tasks and, of course, military missions. They have advantages over human
divers in that they can descend to greater depths, can stay there for greater
lengths of time and require less support equipment. Thus they can reach places
divers cannot, and they can be less expensive to operate [64].

There are different types of underwater vehicles. One is the Remotely Op-
erated Vehicle (ROV). An ROV is connected to a surface support ship via
an umbilical cable, which provides power supply and a communication link,
and hence the range of operation is somewhat limited. Another one is the au-
tonomous underwater vehicle (AUV), which carries an on-board power unit
and is equipped with advanced control capabilities to undertake tasks with the
minimum of human intervention. The communication is carried out through
an acoustic link. The MIT underwater vehicle Odyssey II Xanthos, shown
in Figure 1.3, is taken as an example. Odyssey II Xanthos is a video survey
AUV, equipped with various sensors including scanning and homing sonars,
depth sensor, temperature salinity and related sensors, video, inertial sensors,
acoustic modem and acoustic navigation tracking pingers. The rated operating
depth is 3,000 m. More details can be found at http://auvlab.mit.edu.

Figure 1.3. The MIT underwater vehicle: Odyssey II, Xanthos

(Courtesy of C. Chryssostomidis and R. Damus, MIT Sea Grant AUV Lab,
http://auvlab.mit.edu)

The control problems involved in these vehicles include navigation, task
planning and the low-level autopilot. Due to the long cable or distance, there
exists a long delay in the system. For AUVs, the delay is caused by the finite
sound speed in water, nominally, 1, 500 m/s.

A physical system [140] is shown in Figure 1.4, where a surface ship is
shown positioning an underwater vehicle through a long cable. The vehicle
may be searching the ocean floor or mapping the topography of the bottom,
or it may be the platform for a smaller vehicle equipped with thrusters. An
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Figure 1.4. Physical underwater vehicle system

(Reprinted, with permission, from [140]. c©IEEE)

approximate model, which was validated for a cable of 2, 500 m and a vehicle
weighing 17, 000 N in air, was given in [140] as

G(s) =
ce−sh

as2 + bs + c
,

with a = 1, b = 1.1× 10−4, c = 2.58× 10−2 and h = 40 s. More details about
this system can be found in [140] and the references therein.

1.2.5 Combustion Systems

Continuous combustion systems are widely used in power generation, heating
and propulsion. Examples include domestic and industrial burners, steam and
gas turbines, waste incinerators, and jet and ramjet engines. These systems
are intricate and include a wide variety of dynamic behaviour. Pressure oscil-
lations are considered the most significant in terms of the impact on system
performance; much effort has been devoted to this [3, 24, 103].

There are two major dynamics in a combustion system: flame dynamics
and acoustic wave dynamics. They are coupled to form a loop as shown in
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Figure 1.5. Due to wave propagation, there is a delay in the wave dynamics.
This often causes combustion instability [3, 24, 103]. Delays also appear in
the measurement and the actuator units of the system. Detailed modelling of
combustion systems can be found in [3, 24] and are omitted here.

Flame 
dynamics

Acoustic
waves

Acoustic
wave sensor

Fuel 
injector

Controller

Delay: acoustic  
wave propagation 

Pref : the acoustic 
measurement from a 
reference point in the 
combustor

Delay Delay 

Vc : voltage 

Flow  
Flow 
velocity 

Figure 1.5. Dynamics in a combustion system

1.2.6 Exhaust Gas Recirculation (EGR) Systems

Oxides of nitrogen (NOx) are a group of highly reactive gases that contain
varying amounts of NO and NO2. These are key elements of greenhouse gases
and harmful to human health and the environment. Motor vehicles are one
of the key sources of NOx. Exhaust gas recirculation (EGR) systems were
introduced in the early 1970s to reduce NOx emissions.

The EGR valve recirculates exhaust into the intake stream. Exhaust gases
have already combusted, so they do not burn again when they are recirculated.
These gases displace some of the normal intake charge. This chemically slows
and cools the combustion process by several hundred degrees, thus reducing
NOx formation.2

It is a challenge to precisely control the flow of recirculated exhaust so that
the system provides good performance and economy. Too much flow will retard
2 http://www.asashop.org/autoinc/nov97/gas.htm.
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engine performance and cause a hesitation on acceleration, and too little flow
will increase NOx and cause engine ping. Some EGR systems simply operate
in open loop due to nonlinearity, engine vibrations, pressure fluctuations and
high-order unmodelled dynamics [109]. The measurement, e.g., of oxygen in
the exhaust [1] for feedback, often introduces delay, which complicates the
control design. On the other hand, it is very difficult to derive a mathematical
model for the system. The model is often obtained via system identification.
The following model was given in [109]:

Gi(z) = k(z − p)z−d (i = 1, 2, 3, 4)

at four operating points dependent on load, speed and the desired EGR rate
for an EGR system. With a sampling period of 10 ms, the vectors of the
parameters are:

gain k = (88, 110, 180, 220),
delay d = (5, 15, 13, 6),
pole p = (0.9, 0.9, 0.9, 0.9).

The model changes dramatically at different operating points. The delay varies
from 50 ms to 150 ms and the gain varies from 88 to 220.

1.2.7 Biosystems

This subsection is based on [10, 16], in which more examples and references
can be found.

Time delay has been introduced to model biosystems to produce better
consistency with nature and predictive results. The ultimate objective is to
further understand the systems and then to control them. The biosystems
studied in this field cover population dynamics, epidemiology, physiology, im-
munology, neural networks and cell kinetics.

The following delay model for population dynamics was introduced in [48],
modifying the classical Verhulst model to account for hatching and maturation
periods:

y′(t) = ry(t)
(

1 − y(t − τ)
K

)
.

Here, the nonnegative parameters r and K are, respectively, the intrinsic
growth rate and the environmental carrying capacity. This simple model can
explain the observed oscillatory behaviour in a single species population, with-
out any predatory interaction of other species.

Another simple example is the model of growth in cell populations, which
is given by

y′(t) = αy(t) + βy(t − τ).

The equilibrium solution y(t) = 0 becomes unstable when the value of the
delay exceeds the following bound:
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τ̄ =
cos−1(−α/β)√

β2 − α2
.

More examples of biosystems can be found in [10, 16, 67] and references
therein.

1.3 A Brief Review of the Control of Time-delay Systems

The first effective control scheme for time-delay systems is the celebrated
Smith predictor [126, 127]. By introducing a minor feedback loop consisting
of a predictor, the controller design problem for a time-delay system is then
converted to a design problem for a delay-free system. This has considerably
simplified the controller design. However, the classical Smith predictor cannot
be applied to unstable systems. This motivated the modified Smith predictor
[113, 147] and finite-spectrum assignment [70].

H∞ control is a key approach to deal with robustness [32, 40, 181]. The
standard H∞ control problem for delay-free systems was solved in the late
1980s [25, 32, 39]. Since then, the robust control of time-delay systems has at-
tracted many researchers. The approaches involved are mainly of three kinds
[80]: operator-theoretic methods; state-space methods; and J-spectral factori-
sation methods. In the context of the operator-theoretic methods, which are
often based on commutant lifting methods or skew Toeplitz theory, a time-
delay system is treated as a general infinite-dimensional system. Very ele-
gant results have been obtained in [26, 30, 31, 115, 138, 139, 182]. However,
since the general framework of infinite-dimensional systems is used, the solu-
tions are very complicated and difficult for engineers to understand. In the
context of state-space methods, as reported in [59, 100, 131, 132, 133, 134],
the dynamic-game theory [13] plays an important role. In the context of J-
spectral factorisation methods, as reported in [75, 77, 78, 80, 88, 160, 162],
the Meinsma–Zwart idea, i.e., to convert the J-spectral factorisation of an
infinite-dimensional transfer matrix G∼JG to that of a finite-dimensional ma-
trix Θ = Π∼G∼JGΠ , where G is the plant and Π is an infinite-dimensional
unimodular matrix, plays the key role. Another contribution to this area is
[85, 87], where the standard H∞ control problem for systems with a delay is
solved by regarding the delay as a causality constraint on the controller but
not as part of the plant so that the controller can be extracted from the con-
troller for the delay-free problem. Recently, Meinsma and Mirkin [75, 76, 77]
have made important progress on H∞ control of systems with multiple I/O
delays. For H∞ control of a class of more general infinite-dimensional systems,
see [54, 55, 57].

The above is only a brief review of the control of time-delay systems; more
detailed reviews on the stability and control of time-delay systems can be
found in [42, 45, 92, 102, 121, 150]. Literature reviews for specific problems
studied in this book are contained in the Introduction to the relevant chapter.
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1.4 Overview of This Book

The rest of this book consists of two parts and 12 chapters.

Part I Controller Design

Chapter 2 Classical Control of Time-delay Systems

Classical control approaches for time-delay systems are summarised in this
chapter. These include proportional–integral–derivative (PID) control, classi-
cal Smith predictor, modified Smith predictor and finite-spectrum assignment.

Chapter 3 Preliminaries

Some preliminaries are collected in this chapter for later use. These include
two important FIR operators which map a rational transfer matrix into FIR
blocks, the state-space operations of systems, the chain-scattering approach,
an important matrix called the Σ matrix, and the L2[0, h]-induced norm.

Chapter 4 J-spectral Factorisation of Regular Para-Hermitian
Transfer Matrices

This chapter characterises a class of regular para-Hermitian transfer matri-
ces and then studies the J-spectral factorisation of this class using similarity
transformations. A transfer matrix Λ in this class admits a J-spectral factori-
sation if and only if there exists a common nonsingular matrix to similarly
transform the A-matrices of Λ and Λ−1, respectively, into 2 × 2 lower (up-
per, respectively) triangular block matrices with the (1, 1)-block including all
the stable modes of Λ (Λ−1, respectively). For a transfer matrix in a smaller
subset, this nonsingular matrix is formulated in terms of the stabilising solu-
tions of two algebraic Riccati equations. The J-spectral factor is formulated
in terms of the original realization of the transfer matrix. The approach devel-
oped here is used in the next chapter to solve the delay-type Nehari problem.
This chapter is written based on [169, 170].

Chapter 5 The Delay-type Nehari Problem

This chapter generalises the frequency-domain results for the delay-type
Nehari problem in the stable case to the unstable case. It also extends the
solution to the conventional (delay-free) Nehari problem to the delay-type
Nehari problem. The solvability condition of the delay-type Nehari problem
is formulated in terms of the nonsingularity of a delay-dependent matrix. The
optimal value γopt is the maximal γ ∈ [0, ∞) such that this matrix becomes
singular when γ decreases from ∞. All suboptimal compensators are param-
eterised in a transparent structure incorporating a modified Smith predictor.
This chapter is written based on [158, 160, 168].
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Chapter 6 An Extended Nehari Problem

In this chapter, a different type of Nehari problem with a delay is considered.
Here, instead of the requirement for stability of the compensator K, stability
of the closed-loop transfer matrix is required. Hence, the norm involved in
this chapter is the H∞-norm rather than the L∞-norm. As will be seen in
the next chapter, the solution to this problem is vital for solving the standard
H∞ problem with a delay. While the solvability condition of this problem is
well known, the parameterisation of all the suboptimal compensators is not
trivial. This chapter is written based on [162].

Chapter 7 The Standard H∞ Problem

In this chapter, the standard H∞ control problem for processes with a single
delay is considered. A frequency-domain approach is proposed to split the
problem to a standard delay-free H∞ problem and a one-block problem. The
one-block problem is then further reduced to an extended Nehari problem.
Hence, for a given bound on the H∞-norm of the closed-loop transfer func-
tion, there exist proper stabilising controllers that achieve this bound if and
only if the corresponding delay-free H∞ problem and the extended Nehari
problem with a delay (or the one-block problem) are all solvable. Applying
the results obtained in the previous chapter, the solvability conditions of the
standard H∞ control problem with a delay are then formulated in terms of
the existence of solutions to two delay-independent algebraic Riccati equations
and the nonsingularity property of a delay-dependent matrix. All suboptimal
controllers solving the problems are, respectively, parameterised as a struc-
ture incorporating a modified Smith predictor. This chapter is written based
on [162].

Chapter 8 A Transformed Standard H∞ Problem

In this chapter, a transformation is presented to solve the standard H∞ prob-
lem of dead-time systems similarly as in the finite-dimensional situations.
With some trade-off of performance, the following advantages are obtained:
(i) the controller has a quite simple and transparent structure; (ii) there are
no additional hidden modes in the Smith predictor. As a result, the practi-
cal significance of the approach is obvious. This chapter is written based on
[157, 161].

Chapter 9 2DOF Controller Parameterisation

In this chapter, the co-prime factorisation of all stabilising controllers is pre-
sented and then the controller is realized in a two-degree-of-freedom structure.
One degree-of-freedom F (s) is chosen to meet the desired set-point response
and the other degree-of-freedom, the free parameter Q(s), is chosen to meet
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the desired disturbance response and to compromise the disturbance perfor-
mance with robustness. Furthermore, the controller is re-configured in the
chain-scattering representation. With this structure, which is symmetrical for
the process and the disturbance degree-of-freedom Q(s), one can see clearly
the two degrees-of-freedom and the differences between the controllers for
processes with and without dead time. It is also shown that the subideal dis-
turbance response can be obtained with suitable choice of Q(s). As a special
case, the method is applied to integral processes with dead time. Some of
these results can be found in [93, 94].

Chapter 10 Unified Smith Predictor

As can be seen from the previous chapters, modified Smith predictors (MSP)
have played a very important role in the control of time-delay systems. In this
chapter, a numerical problem associated with the MSP is identified and an
alternative predictor, named the unified Smith predictor (USP), is proposed
to overcome this problem. The proposed USP combines the classical Smith
predictor with the modified one, after spectral decomposition of the plant.
An equivalent representation of the original delay system, together with the
USP, is derived. Based on this representation, all the stabilising controllers
are parameterised and the standard H2 problem is solved. This chapter is
written based on [165, 179].

Part II Controller Implementation

Chapter 11 Discrete-delay Implementation of Distributed Delay
in Control Laws

As shown in previous chapters, the suboptimal controllers for the Nehari prob-
lem, the extended Nehari problem, the one-block problem and the standard
problem have the same structure. They all incorporate a distributed-delay
block, which is in the form of a modified Smith predictor (MSP). The imple-
mentation of distributed delay is not trivial because of the inherent hidden
unstable poles. In this chapter, some elementary mathematical tools are used
to approximate the distributed delay and, furthermore, to implement it in
the z-domain and in the s-domain. The H∞-norm of the approximation error
converges to 0 when the approximation step N approaches +∞. Hence, the
instability problem due to the approximation error does not exist provided
that the number N of the approximation steps is large enough. Moreover,
the static gain is guaranteed in the implementation so that no extra effort is
needed to retain the steady-state performance. It is recommended not to use
the backward rectangular rule to approximate the distributed delay for imple-
mentation. As by-products, two new formulae for the forward and backward
rectangular rules are proposed. These formulae are more accurate than the
conventional ones when the integrand has an exponential term. This chapter
is written based on [166, 167].
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Chapter 12 Rational Implementation Inspired from the
δ-operator

In this chapter, a rational implementation for distributed delay is proposed.
The main benefit of doing so is the easy implementation of rational transfer
functions. The proposed approach was inspired by the δ-operator. The re-
sulting rational implementation has an elegant structure of chained low-pass
filters. The stability of each node can be guaranteed by the choice of the total
number N of nodes. The stability of the closed-loop system can be guaranteed
because the H∞-norm of the implementation error approaches 0 when N goes
to ∞. Moreover, the steady-state performance of the system is retained with-
out the need to change the control structure. This chapter is written based
on [171].

Chapter 13 Rational Implementation Based on the
Bilinear Transformation

Based on an extension of the bilinear transformation, a rational implementa-
tion for distributed delay in linear control laws is proposed. This implementa-
tion converges much faster than the rational implementation inspired from the
δ-operator. The implementation has an elegant structure of chained bi-proper
nodes cascaded with a strictly proper node. The stability of each node is de-
termined by the choice of the total number N of the nodes. The H∞-norm
of the implementation error approaches 0 when N goes to ∞ and hence the
stability of the closed-loop system can be guaranteed. In addition, the steady-
state performance of the system is retained. Simulation examples are given to
verify the results and to show comparative study with other implementations.
This chapter is written based on [172, 173].

In this book, much effort has been made to solve complicated problems
using simple ideas and elementary mathematical tools.

Every important idea is simple.

War and Peace, Count L.N. Tolstoy.
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Classical Control of Time-delay Systems

The classical control approaches for time-delay systems are summarised in this
chapter. These include proportional–integral–derivative (PID) control, classi-
cal Smith predictor, modified Smith predictor and finite-spectrum assignment.

2.1 PID Control

2.1.1 Structure of PID Controllers

A PID controller consists of three terms/modes/actions: proportional, integral
and derivative. Different combinations of these terms result in different con-
trollers, such as PI controllers and PD controllers. The standard form of a
PID controller is given in the s-domain as

C(s) = P + I + D = Kp +
Ki

s
+ Kds,

where Kp, Ki and Kd are called the proportional gain, the integral gain and
the derivative gain respectively. In the time domain, the output of the PID
controller u can be described as follows:

u(t) = Kpe(t) + Ki

∫
e(t)dt + Kd

de(t)
dt

,

where e(t) is the input to the controller. The following form of the PID con-
troller is also frequently used:

C(s) = Kp(1 +
1

Tis
+ Tds), (2.1)

where Ti is called the integral time constant or reset time and Td is called the
derivative time constant or rate time.

The PID controller is very simple and can easily be implemented using
pneumatic devices, hydraulic devices, mechanical devices, electronic devices,
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and of course software. It takes the past (I), present (P) and future (D) in-
formation of the control error into account so that in many cases it is able
to provide satisfactory control performance. Moreover, PID controllers are
very robust to plant uncertainties. As a matter of fact, more than 90% in-
dustrial processes are controlled by PID controllers, mostly PI controllers
[7]. PID controllers are also widely used with time-delay systems. There
are many references about various issues of PID controllers, such as noise
filtering and high frequency roll-off, set-point weighting and two-degree-of-
freedom, windup, tuning and computer implementation; see, for example,
[2, 5, 6, 7, 18, 46, 136, 155].

2.1.2 Tuning Methods for PID Controllers

A PID controller has three parameters and can be tuned by many methods,
such as trial-and-error tuning, empirical tuning like the well-known Ziegler–
Nichols method, analytical tuning, optimised tuning and auto-tuning with
identification of the plant model [2, 5, 6, 7, 18, 37, 46, 136, 155]. Here, only
some general guidelines for trial-and-error tuning, the Ziegler–Nichols method,
and an analytical tuning method based on gain and phase margins will be
discussed.

Trial-and-error Tuning

The impact of the three parameters on control performance is very compli-
cated and interdependent. The following general guidelines are often used to
manually tune a PID controller for an open-loop stable system:

• The proportional term provides an immediate action in the control sig-
nal corresponding to the control error. Hence, the larger the proportional
gain, the faster the response. Moreover, the larger the proportional gain,
the smaller the static error. However, a too large proportional gain might
cause actuator saturation. Since this is an error-based control action, it is
impossible to eliminate the static error if a proportional controller is used.

• The integral action eliminates the static error for a step reference or distur-
bance. It provides a slow action in the control signal because it is propor-
tional to the accumulation of the past control error. Due to the slowness,
the integral action is not good for the stability of the closed-loop system
and it is easy to cause a large overshoot. In order to reduce the overshoot,
the integral gain needs to be reduced. In the case of actuator saturation, it
also causes an undesirable effect known as wind-up and certain anti-wind-
up techniques are needed [6].

• The derivative term provides a fast action according to the future trend of
the control error. It counteracts the effect of the integral term to some
extent and often improves the stability of the system. The overshoot
decreases with increasing derivative time, but increases again when the
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derivative time becomes too large. The ideal differentiator tends to yield a
large control signal when there is a sudden change in the set-point, known
as the set-point kick, and when there is a high-frequency control error such
as that induced by measurement noises. In practice, an ideal differentiator
is implemented with a cascaded low-pass filter to attenuate high-frequency
noise (in theory, this is to make it proper). For a time-delay system, in par-
ticular when the delay is long in comparison to the time constant of the
system, the derivative term does not help and is often switched off [2, 6, 7].

Ziegler–Nichols Method

The Ziegler–Nichols tuning method is a very well-known empirical PID tuning
method. Although the resulting response is often oscillatory and there are
many other better model-based tuning methods available nowadays, it is still
worth looking at it. This method was proposed for the system for which a
satisfactory model is in the form of a first-order-plus-dead-time (FOPDT)1
given as

G(s) =
K

Ts + 1
e−sh, (2.2)

where K is the static gain of the plant, T > 0 is the time constant and h is the
transparent delay or dead time. It is only valid for open-loop stable systems
and the tuning is carried out in three steps:

(i) Set the plant under P control with a very small gain for a step reference.
(ii) Gradually increase the gain until the loop (more specifically, the control

signal) starts oscillating. Record the corresponding gain Ku, known as the
ultimate gain, and the oscillation period Tu, known as the ultimate period.

(iii) Set the control parameters of (2.1) according to Table 2.1.

Table 2.1. Ziegler–Nichols tuning formulas

Type of controller KP Ti Td

P 0.5Ku

PI 0.45Ku
1

1.2
Tu

PID 0.6Ku 0.5Tu 0.125Tu

As is well known that if the Nyquist plot of the above system crosses
the critical point (−1, 0), the system is critically stable. Hence, the above
procedure is to find out the proportional gain Ku that makes the system
critically stable and then determine the parameters. Apparently, one point
1 The major properties of many chemical processes can be captured by this model

[124].
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is not enough to characterise the whole system. The resulting system has a
damping ratio close to 0.2, which is too small and not satisfactory for many
systems. Nevertheless, it offers a very good starting point for further fine
tuning.

Another drawback is that it is difficult to apply to working plants. A sud-
den change in the control signal or operation at the critically stable condition
is not acceptable for critical processes. In this case, the relay-feedback ap-
proach [5, 6, 145] can be applied to identify the plant parameters for tuning,
even for auto-tuning.

Analytical Tuning Based on Gain and Phase Margins

A control system is often designed to meet specified gain and phase margins
so that the system is robustly stable.

Here, for the time-delay plant G(s) given in (2.2), consider the unity feed-
back system shown in Figure 2.1 with the PI controller

C(s) = Kp(1 +
1

Tis
). (2.3)

)(sC )(sGr
d

u ye

-

Figure 2.1. Unity negative feedback control system

The gain margin Am of the system is defined as

Am =
1

|C(jωp)G(jωp)| ,

where the phase crossover frequency ωp satisfies

arg[C(jωp)G(jωp)] = −π.

The phase margin φm of the system is defined as

φm = arg[C(jωg)G(jωg)] + π,

where the gain crossover frequency ωg satisfies

|C(jωg)G(jωg)| = 1.
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For the given gain margin Am and phase margin φm, the parameters of
C(s) are given by [46]

Kp =
Tωp

AmK
, Ti = (2ωp −

4ω2
ph

π
+

1
T

)−1,

where
ωp =

Amφm + 0.5πAm(Am − 1)
(A2

m − 1)h
.

Note that this does not offer the exact phase and gain margins, because the
following approximation was used to derive the formula:

arctanx =
{

π
4 x (|x| ≤ 1),

π
2 − π

4x (|x| > 1).

2.1.3 Simulation Examples

Two examples are given here with one PI controller tuned using the Ziegler–
Nichols method (denoted Z-N in figures and tables) and the other tuned to
meet the given gain margin Am = 3 and phase margin φm = 60◦ (denoted
H-H-C in figures and tables).

Example 1

The plant under control is

G(s) =
1

s + 1
e−0.1s.

This is a lag-dominant FOPDT (the time constant is much larger than the
delay). The parameters of PI controllers are given in Table 2.2 and the cor-
responding system responses are shown in Figure 2.2. A step disturbance
d = −0.5 was applied at t = 4 s. The set-point response obtained by the Z-N
method is more oscillatory than the other one, but the disturbance response
is faster.

Table 2.2. PI control parameters for Example 1

Kp Ti

Z-N 7.38 0.32

H-H-C 5.24 1.0
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Figure 2.2. PID control: Example 1

Example 2

The plant under control is

G(s) =
1

s + 1
e−2s.

This is a delay-dominant FOPDT (the time constant T = 1 s while the delay
h = 2 s). The parameters of PI controllers are given in Table 2.3 and the
corresponding system responses are shown in Figure 2.3. A step disturbance
d = −0.5 was applied at t = 20 s. The response obtained by the Z-N method
is slow and undesirable, which indicates that the Z-N method is not good for
delay-dominant processes. The H-H-C method works well.

Table 2.3. PI control parameters for Example 2

Kp Ti

Z-N 0.68 4.59

H-H-C 0.26 1.0

2.2 Smith Predictor (SP)-based Control

2.2.1 Control Difficulties Due to Delay

Although many processes can be controlled by PI(D) controllers, it does not
mean that everything is perfect. Consider again the typical control system
shown in Figure 2.1 with a PI controller (2.3) and an FOPDT plant (2.2).
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Figure 2.3. PID control: Example 2

The transfer function from the reference r to the output y is

Tyr(s) =
C(s)G(s)

1 + C(s)G(s)
=

KKp(Tis + 1)e−sh

Tis(Ts + 1) + KKp(Tis + 1)e−sh

and the characteristic equation of the closed-loop system is

Tis(Ts + 1) + KKp(Tis + 1)e−sh = 0.

This is a transcendental equation. In general, the delay term appears in the
closed-loop characteristic equation and it is difficult to analyse the system
stability or to design a controller to guarantee the stability.

Further analysis reveals that the delay also limits the maximum controller
gain considerably, in particular, when the delay is relatively long. Assume that
the PI controller is designed to cancel the lag,2 i.e., to choose Ti = T , then

Tyr(s) =
KKpe

−sh

Ts + KKpe−sh
.

The system is stable only when

0 ≤ KKp <
π

2
T

h
.

The controller gain is inversely proportional to the delay h. The longer the
delay, the smaller the maximum allowable gain. This often means the perfor-
mance is limited by the delay and a sluggish response is obtained.
2 In this case, the plant pole s = − 1

T
, which disappears from the set-point response,

remains in the disturbance response. See [84] for more details about whether to
cancel or to shift a stable mode, which is a fundamental trade-off between (input)
disturbance rejection and robustness to model errors and output disturbance
rejection.
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2.2.2 Smith Predictor

The Smith predictor, which was proposed in the late 1950s [126], aims to
design a controller for a time-delay system such that it results in a delayed
response of a delay-free system, as if the delay were shifted outside the feed-
back loop. Hence, the control design and system analysis are considerably
simplified. This is realized by introducing local feedback to the main con-
troller C(s) using the Smith predictor Z(s), as shown in Figure 2.4. Here, the
plant G(s) = P (s)e−sh is assumed to be stable and the Smith predictor

Z(s) = P (s) − P (s)e−sh (2.4)

is implemented using models of the delay-free part P (s) of the plant, and the
plant P (s)e−sh.

)(sC shesP −)(

d
u ye

-

r

-

)(sZv
G(s)

Figure 2.4. SP-based control system

Assume that d = 0 and there is no modelling error, then

y + v = G(s)u(s) + Z(s)u(s)
= P (s)u(s)
= P (s)e−shu(s) · esh

= y · esh.

The feedback signal for the main controller C(s) is a predicted version of y.
This explains why it is called a predictor. When P (s) is stable, the system
shown in Figure 2.4 is equivalent to the one shown in Figure 2.5, which is the
internal model control (IMC) version. When the model is exactly the same as
the plant3 and the disturbance is assumed to be d = 0, the signal y0 is 0 and
the outer loop can be regarded as open. In this case, the system is equivalently
shown in Figure 2.6. It can be seen that the delay is moved outside the feedback
loop and the main controller C(s) can be designed according to the delay-
free part P (s) of the plant only. The aforementioned gain constraint on the
3 The notation of the model and the plant are the same to reflect the nominal case.

This should not cause any confusion.
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controller C(s) no longer exists, at least, explicitly. However, this does not
mean that the controller gain can be excessively high because the delay still
puts fundamental limitations on the achievable bandwidth [4]. The controller
gain still has to be a compromise between the robustness and the speed of the
system.

)(sC shesP −)(

d
u y

-

r

-

)(sP

y0

shesP −)(
-

plant

model

Figure 2.5. SP-based control system: Internal model control
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y

-

r )(sP

Figure 2.6. SP-based control system: Nominal case and d = 0

2.2.3 Robustness

In the nominal case, the controller for a stable system G(s) = P (s)e−sh can
be designed in two steps:

(i) design a controller C(s) for P (s) to meet the given specifications;
(ii) incorporate a local feedback loop using the Smith predictor Z = P −
Pe−sh to construct the controller for the delay system.

However, the world is not perfect. Sometimes, it is impossible to find the exact
model of the plant. In this case, the predictor Z(s) has to be constructed using
the model P̄ (s)e−sh̄ of the plant as

Z(s) = P̄ (s) − P̄ (s)e−sh̄.

The modelling error can be represented by the multiplicative uncertainty ∆(s)
via
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P (s)e−sh = P̄ (s)e−sh̄(1 + ∆(s)).

Then, the delay term will not disappear from the closed-loop characteristic
equation and the transfer function from r to y in Figure 2.4 is

Tyr =
CPe−sh

1 + CP̄ − CP̄e−sh̄ + CPe−sh

=
CP̄e−sh̄(1 + ∆)

1 + CP̄ + CP̄e−sh̄∆

=
T 0

yr(1 + ∆)

1 + T 0
yr∆e−sh̄

e−sh̄,

where

T 0
yr =

CP̄

1 + CP̄

is the closed-loop transfer function of the delay-free system and is designed
to be stable. For any stable multiplicative uncertainty ∆(s), according to the
well-known small-gain theorem [40, 180], the closed-loop system is robustly
stable if ∣∣T 0

yr(jω)∆(jω)
∣∣ < 1, (∀ω ≥ 0).

In particular, if the modelling error exists in the delay term only, i.e., ∆(s) =
e−s(h−h̄) − 1, then the above condition becomes∣∣T 0

yr(jω)
∣∣ <

1
2
, (∀ω ≥ 0).

This condition is conservative, but it guarantees stability for any delay mis-
match.

The robustness with respect to mismatches in the delay h has been exten-
sively investigated in the literature for different systems; see e.g., [34, 65, 112].
This is called practical stability in [112, 113] and the closed-loop system dis-
cussed above is practically stable for infinitesimal delay mismatches if and
only if

lim
ω→∞

∣∣T 0
yr(jω)

∣∣ <
1
2
. (2.5)

A more general notion is the w-stability [34]. For the system discussed here,
it is w-stable (for infinitesimal delay mismatches) if and only if C and P̄ are
proper and ∣∣C(∞)P̄ (∞)

∣∣ < 1,

in addition to C stabilising P̄ . This is consistent with (2.5). If either C(s) or
P̄ (s) is strictly proper and the other is proper, then the w-stability problem
does not occur.
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2.2.4 Disturbance Rejection

So far, only the tracking performance has been studied. In this subsection,
the regulatory performance (disturbance rejection) is discussed.

Assume that r = 0 and there is no modelling error, then according to
Figure 2.4, the transfer function from d to y is

Tyd =
Pe−sh

1 + C
1+CZ Pe−sh

=
P (1 + CZ)e−sh

1 + CP

=
CP

1 + CP
Ze−sh +

P

1 + CP
e−sh. (2.6)

It consists of two parts. The poles of the disturbance response include those
of the closed-loop set-point response and those of the predictor Z. For the
classical SP considered here, the poles of Z are those of the open-loop plant.
In other words, the open-loop plant poles appear in the disturbance response.4
Since C is designed to stabilise P , Tyd is stable if and only if Z is stable. This is
true for Z = P−Pe−sh when P is stable. However, if P is unstable, then Tyd is
not stable and hence the system is not stable. This means that the (classical)
SP is only applicable to stable plants. If it is possible to find a predictor Z
such that it is stable for an unstable plant, then the Smith predictor can still
be used. This motivates the modified Smith predictor discussed in the next
section.

It is easy to design a controller C for P to provide zero static error for a
step reference r: simply guarantee that there is at least one integrator in CP .
Since the static gain of Z is 0, in order to obtain zero static error for a step
disturbance, it is necessary that

lim
s→0

P

1 + CP
= 0.

This means that the integrator in CP should be in C. When there is an
integrator in C and CP , there is no static error in the disturbance response
even if there exist model mismatches, provided that the system is stable.

In summary, when designing an SP-based controller for a time-delay sys-
tem, the following conditions should be met:

(i) C stabilises P̄ ,
(ii)

∣∣C(∞)P̄ (∞)
∣∣ < 1,

(iii) there exists an integrator in C and CP (for step references and dis-
turbances).

4 This can be changed by using another predictor, e.g., the modified Smith predictor
discussed later.
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2.2.5 Simulation Examples

Example 1

Consider the plant G(s) = 1
s+1e−2s studied in Subsection 2.1.3. Here, the

controller incorporates a main controller C(s) = Kp(1 + 1
Tis

) and the SP

Z(s) =
1

s + 1
(1 − e−2s).

The integral time Ti is chosen to be equal to the lag, i.e., Ti = 1, which results
in a first-order set-point response with time constant 1

Kp
. All the conditions

mentioned in the previous subsection are met and hence the system is stable
and, moreover, robustly stable with respect to infinitesimal delay mismatches.
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Figure 2.7. SP Example 1: Nominal responses

The nominal system responses are shown in Figure 2.7 for Kp = 8 and
Kp = 2. A step disturbance d = −0.5 was applied at t = 10 s. The set-point
response can be made as fast as possible, but the disturbance response is
dominated by the open-loop dynamics and cannot be improved much (unless
the predictor is changed; see the next section). As expected, the fast set-
point response is obtained at the cost of robustness, as can be seen from the
responses with different modelling errors shown in Figure 2.8. When Kp = 8,
the system becomes unstable for a 10% mismatch in the delay. The system
is very sensitive to delay mismatches, which was often blamed on the Smith
predictor. However, it is in fact due to the aggressive requirement of the speed
of the set-point response. It is recommended that the bandwidth of a system
with delay h does not exceed π

2h or 2
h [4]. Another way to improve the set-point

response while maintaining robustness is to adopt the two-degree-of-freedom
structure [47, 99], which considerably relaxes the fundamental limitations on
the tracking performance [17, 128].
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(a) h increased by 10%
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(b) K increased by 20%
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Figure 2.8. SP Example 1: Robustness
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Example 2

This example shows how an unstable delay system behaves when it is under
the control of the SP scheme.

Consider the unstable system

G(s) =
1

s − 1
e−2s

with Smith predictor Z and main controller C given by

Z(s) =
1

s − 1
(1 − e−2s), C(s) = Kp(1 +

1
Tis

).

In order to stabilise the delay-free system, it is necessary that Kp > 1. Here,
the parameters are chosen as Kp = 8, Ti = 1. The system response is shown
in Figure 2.9, where a step disturbance d = −0.5 was applied at t = 16 s. The
set-point response seems stable, but it is very easy to show instability when
different numerical solvers are used. The disturbance response is unstable.
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Figure 2.9. SP Example 2: Unstable plant

2.3 Modified Smith Predictor (MSP)-based Control

2.3.1 Modified Smith Predictor

As mentioned in the previous section, the classical Smith predictor cannot
be applied to unstable time-delay systems. It is not a problem to design a
controller C to stabilise the delay-free part of the system; the problem is that
the predictor Z defined in (2.4) is unstable. If it is possible to find a stable Z,
then the Smith predictor may still be of use.
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Assume that the delay-free part P has a state-space realization

P =
[

A B
C 0

]
and denote

P̂ =
[

A B

Ce−Ah 0

]
,

then

Z = P̂ − Pe−sh = Ce−Ah

∫ h

0

e−(sI−A)ζdζB (2.7)

is stable. This is known as the modified Smith predictor [147]. If this Z is
plugged into Figure 2.4, then the scheme is applicable to unstable systems
provided that Z is implemented as one stable block. Note that there might be
unstable pole–zero cancellations inside Z if P is unstable. Because of this, Z
cannot be implemented as the difference of P̂ and Pe−sh and its implemen-
tation is not trivial; see Part II for more details.

Plug (2.7) into Figure 2.4, assuming there is no modelling error, then

Tyd =
Pe−sh

1 + C
1+CZ Pe−sh

=
P (1 + CZ)e−sh

1 + CZ + CPe−sh

=
CP

1 + CP̂
Ze−sh +

P

1 + CP̂
e−sh,

and

Tyr =
C

1+CZ Pe−sh

1 + C
1+CZ Pe−sh

=
CP

1 + CP̂
e−sh.

These equations are very similar to those obtained with the classical SP.
What’s different is that C should be designed to stabilise P̂ so that CP

1+CP̂

satisfies the given specification.
The MSP can be applied to some stable systems as well, although with

some caution. See Chapter 10. In this case, the open-loop poles, which dom-
inate the disturbance response in the SP case, can be removed and the MSP
can be implemented as the difference of P̂ and Pe−sh.

2.3.2 Zero Static Error

Since, in general, P (0) 	= P̂ (0), incorporating an integrator in C(s) does not
guarantee zero static error for step reference tracking or disturbance rejection.
In order to recover this property, it is necessary to guarantee that the predictor
Z has a zero static gain. Adding the constant −C

∫ h

0
e−AζdζB to P̂ results in
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P̂ =
[

A B

Ce−Ah 0

]
− C

∫ h

0

e−AζdζB, (2.8)

Z = Ce−Ah

∫ h

0

e−(sI−A)ζdζB − C

∫ h

0

e−AζdζB. (2.9)

The above P̂ and Z guarantees P̂ (0) = P (0) and Z(0) = 0 and the static
error is zero for step references and disturbances.

2.3.3 Simulation Examples

Two examples are given: one is a stable system to show that the dominant
dynamics in the disturbance response can be removed, and the other is an
unstable system to show the effectiveness of MSP.

Example 1

Consider the plant G(s) = 1
s+1e−0.1s studied in Subsection 2.1.3. Here, the

controller in Figure 2.4 incorporates the MSP

Z =
e0.1

s + 1
− (e0.1 − 1) − 1

s + 1
e−0.1s.

The main controller is chosen to be C(s) = Kp(1 + 1
Tis

) to stabilise

P̂ =
e0.1

s + 1
− (e0.1 − 1) =

(1 − e0.1)s + 1
s + 1

.

As a result,

CP
1+CP̂

=
Kp(Tis + 1)

Tis(s + 1) + Kp(Tis + 1)((1 − e0.1)s + 1)
. (2.10)

From this, the stability condition (for positive parameters) is found to be

0 < Kp <
1

e0.1 − 1
, Ti >

Kp

Kp + 1
(e0.1 − 1).

This is shown as the shaded area in Figure 2.10.

Case 1: Ti ≥ 1

The root locus of the system Kp

Ti

Tis+1
s

(1−e0.1)s+1
s+1 has the form shown in

Figure 2.11(a). The zero s = −1/Ti lies between s = 0 and s = −1. Hence, the
two closed-loop poles are all real and one of them is between 0 and 1. This pole
dominates the system response and, hence, the closed-loop response is slower
than the open-loop response. This can be verified from the system responses
shown in Figure 2.12 for Kp = 7 and Ti = 2, where a step disturbance d = −0.5
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Figure 2.10. MSP Example 1: Stability region of (Kp, Ti)
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(b) Case 2: Ti = 0.2

Figure 2.11. Root-locus design of PI controller for MSP-based stable system

was applied at t = 5 s. The dominant time constant is about 2.1 s. Although
robustness is very good, the system response is too slow.

Case 2: Kp

Kp+1 (e0.1 − 1) < Ti < 1

In this case, the root locus of the system Kp

Ti

Tis+1
s

(1−e0.1)s+1
s+1 has the form

shown in Figure 2.11(b). The zero s = −1/Ti lies on the left of the pole s = −1.
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(b) Robust response when h increases by 80%

Figure 2.12. Performance of the MSP-based stable system: Kp = 7, Ti = 2

Bearing in mind that the closed-loop system bandwidth is limited to around
π
2h = 15.7 rad/s, the control parameters are then chosen as Kp = 7, Ti = 0.2
to provide a damping ratio of 0.709 and a pair of complex closed-loop poles
−8.15 ± j8.1. The system responses are shown in Figure 2.13, where a step
disturbance d = −0.5 was applied at t = 5 s. It can be seen that the system
response is very fast and the open-loop dynamics (with a time constant of 1) no
longer exists in the system response. The set-point response seems undesirable,
but the large overshoot is due to the term Tis + 1 in the numerator of the
response (2.10). The overshoot can be considerably reduced by adding a low-
pass filter 1

Tis+1 to the set-point, which offers a 2-degree-of-freedom control
structure. See Figure 2.13(c) for the corresponding nominal response. The 5%
overshoot is now consistent with the damping ratio of 0.709.
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(c) Nominal response with a low-pass filter

Figure 2.13. Performance of the MSP-based stable system: Kp = 7, Ti = 0.2
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Example 2

Consider the following unstable system:

G(s) =
1

s − 1
e−sh.

According to (2.8, 2.9), then

P̂ =
e−h

s − 1
+ e−h − 1 =

(e−h − 1)s + 1
s − 1

,

Z =
e−h

s − 1
+ e−h − 1 − 1

s − 1
e−sh.

The main controller is chosen to be C(s) = Kp(1 + 1
Tis

). As a result,

CP
1+CP̂

=
Kp(Tis + 1)

Tis(s − 1) + Kp(Tis + 1)((e−h − 1)s + 1)
. (2.11)

It can be found that the stability condition (for positive parameters) is5

1 < Kp <
1

1 − e−h
, Ti >

Kp

Kp − 1
(1 − e−h).
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Figure 2.14. MSP Example 2: Stability region of (Kp, Ti)

This is the shaded area shown in Figure 2.14 for h = 2 (the controller will be
designed for h = 2 s). The admissible gain has a very limited range: from 1

5 The first condition also guarantees
∣∣∣C(∞)P̂ (∞)

∣∣∣ < 1.
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to 1
1−e−h . The longer the delay h, the narrower the gain range. Moreover, the

integral time has to be large enough as well. The longer the delay h, the larger
the integral time Ti. This is because the delay and the unstable pole all impose
fundamental limitations on the achievable performances [4, 17, 116, 128].

