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Maxwell's equations
In differential form




Maxwell’'s equations

V- E = —p0 * Charges are sources of the electric field
€0
V -B =0 * The magnetic field as no sources (no monopoles)
0B _ - -
V X E = — a_ * Time-dependent magnetic fields generate electric fields
t
. JE .
V X B = Ho€o g + HoJ  Time-dependent electric fields and currents generate magnetic fields

o )

A
Vacuum permeability 1o = 471 - 10~ E Vacuum permittivity €9 = 8.854... - 10_12—8
A? Vm
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Motivating Maxwell’s
eqguations by
symmetiry arguments



Maxwell’'s equations

Quantity Time inversion t — -t Space inversion r — -r
Time t, % asymmetric - symmetric +
Position "V symmetric + asymmetric -
Velocity i g asymmetric - asymmetric -
Acceleration 3 % symmetric + asymmetric -
Force F symmetric + asymmetric -
Charge density o symmetric + symmetric +
Current density j=pv asymmetric - asymmetric -




Maxwell’'s equations

Quantity Time inversion t — -t Space inversion r — -r
Charge density o symmetric + symmetric + scalar
Current density j=pv asymmetric - asymmetric - vector
Electric field E symmetric + asymmetric - vector
Magnetic field B asymmetric - symmetric + (pseudo)vector
Time derivative %_f asymmetric - asymmetric - vector
aa_? symmetric + symmetric + (pseudo)vector
Divergence V- E symmetric + symmetric + scalar
V- B asymmetric - asymmetric - (pseudo)scalar
Rotation V x E symmetric + symmetric + (pseudo)vector
VY x B asymmetric - asymmetric - vector

)
X
X

B

b
X

F=gE+qgv X B



Quantity

Maxwell’'s equations

Time inversion t — -t

Space inversion r — -r

Charge density symmetric + symmetric + scalar
Current density j = pv asymmetric - asymmetric - vector
Electric field E symmetric + asymmetric - vector
Magnetic field B asymmetric - symmetric + (pseudo)vector
Time derivative %_If asymmetric - asymmetric - vector
aa_jf symmetric + symmetric + (pseudo)vector
Divergence VY - E symmetric + symmetric + scalar
V- B asymmetric - asymmetric - (pseudo)scalar
Rotation symmetric + symmetric + (pseudo)vector
VY x B asymmetric - asymmetric - vector




Quantity

Maxwell’'s equations

Time inversion t — -t

Space inversion r — -r

Charge density symmetric + symmetric + scalar
Divergence V - E symmetric + symmetric + scalar
Quantity Time inversion t — -t Space inversion r — -r

Time derivative a(_:)_"f symmetric + symmetric + (pseudo)vector
Rotation V X E symmetric + symmetric + (pseudo)vector

Quantity

Time inversion t — -t

Space inversion r — -r

Current density j = pv asymmetric - asymmetric - vector
Time derivative aa_f asymmetric - asymmetric - vector
Rotation asymmetric - asymmetric - vector

Quantity

Time inversion t — -t

Space inversion r — -r

Divergence V-B

asymmetric -

asymmetric -

(pseudo)scalar




Quantity

Maxwell’'s equations

Time inversion t — -t

Space inversion r — -r

Unit

Charge density o symmetric + symmetric + scalar As/m3
Divergence V:-E symmetric + symmetric + scalar V/m?
1 [1/€,] = Vm/As
V-E=—p
€0
Quantity Time inversiont — -t  Space inversion r — -r
Time derivative %_? symmetric + symmetric + (pseudo)vector | T/s = V/m?
Rotation V x E symmetric + symmetric + (pseudo)vector V/m?
JdB
VXE=——

ot




Maxwell's equations in vacuum

Quantity Time inversion t — -t Space inversionr — -r

Current density j = pv asymmetric - asymmetric - vector A/m?

Time derivative aa_f asymmetric - asymmetric - vector V/ms

Rotation V X B asymmetric - asymmetric - vector T/m = Vs/m3
oE [1e] = N/A% = Vs/mA

V x B :]/106054—]10].

[€olo] = s%/m?

Quantity Time inversion t — -t Space inversion r — -r

Divergence V-B asymmetric - asymmetric - (pseudo)scalar | T/m =Vs/m3
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Maxwell's equations
In integral formulation




Maxwell’s equations

Differential formulation Tuteqral formulation
/V'E:elp h /eoj{E-ds/pdV h
VB = O0 j'( B-dS =0
V X E = %1: j[Edl— /—dS
VxB:yoean - 107 i -dl:/]-ds+e0 aa—E ds
\ ot % KyoaA A A




Gauss's law




Maxwell’'s equations

Differential i V. 1 \
R V-B=0]
€0V - E = Y
Integral
eo/(V-E)dV=fpdV /(V-B)dvzo
vV vV v

eOfE-dSZ/pdV:Qv j{B-dszo
VvV %4 \av )

J




Stoke’s law

(2D) (1D)

/(an)-dszyfa-dz

A 0A




Maxwell’'s equations

Differential
oE 0B

V X B = ]/10608 —I-]/l[)]} VXE——g}

1 oE

%v X B = ] —I—e()g
Integral
L [(vxB dS—/ d ad /(VXE /— ds

j-dS+e€y | = -dS

Mo S ot 5

= {B. d1_1+(-:0/— is fE dl = — dS

. J




Maxwell’s equations

Differential formulation Tuteqral formulation
/V'E:elp h /eoj{E-ds/pdV h
VB = O0 j'( B-dS =0
V X E = %1: j[Edl— /—dS
VxB:yoean - 107 i -dl:/]-ds+e0 aa—E ds
\ ot % KyoaA A A
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Maxwell’'s equations

V - E = — * Charges are sources of the electric field
€0
V . B = O  The magnetic field as no sources (no monopoles)
0B
V XE=— g * Time-dependent magnetic fields generate electric fields
oE
V X B = Ho€E) = + ]/10] * Time-dependent electric fields and currents generate

ot magnetic fields



Maxwell’s equations

Differential formulation Tuteqral formulation
/V'E:elp h /eoj{E-ds/pdV h
VB = O0 j'( B-dS =0
V X E = %1: j[Edl— /—dS
VxB:yoean - 107 i -dl:/]-ds+e0 aa—E ds
\ ot % KyoaA A A




Gauss's law

V-E=—p EO%E-dS:/pdV:QU
oV %4

* Charges are sources of the electric field

* The electric flux through a closed surface is
determined by the enclosed charge




Gauss’s law for magnetic fields

V-B=0 B-dS=0
]

* The magnetic field has no sources
(monopoles do not exist)

* The magnetic flux vanishes when integrated
over every closed surface




Induction law

oB oB

VxE=-S2 %E.dl:— = ds
0A A

* Time-dependent changes in the magnetic field
generate electric fields

* An electric field is generated by a change of the
magnetic flux (for time-independent A)

cp:A/B-dS azflz-dl:—qs




Ampere’s law

oE 1 , OE
V X B= Hoeo - + 107 %aABodl:A/]-dSJreo = -ds

A

1825: @rsted, Ampere
@ |
@
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Coulomb’s law




Coulomb’s law

1769: Robinson F 1’_2'06
1
1780s: Coulomb F=k, 9192 k, = — 8088 % 10 N2 C2
r2 47eg

@ @ ® O




Coulomb’s law

. Maxwell eoj{E-ds _ /pdV — 0,
1% vV

E(r) = E(r)e E | dS

eoE(r) ¢ dS = Qy
!

eoE(7) 47tr? = Q,
I Qo

471€ 12

E(T) €y

 47eg 12
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Fifth [aw of
electrodynamics:
The Lorentz force



Lorentz force

Fields
*,
a ] N
V-E=—
€0p
V-B=0 )
Charges & - » Forces
JB Currents
V X E = T
oE :
V X B = Ho€o = + Uoj Lorentz force F =gE+qou X B

Explaivs how the fields act on currents and charaes
=2 wakes them physically relevant



Lorentz force

Lorentz force F =gE+quv X B

. A
Explaivs how the fields act on currents and charaes /,
=2 makes thewm physically relevant ,
* Special relativity: /
Electric fields in one frame of reference are ~  u=08c @
magnetic fields in another frame of reference

(space contraction)

T R
IRE

0 Ex y Ez =
_EZ By _Bx 0 ,YUZ



Lorentz force

Fields
%
/ 1 \ \\
V-E=—
GOP
V-B=0 “
Charges & - » Forces
0B Currents
V X E = —g
oE :
V X B = Ho€o = T HoJ Lorentz force F =gE+gv X B

Explaivs how the fields act on currents and charaes
=2 wakes them physically relevant



B A RGE
GmBEL

Electrodynamics Maxwell's equations

Fleld energy




Lorentz force

Fields
. 1 N .
V-E=—p
€0 Energy?
V ’ B — O 4
B Charges & - » Forces
VXE=—— Currents
ot
oE
B = N '
kV : T " ﬂo]/ Lorentz force F =gE+qou X B

Explaivs how the fields act on currents and charaes



Fleld energy

* Power W =

(energy generation
/ consumption rate)

W=—-Q(E+vxB)-v=—QE-v . Nopower from maguetic fields

« Power density v=—pE-v
(energy generation density)



Fleld energy

1 .
—VXB:j—I—E‘oE

Ho 1
—jZGoE——VXB
Ho
i E=(eE— LV xB) E
Ho
0 E? 1 1
—7j-E=—|(eg— )| — —B-(VXE)——V-(BXE
J 8t(02> ” ( ) 1o ( )
o ( E* 1 ExB
_]E_%(%2+QMB> Y

%,
[ W = &w +V-S Covtinuity equation for eneray density




Fleld energy

0 E? 1 E x B
g2 e+Bz)+v.
J (02 20 Ho

d . | |
v=—w+V-S Covtinnity equation for eneray density

ot
4 _ . )
Power density V=—7p- E
(energy generation density) 5
E2 1
Energy density W = 607 + ﬂB
0

E x B
Poynting vector S =
(energy-current density) ‘uo