It is very tricky when tuning the parameters. Only when Ti is large enough,
it is possible to find a stabilising controller. For Ti = 50, the root locus is shown
in Figure 2.15, from which Kp is chosen as Kp = 1.08 to obtain a damping
ratio of 0.828 and a pair of complex closed-loop poles −0.475 ± j0.322. This
offers an overshoot of about 1%.
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Figure 2.15. Root-locus design for MSP-based unstable system

The system responses are shown in Figure 2.16, where a step disturbance
d = −0.1 was applied at t = 20 s and a filter 1

Tis+1 was added to the set-
point. Figure 2.16(a) shows the nominal responses: the unstable one, denoted
as “difference”, obtained when Z is implemented as the difference of P̂ and
Pe−sh and the stable one obtained when Z is implemented as

Z = e−h − 1 + e−h · e
h
N ε − e−

h
N s

e
h
N ε − 1

e
h
N − 1

s/ε + 1
· ΣN−1

i=0 e−i h
N (s−1),

with N = 40 and ε = 0.01. See Chapter 11 for more details about this im-
plementation. There is a very big dynamic error in the disturbance response.
This is because the unstable pole works in open-loop for a period of h = 2 s,
only after which the feedback controller starts regulating the disturbance. So
the minimal maximum dynamic error is

d · eh = −0.1 × e2 = −0.74.

If the control parameters are chosen as Kp = 1.112 and Ti = 20, then the
system is faster and the maximum dynamic error is close to the minimum one
−0.74; see Figure 2.16(b). However, the system is not robustly stable even for
h = 2.05 s. The slower one with Ti = 50 is robustly stable for h = 2.05 s;
see Figure 2.16(c). The system is very easy to destabilise by modelling errors,
because of the long delay and the unstable pole.
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(b) Robust response: h increases to h = 2.05 s (Kp = 1.08, Ti = 50)

Figure 2.16. Performance of the MSP-based unstable system
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2.4 Finite-spectrum Assignment (FSA)

The SP-based control scheme is very effective for control of stable time-delay
systems. While the modified Smith predictor was being developed for unstable
systems, another effective control strategy, known as finite-spectrum assign-
ment nowadays, was developed for unstable systems as well. This strategy can
address delays not only in the input/output channel, but also in the states.
The delays can be multiple, commensurate and even distributed. Here, only
the case with a single input delay is discussed, as the book focuses on systems
with a single input/output delay. See [70, 108, 109, 146, 148, 149] for other
cases and [49, 144] for a different version using the pole-assignment argument.

Consider a system described in the state-space realization as

ẋ(t) = Ax(t) + Bu(t − h),
y(t) = Cx(t).

Then, the plant transfer function is

G(s) = P (s)e−sh =
[

A B
C 0

]
e−sh.

The FSA adopts a state feedback control law

u(t) = Fxp(t)

using the predicted state xp(t) given by

xp(t) = eAhx(t) +
∫ h

0

eAζBu(t − ζ)dζ.

The resulting closed-loop system, having a finite spectrum, is stable if A+BF
is stable. Similar to the predictor-based control schemes, the delay term is
removed from the design process.

This strategy will be discussed further with comparison to the modified
Smith predictor in the next section. Simulation examples will be given in Part
II with different implementations of the distributed delay

v(t) =
∫ h

0

eAζBu(t − ζ)dζ

in the control law.

2.5 Connection Between MSP and FSA

2.5.1 All Stabilising Controllers for Delay Systems

Assume that the control plant is P (s)e−sh, of which the delay-free part P has
the following realization:
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P =
[

A B
C 0

]
,

where (A, B) is stabilisable and (C, A) is detectable. Let F and L be such
that A+BF and A+LC are Hurwitz. Then all stabilising controllers [90, 91]
incorporating a modified Smith predictor

Z = Ce−Ah(I − e−(sI−A)h) ·
[

A B
I 0

]
, (2.12)

can be parameterised as shown in Figure 2.17, where

J(s) =

⎡⎣A + BF + eAhLCe−Ah −eAhL B
F 0 I

−Ce−Ah I 0

⎤⎦
and Q(s) is arbitrary but stable. This controller parameterisation involves
one-degree-of-freedom. Another parameterisation involving two-degrees-of-
freedom can be found in Chapter 9.

y

)(sJ

hsesP −)(

)(sQ

u
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η
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Figure 2.17. Stabilising controllers for processes with dead time

2.5.2 Predictor–Observer Representation: MSP

Denote the state vector of J(s) by xJ , then

u = FxJ + η, ε = −Ce−AhxJ + yp.

The state equation of J(s) is given by

ẋJ = (A + BF + eAhLCe−Ah)xJ − eAhLyp + Bη,

or equivalently, by

e−AhẋJ = (A + LC)e−AhxJ − Lyp + e−AhB(FxJ + η)
= (A + LC)e−AhxJ − Lyp + e−AhBu.
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Using the above formulae, all the stabilising controllers shown in Figure 2.17
can be represented as shown in Figure 2.18. It consists of an output predictor
Z, a state observer and a state feedback. The state observer actually observes
the states of the delay-free system

[
A B
I 0

]
because, in the nominal case,

xJ =
[

A + LC e−AhB

eAh 0

]
u −

[
A + LC L

eAh 0

]
(Z + Pe−sh)u

=
[

A + LC e−AhB

eAh 0

]
u −

[
A + LC L

eAh 0

] [
A B

Ce−Ah 0

]
u

=
[

A + LC I
eAh 0

] [
A I

−LC I

]
e−AhBu

=

⎡⎣A + LC −LC I
0 A I

eAh 0 0

⎤⎦ e−AhBu

=
[

A B
I 0

]
u.

2.5.3 Observer–Predictor Representation: FSA

As mentioned in Section 2.4, the finite-spectrum assignment for time-delay
systems is a state feedback control law

u(t) = Fxp(t)

using the predicted state

xp(t) = eAhx(t) +
∫ h

0

eAζBu(t − ζ)dζ.

If the state x(t) is not available for prediction, then a Luenberger observer is
needed to re-construct the state from the output y and the control u. It is
easy to check that, in the nominal case,

xo =
[

A + LC I
I 0

]
· (Be−shu − Ly)

=
[

A + LC I
I 0

]
·
[

A I
−LC I

]
Be−shu

=
[

A B
I 0

]
e−sh · u

gives the observed state xo of the plant. Using these formulae, the FSA control
structure (using output feedback via y) can then be depicted in Figure 2.19,
assuming temporarily Q(s) = 0. It consists of a state observer and a state
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predictor. As a matter of fact, this is exactly the central controller given in
Figure 2.17, as described in [90, 91]. It is also easy to check that

ε = −Cxo + y.

Hence, all the stabilising controller given in Figure 2.17 can also be represented
as the observer-predictor structure shown in Figure 2.19, where the distributed
delay

Zx(s) = (I − e−(sI−A)h) ·
[

A B
I 0

]
is the transfer function from u to v of the block characterised by the integral

v(t) =
∫ h

0

eAζBu(t − ζ)dζ.

2.5.4 Some Remarks

Although the FSA scheme can deal with much more general time-delay sys-
tems, e.g., systems with delays in the state and multiple delays, the FSA
scheme and the MSP scheme are two equivalent representations of stabilising
controllers for systems with a single input delay [91]. The two structures de-
picted in Figures 2.18 and 2.19 clearly show the similarities between them.
Roughly speaking, only the order of the predictor and the observer is ex-
changed: in the FSA scheme, the observer goes first and then the predictor
but, in the MSP scheme, the predictor goes first and then the observer. The
only change from the FSA scheme to the MSP scheme is to change/move Zx

to Z and e−sh in the observer to e−Ah.
Some more insightful observations are:
(i) the predictor in the MSP scheme is an output predictor while that in

the FSA scheme is a state predictor ;
(ii) the observer in the MSP scheme is a state observer of the delay-free

system while the one in the FSA scheme is a state observer of the delay system
(and hence a state predictor has to be used before using the state feedback);

(iii) the free parameter Q(s) may be used to improve the robustness of the
FSA scheme w.r.t. the implementation error of Zx;

(iv) in both cases, the central controller is essentially a state feedback
controller, using the predicted state (xp in the FSA scheme) or the observed
state of the delay-free system (xJ in the MSP scheme).
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Preliminaries

In this chapter, some preliminaries are collected for later use. These include
two important FIR operators which map a rational transfer matrix into FIR
blocks, the state-space operations of systems, the chain-scattering approach,
algebraic Riccati equations, an important matrix called the Σ matrix, and the
L2[0, h]-induced norm.

3.1 FIR Operators

Finite-impulse-response (FIR) blocks (operators) play an important role in the
control of dead-time systems [26, 70, 73, 80, 88, 105, 106, 115, 147, 159, 162].
Two such operators, the completion operator and the truncation operator are
frequently used.

Assume that G =
[

A B
C D

]
is a rational transfer matrix, then for a given pa-

rameter h ≥ 0, the truncation operator τh and the completion operator πh are
defined, respectively, as

τh(G) .=
[

A B
C D

]
− e−sh

[
A eAhB
C 0

]
.= G − e−shG̃,

πh(G) .=
[

A B

Ce−Ah 0

]
− e−sh

[
A B
C D

]
.= Ĝ − e−shG.

This follows [85], except for a small adjustment in notation.
Note that these two operators map any rational transfer matrix G into

an FIR block. The impulse response of τh(G) is the truncation of the impulse
response of G to [0, h]. The impulse response of πh(G), which is also supported
on [0, h], is the only continuous function on [0, h] with the following property:
if it is added to the impulse response of e−shG, which is supported on [h,∞),
then the impulse response of a rational transfer matrix, denoted above by Ĝ,
is obtained. As an example, the impulse responses of τh(G) and πh(G) are
shown in Figure 3.1 for G = 1

s−1 and h = 1.
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Figure 3.1. Completion operator πh and truncation operator τh

3.2 Chain-scattering Approach

This section describes the fundamentals of the chain-scattering approach from
[58], but using slightly different notation as listed in Table 3.1.

3.2.1 Representations of a System: IOR and CSR

Consider the system [
z
y

]
= M

[
w
u

]
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Table 3.1. CSR notation used in [58] and in this book

Notation used here Notation used in [58]

Cr CHAIN

Cl DCHAIN

Hr HM

Hl DHM

shown in Figure 3.2, where M =
[
M11 M12

M21 M22

]
. Since the exogenous disturbance

w and the control u are all input signals and on one side of the block, and
the controlled output z and the measurement y are all output signals and
on the other side of the block, this representation is called the input–output
representation (IOR) of the system M . This representation is widely used
nowadays, in particular, in the context of robust control.

Figure 3.2. Input–output representation of a system

When M21, i.e., the transfer function from w to y, is invertible,

Cr(M) .=
[

M12 − M11M
−1
21 M22 M11M

−1
21

−M−1
21 M22 M−1

21

]
is well defined and is called the (right) chain-scattering transformation (CST).
Similarly, when M12, i.e., the transfer function from u to z, is invertible,

Cl(M) .=
[

M−1
12 −M−1

12 M11

M22M
−1
12 M12 − M22M

−1
12 M11

]
is well defined and is called the (left) CST. If both M21 and M12 are invertible,
then

Cr(M) · Cl(M) = I.

In fact, Cl(M) satisfies [
u
y

]
= Cl(M)

[
z
w

]
,

which offers the (left) chain-scattering representation (CSR) for the system
M , as shown in Figure 3.3(a), and Cr(M) satisfies
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z
w

]
= Cr(M)

[
u
y

]
,

which offers the (right) chain-scattering representation (CSR) for the system
M , as shown in Figure 3.3(b). The right or left CSR is just a different rep-
resentation of the system M in the IOR shown in Figure 3.2 after swapping
some signals, provided that M21 and M12 are, respectively, invertible. It is a
simple idea that has brought many advantages to controller design [58] and is
one of the foundations for this book.

Cl(M)

(a) the left CSR

Cr(M)

(b) the right CSR

Figure 3.3. Chain-scattering representations of the system M in Figure 3.2

A tagged box is introduced to distinguish the left or right CSR (CST) in
a block diagram. As shown in Figure 3.3, the tagged corner matches the left
or right CST (or CSR) and also indicates the scattering direction. In other
words, a tagged right-upper corner means that the matrix inside the box is
the right CST of a system described in IOR, while a tagged left -upper corner
means that the matrix inside the box is the left CST of a system described
in IOR. This is very useful when the matrix inside the box is just a matrix
without any indication of the right or left direction; see Figure 7.2 for an
example.

The state-space realizations of Cr(M) and Cl(M) are derived in the follow-
ing section.

3.2.2 Linear Fractional Transformations: The Standard LFT and
the HMT

If the feedback controller for the system in Figure 3.2 is designed to be K,
i.e.,

u = Ky, (3.1)

then the closed-loop transfer function is

Tzw = Fl(M, K) = M11 + M12K(I − M22K)−1M21,
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where Fl is the standard lower linear fractional transformation (LFT), pro-
vided that I −M22K is invertible. The dual, the upper linear fractional trans-
formation, is defined as

Fu(M, Q) = M22 + M21Q(I − M11Q)−1M12

provided that I −M11Q is invertible. The standard LFT Fl and Fu are asso-
ciated with the IOR.

For the CSR, two less-used linear fractional transformations, called right
and left homographic transformations (HMT) [22, 58] are defined for N =

[
N11 N12

N21 N22

]
and Ñ =

[
Ñ11 Ñ12

Ñ21 Ñ22

]
as

Hr(N, Q) = (N11Q + N12)(N21Q + N22)−1

and
Hl(Ñ , Q) = −(Ñ11 − QÑ21)−1(Ñ12 − QÑ22),

where the dimensions of the matrices are compatible, provided that the cor-
responding inverse exists. The subscript l stands for left and r for right, indi-
cating that the inverted term is at the left or right hand side. Hl and Hr are
closely related to the left CST and the right CST, respectively. If N = Cr(M)
and Ñ = Cl(M), then the closed-loop transfer function, with the controller
given in (3.1), is

Tzw = Hr (N, K) = Hr (Cr(M), K)

for the right CSR shown in Figure 3.3(b), or

Tzw = Hl(Ñ , K) = Hl (Cl(M), K)

for the left CSR shown in Figure 3.3(a). It is now clear that the tagged port
is also the port to be terminated by a “load” or controller K, or the port from
which the system scatters.

3.2.3 Some Important Properties

The most important property of CSR is the cascade property: the cascade of
matrices in the CSR is just multiplication of the matrices. For example,

Hr (N1,Hr (N2, Q)) = Hr (N1N2, Q)

where N1 and N2 are the right CSR of two systems, and

Hl(Ñ1,Hl(Ñ2, Q)) = Hl(Ñ2Ñ1, Q),

where Ñ1 and Ñ2 are the left CSR of two systems.
In some cases, the cascade property of the right and left HMT can con-

siderably simplify the expositions, as will be seen later. It is wise to use LFT
and HMT in parallel, when convenient. Some similarities between CSR and
IOR are given in Table 3.2. For more details about the chain-scattering rep-
resentation, see [58]. Only two lemmas are cited here for later use.
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Table 3.2. Similarities between CSR and IOR

in the context of CSR in the context of IOR

port-based, see Figure 3.3 input/output-based, see Figure 3.2

homographic transformation (HMT) linear fractional transformation (LFT)

J-unitary unitary

J-lossless lossless or inner

J-lossless factorisation inner-outer factorisation

J-spectral factorisation spectral factorisation

cascade: direct multiplication cascade: star product

termination feedback

Lemma 3.1. [58, Lemma 4.13] Hr satisfies the following properties:
(i) Hr(Cr(M), Q) = Fl(M, Q);
(ii) Hr(I, Q) = Q;
(iii) If Hr(G, Q) = R and G−1 exists, then Q = Hr(G−1, R).

Lemma 3.2. [58, Lemma 7.1] Let Λ be any unimodular matrix, then the H∞

control problem ‖Hr(G, K0)‖∞ < γ is solvable iff ‖Hr(GΛ, K)‖∞ < γ is
solvable. Furthermore, K0 = Hr(Λ, K) or K = Hr(Λ−1, K0).

This lemma provides an approach to simplify an H∞ control problem by
factoring out a unimodular portion from the process, as used in [58]; it also
paves the way to simplify an H∞ control problem by inserting a unimodular
portion to the process, as used in [162].

3.3 State-space Operations on Systems

State-space operations on systems are elementary tools in this book. Some
operations on systems are summarised here.

In the rest of this section, assume that

G =
[

A B
C D

]
, G1 =

[
A1 B1

C1 D1

]
, G2 =

[
A2 B2

C2 D2

]
have appropriate dimensions for the operations to be carried out.
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3.3.1 Operations on Systems

(i) Cascade/series connection or multiplication of G1 and G2

G1G2 =
[

A1 B1

C1 D1

] [
A2 B2

C2 D2

]

=

⎡⎣A1 B1C2 B1D2

0 A2 B2

C1 D1C2 D1D2

⎤⎦ =

⎡⎣ A2 0 B2

B1C2 A1 B1D2

D1C2 C1 D1D2

⎤⎦ .

(ii) Parallel connection or addition of G1 and G2

G1 + G2 =
[

A1 B1

C1 D1

]
+
[

A2 B2

C2 D2

]
=

⎡⎣A1 0 B1

0 A2 B2

C1 C2 D1 + D2

⎤⎦ .

(iii) Inverse of G (when D is nonsingular)

G−1 =
[

A − BD−1C −BD−1

D−1C D−1

]
,

which means G−1G = GG−1 = I.

(iv) Basic operations

GT (s) =
[

A∗ C∗

B∗ D∗

]
,

G∼(s) = GT (−s) = (G(−s̄))∗ =
[−A∗ −C∗

B∗ D∗

]
,

[
G1 G2

]
=

⎡⎣A1 0 B1 0
0 A2 0 B2

C1 C2 D1 D2

⎤⎦ ,

[
G1

G2

]
=

⎡⎢⎢⎣
A1 0 B1

0 A2 B2

C1 0 D1

0 C2 D2

⎤⎥⎥⎦ ,

[
G1 0
0 G2

]
=

⎡⎢⎢⎣
A1 0 B1 0
0 A2 0 B2

C1 0 D1 0
0 C2 0 D2

⎤⎥⎥⎦ ,
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G∼JG =

⎡⎣ A 0 B
−C∗JC −A∗ −C∗JD
D∗JC B∗ D∗JD

⎤⎦ =

⎡⎣−A∗ −C∗JC −C∗JD
0 A B

B∗ D∗JC D∗JD

⎤⎦ ,

GJG∼ =

⎡⎣A BJB∗ BJD∗

0 −A∗ −C∗

C DJB∗ DJD∗

⎤⎦ =

⎡⎣ −A∗ 0 −C∗

BJB∗ A BJD∗

DJB∗ C DJD∗

⎤⎦ .

(v) State feedback

If a state feedback u = Fx + v, as shown in Figure 3.4, is applied to G :{
ẋ = Ax + Bu
y = Cx + Du

, then the resulting system

GSF :
{

ẋ = (A + BF )x + Bv
y = (C + DF )x + Dv

is realized as
GSF =

[
A B
C D

] [
I 0
F I

]
=
[

A + BF B
C + DF D

]
,

where the multiplication is done as if the matrices were normal block matrices.
This generates the right co-prime factorisation G = NM−1 of G with

[
N
M

]
=

⎡⎣A B
C D
0 I

⎤⎦[ I 0
F I

]
=

⎡⎣A + BF B
C + DF D

F I

⎤⎦ .

On the other hand, if

[
N
M

]
=

⎡⎣A B
L K
C D

⎤⎦ , D is nonsingular

then

NM−1 =
[

A − BD−1C BD−1

L − KD−1C KD−1

]
.

(vi) Output injection

If an output injection, as shown in Figure 3.5, is applied to the system G then
the resulting system

GOI :
{

ẋ = (A + LC)x + (B + LD)u
y = Cx + Du

is realized as
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Figure 3.4. State feedback u = Fx + v
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CB

D

L

u yx

Figure 3.5. Output injection

GOI =
[

I L
0 I

] [
A B
C D

]
=
[

A + LC B + LD
C D

]
,

where the multiplication is done as if the two matrices were normal block
matrices. This generates the left co-prime factorisation G = M̃−1Ñ of G with

[
Ñ M̃

]
=
[

I L
0 I

] [
A B 0
C D I

]
=
[

A + LC B + LD L
C D I

]
.

On the other hand, if

[
Ñ M̃

]
=
[

A L B
C K D

]
, D is nonsingular

then
M̃−1Ñ =

[
A − BD−1C L − BD−1K

D−1C D−1K

]
.
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(vii) Chain-scattering transformations

If the state-space realization of M is

M =

⎡⎣ A B1 B2

C1 D11 D12

C2 D21 D22

⎤⎦ ,

then the state-space realizations of Cr(M) and Cl(M) are

Cr(M) =

⎡⎣ A − B1D
−1
21 C2 B2 − B1D

−1
21 D22 B1D

−1
21

C1 − D11D
−1
21 C2 D12 − D11D

−1
21 D22 D11D

−1
21

−D−1
21 C2 −D−1

21 D22 D−1
21

⎤⎦
and

Cl(M) =

⎡⎣ A − B2D
−1
12 C1 B2D

−1
12 B1 − B2D

−1
12 D11

−D−1
12 C1 D−1

12 −D−1
12 D11

C2 − D22D
−1
12 C1 D22D

−1
12 D21 − D22D

−1
12 D11

⎤⎦ ,

provided that D21 and D12 are invertible. When neither D21 nor D12 is in-
vertible, techniques have to be applied so that the chain-scattering approach
can be used [58], but this is irrelevant here.

(viii) Redheffer star product

Consider the system shown in Figure 3.6, which consists of two interconnected
subsystems in the input/output representation:[

z
y

]
= P

[
w
u

]
,

[
u
z̃

]
= K

[
y
w̃

]
.

Suppose that P and K are compatibly partitioned matrices

P

K

P K

wz

uy

u y

w~z~

Figure 3.6. Star product of interconnected systems
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P =
[

P11 P12

P21 P22

]
, K =

[
K11 K12

K21 K22

]
such that P22K11 is well defined and square. If I − P22K11 is invertible, then
the transfer function from

[
w
w̃

]
to

[
z
z̃

]
is defined as the star product of P and

K with respect to this partition, which is given by

P � K =
[ Fl(P, K11) P12(I − K11P22)−1K12

K21(I − P22K11)−1P21 Fu(K, P22)

]
.

Assume that the state-space representations of P and K are

P =

⎡⎣ A B1 B2

C1 D11 D12

C2 D21 D22

⎤⎦ , K =

⎡⎣ AK BK1 BK2

CK1 DK11 DK12

CK2 DK21 DK22

⎤⎦ .

Then the state-space representation of the star product is

P � K =

⎡⎣ Ā B̄1 B̄2

C̄1 D̄11 D̄12

C̄2 D̄21 D̄22

⎤⎦ =
[

Ā B̄
C̄ D̄

]
,

where

Ā =
[

A + B2R̃
−1DK11C2 B2R̃

−1CK1

BK1R
−1C2 AK + BK1R

−1D22CK1

]
,

B̄ =
[

B1 + B2R̃
−1DK11D21 B2R̃

−1DK12

BK1R
−1D21 BK2 + BK1R

−1D22DK12

]
,

C̄ =
[

C1 + D12DK11R
−1C2 D12R̃

−1CK1

DK21R
−1C2 CK2 + DK21R

−1D22CK1

]
,

D̄ =
[

D11 + D12DK11R
−1D21 D12R̃

−1DK12

DK21R
−1D21 DK22 + DK21R

−1D22DK12

]
,

with
R = I − D22DK11, R̃ = I − DK11D22.

(ix) Linear fractional transformations (LFT)

The star product can be used to generate state-space realizations of the up-
per/lower LFT. Assume that

P =

⎡⎣ A B1 B2

C1 D11 D12

C2 D21 D22

⎤⎦ , K =
[

AK BK

CK DK

]

have appropriate dimensions to carry out the calculations below. Then the
state-space realization of Fl(P, K), if well defined, is
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−1DKC2 B2R̃

−1CK B1 + B2R̃
−1DKD21

BKR−1C2 AK + BKR−1D22CK BKR−1D21

C1 + D12DKR−1C2 D12R̃
−1CK D11 + D12DKR−1D21

⎤⎦ ,

where R = I − D22DK and R̃ = I − DKD22, and that of Fu(P, K), if well
defined, is⎡⎣AK + BKR̃−1D11CK BKR̃−1C1 BKR̃−1D12

B1R
−1CK A + B1R

−1DKC1 B2 + B1R
−1DKD12

D21R
−1CK C2 + D21R

−1DKC1 D22 + D21R
−1DKD12

⎤⎦ ,

where R = I − DKD11 and R̃ = I − D11DK .
If K = DK is a static feedback gain, then

Fl(P, K) =
[

A + B2DKR−1C2 B1 + B2DKR−1D21

C1 + D12DKR−1C2 D11 + D12DKR−1D21

]
when R = I − D22DK is invertible, and

Fu(P, K) =
[

A + B1R
−1DKC1 B2 + B1R

−1DKD12

C2 + D21R
−1DKC1 D22 + D21R

−1DKD12

]
when R = I − DKD11 is invertible.

(x) Homographic transformations (HMT)

Assume that the state-space representations of N and K are

N =

⎡⎣ A B1 B2

C1 D11 D12

C2 D21 D22

⎤⎦ , K =
[

AK BK

CK DK

]
.

Then the state-space representation of Hr(N, K), if well defined, is

Hr(N, K) =
[

Ā B̄
C̄ D̄

]
,

where

Ā =
[

A B1CK

0 AK

]
−
[

B̂
BK

]
D−1

2

[
C2 D21CK

]
B̄ =

[
B̂

BK

]
D−1

2

C̄ =
[
C1 − D1D

−1
2 C2 (D11 − D1D

−1
2 D21)CK

]
D̄ = D1D

−1
2 ,

with ⎡⎣ B̂
D1

D2

⎤⎦ =

⎡⎣ B1 B2

D11 D12

D21 D22

⎤⎦[DK

I

]
.
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3.3.2 Similarity Transformations

In general, the systems resulting after the above operations are not minimal
and hence similarity transformations are needed to minimise the state-space
realizations, i.e., to remove the unobservable and/or uncontrollable states.

It is well known that, for a nonsingular T ,

G =
[

A B
C D

]
=
[

T−1AT T−1B
CT D

]
.

This is called a similarity transformation with T , which corresponds to the
change of state variables. It can be done by using elementary column (row) op-
erations followed by the corresponding elementary row (column) operations,
as shown in Figure 3.7. The basic operations of similarity transformations are
summarised in Table 3.3. If the transformed system has some unobservable
and/or uncontrollable states, then they can be removed by deleting the cor-
responding rows in

[
A B

]
and columns in

[
A
C

]
so that the dimension of the

realization is reduced. For example, if all the elements on the same row in[
A B

]
or the same column in

[
A
C

]
, except the one on the main diagonal of A,

are 0, then this row and column can be removed.

Figure 3.7. Similarity transformation on a system G with T

Table 3.3. Basic similarity transformation operations on a system

elementary row operations elementary column operations

to multiply some row(s) with a
nonsingular matrix (number) T−1

from the left

∼ to multiply the corresponding
column(s) with a matrix (number) T
from the right

to swap rows j and k ∼ to swap columns k and j

to add T times row j (from the left)
to row k

∼ to subtract column j with column k
times T (from the right)

As can be seen in the following chapters that similarity transformation
plays a very important role in this book and forms one of its foundations.
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3.4 Algebraic Riccati Equations

3.4.1 Definitions

Let A, R and E be real n×n matrices1 with R and E symmetric. The following
matrix equation is called an algebraic Riccati equation (ARE) [15, 62, 63]:

A∗X + XA + XRX + E = 0. (3.2)

It plays an important role in linear system theory, in particular, in H2 and
H∞ optimal control. The above ARE can also be written in the matrix form

[−X I
] [ A R

−E −A∗

] [
I
X

]
= 0. (3.3)

A matrix of the form H =
[

A R
−E −A∗

]
is called a Hamiltonian matrix. The spec-

trum of a Hamiltonian matrix H is symmetric about the imaginary axis be-
cause H is similar to −H∗:

J̄−1HJ̄ = −J̄HJ̄ = −H∗,

where J̄ =
[

0 −I
I 0

]
having the property J̄−1 = −J̄ = J̄∗. This is often called the

Hamiltonian property [62].

3.4.2 Stabilising Solution

Since ARE is a quadratic equation, there are many solutions [62]. In control
engineering, particular interest is paid to one such that X is real and A+RX
is stable. This solution is symmetric [180] and is called the stabilising solution.

Lemma 3.3. The ARE (3.2) or (3.3) has a stabilising solution X only if H
does not have eigenvalues on the jω-axis.

Proof. As a matter of fact, Equation (3.3) is part of the following similarity
transformation applied to H with

[
I 0
X I

]
:[

I 0
−X I

] [
A R
−E −A∗

] [
I 0
X I

]
=
[

A + RX R
0 −(A + RX)∗

]
, (3.4)

where the (2, 1)-block is set to 0. If A + RX is stable then −(A + RX)∗ is
antistable. In other words, H does not have eigenvalues on the jω-axis. 
�

However, it is not sufficient for the ARE to have a stabilising solution if
H does not have eigenvalues on the jω-axis. A stronger condition is needed.
1 In Section 3.4, all the block matrices are square, having dimension n×n or 2n×2n.
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Lemma 3.4. Suppose H has no imaginary eigenvalues and R is either pos-
itive semi-definite or negative semi-definite. Then a stabilising solution X
exists if and only if (A, R) is stabilisable. Furthermore, X is real, symmetric
and unique.

Proof. See [180]. Only the uniqueness is shown here. Let X1 and X2 be solu-
tions of (3.2) such that A + RX1 and A + RX2 are stable. Then,

A∗Xi + XiA + XiRXi + E = 0 (i = 1, 2).

Subtract one from the other, then

(X1 − X2)(A + RX1) + (A + RX2)∗(X1 − X2) = 0.

Since A + RX1 and A + RX2 are all stable, there is X1 − X2 = 0 [58]. 
�
The first column of (3.4) is[

I 0
−X I

] [
A R
−E −A∗

] [
I
X

]
=
[

A + RX
0

]
=
[

I
0

]
(A + RX),

where A + RX is stable. This gives[
A R
−E −A∗

] [
I
X

]
=
[

I
X

]
(A + RX).

In general, a Hamiltonian matrix H is said to belong to dom(Ric) if there
exist an X and a stable AX such that

H

[
I
X

]
=
[

I
X

]
AX . (3.5)

This X is the stabilising solution of the corresponding ARE[−X I
]
H

[
I
X

]
= 0, (3.6)

which is obtained by pre-multiplying (3.5) with
[−X I

]
, and is denoted by

X = Ric(H). The stable AX can be recovered from (3.5) as

AX =
[
I 0
]
H

[
I
X

]
. (3.7)

In this book, if not explicitly specified, a solution of ARE refers to the stabil-
ising solution X = Ric(H). The formulae (3.6) and (3.7) will be represented
as a block diagram in the next subsection.

Suppose that H has no imaginary eigenvalues. Then there always exists
a nonsingular matrix T =

[
X1 ?
X2 ?

]
, e.g., via the Schur decomposition [63], such

that2

T−1HT =
[

A− ?
0 ?

]
, (3.8)

where A− contains all the stable eigenvalues of H .
2 The elements denoted by “?” are irrelevant.
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Lemma 3.5. Suppose that H has no imaginary eigenvalues. Then a stabilis-
ing solution X = Ric(H) exists if and only if the (1, 1)-block X1 of T in (3.8)
is nonsingular. Furthermore, the stabilising solution is X = X2X

−1
1 .

Proof. Sufficiency. According to (3.8),

H

[
X1 ?
X2 ?

] [
I
0

]
=
[

X1 ?
X2 ?

] [
A− ?
0 ?

] [
I
0

]
,

i.e.,

H

[
X1

X2

]
=
[

X1 ?
X2 ?

] [
A−
0

]
=
[

X1 ?
X2 ?

] [
I
0

]
A− =

[
X1

X2

]
A−.

If X1 is nonsingular, then

H

[
X1

X2

]
X−1

1 =
[

X1

X2

]
A−X−1

1 ,

which gives

H

[
I

X2X
−1
1

]
=
[

I
X2X

−1
1

]
X1A−X−1

1 .

Since X1A−X−1
1 ∼ A− and A− is stable, H ∈ dom(Ric). The above formulae

says that X = X2X
−1
1 = Ric(H) is the stabilising solution.

Necessity. Assume that X is the stabilising solution, then the nonsingular
matrix

T =
[

I 0
X I

]
satisfies (3.8) because of (3.5). The (1, 1)-block of T is of course nonsingular.


�
Remark 3.1. This lemma reveals the close relationship between ARE and sim-
ilarity transformation. Once a Hamiltonian matrix H having no imaginary
eigenvalues is similarly transformed with T into an upper triangular form
with the (1, 1)-block having all the stable eigenvalues of H , the existence of
a stabilising solution to the ARE is equivalent to the nonsingularity of the
(1, 1)-block of the nonsingular matrix T used for the transformation.

3.4.3 Block-diagram Representation

The formulae (3.6) and (3.7) can be represented as the block diagram shown
in Figure 3.8, where the matrices U , V , W , Y , U1, V1, W1, Y1 and X are all
square with the same dimension. The block H is the Hamiltonian matrix and
the dashed box is called the solution generator. The following relationships
hold:
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W
Y

]
= H

[
U
V

]
,[

W1

Y1

]
=
[

I 0
−X I

] [
W
Y

]
,[

U
V

]
=
[

I 0
X I

] [
U1

V1

]
. (3.9)

What is described in this block diagram is actually the similarity transforma-
tion done to H with

[
I 0
X I

]
. It is assumed that U1 is nonsingular and V1 is set

to 0. Then,[
W1

Y1

]
=
[

I 0
−X I

]
H

[
I 0
X I

] [
U1

0

]
=
[

I 0
−X I

]
H

[
I
X

]
U1.

Hence, the transfer function from U1 to W1 is the AX given in (3.7) and that
from U1 to Y1 is the ARE given in (3.6), which is equal to 0.

H XX

+-

U

V

W

Y

U1

V1=0

W1

Y1 (=0)

Figure 3.8. Block-diagram representation of algebraic Riccati equation

The solution to the ARE can also be generated from the block diagram.
Substituting V1 = 0 into (3.9), the dashed block (called the solution generator)
can be described as follows

U = U1,

V = XU1 = XU.

The solution X is the transfer gain from U to V , i.e.,

X = V U−1,

assuming U is invertible.

3.4.4 Similarity Transformations and Stabilising Solutions

In general, a similarity transform does not preserve the Hamiltonian prop-
erty. However, some similarity transforms do, in particular, when the trans-
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form matrix T is symplectic3, i.e., when T J̄T T = J̄ or T T J̄T = J̄ . Some
examples with different T are discussed below. These results also describe the
structure of stabilising solution of the corresponding ARE associated with the
transformed Hamiltonian matrices.

(i) Parallel structure

Lemma 3.6. Let H0 be a Hamiltonian matrix with X0 = Ric(H0). Then
H = T−1H0T is still Hamiltonian for any T =

[
I 0
L I

]
with L = L∗. Furthermore,

X = Ric(H) exists and is given by

X = X0 − L.

Proof. Note that

T−1J̄T−∗ =
[

I 0
−L I

] [
0 −I
I 0

] [
I −L
0 I

]
=
[

0 −I
I 0

]
= J̄ . (3.10)

Substitute H0 = THT−1 into H0J̄ = −J̄H∗
0 , then

THT−1J̄ = −J̄(THT−1)∗ = −J̄T−∗H∗T ∗,

which gives
HT−1J̄T−∗ = −T−1J̄T−∗H∗.

According to (3.10),
HJ̄ = −J̄H∗ = (HJ̄)∗.

This means H is Hamiltonian.
Since X0 = Ric(H0), according to (3.5),

H0

[
I

X0

]
=
[

I
X0

]
AX0,

where AX0 is stable. Then,

THT−1

[
I

X0

]
=
[

I
X0

]
AX0.

This gives

H

[
I
X

]
=
[

I
X

]
AX0, X = X0 − L.

Hence, X = Ric(H) = X0 − L. 
�
3 If λ is an eigenvalue of a symplectic matrix, then λ−1 is as well. A matrix

[
A B
C D

]
with

square block-matrices A, B, C and D is symplectic if and only if ADT −BCT = I ,
ABT = BAT and CDT = DCT .
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This can be described as the block diagram shown in Figure 3.9. The
left side from the Hamiltonian matrix H0 is omitted here. The two L blocks
cancel each other because TT−1 = I. It is clear from Figure 3.8 that Figure
3.9 describes X0 = Ric(H0). However, if the two L blocks are split, then the
left side gives H =

[
I 0
−L I

]
H0

[
I 0
L I

]
and the right side, the dashed block, generates

the solution
X = Ric(H) = X0 − L

because
U = U1, V = (X0 − L)U1 = (X0 − L)U.

H0 0X

+

U

V

W

Y

U1

V1=0

L L

+ -

T 1−T

Figure 3.9. Solution generator when T =

[
I 0
L I

]

(ii) Series structure

Lemma 3.7. Let H0 be a Hamiltonian matrix with X0 = Ric(H0). Then
H = T−1H0T is still Hamiltonian for T =

[
L 0
0 L−T

]
with a nonsingular L. Fur-

thermore, X = Ric(H) exists and is given by

X = LT X0L.

Proof. Repeat the proof of Lemma 3.6 with T =
[

L 0
0 L−T

]
, noting that

T−1J̄T−∗ =
[

L−1 0
0 LT

] [
0 −I
I 0

] [
L−T 0

0 L

]
=
[

0 −I
I 0

]
= J̄

and that
H

[
I

LT X0L

]
=
[

I
LT X0L

]
L−1AX0L.


�
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In this case, the solution generator is shown in Figure 3.10. It consists of
a block T−1 and the original solution block X0. Since

U = L−1U1, V = LT X0U1,

the solution X = Ric(H) = Ric(T−1H0T ) is

X = V U−1 = LT X0L.

0X

+

U

V

U1

V1=0

1−L

TL

1−T

Figure 3.10. Solution generator when T =

[
L 0
0 L−T

]

(iii) Feedback structure

Lemma 3.8. Let H0 be a Hamiltonian matrix with X0 = Ric(H0). Then H =
T−1H0T is still Hamiltonian for T =

[
I L
0 I

]
, L = L∗. Furthermore, X = Ric(H)

exists when I − LX0 is nonsingular and is given by

X = Ric(H) = X0(I − LX0)−1 = (I − X0L)−1X0.

Proof. Repeat the proof of Lemma 3.6 with T =
[

I L
0 I

]
, noting that

T−1J̄T−∗ =
[

I −L
0 I

] [
0 −I
I 0

] [
I 0
−L I

]
=
[

0 −I
I 0

]
= J̄

and that
H

[
I − LX0

X0

]
=
[

I − LX0

X0

]
AX0.

When I − LX0 is nonsingular, the latter is equivalent to

H

[
I

X0(I − LX0)−1

]
=
[

I
X0(I − LX0)−1

]
(I − LX0)AX0(I − LX0)−1.


�
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0X

+

U

V

U1

V1=0

L

-

1−T

Figure 3.11. Solution generator when T =

[
I L
0 I

]

In this case, the solution generator is shown in Figure 3.11. It consists of
a block T−1 and the original solution block X0. Since

U = (I − LX0)U1, V = X0U1,

the solution X = Ric(H) = Ric(T−1H0T ) is

X = V U−1 = X0(I − LX0)−1

when I − LX0 is nonsingular.

(iv) Inverse structure

Lemma 3.9. Let H0 be a Hamiltonian matrix with X0 = Ric(H0). Then
H = T−1H0T is still Hamiltonian for T =

[
0 I
I 0

]
. Furthermore, X = Ric(H)

exists when X0 is invertible and is given by

X = X−1
0 .

Proof. Repeat the proof of Lemma 3.6 with T =
[

0 I
I 0

]
, noting that

T−1J̄T−∗ =
[

0 I
I 0

] [
0 −I
I 0

] [
0 I
I 0

]
=
[

0 I
−I 0

]
= −J̄

and that
H

[
X0

I

]
=
[

X0

I

]
AX0.

When X0 is invertible, the latter is equivalent to

H

[
I

X−1
0

]
=
[

I
X−1

0

]
X0AX0X

−1
0 .


�
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0X

+

U

V

U1

V1=0

1−T

Figure 3.12. Solution generator when T =

[
0 I
I 0

]

In this case, the solution generator is shown in Figure 3.12. Since

U = X0U1, V = U1,

the solution X = Ric(H) = Ric(T−1H0T ) is

X = V U−1 = X−1
0

when X0 is nonsingular.

Remark 3.2. Roughly speaking, after swapping rows and columns of a Hamil-
tonian matrix, the stabilising solution of the corresponding ARE becomes the
inverse of that of the original ARE, if invertible.

(v) Opposite structure

Lemma 3.10. Let H0 be a Hamiltonian matrix with X0 = Ric(H0). Then
H = T−1H0T is still Hamiltonian for T =

[−I 0
0 I

]
or T =

[
I 0
0 −I

]
. Furthermore,

X = Ric(H) exists and is given by

X = −X0.

Proof. Repeat the proof of Lemma 3.6 with T =
[−I 0

0 I

]
or T =

[
I 0
0 −I

]
, noting that

T−1J̄T−∗ =
[

0 I
−I 0

]
= −J̄

and that
H

[
I

−X0

]
=
[

I
−X0

]
AX0.


�
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0X

+

U

V

U1

V1=0

I−

1−T

Figure 3.13. Solution generator when T =

[−I 0
0 I

]

When T =
[−I 0

0 I

]
, the solution generator is shown in Figure 3.13. It is similar

when T =
[

I 0
0 −I

]
. Since

U = −U1, V = X0U1,

the solution X = Ric(H) = Ric(T−1H0T ) is

X = V U−1 = −X0.

Remark 3.3. This lemma says that if both R and E in an ARE change sign
then the solution of the ARE changes sign as well.

For combined similarity transforms, the stabilising solution of the ARE
can be constructed according to the above structures.

3.4.5 Rank Defect of Stabilising Solutions

Not all stabilising solutions are of full rank. This is related to the structural
property of H .

Lemma 3.11. Assume H =
[

A R
−E −A∗

]
is a Hamiltonian matrix with E ≤ 0 and

X = Ric(H) is singular. Then any nonsingular matrix L that satisfies

LT XL =
[

X̄ 0
0 0

]
, X̄ is nonsingular

transforms each matrix in H into the following form with appropriate dimen-
sions compatible with X̄:

L−1AL =
[

A11 0
A21 A22

]
, A22 is stable

−LT EL =
[−Ē 0

0 0

]
,

L−1RL−T =
[

R11 R12

R∗
12 R22

]
.
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Also, X̄ = Ric(H̄) with

H̄ =
[

A11 R11

−Ē −A∗
11

]
.

Proof. Apply Lemma 3.7. See [58, Lemma 3.5] for details. 
�

3.4.6 Stabilising or Grouping?

A solution X of the ARE (3.2) is often called stabilising if A + RX is stable.
It does not mean to stabilise A via X because A itself may be stable. Even if
A is unstable, it does not mean to simply stabilise it via X . A better term is
grouping: X is a grouping solution such that all the stable eigenvalues of H
are grouped into A + RX and all the unstable eigenvalues of H are grouped
into −(A + RX)∗. See (3.4) or the lemma below. Once the eigenvalues are
grouped, they can be factorised. This is why the factorisation of a transfer
function, which is very common in advanced control theory, always boils down
to solving some algebraic Riccati equations.

Lemma 3.12. Let H =
[

A R
−E −A∗

]
be a Hamiltonian matrix with X = Ric(H)

and P be the solution of the Lyapunov equation

AXP + PA∗
X + R = 0,

where AX = A + RX is stable. Then the nonsingular matrix

T =
[

I 0
X I

] [
I P
0 I

]
=
[

I P
X I + XP

]
similarly transforms H into the block diagonal form given below:

T−1HT =
[

AX 0
0 −A∗

X

]
.

Proof. It is straightforward to show that the two similarity transformations
with

[
I 0
X I

]
and

[
I P
0 I

]
bring H into the diagonal form. 
�

Consider the ARE (3.3) with A = −1, R = −1 and E = 3. The eigenvalues
of the corresponding Hamiltonian matrix H =

[−1 −1
−3 1

]
are λ1,2 = ±2. The ARE

has two solutions: X1 = 1 and X2 = −3. The stabilising solution is X1 = 1
because A + RX1 = −2 is stable but A + RX2 = 2 is not. Apparently, there
is no need to stabilise A here. The function of the solution X = X1 = 1 is to
group the stable eigenvalue λ = −2 of H into A + RX : A + RX = −2.

3.5 The Σ Matrix

In this section, a very important matrix Σ, which will be used in several
subsequent chapters, is discussed.
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3.5.1 Definition of the Σ Matrix

Consider the following linear Hamiltonian matrix system:[
U̇(t)
V̇ (t)

]
=
[

A γ−2BB∗

−C∗C −A∗

] [
U(t)
V (t)

]
(3.11)

where the system matrix

H =
[

A γ−2BB∗

−C∗C −A∗

]
(3.12)

is the A-matrix of
(
γ2I − G∼

β11Gβ11

)−1

with4 Gβ11 =
[

A B
−C 0

]
. The transition

matrix of the Hamiltonian system (3.11) from t = 0 to an arbitrary time t is

Σ(t) = exp
([

A γ−2BB∗

−C∗C −A∗

]
t

)
,

and the solution to the initial state
[

U(0)
V (0)

]
is[

U(t)
V (t)

]
= Σ(t)

[
U(0)
V (0)

]
. (3.13)

In this book, the transition matrix from t = 0 to t = h,

Σ =
[

Σ11 Σ12

Σ21 Σ22

]
.= Σ(h) = eHh, (3.14)

is called the Σ matrix. As will be shown later, this exponential Hamiltonian
matrix plays quite an important role in the H∞-control of dead-time systems.
It is the A-matrix of the modified Smith predictor and it is also closely related
to the L2[0, h]-induced norm of Gβ11, as will be shown in the next subsection,
and to the solvability condition of several problems for systems with a single
delay.

The system (3.11) is intimately connected to the differential Riccati equa-
tion5

Ẋ(t) =
[
I −X(t)

]
H

[
X(t)

I

]
, (3.15)

or equivalently,

Ẋ(t) = AX(t) + X(t)A∗ + γ−2BB∗ + X(t)C∗CX(t).

4 The reason for use of the notation Gβ11 is to maintain consistency with later
chapters.

5 Note that the right side of (3.15) is in the dual form of the conventional Riccati
equation.
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The solution of (3.15) can be given using the following well-known result [15,
Chapter 3]:

If U, V is a solution pair of (3.11) with V nonsingular on a t-interval T ,
then X = UV −1 is a solution of (3.15) on T . Conversely, if X is a solution of
(3.15) on T and V is a fundamental solution of V̇ = −(A∗ + C∗CX)V , then
U = XV, V is a solution pair of (3.11) on T . Hence, the following equality
holds if [0, h] ⊂ T and V is nonsingular:

X(h) = (Σ11X(0) + Σ12) (Σ21X(0) + Σ22)
−1 = Hr(Σ, X(0)), (3.16)

where X(0) = U(0)V −1(0), or, equivalently,

X(0) = (Σ∗
22X(h) − Σ∗

12) (−Σ∗
21X(h) + Σ∗

11)
−1 = Hr(Σ−1, X(h)).

3.5.2 Important Properties of Σ

Lemma 3.13. Σ is symplectic, i.e., for J̄ =
[

0 −I
I 0

]

Σ−1 = J̄−1Σ∗J̄ =
[

Σ∗
22 −Σ∗

12

−Σ∗
21 Σ∗

11

]
.

Proof. Since H given in (3.12) is Hamiltonian,

(HJ̄)∗ = −J̄H∗ = HJ̄.

According to (3.14),

ΣJ̄ = eHhJ̄

= J̄ + HJ̄h +
1
2!

(Hh)2J̄ +
1
3!

(Hh)3J̄ + · · ·

= J̄ − J̄H∗h − 1
2!

HJ̄H∗h2 − 1
3!

H2J̄H∗h3 − · · ·

= J̄ − J̄H∗h +
1
2!

J̄(H∗h)2 +
1
3!

HJ̄H∗H∗h3 + · · ·

= J̄ − J̄H∗h +
1
2!

J̄(H∗h)2 − 1
3!

J̄(H∗h)3 − · · ·
= J̄e−H∗h = J̄Σ−∗.

This gives Σ−1 = J̄−1Σ∗J̄ or ΣJ̄Σ∗ = J̄ and, hence, Σ is symplectic. 
�
Note also that

Σ = eHh = eJ̄−1J̄Hh = eJ̄−1H∗J̄∗h = e−J̄−1H∗hJ̄

= J̄−1e−H∗hJ̄ = J̄−1Σ−∗J̄ = J̄Σ−∗J̄−1.
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Lemma 3.14. Some important properties of Σ are summarised below.
(i) The following identities hold:

Σ11Σ
∗
12 = Σ12Σ

∗
11, Σ21Σ

∗
22 = Σ22Σ

∗
21,

Σ∗
22Σ12 = Σ∗

12Σ22 and Σ∗
21Σ11 = Σ∗

11Σ21.

In other words, Σ11Σ
∗
12, Σ∗

12Σ22, Σ22Σ
∗
21, Σ∗

21Σ11 are self-adjoint and so are
Σ−1

11 Σ12, Σ−1
22 Σ21, Σ21Σ

−1
11 and Σ12Σ

−1
22 when Σ11 and/or Σ22 are invertible.

(ii) Σ
[

A 0
−C∗C −A∗

]
Σ−1 is a Hamiltonian matrix as well.

(iii) Σ and (sI − H)−1 commute with each other, i.e., Σ−1(sI − H)−1Σ
= (sI − H)−1.

(iv) Σ and H commute with each other, i.e., H = ΣHΣ−1.
(v) The following identities hold (when Σ11 or Σ22 is nonsingular, if

needed):
Σ−∗

22 = Σ11 − Σ12Σ
−1
22 Σ21,

Σ−∗
11 = Σ22 − Σ21Σ

−1
11 Σ12,

Σ∗
22A − AΣ∗

22 + γ−2BB∗Σ∗
21 + Σ∗

12C
∗C = 0,

Σ∗
22γ

−2BB∗ − γ−2BB∗Σ∗
11 + AΣ∗

12 + Σ∗
12A

∗ = 0,

Σ∗
21A + Σ∗

11C
∗C − C∗CΣ∗

22 + A∗Σ∗
21 = 0,

Σ∗
12C

∗CΣ12 + γ−2Σ∗
22BB∗Σ22 + Σ∗

12A
∗Σ22 + Σ∗

22AΣ12 = γ−2BB∗,

Σ∗
21AΣ11 + Σ∗

11C
∗CΣ11 + γ−2Σ∗

21BB∗Σ21 + Σ∗
11A

∗Σ21 = C∗C,

Σ∗
22AΣ11 + Σ∗

12C
∗CΣ11 + γ−2Σ∗

22BB∗Σ21 + Σ∗
12A

∗Σ21 = A.

Proof. These properties are mostly due to the fact that Σ is symplectic. They
can be proved using straightforward matrix manipulations. Only the last six
identities are shown below.

The last three identities can be derived from the matrix identity[
Σ∗

22 −Σ∗
12

−Σ∗
21 Σ∗

11

] [
A γ−2BB∗

−C∗C −A∗

] [
Σ11 Σ12

Σ21 Σ22

]
=
[

A γ−2BB∗

−C∗C −A∗

]
and the other three identities can be derived from the matrix identity[

Σ∗
22 −Σ∗

12

−Σ∗
21 Σ∗

11

] [
A γ−2BB∗

−C∗C −A∗

]
=
[

A γ−2BB∗

−C∗C −A∗

] [
Σ∗

22 −Σ∗
12

−Σ∗
21 Σ∗

11

]
.


�
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3.6 The L2[0, h]-induced Norm

The L2[0, h]-induced norm of Gβ11 =
[

A B
−C 0

]
is defined as

γh = ‖Gβ11‖L2[0,h] = sup
‖u‖[0,h] �=0

‖y‖[0,h]

‖u‖[0,h]

,

where y = Gβ11u and

‖u‖[0,h] =

√∫ h

0

uT u dt, ‖y‖[0,h] =

√∫ h

0

yT y dt.

Various methods [30, 41, 182] were proposed to compute this norm. A simple
representation of γh is the following Zhou–Khargonekar formula [55] as given
in [182]:

γh = max{γ : detΣ22 = 0}
i.e., the maximal γ that makes Σ22 singular, where Σ22 is the (2, 2)-block of
the Σ matrix defined in the previous subsection.

Some results related to this norm [41, 182] are summarised below with
proofs omitted.

Lemma 3.15. The following conditions are equivalent:
(i) γ > γh;
(ii) there exists Q0 ∈ H∞ such that

∥∥τh(Gβ11) + e−shQ0

∥∥
∞ < γ;

(iii) Σ22 is nonsingular not only for γ but also for any number larger
than γ;

(iv) there exists a unique function X(t) satisfying the differential Riccati
equation (3.15) with X(0) = 0 for t ∈ [0, h]. In particular, X(h) = Σ12Σ

−1
22 ;

(v) there exists a unique solution pair U(t), V (t) satisfying the differential
Riccati equation (3.11) with U(0) = 0, V (0) = I for t ∈ [0, h]. In particular,
U(h) = Σ12, V (h) = Σ22.
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J-spectral Factorisation of Regular
Para-Hermitian Transfer Matrices

This chapter1 characterises a class of regular para-Hermitian transfer matri-
ces and then studies the J-spectral factorisation of this class using similarity
transformations. A transfer matrix Λ in this class admits a J-spectral factori-
sation if and only if there exists a common nonsingular matrix to similarly
transform the A-matrices of Λ and Λ−1, resp., into 2 × 2 lower (upper, resp.)
triangular block matrices with the (1, 1)-block including all the stable modes
of Λ (Λ−1, resp.). For a transfer matrix in a smaller subset, this nonsingu-
lar matrix is formulated in terms of the stabilising solutions of two algebraic
Riccati equations. The J-spectral factor is formulated in terms of the original
realization of the transfer matrix. The approach developed here lays one of
the foundations for this book and will be used in the next chapter to solve
the delay-type Nehari problem.

4.1 Introduction

J-spectral factorisation plays an important role in H∞ control of finite-
dimensional systems [32, 38, 39, 40] as well as infinite-dimensional systems
[51, 80, 110]. The necessary and sufficient condition of the J-spectral factori-
sation has been well understood [12, 32, 39, 74, 119]. The J-spectral factori-
sations involved in the literature are done for matrices in the form G∼JG,
mostly with a stable G. For the case with an unstable G, the following three
steps can be used to find the J-spectral factor of G∼JG, by applying the
results in [74, Corollary 3.1]:

(i) to find the modal factorisation of Λ = G∼JG;
(ii) to construct a stable G− such that Λ = G∼−JG−;
(iii) to derive the J-spectral factor of G∼

−JG−, i.e., of G∼JG.

1 Portions reprinted from [169, 170], with permission from Elsevier.
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For example, if Λ = G∼JG (with G unstable) is factorised as Λ = T + T∼

with T stable, then G− =
[

I + T
2

I − T
2

]
is stable2 and Λ = G∼−JG−. It can then be

factorised by applying Theorem 2.4 in [74]. However, in some cases, a para-
Hermitian transfer matrix Λ is given in the form of a state-space realization
and cannot be explicitly written in the form G∼JG, e.g., in the context of H∞
control of time-delay systems [78, 160]. In order to use the above-mentioned
results, one would have to find a G such that Λ = G∼JG. It would be advan-
tageous if this step could be avoided.

A recent work [119] dealt with this problem. A two-step procedure was
proposed to find the J-spectral factor in [119]: (i) to transform Λ into an or-
dered Schur form; and then (ii) to solve an algebraic Riccati equation (ARE)
when there is a stabilising solution. There is no need to find a stable G such
that Λ = G∼JG any more. The advantage of this result is that the realization
of Λ need not be minimal or in the Hamiltonian structure (because of the
first step). This chapter proposes a different approach to deal with the prob-
lem. It involves only very elementary mathematical tools, such as similarity
transformations, so that it is easy to understand. The approach developed is
crucial to solve the delay-type Nehari problem discussed in the next chapter
[160, 163].

A better literature review about this topic can be found in [39, 119] and
the references therein. For a wider topic, the symmetric factorisation, see [120]
and the references therein.

4.2 Properties of Projections

Before discussing the J-spectral factorisation, the projection matrix of a
nonorthogonal projection is derived. This is crucial to derive the main results
in this chapter.

For a given nonsingular matrix partitioned as
[
M N

]
, denote the projec-

tion onto the subspace Im M along the subspace Im N by P . Then,

PM = M, PN = 0,

i.e.,
P
[
M N

]
=
[
M 0

]
.

Hence, the projection matrix P is

P =
[
M 0

] [
M N

]−1
.

Similarly, the projection Q onto the subspace Im N along the subspace Im M
is given by
2 For Λ = T + T∼ with a stable T , a stable G− such that Λ = G∼

−JG− is as given
above but not G− = 1

2

[
I + T
I − T

]
. If the latter is the case, then Λ should be factorised

as Λ = 1
2
(T + T∼).
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Q =
[
0 N

] [
M N

]−1 =
[
N 0

] [
N M

]−1
.

A projection holds a lot of interesting properties; see the excellent book
[14]. In particular, the following properties hold for P and Q:

(i) P + Q = I;
(ii) PQ = 0;
(iii) P and Q are idempotent matrices3, i.e., P 2 = P and Q2 = Q;
(iv) ImP = Im M ;
(v)

[
M 0

] [
M N

]−1 [
M 0

]
=
[
M 0

]
;

(vi)
[
0 N

] [
M N

]−1 [0 N
]

=
[
0 N

]
;

(vii)
[
M 0

] [
M N

]−1 [0 N
]

= 0.
If MT N = 0, i.e., the projection is orthogonal, then

[
M N

]−1 =
[

(MT M)−1MT

(NT N)−1NT

]
.

The projection matrices P and Q reduce to

P = M(MT M)−1MT

and
Q = N(NT N)−1NT .

These two formulae can be easily found in the literature.

4.3 Regular Para-Hermitian Transfer Matrices

Definition 4.1. [60] A transfer matrix Λ(s) is called a para-Hermitian matrix
if Λ∼(s) = Λ(s).

Definition 4.2. A transfer matrix W (s) is a J-spectral factor of Λ(s) if W (s)
is bistable and Λ(s) = W∼(s)JW (s). Such a factorisation of Λ(s) is referred
to as a J-spectral factorisation.

Definition 4.3. A matrix W (s) is a J-spectral co-factor of a matrix Λ(s) if
W (s) is bistable and Λ(s) = W (s)JW∼(s). Such a factorisation of Λ(s) is
referred to as a J-spectral co-factorisation.

Theorem 4.1. A given square, minimal, rational matrix Λ(s), having no
poles or zeros on the jω-axis including ∞, is a para-Hermitian matrix if and
only if a minimal realization can be represented as

3 The eigenvalues of an idempotent matrix are either 0 or 1. The eigenvalues of a
nilpotent matrix A are all 0 as it satisfies Ak = 0 for some positive integer matrix
power k.
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Λ =

⎡⎣ A R −B
−E −A∗ C∗

C B∗ D

⎤⎦ (4.1)

where D = D∗, E = E∗ and R = R∗.

Proof. Sufficiency. It is obvious according to Definition 4.1.
Necessity. Since Λ is a para-Hermitian matrix, D = D∗. By assumption

D is invertible, then using similar arguments as in [32, pp.90–91], Λ−1 exists
and can be minimally realized as

Λ−1 =

⎡⎣A1 0 B1

0 −A∗
1 −C∗

1

C1 B∗
1 D−1

⎤⎦
where (A1, B1, C1) is a stable minimal realization. Hence,

Λ =

⎡⎣A1 − B1DC1 −B1DB∗
1 −B1

C∗
1DC1 −(A1 − B1DC1)∗ C∗

1

C1 B∗
1 D

⎤⎦ . (4.2)

This matrix is in the form of (4.1) where E = E∗ = −C∗
1DC1 and R = R∗ =

−B1DB∗
1 . 
�

Remark 4.1. For the realization of Λ in (4.2), R = R∗ is equal to −B1DB∗
1 .

However, this is not true for the realization of Λ in (4.1), where R = R∗ is in
general not equal to −BDB∗. A similar argument applies to E = E∗.

Remark 4.2. The para-Hermitian transfer matrix characterised in Theorem
4.1 is called regular. It says that a regular para-Hermitian transfer matrix Λ
realized in the general state-space form

Λ =
[

Hp BΛ

CΛ D

]
(4.3)

can always be transformed into the form of (4.1) after a certain similarity
transformation. Here, the A-matrix of Λ is denoted by Hp. Denote the A-
matrix of Λ−1 by Hz , then

Hz = Hp − BΛD−1CΛ.

The eigenvalues of Hp and Hz are, respectively, the poles and zeros of Λ.

Denote T =
[

A1 B1

C1
1
2D−1

]
, then the result proposed in [74, Corollary 3.1] can be

directly used to find the J-spectral factorisation of Λ. However, as explained
before, this will result in a J-spectral factor in terms of A1, B1, C1 and D but
not in terms of the original realization in A, R, E, B, C and D. This is good
enough for numerical computation, but not for further analysis, as in the case
of [160].

The next section is devoted to the elementary characteristics of J-spectral
factorisation for regular para-Hermitian transfer matrices realized in the gen-
eral form (4.3). Section 4.5 is devoted to the J-spectral factorisation of a
smaller subset with realization in the form (4.1).
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4.4 J-spectral Factorisation of the Full Set

4.4.1 Via Similarity Transformations with Two Matrices

Assume that a para-Hermitian matrix Λ as given in (4.3) is minimal and has
no poles or zeros on the jω-axis including ∞. There always exist nonsingular
matrices ∆p and ∆z (e.g., via Schur decomposition) such that4

∆−1
p Hp∆p =

[
? 0
? A+

]
(4.4)

and
∆−1

z Hz∆z =
[

A− ?
0 ?

]
, (4.5)

where A+ is antistable and A− is stable (A+ and A− have the same dimen-
sion).

Lemma 4.1. Λ described as above has a Jp,q-spectral factorisation for some
unique signature matrix Jp,q (where p is the number of the positive eigenvalues
of D and q is the number of the negative eigenvalues of D) iff

∆ =
[
∆z

[
I
0

]
∆p

[
0
I

] ]
(4.6)

is nonsingular. If this condition is satisfied, then a J-spectral factor is formu-
lated as

W =

⎡⎢⎢⎣
[
I 0
]
∆−1Hp∆

[
I
0

] [
I 0
]
∆−1BΛ

Jp,qD
−∗
W CΛ∆

[
I
0

]
DW

⎤⎥⎥⎦ , (4.7)

where DW is a nonsingular solution of D∗
W Jp,qDW = D.

Proof. Formulae (4.4) and (4.5) mean that

Hp∆p

[
0
I

]
= ∆p

[
0
I

]
A+

and
Hz∆z

[
I
0

]
= ∆z

[
I
0

]
A−.

Hence, ∆p

[
0
I

]
and ∆z

[
I
0

]
span the antistable eigenspace M of Hp and the stable

eigenspace M× of Hz, respectively. As is well known [12, 32, 39, 74, 119], there
exists a J-spectral factorisation iff M∩M× = {0}, which is equivalent to the
∆ given in (4.6) being nonsingular.

When this condition holds, there exists a projection P onto M× along M.
According to Section 4.2, the projection matrix P is given by
4 The elements denoted by “?” are irrelevant.
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P = ∆

[
I 0
0 0

]
∆−1. (4.8)

With this projection formula, it is easy to formulate a J-spectral factor of Λ
[11, 12, 119]. A J-spectral factor is given by

W =

[
PHpP PBΛ

Jp,qD
−∗
W CΛP DW

]
. (4.9)

This realization is not minimal since the A-matrix of W has the same dimen-
sion as Hp. Substitute (4.8) into (4.9) and apply a similarity transformation
with ∆, then

W =

⎡⎢⎢⎣ ∆−1PHp∆

[
I 0
0 0

]
∆−1PBΛ

Jp,qD
−∗
W CΛ∆

[
I 0
0 0

]
DW

⎤⎥⎥⎦ .

After removing the unobservable states by deleting the second row and the
second column, W becomes

W =

⎡⎢⎢⎣
[
I 0
]
∆−1PHp∆

[
I
0

] [
I 0
]
∆−1PBΛ

Jp,qD
−∗
W CΛ∆

[
I
0

]
DW

⎤⎥⎥⎦ .

Since
[
I 0
]
∆−1P =

[
I 0
]
∆−1, W can be further simplified as given in (4.7).


�

4.4.2 Via Similarity Transformations with One Matrix

In general, ∆z 	= ∆p. However, these two can be the same.

Theorem 4.2. Assume that a para-Hermitian matrix Λ as given in (4.3) is
minimal and has no poles or zeros on the jω-axis including ∞. Then Λ admits
a J-spectral factorisation if and only if there exists a nonsingular matrix ∆
such that

∆−1Hp∆ =
[

Ap
− 0
? Ap

+

]
(4.10)

and
∆−1Hz∆ =

[
Az

− ?
0 Az

+

]
, (4.11)

where Az
− and Ap

− are stable, and Az
+ and Ap

+ are antistable. In this case, a
J-spectral factor W is as given in (4.7).
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Proof. Sufficiency. It is obvious according to Lemma 4.1. In this case, ∆z =
∆p = ∆. Necessity. If there exists a J-spectral factorisation then the ∆ given
in (4.6) is nonsingular. This ∆ does satisfy (4.10) and (4.11).

Since this ∆ is the same as that in Lemma 4.1, the J-spectral factor is the
same as given in (4.7). 
�
Remark 4.3. The simultaneous triangularisation of Hp and Hz in (4.10) is of
theoretical value. In practice, ∆ can be constructed according to (4.6) after
two ordered Schur decompositions or similarity transformations.

Remark 4.4. The A-matrix of W is

[
I 0
]
∆−1Hp∆

[
I
0

]
= Ap

−

and that of W−1 is [
I 0
]
∆−1Hz∆

[
I
0

]
= Az

−.

Remark 4.5. This means a J-spectral factorisation exists if and only if there
exists a common similarity transformation to transform Hp (Hz , resp.) into a
2×2 lower (upper, resp.) triangular block matrix with the (1, 1)-block includ-
ing all the stable modes of Hp (Hz , resp.). Once the similarity transformation
is done, a J-spectral factor can be formulated according to (4.7). If there is
no such a similarity transformation, then there is no J-spectral factorisation.

4.5 J-spectral Factorisation of a Smaller Subset

In this section, a subset of the class of para-Hermitian matrices characterised
in Theorem 4.1 with the realization of (4.1) is considered. In this case,

Hp =
[

A R
−E −A∗

]
,

Hz =
[

A R
−E −A∗

]
−
[−B

C∗

]
D−1

[
C B∗ ] .=

[
Az Rz

−Ez −A∗
z

]
.

Theorem 4.3. For a para-Hermitian matrix Λ characterised in Theorem 4.1,
assume that: (i) (E, A) is detectable and E is sign definite; (ii) (Az , Rz) is
stabilisable and Rz is sign definite. Then the two ARE

[
I −Lo

]
Hp

[
Lo

I

]
= 0 (4.12)

and [−Lc I
]
Hz

[
I
Lc

]
= 0 (4.13)
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always have unique symmetric solutions Lo and Lc, respectively, such that[
I −Lo

]
Hp

[
I
0

]
and

[
I 0
]
Hz

[
I
Lc

]
are stable. In this case, Λ(s) has a Jp,q-

spectral factorisation for some unique Jp,q (where p is the number of positive
eigenvalues of D and q is the number of negative eigenvalues of D) if and only
if det(I − LoLc) 	= 0. If this condition is satisfied, then one J−spectral factor
is formulated as

W =
[

A + LoE B + LoC
∗

−Jp,qD
−∗
W (B∗Lc + C)(I − LoLc)−1 DW

]
,

where DW is nonsingular and D∗
W Jp,qDW = D.

Proof. In this case, ∆z =
[

I 0
Lc I

]
, ∆p =

[
I Lo

0 I

]
and ∆ =

[
I Lo

Lc I

]
. According to Lemma

4.1, there exists a J-spectral factorisation iff ∆ is nonsingular, i.e., det(I −
LoLc) 	= 0. Substitute ∆ into (4.7) and apply a similarity transformation with
−(I − LoLc)−1, then

W =

⎡⎣ [
I −Lo

]
Hp

[
I
Lc

]
(I − LoLc)−1 B + LoC

∗

−Jp,qD
−∗
W (C + B∗Lc)(I − LoLc)−1 DW

⎤⎦
=

⎡⎢⎣
[
I −Lo

]
Hp

[
I
0

]
B + LoC

∗

−Jp,qD
−∗
W (C + B∗Lc)(I − LoLc)−1 DW

⎤⎥⎦ ,

where the ARE (4.12) was used. 
�
A different approach involving two similarity transformations to derive the

realization of W is shown below.
Similarity Transformation 1: Stabilisation
Since Lo is the stabilising solution of (4.12), after applying a similarity

transformation
[

I Lo

0 I

]
, Λ is equal to

Λ =

⎡⎣A + LoE 0 −(B + LoC
∗)

−E −A∗ − ELo C∗

C B∗ + CLo D

⎤⎦ . (4.14)

Similarity Transformation 2: Factorisation
Since Lc is the stabilising solution of (4.13) and det(I − LcLo) 	= 0, the

following self-adjoint matrix is well defined:

Lco = Lc(I − LoLc)−1 = (I − LcLo)−1Lc = L∗
co. (4.15)

Moreover,

I + LoLco = (I − LoLc)−1 and I + LcoLo = (I − LcLo)−1

are nonsingular. As a result, Lc can be represented as
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Lc = (I + LcoLo)−1Lco = Lco(I + LoLco)−1,

and the ARE (4.13) is equivalent to[−Lco I + LcoLo

]
Hz

[
I + LoLco

Lco

]
= 0, (4.16)

which can be expanded as the following equality using (4.12):

Lco(A + LoE) + (A∗ + ELo)Lco + E

= − [LcoB + (I + LcoLo)C∗] D−1 [B∗Lco + C(I + LoLco)] . (4.17)

According to the assumptions, Λ does not have any eigenvalue on the jω
axis including ∞. Assume p is the number of the positive eigenvalues of D
and q is the number of the negative eigenvalues of D, then the equation
D∗

W Jp,qDW = D has an invertible solution DW .
Carrying on another similarity transformation

[
I 0

Lco I

]
with respect to (4.14),

then

Λ =

⎡⎣ A + LoE 0 B + LoC
∗

Lco(A + LoE) + (A∗ + ELo)Lco + E −A∗ − ELo C∗ + Lco(B + LoC
∗)

−C − (B∗ + CLo)Lco B∗ + CLo D∗
W Jp,qDW

⎤⎦ ,

where an additional similarity transformation
[−I 0

0 I

]
was applied. Due to the

equality (4.17), the above Λ can be factorised as Λ = W∼ · Jp,q · W with

W
.=
[

A + LoE B + LoC
∗

−J−1
p,q D−∗

W [B∗Lco + C(I + LoLco)] DW

]
.

Using (4.15), W can be simplified as given in Theorem 4.3. W is bistable
because the A-matrix of W is

[
I −Lo

]
Hp

[
I
0

]
= A + LoE and the A-matrix of

W−1 is

A + LoE + (B + LoC
∗)D−1

W J−1
p,q D−∗

W (B∗Lc + C)(I − LoLc)−1

=
[
I −Lo

]
Hz

[
I
Lc

]
(I − LoLc)−1

∼ (I − LoLc)−1
[
I −Lo

]
Hz

[
I
Lc

]
= (I − LoLc)−1

([
I −Lo

]
Hz

[
I
Lc

]
+ Lo

[−Lc I
]
Hz

[
I
Lc

])
=
[
I 0
]
Hz

[
I
Lc

]
,

where “∼” means “similar to” and the ARE (4.13) was used. W is indeed a
J-spectral factor of Λ.

Dually to Theorem 4.3, the following theorem holds (with proof omitted):
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Theorem 4.4. For a para-Hermitian matrix Λ characterised in Theorem 4.1,
assume that: (i) (A, R) is stabilisable and R is sign definite; (ii) (Ez, Az) is
detectable and Ez is sign definite. Then the two ARE[−Lc I

]
Hp

[
I
Lc

]
= 0

and [
I −Lo

]
Hz

[
Lo

I

]
= 0

always have unique symmetric solutions Lc and Lo, respectively, such that[
I 0
]
Hp

[
I
Lc

]
and

[
I −Lo

]
Hz

[
I
0

]
are stable. In this case, Λ(s) has a Jp,q-

spectral factorisation for some unique Jp,q (where p is the number of positive
eigenvalues of D and q is the number of negative eigenvalues of D) if and
only if det(I − LoLc) 	= 0. If this condition is satisfied, then one J-spectral
co-factor is formulated as

W (s) =
[

A + RLc −(I − LoLc)−1(B + LoC
∗)D−∗

W Jp,q

B∗Lc + C DW

]
,

where DW is nonsingular and DW Jp,qD
∗
W = D.

4.6 J-spectral Factorisation of Λ = G∼JG with Stable G

Here, J = J∗ is a signature matrix. Assume that G(s) does not have poles
or zeros on the jω-axis including ∞ and the following realization of G(s) is
minimal:

G(s) =
[

A B
C D

]
.

This has been discussed extensively [74, 119].
The realization of Λ = G∼JG is

Λ =

⎡⎣ A 0 B
−C∗JC −A∗ −C∗JD
D∗JC B∗ D∗JD

⎤⎦ .

The A-matrix of Λ is
Hp =

[
A 0

−C∗JC −A∗

]
and the A-matrix of Λ−1 is

Hz =
[

A 0
−C∗JC −A∗

]
−
[

B
−C∗JD

]
(D∗JD)−1

[
D∗JC B∗ ] .

Since A is stable, there is no similarity transformation needed to bring Hp

into the form (4.4). This means
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∆p =
[

I 0
0 I

]
,

which gives a possible ∆ in the following form

∆ =
[

X1 0
X2 I

]
to bring Hz into the form (4.11). According to Theorem 4.2, Λ admits a J-
spectral factorisation for some unique Jp,q (where p is the number of positive
eigenvalues of D∗JD and q is the number of negative eigenvalues of D∗JD)
iff ∆ and, furthermore X1, are nonsingular. When X1 is nonsingular, then a
further similarity transformation with

[
X−1

1 0
0 I

]
can be done. This gives another

∆ as
∆ =

[
I 0
X I

]
with X = X2X

−1
1 . Substitute this ∆ into (4.11),then[

I 0
−X I

]
Hz

[
I 0
X I

]
=
[

Az
− ?
0 Az

+

]
.

Hence, [−X I
]
Hz

[
I
X

]
= 0, (4.18)

and
Az

− =
[
I 0
]
Hz

[
I
X

]
is stable. Combining these two conditions, the conclusion is that, under the
assumptions stated, Λ admits a J-spectral factorisation iff the ARE (4.18)
has a stabilising solution X . When this condition holds, the J-spectral factor
can easily be found, according to Theorem 4.2, as

W =

⎡⎢⎢⎣
[
I 0
] [ I 0

−X I

]
Hp

[
I 0
X I

] [
I
0

] [
I 0
] [ I 0

−X I

] [
B

−C∗JD

]
Jp,qD

−∗
W

[
D∗JC B∗ ] [ I 0

X I

] [
I
0

]
DW

⎤⎥⎥⎦
=
[

A B

Jp,qD
−∗
W (D∗JC + B∗X) DW

]
,

where DW is nonsingular and D∗
W Jp,qDW = D∗JD. This is consistent with

the known results.
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4.7 Numerical Examples

4.7.1 Λ(s) =

[
0 s−1

s+1
s+1
s−1

0

]

This example has been considered in [119]. A minimal realization of Λ is given
by

Λ =

⎡⎢⎢⎣
1 0 1 0
0 −1 0 −2
0 1 0 1
2 0 1 0

⎤⎥⎥⎦ .

This gives

Hp =
[

1 0
0 −1

]
and

Hz =
[

1 0
0 −1

]
−
[

1 0
0 −2

] [
0 1
1 0

]−1 [0 1
2 0

]
=
[−1 0

0 1

]
.

Apparently, there does not exist a common similarity transformation to make
the (1, 1)-elements of Hp and Hz all stable. Hence, this Λ does not admit a
J-spectral factorisation.

4.7.2 Λ(s) =

[
−s2−4

s2−1
0

0 s2−1
s2−4

]

A minimal realization of Λ is

Λ =

⎡⎢⎢⎢⎢⎢⎢⎣

0 1
2 0 0 1 0

2 0 0 0 0 0
0 0 0 2 0 1
0 0 2 0 0 0
0 3

2 0 0 −1 0
0 0 0 3

2 0 1

⎤⎥⎥⎥⎥⎥⎥⎦ .

This gives the A-matrices of Λ and Λ−1, respectively, as

Hp =

⎡⎢⎢⎣
0 1

2 0 0
2 0 0 0
0 0 0 2
0 0 2 0

⎤⎥⎥⎦ and Hz =

⎡⎢⎢⎣
0 2 0 0
2 0 0 0
0 0 0 1

2
0 0 2 0

⎤⎥⎥⎦ .

By doing similarity transformations, it is easy to transform Hp and Hz into
a lower (upper, resp.) triangular matrix with the first two diagonal elements
being negative. In order to bring Hp into a lower triangular matrix, two steps
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are used. The first step is to bring it into an upper triangular matrix and the
second step is to group the stable modes, as shown below.⎡⎢⎢⎣

0 1
2 0 0

2 0 0 0
0 0 0 2
0 0 2 0

⎤⎥⎥⎦

↓ with ∆p1 =

⎡⎢⎢⎣
1 0 0 0
2 1 0 0
0 0 1 0
0 0 1 1

⎤⎥⎥⎦
⎡⎢⎢⎣

1 1
2 0 0

0 −1 0 0
0 0 2 2
0 0 0 −2

⎤⎥⎥⎦

↓ with ∆p2 =

⎡⎢⎢⎣
0 0 0 1
0 1 0 0
0 0 1 0
1 0 0 0

⎤⎥⎥⎦
⎡⎢⎢⎣
−2 0 0 0
0 −1 0 0
2 0 2 0
0 1

2 0 1

⎤⎥⎥⎦ .

This is a lower triangular matrix, to which Hp is similarly transformed with

∆p = ∆p1∆p2 =

⎡⎢⎢⎣
0 0 0 1
0 1 0 2
0 0 1 0
1 0 1 0

⎤⎥⎥⎦ .

In general, a third step is needed to make the nonzero elements, if any, in the
upper-right area zero.

Similarly, Hz is transformed into an upper triangular matrix

∆−1
z Hz∆z =

⎡⎢⎢⎣
−1 0 2 0
0 −2 0 2
0 0 1 0
0 0 0 2

⎤⎥⎥⎦ , with ∆z =

⎡⎢⎢⎣
0 −1 0 1
0 1 0 0
− 1

2 0 1 0
1 0 0 0

⎤⎥⎥⎦ .

As a result, ∆ can be obtained by combining the first two columns of ∆z and
the last two columns of ∆p as

∆ =

⎡⎢⎢⎣
0 −1 0 1
0 1 0 2
− 1

2 0 1 0
1 0 1 0

⎤⎥⎥⎦ .
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This ∆ is nonsingular and, hence, there exists a J-spectral factorisation.
The D-matrix D =

[−1 0
0 1

]
of Λ has one positive eigenvalue and a negative

eigenvalue. This gives

Jp,q =
[

1 0
0 −1

]
and DW =

[
0 1
1 0

]
such that D∗

W Jp,qDW = D. According to (4.7), a J-spectral factor of Λ is
found as

W =

⎡⎢⎢⎣
−2 0 0 − 2

3
0 −1 − 2

3 0
3
2 0 0 1
0 − 3

2 1 0

⎤⎥⎥⎦ ,

which can be described in transfer matrix as

W (s) =
[

0 s+1
s+2

s+2
s+1 0

]
.

It is worth noting that a corresponding J-spectral factor for

Λ̄(s) = −Λ(s) =

[
s2−4
s2−1 0
0 − s2−1

s2−4

]

with Jp,q =
[

1 0
0 −1

]
is

W̄ (s) =
[

0 1
1 0

]
W (s) =

[ s+2
s+1 0
0 s+1

s+2

]
because [

0 1
1 0

]
Jp,q

[
0 1
1 0

]
= −Jp,q.

4.8 Summary

A class of regular invertible para-Hermitian transfer matrices is characterised
and then the J-spectral factorisation of transfer matrices is studied. A trans-
fer matrix Λ in this class admits a J-spectral factorisation if and only if there
exists a common nonsingular matrix to similarly transform the A-matrices of
Λ and Λ−1, resp., into 2 × 2 lower (upper, resp.) triangular block matrices
with the (1, 1)-block including all the stable modes of Λ (Λ−1, resp.). The
resulting J-spectral factor is formulated in terms of the original realization
of Λ. When the transfer matrix meets additional conditions, there exists a
J-spectral factorisation if and only if a coupling condition related to the sta-
bilising solutions of two AREs holds. A well-studied case with Λ = G∼JG
with a stable G is revisited and two numerical examples are shown.
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The Delay-type Nehari Problem

This chapter1 generalises the frequency-domain results for the delay-type Ne-
hari problem in the stable case and the unstable case. It also extends the
solution of the conventional (delay-free) Nehari problem to the delay-type
Nehari problem. The solvability condition of the delay-type Nehari problem
is formulated in terms of the nonsingularity of a delay-dependent matrix. The
optimal value γopt is the maximal γ ∈ [0, ∞) such that this matrix becomes
singular when γ decreases from ∞. All suboptimal compensators are param-
eterised in a transparent structure incorporating a modified Smith predictor.
The arguments about J-spectral factorisation developed in the previous chap-
ter are crucial to derivation of the results.

5.1 Introduction

The H∞ control of processes with delay(s) has been an active research area
since the mid 1980s. It is well known that a large class of H∞ control prob-
lems can be reduced to Nehari problems [32]. This is still true in the case of
systems with delay(s), where the simplified problem is a delay-type Nehari
problem. Some papers [29, 182] were devoted to calculation of the infimum of
the delay-type Nehari problem in the stable case. It was shown in [182] that
this problem in the stable case is equivalent to calculating an L2[0, h]-induced
norm. However, for the unstable case, it becomes much more complicated.
Tadmor [132] presented a state-space solution to this problem in the unstable
case, in which a differential/algebraic matrix Riccati equation-based method
was used. The optimal value relies on the solution of a differential Riccati
equation. Although the expositions are very elegant, the suboptimal solution
is too complicated and the structure is not transparent.

Motivated by the idea of Meinsma and Zwart [80], this chapter presents a
frequency-domain solution to the delay-type Nehari problem in the unstable

1 Portions reprinted from [158, 160], with permission from Elsevier.
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case. The optimal value γopt of the delay-type Nehari problem is formulated
in a simple and clear way: it is the maximal γ such that a delay-dependent
matrix becomes singular when γ decreases from +∞ to 0. Hence, one need no
longer solve a differential Riccati equation. All the suboptimal compensators
are formulated in a transparent structure incorporating a modified Smith
predictor (but not of the original plant).

5.2 Problem Statement (NPh)

The Delay-type Nehari Problem (NPh) can be described as follows:

Given a minimal state-space realization

Gβ
.=
[

A B
−C 0

]
, (5.1)

which is not necessarily stable and h ≥ 0, characterise the
optimal value

γopt = inf{∥∥Gβ(s) + e−shK(s)
∥∥

L∞
: K(s) ∈ H∞} (5.2)

and for a given γ > γopt, parameterise the suboptimal set of
proper K ∈ H∞ such that∥∥Gβ(s) + e−shK(s)

∥∥
L∞

< γ. (5.3)

A similar Nehari problem with distributed delays, which can be reformu-
lated as

∥∥e−shGβ(s) + K(s) ‖∞ < γ in the single delay case, was studied in
[130]. Although this question looks similar to (5.3) in form, they are entirely
different in essence, and the problem studied here and in [132] is much more
complicated.

The compensator K is, in general, infinite-dimensional. K is called “proper”
if there exists a real number α such that

sup
Re s>α

‖K(s)‖ < ∞,

i.e., K is bounded on the right half-plane where Re s > α. K is called “strictly
proper” if

lim
Re s>α, |s|→+∞

K(s) = 0.

Weiss [151] showed that the properness of K implies the existence of a causal
input–output operator with transfer function K.
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5.3 Solution to the NPh

It is well known [36] that this problem is solvable iff

γ > γopt
.=
∥∥ΓeshGβ

∥∥ , (5.4)

where Γ denotes the Hankel operator. The symbol eshGβ is noncausal and,
possibly, unstable. It is easy to see from (5.2) that γopt ≤ ‖Gβ(s)‖L∞because
at least K can be chosen as 0. It can be seen from (5.4) that γopt ≥ ∥∥ΓGβ

∥∥.
Hence, the optimal value γopt satisfies the following inequality:∥∥ΓGβ

∥∥ ≤ γopt ≤ ‖Gβ(s)‖L∞ . (5.5)

When γ ≤ ‖Gβ(s)‖L∞ , the matrix

H =
[

A γ−2BB∗

−C∗C −A∗

]
defined in (3.12) has at least one pair of eigenvalues on the jω-axis, according
to the bounded real lemma [180].

For a given minimally-realized transfer matrix Gβ =
[

A B
−C 0

]
having neither

jω-axis zero nor jω-axis pole, define the following two Hamiltonian matrices:

Hc =
[

A γ−2BB∗

0 −A∗

]
, Ho =

[
A 0

−C∗C −A∗

]
.

Then the ARE [−Lc I
]
Hc

[
I
Lc

]
= 0 (5.6)

and [
I −Lo

]
Ho

[
Lo

I

]
= 0 (5.7)

always have unique solutions Lc ≤ 0 and Lo ≤ 0 such that A + γ−2BB∗Lc =[
I 0
]
Hc

[
I
Lc

]
and A + LoC

∗C =
[
I −Lo

]
Ho

[
I
0

]
are stable.

Theorem 5.1. (Delay-type Nehari problem) For a given minimally-realized
transfer matrix Gβ =

[
A B
−C 0

]
having neither jω-axis zero nor jω-axis pole, the

optimal value γopt of the delay-type Nehari problem (5.3) is

γopt = max{γ : det Σ̂22 = 0},
where

Σ̂22 =
[−Lc I

]
Σ

[
Lo

I

]
. (5.8)

Furthermore, for a given γ > γopt, all K(s) ∈ H∞ satisfying (5.3) can be
parameterised as
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K = Hr(
[

I 0
Z I

]
W−1, Q) (5.9)

where ‖Q(s)‖H∞ < γ is a free parameter and

Z = −πh{Fu(
[

Gβ I
I 0

]
, γ−2G∼

β )}, (5.10)

W−1 =

⎡⎣ A + γ−2BB∗Lc Σ̂−∗
22 (Σ∗

12 + LoΣ
∗
11)C

∗ −Σ̂−∗
22 B

−C I 0
γ−2B∗(Σ∗

21 − Σ∗
11Lc) 0 I

⎤⎦ . (5.11)

Remark 5.1. It can be shown that Σ̂∗
22 =

[
I −Lo

]
Σ−1

[
I
Lc

]
.

The structure of K is shown in Figure 5.1. It consists of an infinite-
dimensional block Z, which is a finite-impulse-response (FIR) block (i.e., a
modified Smith predictor), a rational block W−1 and a free parameter Q.

�

Gβ Z

e−shI

W−1

�

Q

K���

�
-

u

y

z

w

�

�

��

�

�

�

�

�

Figure 5.1. Representation of the NPh as a block diagram

5.4 Proof

The NPh problem (5.3) can be associated with the following system using the
right chain-scattering representation [58]:[

z
w

]
=
[

e−shI Gβ(s)
0 I

] [
u
y

]
.= G(s)

[
u
y

]
,

u = Ky.

The corresponding closed-loop transfer matrix is

Tzw = Hr(G, K) = Gβ + e−shK.
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It is well known [39, 58, 80] that the H∞ control problem

‖Hr(G, K)‖∞ < γ

is equivalent to G∼JγG having a J-spectral factor V such that the (2, 2)-block
of GV −1 is bistable. Hence, in this proof, effort is devoted to characterising
the conditions to meet these requirements. Here,

G∼JγG =
[

I eshGβ

e−shG∼
β G∼

β Gβ − γ2I

]
.

The underlying idea here is the Meinsma–Zwart idea: to find a unimodular
matrix to equivalently rationalise the system and then to find the J-spectral
factorisation of the rationalised system, proposed in [80] for a 2-block problem.
The result there was obtained for a stable G and cannot be directly used here
because G here is not necessarily stable. Some ideas from there are borrowed,
but only involving an elementary tool (the similarity transformation) to find
a realization of the rationalised system.

Since Z given in (5.10) is a stable FIR block and
[

I 0
Z I

]
is bistable, the

following transformation does not affect the solvability of the original problem
[58, 80]:

Θ
.=
[

I Z∼

0 I

]
G∼JγG

[
I 0
Z I

]
.

Once the J-spectral factor of Θ is obtained, the J-spectral factor of G∼JγG
is obtained.

Z given in (5.10) can be decomposed into two parts:

Z(s) = F0(s) + F1(s)e−sh, (5.12)

where
F1 = Fu(

[
Gβ I
I 0

]
, γ−2G∼

β ). (5.13)

This eliminates the delay term in

Θ21 = e−shG∼
β +

(
G∼

β Gβ − γ2I
)
Z

and rationalises Θ as

Θ =

⎡⎣γ2I
(
γ2I − GβG∼

β

)−1

+ F∼
0

(
G∼

β Gβ − γ2I
)

F0 F∼
0

(
G∼

β Gβ − γ2I
)(

G∼
β Gβ − γ2I

)
F0 G∼

β Gβ − γ2I

⎤⎦
(5.14)

Substituting (5.1) into (5.13) and using the formula in Subsection 3.3.1,
then F1 can be obtained as

F1 =

⎡⎣ A γ−2BB∗ 0
−C∗C −A∗ C∗

0 γ−2B∗ 0

⎤⎦ . (5.15)
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F0 can be obtained, according to the definition of the operator πh, as

F0 =

⎡⎣ A γ−2BB∗ 0
−C∗C −A∗ C∗

γ−2B∗Σ∗
21 −γ−2B∗Σ∗

11 0

⎤⎦ . (5.16)

Substituting (5.1), (5.15) and (5.16) into (5.14), then Θ−1 can be obtained,
after tedious matrix manipulations (see Section 5.6), as

Θ−1 =

⎡⎢⎢⎣
A γ−2BB∗ 0 γ−2Σ11B
0 −A∗ −C∗ γ−2Σ21B

−C 0 I 0
γ−2B∗Σ∗

21 −γ−2B∗Σ∗
11 0 −γ−2I

⎤⎥⎥⎦ .

The A-matrix of Θ is ΣHoΣ
−1. Θ−1 is in the form of a regular para-Hermitian

matrix (4.1) and a J-spectral co-factor W−1
0 of Θ−1 can be found using similar

arguments to those in Chapter 4 (see Section 5.7) as

W−1
0 =

⎡⎣ A + γ−2BB∗Lc Σ̂−∗
22 (Σ∗

12 + LoΣ
∗
11)C∗ −Σ̂−∗

22 Bγ−1

−C I 0
γ−2B∗(Σ∗

21 − Σ∗
11Lc) 0 γ−1I

⎤⎦ ,

where Σ̂22 is given in (5.8). Hence, the following equality is obtained:

G∼JγG =
[

I −Z∼

0 I

]
W∼

0 JW0

[
I 0

−Z I

]
.

Since W0 and
[

I 0
−Z I

]
are all bistable, W0

[
I 0

−Z I

]
is a J-spectral factor of G∼JγG.

This means that any K in the form

K = Hr(
[

I 0
Z I

]
W−1, Q),

where

W−1 =

⎡⎣ A + γ−2BB∗Lc Σ̂−∗
22 (Σ∗

12 + LoΣ
∗
11)C∗ −Σ̂−∗

22 B
−C I 0

γ−2B∗(Σ∗
21 − Σ∗

11Lc) 0 I

⎤⎦ ,

and ‖Q(s)‖H∞ < γ is a free parameter, satisfies∥∥Gβ(s) + e−shK(s)
∥∥

L∞
< γ.

In order to guarantee K(s) ∈ H∞, bistability of the (2, 2)-block of the
matrix

Π =
[

Π11 Π12

Π21 Π22

]
.= G

[
I 0
Z I

]
W−1,

i.e., Π22 =
[
Z I

]
W−1

[
0
I

]
, is required. Using similar arguments to those of

Meinsma and Zwart [80], the bistability of Π22 is equivalent to the existence
of the J-spectral co-factorisation of Θ−1 (equivalently, the nonsingularity of
Σ̂22) not only for γ but also for any number larger than γ. The minimal
γ which satisfies this condition is γopt. When this condition is satisfied, the
compensator is parameterised as given in (5.9). This completes the proof.
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5.5 Special Cases

Three special cases are considered in this section.

5.5.1 The Stable Case

If A is stable, then Lo = 0, Lc = 0 and thus2

Σ̂22 =
[
0 I
]
Σ

[
0
I

]
= Σ22.

The optimal γ becomes

γopt = γh = max{γ : detΣ22 = 0}.
This coincides with the Zhou–Khargonekar formula [55] as given in [182].

Corollary 5.1. For a minimally-realized stable transfer matrix Gβ =
[

A B
−C 0

]
having neither jω-axis zero nor jω-axis pole, the delay-type Nehari problem
(5.3) is solvable iff γ > γh (or equivalently, Σ22 is nonsingular not only for γ
but also for any number larger than γ). Furthermore, if this condition holds,
then K is parameterised as (5.9) but

W−1 =

⎡⎣ A Σ−∗
22 Σ∗

12C
∗ −Σ−∗

22 B
−C I 0

γ−2B∗Σ∗
21 0 I

⎤⎦ .

5.5.2 The Conventional Nehari Problem

If delay h = 0, then Σ = I and thus

Σ̂22 = I − LoLc.

The condition reduces to the nonsingularity of I − LoLc for any γ > γopt. In
this case,

γopt = max{γ : det(I − LoLc) = 0}.
Corollary 5.2. For a minimally-realized transfer matrix Gβ=

[
A B
−C 0

]
having

neither jω-axis zero nor jω-axis pole, the delay-free Nehari problem (to find
K ∈ H∞ such that ‖Gβ(s) + K(s)‖L∞ < γ) is solvable iff

γ > max{γ : det(I − LoLc) = 0}.
Furthermore, if this condition holds, then K is parameterised as

K = Hr

(
W−1, Q

)
,

2 This is the reason for the notation Σ̂22.
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where

W−1 =

⎡⎣A + γ−2BB∗Lc (I − LoLc)−1LoC
∗ −(I − LoLc)−1B

−C I 0
−γ−2B∗Lc 0 I

⎤⎦
and ‖Q(s)‖H∞ < γ is a free parameter.

Remark 5.2. This is an alternative solution to the well-known Nehari problem
which has been addressed extensively [32, 39]. The A-matrix A is not split
here. In common situations, it was handled by modal decomposition [39], and
the A-matrix A was split into a stable part and an anti-stable part.

5.5.3 The Conventional Nehari Problem with Stable A

If delay h = 0 and A is stable, then Lo = 0, Lc = 0, Σ = I and thus

Σ̂22 = I.

The condition is always satisfied for any γ ≥ 0. K is then parameterised as

K = Hr

(
W−1, Q

)
,

where

W−1 =

⎡⎣A 0 B
C I 0
0 0 I

⎤⎦ =
[

I −Gβ

0 I

]
.

This is obvious. For the stable delay-free Nehari problem, the solution is ap-
parently

K = −Gβ + Q

for any γ > 0, where ‖Q(s)‖H∞ < γ is a free parameter. In this case, γopt = 0.

5.6 Realizations of Θ−1 and Θ

This section is devoted to deriving realizations of Θ−1 and Θ.
Although

[
I F∼

0

0 I

]
is unstable, Θ can be calculated as follows without chang-

ing the result after a series of simplifications (only for calculation, not for
implementation):

Θ =

[
I F∼

0

0 I

] [
γ2I

(
γ2I − GβG∼

β

)−1
0

0 G∼
β Gβ − γ2I

] [
I 0
F0 I

]
(5.17)

After substituting the realizations of Gβ and F0 into (5.17), Θ can be found
as follows. However, this realization is not minimal and has to be minimised,
using the state-space operations and the properties of Σ given in Chapter 3.
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In order to further simplify Θ, invert it:

Θ−1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A γ−2BB∗ 0 0 0 0 0 γ−2B
−C∗C −A∗ 0 0 0 0 0 0

0 0 −A∗ 0 0 0 C∗ −γ−2Σ21B
0 0 −γ−2BB∗ A 0 0 0 γ−2Σ11B

0 0 0 0 A γ−2BB∗ 0 0
0 0 0 C∗C −C∗C −A∗ −C∗ 0
0 0 0 −C 0 0 I 0

0 −γ−2B∗ 0 0 γ−2B∗Σ∗
21 −γ−2B∗Σ∗

11 0 −γ−2I

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A γ−2BB∗ 0 0 0 0 0 γ−2B
−C∗C −A∗ 0 0 0 0 0 0

0 0 −A∗ 0 0 0 C∗ −γ−2Σ21B
0 0 −γ−2BB∗ A 0 0 0 γ−2Σ11B

0 0 0 0 A γ−2BB∗ 0 −γ−2Σ11B

0 0 0 0 −C∗C −A∗ 0 −γ−2Σ21B
0 0 0 −C 0 0 I 0

0 −γ−2B∗ γ−2B∗Σ∗
11 γ−2B∗Σ∗

21 γ−2B∗Σ∗
21 −γ−2B∗Σ∗

11 0 −γ−2I

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎣
A γ−2BB∗ 0 γ−2B

−C∗C −A∗ 0 0
0 0 0 0

0 −γ−2B∗ 0 0

⎤⎥⎥⎦ +

⎡⎢⎢⎣
A γ−2BB∗ 0 −γ−2Σ11B

−C∗C −A∗ 0 −γ−2Σ21B
0 0 0 0

γ−2B∗Σ∗
21 −γ−2B∗Σ∗

11 0 0

⎤⎥⎥⎦

+

⎡⎢⎢⎣
−A∗ 0 C∗ −γ−2Σ21B

−γ−2BB∗ A 0 γ−2Σ11B
0 −C I 0

γ−2B∗Σ∗
11 γ−2B∗Σ∗

21 0 −γ−2I

⎤⎥⎥⎦
=

[
0 0
0 −γ−2B

] (
(sI − H)−1 − Σ−1(sI − H)−1Σ

) [
0 γ−2B
0 0

]

+

⎡⎢⎢⎣
A γ−2BB∗ 0 −γ−2Σ11B

0 −A∗ C∗ −γ−2Σ21B
C 0 I 0

−γ−2B∗Σ∗
21 γ−2B∗Σ∗

11 0 −γ−2I

⎤⎥⎥⎦

=

⎡⎢⎢⎣
A γ−2BB∗ 0 γ−2Σ11B

0 −A∗ −C∗ γ−2Σ21B
−C 0 I 0

γ−2B∗Σ∗
21 −γ−2B∗Σ∗

11 0 −γ−2I

⎤⎥⎥⎦ .

The A-matrix of Θ is Σ
[

A 0
−C∗C −A∗

]
Σ−1 and, furthermore, Θ can be obtained,

by inverting Θ−1 and then applying a similarity transformation Σ, as

Θ =

⎡⎢⎢⎣
A 0 −Σ∗

12C
∗ B

−C∗C −A∗ Σ∗
11C

∗ 0
−CΣ11 −CΣ12 I 0

0 B∗ 0 −γ2I

⎤⎥⎥⎦ .

5.7 J-spectral Co-factor of Θ−1

Since there always exist stabilising solutions Lc ≤ 0 and Lo ≤ 0 to the
two ARE (5.6) and (5.7), respectively, the stable eigenspace of Hc (i.e.,
the A-matrix of Θ−1) is Im

[
I
Lc

]
and the antistable eigenspace of Ho is

Im
[

Lo

I

]
. The antistable eigenspace of ΣHoΣ

−1 (i.e., the A-matrix of Θ) is
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Im Σ
[

Lo

I

]
= Im

[
Σ11Lo + Σ12

Σ21Lo + Σ22

]
. Using similar arguments to those in Chapter 4, Θ−1

admits a J-spectral co-factorisation Θ−1 = W−1
0 JW−∼

0 if and only if

det
[

I Σ11Lo + Σ12

Lc Σ21Lo + Σ22

]
= det (

[−Lc I
]
Σ

[
Lo

I

]
) 	= 0.

If this condition holds, then the following matrix is well defined:

Lco =
[
I 0
]
Σ

[
Lo

I

]
(
[−Lc I

]
Σ

[
Lo

I

]
)−1.

Using the properties of Σ in Lemma 3.14, it can be shown that Lco = L∗
co and

Lco = L∗
co = (

[−Lc I
]
Σ

[
Lo

I

]
)−∗ [Lo I

]
Σ∗
[

I
0

]
= (
[
Lo I

]
Σ∗
[−Lc

I

]
)−1

[
Lo I

]
Σ∗
[

I
0

]
= −(

[
I −Lo

]
Σ−1

[
I
Lc

]
)−1

[
I −Lo

]
Σ−1

[
0
I

]
.

Instead of directly using Lemma 4.1 and/or Theorem 4.2, two steps will
be used to derive the J-spectral co-factor of Θ−1.

(i) Stabilisation: After applying a similarity transformation
[

I 0
Lc I

]
,

Θ−1 =

⎡⎢⎢⎣
A + γ−2BB∗Lc γ−2BB∗ 0 γ−2Σ11B

0 −A∗ − Lcγ
−2BB∗ −C∗ γ−2(Σ21 − LcΣ11)B

−C 0 I 0
γ−2B∗(Σ∗

21 − Σ∗
11Lc) −γ−2B∗Σ∗

11 0 −γ−2I

⎤⎥⎥⎦ .

(ii) Factorisation: After applying another similarity transformation
[

I Lco

0 I

]
,

Θ
−1 =⎡⎢⎢⎢⎢⎣

A + γ−2BB∗Lc θ12 LcoC∗ γ−2(Σ11 − LcoΣ21 + LcoLcΣ11)B
0 −A∗ − γ−2LcBB∗ −C∗ γ−2(Σ21 − LcΣ11)B

−C −CLco I 0

γ−2B∗(Σ∗
21 − Σ∗

11Lc) −γ−2B∗ [ 0 I
]

Σ−1
[

Lco
I + LcLco

]
0 −γ−2I

⎤⎥⎥⎥⎥⎦ ,

where the element θ12 is

θ12 = γ−2BB∗ + LcoA
∗ + LcoLcγ

−2BB∗ + ALco + γ−2BB∗LcLco.

It can be verified that the following identity holds:

θ12 ≡ −LcoC
∗CLco+(Lco

[−Lc I
]
Σ

[
I
0

]
−Σ11)γ

−2BB∗(Lco

[−Lc I
]
Σ

[
I
0

]
−Σ11)

∗,

which is equivalent to[
I + LcoLc −Lco

]
ΣHoΣ

−1

[
Lco

I + LcLco

]
≡ 0,
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because of the ARE (5.7) and the following two equalities:[
Lco

I + LcLco

]
=
[

I 0
0 I

]
Σ

[
Lo

I

]
(
[−Lc I

]
Σ

[
Lo

I

]
)−1,

[
I + LcoLc −Lco

]
= (
[
I −Lo

]
Σ−1

[
I
Lc

]
)−1

[
I −Lo

]
Σ−1

[
I 0
0 I

]
. (5.18)

It is a remarkable property that the matrices
[

I 0
0 I

]
and

[
I 0
0 I

]
are the identity

matrix. As a result, Θ−1 can be factorised as

Θ−1 = W−1
0 JW−∼

0

with W−1
0 given by

W−1
0 =

⎡⎢⎢⎣ A + γ−2BB∗Lc LcoC
∗ (Lco

[−Lc I
]
Σ

[
I
0

]
− Σ11)Bγ−1

−C I 0
γ−2B∗(Σ∗

21 − Σ∗
11Lc) 0 γ−1I

⎤⎥⎥⎦ .

(5.19)
As shown below, W0 is also stable and hence W−1

0 is bistable. In other words,
it is indeed a J-spectral co-factor of Θ−1. The A-matrix of W0 is

A + γ−2BB∗Lc + LcoC
∗C + (Lco

[−Lc I
]
Σ

[
I
0

]
− Σ11)γ

−2BB∗(Σ∗
11Lc − Σ∗

21)

= A + γ−2BB∗Lc + LcoC
∗C +

[−I − LcoLc Lco

]
Σ

[
I
0

]
γ−2BB∗ [ 0 I

]
Σ−1

[
I
Lc

]
= A + γ−2BB∗Lc + LcoC

∗C − (
[−Lc I

]
Σ

[
Lo

I

]
)−∗ ·

[
I −Lo

] [ 0 γ−2BB∗

0 0

]
Σ−1

[
I
Lc

]
= A + γ−2BB∗Lc − (

[
Lo I

]
Σ∗
[−Lc

I

]
)−1 ·

[
I −Lo

]
Σ−1

{[
0

C∗C

]
+ Σ

[
0 γ−2BB∗

0 0

]
Σ−1

[
I
Lc

]}
= A + γ−2BB∗Lc − (

[
I −Lo

]
Σ−1

[
I
Lc

]
)−1

[
I −Lo

]
Σ−1(Hc − ΣHoΣ

−1)

[
I
Lc

]
= (
[
I −Lo

]
Σ−1

[
I
Lc

]
)−1

[
I −Lo

]
Σ−1 ·{[

I
Lc

]
(A + γ−2BB∗Lc) − (Hc − ΣHoΣ

−1)

[
I
Lc

]}
= (
[
I −Lo

]
Σ−1

[
I
Lc

]
)−1 [ I −Lo

]
Σ−1

{
ΣHoΣ

−1

[
I
Lc

]}
∼ [ I −Lo

]
HoΣ

−1

[
I
Lc

]
(
[
I −Lo

]
Σ−1

[
I
Lc

]
)−1
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=
[
I −Lo

]
Ho

{[
I 0
0 I

]
+

[
Lo

I

] [
0 −I

]}
Σ−1

[
I
Lc

]
(
[
I −Lo

]
Σ−1

[
I
Lc

]
)−1

=
[
I −Lo

]
Ho

[
I −Lo

0 0

]
Σ−1

[
I
Lc

]
(
[
I −Lo

]
Σ−1

[
I
Lc

]
)−1

=
[
I −Lo

]
Ho

[
I
0

]
,

where “∼” means similar to. The addition of ARE (5.7) was used just after
the similarity transformation.

Due to (5.18), W−1
0 can be further simplified to

W−1
0 =

⎡⎢⎢⎣ A + γ−2BB∗Lc LcoC
∗ − [ I + LcoLc −Lco

]
Σ

[
I
0

]
Bγ−1

−C I 0
γ−2B∗(Σ∗

21 − Σ∗
11Lc) 0 γ−1I

⎤⎥⎥⎦
=

⎡⎣ A + γ−2BB∗Lc Σ̂−∗
22 (Σ∗

12 + LoΣ
∗
11)C∗ −Σ̂−∗

22 Bγ−1

−C I 0
γ−2B∗(Σ∗

21 − Σ∗
11Lc) 0 γ−1I

⎤⎦ ,

where

Σ̂22 =
[−Lc I

]
Σ

[
Lo

I

]
, Σ̂∗

22 =
[
I −Lo

]
Σ−1

[
I
Lc

]
.

5.8 A Numerical Example

A numerical example3 is given here. Consider

Gβ(s) = − 1
s− a

with a minimal realization

Gβ =
[

a 1
−1 0

]
,

i.e., A = a, B = 1 and C = 1. According to the assumptions, a 	= 0. This
gives

Hc =
[

a γ−2

0 −a

]
, Ho =

[
a 0
−1 −a

]
and H =

[
a γ−2

−1 −a

]
.

The AREs (5.6) and (5.7) can be re-written as

L2
cγ

−2 + 2aLc = 0 and L2
o + 2aLo = 0.

3 Portions reprinted, with permission, from [168]. c©IEEE.
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When a < 0, i.e., Gβ is stable, the stabilising solutions are

Lc = 0 and Lo = 0.

When a > 0, i.e., Gβ is unstable, the stabilising solutions are4

Lc = −2aγ2 and Lo = −2a.

It is easy to find that the eigenvalues of H are λ1,2 = ±λ with λ =√
a2 − γ−2. Note that λ may be an imaginary number. Assume that γ 	= 1/ |a|

temporarily. With two similarity transformations with

S1 =
[

1 −a + λ
0 1

]
and S2 =

[
1 0

− 1
2λ 1

]
,

H can be transformed into
[

λ 0
0 −λ

]
, i.e.,

S−1
2 S−1

1 HS1S2 =
[

λ 0
0 −λ

]
.

Hence, the Σ-matrix is

Σ = eHh = S1S2

[
eλh 0
0 e−λh

]
S−1

2 S−1
1

= S1

[
eλh 0

− 1
2λ(eλh − e−λh) e−λh

]
S−1

1

=
[

eλh + a−λ
2λ (eλh − e−λh) a2−λ2

2λ (eλh − e−λh)
− 1

2λ (eλh − e−λh) e−λh − a−λ
2λ (eλh − e−λh)

]
.

When γ = 1/ |a|, i.e., λ = 0, the above Σ still holds if the limit for λ → 0 is
taken on the right-hand side, which gives

Σ|λ=0 =
[

1 + ah a2h
−h 1 − ah

]
.

In the sequel, it is assumed that Σ is defined as above for λ = 0.

5.8.1 The Stable Case (a < 0)

In this case, Gβ is stable and Lc = Lo = 0. Hence, Σ̂22 defined in (5.8) is

Σ̂22 = Σ22 = e−λh − a − λ

2λ
(eλh − e−λh).

4 In this case, A + γ−2BB∗Lc = a − 2a = −a and A + LoC
∗C = a − 2a = −a are

stable.
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When γ ≥ 1/ |a|, the number λ is positive and hence the eigenvalues of H are
real. It is easy to see that Σ̂22 is always positive (nonsingular).5 According to
Theorem 5.1,

γopt < 1/ |a| .
This reflects the right half of the condition (5.5).

When 0 < γ < 1/ |a|, the number λ = ωi, where ω =
√

γ−2 − a2, is
imaginary and hence the eigenvalues of H are imaginaries. However, Σ̂22 is
still a real number because

Σ̂22 = e−ωhi − a − ωi

2ωi
(eωhi − e−ωhi)

= cos(ωh) − a

ω
sin(ωh).

Substitute ω =
√

γ−2 − a2 into this, then

Σ̂22 = cos(
ah

aγ

√
1 − a2γ2) − aγ√

1 − a2γ2
sin(

ah

aγ

√
1 − a2γ2).

This can be regarded as a surface, as shown in Figure 5.2, with respect to the
normalised delay ah and the normalised performance index aγ. This surface
crosses the plane Σ̂22 = 0 many times, as can be seen from the contours of
Σ̂22 = 0 shown in Figure 5.3. The top curve in Figure 5.3 characterises the
normalised optimal performance index aγopt with respect to the normalised
delay ah. On this curve, Σ̂22 becomes singular the first time when γ decreases
from +∞ (or actually, ‖Gβ‖L∞) to 0. Since

∥∥ΓGβ

∥∥ = 0 and ‖Gβ‖L∞ = 1/ |a|,
the optimal value γopt satisfies 0 ≤ γopt ≤ 1/ |a|, i.e., −1 ≤ aγopt ≤ 0. This
coincides with the curve aγopt shown in Figure 5.3.

The (suboptimal) compensator for γ > γopt is discussed below.
According to (5.10), (5.12), (5.13), (5.15), and (5.16),

Z(s) = −πh(

⎡⎣ a γ−2 0
−1 −a 1
0 γ−2 0

⎤⎦) = γ−2 γ−2Σ∗
21 + (e−sh − Σ∗

11)(s − a)
s2 + γ−2 − a2

. (5.20)

The locus of the hidden poles of Z(s), which are the eigenvalues of H , is shown
in Figure 5.4. When γ ≥ 1/ |a|, Z(s) has two hidden real poles symmetric to
the jω-axis. When 0 < γ < 1/ |a|, Z(s) has a pair of hidden imaginary poles.
In either case, the implementation of Z needs care; see Part II.

The W−1 given in (5.11) is well defined for γ > γopt as

W−1 =

⎡⎣ a Σ−∗
22 Σ∗

12 −Σ−∗
22

−1 1 0
γ−2Σ∗

21 0 1

⎤⎦
5 Σ̂22 = 1 − ah when γ = 1/ |a| = −1/a.
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Σ̂22

ah

aγ

Figure 5.2. Surface of Σ̂22 with respect to ah and aγ (a < 0)
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Figure 5.3. Contour Σ̂22 = 0 on the ah-aγ plane (a < 0)

and Π22 =
[
Z I

]
W−1

[
0
I

]
is

Π22 =
[
Z 1

]⎡⎣ a −Σ−∗
22

−1 0
γ−2Σ∗

21 1

⎤⎦ = 1 +
Σ−∗

22

s − a
(Z − γ−2Σ∗

21)

= 1 + γ−2Σ−∗
22

e−sh − Σ∗
11 − Σ∗

21(s + a)
s2 + γ−2 − a2

.

It is easy to see that Π22 is stable. As a matter of fact, as required, Π22 is
bistable for γ > γopt. The Nyquist plots of Π22 for different values of aγ are
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Re|a|−|a|

Im

0

γ=+∞γ=1/|a|

(γ 0)

Figure 5.4. Locus of the hidden poles of Z

shown in Figure 5.5 for ah = −1. The optimal value γopt is between −0.44/a
and −0.45/a. This corresponds to the transition from Figure 5.5(c) to Figure
5.5(d), in which the number of encirclements changes according to the change
of the bi-stability of Π22: the Nyquist plot encircles the origin when γ < γopt

and hence Π22 is not bistable but the Nyquist plot does not encircle the origin
when γ > γopt and hence Π22 is bistable.

5.8.2 The Unstable Case (a > 0)

In this case, Gβ is unstable and Lc = −2aγ2, Lo = −2a. Hence, Σ̂22 defined
in (5.8) is

Σ̂22 = e−λh − 4a2γ2eλh +
−2aγ2λ2 − 2a3γ2 + 4λa2γ2 + a + λ

2λ
(eλh − e−λh)

=
−2aγ2λ2 − 2a3γ2 + a + λ − 4λa2γ2

2λ
eλh

−−2aγ2λ2 − 2a3γ2 + a − λ + 4λa2γ2

2λ
e−λh

=
−2aγ2λ2 − 2a3γ2 + a

2λ
(eλh − e−λh) +

eλh + e−λh

2
(1 − 4a2γ2)

=
−4a3γ2 + 3a

2λ
(eλh − e−λh) +

eλh + e−λh

2
(1 − 4a2γ2). (5.21)

Σ̂22 can be re-arranged as

Σ̂22 = −4a(a2γ2 − 1) + a

2λ
(eλh − e−λh) − 4(a2γ2 − 1) + 3

2
(eλh + e−λh).

Hence, Σ̂22 is always negative (nonsingular)6 when γ ≥ 1/ |a|, noting that a
and λ are positive. According to Theorem 5.1, the optimal performance index
6 Σ̂22 = −ah − 3 when γ = 1/ |a| = 1/a.
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Figure 5.5. Nyquist plots of Π22 (a < 0 and ah = −1)
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is less than 1/ |a|, i.e.,
γopt < 1/ |a| .

This actually reflects the right half of the condition (5.5).
When 0 < γ < 1/ |a|, the eigenvalues ±λ of H are on the jω-axis. Substi-

tute λ = ωi with ω =
√

γ−2 − a2 into (5.21), then

Σ̂22 = (1 − 4a2γ2) cos(ωh) + (3 − 4a2γ2)
a

ω
sin(ωh).

Similarly, with the substitution ω =
√

γ−2 − a2 = γ−1
√

1 − a2γ2 , then

Σ̂22 = (1 − 4a2γ2) cos(
ah

aγ

√
1 − a2γ2) +

aγ(3 − 4a2γ2)√
1 − a2γ2

sin(
ah

aγ

√
1 − a2γ2).

This surface is shown in Figure 5.6(b) and the contours of Σ̂22 = 0 on the
ah-aγ plane are shown in Figure 5.7(b). The top curve in Figure 5.7(b) char-
acterises the normalised optimal performance index aγopt with respect to the
normalised delay ah. On this curve, Σ̂22 becomes singular the first time when
γ decreases from +∞ to 0.

Since I − LcLo = 1 − 4a2γ2, then
∥∥ΓGβ

∥∥ = 1
2a . As a result, the optimal

value γopt satisfies
1
2a

≤ γopt ≤ 1
a
,

i.e., 0.5 ≤ aγopt ≤ 1. This coincides with the curve shown in Figure 5.7(b).
The (suboptimal) compensator for γ > γopt is discussed below.
In this case, the FIR block Z remains the same as in (5.20) and the form

is not affected because of the sign of a. However, W−1 is changed to

W−1 =

⎡⎣ −a Σ̂−∗
22 (Σ∗

12 − 2aΣ∗
11) −Σ̂−∗

22

−1 1 0
γ−2Σ∗

21 + 2aΣ∗
11 0 1

⎤⎦
and Π22 =

[
Z I

]
W−1

[
0
I

]
is

Π22 =
[
Z 1

]⎡⎣ −a −Σ̂−∗
22

−1 0
γ−2Σ∗

21 + 2aΣ∗
11 1

⎤⎦
= 1 +

Σ̂−∗
22

s + a
(Z − γ−2Σ∗

21 − 2aΣ∗
11)

= 1 + γ−2Σ̂−∗
22 ·

s−a
s+ae−sh − (s − a)Σ∗

21 + (2a2γ2 − 1 − 2aγ2s)Σ∗
11

s2 + γ−2 − a2

= 1 + γ−2Σ̂−∗
22 ·

s−a
s+ae−sh − (s − a)(Σ∗

21 + 2aγ2Σ∗
11) − Σ∗

11

s2 + γ−2 − a2
.



106 5 The Delay-type Nehari Problem

Σ̂22

ah

aγ

Figure 5.6. Surface of Σ̂22 with respect to ah and aγ (a > 0)
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Figure 5.7. Contour Σ̂22 = 0 on the ah-aγ plane (a > 0)

Apparently, Π22 is stable and invertible. As a matter of fact, as required, Π22

is bistable for γ > γopt. The Nyquist plots of Π22 for different values of aγ are
shown in Figure 5.8 for ah = 1. The optimal value γopt is between 0.73/a and
0.74/a. This corresponds to the transition from Figure 5.8(c) to Figure 5.8(d),
in which the number of encirclements changes accordingly to the change of
the bi-stability of Π22.
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5.9 Summary and Notes

This chapter derives the solution to the delay-type Nehari problem. This gen-
eralises the result for the stable case [182] to the unstable case. This is also
an extension of the conventional (delay-free) Nehari problem to the case with
a delay. The solvability condition is formulated in terms of the nonsingularity
of a matrix.

The solution to a more general problem (but for the stable case) where the
delay is replaced by an inner function m(s) was conjectured in [182], which
was then proved in [66] by using the skew Toeplitz theory. A simple proof in
the s-domain was then given in [125]. Another simple and elegant proof was
given in [154]. An easier formula for computation was given in [56] where m
is a pseudo-rational transfer function and it was then extended to the mixed
sensitivity problem in [55].



6

An Extended Nehari Problem

In this chapter1, a different type of Nehari problem with a delay is consid-
ered. Here, instead of the requirement on the stability of the compensator K,
the stability of the closed-loop transfer matrix is required. Hence, the norm
involved in this chapter is the H∞-norm rather than the L∞-norm. As will
be seen in the next chapter, the solution to this problem is vital for solving
the standard H∞ problem with a delay. While the solvability condition of this
problem is well known, the parameterisation of all the suboptimal compen-
sators is not trivial.

6.1 Problem Statement

The extended Nehari problem with a delay (ENPh) is formulated as follows.

Given a γ > 0 and a strictly proper but not necessarily stable
Gβ11, find a proper (but not necessarily stable) Qβ such that
Gβ11 + e−shQβ is stable and∥∥Gβ11 + e−shQβ

∥∥
∞ < γ. (6.1)

If Qβ(s) ∈ H∞ is required, then the H∞-norm in (6.1) becomes the L∞-
norm and the problem becomes the delay-type Nehari problem (NPh) studied
in the previous chapter. When Gβ11 is stable, this problem is the same as the
NPh with a stable Gβ .

1 Portions reprinted, with permission, from [162]. c©IEEE.
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6.2 The Solvability Condition

The ENPh (6.1) is actually a stabilisation problem. It can be converted to a
conventional Nehari problem∥∥eshQZ + Q0

∥∥
∞ < γ, (6.2)

where Q0 = G̃β11 + Qβ is stable and QZ = Gβ11 − e−shG̃β11 = τh{Gβ11} is a
(stable) FIR block. This was obtained by Mirkin [85] as a constraint imposed
on the free parameter of the delay-free H∞ controllers for processes with a
delay. An alternative implicit solution can be found in [87], which seems not
straightforward.

It is well-known [36, XXXV.4] that this problem (i.e., the ENPh) is solv-
able iff γ > γh

.=
∥∥ΓeshQZ

∥∥, where Γ denotes the Hankel operator. Inspecting
the transfer matrix eshQZ , one can see that γh is actually the L2[0, h]-induced
norm of Gβ11, i.e., γh = ‖Gβ11‖L2[0,h]. Various methods [30, 41, 182] have
been proposed to compute this norm; see Section 3.6 for more details. A sim-
ple representation of γh is the maximal γ making Σ22 singular [182], i.e.,

γh = max{γ : detΣ22 = 0}, (6.3)

which is now known as the Zhou–Khargonekar formula [55].

6.3 Solution

Theorem 6.1. Given Gβ11 =
[

A B
−C 0

]
, there exists an admissible solution to the

extended Nehari problem with a delay iff γ > γh. Furthermore, if the above
condition holds, then all Qβ satisfying (6.1) are parameterised as

Qβ = Hr(
[

I 0
Z1 I

]
W−1, Q), (6.4)

where

Z1 = −πh{
⎡⎣ A γ−2BB∗ 0
−C∗C −A∗ C∗

0 γ−2B∗ 0

⎤⎦}, (6.5)

W−1 =

⎡⎣ A Σ12Σ
−1
22 C∗ −Σ−∗

22 B
−C I 0

γ−2B∗Σ∗
21 0 I

⎤⎦ , (6.6)

and Q(s) is a stable free parameter with ‖Q(s)‖∞ < γ.

Remark 6.1. When Gβ11 is stable, the ENPh is the same as the NPh with a
stable Gβ . Indeed, the solution of the ENPh is the same as that of NPh in
this case given in Corollary 5.1 (Subsection 5.5.1) for a stable Gβ .
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6.4 Proof

The first part of Theorem 6.1 has been shown in Section 6.2. The only thing
left to be proved is to derive the parameterisation of Qβ under the condition
γ > γh.

6.4.1 Rationalisation by Z1

The ENPh problem (6.1) can be associated with the following system in chain-
scattering representation:[

z1

w1

]
= G(s)

[
u2

z2

]
.=
[

e−shI Gβ11

0 I

] [
u2

z2

]
and u2 = Qβz2 (6.7)

and hence can be re-written as ‖Hr(G, Qβ)‖∞ < γ, as shown in Figure 6.1.
It is well known [39, 58, 80] that the H∞ control problem is closely related
to the matrix G∼JγG. Moreover, the H∞ problem (6.1) is solved once G(s)
is completed to be a J-lossless transfer matrix.

Meinsma and Zwart [80] studied a 2-block problem, where G is stable. The
result cannot be directly used to solve the extended Nehari problem with a
delay because G is not necessarily stable and, more importantly, neither is
Qβ. However, the ideas are borrowed.

�

Gβ11 Z1

e−shI

W−1

�

Q

Qβ���

�
-

z1

w1

u2

z2

�

�

��

�

�

�

�

�

Figure 6.1. Solving the ENPh

By introducing the FIR block

Z1(s) = F0(s) + F1(s)e−sh .= −πh{Fu(
[

Gβ11 I
I 0

]
, γ−2G∼

β11)}, (6.8)

the following matrix:

Θ
.=
[

I Z∼
1

0 I

]
G∼JγG

[
I 0
Z1 I

]
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becomes rational (bearing in mind that
[

I 0
Z1 I

]
is a unimodular matrix). Using

elementary transformations, Θ−1 can be obtained (see Section 5.6) as

Θ−1 =

⎡⎢⎢⎣
A γ−2BB∗ 0 γ−2Σ11B
0 −A∗ −C∗ γ−2Σ21B

−C 0 I 0
γ−2B∗Σ∗

21 −γ−2B∗Σ∗
11 0 −γ−2I

⎤⎥⎥⎦ .

6.4.2 Completing the J-losslessness

Θ−1 can be further factorised as

Θ−1 = W−1 · J−1
γ · W−∼,

where W−1 is given in (6.6), without the need to solve any Riccati equation2

but using the Σ-related identities given in Lemma 3.14. The following transfer
matrix:

M =
[

M11 M12

M21 M22

]
.= G

[
I 0
Z1 I

]
W−1,

of which the realization is given in Section 6.5, is stable and J-unitary. Further-
more, it is J-lossless because its (2,2)-block M22 can be shown to be bistable
using similar arguments to those in [80, p.284: the second part of Condition 2
in the Proof of Theorem 5.3]. It can now be concluded, according to Theorem
6.2 in [80, p.281], that

Gβ11 + e−shQβ = Hr(M, Q)

is stable and
∥∥Gβ11 + e−shQβ

∥∥
∞ < γ for

Qβ = Hr(
[

I 0
Z1 I

]
W−1, Q) (6.9)

with any stable Q(s) having ‖Q(s)‖∞ < γ. This condition is also necessary,
as demonstrated below by applying the arguments in [78]. By construction,∥∥Gβ11 + e−shQβ

∥∥
L∞

< γ if and only if ‖Q(s)‖L∞ < γ

for
Q = Hr(W

[
I 0

−Z1 I

]
, Qβ).

Since
lim

Re s≥0,|s|→∞
W (s)

[
I 0

−Z1(s) I

]
=
[

I 0
0 I

]
,

2 This is a notable characteristic. Due to this, Gβ11 may have jω-axis poles and/or
zeros.
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it is true that
Q(∞) = Hr(

[
I 0
0 I

]
, Qβ(∞)) = Qβ(∞).

This implies that Q(s) given above is proper iff Qβ(s) is proper, yet the set of
proper operators in L∞ is in fact H∞ [137] (see also [21, A6.26.c, A6.27]). So
if Qβ solves ENPh, which means Qβ is proper, then necessarily ‖Q(s)‖∞ < γ.

The only thing left to be proved is the state-space realization of Z1, which
can be found as given in (6.5) using the formula in Subsection 3.3.1.

6.5 Realization of M

Since

M =
[

M11 M12

M21 M22

]
= G

[
I 0
Z1 I

]
W−1

=
[

e−shW11 + Gβ11(Z1W11 + W21) e−shW12 + Gβ11(Z1W12 + W22)
Z1W11 + W21 Z1W12 + W22

]
where W−1 as given in (6.6) is re-written as

[
W11 W12

W21 W22

]
according to the original

partition, M can be obtained by elements as follows:
(i) M21: Since Z1(s) = F0(s) + F1(s)e−sh,

M21 =
[
F0 I

] [W11

W21

]
+ F1W11e

−sh,

where

[
F0 I

] [W11

W21

]
=

⎡⎣ A γ−2BB∗ 0 0
−C∗C −A∗ C∗ 0

γ−2B∗Σ∗
21 −γ−2B∗Σ∗

11 0 I

⎤⎦⎡⎣ A Σ12Σ
−1
22 C∗

−C I
γ−2B∗Σ∗

21 0

⎤⎦

=

⎡⎢⎢⎣
A γ−2BB∗ 0 0

−C∗C −A∗ −C∗C C∗

0 0 A Σ12Σ
−1
22 C∗

γ−2B∗Σ∗
21 −γ−2B∗Σ∗

11 γ−2B∗Σ∗
21 0

⎤⎥⎥⎦

=

⎡⎢⎢⎣
A γ−2BB∗ 0 0
0 −A∗ −C∗C C∗

0 γ−2BB∗ A Σ12Σ
−1
22 C∗

0 −γ−2B∗Σ∗
11 γ−2B∗Σ∗

21 0

⎤⎥⎥⎦
=

⎡⎣ A γ−2BB∗ 0
−C∗C −A∗ Σ−1

22 C∗

0 −γ−2B∗ 0

⎤⎦ ,

and
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F1W11 =

⎡⎣ A γ−2BB∗ Σ12Σ
−1
22 C∗

−C∗C −A∗ C∗

0 γ−2B∗ 0

⎤⎦ .

According to the definition of the truncation operator τh,

M21 = τh{
⎡⎣ A γ−2BB∗ 0
−C∗C −A∗ Σ−1

22 C∗

0 −γ−2B∗ 0

⎤⎦}.
(ii) M11 = e−shW11 + Gβ11M21, in which the delay-free term is⎡⎢⎢⎣

A γ−2BB∗ 0 0
−C∗C −A∗ 0 Σ−1

22 C∗

0 −γ−2BB∗ A 0
0 0 −C 0

⎤⎥⎥⎦ =

⎡⎣ A γ−2BB∗ 0
−C∗C −A∗ Σ−1

22 C∗

C 0 0

⎤⎦
and the delay term is

W11 + Gβ11 ·
⎡⎣ A γ−2BB∗ Σ12Σ

−1
22 C∗

−C∗C −A∗ C∗

0 γ−2B∗ 0

⎤⎦

= I +
[

A Σ12Σ
−1
22 C∗

−C 0

]
+

⎡⎢⎢⎣
A γ−2BB∗ 0 Σ12Σ

−1
22 C∗

−C∗C −A∗ 0 C∗

0 γ−2BB∗ A 0
0 0 −C 0

⎤⎥⎥⎦
= I +

⎡⎣ A γ−2BB∗ Σ12Σ
−1
22 C∗

−C∗C −A∗ C∗

−C 0 0

⎤⎦ .

According to the definition of the truncation operator τh,

M11 = e−shI + τh{
⎡⎣ A γ−2BB∗ 0
−C∗C −A∗ Σ−1

22 C∗

C 0 0

⎤⎦}.
(iii) M22: Since Z1(s) = F0(s) + F1(s)e−sh, then

M22 = I +
[
F0 I

] [ W12

W22 − I

]
+ F1W12e

−sh,

where

[
F0 I

] [ W12

W22 − I

]
=

⎡⎣ A γ−2BB∗ 0 0
−C∗C −A∗ C∗ 0

γ−2B∗Σ∗
21 −γ−2B∗Σ∗

11 0 I

⎤⎦⎡⎣ A −Σ−∗
22 B

−C 0
γ−2B∗Σ∗

21 0

⎤⎦
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=

⎡⎢⎢⎣
A γ−2BB∗ 0 0

−C∗C −A∗ −C∗C 0
0 0 A −Σ−∗

22 B
γ−2B∗Σ∗

21 −γ−2B∗Σ∗
11 γ−2B∗Σ∗

21 0

⎤⎥⎥⎦

=

⎡⎢⎢⎣
A γ−2BB∗ 0 −Σ−∗

22 B
−C∗C −A∗ 0 0

0 0 A −Σ−∗
22 B

γ−2B∗Σ∗
21 −γ−2B∗Σ∗

11 0 0

⎤⎥⎥⎦
=

⎡⎣ A γ−2BB∗ −Σ−∗
22 B

−C∗C −A∗ 0
γ−2B∗Σ∗

21 −γ−2B∗Σ∗
11 0

⎤⎦
=

⎡⎣ A γ−2BB∗ −B
−C∗C −A∗ Σ−1

22 Σ21B
0 −γ−2B∗ 0

⎤⎦ ,

using a similarity transform with Σ at the last step, and

F1W12 =

⎡⎣ A γ−2BB∗ −Σ−∗
22 B

−C∗C −A∗ 0
0 γ−2B∗ 0

⎤⎦ .

According to the definition of the truncation operator τh,

M22 = I + τh{
⎡⎣ A γ−2BB∗ −B
−C∗C −A∗ Σ−1

22 Σ21B
0 −γ−2B∗ 0

⎤⎦}.
(iv) M12 = e−shW12 + Gβ11M22, in which the delay-free term is

Gβ11 + Gβ11 ·
⎡⎣ A γ−2BB∗ −B
−C∗C −A∗ Σ−1

22 Σ21B
0 −γ−2B∗ 0

⎤⎦

=

⎡⎢⎢⎣
A γ−2BB∗ 0 −B

−C∗C −A∗ 0 Σ−1
22 Σ21B

0 −γ−2BB∗ A B
0 0 −C 0

⎤⎥⎥⎦
=

⎡⎣ A γ−2BB∗ −B
−C∗C −A∗ Σ−1

22 Σ21B
C 0 0

⎤⎦
and the delay term is

W12 + Gβ11 ·
⎡⎣ A γ−2BB∗ −Σ−∗

22 B
−C∗C −A∗ 0

0 γ−2B∗ 0

⎤⎦
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=
[

A −Σ−∗
22 B

−C 0

]
+

⎡⎢⎢⎣
A γ−2BB∗ 0 −Σ−∗

22 B
−C∗C −A∗ 0 0

0 γ−2BB∗ A 0
0 0 −C 0

⎤⎥⎥⎦
=

⎡⎣ A γ−2BB∗ −Σ−∗
22 B

−C∗C −A∗ 0
−C 0 0

⎤⎦ .

According to the definition of the truncation operator τh,

M12 = τh{
⎡⎣ A γ−2BB∗ −B
−C∗C −A∗ Σ−1

22 Σ21B
C 0 0

⎤⎦}.
Combining the above results, M is then obtained as

M =
[

e−shI 0
0 I

]
+ τh{

⎡⎢⎢⎣
A γ−2BB∗ 0 −B

−C∗C −A∗ Σ−1
22 C∗ Σ−1

22 Σ21B
C 0 0 0
0 −γ−2B∗ 0 0

⎤⎥⎥⎦}.

6.6 Summary

The extended Nehari-problem is solved in this chapter. This is a very similar
problem to the delay-type Nehari problem considered in the previous chapter.
The difference is that, instead of requiring the stability of the compensator
K, the stability of the closed-loop transfer matrix is needed. The solvability
condition is known, but the parameterisation of all the suboptimal compen-
sators is not trivial. This result will be used in the next chapter to solve the
standard H∞ problem with a delay.



7

The Standard H∞ Problem

In this chapter,1 the standard H∞ control problem for processes with a single
delay is considered. A frequency-domain approach is proposed to split the
problem to a standard delay-free H∞ problem and a one-block problem. The
one-block problem is then further reduced to an extended Nehari problem.
Hence, for a given bound on the H∞-norm of the closed-loop transfer function,
there exist proper stabilising controllers that achieve this bound if and only
if both the corresponding delay-free H∞ problem and the extended Nehari
problem with a delay (or the one-block problem) are all solvable. Applying
the results obtained in the previous chapter, the solvability conditions of the
standard H∞ control problem with a delay are formulated in terms of the
existence of solutions to two delay-independent algebraic Riccati equations
and a nonsingularity property of a delay-dependent matrix. All suboptimal
controllers solving the problems are, respectively, parameterised as structures
incorporating a modified Smith predictor.

7.1 Introduction

The H∞ control of processes with delay(s) has been an active research area
since the mid 1980s. Early frequency response methods treated such systems
within the framework of general infinite-dimensional system theory [30, 31,
115, 138, 139]. This resulted in rather complicated solutions, for which the
structure is not transparent. Some problem-oriented approaches [13, 26, 59,
100] were motivated to exploit the structure of systems and simpler structures
incorporating finite-impulse-response (FIR) blocks were proposed in [111, 117,
118] for implementation. Although considerable progress has been made in
this direction, most of the existing solutions still lack the transparency of
the classical predictor-type controller. For example, Nagpal and Ravi [100]
obtained remarkably elegant solvability conditions for the general H∞ control

1 Portions reprinted, with permission, from [162]. c©IEEE.
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problem; however, the resulting controllers are extremely complicated. The
recent work of Tadmor [134] has made the solution much simpler, but still
not very transparent. One of the Riccati equations of [134] depends on the
delay as well as on the solution of another differential Riccati equation. A
notable exception is the recent work of Meinsma and Zwart [80], who derived
the solution of the 2-block mixed sensitivity problem using a Smith-predictor-
type controller. This approach was extended to the standard H∞ problem
[79] by reducing the four-block problem to a two-block problem. However,
the solution is based on several intermediate model transformations and, as
a result, the final formulae are rather involved and the Riccati equation still
depends on the delay. Moreover, there is no clear relationship between the
solutions of the H∞ problems for the system with a delay and for its delay-
free counterpart. It is not clear how the delay affects the achievable cost or
what is the rationale behind the prediction block, especially in the four-block
case; see [92] and references therein.

Mirkin [85, 87] treated the delay element not as a part of the generalised
plant but as a causality constraint imposed upon the controller and then
extracted the controller from the solution of the delay-free counterpart. Using
this idea, the four-block problem was reduced to a one-block problem and the
relationship with the delay-free counterpart becomes clear. In this approach,
it is necessary to find the constraint imposed on the free parameter in the
solution to the delay-free problem. This is difficult and offers few hints for the
case with multiple delays. Moreover, parameterising the transfer functions to
satisfy the desired constraint is not easy.

This chapter presents a more natural and more intuitive approach to solve
the problem in the frequency domain. The four-block problem is reduced to
a delay-free four-block problem and a one-block problem with a delay by in-
serting a unimodular matrix and its inverse. According to the chain-scattering
theory [58], this transformation does not change the problem (in fact, this idea
can be generalised to the multiple-delay case or even some other cases having
a constrained controller). The one-block problem with a delay is then reduced
to the extended Nehari problem with a delay by inserting a unimodular FIR
block. Using the solution to the extended Nehari problem obtained in the
previous chapter, the solutions to the one-block problem and to the standard
problem are recovered. This also offers a proof for a different (but equivalent)
result given in [85, Lemma 2]. An alternative proof can be found in [87].

The rest of this chapter is organised as follows. The problems are stated
in Section 7.2. The main problem is reduced to a delay-free problem and an
extended Nehari problem with a delay in Section 7.3. The solutions to the
problems are given in Section 7.4. Proof of the solution to the main problem
(and the one-block problem) is given in Section 7.5.
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7.2 Problem Statements

The main problem considered in this chapter is the standard H∞ control
problem for systems with a single delay. This problem is solved via reduction
to a one-block problem with a delay and, then, to an extended Nehari problem
with a delay.

7.2.1 The Standard H∞ Problem (SPh)

The standard H∞ control problem for systems with a single I/O delay (SPh)
is formulated as follows.

Given a γ > 0 and the general control setup for processes with
a single I/O delay as shown in Figure 7.1, find a proper con-
troller K such that the closed-loop system is internally stable
and ∥∥Fl(P, Ke−sh)

∥∥
∞ < γ. (7.1)

When h = 0, the problem becomes the common standard H∞ control
problem (SP0).

P

e−shI

K

�

� �

�

y

z

u

w

u1

�

Figure 7.1. General setup of control systems with a single I/O delay

7.2.2 The One-block Problem (OPh)

The one-block problem for systems with a single delay (OPh) is formulated
as follows.
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Given a γ > 0 and a not necessarily stable Gβ with
Gβ(∞) =

[
0 I
I 0

]
, find a proper (but not necessarily stable) K(s)

such that ∥∥Fl(Gβ , Ke−sh)
∥∥
∞ < γ. (7.2)

This is actually a special case of the general one-block problem, where the
(1, 2) and (2, 1) blocks of Gβ(∞) are identity matrices. In order to simplify
the exposition, another condition that the (1, 2) and (2, 1) blocks of Gβ have
a stable inverse will be assumed in this chapter. This is sufficient to derive the
solution to the main problem.

7.3 Reduction of the Standard Problem (SPh)

7.3.1 The Standard Delay-free H∞ Problem (SP0)

Assume that the plant in Figure 7.1 is realized as

P (s) =
[

P11(s) P12(s)
P21(s) P22(s)

]
=

⎡⎣ Ap Bp1 Bp2

Cp1 0 Dp12

Cp2 Dp21 0

⎤⎦
and the following standard assumptions hold:

(A1) (Ap, Bp2) is stabilisable and (Cp2, Ap) is detectable;
(A2)

[
Ap − jωI Bp2

Cp1 Dp12

]
and

[
Ap − jωI Bp1

Cp2 Dp21

]
have full column rank and full row rank,

respectively, ∀ω ∈ R;
(A3) D∗

p12Dp12 = I and Dp21D
∗
p21 = I.

Assumption (A3) is made to simplify the exposition although, in fact, only
the nonsingularity of the matrices D∗

p12Dp12 and Dp21D
∗
p21 is required [40].

When h = 0, the problem is reduced to the common standard H∞ control
problem, for which the well-known results are given in [25, 39]. The following
two Hamiltonian matrices are involved in the solution:

H0 =
[

Ap γ−2Bp1B
∗
p1

−C∗
p1Cp1 −A∗

p

]
−
[

Bp2

−C∗
p1Dp12

] [
D∗

p12Cp1 B∗
p2

]
,

J0 =
[

A∗
p γ−2C∗

p1Cp1

−Bp1B
∗
p1 −Ap

]
−
[

C∗
p2

−Bp1D
∗
p21

] [
Dp21B

∗
p1 Cp2

]
.

Lemma 7.1. [39] Assume that the conditions (A1–A3) are satisfied, then
there exists an admissible controller K, denoted K0, such that ‖Fl(P, K0)‖∞ <
γ (i.e., the delay-free case when h = 0 in Figure 7.1) iff the following three
conditions hold:

(i) H0 ∈ dom(Ric) and X = Ric(H0) ≥ 0;
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(ii) J0 ∈ dom(Ric) and Y = Ric(J0) ≥ 0;
(iii) ρ(XY ) < γ2.

Moreover, when these conditions hold, all admissible controllers such that
‖Fl(P, K0)‖∞ < γ are parameterised as

K0 = Hr(Gα, Qα) (7.3)

where

Gα =

⎡⎣Aα − B1C2 B2 B1

C1 I 0
−C2 0 I

⎤⎦
with

Aα = Ap + LCp2 + γ−2Y C∗
p1Cp1 +

(
Bp2 + γ−2Y C∗

p1Dp12

)
FΨ,

B1 = −L, B2 = Bp2 + γ−2Y C∗
p1Dp12,

C1 = FΨ, C2 = − (Cp2 + γ−2Dp21B
∗
p1X

)
Ψ,

F = −(B∗
p2X + D∗

p12Cp1), L = −(Y C∗
p2 + Bp1D

∗
p21),

Ψ = (I − γ−2Y X)−1,

and Qα(s) ∈ H∞ is a free parameter satisfying

‖Qα(s)‖∞ < γ. (7.4)

7.3.2 Reducing SPh to OPh

The general setup for control systems with a single I/O delay shown in Figure
7.1 can be equivalently depicted in chain-scattering representation as shown in
Figure 7.2(a). Since Gα and Cr(Gβ) .= G−1

α are all bistable [58, p214], inserting
Gα and its inverse Cr(Gβ) between the process and the controller, as shown in
Figure 7.2(b), does not change the solvability condition of the original problem
according to Lemma 3.2. The original four-block H∞ control problem is then
split into a delay-free problem and a one-block problem as given in (7.2),
where

Gβ =
[

Gβ11 Gβ12

Gβ21 Gβ22

]
=

⎡⎣ A B1 B2

−C1 0 I
−C2 I 0

⎤⎦
with A

.= Aα − B1C2 − B2C1. Although Aα and/or A may be unstable but
A + B2C1 = Aα − B1C2 and A + B1C2 = Aα − B2C1 are always stable [58].

In the sequel, because of the slight notation change in the realization of
Gβ11 (B → B1 and C → C1), H is defined in a slightly different way as

H =
[

A γ−2B1B
∗
1

−C∗
1C1 −A∗

]
.



122 7 The Standard H∞ Problem

Cr(P )

�� e−shI

K

�

� � �

w

z u

y

u1

�

(a) SPh in chain-scattering representation

Cr(P )

��

Gα

��

Cr(Gβ)

�� e−shI

K

Delay-free problem 1-block delay problem

�

�

�

�

�

� � �

w

z u

y

u1

�
w1

z1

y

u1

(b) decomposition of SPh

Figure 7.2. Reduction of SPh to SP0 and a one-block delay problem
Note: It is assumed that P21 is invertible here, so that Cr(P ) exists. This assumption
does not affect the results and can be removed because Gα is not affected by this
condition and the block Cr(P ) can be re-formulated in the input–output represen-
tation as usual. A tagged right-upper corner indicates that the matrix in the block,
e.g., Gα, is a right CST and hence there is no confusion.

Correspondingly, the definitions of Σ and γh are, respectively,

Σ =
[

Σ11 Σ12

Σ21 Σ22

]
.= eHh, (7.5)

and
γh = max{γ : detΣ22 = 0}. (7.6)

7.3.3 Reducing OPh to ENPh

The transfer function involved in OPh is

Fl(Gβ , Ke−sh) = Gβ11 + e−shGβ12K
(
I − Gβ22Ke−sh

)−1
Gβ21,
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(b) formulating the problem as ENPh

Figure 7.3. Reducing the one-block problem to ENPh

which is depicted in Figure 7.3(a). It can be further simplified by introducing
a modified Smith predictor-type controller

K
.= Kh(I + Z2Kh)−1 = Hr(

[
I 0
Z2 I

]
, Kh), (7.7)

where Z2(s) is a (stable) FIR block

Z2 = −πh{Gβ22} .= −Ĝβ22 + e−shGβ22 (7.8)

and
[

I 0
Z2 I

]
is a unimodular matrix. Hence, this transformation does not change

the solvability of the problem, according to Lemma 3.2, and the OPh given in
(7.2) is then converted to the ENPh given in (5.3), as shown in Figure 7.3(b),
where

Qβ
.= Hr(

[
Gβ12 0

−G−1
β21Ĝβ22(s) G−1

β21

]
, Kh). (7.9)
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This means that there is a bijection from proper Qβ to proper Kh. Hence, the
following lemma is now obtained:

Lemma 7.2. SPh is solvable iff its delay-free counterpart SP0 and the corre-
sponding ENPh (or OPh) are all solvable.

This transformation is not necessary. However, it may offer some useful
hints for solving the problem with multiple delays.

7.4 Solutions

7.4.1 Solution to OPh

Theorem 7.1. For a given

Gβ =

⎡⎣ A B1 B2

−C1 0 I
−C2 I 0

⎤⎦
with stable A + B2C1 and A + B1C2, there exists an admissible solution to
OPh iff γ > γh, where γh is defined in (7.6).

Furthermore, if this condition holds, then all K satisfying (7.2) are pa-
rameterised as

K = Hr(
[

I 0
Z I

]
V −1, Q) (7.10)

where

Z = −πh{
⎡⎣ A γ−2B1B

∗
1 B2

−C∗
1C1 −A∗ C∗

1

−C2 γ−2B∗
1 0

⎤⎦}, (7.11)

V −1 =

⎡⎣ A + B2C1 B2 − Σ12Σ
−1
22 C∗

1 Σ−∗
22 B1

C1 I 0
−γ−2B∗

1Σ∗
21 − C2Σ

∗
22 0 I

⎤⎦ , (7.12)

and ‖Q(s)‖∞ < γ is a free parameter. Σ =
[

Σ11 Σ12

Σ21 Σ22

]
is defined in (7.5).

7.4.2 Solution to SPh

Theorem 7.2. Assume that the conditions (A1–A3) hold, SPh is solvable iff
the following conditions hold:

(i) H0 ∈ dom(Ric) and X = Ric(H0) ≥ 0;
(ii) J0 ∈ dom(Ric) and Y = Ric(J0) ≥ 0;
(iii) ρ(XY ) < γ2;
(iv) γ > γh.

Furthermore, if these conditions hold, then all K satisfying (7.1) are given in
(7.10) with (7.11) and (7.12).



7.5 Proof 125

Remark 7.1. The solvability conditions of the standard H∞ control problem
for systems with a single delay are those for the delay-free case plus the non-
singularity of Σ22. This result is very compact.

Remark 7.2. For delay-free systems (i.e., h = 0), Σ ≡ I. Σ22 ≡ I is always
nonsingular for any γ > 0, condition (iv) disappears and V −1 becomes Gα.
Hence, condition (iv) can be regarded as the additional cost of the delay.

Remark 7.3. V is bistable because Σ−∗
22 (A + B1C2)Σ∗

22 ∼ A + B1C2, which is
also stable [58].

Remark 7.4. This theorem indicates that Cr(P )
[

I 0
Z I

]
V −1 is J-lossless and,

hence, its lower-right block is bistable.

7.5 Proof

The first part of Theorems 7.1 and 7.2 has been shown in Section 7.3. Here,
only the second part, to recover the controller K, will be shown.

7.5.1 Recovering the Controller

From (7.9), Kh is recovered as

Kh = Hr(

[
G−1

β12 0
Ĝβ22G

−1
β12 Gβ21

]
, Qβ). (7.13)

Hence, combining (7.13) with (7.7) and (6.9), the controller K can then be
recovered, as shown in Figure 7.4(a), as

K = Hr(
[

I 0
Z2 I

]
, Hr(

[
G−1

β12 0
Ĝβ22G

−1
β12 Gβ21

]
, Hr(

[
I 0
Z1 I

]
W−1, Q)))

= Hr(
[

G−1
β12 0

Gβ21F0 + e−shFu(Gβ , γ−2G∼
β11)G

−1
β12 Gβ21

]
W−1, Q),

where Z1 and W−1 are given in (6.5) and (6.6), respectively, with notation
changes B → B1 and C → C1. According to the formula in Subsection 3.3.1,
Fu(Gβ , γ−2G∼

β11) has the following realization:

Fu(Gβ , γ−2G∼
β11) =

⎡⎣ A γ−2B1B
∗
1 B2

−C∗
1C1 −A∗ C∗

1

−C2 γ−2B∗
1 0

⎤⎦ .
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Define

F2
.= −

⎡⎣ H

[
B2

C∗
1

]
[−C2 γ−2B∗

1

]
Σ−1 0

⎤⎦ ,

then

Z
.= F2 + Fu(Gβ , γ−2G∼

β11)e
−sh = −πh{Fu(Gβ , γ−2G∼

β11)} (7.14)

is an FIR block. As a result,

K = Hr(
[

I 0
Z I

] [
G−1

β12 0
Gβ21F0 − F2G

−1
β12 Gβ21

]
W−1, Q).

Define

V −1 .=
[

G−1
β12 0

Gβ21F0 − F2G
−1
β12 Gβ21

]
W−1,

then
K = Hr(

[
I 0
Z I

]
V −1, Q),

as given in (7.10). The simplified structure of K is shown in Figure 7.4(b).

7.5.2 Realization of V −1

Gβ21F0 − F2G
−1
β12 can be found as

Gβ21F0 − F2G
−1
β12

=

⎡⎢⎢⎣
A γ−2B1B

∗
1Σ∗

21 −γ−2B1B
∗
1Σ∗

11 0
A γ−2B1B

∗
1 0

−C∗
1C1 −A∗ C∗

1

−C2 γ−2B∗
1Σ∗

21 −γ−2B∗
1Σ∗

11 0

⎤⎥⎥⎦

+

⎡⎢⎢⎣
A γ−2B1B

∗
1 B2C1 B2

−C∗
1C1 −A∗ C∗

1C1 C∗
1

0 0 A + B2C1 B2

−C2Σ
∗
22 − γ−2B∗

1Σ∗
21 C2Σ

∗
12 + γ−2B∗

1Σ∗
11 0 0

⎤⎥⎥⎦

=

⎡⎢⎢⎣
A 0 0 −Σ∗

12C
∗
1

A γ−2B1B
∗
1 0

−C∗
1C1 −A∗ C∗

1

−C2 γ−2B∗
1Σ∗

21 + C2Σ
∗
22 −γ−2B∗

1Σ∗
11 − C2Σ

∗
12 0

⎤⎥⎥⎦

+

⎡⎢⎢⎣
A γ−2B1B

∗
1 0 0

−C∗
1C1 −A∗ 0 C∗

1

0 0 A + B2C1 B2

−C2Σ
∗
22 − γ−2B∗

1Σ∗
21 C2Σ

∗
12 + γ−2B∗

1Σ∗
11 −C2Σ

∗
22 − γ−2B∗

1Σ∗
21 0

⎤⎥⎥⎦
=

⎡⎣ A + B2C1 0 B2

0 A −Σ∗
12C

∗
1

−γ−2B∗
1Σ∗

21 − C2Σ
∗
22 −C2 0

⎤⎦ .
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Figure 7.4. Recovering the controller K

Hence,

[
G−1

β12 0
Gβ21F0 − F2G

−1
β12 Gβ21

]
=

⎡⎢⎢⎣
A + B2C1 0 B2 0

0 A −Σ∗
12C

∗
1 B1

C1 0 I 0
−γ−2B∗

1Σ∗
21 − C2Σ

∗
22 −C2 0 I

⎤⎥⎥⎦ ,

and V −1 is obtained as

V −1 =

[
G−1

β12 0

Gβ21F0 − F2G
−1
β12 Gβ21

]
W−1

=

⎡⎢⎢⎢⎢⎣
A + B2C1 0 −B2C1 B2 0

0 A Σ∗
12C

∗
1C1 + γ−2B1B

∗
1Σ∗

21 −Σ∗
12C

∗
1 B1

0 0 A Σ12Σ
−1
22 C∗

1 −Σ−∗
22 B1

C1 0 −C1 I 0
−γ−2B∗

1Σ∗
21 − C2Σ

∗
22 −C2 γ−2B∗

1Σ∗
21 0 I

⎤⎥⎥⎥⎥⎦
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=

⎡⎢⎢⎢⎢⎣
A + B2C1 0 0 B2 − Σ12Σ

−1
22 C∗

1 Σ−∗
22 B1

0 A 0 0 0
0 0 A Σ12Σ

−1
22 C∗

1 −Σ−∗
22 B1

C1 0 0 I 0
−γ−2B∗

1Σ∗
21 − C2Σ

∗
22 −C2 0 0 I

⎤⎥⎥⎥⎥⎦
=

⎡⎣ A + B2C1 B2 − Σ12Σ
−1
22 C∗

1 Σ−∗
22 B1

C1 I 0
−γ−2B∗

1Σ∗
21 − C2Σ

∗
22 0 I

⎤⎦ ,

where the following equality given in Lemma 3.14 is used:

Σ∗
22A − AΣ∗

22 + γ−2B1B
∗
1Σ∗

21 + Σ∗
12C

∗
1C1 = 0.

7.6 Summary and Notes

This chapter derives a complete solution to the standard H∞ problem of
rational plants with a single I/O delay. It is solved by splitting the original
problem to a delay-free problem and a one-block problem (OPh) and then
OPh is further reduced to an extended Nehari problem (ENPh), mainly using
a new interpretation of Kimura’s theorem [58, Lemma 7.1]. Using the solution
to the ENPh proposed in the previous chapter, the H∞ controllers for the the
one-block problem and the standard H∞ control problem are recovered.

The idea used in this chapter may be useful to solve H∞ control problem
for systems with multiple delays. The suboptimal controller incorporates an
FIR block. This FIR block can be obtained by combining two FIR blocks
using two steps. This may be a useful hint to solve the multi-delay problem.
It has been shown that the standard H∞ control problem for plants having
constraints can be solved in a clear and simple way by reducing the original
problem to a nonconstrained problem and a one-block problem with con-
straints. Once the one-block problem is solved, the original problem is solved.
The fact that the inverse of the lower-right block of Cr(P )

[
I 0
Z I

]
V −1 is also sta-

ble may well be useful for the robust stability analysis of time-delay systems,
which is a very active field [43, 44, 164].



8

A Transformed Standard H∞ Problem

It has been shown in the previous chapter that the standard H∞ problem of
time-delay systems is very complicated. In this chapter,1 a transformation is
presented to solve the standard H∞ problems of dead-time systems similar
to the finite-dimensional situations. With some trade-off of the performance,
the following advantages are obtained: (i) The controller has a quite simple
and transparent structure; (ii) There are no any additional hidden modes in
the Smith predictor. As a result, the practical significance of the approach is
obvious.

8.1 Introduction

Dead-time systems are systems in which the action of control inputs takes
a certain time before it affects the measured outputs. The typical dead-time
systems are those with input delays. It is well known that it is very difficult to
control such systems. The Smith predictor [126] was the first effective way to
control such systems and many modified Smith predictors have been proposed
[113]. In recent years, many researchers have been interested in the optimal
control of dead-time systems, especially H∞ control, i.e., to find a controller
to internally stabilise the system (if so, called an admissible controller) and to
minimise the H∞-norm of the transfer matrix from the external input signals
(such as noises, disturbances and reference signals) to the output signals (such
as controlled signals and tracking errors).

With the help of the modified Smith predictor, many robust control prob-
lems for dead-time systems, such as robust stability, tracking and model-
matching and input sensitivity minimisation, can be solved as in finite-
dimensional situations [80, 104]. However, the sensitivity minimisation, the
mixed sensitivity minimisation and/or the standard H∞ control problems
cannot be solved in this way. Very recently, notable results were presented in

1 Portions reprinted from [157, 161], with permission from Elsevier.
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[80, 85, 100, 134, 160, 162] using different methods. The results in [80, 85, 162],
which are formulated in the form of a modified Smith predictor, are quite ele-
gant and the ideas are very tricky, but the controllers are too involved. Specif-
ically, the Smith predictor involved is complex and, even more, relates to the
performance level γ. Hence, there exist problems in applying the method to
systems with long dead time, as pointed out by Meinsma and Zwart [80]. See
also Chapter 10. Another disadvantage is that the predictor (see, Fstab in [80,
Theorem 5.3], ∆α,∞ in [85, Theorem 2] or ∆(s) in [162, Theorem 2]) always
includes additional unstable hidden modes, even with stable plants, because
the hidden modes are the eigenvalues of a Hamiltonian matrix. As can be seen
from Chapter 11, the implementation of such a predictor is not trivial.

In this chapter, a transformation of the closed-loop transfer matrix of
dead-time systems is proposed to simplify the problem. In fact, it is a new
H∞ performance evaluation scheme for dead-time systems. With this transfor-
mation, all robust control problems can be solved as in the finite-dimensional
situations. The controller obtained has a simple and transparent structure
incorporating a modified Smith predictor. The resulting Smith predictor de-
pends only on the real plant and is independent of the performance level γ
and of the performance evaluation scheme. There do not exist any additional
hidden modes in the predictor and, hence, it is easy to implement. The cost to
pay for these advantages is some performance loss from the conventional H∞
control point of view. When the dead-time h becomes 0, the transformation
becomes null. Hence, it can be regarded as an extension of the conventional
performance evaluation scheme for dead-time systems. This transformation
does not affect the original system and is easy to apply because it, virtually,
subtracts an finite-impulse-response (FIR) block from the original system.

The rest of this chapter is organised as follows. The transformation (or the
new performance evaluation scheme) is presented in Section 8.2; the solution
to H∞ control of dead-time systems with an input/output delay is given in
Section 8.3 and an example is given in Section 8.4.

8.2 The Transformation

The general control setup for dead-time systems with a input or output delay
is shown in Figure 8.1, where

P (s) =
[

P11(s) P12(s)
P21(s) P22(s)

]
.

The closed-loop transfer matrix from w to z is

Tzw(s) = P11 + e−shP12K(I − e−shP22K)−1P21.

This means that there exists an instantaneous response through the path P11

without any delay. A clearer equivalent structure is shown in Figure 8.2. It
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is not difficult to recognise that, during the period t = 0 ∼ h after w is ap-
plied, the output z is not controllable (i.e., not changeable by the control
action) and is only determined by P11 (and, of course, w). However, the re-
sponse during this period may dominate the system performance index. This
means the performance index is likely dominated by a response that cannot
be controlled. This is not what is expected. It does not make sense to include
such an uncontrollable item in the performance index. Hence, this part should
be excluded from the response when evaluating the system performance. In
general, it is impossible to eliminate the instantaneous response by simply
introducing a suitable rational P11.

P

e−shI

K

�

� �

�

y

z

u

w

u′

�

Figure 8.1. General control setup for dead-time systems

P12

P22

P21

P11

e−shK ��
yz w

��� ���

�

�

�
�

Figure 8.2. An equivalent structure

Define an FIR block

Z1(s) = τh{P11} = P11(s) − P̃11(s)e−sh,

which is exactly the uncontrollable part in Tzw(s). Subtract it from the feed-
forward path P11, as shown in Figure 8.3, then

Tzw(s) = Z1(s) + Tz′w(s), (8.1)

where
Tz′w(s) = e−sh{P̃11 + P12K(I − e−shP22K)−1P21}.

The fact shown in (8.1) was recognised in [90] to parameterise all stabilising
dead-time controllers. There is no instantaneous response in Tz′w(s). The only
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difference between Tz′w(s) and Tzw(s) is the FIR block Z1(s), which is not
a part of the real control system but an artificial part introduced into the
performance evaluation scheme. It is this FIR block that makes the control
problems so complex and difficult to solve. As shown in [85], the achievable
minimal performance index ‖Tzw‖∞ is larger than ‖Z1‖∞. Hence,

‖Z1‖∞ < ‖Tzw‖∞ ≤ ‖Z1‖∞ + ‖Tz′w‖∞ . (8.2)

In this chapter, ‖Tz′w‖∞, instead of ‖Tzw‖∞, is optimised. Once ‖Tz′w‖∞ is
minimised, the achievable performance ‖Tzw‖∞ is not larger than ‖Z1‖∞ +
‖Tz′w‖∞ and so is the optimal performance. Using the inequality (8.2), one
can estimate how far the suboptimal controller obtained is away from the
optimal controller.
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Figure 8.3. Graphic interpretation of the transformation

8.3 Solution

Assume that the realization of the rational part of the generalised process in
Figure 8.1 is taken to be of the form

P (s) =

⎡⎣ A B1 B2

C1 D11 D12

C2 D21 D22

⎤⎦
and the following standard assumptions hold:

(A1) (A, B2) is stabilisable and (C2, A) is detectable;
(A2)

[
A − jωI B2

C1 D12

]
has full column rank ∀ω ∈ R;
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(A3)
[

A − jωI B1

C2 D21

]
has full row rank ∀ω ∈ R;

(A4) D∗
12D12 = I and D21D

∗
21 = I .

Assumption (A4) is made to simplify the exposition. In fact, only the
nonsingularity of the matrices D∗

12D12 and D21D
∗
21 is required.

Consider a Smith predictor-type controller

K(s) = K0(s)(I − Z2(s)K0(s))−1,

as shown in Figure 8.3, in which the predictor is designed to be

Z2(s) = πh{P22} =
[

A B2

C2e
−Ah 0

]
− e−sh

[
A B2

C2 D22

]
,

then the system can be re-formulated as[
z′′

y′

]
= P̃ (s)

[
w
u

]
u = K0(s)y′

with e−shz′′ .= z′, where

P̃ (s) =

⎡⎣ A eAhB1 B2

C1 0 D12

C2e
−Ah D21 0

⎤⎦
is free of dead time (but delay-dependent) and K0 is called the main controller.
The closed-loop transfer function from w to z′ is

Tz′w(s) = e−shTz′′w(s) = e−shFl(P̃ (s), K0(s)). (8.3)

Hence, the H∞ control problem

‖Tz′w(s)‖∞ < γ

is converted to ∥∥∥Fl(P̃ (s), K0(s))
∥∥∥
∞

< γ.

This is a finite-dimensional problem, which can be solved using known results.
Since this is for the general setup of systems with an input/output delay, all the
H∞ control problems (such as robust stability, tracking and model-matching,
input sensitivity minimisation, output sensitivity minimisation, mixed sensi-
tivity minimisation and the standard H∞ control problem etc.) can be solved
similarly to the finite-dimensional situations.

The solution, which is given in Theorem 8.1 below, involves two Hamilto-
nian matrices:

Hh =
[

A γ−2eAhB1B
∗
1eA∗h

−C∗
1C1 −A∗

]
−
[

B2

−C∗
1D12

] [
D∗

12C1 B∗
2

]
,

Jh =
[

A∗ γ−2C∗
1C1

−eAhB1B
∗
1eA∗h −A

]
−
[

e−A∗hC∗
2

−eAhB1D
∗
21

] [
D21B

∗
1eA∗h C2e

−Ah
]
.
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Theorem 8.1. There exists a main controller such that ‖Tz′w(s)‖∞ < γ in
Figure 8.3 iff the following three conditions hold:

(i) Hh ∈ dom(Ric) and X = Ric(Hh) ≥ 0;
(ii) Jh ∈ dom(Ric) and Y = Ric(Jh) ≥ 0;
(iii) ρ(XY ) < γ2.

Moreover, when the conditions hold, one such main controller is

K0(s) =
[

Ah −Lh

FhΨh 0

]
,

where

Ah = A + LhC2e
−Ah + γ−2Y C∗

1C1 +
(
B2 + γ−2Y C∗

1D12

)
FhΨh,

Fh = −(B∗
2X + D∗

12C1),

Lh = −(Y e−A∗hC∗
2 + eAhB1D

∗
21),

Ψh = (I − γ−2Y X)−1.

Furthermore, the set of all admissible main controllers such that ‖Tz′w(s)‖∞ <
γ can be parameterised as

K0(s) = Fl(M(s), Q(s)),

where

M(s) =

⎡⎣ Ah −Lh B2 + γ−2Y C∗
1D12

FhΨh 0 I

− (C2e
−Ah + γ−2D21B

∗
1eA∗hX

)
Ψh I 0

⎤⎦
and Q(s) ∈ H∞, ‖Q(s)‖∞ < γ.

Proof. First of all, check if P̃ (s) meets the standard assumptions (A1–A4).
(A1) (C2e

−Ah, A) is detectable because A + eAhLC2e
−Ah ∼ A + LC2 and

(C2, A) is detectable;
(A3)

[
A − jωI eAhB1

C2e
−Ah D21

]
has full row rank ∀ω ∈ R because

[
A − jωI eAhB1

C2e
−Ah D21

]∼[
A − jωI B1

C2 D21

]
has full row rank ∀ω ∈ R.

The assumptions (A2) and (A4) remain unchanged. Hence, P̃ (s) meets all
the standard assumptions. Theorem 5.1 in [39] can be directly used to solve
the problem. Substitute P̃ (s) into the theorem, then the above result can be
obtained with ease. 
�
Remark 8.1. Under this transformation, neither D11 	= 0 nor D22 	= 0 makes
the problem more complicated. In fact, when h = 0, Z2(s) = −D22 is the
common controller transformation to make D22 = 0 [180].
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8.4 A Numerical Example

Consider the example studied in [80], which is shown in Figure 8.4 with

Pr(s) =
1

s − 1
and Prd(s) =

s − 1
s + 1

,

W1(s) =
2(s + 1)
10s + 1

and W2(s) =
0.2(s + 1.1)

s + 1
.

C

W2

e−shPr

P−1
rd

W1
� �
�–

�y �u �

�
z2

� �

�
w

+

+

� �z1

Figure 8.4. Setup for mixed sensitivity minimisation

This problem can be arranged as a standard problem with

P (s) =

⎡⎢⎢⎢⎣
2(s+1)2

(10s+1)(s−1)
2(s+1)

(10s+1)(s−1)

0 0.2(s+1.1)
s+1

− s+1
s−1 − 1

s−1

⎤⎥⎥⎥⎦ .

Here, P22 = − 1
s−1 , P11 =

[
2(s+1)2

(10s+1)(s−1) 0
]T

. W2(s) is delayed to be W2e
−sh,

which does not affect the result.
The predictor is designed to be

Z2(s) = −e−h − e−sh

s − 1
.

There is no additional hidden pole. However, the predictor

Fstab(s) = −10.75s2 + 0.245s− 0.3298
(s − 1)(12.03s2 + 1)

+
13.16s2 − 0.1316

(s − 1)(12.03s2 + 1)
e−sh

obtained using the approach in [80] is much more complicated and has two
additional hidden poles s1,2 = ±0.2883j.

The achievable performance is listed in Table 8.1 for different delays h. The
performance does not degrade much to pay for the advantages obtained. The
frequency responses of both cases are shown in Figure 8.5. Although the H∞-
norm achieved is slightly larger than that achieved by the method of Meinsma
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Figure 8.5. Comparison of ‖Tzw(jω)‖

Table 8.1. Performance comparison

h M-Z’s ‖Tzw(s)‖∞ Transformed ‖Tz′w(s)‖∞ Transformed ‖Tzw(s)‖∞
0.2 0.68 0.58 0.88

2 5.22 3.86 8.34

5 109.5* 78.63 183.7

*Note: For long dead time h, e.g., h > 3.2 s, some matrices are close to
singular or badly scaled; the result of M-Z is likely inaccurate.
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Figure 8.6. Singular value plots of Z1(s)

and Zwart (denoted M-Z in the figures), the transformed method gives better
performance over quite a broad frequency band ranging from 1 rad/s to about
10, 000 rad/s. From the engineering point of view, this solution is much better.
The singular value plot of the uncontrollable part Z1(s) is shown in Figure
8.6. It is clear that the high gain of Tzw at low frequencies is primarily due to
the large singular value of Z1(s) at low frequencies.
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8.5 Summary

In this chapter, a transformation (in fact, a new performance evaluation
scheme) is introduced for the H∞ control of dead-time systems. This con-
siderably simplifies the H∞ control problem of dead-time systems and has
many advantages. In particular, the practical significance is obvious. Since
this is not a solution to the original H∞ control problem of time-delay sys-
tems there may exist some performance loss from the conventional H∞ control
or mathematical point of view. An inequality can be used to estimate how far
the suboptimal controller is away from the optimal controller.
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2DOF Controller Parameterisation

In this chapter, the co-prime factorisation of all stabilising controllers is pre-
sented and then the controller is realized as a two-degree-of-freedom struc-
ture. One degree-of-freedom F (s) is chosen to meet the desired set-point re-
sponse and the other, the free parameter Q(s), is chosen as a compromise
between disturbance response and robustness. Furthermore, the controller is
re-configured in chain-scattering representation. With this structure, which is
symmetrical for the process and the disturbance degree-of-freedom Q(s), the
two degrees-of-freedom and the differences between controllers for processes
with and without dead time can clearly be seen. It is also shown that the
subideal disturbance response can be obtained with a suitable choice of Q(s).
As a special case, the method is applied to integral processes with dead time.

9.1 Parameterisation of the Controller

Consider the following processes with a single delay h ≥ 0:

Gp(s) = P (s)e−hs, (9.1)

where P (s) is a rational transfer matrix with a minimal realization

P (s) =
[

A B
C 0

]
= C(sI − A)−1B.

Introduce a delay-free transfer matrix

P0(s) =

[
A B

Ce−Ah 0

]
= Ce−Ah(sI − A)−1B (9.2)

and assume that P0 can be co-primely factorised as

P0 = N0M
−1 = M̃−1Ñ0 (9.3)
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with1 M, N0, M̃ , Ñ0 ∈ H∞. Then there exist rational transfer matrices
X0, Y, X̃0, Ỹ ∈ H∞ such that the following Bezout identity holds:[

X̃0 Ỹ

−Ñ0 M̃

] [
M −Y
N0 X0

]
=
[

I 0
0 I

]
. (9.4)

The set of all proper controllers internally stabilising the delay-free processes
P0(s) is given by

K0 = (−Y + MQ)(X0 + N0Q)−1 = Hr

([
M −Y
N0 X0

]
, Q

)
, (9.5)

or

K̃0 = (X̃0 + QÑ0)−1(−Ỹ + QM̃) = Hl

([
X̃0 Ỹ

−Ñ0 M̃

]
, Q

)
(9.6)

for any Q ∈ H∞.
Since P (s) and P0(s) have the same denominator det(sI − A), P (s) can

be co-primely factorised over H∞ as

P (s) = NM−1 = M̃−1Ñ (9.7)

and the process can be factorised as

Gp(s) = (Ne−hs)M−1 = M̃−1(Ñe−hs).

Define a predictor as2

Z(s) = P0(s) − P (s)e−hs

= N0M
−1 − (Ne−hs)M−1

= M̃−1Ñ0 − M̃−1(Ñe−hs).

Then, Z(s) is stable because

Z(s) = Ce−Ah(sI − A)−1B − C(sI − A)−1Be−hs

= Ce−Ah
(
I − e−h(sI−A)

)
(sI − A)−1B

is an entire function of s (actually, it has a finite impulse response with support
on [0, h]) and belongs to H∞ [90, 113].

Theorem 9.1. Let M, N0, M̃ , Ñ0, X0, Y, X̃0, Ỹ be a double co-prime fac-
torisation (9.3, 9.4) of P0(s) over H∞, then the set of all proper controllers
internally stabilising the processes with dead time (9.1) is parameterised as

K = Hr

([
I 0

−Z I

]
, K0

)
(9.8)

1 The argument s of a transfer matrix is often omitted for simplicity.
2 The choice of Z is not unique. See Chapter 10.
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or as
K = Hl

([
I 0
Z I

]
, K̃0

)
, (9.9)

where K0 and K̃0, as given in (9.5) and (9.6) respectively, are the set of all
stabilising controllers for P0(s).

Proof. Since [
I 0

−Z I

] [
M −Y
N0 X0

]
=
[

M −Y
Ne−hs X

]
and [

X̃0 Ỹ

−Ñ0 M̃

] [
I 0
Z I

]
=
[

X̃ Ỹ

−Ñe−hs M̃

]
,

where X = X0 + ZY and X̃ = X̃0 + Ỹ Z , then[
X̃ Ỹ

−Ñe−hs M̃

] [
M −Y

Ne−hs X

]
=
[

X̃0 Ỹ

−Ñ0 M̃

] [
I 0
Z I

] [
I 0

−Z I

] [
M −Y
N0 X0

]
=
[

X̃0 Ỹ

−Ñ0 M̃

] [
M −Y
N0 X0

]
=
[

I 0
0 I

]
.

This means that the above equation is a double co-prime factorisation of the
processes with dead time. According to the Theorem 11.6 in [180, Chapter 11],
the set of all proper controllers achieving internal stability of the processes
with dead time is parameterised either by

K(s) = (−Y + MQ)(X + Ne−hsQ)−1

= Hr

([
M −Y

Ne−hs X

]
, Q

)
= Hr

([
I 0

−Z I

] [
M −Y
N0 X0

]
, Q

)
= Hr

([
I 0

−Z I

]
, K0

)
or by

K(s) = (X̃ + QÑe−hs)−1(−Ỹ + QM̃)

= Hl

([
X̃ Ỹ

−Ñe−hs M̃

]
, Q

)
= Hl

([
X̃0 Ỹ

−Ñ0 M̃

] [
I 0
Z I

]
, Q

)
= Hl

([
I 0
Z I

]
, K̃0

)
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with K0 and K̃0 given in (9.5) and (9.6) for any Q ∈ H∞ since lims→∞(I +
X−1Ne−hsQ) = I 	= 0 and lims→∞(I + QÑe−hsX̃−1) = I 	= 0. 
�

Remark 9.1. Z = P0(s)−P (s)e−hs is a modified Smith predictor. When P (s)
is stable, P0(s) may be chosen as P (s) and then Z is the well-known Smith
predictor. Thus, N0 = N , Ñ0 = Ñ .

Remark 9.2. If P (s) is unstable, then the implementation of Z(s) is not trivial.
See Part II for more details.

Remark 9.3. A similar idea was used in [19].

9.2 Two-degree-of-freedom Realization of the Controller

9.2.1 Control Structure

There are many realizations of the controllers given in (9.8) and (9.9). A
scheme with two-degrees-of-freedom for (9.9) is shown in Figure 9.1(a), where
F (s) is a pre-filter. It is easy to see that the two degrees-of-freedom are F (s)
and Q(s). If h = 0, then P0(s) = P (s) and Z = 0. The block

[
I 0
Z I

]
becomes an

identity matrix and can be neglected. In other words, the only effect of dead
time h on the control system is to insert a block

[
I 0
Z I

]
between the delay-free

controller block
[

X̃0 Ỹ

−Ñ0 M̃

]
and the process P (s)e−hs.

According to this structure,

a = F · R + Q · b (9.10)

and [
a
b

]
=
[

X̃0 Ỹ

−Ñ0 M̃

] [
U1

Y1

]
. (9.11)

Substituting (9.11) into (9.10),

F · R + Q(−Ñ0U1 + M̃Y1) = X̃0U1 + Ỹ Y1.

Hence,
U1 = (X̃0 + QÑ0)−1

(
(−Ỹ + QM̃)Y1 + F · R

)
. (9.12)

This gives the equivalent structure in the classical representation shown in
Figure 9.1(b).
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Figure 9.1. Parameterised control structure with 2DOF

9.2.2 Set-point Response

Assume d(s) = 0. Then in the nominal case,

Y1 = P0U1

and the transfer function from R(s) to U1(s) = U(s) is

Gur = (I − K̃0P0)−1(X̃0 + QÑ0)−1F.

Hence, the set-point response, i.e., the transfer function from the reference
signal R(s) to the output Y (s), is

Gyr(s) = P (s)e−hsGur(s)

= P (s)e−hs
(
I − K̃0(s)M̃−1Ñ0

)−1

· (X̃0 + QÑ0)−1F (s)

= P (s)(X̃0 + Ỹ M̃−1Ñ0)−1F (s)e−hs

= NM−1(X̃0 + Ỹ N0M
−1)−1F (s)e−hs

= N(s)F (s)e−hs.

This is stable as long as F (s) is stable. Moreover, it has nothing to do with
the free parameter Q(s).
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9.2.3 Disturbance Response

Assume R(s) = 0. Then according to (9.12),

U = U1 = (X̃0 + QÑ0)−1(−Ỹ + QM̃)Y1 = K̃0Y1.

On the other hand, according to Figure 9.1(b),

Y1 = P0U + Pe−hs · d.

Hence,
U = K̃0(I − P0K̃0)−1Pe−hs · d

and the output is

Y = Pe−hs(U + d)
= Pe−hs(K̃0(I − P0K̃0)−1Pe−hs + I)d
= Pe−hs((I − K̃0P0)−1K̃0Pe−hs + I)d
= Pe−hs(I − K̃0P0)−1(I − K̃0Z)d.

In other words, the disturbance response is

Gyd(s) = Pe−hs(I − K̃0P0)−1(I − K̃0Z)

= Pe−hsHl

([
I −I
P0 −Z

]
, K̃0

)
= Pe−hsHl

([
I −I
P0 −Z

]
, Hl

([
X̃0 Ỹ

−Ñ0 M̃

]
, Q

))
= Pe−hsHl

([
X̃0 Ỹ

−Ñ0 M̃

] [
I −I
P0 −Z

]
, Q

)
= Pe−hsHl

([
M−1 −X̃0 − Ỹ Z

0 Ñe−hs

]
, Q

)
= Pe−hs(M−1)−1(X̃0 + Ỹ Z + QÑe−hs)
= N(X̃0 + Ỹ Z + QÑe−hs)e−hs. (9.13)

Since all the terms in the above formula are stable, the disturbance response
is stable.

Obviously, the set-point response Gyr(s) is only affected by the first degree-
of-freedom F (s) while the disturbance response Gyd(s) is only affected by the
second degree-of-freedom Q(s). They are decoupled from each other. The fact
that M does not appear in both transfer matrices means that it is possible
to factorise the dominant poles and/or unstable poles into M . As a result,
the disturbance response is no longer dominated by the process poles. See
Subsection 2.3.3 for an example.

For stable processes, P (s) ∈ H∞, the double co-prime factorisation may
be chosen as
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M̃ = M = I,

Ñ = N = P (s), and Ñ0 = N0 = P0(s), (9.14)
X̃0 = X0 = I and Ỹ = Y = 0.

As a result, the transfer matrices are

Gyr(s) = P (s)F (s)e−hs,

Gyd(s) = P (s)
(
I + QP (s)e−hs

)
e−hs.

The disturbance response will be dominated by the process modes if the time
constant is too large. A solution provided here is to factorise the slow modes
into M and M̃ for stable processes to obtain better disturbance response.
However, by doing this the robustness of the system is limited [4].

9.2.4 Robustness Analysis

The output loop transfer matrix of the control system shown in Figure 9.1 is

L(s) = P (s)e−hsGuy(s)

= P (s)e−hs(I − K̃0Z)−1K̃0

= Ne−hs
(
I + (−Ỹ + QM̃)Ne−hs

)−1

(−Ỹ + QM̃).

Thus, the corresponding sensitivity function is

S(s) = (I − L(s))−1

= I + Ne−hs(−Ỹ + QM̃)

and the complementary sensitivity function is

T (s) = I − S(s) = −Ne−hs(−Ỹ + QM̃). (9.15)

According to the well-known robust control theory [180], the closed-loop
system, which is nominally stable, is robustly stable if

∥∥∥N(−Ỹ + QM̃)∆(s)
∥∥∥
∞

<

1 for a multiplicative uncertainty ∆(s) ∈ H∞. For stable processes P (s) ∈
H∞, the co-prime factorisation (9.14) holds and the system is robustly stable
if ‖Q(s)‖∞ < 1

‖P (s)‖∞‖∆(s)‖∞
for ∆(s) ∈ H∞.

9.2.5 Ideal Disturbance Response

Introduce another delay-free transfer matrix P1(s) realized as

P1(s) =

[
A B

CeAh 0

]
= CeAh(sI − A)−1B (9.16)
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and the FIR block
Z1(s) = P (s) − P1(s)e−hs.

Z1 is stable because

Z1 (s) = C(sI − A)−1B − CeAh(sI − A)−1Be−hs

= C(I − e−(sI−A)h)(sI − A)−1B

is also an entire function of s.
If F and L are chosen such that AF = A + BF and AL = A + LC are

both stable (hence, eAh(A + LC)e−Ah is stable), then the factorisations (9.7)
of P (s) can be realized, according to the formulas in Subsection 3.3.1, as

[
M
N

]
=

⎡⎣A + BF B
F I
C 0

⎤⎦ ,

[−Ñ M̃
]

=
[

A + LC −B L
C 0 I

]
and the doubly co-prime factorisations (9.3) of P0(s) can be implemented [180]
as [

M −Y
N0 X0

]
=

⎡⎣A + BF B −eAhL
F I 0

Ce−Ah 0 I

⎤⎦ ,

[
X̃0 Ỹ

−Ñ0 M̃

]
=

⎡⎣ eAh(A + LC)e−Ah −B eAhL
F I 0

Ce−Ah 0 I

⎤⎦ .

The transfer matrix from disturbance d(s) to output Y (s) (9.13) can be
further simplified to

Gyd(s) =
(
Z1 +

(
P1 − NỸ P + NQÑ

)
e−hs

)
e−hs. (9.17)

As can be seen from the next subsection,

P1 − NỸ P =

[
A + BF eAhLC

−C CeAh

] [
A + LC B

I 0

]
.

This is stable no matter whether P (s) is stable or not. Hence, the disturbance
response (9.17) is divided into two parts: one is the FIR part Z1 which acts
only on t ∈ [0, h] (assume that the disturbance is applied at t = −h hereafter)
and remains unchanged when t > h, and the other is the infinite-impulse-
response (IIR) part P1(s)−NỸ P (s) + NQÑ which acts only when t > h. In
other words, the disturbance response is decoupled in the time domain. The
effect of the FIR Z1 on the (unit-step) disturbance response when t > h is a
constant given by
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Z1(0) = C(eAh − I)A−1B.

If the free parameter Q(s) is chosen to meet the following equation:

Z1(0) + P1 − NỸ P + NQÑ = 0, (9.18)

then the disturbance response when t > h is 0. This is the ideal case. If N(s)
and Ñ(s) are of minimum-phase and invertible, then the ideal Q(s) can be
obtained as

Qopt = −N−1
(
Z1(0) + P1 − NỸ P

)
Ñ−1. (9.19)

In general, this transfer matrix is improper because the ideal disturbance
response is not obtainable. A low-pass filter should be introduced to make it
proper. A possible way is to choose an appropriate n such that

Q(s) =
1

(λs + 1)n
Qopt(s)

is proper. The resulting disturbance response is then subideal.

9.2.6 Realization of P1 − NỸ P

P1(s) − NỸ P (s)

=

[
A B

CeAh 0

]
−
[

AF B

C 0

][
eAhALe−Ah eAhL

F 0

][
A B

C 0

]

= C(eAh −
[

AF B

I 0

][
AL LC

FeAh 0

]
)

[
A B

I 0

]

= C

⎡⎢⎣AF BFeAh 0
0 AL LC

−I 0 eAh

⎤⎥⎦[A B

I 0

]

= C

⎡⎢⎢⎢⎣
AF BFeAh 0 0
0 AL LC 0
0 0 A B

−I 0 eAh 0

⎤⎥⎥⎥⎦

= C

⎡⎢⎢⎢⎣
A + BF BF 0 0

0 A + eAhLCe−Ah eAhLCe−Ah 0
0 0 A eAhB

−I 0 I 0

⎤⎥⎥⎥⎦

= C

⎡⎢⎢⎢⎣
A + BF BF BF −eAhB

0 A + eAhLCe−Ah eAhLCe−Ah 0
0 0 A eAhB

−I 0 0 0

⎤⎥⎥⎥⎦
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= C

⎡⎢⎢⎢⎣
A + BF BF 0 −eAhB

0 A + eAhLCe−Ah 0 eAhB

0 0 A eAhB

−I 0 0 0

⎤⎥⎥⎥⎦
= C

⎡⎢⎣A + e−AhBFeAh e−AhBFeAh −B

0 A + LC B

−eAh 0 0

⎤⎥⎦
= C

⎡⎢⎣A + e−AhBFeAh LC 0
0 A + LC B

−eAh eAh 0

⎤⎥⎦
=

[
A + e−AhBFeAh LC

−CeAh CeAh

] [
A + LC B

I 0

]

=

[
A + BF eAhLC

−C CeAh

][
A + LC B

I 0

]
.

9.3 Application to Integral Processes with Dead Time

The control problem of processes with an integrator and long dead time has
received much attention in recent years [8, 72, 159, 176, 178]. Since the process
is not stable, the classical Smith predictor cannot be used. The approach
discussed in the previous sections are applied to such systems here as an
example3. An integral process with dead time can be expressed as

Gp(s) =
k

s
e−hs, (9.20)

where k is the velocity gain and h is the delay. Here,

P (s) = P0(s) = P1(s) =
k

s
=
[

0 k
1 0

]
.

They can be factorised as (for simplicity, M = M̃ hereafter)

P (s) = P0(s) = P1(s) =
k

s + a
·
(

s

s + a

)−1

with a > 0. The predictors are:

Z(s) = P0(s) − P (s)e−hs =
1 − e−hs

s
k,

3 Portions reprinted, with permission, from [93, 94]. c©IEEE.
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Z1(s) = P (s) − P1(s)e−hs =
1 − e−hs

s
k.

Since the values at the only pole are

Z(0) = Z1(0) = lim
s→0

1 − e−hs

s
k = kh 	= ∞,

the predictors Z and Z1 are stable.
The double co-prime factorisations of P0(s) are[

X̃0 Ỹ

−Ñ0 M̃

]
=

⎡⎣−a −k −a
−a

k 1 0
1 0 1

⎤⎦ =

[
s+2a
s+a

1
k

a2

s+a

− k
s+a

s
s+a

]
,

[
M −Y
N0 X0

]
=

⎡⎣−a k a
−a

k 1 0
1 0 1

⎤⎦ =

[
s

s+a − 1
k

a2

s+a
k

s+a
s+2a
s+a

]
.

The controller is then parameterised as

K(s) =
(
1 − K̃0(s)Z

)−1

K̃0(s) (9.21)

with the main controller

K̃0(s) = (
s + 2a

s + a
+

k

s + a
Q)−1(−1

k

a2

s + a
+

s

s + a
Q). (9.22)

If it is realized as the structure shown in Figure 9.1, then the transfer functions
from the reference signal R(s), the disturbance d(s) to the output Y (s) for
the nominal case are, respectively,

Gyr(s) =
k

s + a
F (s)e−hs,

Gyd(s) =
(

1 − e−hs

s
k + k

(
(s + 2a)
(s + a)2

+
k

(s + a)2
Q

)
e−hs

)
e−hs. (9.23)

In order to obtain zero static error under the step change from the set-point
and the disturbance, it is necessary that

F (0) =
a

k
and Q(0) = −a

k
(2 + ah).

The corresponding ideal Qopt(s) from (9.19) is

Qopt(s) = −N−1
(
Z1(0) + P1(s) − NỸ P (s)

)
Ñ−1

= −kh + k
s − k

s+a · 1
k

a2

s+a · k
s

( k
s+a )2

= −1
k

(
h(s + a)2 + s + 2a

)
.
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Qopt is not proper and the ideal disturbance response is not obtainable. One
way to obtain a subideal disturbance response is to make Qopt(s) proper as

Q(s) = − 1
k

(
h(s+a)2

(λs+1)2 + λ(2−λa)s+1
(λs+1)2 (s + a) + a

)
,

where λ > 0 is a tuning parameter. If λ is small enough, then the disturbance
response is fast enough. As shown later, such a way of making Q(s) proper
ensures that neither the disturbance response nor the robust stability is af-
fected by the free parameter a. The resulting main controller K̃0(s) (9.22),
the controller K(s) (9.21), disturbance response (9.23) and complementary
sensitivity function are listed below:

K̃0(s) =
(

(λ2s − h)(s + a)
(λs + 1)2

)−1(
−1

k

((2λ + h)s + 1) (s + a)
(λs + 1)2

)
,

K(s) = −1
k

((2λ + h)s + 1) s

(λs + 1)2 − ((2λ + h)s + 1) e−hs
, (9.24)

Gyd(s) = k

(
1 − e−hs

s
+

λ2s − h

(λs + 1)2
e−hs

)
e−hs

=
k

s

(
1 − (2λ + h)s + 1

(λs + 1)2
e−hs

)
e−hs, (9.25)

T (s) = −Ne−hs(−Ỹ + QM̃) =
(2λ + h)s + 1

(λs + 1)2
e−hs.

The disturbance response (9.25) has been obtained by several different schemes
[107, 156, 174, 177]. The achievable specifications and robustly stable region
can be found in [175, 176].

The rest of this section is devoted to analysing the stability of the con-
troller. The characteristic equation of the controller (9.24) is equivalent to

(λs + 1)2

(2λ + h)s + 1
= e−hs.

The stability can be judged by using the dual-locus [127, 164] shown in Figure
9.2. If the two loci do not intersect, then the controller is stable. Otherwise,
it is unstable. In other words, if the locus of (λs+1)2

(2λ+h)s+1 crosses the unit circle
before the e−hs locus arrives, then the system is stable; if e−hs arrives earlier
than (λs+1)2

(2λ+h)s+1 then the controller is unstable.

Denote β = λ
h , the locus of (λs+1)2

(2λ+h)s+1 intersects with the unit circle at

ωc =

√
2β2 + 4β + 1

β2h
.
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At this frequency, the phase of (λs+1)2

(2λ+h)s+1 is

φλ = 2 arctan

√
2β2 + 4β + 1

β
− arctan

(2β + 1)
√

2β2 + 4β + 1
β2

.

If the locus of e−hs also arrives at this point at ωc, then the following equation
should be met:

φλ = 2π − hωc.

This equation has a unique solution at about β = 0.63. For β > 0.63, the
locus of (λs+1)2

(2λ+h)s+1 crosses the unit circle before the e−hs locus arrives. As a
result, the controller (9.24) is stable for β > 0.63.

(λs+1)2

(2λ+h)s+1

e−hs

o Re

Im

1−1

Figure 9.2. The dual locus to judge controller stability

9.4 Summary

This chapter presents the co-prime factorisation of all stabilising controllers
for stable and unstable processes with dead time. The controller incorporates a
modified Smith predictor, which is an entire function of s and belongs to H∞.
With a realization having two degrees-of-freedom, the disturbance response
and the set-point response are decoupled and can be designed separately. The
realization in the chain-scattering representation gives clear insight into the
two degrees-of-freedom and the differences between the controllers for pro-
cesses with and without dead time. The constraint required on free parameter
Q(s) to obtain the ideal disturbance response is obtained. As an example, the
approach is applied to integral processes with dead time.
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Unified Smith Predictor

Modified Smith predictors (MSP) play a very important role in the control of
time-delay systems, as can be seen in previous chapters. In this chapter,1 a
numerical problem associated with the MSP is identified and an alternative
predictor, named the unified Smith predictor (USP), is proposed to overcome
this problem. The proposed USP combines the classical Smith predictor with
the modified one, after spectral decomposition of the plant. An equivalent
representation of the original delay system, together with the USP, is derived.
Based on this representation, all the stabilising controllers are parameterised
and the standard H2 problem and a transformed H∞ problem are solved.

10.1 Introduction

The classical Smith predictor (SP) [126, 127] is an effective tool to reduce
control problems (such as pole assignment or tracking) for a finite-dimensional
LTI stable system with an input or output delay to corresponding delay-free
problems. A finite-spectrum assignment scheme was developed in [70, 108] to
handle input delays in unstable plants by state feedback, using the predicted
state of the delay system. Watanabe and Ito [147] overcame some shortcomings
in finite-spectrum assignment and other process-model-based control schemes
available then by using a Smith-predictor-like block, which was afterwards
called a modified Smith predictor (MSP); see [113] and references therein. As
shown in Section 2.5 and in [91], the modified Smith predictor and finite-
spectrum assignment are actually equivalent for systems with a single I/O
delay. Recently, prediction has been recognised as a fundamental concept for
the stabilisation of delay systems [89, 91]. Similar predictor blocks have played
an important role in H∞ control of time-delay systems [26, 80, 87, 160, 161,
162] and in continuous-time deadbeat control [106, 159].

1 Portions reprinted, with permission, from [179]. c©Taylor & Francis.
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The modified Smith predictor may run into numerical problems for de-
lay systems with fast stable eigenvalues. Indeed, the matrix exponential
e−Ah (where h is the delay) appearing in the MSP may be practically non-
computable for such systems. Such a numerical problem was mentioned in [80,
p. 279] and a technique, which is not systematic, was suggested in [183] to
overcome the problem. This problem was attributed in these papers to large
delays. In fact, this numerical problem might occur even for very small delays
(with respect to the time constant of the system) if there are some stable
eigenvalues λ and they are very fast with respect to the delay h (i.e., the
product |Reλ| h is large). An alternative predictor, called the unified Smith
predictor (USP), is proposed to overcome this problem. The USP combines
the features of the SP and the MSP and does not require computation of the
matrix exponential for the stable eigenvalues. This is achieved by decompos-
ing the state space of the finite-dimensional part of the plant into unstable
and stable invariant subspaces. The controller design techniques based on the
MSP have to be re-considered for the USP, to make them applicable in prac-
tice. For this reason, an equivalent representation for the augmented plant,
which consists of the original plant together with the USP, is proposed. This
equivalent representation is then used to give a stabilising controller param-
eterisation and to solve the standard H2 problem and a transformed H∞

problem. Further research is needed to solve the H∞ control problem for a
delay system with a USP.

This chapter is organised as follows. The numerical problem with the MSP
is identified in Section 10.3 using a very simple example, and then the USP
is introduced. An equivalent representation of the augmented plant is derived
in Section 10.4 and then it is shown in Section 10.5 how this equivalent rep-
resentation can be used to derive a stabilising controller parameterisation, to
solve the H2 problem and to solve a transformed H∞ problem.

10.2 Predictor-based Control Structure

As before, this chapter is written from a frequency domain perspective, which
means that LTI systems are represented by their transfer functions. Here, a
transfer function is an analytic function defined on a domain which contains a
half-plane Cα = {s ∈ C | Res > α}. A transfer function is called exponentially
stable if it is bounded on a half-plane Cα with α < 0. Obviously, exponentially
stable transfer functions are contained in H∞.

Consider a dead-time plant Ph, with Ph(s) = P (s)e−sh, where h > 0 and
the rational part P is realized as

P =
[

A B
C D

]
. (10.1)

A predictor-based controller for the dead-time plant Ph consists of a predictor
Z and a stabilising compensator C, as shown in Figure 10.1 (see also Figure
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10.5 for a more general structure). A predictor for Ph is an exponentially
stable system Z such that the augmented plant Paug = Ph + Z is rational
and v + y (see Figure 10.1) is a predicted signal of y. The underlying idea is
the well-known fact that there is a one-to-one correspondence between the set
of all the stabilising controllers for Ph and for Paug (when Z is stable); see
for example Remark 3.6 and Example 4.1 in [19].

�� P (s)e−shC(s)

Z(s)

�

�

�

u

v

−−
r e y�� � �

�

Figure 10.1. Dead-time plant with a predictor-based controller

In order to simplify the exposition, only the stabilisation problem will
be studied in this section. If the tracking problem is considered, then an
additional constraint on C is required. For example, if the reference r is a step
signal then it is required that lims→0 C(s)(I + Z(s)C(s))−1 = ∞ [113, 147].

If P is stable, then the predictor Z can be chosen to be the classical Smith
predictor (SP) [126, 127],

ZSP(s) = P (s) − P (s)e−sh, (10.2)

and the stabilising compensator C is designed as a stabilising controller for
the delay-free system P (in this case, Paug = P ). If P is unstable, then the
predictor Z can be chosen to be the modified Smith predictor (MSP) [113, 147],

ZMSP(s) = P aug(s) − P (s)e−sh, (10.3)

where P aug = Ph + ZMSP is the augmented plant given by

P aug =
[

A B

Ce−Ah 0

]
=
[

A e−AhB
C 0

]
. (10.4)

Note that ZMSP has its impulse response supported on [0, h], hence it is
exponentially stable. Now the stabilising compensator C is designed as a sta-
bilising controller for P aug. Further background and applications of the MSP
can be found in [80, 91, 113]. See also Chapter 2. Implementing ZMSP is a
delicate problem, as can be seen in Part II, because the hidden unstable modes
have to be removed to guarantee the internal stability.
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The condition that Z is stable means that all the (unstable) poles of P
have to be included in P aug. Hence, a stabilising controller C for P aug also
stabilises P . The transfer function from u to y is

Tyu(s) = e−shP (I + CP aug)−1 + e−shP (I + CP aug)−1C · Z.

It is clear that the (stable or unstable) poles of P which are included in P aug

can be shifted, if these poles do not appear in Z. In other words, whether
an open-loop pole appears in the closed-loop input-disturbance response is
determined by Z, when the controller C is properly designed. Hence, it is
possible to remove open-loop poles from the closed-loop input-disturbance
response for a stable plant, by choosing a suitable Z which does not include
the open-loop poles (e.g., the MSP).

10.3 Problem Identification and the Solution

10.3.1 A Numerical Problem with the MSP

Now consider a simple (but somewhat extreme) example with

P =

⎡⎣−1000 0 1
0 1 1
1 1 0

⎤⎦ ,

i.e., P (s) = 1
s+1000 + 1

s−1 . According to (10.3), the predictor needed is

ZMSP(s) =
e1000h − e−sh

s + 1000
+

e−h − e−sh

s − 1
.

Clearly, there is a numerical problem: e1000h is a huge number even for a not
so large delay h! Indeed, according to IEEE Standard 754 [50], which specifies
today the most common representation for real numbers on computers, in-
cluding Intel-based PC’s, Macintoshes and most Unix platforms, this number
is considered to be +∞ (INF) for h ≥ 0.71 s. Certainly, such a component in
a controller is not allowed in practice.

This problem arises due to a fast stable pole (here, p = −1000) of P . A
stable pole makes the real part of the exponent positive, and if this is large,
the numerical problem occurs. If the plant is completely unstable (there are
no stable poles), then there will be no such problem. Thus, if the plant has
fast stable poles, then the predictor ZMSP from (10.3) should not be used.

10.3.2 The Unified Smith Predictor (USP)

A natural solution to the numerical problem encountered in the previous sub-
section is to decompose P into the sum of a stable part Ps and an unstable
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part Pu and then to construct predictors for them, using the classical Smith
predictor (10.2) for Ps(s)e−sh and the modified Smith predictor (10.3) for
Pu(s)e−sh. A new term, unified Smith predictor (USP), is proposed for such
a predictor.

As is well known, the rational part of the plant, P given in (10.1), can be
split (decomposed) into the sum of a stable part Ps and an unstable part Pu,
e.g., by applying a suitable linear coordinate transformation in its state space.
There exist a lot of such similarity transformations. One of them, denoted
here by V , can be obtained by bringing the system matrix A to the Jordan
canonical form JD = V −1AV . Assume that V is a nonsingular matrix such
that

P =
[

V −1AV V −1B
CV D

]
=

⎡⎣Au 0 Bu

0 As Bs

Cu Cs D

⎤⎦ , (10.5)

where As is stable and Au is completely unstable, then P can be split as
P = Ps + Pu with

Ps =
[

As Bs

Cs 0

]
and Pu =

[
Au Bu

Cu D

]
.

As a matter of fact, the decomposition can be done by splitting the complex
plane along any vertical line Re s = α with α ≤ 0. Then the eigenvalues of
Au are all the eigenvalues λ of A with Reλ ≥ α, while As has the remaining
eigenvalues of A. In the sequel, in order to simplify the exposition, the complex
plane is split along the imaginary axis (α = 0) .

The predictor for the stable part Ps can be taken as a classical SP,

Zs(s) = Ps(s) − Ps(s)e−sh, (10.6)

and the predictor for the unstable part Pu can be taken as the following MSP:

Zu(s) = P aug
u (s) − Pu(s)e−sh, P aug

u
.=

[
Au Bu

Cue−Auh 0

]
.

The USP for the plant Ph(s) = P (s)e−sh defined by Z = Zs + Zu is shown in
Figure 10.2. It is now clear that the USP is

Z(s) = P aug(s) − P (s)e−sh, (10.7)

where P aug = Ps + P aug
u and a realization of P aug is

P aug =
[

A B
CEh 0

]
=
[

A EhB
C 0

]
, Eh = V

[
e−Auh 0

0 Is

]
V −1. (10.8)

Here, the identity Is has the same dimension as As and Eh is commutable
with A. The impulse response of the USP is not finite, unlike that of the MSP.
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�

Ps(s) − Ps(s)e
−sh

P aug
u (s) − Pu(s)e−sh �

�

�

�

�
uv

Zs

Zu

Figure 10.2. Unified Smith predictor Z = Zs + Zu

The above P aug is the augmented plant, obtained by connecting the original
plant and the USP in parallel. The stabilising compensator C in Figure 10.1
should be designed as a stabilising controller for P aug.

The use of the different predictors (SP, MSP and USP) is summarised in
Table 10.1: when the plant is stable, the USP reduces to the SP; when the
plant is completely unstable, the USP reduces to the MSP; when the plant
is unstable but has some stable poles (mixed), then the USP should be used,
especially if some stable poles are fast (as explained earlier).

Table 10.1. USP needed for different types of plants

Type of plant stable completely unstable mixed

Type of USP SP MSP USP

Returning to the example in the previous subsection, the USP for it is
given by

Z(s) =
1 − e−sh

s + 1000
+

e−h − e−sh

s − 1
.

Remark 10.1. A possible realization of Z consists of the finite-dimensional
system

ż(t) = Az(t) + EhBu(t) − Bu(t − h)
v(t) = Cz(t) − Du(t − h)

together with a realization of a delay line (which is needed to generate the
signal u(t− h)). However, such a realization of Z would have hidden unstable
modes. An alternative is to realize Zs and Zu separately. The first is not a
problem and the second can be implemented using the techniques discussed
in Part II.
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Remark 10.2. Zs defined in (10.6) could be replaced by

Zs(s) = −Ps(s)e−sh,

as in internal model control [99]. In this case, P aug in (10.8) would change,
since in the definition of Eh the identity Is would have to be replaced by
zero. Now P aug would be simpler (it would have a lower order). This may
be advantageous in the context of Figure 10.1. However, in the more general
framework of Figure 10.5 (in the next section) this may cause a rank problem.

Remark 10.3. The USP (in particular, the SP and the MSP) can be gen-
eralised to multiple delays, i.e., to the situation where the components u1,
u2, . . . um of the vector u are delayed by h1, h2, . . . hm ≥ 0. Denote
H = diag(h1, h2, . . . hm) and

E ⊗ B =
[
Eh1b1 Eh2b2 . . . Ehmbm

]
,

where bk is the k-th column of B, i.e., B =
[
b1 b2 . . . bm

]
. Then

P aug =
[

A E ⊗ B
C 0

]
, Z(s) = P aug(s) − P (s)e−Hs (10.9)

and Z is exponentially stable.

Remark 10.4. An implementation of Z from Remark 10.3 (the USP for mul-
tiple delays) which avoids the problem of unstable modes is outlined here.
The components Zu and Zs are separately implemented, but using the same
delay lines for both, as shown in Figure 10.3. The component Zu is a hybrid
system, containing two copies of an LTI block with the possibility of resetting,
and the switches Sa, Sb and Sv. In this diagram, denote Bu =

[
β1 β2 . . . βm

]
and E ⊗ Bu =

[
e−Auh1β1 e−Auh2β2 . . . e−Auhmβm

]
. The output of the USP

is v = vs + vu, where vs = Zs u and vu = Zu u. vu is produced by one of
the two LTI blocks which can be reset by the signals Ra and Rb, respectively.
When resetting one of them, say the top one, at a time τ , its second input ua

is switched from ud to 0 using the switch Sa. Afterwards, ua
k is reconnected

to ud
k at the time τ + hk (k = 1, 2, . . . m). During this time, vu = vb. After

all the components of ud have been reconnected to the upper LTI block, so
that ua = ud, its output va will be the desired value of vu, and so the switch
Sv can be set so that vu = va. The switches could, theoretically, remain in
this position forever, but since Au is unstable, tiny computational or rounding
errors or the effect of noise will grow and will corrupt the output va and hence
vu. To prevent this, the other LTI block is reset (while switching the compo-
nents of ub, similarly as above, using the switch Sb) and, when the output vb

becomes correct, Sv is switched so that vu = vb. This cycle repeats itself in-
definitely and it can be shown that the USP is stable and produces the correct
output. This implementation is related to the periodic resetting mechanism
for integrators encountered in [135] and the resetting Smith predictor in [96].
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Figure 10.3. Implementation of the USP (10.9) for multiple delays, using two
resetting LTI systems to implement Zu. The logical controller which controls the
switches and generates the resetting signals Ra and Rb (in an open-loop manner) is
not shown.

10.4 Control Systems with a USP: Equivalent Diagrams

In this section a more general type of plant, with two inputs and two outputs
(each of these signals may be vector-valued), is considered. The input signal w
contains references and disturbances, u is the control input, z is the tracking
error and y is the measurement available to the controller. Assume that the
plant Ph consists of a rational part P and a delay by h > 0 acting on u, as
shown in Figure 10.4 and denote

P =
[

P11 P12

P21 P22

]
=

⎡⎣ A B1 B2

C1 D11 D12

C2 D21 D22

⎤⎦ . (10.10)

K is called a stabilising controller for Ph if the transfer functions from the
three external inputs shown in Figure 10.4 to any other signal in the diagram
are in H∞. K is called an exponentially stabilising controller for Ph if the same
transfer functions are exponentially stable. In the sequel, the two external
signals appearing in the lower part of Figure 10.4 will be taken to be zero.

As in the previous section, let V be a nonsingular matrix such that

V −1AV =
[

Au 0
0 As

]
,
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P (s)

e−sh

K(s)� �

Ph(s)

�

� �

�

y

z

u

w

�� �� �

Figure 10.4. Control system comprising a dead-time plant Ph (with a rational part
P ) and a stabilising controller K

where Au is completely unstable and As is stable. As in (10.7), the following
USP designed for the component P22 of the plant is introduced:

Z(s) .= P aug
22 (s) − P22(s)e−sh, (10.11)

where, as in (10.8),

P aug
22

.=
[

A B2

C2Eh 0

]
, Eh = V

[
e−Auh 0

0 Is

]
V −1.

By connecting this USP in parallel with the u to y component of Ph, as shown
in Figure 10.5, thus creating a new measurement output yp, a new augmented
plant

P aug(s) =
[

P11(s) P12(s)e−hs

P21(s) P aug
22 (s)

]
(10.12)

is obtained. It is well known (and easy to see from Figure 10.5) that C is a
stabilising controller for P aug if and only if K = C(I −ZC)−1 is a stabilising
controller for the original dead-time plant. The same statement remains true
with ‘exponentially stabilising’ in place of ‘stabilising’ (and, of course, the
corresponding set of controllers is smaller).

An equivalent representation of P aug given below is useful for the prob-
lems treated in the next section. Proposition 10.1 and Remark 10.5 below
are related to Lemma 1 in [91] (the corresponding notation is ∆1 = Z1 and
∆2 = Z).

Proposition 10.1. The augmented plant can be decomposed as

P aug(s) =
[

Z1(s) 0
0 0

]
+
[

e−shI 0
0 I

]
P̃ (s), (10.13)

where

Z1(s)
.= P11(s) −

[
A eAhB1

C1 0

]
(s)e−sh,



162 10 Unified Smith Predictor
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P (s)

C(s)

Z(s)�
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�
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��

�

y

wz

yp u

Figure 10.5. Control system from Figure 10.4, in which the controller K has been
decomposed into a USP denoted Z and a stabilising compensator C, so that K =
C(I − ZC)−1.

P̃ = P̃0 +
[

P̃s 0
0 0

]
, P̃0 =

⎡⎣ A E−1
h B1 B2

C1 0 D12

C2Eh D21 0

⎤⎦ , (10.14)

P̃s =

⎡⎣ As

[
0 eAsh − Is

]
V −1B1

C1V

[
0
Is

]
0

⎤⎦ . (10.15)

The block diagram corresponding to the decomposition (10.13) and (10.14)
of P aug is shown in Figure 10.6.

P̃0(s)

e−sh

C(s)

P̃s(s)

Z1(s)

��� ���� �

�

�

�
P̃

yp

z0

z̃z

u

w

�

Figure 10.6. Equivalent representation of the control system in Figure 10.5, using
the decomposition of P aug given in Proposition 10.1.
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Proof. Using the partition (10.12) of P aug, the formula (10.13) to be proven
is equivalent to the following four formulas:

P11(s) = Z1(s) +
([

A E−1
h B1

C1 0

]
+ P̃s(s)

)
e−sh, (10.16)

P12e
−sh =

[
A B2

C1 D12

]
e−sh,

P21 =
[

A E−1
h B1

C2Eh D21

]
, P aug

22 =
[

A B2

C2Eh 0

]
.

The last three formulas are clearly true, so only the first formula (10.16)
requires a little work. Since

[
A E−1

h B1

C1 0

]
=

⎡⎣ Au 0
0 As

[
eAuh 0

0 Is

]
V −1B1

C1V 0

⎤⎦
and

P̃s =

⎡⎣ Au 0
0 As

[
0 0
0 eAsh − Is

]
V −1B1

C1V 0

⎤⎦ ,

(10.16) follows easily. 
�
Note that if the USP would be chosen as described in Remark 10.2, then

Eh would become singular, which is the rank problem mentioned in Remark
10.2, and hence the decomposition (10.14) of P̃ would have to be replaced by
a more complicated one.

Remark 10.5. It follows from Proposition 10.1 that the closed-loop transfer
function Tzw from w to z can be written as the sum of three terms:

Tzw(s) = Z1(s) + P̃s(s)e−sh + Fl(P̃0(s), C(s))e−sh, (10.17)

where Fl(P̃0, C) is the transfer function from w to z0 in Figure 10.6. Z1 is an
FIR system with impulse response supported on [0, h], while the second and
third term have impulse responses supported on [h,∞). Hence, if these terms
are in H2(C0), then the first term is orthogonal to the second and third term.

Remark 10.6. A realization of P̃ is given by

P̃ =

⎡⎢⎢⎢⎢⎣
A 0 E−1

h B1 B2

0 As

[
0 eAsh − Is

]
V −1B1 0

C1 C1V

[
0
Is

]
0 D12

C2Eh 0 D21 0

⎤⎥⎥⎥⎥⎦ . (10.18)
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If P is completely unstable, then the dimensions of As and Is are zero, and
the block P̃s in Figure 10.6 disappears. In this case, Z reduces to an MSP and
P̃ becomes

P̃ =

⎡⎣ A eAhB1 B2

C1 0 D12

C2e
−Ah D21 0

⎤⎦ = P̃0.

If P is stable, then P̃ is reduced to

P̃ =

⎡⎢⎢⎣
A 0 B1 B2

0 A (eAh − I)B1 0
C1 C1 0 D12

C2 0 D21 0

⎤⎥⎥⎦ .

10.5 Applications

10.5.1 Parameterisation of All Stabilising Controllers

The necessary and sufficient conditions on Ph for the existence of an exponen-
tially stabilising controller K is discussed here for the control system in Fig-
ure 10.4. It is known that exponential stabilisation for an infinite-dimensional
plant is generally more difficult to achieve than stabilisation (in the H∞ sense)
[152]. It turns out that in this particular setting, the two problems are equiv-
alent, and can be reduced to the stabilisation of P̃0 from (10.14).

Theorem 10.1. The dead-time plant Ph shown in Figure 10.4 with a min-
imal realization of its rational part as in (10.10) admits an (exponentially)
stabilising controller K (as defined in Section 10.4) if and only if (A, B2) is
stabilisable and (C2, A) is detectable. With the USP Z given in (10.11), every
such controller can be expressed as

K = C(I − ZC)−1, (10.19)

where C is an (exponentially) stabilising controller for P̃0 defined in (10.14).
Let F and L be such that A+LC2 and A+B2F are stable, then every stabilising
C for P̃0 can be expressed as

C = Fl(M, Q), M =

⎡⎣A + B2F + E−1
h LC2Eh −E−1

h L B2

F 0 I
−C2Eh I 0

⎤⎦ (10.20)

where Q ∈ H∞. Such a C is exponentially stabilising if and only if Q is
exponentially stable. The closed-loop transfer function Tzw achieved by K from
(10.19) is given by (10.17), where

Fl(P̃0, C) = Fl(N, Q),
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N =

⎡⎢⎢⎣
A + B2F −B2F E−1

h B1 B2

0 A + E−1
h LC2Eh E−1

h (B1 + LD21) 0
C1 + D12F −D12F 0 D12

0 C2Eh D21 0

⎤⎥⎥⎦ .

Proof. As explained in the previous section, the control system in Figure 10.4
has an equivalent representation shown in Figure 10.6. The blocks Z1 and P̃s

in Figure 10.6 are exponentially stable, so that they have no influence on the
(exponential) stability of the whole system (since they are not a part of any
feedback loop). Thus, the (exponential) stability of the original closed-loop
system is equivalent to that of the system formed from P̃0 and C only.

At first, the stabilisation in the H∞ sense is considered. Since P̃0 is ratio-
nal, the parameterisation of stabilising controllers using M follows from [181,
p. 312] where C2 is replaced by C2Eh and L by E−1

h L. This is possible because
A + LC2 is similar to A + E−1

h LC2Eh (hence, A + LC2 is stable if and only if
A + E−1

h LC2Eh is stable). For a rigorous derivation of the parameterisation
for irrational plants [20]. The formula involving N follows from [181, p. 323].

Now consider the exponential stabilisation. Let α < 0 be such that all the
eigenvalues of A+B2F and A+LC2 are in the half-plane where Re s < α. Now
all the arguments used to derive the parameterisation (10.20) of stabilising
controllers can be redone with H∞ replaced by H∞(Cα), the space of bounded
analytic functions on Cα. This will result in the same formulae (10.20), but
now Q must be in H∞(Cα). 
�

10.5.2 The H2 Problem

Consider again the feedback system from Figure 10.4 with the plant Ph. The
standard H2 problem for Ph is to find a stabilising controller K which min-
imises the H2-norm of the transfer function Tzw. The solution of this problem,
using the modified Smith predictor, is well known; see [89, 91] and the ref-
erences therein.2 In this subsection, this problem will be re-considered using
the USP. Assume that the realization of P , of the form (10.10), is minimal
and assume the following:

(A1) (A, B2) is stabilisable and (C2, A) is detectable;
(A2)

[
A − jωI B2

C1 D12

]
has full column rank ∀ω ∈ R;

(A3)
[

A − jωI B1

C2 D21

]
has full row rank ∀ω ∈ R;

(A4) D∗
12D12 = I and D21D

∗
21 = I .

Assumption (A4) is made just to simplify the exposition. In fact, only the
nonsingularity of D∗

12D12 and D21D
∗
21 is required [40, 181].

As mentioned in Remark 10.5, the impulse response of Z1 is supported on
[0, h] and the last two terms of Tzw in (10.17) (which together are Fl(P̃ , C)
delayed by h) are supported on [h,∞). Assume for a moment that D11 = 0.
It follows that Z1 is orthogonal (in H2) to the last two terms of Tzw and that

2 The case when there are multiple I/O delays can be found in [95].
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‖Tzw‖2
2 = ‖Z1‖2

2 +
∥∥∥Fl(P̃ , C)e−sh

∥∥∥2

2

= ‖Z1‖2
2 +

∥∥∥Fl(P̃ , C)
∥∥∥2

2
.

Note that Z1 is independent of C. Therefore, the standard H2 problem for
Ph, minimising ‖Tzw‖2 over all stabilising K, is reduced to

γ = min
C

∥∥∥Fl(P̃ , C)
∥∥∥

2
(C stabilising). (10.21)

This is a finite-dimensional standard H2 problem whose solution is well known.
The problem (10.21) is meaningful even if D11 	= 0: then to minimise the L2

norm of the impulse response of Tzw restricted to [h, ∞).
It is worth discussing the solution of (10.21) because the solution is simpler

than one would expect from the general solution presented in [40, Chapter 5]
or [181, Chapter 14]. Rewrite P̃ from (10.18) as

P̃ =

⎡⎣ Ã B̃1 B̃2

C̃1 0 D12

C̃2 D21 0

⎤⎦ .

The classical solution of (10.21), the standard H2 problem for the system P̃ ,
involves the Riccati equations corresponding to the Hamiltonian matrices

H̃ =
[

Ã 0
−C̃∗

1 C̃1 −Ã∗

]
−
[

B̃2

−C̃∗
1D12

] [
D∗

12C̃1 B̃∗
2

]
,

J̃ =
[

Ã∗ 0
−B̃1B̃

∗
1 −Ã

]
−
[

C̃∗
2

−B̃1D
∗
21

] [
D21B̃

∗
1 C̃2

]
.

The Riccati equation for H̃ , in the unknown X̃ , is

[−X̃ I
]
H̃

[
I

X̃

]
= 0,

and similarly for J̃ ; see the books cited earlier.
However, it turns out that for the special structure of P̃ , the standard

H2 problem can be reduced to the solution of two Riccati equations with
unknowns of lower dimensions, as the following theorem shows. These reduced
order Riccati equations correspond to the following two Hamiltonian matrices
H2 and J2, which are also of lower dimensions than H̃ and J̃ :

H2 =
[

A 0
−C∗

1C1 −A∗

]
−
[

B2

−C∗
1D12

] [
D∗

12C1 B∗
2

]
,

J2 =
[

A∗ 0
−B1B

∗
1 −A

]
−
[

C∗
2

−B1D
∗
21

] [
D21B

∗
1 C2

]
.
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When the conditions (A1)–(A4) hold, these two Hamiltonian matrices belong
to dom(Ric). Indeed, this follows from Corollary 13.10 in [181, p. 340]. The
fact that H2 ∈ dom(Ric) means that (A, B2) is stabilisable and H2 has no
imaginary eigenvalue. The stabilising solution of the Riccati equation associ-
ated with H2, X = Ric(H2), satisfies X ≥ 0. Similar statements can be made
about J2 and Y = Ric(J2).

Theorem 10.2. If the conditions (A1)–(A4) hold, then there exists a unique
optimal H2 controller K for the plant Ph, given by

K = C(I − ZC)−1, C =
[

Ã + B̃2F̃ + L̃C̃2 −L̃

F̃ 0

]
, (10.22)

where

F̃ =
[

F FV

[
0
Is

] ]
, L̃ =

[
E−1

h L[
0 eAsh − Is

]
V −1L

]
,

with
F = −(B∗

2X + D∗
12C1), L = −(Y C∗

2 + B1D
∗
21).

Proof. It can be verified that the conditions (A1)–(A4) hold also for P̃ . This
follows from the zeros in the matrix in (10.18), using the fact that As is stable.
The unique optimal H2 controller can be obtained, according to Theorem 14.7
from [181, p. 385], as given in (10.22) but with

F̃ = −(B̃∗
2X̃ + D∗

12C̃1), L̃ = −(Ỹ C̃∗
2 + B̃1D

∗
21),

where X̃ = Ric(H̃) and Ỹ = Ric(J̃).
Now establish the relationship between F and F̃ . It is known from [25, 181]

that F̃ is the optimal state feedback gain for the standard LQ problem for

PF =

⎡⎢⎢⎣
A 0 B2

0 As 0

C1 C1V

[
0
Is

]
D12

⎤⎥⎥⎦ .

After a similarity transformation with

TF =

⎡⎣ I −V

[
0
Is

]
0 Is

⎤⎦ ,

i.e., replacing the state xF of PF by zF = T−1
F xF , the system PF becomes

P
′
F =

⎡⎣ A 0 B2

0 As 0
C1 0 D12

⎤⎦ ,

because TF Ã = ÃTF . The invariant subspace corresponding to the block As is
unobservable (and uncontrollable). Hence, the stabilising solution to the ARE
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for the corresponding LQ problem has the form
[

X 0
0 0s

]
, where the subscript s

indicates that the dimensions of 0s are the same as those of As, and where
X = Ric(H2). This gives the corresponding optimal state feedback gain as

− [B∗
2 0
] [X 0

0 0s

]
− D∗

12

[
C1 0

]
= − [B∗

2X + D∗
12C1 0

]
=
[
F 0

]
.

Going back to the original state of PF via the similarity transformation with
T−1

F , the optimal feedback gain for the LQ problem for PF is

F̃ =
[
F 0

]
T−1

F =
[

F FV

[
0
Is

]]
.

Now establish the relationship between L and L̃. Note that L̃∗ is the
optimal state feedback gain for the standard LQ problem for the plant

PL =

⎡⎢⎢⎣
A∗ 0 E∗

hC∗
2

0 A∗
s 0

B∗
1E−∗

h B∗
1V −∗

[
0

eA∗
sh − Is

]
D∗

21

⎤⎥⎥⎦ .

Using the similarity transformation with

TL =

⎡⎣E∗
h −E∗

hV −∗
[

0
eA∗

sh − Is

]
0 Is

⎤⎦ ,

i.e., replacing the state xL of PL by zL = T−1
L xL, the system PL becomes

P
′
L =

⎡⎣A∗ 0 C∗
2

0 A∗
s 0

B∗
1 0 D∗

21

⎤⎦ ,

because TLÃ∗ = Ã∗TL. The invariant subspace corresponding to the block
A∗

s is unobservable (and uncontrollable). Hence, the stabilising solution to
the ARE for the corresponding LQ problem has the form

[
Y 0
0 0s

]
, where Y =

Ric(J2). This gives the corresponding optimal state feedback gain as

− [C2 0
] [Y 0

0 0s

]
− D21

[
B∗

1 0
]

=
[
L∗ 0

]
.

Going back to the original state of PL via the similarity transformation with
T−1

L , the optimal state feedback gain for the LQ problem for PL is

L̃∗ =
[
L∗ 0

]
T−1

L =
[

L∗E−∗
h L∗V −∗

[
0

eA∗
sh − Is

] ]
.

Hence,

L̃ = T−∗
L

[
L
0

]
=
[

E−1
h L[

0 eAsh − Is

]
V −1L

]
.


�
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10.5.3 A Transformed H∞ Problem

According to (10.17), the following formula holds:

‖Z1‖∞ < ‖Tzw‖∞ ≤ ‖Z1‖∞ +
∥∥∥Fl(P̃ , C)

∥∥∥
∞

. (10.23)

Hence, the minimisation of
∥∥∥Fl(P̃ , C)

∥∥∥
∞

may offer a very good approximation
for the minimisation of ‖Tzw‖∞, in particular, when ‖Z1‖∞ is large. This
indicates that the original H∞ problem min ‖Tzw‖∞ may be approximately
solved by solving a transformed H∞ problem [161]:

min
C

∥∥∥Fl(P̃ , C)
∥∥∥
∞

. (10.24)

As a matter of fact, this is reasonable: during the period t = 0 ∼ h after
w is applied, the output z is not controllable (i.e., not changeable by the
control action) and is only determined by Z1 (and, of course, w). It does not
make sense to include an uncontrollable part in a performance index [161] and
hence it should be excluded. See Chapter 8 for more details about this idea
and [68] for an application to the damping control of inter-area oscillations of
large-scale power systems.

The solution to the transformed problem (10.24) involves the following
Hamiltonian matrices:

H∞ =
[

Ã γ−2B̃1B̃
∗
1

−C̃∗
1 C̃1 −Ã∗

]
−
[

B̃2

−C̃∗
1D12

] [
D∗

12C̃1 B̃∗
2

]
,

J∞ =
[

Ã∗ γ−2C̃∗
1 C̃1

−B̃1B̃
∗
1 −Ã

]
−
[

C̃∗
2

−B̃1D
∗
21

] [
D21B̃

∗
1 C̃2

]
.

Assume that the assumptions (A1)–(A4) in the previous subsection hold,
then the following result holds:

Theorem 10.3. There exists a controller C such that
∥∥∥Fl(P̃ , C)

∥∥∥
∞

< γ iff
the following three conditions hold:

(i) H∞ ∈ dom(Ric) and X = Ric(H∞) ≥ 0;
(ii) J∞ ∈ dom(Ric) and Y = Ric(J∞) ≥ 0;
(iii) ρ(XY ) < γ2.

Moreover, when the above conditions hold, the set of all admissible controllers
C such that

∥∥∥Fl(P̃ , C)
∥∥∥
∞

< γ can be parameterised as

C = Fl(M, Q), (10.25)

with Q(s) ∈ H∞, ‖Q(s)‖∞ < γ and
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M =

⎡⎢⎣ A∞ −L∞ B̃2 + γ−2Y C̃∗
1D12

F∞Ψ 0 I

−
(
C̃2 + γ−2D21B̃

∗
1X
)

Ψ I 0

⎤⎥⎦ ,

where

A∞ = Ã + L∞C̃2 + γ−2Y C̃∗
1 C̃1 +

(
B̃2 + γ−2Y C̃∗

1D12

)
F∞Ψ,

F∞ = −(B̃∗
2X + D∗

12C̃1), L∞ = −(Y C̃∗
2 + B̃1D

∗
21), Ψ = (I − γ−2Y X)−1.

Furthermore, the H∞ norm of Tzw satisfies (10.23) when the controller K
is designed as K = C(I − ZC)−1 with Z given in (10.11) and C given in
(10.25).

Proof. As shown in the proof of Theorem 10.2, P̃ (s) meets all the standard
assumptions. Theorem 5.1 in [39] can be used to solve the problem. Substitute
P̃ (s) into the theorem, then the above result can be obtained with ease. 
�
Remark 10.7. In this case, the predictor Z is much simpler than that result-
ing from the original H∞ problem; see (7.11). The price paid for this can
be estimated from (10.23). The original H∞ problem incorporating a USP,
min ‖Tzw‖∞, is left for future research.

10.6 Summary

A numerical problem with the modified Smith predictor when the plant has
fast stable poles has been pointed out and the unified Smith predictor has
been proposed as a solution. An equivalent representation of the augmented
plant consisting of a dead-time plant and a unified Smith predictor is derived.
Using this representation, a parameterisation of the (exponentially) stabilising
controllers for the dead-time plant (with the USP connected to it) is derived
and the standard H2 problem (again, in the presence of the USP) and a
transformed H∞ control problem are solved. The H∞ control problems in
the presence of the USP are left for future research.
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Controller Implementation
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Discrete-delay Implementation of Distributed
Delay in Control Laws

As shown in the previous chapters, suboptimal controllers for the Nehari prob-
lem, the extended Nehari problem, the one-block problem and the standard
problem have the same structure. They all incorporate a distributed-delay
block, which is in the form of a modified Smith predictor (MSP). The imple-
mentation of distributed delay is not trivial because of the inherent hidden
unstable poles. In this chapter,1 some elementary mathematical tools are used
to approximate the distributed delay and to implement it in the z-domain
and in the s-domain. The H∞-norm of the approximation error converges to
0 when the number N of approximation steps approaches +∞. Hence, the
instability problem due to the approximation error (which has been widely
studied in recent years) does not exist provided that the number N of ap-
proximation steps is large enough. Moreover, the static gain is guaranteed in
the implementation so that no extra effort is needed to retain the steady-state
performance. It is recommended not to use the backward rectangular rule to
approximate the distributed delay for implementation. As by-products, two
new formulae for the forward and backward rectangular rules are obtained.
These formulae are more accurate than the conventional ones when the inte-
grand has an exponential term.

11.1 Introduction

Distributed delays (i.e., finite integrals over time, also called finite-impulse-
response FIR blocks) often appear as part of dead-time compensators for
processes with dead time, in particular, for unstable processes with dead time
[70, 113, 147]. They also appear in H∞ control of (even, stable) dead-time
systems [80, 87, 160, 161, 162] and continuous-time deadbeat control [159].
Due to the requirement of internal stability, such an FIR block has to be,
approximately, implemented as a stable block without hidden unstable poles.

1 Portions reprinted, with permission, from [167]. c©IEEE.
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One way to approximate the distributed delay is by an easy-to-implement
rational function. See the next two chapters for more details about this.

A common way is to replace the distributed delay by the sum of a se-
ries of discrete (often commensurate) delays [70, 113, 147] (other interest-
ing implementations using resetting mechanisms can be found in [135] and
[96]). However, it has emerged recently that this approximation method (more
specifically, using quadrature rules such as rectangular, trapezoidal and Simp-
son’s rules etc.) cannot guarantee system stability, even when quite accurate
approximation integral laws were used [141]. This topic has received much at-
tention from the delay community and has become a very hot topic in recent
years [27, 28, 81, 86, 96, 98, 123, 141, 142]. It has been proposed as an open
problem in the survey paper [121]. An analysis of the causes of such behaviour
was studied in [27, 123, 141] using a simple example. It was shown in [27] that
the resulting system becomes a neutral time-delay system and closed-loop
poles having large magnitude located in the right-half plane (whatever the
precision of the trapezoidal approximation) caused the instability.

It is now well understood that the existence of a low-pass filter in the
approximation may remedy the instability problem, as explicitly or implic-
itly reported in [28, 81, 86]. Indeed, this is a standard technique to convert
a neutral time-delay system into a retarded time-delay system; see, for ex-
ample, [153]. However, it is not clear why the approximation, which involves
only the classical quadrature rules and Laplace transform, has lost the in-
herent low-pass property of the distributed delay and caused instability, nor
is it clear how to choose a suitable low-pass filter (see the last paragraph of
[86, Subsection 4.2]). This chapter intends to answer these questions and pro-
poses some improved approximations to implement the distributed delay (an
approximation is called an implementation only when it is implementable).

In the literature, this problem is often considered in the context of a con-
trol system. It often involves change of the control structure, e.g., due to an
algebraic loop, inserting a low-pass filter or even the redesign of a control
law. Here, this problem is regarded as a pure approximation/implementation
problem in the frequency domain. Two different reasonings will be applied,
but the results obtained are the same. In the proposed implementation, both
the low frequency behaviour and the high frequency behaviour are guaranteed.
Moreover, the H∞-norm of the approximation error converges to 0 when the
approximation step N approaches +∞. Hence, there is no change of control
structure; there is no instability problem provided that N is large enough. As
shown in simulations, a widely studied system [27, 123, 141], which demon-
strated instability, is stable even when N = 1.

A bad approximation of the distributed delay discussed in the literature
is reviewed in Section 11.2. Two different approaches are then proposed in
Section 11.3. Based on the approximations obtained, the implementations in
the z-domain and in the s-domain are given in Section 11.4. The stability
issue is discussed in Section 11.5 and numerical examples are given in Section
11.6.
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11.2 A Bad Approximation of Distributed Delay in the
Literature

Finite-spectrum assignment [70, 109, 144] for dead-time systems is a state
feedback control law using the predicted state of the control plant. See Chapter
2. The predicted state of the plant P (s)e−sh with P =

[
A B
C 0

]
is

xp(t) = eAhx(t) +
∫ h

0

eAζBu(t − ζ)dζ, (11.1)

and the FSA control law is given by

u(t) = F̃ e−Ahxp(t).

Denote the integral in (11.1), which is a distributed delay, by

v(t) =
∫ h

0

eAζBu(t − ζ)dζ. (11.2)

Using the Laplace transform, the s-domain equivalent Z(s) of the distributed
delay (11.2), i.e., the transfer function from u to v, is

Z(s) = (I − e−(sI−A)h) ·
[

A B
I 0

]
. (11.3)

Hence, in the frequency domain, the distributed delay Z is a system including
a discrete delay but with a special property that all poles are cancelled by
its zeros, i.e., it is an entire function. This paves the way for the techniques
mentioned in [114] to be applied to approximate Z with a rational function,
with special attention paid to avoiding the unstable poles.

The integral (distributed delay) v(t) from (11.2) can be approximated
in the time domain by using various quadrature rules such as rectangular,
trapezoidal and Simpson’s rules etc. In this chapter, the analysis is based on
the rectangular rule for simplicity. The approximated v(t) using the backward
rectangular rule is

vw(t) =
h

N

N∑
i=1

eiA h
N Bu(t − i

h

N
), (11.4)

where N is the number of approximation steps. The Laplace transformation
of vw(t) gives the following approximation of Z(s) (i.e., the transfer function
from u to vw):

Zw(s) =
h

N
·

N∑
i=1

e−i h
N (sI−A)B. (11.5)

Zw is not a good implementation of Z [86, 123, 141]. A simple reason is that
the original FIR Z is strictly proper but Zw is not. The bad approximation at
high frequencies makes the stability analysis unnecessarily complicated and,
what is worse, does not guarantee the stability [27, 81, 98, 123, 141].
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11.3 Approximation of Distributed Delay

11.3.1 Integration
∫ h

N

0
y(t − τ)dτ

Lemma 11.1. For any integrable function y(t) and the rectangular pulse func-
tion

p(t) = 1(t) − 1(t − h

N
),

where 1(t) is the step function, the following identity holds:∫ h
N

0

y(t − τ)dτ =
∫ t

t− h
N

y(τ)dτ = y(t) ∗ p(t),

where ∗ stands for the convolution.

Proof. The first “=” is obvious. The second “=” can be proved using the
definition of the convolution. This formula is illustrated in Figure 11.1. 
�

τtt−h/N

y(τ)

t0

y(t) p(t)

t

1

0 h/N

∗=

Figure 11.1. Illustration of Lemma 11.1
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This formula seems trivial, but it reveals the secret behind the problem.

Obviously, the Laplace transformation of
∫ h

N

0 y(t − τ)dτ is Y (s) · 1−e−s h
N

s ,

where Y (s) is the Laplace transformation of y(t), and 1−e−s h
N

s is that of p(t).

However, when a quadrature rule is used to approximate
∫ h

N

0 y(t− τ)dτ , then
the corresponding Laplace transformation is Y (s) multiplied by a polynomial
of delays. For example, when the forward rectangular rule is used, i.e.,∫ h

N

0

y(t − τ)dτ ≈ y(t) · h

N
,

this polynomial is h
N ; when the backward rectangular rule is used, this poly-

nomial is h
N e−

h
N s; when the trapezoidal rule is used, this polynomial is

h
N

1+e− h
N

s

2 . Hence, in the frequency domain, the quadrature approximation can

be interpreted as approximating 1−e−s h
N

s with a polynomial of delay e−
h
N s.

This approximation loses the strict properness of 1−e−s h
N

s . An approximation,
which does not lose this important property, will be given in Subsection 11.4.2.

11.3.2 Approximation in the s-domain via the Laplace Transform

Divide the interval [0, h] into N subintervals [i h
N , (i+1) h

N ], i = 0, 1, . . . , N−
1, then v(t) given in (11.2) can be re-written as

v(t) =
N−1∑
i=0

∫ (i+1) h
N

i h
N

eAζBu(t − ζ)dζ. (11.6)

When N is chosen large enough, eAζ in the interval [i h
N , (i+1) h

N ] can be well
approximated by eiA h

N . This offers the following approximation for v(t):

v(t) ≈ vf (t) =
N−1∑
i=0

eiA h
N B

∫ (i+1) h
N

i h
N

u(t − ζ)dζ

=
N−1∑
i=0

eiA h
N B

∫ h
N

0

u(t − i
h

N
− τi)dτi, (11.7)

where the variable changes ζ = τi + i h
N were used and the subscript “f ”

stands for forward. This approximation can also be obtained by applying the
technique used in [28], which involves block-pulse functions. The reasoning
used here is simpler and needs less mathematical background.

Applying Lemma 11.1, the last formula becomes

vf (t) =
N−1∑
i=0

eiA h
N Bu(t − i

h

N
) ∗ p(t). (11.8)



178 11 Discrete-delay Implementation of Distributed Delay in Control Laws

On the other hand, if it is assumed that

u(t − i
h

N
− τi) = u(t − i

h

N
) for 0 ≤ τi <

h

N
, (11.9)

then vf given in (11.7) can be further approximated as

vf (t) ≈ vwf (t) =
h

N

N−1∑
i=0

eiA h
N Bu(t − i

h

N
). (11.10)

This is exactly the approximation of v by using the forward rectangular rule.
As will be shown later, the approximation vf does not cause instability when
N is large enough. However, as is known, the approximation vwf does. The
significant difference between vf and vwf is the convolution with p(t). An al-
ternative interpretation is that the condition (11.9) is not explicitly shown in
(11.10), which was used to apply the Laplace transform. The Laplace transfor-
mation of (11.8) gives the following approximation of Z(s) (i.e., the transfer
function from u to vf ):

Zf (s) =
1 − e−s h

N

s
·

N−1∑
i=0

e−i h
N (sI−A)B. (11.11)

Similarly, the transfer function from u to vwf is

Zwf (s) =
h

N

N−1∑
i=0

e−i h
N (sI−A)B. (11.12)

Theorem 11.1. The approximation Zf has the following properties:
(i) limN→+∞ Zf (s) = Z(s);
(ii) Zf is strictly proper, i.e., lim|s|→+∞, 
(s)≥0 Zf (s) = 0.

Proof.

lim
N→+∞

Zf(s) = lim
N→+∞

1 − e−s h
N

s
·

N−1∑
i=0

e−i h
N (sI−A)B

= lim
N→+∞

1 − e−s h
N

s
(I − e−(sI−A)h)(I − e−

h
N (sI−A))−1B

= (I − e−(sI−A)h) lim
N→+∞

1 − e−s h
N

s
(I − e−

h
N (sI−A))−1B

= (I − e−(sI−A)h) lim
τ→0+

1 − e−sτ

s
(I − e−τ(sI−A))−1B

= (I − e−(sI−A)h) lim
τ→0+

e−sτ · ((sI − A)e−τ(sI−A))−1B

= (I − e−(sI−A)h)(sI − A)−1B

= Z(s),

where the substitution τ = h/N is used. The second property is obvious. 
�
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Remark 11.1. Actually, limN→+∞ Zwf(s) = Z(s) as well. However, Zwf is
not strictly proper. This makes the stability analysis of the system, as done
in the literature, very complicated. Furthermore, as will be proved later, Zf

converges to Z uniformly.

Remark 11.2. Roughly speaking, if the convolution of p(t) is regarded as a
hold effect to reconstruct the signal obtained from the rectangular rule, then
the hold effect in (11.10) can be interpreted as the holder being a constant
gain h/N , for which the impulse response is a weighted delta function h

N ·δ(t).
See Figure 11.3(a) for more details.

Although the approximation (11.11) guarantees the high-frequency be-
haviour of the distributed delay Z, the approximation error at low frequen-
cies might be large. In particular, the nonzero error at the zero frequency is
not desirable. It changes the system performance at the steady state, as can
be seen from the simulations in [141] (also see Figure 11.8), and hence extra
effort to guarantee the steady-state performance is needed [147]. This means
a change of the control law, as used in [86, Example 2], is needed. Such efforts
can be eliminated by using a different approximation as follows.

Instead of approximating eAζ with eiA h
N as in (11.7), it can be approxi-

mated with the mean value of eAζ in the interval. This offers the following
approximation:2

v(t) ≈ vf0(t) =
N−1∑
i=0

N

h

∫ (i+1) h
N

i h
N

eAζdζ · B ·
∫ (i+1) h

N

i h
N

u(t − ζ)dζ

= (e
h
N A − I)(

h

N
A)−1 · vf (t).

The corresponding approximation of Z in the s-domain is given by

Zf0(s) =
1 − e−

h
N s

s

e
h
N A − I

h
N

A−1 ·
N−1∑
i=0

e−i h
N (sI−A)B. (11.13)

Theorem 11.2. Zf0 has the following properties:
(i) limN→+∞ Zf0(s) = Z(s);
(ii) Zf0 is strictly proper;
(iii) lims→0 Zf0(s) = lims→0 Z(s).

2 If A is singular, then an appropriate limitation should be used to calculate some
elements of N

h
(e

h
N

A − I)A−1 when necessary. As a matter of fact,

N

h
(e

h
N

A − I)A−1 = I +
1

2!

h

N
A +

1

3!
(

h

N
A)2 + · · · + 1

(n + 1)!
(

h

N
A)n + · · ·

and hence it is well defined for a singular A as well. It can also be replaced by the
integral N

h

∫ h
N

0
eAζdζ, which is nonsingular for a singular A. Similar situations are

for (I − eAh)A−1 and N
h

(I − e−
h
N

A)A−1.
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Proof. Property (i) is obvious since limN→+∞ N
h (e

h
N A − I)A−1 = I. Property

(ii) is obvious as well.
The static gain of Zf0 is the same as that of Z because

lim
s→0

Zf0(s) = lim
s→0

1 − e−s h
N

s

e
h
N A − I

h
N

A−1
N−1∑
i=0

e−i h
N (sI−A)B

= (e
h
N A − I)A−1

N−1∑
i=0

ei h
N AB

= −(I − eAh)A−1B

= lim
s→0

Z(s).


�
The approximation Zf0 guarantees a small approximation error at both

low and high frequencies, in particular, zero error at the frequencies 0 and
+∞. Hence, Zf0 is more accurate than Zf , in particular, at low frequencies.
This indicates that a similar change in the rectangular rule, which is given
below, may provide better accuracy for numerical computations of integrals:∫ h

0

eAζBu(t − ζ)dζ ≈ (e
h
N A − I)A−1 ·

N−1∑
i=0

eiA h
N Bu(t − i

h

N
). (11.14)

When A = 0, (e
h
N A − I)A−1 becomes h

N and hence this new formula can
be regarded as an extension of the conventional forward rectangular rule. It
provides a better approximation than the conventional forward rectangular
rule when the integrand has an exponential term.

The magnitude coefficient N
h (e

h
N A−I)A−1 depends on N (more accurately,

on Ah/N). In the scalar case, it approaches 1 when Ah/N → 0 (this can be
extended to the matrix case). The magnitude coefficient curve is shown in
Figure 11.2 for a scalar A. The larger the Ah/N , the greater the improvement
in accuracy. Another magnitude coefficient N

h (I − e−
h
N A)A−1, which will be

encountered later, is also shown in Figure 11.2.

11.3.3 Direct Approximation in the s-domain

Since the Z(s) in (11.3) can be written as

Z(s) =
∫ h

0

e−(sI−A)θdθ · B,

the new formula (11.14) provides the true value for Z as3

3 Another way is to use the formula (1 − a)
∑N−1

i=0 ai = (1 − aN ).
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Figure 11.2. Magnitude coefficients (for a scalar A)

Z(s) = (I − e−(sI−A) h
N )(sI − A)−1 ·

N−1∑
i=0

e−i h
N (sI−A)B. (11.15)

Hence, the distributed delay Z has been converted to the sum of a series of
discrete delays, although there still exist hidden unstable poles in the first
part denoted as

H(A) = (I − e−(sI−A) h
N )(sI − A)−1.

It is relatively easy to implement H(A) because it involves a much shorter
delay h/N when N is large.

The above H(A) is a function of matrix A. It can be expanded as the
following power series of A:

H(A) =
1 − e−

h
N s

s
I +

1 − e−
h
N s − h

N se−
h
N s

s2
· A

+
1
2!

2(1 − e−
h
N s) − h

N s(2 + h
N s)e−

h
N s

s3
· A2 + · · · .

This power series (uniformly) converges for any square matrix A, provided
that H(sI) is defined to be h

N I [61]. The approximation of the first term

H(A) ≈ 1 − e−
h
N s

s
I

provides the following approximation of Z(s):

Zf (s) =
1 − e−s h

N

s
·

N−1∑
i=0

e−i h
N (sI−A)B.
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This is the same as the Zf obtained in (11.11). Note that the hold filter
1−e− h

N
s

s appears again, although the reasoning used here is different. As a
matter of fact, Z can be regarded as a generalised holder with a period of h
(because the impulse response of Z is nonzero only in [0, h]).

Furthermore, the coefficients in the series of H(A) can be separated into
the sum of a term not involving s and a term including factors of s, i.e.,

H(A) =
1 − e−

h
N s

s
·
(

I +
1
2!

h

N
A +

1
3!

(
h

N
A)2 + · · ·

+(
1 − s

1−e− h
N

s

h
N e−

h
N s

s
− 1

2!
h

N
) · A

+(
1
2!

2 − s(2+ h
N s)

1−e− h
N

s

h
N e−

h
N s

s2
− 1

3!
(

h

N
)2) · A2 + · · ·

)
=

1 − e−
h
N s

s
·
(

(e
h
N A − I)(

h

N
A)−1 + Ĥ(A)

)
,

where Ĥ(A) represents the rest of the series in the bracket above. It is easy
to show that Ĥ(A) = 0 when s → 0 or A = 0. The approximation of the first
term

H(A) ≈ 1 − e−
h
N s

s
· (e h

N A − I)(
h

N
A)−1

provides the following approximation of Z(s):

Zf0(s) =
1 − e−

h
N s

s

e
h
N A − I

h
N

A−1 ·
N−1∑
i=0

e−i h
N (sI−A)B.

This is the same as the Zf0 obtained in (11.13). As has been shown earlier,
Zf does not guarantee the static gain of Z, but Zf0 does.

11.3.4 Equivalents for the Backward Rectangular Rule

The approximations Zf and Zf0 have an index range of i = 0, · · · , N − 1
and hence may be regarded as corresponding to the forward rectangular rule.
Similar approximations Zb and Zb0, which have an index range of i = 1, · · · , N
and correspond to the backward rectangular rule, are

Zb(s) =
1 − e−s h

N

s
·

N∑
i=1

e−i h
N (sI−A)B, (11.16)

and

Zb0(s) =
1 − e−s h

N

s
· I − e−

h
N A

h
N

A−1
N∑

i=1

e−i h
N (sI−A)B. (11.17)
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Similarly to (11.14), the last formula corresponds to the following quadra-
ture approximation formula:∫ h

0

eAζBu(t − ζ)dζ ≈ (I − e−
h
N A)A−1 ·

N∑
i=1

eiA h
N Bu(t − i

h

N
). (11.18)

When A = 0, (I − e−
h
N A)A−1 becomes h

N and hence this new formula can
be regarded as an extension of the conventional backward rectangular rule. It
provides a better approximation than the conventional backward rectangular
rule when the integrand has an exponential term. The curve of the magnitude
coefficient N

h (I−e−
h
N A)A−1 is shown in Figure 11.2 for a scalar A. The larger

the Ah/N , the more the improvement of the accuracy.
The following results hold (with proofs omitted) for Zb and Zb0:

Theorem 11.3. The approximation Zb has the following properties:
(i) limN→+∞ Zb(s) = Z(s);
(ii) Zb is strictly proper.

Theorem 11.4. The approximation Zb0 has the following properties:
(i) limN→+∞ Zb0(s) = Z(s);
(ii) Zb0 is strictly proper;
(iii) lims→0 Zb0(s) = lims→0 Z(s).

There exists a pure one-step delay e−
h
N s in Zb and Zb0 (because i starts

from 1 to N). It turns out that dropping this term improves the approxima-
tion. As a matter of fact, when the pure delay term e−

h
N s in Zb0 is dropped,

Zb0 becomes the same as Zf0 (see the simulations in Section 11.6 for the accu-
racy comparison). Hence, the backward rectangular rule is not recommended
to implement a distributed delay. The implementation of Z in the next sec-
tion and the stability issue in Section 11.5 will be done for Zf and Zf0 only,
although some simulations will be given in Section 11.6 for comparison.

11.4 Implementation of Distributed Delay Z

11.4.1 Implementation of Z in the z-domain

The approximations Zf and Zf0, given in (11.11) and (11.13), incorporate

a hold filter 1−e− h
N

s

s . This is nothing other than a zero-order hold (ZOH),
which is an element normally existing in a sampled-data system, and the
rest is approximately a polynomial of z−1, by using z ≈ es h

N . Hence, these
transfer functions can be approximately implemented in the z-domain with a
sampling period of h

N , as shown4 in Figure 11.3. As pointed out by Kannai

4 Only the implementation Zf0 is needed because Zf does not guarantee the static
gain. It is given here for comparison with Zwf in (11.12).
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and Weiss ([53], Proposition 4.1), the implementations shown in Figure 11.3
converge to the corresponding transfer functions when N → +∞. Hence, this
approximation step does not change the system stability, provided that N is
large enough.

It is worth noting that the ZOH block implemented in SimulinkR© has
two special properties: (i) the static gain is unity and thus a gain h

N in the

series of the ZOH block is needed to implement 1−e− h
N

s

s ; (ii) it incorporates
a sampler as well and thus it is not a pure ZOH.5 The implementation of Zf

(when ignoring the S and ZOH blocks) looks very similar to Zwf in (11.12),
but there is a significant difference: Zwf in (11.12) is in the s-domain but the
implementation in Figure 11.3 is in the z-domain. When Z is implemented
in the z-domain, the resulting system is a hybrid system and the stability
cannot be analysed by simply replacing the delay term z−1 with e−

h
N s. What

has been done here is actually the digital implementation of a continuous time
control law. Another way is to re-design a controller for the sampled plant, as
reported in [142].

h
N ΣN−1

i=0 ei h
N

ABz−i SZOH � ��� � uv

(a) Zf

(eA h
N − I)A−1 ΣN−1

i=0 ei h
N

ABz−iZOH S� ���� uv

(b) Zf0

Figure 11.3. Implementations of Z in the z-domain

11.4.2 Implementation of ZOH in the s-domain

Zf0 does not include any hidden unstable poles of the plant, i.e., the eigen-
values of A. However, if Zf0 is to be implemented in the s-domain, extra care
has to be taken over the implementation of the hold filter because it includes
a hidden unstable pole at s = 0. This is more or less the same as the original
problem but it is much easier to remove the hidden unstable pole s = 0 be-
cause the delay h

N involved can be made much shorter than the original delay

5 This will change the system behaviour when using Zf or Zf0 for N = 1 because,
in this case, the polynomial of z−1 is 1 and only a pure ZOH cascaded with a
constant gain is needed. See the next subsection for more details.
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h (which implies the approximation is to be made in a much shorter period,
in the sense of the impulse response) and the pole s = 0 is known.

The hold filter can be expanded as the following series in ε:

1 − e−
h
N s

s
=

1 − e−
h
N (s+ε)

s + ε
+

1 − e−
h
N (s+ε) − h

N (s + ε)e−
h
N (s+ε)

(s + ε)2
ε + · · · ,

and hence it can be approximated by the first term as

1 − e−
h
N s

s
≈ 1 − e−

h
N (s+ε)

s + ε
.

Here, ε > 0 is chosen to be a small number close to 0 and hence 1
s+ε is

stable and implementable. Similarly to before, this approximation does not
guarantee the static gain, but the following one does:

1 − e−
h
N s

s
≈ 1 − e−

h
N (s+ε)

s + ε

h
N ε

1 − e−εh/N
. (11.19)

This implementation of ZOH, which will be used to implement Z in the next
subsection, is in the form of approximating an unstable FIR block with a
stable FIR block as described in [147].

The rest of this subsection makes it clear that the ZOH implemented
in MatlabR©/SimulinkR© has unity static gain and includes a sampler. Fig-
ure 11.4(a) shows the impulse response of the ZOH block implemented in
MatlabR©/SimulinkR© and Figure 11.4(b) shows the implementation (11.19),
with ε = 0.01 and the hold period h

N = 1. The width of the input pulse is
4× 10−6 s and the amplitude is 2.5× 105. Due to the sampler included in the
ZOH, the impulse response in Figure 11.4(a) has an amplitude of 2.5 × 105,
which is the sampled value of the pulse amplitude. However, the impulse re-
sponse of the implementation (11.19) has an amplitude of 1, as expected.
Moreover, it does not depend on the amplitude of the input pulse. The width
of the impulse responses for both implementations are the same as the hold
period (it is 1 s in the figures). Apparently, the ZOH block implemented in
MatlabR©/SimulinkR© should not be used when a pure ZOH is needed.

11.4.3 Implementation of Z in the s-domain

Using the implementation of the hold filter as in (11.19), the distributed delay
Z can now be implemented in the s-domain, corresponding to Zf0, as

Zfε(s) =
1 − e−

h
N (s+ε)

1 − e−
h
N ε

e
h
N A − I

s/ε + 1
A−1 · ΣN−1

i=0 e−i h
N (sI−A)B. (11.20)

Theorem 11.5. The implementation Zfε has the following properties:
(i) limN→+∞ Zfε(s) = Z(s);
(ii) Zfε is strictly proper;
(iii) lims→0 Zfε(s) = lims→0 Z(s).
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Figure 11.4. Impulse responses of different implementations of ZOH

Proof.

lim
N→+∞

1 − e−
h
N (s+ε)

1 − e−
h
N ε

1
s/ε + 1

= lim
τ→0+

1 − e−τ(s+ε)

1 − e−τε

1
s/ε + 1

= lim
τ→0+

(s + ε)e−τ(s+ε)

εe−τε · (s/ε + 1)
= 1,

where the substitution τ = h/N was used. As a result, limN→+∞ Zfε(s)
= limN→+∞ Zwf(s) = Z(s). The second property is obvious and the last one
is easy to prove. 
�
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Remark 11.3. Here, ε is a small positive number. It can be chosen as close
to 0 as possible whenever it is implementable. However, there is no simple
guideline to choose the low-pass filter for the strictly proper implementation
in [86]; see the last paragraph of [86, Subsection 4.2]. For implementation by
adding a low-pass filter proposed in [81], no suggestions were made for the
choice of low-pass filter.

Remark 11.4. The low-pass filter in the implementations proposed in [81, 86]
is added artificially to remedy the instability. The low-pass filter in (11.20) is
inherently there.

11.5 Stability Issues Related to the Implementation

Denote the approximation error of Zf as

Ef = Zf − Z,

and similarly for the other approximation errors. As explained earlier, the
approximation errors of Zf , Zf0 and Zfε can be made as small as desirable
by choosing a large enough number N . Crucially, they are all strictly proper.
This makes the well-known small-gain theorem [40, 181] applicable for stability
analysis. Otherwise, a more complicated notion, w-stability [34, 35], is needed.

Theorem 11.6. The following formulae hold:

lim
N→+∞

‖Ef (s)‖∞ = 0,

lim
N→+∞

‖Efε(s)‖∞ = 0, (ε ≥ 0).

Proof. Only the first formula will be proved. The second one can be proved
similarly. According to (11.11) and (11.15), Ef is given by

Ef (s) =

(
1 − e−s h

N

s
I − (I − e−(sI−A) h

N )(sI − A)−1

)
·

N−1∑
i=0

e−i h
N (sI−A)B

= E1(s)Zwf (s),

where Zwf is as given in (11.12) and

E1(s) =
N

h

(
1 − e−s h

N

s
I − (I − e−(sI−A) h

N )(sI − A)−1

)

=
N

h

∫ h
N

0

e−sτ (I − eAτ )dτ. (11.21)

Since ‖Zwf‖∞ is bounded on the closed right half-plane, it is sufficient to
show that ‖E1‖∞ approaches 0 when N → +∞. E1(s) is stable and hence it
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is only needed to consider the convergence on the jω-axis. It is easy to see
from (11.21) that

‖E1(s)‖∞ ≤ N

h

∫ h
N

0

∥∥I − eAτ
∥∥ dτ.

The right side approaches 0 when N → +∞. 
�
Remark 11.5. However, neither Zw nor Zwf has this property. This is the
reason why the closed-loop system studied in the literature is unstable.

According to the small-gain theorem, the approximation/implementation
error does not cause any instability when N is large enough and there is no
need for any further complicated analysis for system stability. Such a need lies
in looking for the minimal N to guarantee the system stability. This is a topic
left for future research.

11.6 Numerical Examples

Consider the simple plant

ẋ(t) = x(t) + u(t − 1)

with the control law

u(t) = −(1 + λd)
(

e1 · x(t) +
∫ 1

0

eζu(t − ζ)dζ

)
+ r(t). (11.22)

This example has been widely studied in the literature [27, 28, 123, 141]. Here,
A = 1, B = 1, h = 1 and F = −(1 + λd). The closed-loop system has only
one pole at s = −λd. The closed-loop system is stable when λd > 0.

11.6.1 Approximations and Implementations of Distributed Delay

In this example, the distributed delay is

v(t) =
∫ 1

0

eζu(t − ζ)dζ. (11.23)

The ideal implementation Z in the s-domain, as given by (11.3), is Z(s) =
1−e1−s

s−1 . The implementation Zw studied in the literature, as given by (11.5),
is Zw(s) = 1

N · ΣN
i=1e

− i
N (s−1). The following approximations (not implemen-

tations) have been discussed:

Zb(s) =
1 − e−

1
N s

s
· ΣN

i=1e
− i

N (s−1),

Zb0(s) =
1 − e−

1
N s

s
(1 − e−

1
N )N · ΣN

i=1e
− i

N (s−1),
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Zf(s) =
1 − e−

1
N s

s
· ΣN−1

i=0 e−
i

N (s−1),

Zf0(s) =
1 − e−

1
N s

s
(e

1
N − 1)N · ΣN−1

i=0 e−
i

N (s−1).
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Figure 11.5. Errors of different approximations (N = 20)

The magnitude frequency responses of the approximation errors for the
above approximations are shown in Figure 11.5 for N = 20. The approxima-
tion Zw is not strictly proper and hence the error has a very large magnitude
(it does not vanish even when N → +∞) when the frequency approaches
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+∞. The proposed approximations are strictly proper and the approximation
errors are small. Zb0 and Zf0 guarantee the static gain of Z (i.e., the error is
0 at zero frequency) so that the steady-state performance of the system [147]
is guaranteed. Zf and Zf0 are much better than Zb and Zb0 for the same N .
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Figure 11.6. Eb0 and Ef0 for different N (zero error at frequencies 0 and +∞)

The approximation errors of Zb0 and Zf0 for different N are shown in
Figure 11.6. The larger the value of N , the smaller the approximation error.
This verifies that there always exists a number N such that the stability of the
closed-loop system is guaranteed. Moreover, for a certain approximation error
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bound, the number N required by Zf0 is much smaller than that required by
Zb0 (as mentioned earlier, a simple explanation for this is that the backward
rectangular rule involves an extra one-step delay h/N but the forward one
does not). Zf0 also converges faster than Zb0.

Figure 11.7 shows the implementation error of Zfε when N = 1 for ε = 1,
0.5, 0.1 and 0. The smaller the ε, the better the implementation. When ε = 0.1,
the implementation error is very close to that when ε = 0 and there is no need
to use an ε smaller than 0.1.

The recommended s-domain implementation of Z is the Zfε given in
(11.20) and the z-domain implementation is the Zf0 shown in Figure 11.3(b).
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Figure 11.7. Implementation error of Zfε for different ε (N = 1)

11.6.2 System Responses using Different Implementations

This subsection shows the responses when r(t) = 1 for different implementa-
tions of Z.

In order to make comparisons with results shown in the literature, Figure
11.8(a) shows the response when Z is implemented in the z-domain as Zb for
N = 8, and Figure 11.8(b) shows the response when Z is implemented as Zw.
The system is stable when Z is implemented as Zb but is unstable when Z is
implemented as Zw (as reported in the literature). The steady-state behaviour
of the system has been changed. This is because Zb does not have the same
static gain as Z.

When Z is implemented in the s-domain as Zfε for N = 1, i.e.,

Zfε(s) =
e1 − 1
1 − e−ε

1 − e−εe−s

s/ε + 1
,
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Figure 11.8. Unit step response (N = 8)

Figure 11.9 shows the unit-step response of the system using the control law
(11.22) with λd = 1, i.e.,

u = −(1 + λd)
(
e1 · x + v

)
+ r, v = Zfε · u

in the s-domain for different ε (note that no change is made to the control
law). No instability occurred in the simulations. The steady-state behaviour
of the system is guaranteed; the transient response is slightly worse than the
ideal response, which is due to the approximation of the distributed delay. For
different ε, the smaller the ε (the better the approximation), the smaller the
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overshoot. There is no significant improvement when ε is less than 0.1. If a
much better transient response is desired, then N has to be increased.
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Figure 11.9. Unit-step response: Z implemented as Zfε (N = 1)

11.6.3 Numerical Integration Using the Improved Rectangular
Rules

Again, consider the integral given in (11.23). Assume N = 5 and u(t) = 1 to
simplify the computations. The two new formulae (11.18) and (11.14) provide
the true value,

∫ 1

0
eζdζ = e − 1, as follows:

(1 − e−0.2) · Σ5
i=1e

0.2i = (1 − e−0.2) · e − 1
1 − e−0.2

= e − 1,

(e0.2 − 1) · Σ4
i=0e

0.2i = (e0.2 − 1) · 1 − e

1 − e0.2
= e − 1.

This is because a constant u(t) corresponds to zero frequency in the frequency
domain, at which the approximation error is zero. However, the conventional
rectangular rule provides the following approximation:

0.2 · Σ5
i=1e

0.2i = 0.2 · e − 1
1 − e−0.2

≈ 1.10(e − 1),

0.2 · Σ4
i=0e

0.2i = 0.2 · 1 − e

1 − e0.2
≈ 0.90(e − 1),

with approximation errors of 10% and −10%, respectively.
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11.7 Summary

In this chapter, it is shown that, in the frequency domain, the strict properness
of the distributed delay is lost when quadrature approximations are applied.
This causes the instability reported in the literature. Two different approaches
are proposed to approximate the distributed delay in such a way that both
low and high frequency behaviours are guaranteed and that the H∞-norm of
the approximation error converges to 0 when the number of approximation
steps approaches +∞. Hence, the reported instability due to the approxima-
tion error disappears and the steady-state performance of the system is also
guaranteed without changing the control structure. Implementations in the z-
domain and in the s-domain are proposed. As by-products, two new formulae
for the forward and backward rectangular rules are obtained. These formulae
are more accurate than the conventional ones when there is an exponential
term in the integrand. Numerical examples have verified the results obtained.
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Rational Implementation Inspired by the
δ-operator

In this chapter,1 a rational implementation for distributed delay is discussed.
The main benefit of doing so is the easy implementation of rational transfer
functions. The rational implementation, which was inspired by the δ-operator,
has an elegant structure of chained low-pass filters. The stability of each node
can be guaranteed by the choice of the total number N of nodes and the
stability of the closed-loop system can be guaranteed because the H∞-norm
of the implementation error approaches 0 when N goes to ∞. Moreover, the
steady-state performance of the system is retained without the need to change
the control structure.

12.1 Introduction

In the previous chapter, a distributed delay is implemented using a series
of discrete delays. Since the distributed delay is actually a block involving a
discrete delay with special properties, it is possible to implement distributed
delay by using rational transfer functions. The major benefit of doing so is the
easy implementation of rational transfer functions. This chapter is devoted to
proposing a rational implementation for distributed delay. The approach was
inspired by the δ-operator, in particular, by the fact that the δ-operator ap-
proaches the differential operator when the sampling frequency approaches ∞.

The proposed implementation meets all the five key points listed below
when implementing a distributed delay [171]:

1. The low-pass property of distributed delay must be kept in the implemen-
tation.

2. There is no unstable pole–zero cancellation in the implementation in order
to guarantee the internal stability.

3. The implementation itself must be stable in order to guarantee the sta-
bility of the closed-loop system.

1 Portions reprinted, with permission, from [171]. c©IEEE.
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4. The implementation error should be able to be made small enough to
guarantee the stability of the closed-loop system.

5. The static gain of the distributed delay should be retained in the imple-
mentation to guarantee the steady-state performance of the system.

The notation used in this chapter is quite standard. The left half s-plane is
denoted by C−. A transfer function is said to be stable if all the poles are in
C− and a matrix A is said to be stable if all the eigenvalues are in C−.

12.2 The δ-operator

The δ-operator is defined as

δ =
q − 1

τ
,

where q is the shift operator and τ is the sampling period. The δ-operator
creates the rapprochement between analogue and digital dynamic systems.
As a matter of fact, Middleton and Goodwin unified continuous and discrete
time control engineering using this operator [82, 83, 101] for more details.
When τ → 0, the δ-operator approaches the differential operator, i.e., δ → s.
This can be interpreted as

δ =
eτs − 1

τ
(12.1)

because q → eτs when τ → 0 [53]. Re-arrange the above formula, then,

e−τs =
1

τδ + 1
.

This is not enough to approximate distributed delay due to the hidden (un-
stable) poles in the distributed delay. However, it is enough to inspire the
approach proposed here.

12.3 An Initial Approximation

Define Φ = 1
τ I and, similarly to (12.1), define

∆ = (eτ(sI−A) − I)Φ, (12.2)

then
sI − A = lim

τ→0
∆, (12.3)

e−(sI−A)τ = (Φ−1∆ + I)−1. (12.4)

Substitute this into the s-domain equivalent (11.3) of the distributed delay
(11.2), assuming τ = h

N with the natural number N called the number of
approximation steps, then
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Z(s) = (I − e−(sI−A)τN)(sI − A)−1B

= (I − (Φ−1∆ + I)−N )(sI − A)−1B. (12.5)

Using the approximation ∆ ≈ sI − A which can be obtained from (12.3), Z
is approximated as Z(s) ≈ Zr(s) with

Zr(s)
= (I − (Φ−1(sI − A) + I)−N )(sI − A)−1B (12.6)
= (I − (Φ−1(sI − A) + I)−1) · ΣN−1

k=0 (Φ−1(sI − A) + I)−k(sI − A)−1B

= Φ−1ΣN
k=1(Φ

−1(sI − A) + I)−kB

= ΣN
k=1Π

kΦ−1B, (12.7)

where
Π = (sI − A + Φ)−1Φ.

The hidden, possibly unstable, poles in Z have disappeared from Zr. This
approximation converges to Z when N → +∞; see Section 12.5.

Theorem 12.1. The approximation Zr with Φ = N
h I is stable if and only if

the natural number N satisfies

N > max
i

Reλi(A) · h,

where λi(A) is the ith eigenvalue of A.

Proof. The A-matrix of the node transfer function Π is A − Φ = A −
N
h I. In order to guarantee the stability, it is necessary and sufficient that2

maxi Reλi(A) − N
h < 0, which gives the above condition. 
�

12.4 Implementation with Zero Static Error

Although there always exists a number N such that the above implementation
Zr guarantees the stability of the closed-loop system (see the next section),
the static gain of Z(s) is not guaranteed, i.e., Z(0) 	= Zr(0), and hence the
static performance of the system cannot be retained. In order to rectify this,
with a slight abuse of notation, re-define Φ as

Φ = (
∫ h

N

0

e−Aζdζ)−1. (12.8)

2 The stability analysis in this chapter and the next one involves only functions of
matrix A. Hence, the eigenvalues of the functions are the scalar functions of the
eigenvalues of A. In other words, the eigenvalues of the functions can be obtained
eigenvalue by eigenvalue. See [23, Section 4.6] for more details.
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The previously defined Φ = 1
τ I = N

h I can be regarded as a special case of
this newly defined Φ for A = 0. In the sequel, unless explicitly specified, Φ is
defined as in (12.8). Substitute (12.8) into (12.2), assuming τ = h

N , then ∆
defined in (12.2) becomes

∆ = (eτ(sI−A) − I)Φ = (eτ(sI−A) − I)(
∫ τ

0

e−Aζdζ)−1. (12.9)

This ∆ satisfies the limiting property (12.3). Moreover, it satisfies the following
static property as well:

sI − A |s=0 = ∆ |s=0 = −A.

Another important property of this ∆ is that

∆ |sI−A=0 = 0.

This property, called the cancellation property, guarantees that (sI −A)−1 in
Z can be cancelled in the approximation.

As can be easily verified, all the formulae (12.2)–(12.7) hold for this ∆ as
well, with Φ re-defined in (12.8). The only difference between these two cases
is that the static gain can be guaranteed when Φ is defined as in (12.8), but
not when Φ = N

h I.
The stability of the node Π in this case, which is determined by the number

N , is more difficult to be tested. Denote an eigenvalue of A as σ̄ + jω̄. Then
the corresponding eigenvalue of h

N A is σ + jω with σ = h
N σ̄ and ω = h

N ω̄.

Theorem 12.2. The following conditions are equivalent:
(i) Zr, Π or A − Φ is stable;
(ii)

∫ h
N

0 eAζdζ is antistable;
(iii) e−A h

N Φ is antistable;
(iv) σ cosω+ω sin ω−σe−σ > 0, ignoring the case when σ = 0 and ω = 0.

Proof. The A-matrix of the node transfer function Π is

A − Φ = A − (
∫ h

N

0

e−Aζdζ)−1

= A + A(e−A h
N − I)−1

= −A(eA h
N − I)−1

= −(
∫ h

N

0

eAζdζ)−1 (12.10)

= −(
∫ h

N

0

eA( h
N −ζ)dζ)−1

= −e−A h
N Φ, (12.11)
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where a variable substitution ζ :→ h
N − ζ was used. It was assumed that A is

nonsingular in the second step. Actually, all the equalities except the second
and third ones hold for singular A as well. Since the inverse operation does
not change the sign of the real part of an eigenvalue, the sign of the real part
of the eigenvalues of A − Φ is opposite from that of

∫ h
N

0
eAζdζ. Hence, Π is

stable if and only if
∫ h

N

0
eAζdζ is antistable, i.e.,

Reλi(
∫ h

N

0

eAζdζ) > 0. (12.12)

According to (12.11), this is equivalent to e−A h
N Φ being antistable. Hence,

conditions (i), (ii) and (iii) are equivalent.
Apparently, the condition (12.12) holds for any eigenvalue of A with σ̄ = 0

and ω̄ = 0. Hence, it is assumed that σ̄ and ω̄ are not 0 simultaneously in the
rest of the proof. The real part of the eigenvalue of

∫ h
N

0
eAζdζ corresponding

to the eigenvalue σ̄ + jω̄ of A is

Re
∫ h

N

0
e(σ̄+jω̄)ζdζ =

∫ h
N

0

eσ̄ζ cos(ω̄ζ)dζ

=
h

N

∫ 1

0

eσζ cos(ωζ)dζ

=
h
N eσ

σ2 + ω2
· (σ cosω + ω sin ω − σe−σ),

where a variable substitution ζ :→ h
N ζ was used. The first term

h
N eσ

σ2+ω2 is
always positive. Hence, Π (or Zr) is stable if and only if the second term is
positive, i.e.,

σ cosω + ω sin ω − σe−σ > 0. (12.13)


�
The surface of f(σ, ω) = σ cosω + ω sin ω − σe−σ is shown in Figure 12.1.

The contour of f(σ, ω) at level 0 is shown in Figure 12.2, with the shaded area
for f(σ, ω) > 0. Since a pair of conjugate complex eigenvalues is symmetric to
the real axis (ω = 0), so is the contour. The surface is symmetric to the plane
ω = 0. When σ is very large (positive), the terms σ cosω + ω sin ω dominate
the surface, which oscillates; when σ is very small (negative), the term −σe−σ

dominates the surface, which grows up dramatically. Hence, roughly speaking,
it is easier for A − Φ to be stable if A is stable. From these two figures, the
choice of N to guarantee the stability of Π can be determined. In particular,
put all the eigenvalues of A on Figure 12.2 and then draw lines to connect
these points and the origin. N can be determined by moving these points along
the lines into the shaded area. In general, the larger the delay h the larger
the number N needed; the further away to the upper/lower right corner the
eigenvalue of A the larger the number N needed.
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Figure 12.1. Surface of f(σ, ω): f(σ, ω) = 0 on the white lines

Figure 12.2. Contour of f(σ, ω) at level 0

Corollary 12.1. If all the eigenvalues of A are real, then the node Π with Φ
given in (12.8) is stable for any natural number N .

Remark 12.1. Following (12.11), the node Π can be written as

Π = (sI + e−A h
N Φ)−1Φ = (sΦ−1 + e−A h

N )−1.

A sufficient condition is given below to facilitate the choice of N . Although
this condition may be very conservative, e.g., when all eigenvalues of A are
real, it offers general guidance.

Theorem 12.3. The conditions in Theorem 12.2 are all satisfied for any
number N > Ñ with

Ñ =
⌈

h

2.8
· max

i
|λi(A)|

⌉
, (12.14)

where �·� is the ceiling function.
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Proof. It can be proved that there is an area around the real axis, in particular
a circle around the origin, such that the condition (12.13) is satisfied. See
Figure 12.2. Any points on the complex plane can be scaled by h

N into this
area. This means that there always exists a number Ñ such that Π is stable
for any N larger than Ñ .

The minimal distance from the origin to the contour f(σ, ω) = 0 can be
numerically calculated. An approximate value is 2.8, which was measured from
the circle shown in Figure 12.2. If maxi |λi(A)| h

N < 2.8, then all eigenvalues
of A can be scaled into this circle by h

N . This gives Ñ in (12.14). 
�

12.5 Convergence of the Implementation

Define

Ω =
N

h
Φ−1 =

N

h

∫ h
N

0

e−Aζdζ.

This matrix satisfies the following properties:
(i) limN→+∞ Ω − I = 0,
(ii) limN→+∞ N(Ω − I) = −h

2 A, and
(iii) limN→+∞ Ω2(N + 1) − N · I = I − Ah.

The last two are not zero in general.

Theorem 12.4. The following conditions are equivalent:
(i) Ω is antistable;
(ii) Φ is antistable;
(iii)

∫ h
N

0
e−Aζdζ is antistable;

(iv) −σ cosω+ω sin ω+σeσ > 0, ignoring the case when σ = 0 and ω = 0.
Furthermore, these conditions are all satisfied if N > Ñ with Ñ given in
(12.14).

Proof. It is obvious that the first three conditions are equivalent. Similar to
the proof of Theorem 12.2, the third condition is equivalent to the fourth one.

The contour of −σ cosω + ω sin ω + σeσ at level 0 is symmetric to that of
f(σ, ω) at level 0 w.r.t the imaginary axis σ = 0. Thus, the above conditions
hold when (σ, ω) is in the circle shown in Figure 12.2. 
�

Denote the approximation error of Zr as Er = Z −Zr. Then the following
theorem holds.

Theorem 12.5. The implementation error of Zr satisfies

lim
N→+∞

‖Er(s)‖∞ = 0.

This holds for both Φ = N
h I and Φ = (

∫ h
N

0
e−Aζdζ)−1.
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Proof. At first, consider the case with Φ = (
∫ h

N

0 e−Aζdζ)−1. Substitute (11.3)
and (12.6) into Er, then

Er

= (I − e−(sI−A)h)(sI − A)−1B − (I − (Φ−1(sI − A) + I)−N )(sI − A)−1B

=
∫ h

0

e−(sI−A)ζdζ · B − N

∫ h
N

0

(Ω(sI − A)ζ + I)−N−1Ωdζ · B

=
∫ h

N

0

e−(sI−A)NζdNζ · B − N

∫ h
N

0

(Ω(sI − A)ζ + I)−N−1Ωdζ · B

= N

∫ h
N

0

(
e−(sI−A)Nζ − (Ω(sI − A)ζ + I)−N−1

Ω
)

Bdζ.

The integrand e−(sI−A)Nζ − (Ω(sI − A)ζ + I)−N−1 Ω can be expanded into
a series of ζ as

I − Ω + ζ · (Ω2(N + 1) − N · I) (sI − A)(I + O(ζ)).

Note that, when N → +∞, the term ζ0 disappears but the term ζ1 does not
due to the properties of Ω given at the beginning of this section.

Now, consider the stability of the matrix

A − Ω−1ζ−1 = A − Φ − Ω−1(ζ−1 − (
h

N
)−1)

for ζ ∈ [0, h
N ]. When N > Ñ , A −Φ is stable according to Theorem 12.3 and

−Ω−1 is stable as well according to Theorem 12.4. ζ−1 − ( h
N )−1 > 0 when

ζ ∈ (0, h
N ]. Hence, (Ω(sI − A)ζ + I)−1 is stable for ζ ∈ (0, h

N ] when N > Ñ .
This means that the integrand is bounded on the closed right half-plane when
N > Ñ for ζ ∈ [0, h

N ] and so is
(
Ω2(N + 1) − N · I) (sI − A)(I + O(ζ)).

Assume that∥∥(Ω2(N + 1) − N · I) (sI − A)(I + O(ζ)) · B∥∥ < M,

when N > Ñ , then

‖Er(s)‖∞ ≤ ‖(I − Ω)B‖ h + N

∫ h
N

0

Mζdζ (N > Ñ). (12.15)

The two terms on the right-hand side all approach 0 when N → +∞. This
proves the case with Φ = (

∫ h
N

0
e−Aζdζ)−1.

As to the case with Φ = N
h I, the proof is very similar. The corresponding

Ω is equal to I. This considerably simplifies the proof. The lower bound of N
is given in Theorem 12.1. The first term in (12.15) disappears and the second
term approaches 0 when N → +∞. 
�
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This theorem, together with Theorem 12.3, indicate that there always
exists a number N such that the implementation is stable and, furthermore,
the H∞-norm of the implementation error is less than a given positive value.
According to the well-known small-gain theorem, the stability of the closed-
loop system can always be guaranteed.

12.6 Structure of the Implementation

A state-space realization of the rational implementation Zr given in (12.7)
can be found as

Zr =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

A − Φ Φ 0 · · · 0 0

0 A − Φ
. . . . . .

...
...

...
. . . . . . Φ 0 0

0 · · · 0 A − Φ Φ 0
0 · · · 0 0 A − Φ I
I · · · I I I 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
B.

Denote
ub = Φ−1Bu and vr = Zru ≈ v,

then Zr can be described in state-space equations as

ẋN = (A − Φ)xN + ΦxN−1

ẋN−1 = (A − Φ)xN−1 + ΦxN−2

...
ẋ2 = (A − Φ)x2 + Φx1

ẋ1 = (A − Φ)x1 + Φub

vr = ΣN
i=1xi.

This offers an elegant structure shown in Figure 12.3. It is a chain of N low-
pass filters Π = (sI − A + Φ)−1Φ. The more nodes cascaded, the better the
approximation accuracy.

1x2x
Π

Nx 1−Nx

B1−Φ
bu

u

rv

…

ΦΦ+−=Π −1)( AsI

Π Π

…

Figure 12.3. Rational implementation: Zr = ΣN
k=1Π

k · Φ−1B
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12.7 Numerical Examples

Consider the simple plant

ẋ(t) = x(t) + u(t − 1)

with

u(t) = −(1 + λd)
(

e1 · x(t) +
∫ 1

0

eζu(t − ζ)dζ

)
+ r(t), (12.16)

where r(t) is the reference signal. This example has been widely studied in
the literature [27, 28, 123, 141]. Here, A = 1, B = 1 and h = 1. The closed-
loop system has only one pole at s = −λd, which is stable when λd > 0. The
distributed delay in (12.16) is

v(t) =
∫ 1

0

eζu(t − ζ)dζ,

and the s-domain equivalent is Z(s) = (1− e1−s)/(s− 1). The rational imple-
mentation Zr with guaranteed static gain is

Z(s) = ΣN
k=1

ε

(εs + 1 − ε)k
, ε = 1 − e−

1
N .

The approximation error for different N is shown in Figure 12.4. It can be
seen that the static error is zero and the larger the number N the smaller the
approximation error. The approximation error approaches 0 at high frequen-
cies as well.
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Figure 12.4. Implementation error of Zr for different N
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Figure 12.5. Unit-step response

Figure 12.5 shows the unit-step response of the system using the control
law (12.16) with λd = 1, i.e.,

u = −(1 + λd)
(
e1 · x + v

)
+ r, v = Zr · u

in the s-domain for different N (note that no change is made to the control
law). When N = 1, the system is unstable because of the large approximation
error around 1 rad/s. When N = 5, the system is stable but the response
is oscillatory and settles down slowly. When N = 20, the response is very
close to the ideal response. All the stable responses guarantee the steady-
state performance.

12.8 Summary

Inspired from the δ-operator, an approach is proposed to implement dis-
tributed delay in linear control laws using rational transfer functions. The
implementation has an elegant structure of chained low-pass filters. The cri-
teria to guarantee the stability of each node in the chain is developed. The
H∞-norm of the implementation error approaches 0 when the number of im-
plementation steps goes to ∞. The steady-state performance of the system is
also guaranteed. Simulation examples are given to verify the results.

It turns out that the convergence is not fast enough. A fast convergent
implementation will be discussed in the next chapter.



13

Rational Implementation Based on the Bilinear
Transformation

Based on an extension of the bilinear transformation, a rational implementa-
tion for distributed delay in linear control laws is discussed in this chapter.1
This implementation converges much faster than the rational implementation
inspired from the δ-operator discussed in the previous chapter. The imple-
mentation has an elegant structure of chained bi-proper nodes cascaded with
a strictly proper node. The stability of each node is determined by the choice
of the number N of the nodes. The H∞-norm of the implementation error
approaches 0 when N goes to ∞ and hence the stability of the closed-loop
system can be guaranteed. In addition, the steady-state performance of the
system is retained. Simulation examples are given to verify the results and to
show comparative study with other implementations.

13.1 Preliminary: Bilinear Transformation

The well-known γ-operator in digital and sampled-data control circles is

γ =
2
τ
· q − 1
q + 1

,

where q is the shift operator and τ is the sampling period [9, 33, 129]. It is
often used to digitise a continuous-time transfer function. The transformation
defined by the γ-operator is also called the bilinear transformation, or the
Tustin’s transformation. It actually corresponds to the trapezoidal rule for
numerical integration. It also connects to the (lower) linear fractional trans-
formation F l and the (right) homographic transformation Hr with

γ =
2
τ
F l(
[−1 2

1 −1

]
, q) =

2
τ
Hr(

[
1 −1
1 1

]
, q).

The term “bilinear transformation” is adopted in this chapter.
1 Portions reprinted from [173], with permission from Elsevier.
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The shift operator q can be solved as

q = Hr(
[

1 −1
1 1

]−1

,
τ

2
γ) =

1 + τ
2γ

1 − τ
2γ

.

Since q → eτs when τ → 0 [53], e−τs can be approximated as

e−τs ≈ q−1 =
1 − τ

2 γ

1 + τ
2 γ

,

and, furthermore, γ has the following limiting property:

lim
τ→0

γ = lim
τ→0

2
τ

eτs − 1
eτs + 1

= s.

This means the γ-operator is an approximation of the differential operator
p = d

dt. Using the approximation γ ≈ s, then e−τs ≈ 1− τ
2 s

1+ τ
2 s , which actually

recovers the first-order Padé approximation of e−τs.
Since the γ-operator offers better approximation than the δ-operator

(which corresponds to the forward rectangular rule) [9, 33, 129], the γ-
operator, i.e., the bilinear transformation, is exploited here to implement the
distributed delay.

13.2 Implementation of Distributed Delay

For a natural number N and the delay h > 0, the function Φ of matrix A is
defined as

Φ = (
∫ h

N

0

e−Aζdζ)−1(e−A h
N + I)

and, furthermore, a bilinear transformation Γ is defined as

Γ = (eτ(sI−A) − I)(eτ(sI−A) + I)−1Φ, (13.1)

with τ = h
N . This can be regarded as the extension of the bilinear transfor-

mation to the matrix case. Γ has the following properties:
(i) the limiting property

sI − A = lim
τ→0

Γ, (13.2)

(ii) the static property

sI − A|s=0 = Γ |s=0 = −A,

(iii) the cancellation property

Γ |sI−A=0 = 0.
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According to the mechanism developed in the previous chapter, this Γ is able
to bring a rational implementation for the distributed delay to guarantee the
stability of the closed-loop system and the steady-state performance.

From (13.1), there is

e−(sI−A) h
N = (Φ − Γ )(Φ + Γ )−1.

Substitute this into (11.3), then

Z(s) = (I − (Φ − Γ )N (Φ + Γ )−N )(sI − A)−1B. (13.3)

Due to the limiting property (13.2), there is Γ ≈ sI −A. Substitute this into
(13.3), then Z can be approximated as Zr given below:

Zr(s) = (I − (Φ − sI + A)N (sI − A + Φ)−N )(sI − A)−1B (13.4)
= (I − (Φ − sI + A)(sI − A + Φ)−1) ·

ΣN−1
k=0 (Φ − sI + A)k(sI − A + Φ)−k · (sI − A)−1B

= 2(sI − A + Φ)−1ΣN−1
k=0 (Φ − sI + A)k(sI − A + Φ)−kB

= ΣN−1
k=0 ΠkΞB, (13.5)

with

Π = (Φ − sI + A)(sI − A + Φ)−1, Ξ = 2(sI − A + Φ)−1.

The hidden, possibly unstable, poles in Z disappear from Zr. This approxi-
mation converges to Z when N → +∞, as will be proved in Section 13.3.

Π is a bi-proper rational transfer function while Ξ is strictly proper. They
share the same denominator and thus the same stability property. Zr can be
easily implemented as a chain of rational transfer functions shown in Figure
13.1. Since Ξ is strictly proper, so is Zr. This indicates there always exists a
large enough N such that the implementation does not affect the stability of
the closed-loop system, provided that each node is stable. See Section 13.3.

1x2x
Π

Nx 1−Nx
B u

rv

…

)()( 1 Φ+−Φ+−=Π − sIAAsI

1)(2 −Φ+−=Ξ AsI

Π Ξ

…

Figure 13.1. Rational implementation of distributed delay: Zr = ΣN−1
k=0 ΠkΞB
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The stability of each node Π or Ξ is determined by the number N of
nodes; see the theorem below. Denote an eigenvalue2 of A as σ̄ + jω̄. Then
the corresponding eigenvalue of h

N A is σ + jω with σ = h
N σ̄ and ω = h

N ω̄.

Theorem 13.1. The following conditions are equivalent:
(i) Zr, Π, Ξ or A − Φ is stable;
(ii)

∫ h
N

0 eAζdζ is antistable;
(iii) σ cosω+ω sin ω−σe−σ > 0, ignoring the case when σ = 0 and ω = 0.

Proof. (i) ⇔(ii): The A-matrix of the node transfer functions is

A − Φ = A − (
∫ h

N

0

e−Aζdζ)−1(e−A h
N + I)

= A + A(e−A h
N − I)−1(e−A h

N + I)

= 2A(e−A h
N − I)−1e−A h

N

= −2A(eA h
N − I)−1

= −2(
∫ h

N

0

eAζdζ)−1. (13.6)

It was assumed that A is nonsingular here. Actually, the final equality holds
for a singular A as well. Since the inverse operation does not change the sign
of the real part of an eigenvalue, the signs of the real part of the eigenvalues
of A−Φ are opposite from those of

∫ h
N

0
eAζdζ. Hence, Zr (Π and Ξ) is stable

if and only if
∫ h

N

0 eAζdζ is antistable, i.e.,

Reλi(
∫ h

N

0

eAζdζ) > 0. (13.7)

(ii) ⇔(iii) has been proved in the previous chapter. It is reiterated here
for the readers’ convenience.

Apparently, the condition (13.7) holds for any eigenvalue of A with σ̄ = 0
and ω̄ = 0. Hence, it is assumed that σ̄ and ω̄ are not 0 simultaneously in the
rest of the proof. The real part of the eigenvalue of

∫ h
N

0
eAζdζ corresponding

to the eigenvalue σ̄ + jω̄ of A is

Re
∫ h

N

0 e(σ̄+jω̄)ζdζ =
∫ h

N

0

eσ̄ζ cos(ω̄ζ)dζ

=
h

N

∫ 1

0

eσζ cos(ωζ)dζ

=
h
N eσ

σ2 + ω2
· (σ cosω + ω sin ω − σe−σ),

2 The stability analysis in this chapter and the previous one involves only functions
of matrix A. Hence, the eigenvalues of the functions are the scalar functions of the
eigenvalues of A. In other words, the eigenvalues of the functions can be obtained
one by one. See [23, Section 4.6] for more details.
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where a variable substitution ζ :→ h
N ζ was used. The first term

h
N eσ

σ2+ω2 is
always positive. Hence, Π (or Zr) is stable if and only if the second term is
positive, i.e.,

σ cosω + ω sin ω − σe−σ > 0. (13.8)


�
Corollary 13.1. If all the eigenvalues of A are real, then each node Π or Ξ
is stable for any natural number N .

The node or the implementation shares the same stability property with
the node or the implementation derived using the δ-operator in the previ-
ous chapter. Hence, some of the results there can be applied to this imple-
mentation as well. For example, the three-dimensional surface of f(σ, ω) =
σ cosω +ω sin ω−σe−σ can be found in Figure 12.1 and a sufficient condition
to guarantee the stability of the node or the implementation can be found
in Theorem 12.3. The contour of f(σ, ω) at level 0 was given in Figure 12.2,
of which a part of the figure focusing on the circle around the origin with a
radius of 2.8 is shown in Figure 13.2. All the eigenvalues of A h

N fall into this
circle when N > Ñ with

Ñ =
⌈

h

2.8
· max

i
|λi(A)|

⌉
, (13.9)

where � · � is the ceiling function. When this condition holds, all the conditions
in Theorem 13.1 are satisfied. In particular, each node is stable.

13.3 Convergence of the Implementation

The result below is crucial to prove the convergence of the implementation.

Lemma 13.1. Φ is antistable if N > Ñ with Ñ given in (13.9).

Proof. Assume, temporarily, that A does not have an eigenvalue 0. According
to (13.6), there is

Φ
h

N
= A

h

N
(I − e−A h

N )−1(e−A h
N + I). (13.10)

As mentioned before, if N > Ñ then all the eigenvalues of A h
N fall into the

circle around the origin with a radius of 2.8 shown in Figure 13.2. The map
φ = c 1+e−c

1−e−c maps all the points inside this circle into the shaded area shown
in Figure 13.3, where only the mapped area for the right-half-circle is shown.
The mapped area for the left-half-circle overlaps with that of the right-half-
circle because the map is symmetric with respect to c. The mapped area is on
the open right-half-plane. Since the eigenvalues of Φ h

N are mapped from the
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1−e−c

eigenvalues of A h
N via this map, as can be seen from (13.10), the real part of

the eigenvalues of Φ h
N and hence of Φ is always positive. In other words, Φ is

antistable when N > Ñ .
This is also true when A has an eigenvalue of 0 (the corresponding eigen-

value of Φ h
N is 2) because the singularity c = 0 in the map φ is removable and

the origin is mapped to the point (2, 0). 
�
Denote the approximation error of Zr as Er = Z − Zr.
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Theorem 13.2. The implementation error of Zr satisfies

lim
N→+∞

‖Er(s)‖∞ = 0.

Proof. According to (11.3) and (13.4), the approximation error Er is

Er = (I − e−(sI−A)h)(sI − A)−1B −
(I − (Φ − sI + A)N (sI − A + Φ)−N )(sI − A)−1B

=
∫ h

0

e−(sI−A)ζdζ · B − 2NΦ ·∫ 1

0

(−I + 2Φ(Φ − (sI − A)ζ)−1)−N−1(Φ − (sI − A)ζ)−2dζ · B

=
∫ h

N

0

e−(sI−A)NζdNζ · B − N

∫ h
N

0

2Φ ·

(−I + 2Φ(Φ − (sI − A)
N

h
ζ)−1)−N−1(Φ − (sI − A)

N

h
ζ)−2d

N

h
ζ · B

= N

∫ h
N

0

(
e−(sI−A)Nζ − 2N

h
Φ(−I + 2Φ(Φ − (sI − A)

N

h
ζ)−1)−N−1·

(Φ − (sI − A)
N

h
ζ)−2

)
dζ · B

= N

∫ h
N

0

(
e−(sI−A)Nζ − 2N

h
Φ(Φ + (sI − A)

N

h
ζ)−N−1·

(Φ − (sI − A)
N

h
ζ)N−1

)
dζ · B.

The integrand can be expanded into a series of ζ as

I − 2N

h
Φ−1 + ζ · N

(
(
2N

h
Φ−1)2 − I

)
(sI − A)(I + O(ζ)).

Note that, when N → +∞, both the term ζ0 and the term ζ1 disappear
because I − 2N

h Φ−1 → 0 and N
(
(2N

h Φ−1)2 − I
)→ 0. This means the conver-

gence is much faster than the case in the previous chapter, where the term ζ1

does not disappear when N → +∞.
Now, consider the stability of the matrix

A − Φ
h

N
ζ−1 = A − Φ − Φ((

N

h
ζ)−1 − 1)

for ζ ∈ [0, h
N ]. If N > Ñ , then A − Φ is stable, and −Φ is stable as well

according to Lemma 13.1. Since (N
h ζ)−1 − 1 ≥ 0 when ζ ∈ (0, h

N ], (Φ + (sI −
A)N

h ζ)−N−1(Φ − (sI − A)N
h ζ)N−1 is stable for ζ ∈ (0, h

N ] when N > Ñ .
This means that the integrand is bounded on the closed right half-plane when
N > Ñ for ζ ∈ [0, h

N ] and so is N
(
(2N

h Φ−1)2 − I
)
(sI−A)(I +O(ζ)). Assume
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2N

h
Φ−1)2 − I

)
(sI − A)(I + O(ζ)) · B

∥∥∥∥ < M, (N > Ñ)

then

‖Er(s)‖∞ ≤
∥∥∥∥(I − 2N

h
Φ−1)B

∥∥∥∥h + N

∫ h
N

0

Mζdζ (N > Ñ). (13.11)

The two terms on the right-hand side all approach 0 when N → +∞. 
�
This theorem indicates that there alway exists a number N such that the

implementation is stable and, moreover, the H∞-norm of the implementation
error is less than a given positive value. According to the well-known small-
gain theorem, the stability of the closed-loop system can always be guaranteed.

13.4 Numerical Examples

As in the previous two chapters, consider the simple plant ẋ(t) = x(t)+u(t−1)
with the control law

u(t) = −(1 + λd)
(

e1 · x(t) +
∫ 1

0

eζu(t − ζ)dζ

)
+ r(t), (13.12)

where r(t) is the reference signal. The closed-loop system has only one pole
at s = −λd, which is stable when λd > 0. The distributed delay in (13.12) is

v(t) =
∫ 1

0

eζu(t − ζ)dζ. (13.13)

and the s-domain equivalent is

Z(s) =
1 − e1−s

s − 1
.

The rational implementation Zr is

Zr(s) = ΣN−1
k=0

(
2 − (1 − ε)s
2ε + (1 − ε)s

)k 2(1 − ε)
2ε + (1 − ε)s

.

where ε = e−
1
N . Since A has no nonreal eigenvalues, Zr is always stable, even

for N = 1.
The approximation error for different N is shown in Figure 13.4. The static

error is zero and the approximation error approaches 0 at both high and low
frequencies. The approximation error decreases when the number N of the
nodes increases. The convergence is fast, in particular, at low frequencies.

Figure 13.5 shows the implementation error of different implementations
for N = 5. The discrete-delay implementation discussed in Chapter 11 is de-
noted “discrete delay” in the figure and the rational implementation discussed



13.4 Numerical Examples 215

10
−2

10
−1

10
0

10
1

10
2

10
3

10
−4

10
−3

10
−2

10
−1

10
0

10
1

Im
pl

em
en

ta
tio

n 
er

ro
r

Frequency (rad/s) 

N=5

N=1

N=20

Figure 13.4. Implementation error of Zr for different N
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Figure 13.5. Comparison of different implementations (N = 5)

in Chapter 12 is denoted “δ-operator”. The implementation discussed in this
chapter, denoted “bilinear trans.”, is much better than the one derived using
the δ-operator. Although it is still worse than the discrete-delay implemen-
tation, it has the advantage of easy implementation. Actually, the proposed
implementation is good enough, as can be seen from Figure 13.6, where the
step response when N = 5 is very close to the ideal response.

The unit-step responses of the system, as shown in Figure 13.6, are ob-
tained by using the control law (13.12) with λd = 1 , i.e.,

u = −(1 + λd)
(
e1 · x + v

)
+ r, v = Zr · u
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Figure 13.6. System responses when r(t) = 1(t)

in the s-domain for different N (note that no change is made to the control
law). When N = 1, the system is unstable because of the large approximation
error. When N = 2, the system is stable though slightly oscillatory. When
N = 5, the response is very close to the ideal response. All the stable responses
guarantee the steady-state performance.

13.5 Summary

Based on an extension of the bilinear transformation, an approach is intro-
duced to implement distributed delay in linear control laws using rational
transfer functions. The implementation consists of a series of bi-proper nodes
cascaded with a low-pass node. The implementation converges much faster
than the one proposed in the previous chapter. It has been proved that the
H∞-norm of the implementation error approaches 0 when the number N of
nodes goes to ∞. Hence, there always exists a number N to guarantee the
stability of the closed-loop system. In addition, the steady-state performance
of the system is also guaranteed. In addition to the easy implementation, it
does not involve any additional parameter to choose apart from the number
N of the nodes. In particular, no parameter for a low-pass filter is needed to
choose, which is an essential part in the literature [81, 86, 97, 167]. Simulation
examples are given to verify the results and to compare different implemen-
tations.
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